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Recent work has proposed fading ergodicity as a mechanism for many-body ergodicity breaking. Here, we
show that two paradigmatic random matrix ensembles, the Rosenzweig-Porter model and the ultrametric model,
fall within the same universality class of ergodicity breaking when embedded in a many-body Hilbert space of
spins 1/2. By calibrating the parameters of both models via their Thouless times, we demonstrate that the matrix
elements of local observables display similar statistical properties, allowing us to identify the fractal phase of the
Rosenzweig-Porter model with the fading-ergodicity regime. This correspondence is further supported through
the analyses of quantum-quench dynamics of local observables, their temporal fluctuations and power spectra,
and survival probabilities. Our findings reveal that local observables thermalize within the fading-ergodicity
regime on timescales shorter than the Heisenberg time, thus providing a unified framework for understanding

ergodicity breaking across these distinct models.
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I. INTRODUCTION

Determining the boundaries of ergodicity in isolated quan-
tum systems, as well as assessing the possible universality
of these boundaries, has emerged as a central challenge in
the search for robust nonergodic phases of matter. Despite
substantial progress in our understanding of quantum ther-
malization [1,2], a comprehensive theoretical framework for
characterizing systems that depart from ergodic behavior re-
mains elusive [3].

Recent work has proposed a mechanism of ergodicity
breaking known as fading ergodicity [4], inspired by the
quantum sun model [5], a toy model of many-body ergodic-
ity breaking [6]. Fading ergodicity focuses on the behavior
of fluctuations in observable matrix elements and provides
a framework for formulating a scaling theory of ergodicity
breaking with the critical exponent v = 1 [7]. In this way,
it offers a natural conceptual bridge between the conven-
tional eigenstate thermalization hypothesis (ETH), introduced
by Srednicki [1,8—11], and the full absence of ETH that is
characteristic of genuinely nonergodic phases.

An alternative viewpoint to the analysis of physical models
with few-body interactions (associated with sparse Hamilto-
nian matrices) is offered by structured random matrix models.
Such models employ dense Hamiltonian ensembles and fre-
quently permit analytically tractable predictions for the onset
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of localization in a specified basis. Among the structured ran-
dom matrix constructions particularly relevant to this work are
the Rosenzweig-Porter model [12-31], the ultrametric model
[32-42], and the power-law random banded model [43—45].
The central aim of this work is to build a conceptual bridge
between many-body ergodicity breaking in physical systems
and localization phenomena in random matrix models. We

Rosenzweig-Porter model
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trh <ty E trh < tm trh > tu
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No thermalization Fading ergodicity E ETH*
trh > tu trh < tH E trh < ty
T (6%
1/v2 1

FIG. 1. Sketch of the parameter regimes in both models in which
fading ergodicity is observed. In the Rosenzweig-Porter model where
the tuning parameter is y [see Eq. (1)], fading ergodicity is ob-
served at 1 <y < 2, while in the ultrametric model where the
tuning parameter is o [see Eq. (2)], fading ergodicity is observed
at 1/+/2 < a < 1. In both cases, the observable relaxation time,
denoted as the Thouless time try, is shorter than the Heisenberg time
ty. Conventional ETH emerges in the Rosenzweig-Porter model at
y < 1, and it is expected to emerge, for the observables studied here,
in the ultrametric model at & > 1 (this expectation is based on the
comparison to the quantum sun model at « > 1 [46]).
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identify a set of universal features shared by these two classes
of systems in the vicinity of the ergodicity breaking transition,
focusing in particular on the fractal phase of the Rosenzweig-
Porter model and the ergodic phase of the ultrametric model
(see Fig. 1). Our analysis shows that the essential charac-
teristics of the precursor regime to ergodicity breaking are
naturally captured by the fading-ergodicity framework. This
provides a unified viewpoint on ergodicity breaking mecha-
nisms in both microscopic many-body systems and random
matrix ensembles.

To pursue this goal, we first follow a two-step approach. (i)
We embed the random matrix models into many-body Hilbert
spaces composed of L coupled spins 1/2, which allows us to
define and examine genuinely local observables, such as S'j at
site j. (ii) We calibrate the parameters of each random matrix
model by aligning their Thouless times 1y, such that we find
exponentially large (in L) relaxation times in this parameter
regime [5-7,41]. With this mapping in place, we study the sta-
tistical properties of observable matrix elements and demon-
strate that, near the ergodicity breaking transition, their behav-
ior is well described by the fading-ergodicity framework.

We then demonstrate that, within the fading-ergodicity
regime, local observables display thermalization: following
a quantum quench, their expectation values relax toward
the predictions of the appropriate statistical ensemble on
timescales shorter than the Heisenberg time ty (tg = 2w hi/ A,
where A is the mean level spacing). To supplement the quench
analysis, we examine temporal fluctuations of local observ-
ables and their power spectra, as well as the corresponding
survival probabilities. We contrast the behavior of these ob-
servables across different random matrix models.

The remainder of this work is structured as follows. In
Sec. II, we first introduce the models of interest and review
their spectral properties. This allows us to establish connec-
tion between their model parameters via the Thouless energy
I, which is proportional to the inverse of the Thouless time
trn. In Sec. III, we show how the Thouless energy can be
extracted from the spectral function of observables that ex-
hibit fading ergodicity. In Sec. IV, we then study quantum
dynamics of the same observable after a quench from initial
product states. It exhibits a short-time exponential decay with
the rates given by the corresponding Thouless energies, and in
Sec. IV A we show that their long-time averages approach the
microcanonical ensemble predictions in the thermodynamic
limit. The variance of temporal fluctuations is studied in
Sec. IV B, and their power spectra and the survival probability
are studied in Sec. V. We conclude in Sec. VI.

II. SETUP AND MODELS

The physical system that we have in mind consists of L
qubits or spins 1/2. The corresponding many-body Hilbert
space H™ is then a tensor product of L local Hilbert spaces
H; with dimensions d = dim(#,;) = 2, i.e., HD = ®f=1?—li,
and the dimension of the many-body Hilbert space is D =
dim(#H®) = 2%. The basis states are referred to as the compu-
tational basis |0 ...0.) =0); ®|0), ® -+ ® |o);, where
lo); = {I1);, [{);} are the basis states of a single qubit.

All the Hamiltonians H and the operators O studied in
this work are defined in this many-body Hilbert space. For

the structured random matrix models, A is represented by
dense matrices, which, in this particular many-body Hilbert
space, indicates presence of multibody (unphysical) interac-
tions. Yet, recent work argued that properties of ergodicity
breaking transitions in the quantum sun model [5,6], which
is described by few-body (physical) interactions and hence
being represented by sparse Hamiltonian matrices, share strik-
ing similarities with those in the ultrametric model of random
matrix ensembles [41]. Therefore, the main goal of this work
is to establish a common mechanism of ergodicity breaking
transition in structured random matrix models, when defined
in the many-body Hilbert space of coupled spins 1/2, and in
certain physical models such as the quantum sun model.

A. Rosenzweig-Porter (RP) model

The RP model is a rather simple random matrix model
in which the standard deviation of the off-diagonal matrix
elements is suppressed when compared to the diagonal matrix
elements. We define the RP model Hamiltonian as [13]

7M. ey

where Hj is a diagonal operator and M is an operator that
includes off-diagonal terms. The diagonal matrix elements of
Hy are drawn from a normal distribution with zero mean and
unit variance, and M is defined as M = (A + A")/+/2, with all
matrix elements of A drawn from a normal distribution with
zero mean and unit variance. Hence, M also contains nonzero
diagonal matrix elements, which is the definition also used in
several previous works [15,19,22,24,31,47-49].

Properties of the model are controlled by the parameter y .
At y < 1, the spectral properties match those of the Gaussian
orthogonal ensemble (GOE) [13,14,16,17] and the system is
ergodic. In the opposite limit y > 2, the energy spectrum
follows the Poisson level statistics and the eigenstates are
localized in a given basis [17].

