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In this work, we theoretically investigate the false vacuum decay process in a ferromagnetic quantum spin-1/2
chain. We develop a many-body theory describing the nucleation and the coherent dynamics of true-vacuum
bubbles that is analytically tractable and agrees with numerical matrix product state calculations in all parameter
regimes up to intermediate times. This theory allows us to identify different regimes in the parameter space
and unravel the underlying physical mechanisms, thus offering conceptual insight into the microscopic quantum
dynamics of metastable states. In particular, analogies and differences with the cosmological false vacuum decay
picture are highlighted and characterized in terms of experimentally observable quantities.
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I. INTRODUCTION

Metastability is a generic physical phenomenon where a
system remains trapped in a long-lived excited configuration
before transitioning to a stable lower-energy one under the
effect of rare events triggered by either thermal or quantum
fluctuations. Such metastable behavior can be observed in a
variety of quantum systems [1-3], from long-lived «-decaying
nuclei [4,5], to spatially extended condensed-matter systems
undergoing a first-order phase transition in both