In this work, we focus on the intermediate regime 1 <
y < 2, in which short-range spectral statistics flow towards
the GOE limit [26], while long-range statistics do not
follow the prediction of a finite-size GOE [19,50] (see Ap-
pendix C). This regime is also referred to as the “fractal
phase” since Hamiltonian eigenstates exhibit a fractal struc-
ture with the fractal dimension of d\"® =2 —y for g >
% [13,15,17,18,20,51,52]. We define the ergodicity breaking
transition point in the RP model at y = y, = 2 since at this
value of y the Thouless time #ry, crosses the Heisenberg time
ty (see Sec. II C for further details). Correspondingly, the point
y =2 is associated with the complete disappearance of the
GOE statistics with a critical exponent v = 1 [26,28].

B. Ultrametric (UM) model

The UM model is a hierarchical random matrix model that
describes, when expressed in the basis of L qubits, the inter-
play of N central impurities interacting with the remaining
L’ = L — N qubits via a spatially decaying coupling [41]. We
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define the UM model Hamiltonian as
o
H=ﬁ0+12akﬁk, )
k=1

where H is a block-diagonal random matrix. In the matrix
representation, Hy is a direct sum of 2 ~* independently sam-
pled random matrices of size 2Vt% x 2N+K je,,

oL~k
1

_ (@) @ __ (i)
Hk_G?H , H| _—2N+k+11e , 3)
i

with R sampled from the GOE with dimension 2V*k x
2N+ and the prefactor is due to normalization. The parameter
a < 11in Eq. (2) determines the exponential decay of the cou-
pling with distance k. Unless otherwise specified, we fix J = 1
and N = 1, with similar results observed for other values of N.

The UM model, defined in the many-body Hilbert space,
undergoes an ergodicity breaking phase transition at o, =
1/ V2 [41]. At the critical point «., the model exhibits multi-
fractal eigenstates [41] with fractal dimensions d\® varying
with the index g > 0. In the ergodic phase, o > o, the short-
range spectral statistics flow toward the GOE limit [41], while
long-range statistics do not follow the prediction of a finite-
size GOE [50]. Here, the eigenstates are at most weakly
multifractal, with fully ergodic ones (démg) ~ 1) deep in the
ergodic phase at @ ~ 1 [41].

While the focus of this work is on the UM model, we
note that similar behavior is expected to emerge in the power-
law random banded (PLRB) model [43], if expressed in the
same many-body Hilbert space. The PLRB model is most
commonly thought of as a single-particle model with long-
range hopping, in which the standard deviation of a typical
off-diagonal matrix element h; ; decays with distance r as
std(h; ;) o< r™“, where a is the control parameter. When the
UM and PLRB models are expressed in the same Hilbert
space, the relationship between the parameters a of the PLRB
model and « of the UM model is [41]

a=1/2—log,a. “)

While the implementation of the PLRB model in the many-
body Hilbert space has been recently discussed in [53], the
actual study of the observable matrix elements and quantum
dynamics is left for future work.

C. Calibrating the model parameters

The RP and UM models exhibit two important energy
scales. The first is the mean level spacing A that is, in our
setup, exponentially small in L. In the actual numerical cal-
culations we define A as A = (E,+1 — E,),, where E, are
the Hamiltonian eigenenergies and the average (. ..), is taken
over a narrow window of 500 mid-spectrum eigenstates. An-
other energy scale is the Thouless energy I, which also gives
rise to the definition of the corresponding Thouless time ¢r, =
2rhi/T (we set i = 1 further on). A convenient approach to
extract the Thouless time 71y, is via the spectral form factor
[5,19,22,54-67], in which ¢ty is defined as the onset time of
the universal GOE ramp [68-71]. In this work, instead, we
extract the Thouless energy I' via the width of the spectral

function of a given observable, to be discussed in Sec. III B. If
one chooses the observable for which its dynamical response
corresponds to the slowest relaxation process in the system,
we expect that 1/T" will correspond to 1y, extracted from the
spectral form factor. This expectation follows from the intu-
ition that the Thouless time represents the longest physically
relevant relaxation time in the system.

Another convenient property of both models is that accu-
rate information about the Thouless energy can be obtained
via the rate of the Fermi golden rule. In the RP model, it scales
as [18-24]

Trp o 7D o (2977, (5)
while in the UM model, it scales as [5,41,72]
Tum o a2t (6)

Note that in Eq. (6), one may replace L’ with L since L = L' +
N, and N is a constant when approaching the thermodynamic
limit.

The key property of the Thouless energies in both models
[cf. Egs. (5) and (6)] is that they are exponentially small in L
aty > 1 and @ < 1, respectively. Hence, at some values of y
and o, the Thouless energy I" scales identically with L as the
mean level spacing A, which corresponds to the Heisenberg
energy. The criterion I' ~ A determines the ergodicity break-
ing transition point, which occurs at y =y, = 2 in the RP
model and at & = . = 1/+/2 in the UM model. Throughout
the paper, we hence refer to y, and «, as the critical points of
the ergodicity breaking phase transition.

In what follows, we calibrate the parameters of both mod-
els such that they correspond to the same Thouless time, or,
equivalently, to the same Thouless energy,

2L L(—
Fom=Trp —  coma? = cgp2t177), @)

where the constants crp and cym, not explicitly written out
in Eqgs. (5) and (6), respectively, may contain a subleading
(polynomial) dependence on L. Equation (7) gives rise to the
relationship between the parameters « and y,

Ino ln(CRP/CUM)

—1 , 8
L L ATy ®)

in which we replaced 1/+4/2 by a,. The last term on the
right-hand side of Eq. (8) is a finite-size correction, whose
quantitative impact will be tested in Sec. III B. In the thermo-
dynamic limit L — oo, Eq. (8) simplifies to

In o

y =14+ ©)

Ine,’
which is our reference point when calibrating the parameters
of both models. Equation (9) is relevant in the regime y > 1,
a < 1, which is the regime of our interest. We note that in
the PLRB model, one can connect the parameter a to y as
a=vy/2.

In the remainder of the paper, we numerically study prop-
erties of the observable matrix elements and quantum-quench
dynamics in both models. A single Hamiltonian realization
is denoted as H™ and the average over Hamiltonian real-
ization is denoted as Avr,{...}. Our results correspond to
averages over N; Hamiltonian realizations. In the RP model,
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we set N; = 7500 for L < 12 and N, > 3000, 1200, 600, 50
for L = 13, 14, 15, 16, respectively. In the UM model, we set
N; 2 1500 for L < 11, N; 2 2500 for L = 12, N; = 1500 for
L = 13,14, N; 2 400 for L = 15, and N; < 100 for L = 16.

III. FLUCTUATIONS OF MATRIX ELEMENTS
A. Conventional ETH and fading ergodicity

We start by reviewing the theoretical frameworks relevant
for the description of the behavior of observable matrix el-
ements. We study the expectation values of an observable
O in the eigenbasis of a Hamiltonian {|n) : H|n) = E, |n)}.
The conventional ETH states that the matrix elements (]O|m)
satisfy the Srednicki ansatz [1,8,9,11]

(n|Olm) = OE)8um + p(E)" ' F(E, Wpm)Rum, ~ (10)

where E = (E, + E,)/2 represents the average energy,
wum = E, — E,, is the energy difference, and R, is a random
variable with zero mean and unit variance. The functions
O(E) and f(E, wy,) are smooth functions of their arguments.
The suppression of matrix element fluctuations is governed
by the many-body density of states p(£), which scales as
p(E) o< 2L for states in the middle of the spectrum. The va-
lidity of Eq. (10) was numerically tested in several ergodic
quantum many-body systems [73-99].

In contrast to the conventional ETH, fading ergodicity ac-
counts for modifications of Eq. (10) when approaching the
ergodicity breaking transition. As argued in Ref. [4], the di-
vergence of #ry, gives rise to the accumulation of the spectral
weight at w & 0, and hence the suppression of the matrix ele-
ments fluctuations in Eq. (10) is no longer given by p(E)~"/2.
In the fading-ergodicity regime, we characterize the average
off-diagonal matrix elements at low frequency, w < I', via
the exponent 71, which encodes the scaling properties of the
Thouless energy I', expressed in units of the mean level spac-
ing A [4]. Specifically, we define

A Al 127 1 ~2/n

il 11O Ple o o - o o720, (n
where Avr[. .. ] denotes the average over the states |n) # |m)
within a microcanonical window centered at £. The exponent
n introduced in Eq. (11) varies continuously between the value
2 in the conventional ETH [see Eq. (10)] and the ergodicity
breaking critical point at which it diverges. Physically, the
growing exponent 7 indicates a gradual loss of ergodicity as
the weight of the matrix elements concentrates at w = 0, and
hence it provides a bridge between the conventional ETH and
the ergodicity breaking transition.

B. Thouless energy from the spectral function

The discussion in Sec. IIT A highlights the need to obtain
accurate information about the scaling of Thouless energy I'.
We next describe how to extract I' from the spectral function
O(w) of observables of interest. The spectral function corre-
sponds to the Fourier transform of the connected eigenstate
autocorrelation function O(r), defined as

D
o) = %Z«nmmmm — (nlOW)In) (n|Oln)),  (12)

n=1

10°F Sy T @Re R (b) UM ]
10! —— - -
1L 4k
1(/)\ —r=14 \ —a=0.72
3 —r=16 M =08
© | —y=18 N a=0.86
10-7L =2 1| —a=092 $
—2 = 0 —4 —2 "0
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FIG. 2. Coarse-grained spectral function O(w) [see Eq. (15)] of
the observable O = S’L and L = 15 for (a) the RP model at different y
and (b) the UM model at different . The symbols denote the position
of the Thouless energy extracted using Eq. (16). The dashed lines
represent a characteristic 1/w? decay.

such that the spectral function is

[o.¢]
~ o 1
O(w) = / e O(t) = = 3 |0 *8(@ — wpn), (13)
o D ot
where O,,, = (n|O|m). In the actual numerical calculations,

we use the coarse-grained version of the spectral function for
a fixed Hamiltonian realization H*) as

|0
> > (14)

|wnm —w] <bw/2

O0W(w) =D

The sum in Eq. (14) is carried over a bin of width dw
and M[, =3 . lo—o|<swy2 1S the number of elements in
the bin. The prefactor D in Eq. (14) is introduced due to
the coarse-graining procedure since M/, o« D?. So far, the
Hamiltonian eigenstates and the observables’ matrix elements
referred to a single Hamiltonian realization H™), i.e., |n) =
[n")) and Oy, = 0Y). We subsequently average the spectral
function over Hamiltonian realizations to obtain

O(w) = Avr, {0 (w)}. (15)

The bins of the coarse-graining procedure in Eq. (14) are loga-
rithmically spaced between 0.1/D and the bandwidth AE (see
Appendix A for the definition of AE). The bins are identical
for all Hamiltonian realizations.

Figure 2 shows examples of spectral functions O(w) for
the observable O = S’i In the UM model, the qubitati =L
corresponds to the qubit that is most weakly coupled to the
central impurity, while in the RP model, the choice of the
qubit is not essential. In Figs. 2(a) and 2(b), we observe a very
similar behavior of the spectral functions in both models, with
a plateau at small w, followed by a Lorentzian decay (o 1/w?)
at large w.

The Lorentzian shape of the spectral functions in Fig. 2 is
similar to the spectral function of the same observable in the
quantum sun model [4]. This is an indication about the com-
mon mechanism of the ergodicity breakdown in these models.
However, the most important ingredient in our analysis is not
the shape of the spectral function, but rather the choice of the
observable S‘i Choosing the qubit at site i = L in the UM
model guarantees that its relaxation time will be longer than
the relaxation times of other qubits, and hence one expects its
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FIG. 3. The logarithm of the Thouless energy I" for the UM (RP)
model as function of control parameter « () ) for two system sizes L.
We determine the distance §y (see the sketch in the main panel) by
calculating the deviation of the numerical result for the UM model
from a linear fit to the RP model results within the same range of I'.
Inset: finite-size scaling of 6y, extracted from the main panel, versus
1/L, for two values of «. Dashed lines are fits of the linear function
to the results.

relaxation time to correspond to the Thouless time t1y,. In the
energy domain, which is relevant for the spectral functions,
we then associate the width of the plateau of the spectral
function with the Thouless energy I'. The latter shrinks to
the Heisenberg energy A at the ergodicity breaking transition
point, and the regime in which I approaches A, but is still
larger than A, is referred to as the fading-ergodicity regime.

For a quantitative extraction of the Thouless energy I" from
O(w), we follow the procedure of Refs. [4,100]. We first
introduce the integrated spectral function

Io(w) = /w dwO(w), (16)
0

which we normalize to the interval [0,1]. We find the Thouless
energy I' as a point at which Ip(w =T") = % While this
procedure works best for the Lorentzian form of the spectral
functions, it also provides reliable results when small devia-
tions from the Lorentzian functions are observed [100].

We next test whether the Thouless energies I', extracted
from the widths of the spectral functions as described above,
match for the pair of parameters given by the relation in
Eq. (9). We show the extracted values of I'" in Fig. 3 as
a function of parameter y («) for the RP (UM) model.
The values are obtained at two system sizes L = {12, 15}. The
vertical dashed line denotes the critical points y,. and «.. The
agreement between the two models is reasonably good, but,
at finite L, it is not perfect. We nevertheless find that qual-
itative agreement between the Thouless energies is restored
in the thermodynamic limit L — oo. The restoration can be
demonstrated by taking into account the correction §y arising

10 12 14 16 1.8 20 072 0.78 0.84 090 0.96

_10—2 *(P) | | 3

10 12 [ 14 10 12 [ 14

1.000 0.933 0.871 o 0.812 0.758  0.707
T T T T T
10} © e RP D.E
‘ o UM /]
o,/ ]
= r DA
101 E /./‘/ E
i _eeF ]

. _g-e—®
1.0 1.2 14 y 16 1.8 2.0

FIG. 4. Scaling of the off-diagonal matrix elements with the
system size L for the (a) RP model and (b) UM model in the fre-
quency range w € [v/TA/2, 2+/TA]. The solid lines show fits of the
function oc 2721/ to the results. (c) Fluctuation exponent 7 extracted
from the fits in (a) and (b) for the RP model (circles) and UM model
(squares) as function of y («) on the lower (upper) x axis. The
parameters « and y are related through Eq. (9). The dashed-dotted
line denotes the analytical prediction for n from Eq. (18).

from Eq. (8),

In(crp/cum)
sy = —~CRP/CUM)
Lln2

In particular, we estimate the distance §y between the results
for the UM model and the associated curve obtained for the
RP model; see also the sketch in Fig. 3 that shows how we
extract 8. Remarkably, we find that §y eventually disappears
in the thermodynamic limit, validating the relation in Eq. (9).
In the inset of Fig. 3, we fit the function o 1/L to the results
for §y at two values of «, thereby providing relevance of the
prediction in Eq. (17) to describe the finite-size corrections to
Eq. (9).

a7

C. Extraction of the exponent 5

After establishing the relationship between the parameters
y and o, we proceed by demonstrating that the exponent n
from Eq. (11) behaves qualitatively similar in both models.

We numerically extract n by studying the decay of the
off-diagonal matrix elements at low w. We average the off-
diagonal matrix elements around the frequency w = +/TA,
such that the targeted w corresponds to the plateau of the
spectral function. The corresponding average matrix elements
|O,m|? are shown vs L in Figs. 4(a) and 4(b) for the RP and
UM models, respectively. Following Eq. (11), we fit their
decay with L using the function |0,,,|> o« D%/ = 272L/1,
yielding good agreement. We note that |O,,,|? corresponds to
both the average over a narrow interval around the target w
for a fixed Hamiltonian realization, as well as the subsequent
average over Hamiltonian realizations.
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The extracted values of n are shown in Fig. 4(c) for the RP
(UM) model as a function of y («). In the fading-ergodicity
regime, we find remarkable agreement of the estimated n’s
with the analytical expression

Ino \ ™! 2
n=2(1- =5 (18)
-y

In o,

where the first equality was established in the study of the
quantum sun model [4], and the second equality follows from
Eq. (9). Equation (18), which is free of any fitting param-
eter, is represented by the dashed-dotted line in Fig. 4(c).
It exhibits a reasonably good agreement with the numerical
results for n. Similar observations apply when considering the
diagonal matrix elements instead of the off-diagonal ones (see
Appendix B for details). Moreover, we note that indicators of
spectral statistics, such as the average gap ratio r, can also
be used to determine the exponent 7. We demonstrate that in
Appendix C.

The results in Fig. 4 establish the first main result of this
work. They highlight similar behavior of the diverging expo-
nent 1 upon approaching the ergodicity breaking transition,
and suggest similarities between the random matrix models
studied in this work and the previously studied quantum sun
model [4].

We finish the section by adding two comments. First, in
the RP model one can relate the parameter y to the fractal
dimension dz(elg) of the Hamiltonian eigenstate |n) in the com-
putational basis. The latter is calculated from the scaling of
the inverse participation ratio (IPR) as

PRED = 3" (o0 o)t o DAY (19)

01,02,..-,0L

Using the known relation d® = 2 — y [13,17,20,28], it fol-
lows from Eq. (18) that

2 .
0= g (20)
This equation connects the fluctuations of matrix elements of
the observable S’z in the RP model with the structure of Hamil-
tonian eigenstates in the computational basis. The second
comment concerns the choice of the observable under investi-
gation, O = S’Z This observable is sensitive to the ergodicity
breaking transition since its eigenbasis is the computational
basis in which Hamiltonian eigenstates are localized deep in
the nonergodic phase [41]. Moreover, choosing the site of
the qubit i = L (relevant for the UM model) allows us to
associate its relaxation time to the Thouless time, as discussed
in Sec. III B. Other observables that are expected to exhibit
similar behavior are their products, such as S'E_IS‘Z [4]. While
the focus of this work are few-body observables, it would be
interesting to extend the study of fading ergodicity to entan-
glement entropies in the RP and UM models [52,53], which is
left for future work.

IV. QUANTUM QUENCH DYNAMICS

We now focus on the quantum quench dynamics of observ-
ables. We consider the same observable as in Sec. I1I, O = §j,

since its sensitivity to localization gives rise to nontrivial
dynamics.

The Lorentzian shape of the spectral functions shown in
Fig. 2 suggests exponential decays of the observable autocor-
relation functions, with the rate that should correspond to the
Thouless energy I'. Matching the values of I" in both models
via Eq. (9), we expect similar dynamical behavior.

Nevertheless, in this section we do not consider the dynam-
ics of infinite-temperature autocorrelation functions as given
by Eq. (12), but we study simple, experimentally accessible,
initial states |yp) that are product states in computational
basis,

.,oL), 2D

i.e., they are eigenstates of the observable S‘L To minimize
finite-size effects, we select, for each individual Hamiltonian
realization H™, the state |y,) whose energy is closest to
the mean energy, (YolH ™ |yo) = €y, ~ EW = Tr{HW}/D.
The evolution of the observable S'z is defined as

[Yo) = lo1oa, ..

0U(t) = (YolS5 (1)1¥o), (22)
and the autocorrelation function is
CU(t) = (WolS5 ()85 |vo), (23)

where 82 (1) = €182 ¢~H"1 By selecting the initial prod-
uct states in the computational basis, one can use a direct re-
lationship CW(¢t) = siQ(“)(tg, where 5% = (V|55 [¥o), given
that [ro) is an eigenstate of S;. Hence, the short time values
are given by Cy = C*)(0) = 1 and Qy = Q*(0) = +1. Sub-
sequently, the autocorrelation functions are averaged over the
Hamiltonian realizations as

C(t) = Avr, {C™(1)). (24)

Such autocorrelators of local observables are also relevant due
to their direct experimental accessibility [101-103].

The main panel of Fig. 5(a) shows the averaged autocorre-
lation functions C(¢) from Eq. (24) for the RP (UM) model at
two values of y («), matched (with small error margin) by the
condition in Eq. (9). In order to show that the decay is indeed
exponential with the rate I', we rescale the time ¢ to ¢t — I'z.
With this we observe a collapse of the curves for both models
at short times, with a clear exponential decay for almost two
orders of magnitude.

A. Long-time averages and thermalization
The long-time limit of the autocorrelation functions in
Eq. (23) is given by

Cpp = lim CY() = 57 Opg. (25)

where Q]()’Q is the diagonal ensemble (DE) prediction [104],

D

Qpe = lim 01) =) (S7),|ei”

n=1

D)

for a given state |vo) and Hamiltonian realization H"*). Here,
the coefficients c{*) = (n")|yy) represent the overlaps of the
initial state |v/o) with the eigenstates of H*). The inset of
Fig. 5(a) shows the long-time dynamics of C(¢), and the
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FIG. 5. (a) Averaged autocorrelation function C(¢) from Eq. (24)
at short times (r < ty) for the UM (RP) model at « = 0.82, 0.88
(y =14,1.6) and L = 15, marked with solid (dashed) lines. The
time is rescaled by the Thouless energy I', numerically extracted
from the spectral function as described in Sec. III. The dashed-dotted
line shows a decay following e~"". Inset: long-time dynamics of C(¢)
as a function of the rescaled time I't. The horizontal solid (dashed)
lines show the diagonal ensemble values Cpg = AvrM{C]()‘]‘i)} [see also
Eq. (25)] for the UM (RP) at the same values of « (y). (b), (c) Scaling
of AQ as function of system size L for the RP model [(b)] and UM
model [(c)] for various values of y and « in the fading-ergodicity
regime, respectively. The solid lines in (b) and (c) show exponential
fits of a2~2/"¢ to the results.

horizontal lines show the DE predictions for the autocor-
relation functions in Eq. (25), averaged over Hamiltonian
realizations u.

We also observe in the inset of Fig. 5(a) that, for a given
system size L and the same decay rate I" in both models,
the autocorrelation functions saturate to different values. This
is not unexpected as the long-time limit depends on the co-
efficients {c{*)}, and the finite-size differences between the
two models may arise due to distinct distributions of these
coefficients. Specifically, the eigenstate coefficients of the RP
model follow a Lorentzian broadening, with a width I", around
the energy of the state [18]. On the other hand, for the UM
model, it was found that the distribution of eigenstate coef-
ficients follows a generalized hyperbolic distribution with a
broad local density of states [37]. In Sec. IV B, we study these
differences using the inverse participation ratios.

Nevertheless, we argue that despite the different values
of Q]()“E) in finite systems, the difference with respect to the

microcanonical ensemble (ME) prediction ijfé vanishes in

the thermodynamic limit. We define the ME prediction Ql(\ﬁf]%

as
1
N 2

€, A
U ER —eyg <A

O = (5), . 27)

It is calculated at the initial state energy €y, with a spread of
A.. Thermalization is ensured when the DE result matches the
ME predictions. Therefore, we measure the deviations from
the ME using

AQ = Avr, |0 — oW 1. (28)

In Fig. 5(b), we present the results of AQ [see Eq. (28)] for
the RP model, while Fig. 5(c) illustrates the results for the
UM model. For both models, we find good agreement of the
two ensembles in the entire fading-ergodicity regime, with
deviations that vanish in the thermodynamic limit. We fit an
exponential function a272//"¢ to the results to show that it
ultimately vanishes in the thermodynamic limit in the fading-
ergodicity regime below (above) the critical point y < y.
(¢ > a,) for the RP (UM) model. Hence, the system reaches
thermal equilibrium.

As a side remark, we note that the choice of the width of
the ME window, A, may not be straightforward. In general, it
should be chosen such that only a vanishing fraction of states
contributes to ensemble averages. In the UM model, where the
eigenstates are either delocalized or weakly multifractal, we
select A = 0.05, as altering the width of the window does not
affect the outcome significantly. On the other hand, in the RP
model, the eigenstates are fractal [13], making the selection of
A¢ rather nontrivial. In Appendix D we find that choosing a
window width of A, > TI', i.e., the microcanonical window
being larger than the width of the local density of states,
leads to clear signatures of thermalization. For that reason, we
consider A, = 1 for all values of y.

B. Long-time fluctuations

In this section, we study the fluctuations around the
infinite-time values of the autocorrelation functions [cf.
Eqg. (25)]. In the fading-ergodicity regime of the quantum sun
model, it was argued that the magnitude of fluctuations decays
to zero in the thermodynamic limit [4]. Here, we demonstrate
that this is also true for the UM and RP models.

We define the variance of the temporal fluctuation for the
initial state |1/) and the Hamiltonian realization u as

[o"] = %i (") — 0%)’. (29)

L=t

where N; is the number of time steps in the interval ¢ €
[t0, ts0], While Q¥ (¢) is defined in Eq. (22) and its DE predic-
tion Q]()“E) is defined in Eq. (26). We setty = ty and fo, = 10ty
such that the signal is governed by the late-time dynamics; see
also the discussion in Appendix E. Subsequently, the temporal
fluctuations are averaged over Hamiltonian realizations as

ol = Avru{[o,(“)]z}. (30)

The main question that we ask here is whether and how do the
temporal fluctuations decay with the Hilbert-space dimension
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D. We parametrize their decay with D as
o? oc DM, (31)

where the decay exponent 1, may or may not be equal to
the exponent 1 of the fluctuations of the matrix elements
introduced in Eq. (11).

It is known [1] that there exists an initial-state-independent
upper bound on the temporal fluctuations given by the maxi-
mal off-diagonal matrix element, [o,")]> < MaXy..p |0;’;})|2. If
this bound was tight, it would imply n, = 7, since the maximal
outlier is, in the fading-ergodicity regime, expected to scale
with D as the average matrix element.

However, here we consider another, initial-state-dependent
upper bound that was derived in the context of typicality
[105,106],

2
[0°] < l0IL/DY, (32)

where Dé‘f‘f) =1/Q., |c,(1”) ) is the effective dimension of the
initial state in the Hamiltonian eigenbasis, defined via the
coefficients ¢ = (n™|yy), and ||O||; is the operator norm
defined as the difference between its maximal and minimal
eigenvalues ||O||; = max;{O;} — min;{O;}. Since the observ-
able of interest has eigenvalues j:%, it follows that ||S} ||, = 1.
We express the corresponding IPR of [1) as

IPRO =Y || = Y @yt = P#, (33)

which should be contrasted with Eq. (19) that defines IPR®),
i.e., the IPR of a Hamiltonian eigenstate in the computational
basis. In Eq. (33) we also denoted the IPR of |y) as P
to highlight that it is related to the infinite-time limit of the
survival probability of the initial state |yy). We define the
survival probability as

PU() = |(Wole " wo) 2, (34)

and its infinite-time limit as P%) = lim,_, o, P*/)(¢). One can
then express Eq. (32) as [0,"']> < P for this choice of an
observable, and after averaging over the Hamiltonian realiza-
tions, one gets

of <P, (35)

where P, = AvrM{PS(“)}. We test Eq. (35) in Fig. 6, in which
we present the ratio P;/o? that should satisfy Py/o? > 1.
Indeed, we observe that Eq. (35) is valid for all cases under
consideration.

We further parametrize the scaling of Py with the Hilbert-
space dimension as

P D4, (36)

where the fractal dimension of a single initial state, déo),
is expected to be similar, but not necessarily equal, to the

eigenstate fractal dimension déeig) from Eq. (19). Combining
Eq. (31) with (36), one finds the following bound on the
exponent 7, of the temporal fluctuations:

2/ = d. (37)

The main question is whether Eq. (37) only represents a
bound, or can the bound be saturated for the quantum

1.0 1.5 2.0 0.7 0.8 0.9
y@ (l
o o o o o [m] o
30+ 1 .
O g o B 8 o 8 ® o o °
S e
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& o & o & § o
10f + 1
(a) RP (b) UM
0OE 1 1 1 aE 1 1 1 =
10 12 L 14 10 12 L 14

FIG. 6. Ratio P, /at2 of the inverse participation ratio P; and the
temporal fluctuations o versus the system size L for the RP (UM)
model at various y («). The solid vertical lines at the bottom show
the lower bound P,/0? = 1 given by Eq. (35).

quenches of interest. In most cases in Fig. 6, the ratio P,/c}
does show tendency towards saturation with increasing L,
which then suggests a saturation of the bound in Eq. (37),
ie,2/n =~ d;o . We note that the numerical fits to extract the
exponents 2/n, and déo) can give values that slightly violate
Eq. (37). However, this can be interpreted as finite-size effects,
as Eq. (35) is still satisfied in such cases.

In Fig. 7 we show the exponents 2/, and d;o) for the RP
(UM) model versus y («). The exponents were obtained by
using Eqgs. (31) and (36) for the system sizes 8 < L < 16.
Remarkably, the two exponents agree well with each other
for each of the two models, suggesting that it is reasonable
to consider Eq. (37) as an equality rather than an inequality.

Nevertheless, the values of the exponents are rather dif-
ferent between the two models. In the UM model, déo) of
the initial state |¢) remains nonzero at the critical point
o = o, = 1/+/2, suggesting that the exponent 2/n, remains

1 0.917 0.841 @ 0.771 0.707
LOOR - =-g-=-8- 7 ' B
!
|
0.751 i
= .
S i
.~ 050 g
S !
ES) UM RP !
025 + 2/’7’ + 2/77r : T
(0) ‘ (0) i
0.00 | IIJ d2 | ! d2 | No liquilihrzlllion _.>
1.00 1.25 2.00

1.50 1.75
4

FIG. 7. Comparison of the exponent of the temporal fluctuations
2/n, (circles) and the fractal dimension déo) of the initial state |vo)
(squares) for the UM (RP) model, versus o (y). We extract 2/n,
using Eq. (31) and d;o) using Eq. (36). Black solid line denotes
the function d'*® = 2 — y for the RP model. Vertical dashed-dotted
line shows the critical point for the ergodicity breaking transition, at
which there is no equilibration in the RP model.
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finite. The latter implies, on the one hand, equilibration of
the observable after a quantum quench at the critical point.
On the other hand, finite 2/n, suggests that 7,, for the initial
state ), does not diverge at the critical point, and hence it
is different from the exponent 5 from Eq. (11) that diverges
at the critical point. Similar behavior was observed for the
quantum sun model in Ref. [4].

The situation is different in the RP model, for which d2(0) of
the initial state |) vanishes at the critical point y = y, = 2.
Vanishing of d2(0) is aligned with the vanishing of 2/7,, i.e.,
the lack of equilibration after a quantum quench at the critical
point of the RP model. Moreover, déo) behaves similarly as
dz(elg) = 2 — y that was introduced below Eq. (19) (see the
solid line in Fig. 7). As a consequence, we find that the
exponent 17, that characterizes temporal fluctuations agrees
with the exponent n obtained from the fluctuations of matrix
elements in Sec. I11.

V. SPECTRAL PROPERTIES OF THE NOISE
IN THE STEADY STATE

We now characterize the statistical properties of the tem-
poral fluctuations beyond the variance studied in Sec. IV B.
Defining the dynamics of the observable O = S’i above its
steady-state value as

50U () = (@™ (1) — o), (38)

we define the Fourier transform of §Q(¢) as

Fo(w) = / dre’ $Q (1)
—00
=D () cWoWs(@ — wm). (39
n#m
This allows us to define the power spectrum for a given Hamil-
tonian realization

S (w) = ’fé“)(w)}z
=" [P0 P50 — wun).  (40)
n#m

In the actual numerical calculations, we calculate the coarse-
grained power spectrum for a given Hamiltonian realization

2

D
S(“)(a)) — T Z

@ n#£m:
| —w|<bw/2

2

|00 Plow)?, @D

and we subsequently average the result over the Hamiltonian
realizations

S(w) = Avr, {S™ (w)}. (42)

The factor D? in Eq. (41) arises due to the coarse graining.
Equation (40) suggests that the power spectrum consists of
two contributions, i.e., the overlaps ¢*) of the initial state
[¥0) in the Hamiltonian eigenbasis, and the observable matrix
elements O%). Below we consider both contributions sepa-
rately and explore to what extent can the power spectrum be

decomposed into a product of these contributions.

TN T T
30 i
10 X, (a) RP 0 (b) UM|
10'F .
—1 | =
1(2_\ —r=14 —a=0.72 \H
S =16 1071 =038 .
R [—y=18 . a=0.86
10-71 y=2 | —a=0.92
=7 - N =7 = N
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FIG. 8. Coarse-grained spectrum of the LDOS, P(w) [see
Eq. (44)] versus w. (a) RP model, and (b) UM model, both at L = 15.
Triangles denote the position of the Thouless energy, extracted from
the spectral function O(w) using Eq. (16) (see Fig. 2). (a) Dashed line
shows a Lorentzian decay o 1/w?. (b) Dashed-dotted line is obtained
using the Chalker’s ansatz o l/a)l‘déo) [109,110], where déo) ~ 0.57
is the fractal dimension of the initial state |y) in the Hamiltonian
eigenbasis at @ = 0.72, i.e., in the vicinity of the critical point.

A. Decomposition of the power spectrum

The first contribution to the power spectrum stems from the
overlaps c{"). They exhibit analogy with the Fourier transform
of the survival probability P*(¢) defined in Eq. (34). Sub-
tracting from the latter its steady-state value P*), the Fourier
transform reads as

oo
PW(w) = / dte™ (P () — P™)

o0
=S| Po (@ — o). (43)
n#m

We refer to P9 (w) as the spectrum of the local density of
states (shortly, the spectrum of the LDOS) since it corre-
sponds to the correlation function of the LDOS of the initial
state |¥o), pLpos(E) =Y., [cW28(E — EWW) [28,107,108].
Numerically, we express the spectrum of the LDOS as

D? 2 2
P () = W] , 44
@=3r 2 |l @
n#£m:
|wpm—w|<dw /2
where the coarse graining is performed similarly to the one
applied in Eq. (14). Finally, we average over the Hamiltonian

realizations to obtain
P(w) = Avr, {P™()}. (45)

Examples of the spectra of LDOS, P(w), are shown in
Figs. 8(a) and 8(b) for the RP model and the UM model,
respectively. In the RP model [see Fig. 8(a)], we find a
Lorentzian form of P(w) with a plateau at w < I', followed
by a decay o« w~? at larger frequencies [13]. This shape of
P(w) arises from the Lorentzian broadening of the eigen-
state coefficients observed in the LDOS [13,18,21,28], and it
corresponds to an exponential decay in time of the survival
probability [20].

In contrast, in the UM model, long power-law tails emerge
with an exponent different from 2 as the ergodicity braking
transition point is approached [see Fig. 8(b)]. This cor-
responds to the power-law decay in time of the survival
probability, which was previously observed at the ergodicity
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FIG. 9. Power spectrum S(w) from Eq. (42) (see solid lines)
compared to the decomposed power spectrum S'(w) from Eq. (47)
(see dashed lines) for (a) RP model, and (b) UM model, both at L =
15. The triangles denote the Thouless energy I' extracted from the
spectral function O(w) using Eq. (16) (see Fig. 2). (a) Dashed-dotted
line shows a oc @™ decay, which is a consequence of the Lorentzian
function of O(w) [see Fig. 2(a)], as well as the Lorentzian function
of P(w) [see Fig. 8(a)]. (b) Dashed-double-dotted line is the prod-
uct of the Lorentzian function for the spectral function O(w) from
Fig. 2(b) and the Chalker’s ansatz [109,110] for P(w) in Fig. 8(b),
which gives rise to the function o 1 /w3“’§0). It describes well the
results in the vicinity of the critical point of the UM model, e.g., at
a = 0.72 when d\” ~ 0.57. Dotted line shows a o< w2 decay since
déo) = 1 deep in the fading-ergodicity regime of the UM model.

breaking transition point of the quantum sun model [111] and
the UM model [50]. The exponent of the power-law decay can
be quantified by the Chalker’s ansatz [109,110], which states
that at the critical point, P(w) decays as P(w) w’”dém,
where déo) represents the fractal dimension of the initial state
at the critical point. We test this ansatz in Fig. 8(b) and find
remarkable agreement at low frequencies.

The second contribution to the power spectrum is that of
the matrix elements O%). It is given by the spectral function
O™ (w) introduced in Eq. (14). This allows us to test the
approximation for the power spectrum, which is decomposed
into the product of two independent contributions,

SW(w) = PW(w)O"™ (w)/D. (46)

Moreover, we average both contributions over the Hamilto-
nian realizations to obtain the approximation of the averaged
power spectrum,

S (0) * P(0)O(w)/D, (47)

which should be tested against the exact power spectrum from
Eq. (42).

In Fig. 9 we compare the exact power spectrum S(w) from
Eq. (42) (solid lines) with the the approximation S’(w) from
Eq. (47) (dashed lines). They exhibit remarkable agreement
in the entire fading-ergodicity regime. They suggest that the
projections of the initial state can be, to a good approxima-
tion, considered as statistically independent from the matrix
elements O,

As a consequence, the power spectrum can be used to
obtain information about the Thouless energy for the given
observable. In Fig. 9, the inverted triangles mark the Thouless
energy I' extracted from the spectral function O(w) using
Eq. (16) (see Fig. 2), which emerge very close to the onset
of the plateau at small @ in the power spectrum. One may

also use the Chalker’s ansatz to describe the power-law de-
cay of the power spectrum at large w. As an example, we
show that the power spectrum in the UM model close to
the critical point, at « = 0.72, is well approximated by the
function o w=3+%" [see Fig. 9(b)]. This is a consequence of

the Lorentzian decay of the spectral function O(w) and the
power-law decay o w1+ of the spectrum of the LDOS,
‘P(w). On the other hand, in the RP model [see Fig. 9(a)], the
power spectrum is well approximated by the function o< w™*,

i.e., by the product of two Lorentzian functions.

B. Discrete time approximation

We now ask a question whether the features of the coarse-
grained power spectrum can already be captured from a
discrete series of N, stroboscopic time steps within the time
interval t € [ty, ty + N,6t]. To this end, we consider a discrete
Fourier transform (DFT) of the subtracted observable

1
N

where t, = ty + ndt are the discrete times and the angular fre-
quencies are wy = 2wk/(N,dt), with k = —N,, ..., N;. Thus,
the maximal frequency that can be resolved is 2w /ét. We
choose N; = 10° and 8t = 27 /AE. The corresponding power
spectrum is proportional to the squared modulus of the Fourier
amplitudes,

F§lo) = = e QW) - Ofy).  @8)

N,
n=0

S (@) = (P FS @], (49)

and we subsequently average the power spectrum over inde-
pendent Hamiltonian realizations to obtain

Sprr(@) = Avr, {SY (@)} (50)

We include the prefactor (&t )? in the definition of Eq. (49) to
recover the result from a continous fourier transform in the
limit of small §z.

Comparison between the power spectrum S(w) from
Eq. (42) and Sppr(w) from Eq. (50) is shown in Fig. 10. The
agreement is perfect at low frequencies, while deviations are
observed at high frequencies. However, we also observe that
the high-frequency tails get progressively more accurate when
the number of time steps increases. To illustrate this, we con-
sider in Fig. 10 a sequence of DFTs with an increasing number
of time steps. Specifically, for each integer m=1,..., M,
where M = 10, and fixed N, = 10°, we define the effective
number of time steps as

N, > N™ =] 2N, |, (51)
! M

which sets the duration of the total time interval entering
the DFT. In Fig. 10 we observe that enlarging m, at large
frequency, the power spectrum computed from the DFT ap-
proaches the power spectrum from Eq. (42). We also observe
that the deviations between the two are larger for the RP model
[see Fig. 10(a)] than for the UM model [see Fig. 10(b)]. We
quantify the deviation by defining the relative deviation

- Sorr(wo)

, 52
S(wo) 62

dprr(wp) = ‘
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FIG. 10. Power spectrum obtained using the DFT, Spgr(wy) [see
Eq. (50)], versus the power spectrum S(w) from Eq. (42). Different
colors for Spgr(wy ), from dark to bright, denote different number of
time steps N,(m), where the index m is defined in Eq. (51). (a) RP
model at y = 1.8 and (b) UM model at « = 0.74, for L = 14. Insets:
scaling of the relative deviation Sprr(wp) [see Eq. (52)] versus N™.
It is measured at the frequency wy = AE /10, which is denoted by
the vertical dotted lines in the main panel. Dashed red lines are fits
of the function a /N,('") to the results, with ay ~ 4 x 10® for the RP
model and ay &~ 3 x 10* for the UM model.

at a particular frequency wy = AE /10 in the large frequency
region, where AFE is the bandwidth defined in Appendix A.
We plot §ppr(wp) in Eq. (52) for both models in the insets
of Figs. 10(a) and 10(b). In both cases, we find that Spgr(wo)
vanishes with increasing N as ag/N,"™ or faster, with the
prefactor ag that is larger for the RP model than for the UM
model.

VI. CONCLUSIONS

We showed that the structured random matrix models,
such as the Rosenzweig-Porter model and the ultramet-
ric model, when embedded in a many-body Hilbert space
of spins 1/2, exhibit key signatures of fading ergodic-
ity. These features were previously identified in models
with few-body interactions, such as the quantum sun model
[4]. Fading ergodicity is a precursor regime to the er-
godicity breaking transition, in which short-range spectral
statistics flow towards the GOE limit. However, the as-
sociated Thouless time, which can be quantitatively esti-
mated using the Fermi golden rule, rapidly approaches the
Heisenberg time. This behavior is manifested in the re-
duced suppression of fluctuations of the matrix elements of
observables.

We analyzed fading ergodicity through quantum quench
dynamics from initial product states in the computational
basis. We focused on the dynamics of observables with the
longest relaxation times, set by the Thouless time. Hence,
in the fading-ergodicity regime, these observables equilibrate
on timescales shorter than the Heisenberg time, and their
long-time expectation values approach the microcanonical en-
semble predictions, indicating thermalization.

That said, a detailed analysis of the quantum dynamics
further reveals certain differences between the Rosenzweig-
Porter model and the ultrametric model. These differences
manifest, for instance, in the variances of late-time temporal
fluctuations, the survival probabilities of the initial product

states, and the power spectra of observable fluctuations. Many
of these features can be understood as dynamical signatures
of previously established properties of the two models. In
particular, a key role is played by the structure of Hamiltonian
eigenstates in the computational basis, which ranges from
fractal states in the Rosenzweig-Porter model [13] to fully
delocalized, or weakly multifractal, states in the ultrametric
model [41]. Nevertheless, despite the differences in the fractal
dimensions of the eigenstates, fading ergodicity provides a
unifying framework for understanding ergodicity breaking in
both models.

We also highlight several additional insights that emerge
from our study. First, we identified an approximate decompo-
sition of the power spectrum into a product of the observable
spectral function (i.e., the Fourier transform of its autocor-
relation function) and the correlation function of the local
density of states (i.e., the Fourier transform of the survival
probability). In models such as the ultrametric model, the
latter exhibits a power-law decay at the critical point, with
an exponent related to the fractal dimension of the initial
state [50]. Consequently, the power spectrum itself encodes
information about the fractal dimension of the initial state.
Moreover, we showed that the power spectrum may also con-
tain signatures of the Thouless energy. Finally, we investigated
the differences between the exact power spectrum and its
approximation arising from a finite number of time steps in the
discrete Fourier transform of the observable dynamics, and we
demonstrated the convergence of the approximate spectrum to
the exact result.
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APPENDIX A: ENERGY VARIANCE AND BANDWIDTH

In the main text, we used the energy variance o,% and
the energy bandwidth AE as measures of energy. We define
the energy variance as the variance of the density of states
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o2 = Tr{H?*}/D and the energy bandwidth as the difference
between the maximal and minimal energy, AE = Eyx —
Emin~

In the RP model, the energy variance scales as op =
/1 4+ D!=7 Aty < 1, the density of states follows a Wigner
semicircle, and hence the energy bandwidth is AE = 4op.
In this regime, the Thouless energy scales as I' ~ AE [24].
At y > 2, the density of states is Gaussian since it is domi-
nated by Hy. Hence, the spectral extrema can be approximated
as Emax/min ¥ Eay £ 0g+/2InD through the extreme value
statistics of a Gaussian distribution, where E,, = Tr{H}/D.
Hence, it follows that the bandwidth can be estimated as

AE =20pg+/2InD.

In the UM model, the energy variance can be derived as

L 201 _ 2L
o2 = (1 +Za2k> = (1 n %) (A1)
k=1

where we have used the property that the normalized matrices
H; from Eq. (2) are mutually uncorrelated random matrices,
with a unit variance, Tr{ﬁkz} /D =1, such that the final trace
reduces to a geometric series in o>, Since the density of states
in the UM model is Gaussian, similarly to the RP model at
y > 1, the bandwidth can be approximated accordingly as
Emnax/min ~ Eay +ogv2InD.

APPENDIX B: FADING ERGODICITY
AND THE DIAGONAL MATRIX ELEMENTS

In Sec. III, we studied fluctuations of the low-frequency
off-diagonal matrix elements in the fading-ergodicity regime.
Here, we compare this result by studying the fluctuations of
the diagonal matrix element of the same observable O = S‘z

Specifically, we study the eigenstate-to-eigenstate
fluctuations

in = |0n+l,n+1 - 0nn|, (B1)

and calculate the corresponding averages
Zav = AVI‘M{AVI‘”{Z,,}}. (BZ)

They are averaged, for a given Hamiltonian realization, over
min(500, D/10) Hamiltonian eigenstates |n), and then over
the Hamiltonian realizations ™). We also consider the maxi-
mal outliers of a given Hamiltonian realization H"), averaged
over the realizations

Zmax = Avrﬂ{m’flx{zn}}. (B3)

For the RP model, we show the results for z,, and z.x in
Figs. 11(a) and 11(b), respectively. We observe the softening
of fluctuations as one approaches the ergodicity breaking tran-
sition, which is a hallmark of fading ergodicity. This result is
similar to the scaling of the low-frequency off-diagonal matrix
elements shown in Fig. 4(a) of the main text. We apply the
fit aD =%/ to the results and display the resulting values of
n, for both z,, and zpy.x in Fig. 11(c). We find remarkable
agreement with the prediction in Eq. (18), suggesting that 7,
indeed corresponds to the exponent 7 introduced in Eq. (11)
in the main text.

We carry out the same analysis for the UM model, and we
observe similar behavior, i.e., the softening of fluctuations in
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FIG. 11. Fluctuations of the diagonal matrix elements in (a)—
(c) the RP model and (d)—(f) the UM model. (a) and (d) Average
eigenstate-to-eigenstate fluctuations z,, [see Eq. (B2)] versus L. (b),
(e) The maximal outlier z.x [see Eq. (B3)] versus L. We fit the
function aD =" to the results in (a)—(d) for L > 12 and show the
resulting values of 7, in (c) and (f). The dashed curves in (c) and
(f) show the analytical prediction from Eq. (18), i.e., n =2/(2 —
y) (dashed-dotted) for the RP model and n = 2(1 —Ina/Ina,)™!
(dashed) for the UM model.

both z,, [see Fig. 11(d)] and z;,ax [see Fig. 11(e)], which is a
hallmark of fading ergodicity. We apply the fit aD~2/" to the
results in Figs. 11(d) and 11(e), and we plot the resulting ex-
ponent 7, in Fig. 11(f). Results for n, again show remarkable
agreement with the analytical prediction from Eq. (18).

APPENDIX C: FADING ERGODICITY
AND THE LEVEL SPACING RATIO

In this appendix, we show that, in the fading-ergodicity
regime, the short-range spectral statistics flow towards the
GOE limit, however, they do approach this limit with a dif-
ferent rate. Thus, fading ergodicity can also be detected from
the analysis of standard spectral indicators such as the average
level spacing ratio. We define the level spacing ratio r{* for
an eigenstate n and Hamiltonian realization u as
() }

i (n)
min {sn St

) () }’

) —
max {s;/", s,

(ChH

where s = E%) — E{" are the consecutive level spacings.
The average level spacing ratio 7 is then obtained by averaging
r{") over the entire spectrum for a given Hamiltonian realiza-
tion, and then over different Hamiltonian realizations,

7= Avr, {Avr, {r}}. (C2)

n
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FIG. 12. (a) Difference rgog — 7 between the average level spac-
ing ratio 7 and the GOE prediction rgog in the RP model. The colors
correspond to different values of y as indicated in the legend in
(b). The dashed lines represent a fit of the function o« D~/ to the
numerical results. (b) Symbols denote the exponent 2/1,, extracted
from the fits in (a), versus y. The dashed-dotted line is the analytical
prediction for the fluctuations of matrix elements from Eq. (18),
2/n=2—y.

The GOE prediction is rgog = 0.5307 [116], while in the
systems with Poisson statistics one gets rp =2In2 —1
[117,118]. Although we expect 7 to comply with the GOE
prediction in the fading-ergodicity regime [4], we show below
that the corrections to the GOE prediction carry information
about proximity to the ergodicity breaking transition.

Using the RP model as an example, we plot in Fig. 12(a)
the difference rgog — 7 versus L in the fading-ergodicity
regime. Remarkably, we find that the differences decay expo-
nentially with L, with a rate that decreases as one approaches
the ergodicity breaking transition. This behavior is very sim-
ilar to the one observed in the decay of the matrix elements
fluctuations [see, e.g., Fig. 4(a) for the off-diagonal matrix
elements and Figs. 11(a) and 11(b) for the diagonal matrix
elements].

We fit in Fig. 12(a) the results for a fixed y with a function
o D2/ and we plot the extracted values 2/7, versus y in
Fig. 12(b). The results are very close to the analytical pre-
diction derived for the fluctuations of matrix elements 2/n =
2 — y [see Eq. (18)]. Hence, one observes n, =~ n, which hints
at the universal manifestation of fading ergodicity in different
properties of finite quantum systems.
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FIG. 13. Dependence of AQ [see Eq. (28)] on the width of the
ME window A, [see Eq. (27)] in the UM model at different system
sizes L. (a) o« = 0.74, (b) @ = 0.80, (¢) « = 0.86, and (d) @ = 0.96.

APPENDIX D: WIDTH
OF MICROCANONICAL ENSEMBLE

For the majority of quantum systems, the choice of the
width of the ME energy window does not considerably impact
the value of ME prediction, provided that the window contains
enough states but remains sufficiently narrow in energy. How-
ever, this is not always guaranteed for systems with fractal
states. In this case, the width of the local density of states
may significantly affect the agreement between ME and DE
predictions.

First, we consider the UM model with completely delo-
calized or weakly multifractal eigenstates. In Fig. 13 we show
results for the differences between the ME and DE predictions
AQ, defined in Eq. (28), as a function of the width of the
ME window, A, for various values of «. We find that both
in the vicinity of the ergodicity breaking transition and far
away from it, the difference between DE and ME predictions
is quite insensitive to the choice of the width of the ME
window. Therefore, we set A, = 0.05 in the main text to study
thermalization after a quantum quench in the UM model.

We next study the effect of the width of the ME window
A, on AQ in the RP model. In this case, the initial state of the
quantum quench is fractal in the eigenbasis of the RP model
(see Fig. 7 in Sec. IV). In Figs. 14(a) and 14(b) we show AQ
as a function of A, at y = 1.2 and 1.6. Although the results
exhibit a general trend for AQ to vanish exponentially with
system size L, we also observe a minimum of AQ at certain
values of A.. As a consequence, the curves for AQ versus A,
may overlap for certain system sizes L [see, e.g., the results
for AQ inrange A, € [1072,10" ] in Fig. 14(b)], which may
yield a false impression of the absence of thermalization.

We extract A" j.e., the position of the minimum of AQ,
and plot it in Fig. 14(c) versus the system size L. Interest-
ingly, A™" scales exponentially toward zero, suggesting a
connection to the width of the local density of states, and
hence the Thouless energy I". We fit the decay of A;‘““ by the
function aD~*, and we plot the extracted exponent « versus
the model parameter y in Fig. 14(d). We compare the results
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FIG. 14. Dependence of AQ [see Eq. (28)] on the width of the
ME window A, [see Eq. (27)] in the RP model at different system
sizes L. (a) y = 1.1 and (b) y = 1.5. In (a) and (b) the symbols mark
the minimal values of AQ. The vertical lines show A, = 1, which
is chosen in the main text. (c¢) Position of the minima of AQ as a
function of system size L. We fit the function o« D~ (solid lines) to
the numerical results (symbols). (d) The exponent «, extracted from
the fits in (c), as a function of the model parameter y. Results for «
(symbols) are compared to the scaling of the Thouless energy I" [see
Eq. (5)], which yields xr = y — 1 (dashed line).

for k to the corresponding exponent x = y — 1, which is
obtained from the scaling of the Thouless energy in Eq. (5),
ie., T o« D7V = D~*r We find that the numerically obtained
values of « are indeed very close to «r, indicating a direct
correlation of the minimum in AQ with the the Thouless
energy and the width of the local density of states.

The nontrivial dependence of AQ on A, in Fig. 14 shows
the subtlety of choosing an appropriate ME energy window
when considering initial states that are fractal in the Hamilto-
nian eigenbasis. In order to keep the window small, yet larger
than the Thouless energy, A, > I', we consider A, = 1 in the

o fto=tyl5 e fy=1Iy v to=2ty
T T T T T T 1
1072 1 [ (b) UM |
i 1073 P E
- — =15 FooRy \‘\g
. -\‘ y=18 ‘\. S, oo

© 103 3 \-\ r=19 ?10_4 ?—(1:0.7:‘-\\\ *\{g
» 1\. ] . a=08  ‘w_ ]
[ e ] r a=0.86 L
[ @RP 107 —a=0.92 3
1 1 1 1 ] 1 1 1 ]

8 10 12 L 14 8 10 12 L 14

FIG. 15. Variance of the temporal fluctuations 0,2 [see Eq. (30)]
versus the system size L, calculated from the time intervals with dif-
ferent initial times #,. (a) RP model at different y, and (b) UM model
at different .. The dashed lines show fits the function o D~2/™ to the
results for ty = 1.

main text for all values of y. We note that for values y — 1
the Thouless energy becomes O(1), and hence A, ~ I'. In this
case, the choice A, = 1 is still reasonable since there is no
drift of the minimum of AQ and hence there is no spurious
signature of a nondecaying value of AQ.

APPENDIX E: CHOICE OF TIME WINDOW TO OBTAIN
VARIANCES OF TEMPORAL FLUCTUATIONS

Finally, we study the role of the choice of time window
to obtain the variances of temporal fluctuations o defined in
Egs. (29) and (30) of the main text. We calculate the variances
from the time interval ¢ € [y, t»], and here we focus on the
role of the initial time f¢, while the final time is set to o, =
10ty as in the main text.

In Fig. 15, we consider three different initial times: #) =
ty /5, ty = ty, and ty = 2ty. We find that by choosing 7y < ty,
in the vicinity of the ergodicity breaking transition, o> does
not show a clear exponential decay with the system size L.
This effect can be attributed to the property that the system
might not yet have reached a steady state after a quantum
quench close to the ergodicity breaking transition. Nonethe-
less, when choosing 7y > ty, the exponential decay of otz is
restored, as observed in Fig. 15(a) for the RP model and in
Fig. 15(b) for the UM model. We note that the exponential
decay is less pronounced in the RP model at large y due to
the lack of equilibration at the ergodicity breaking transition.
To mitigate the deviations near the transition and fixing a
timescale that is not too large, we set fy = t5 in the main text.
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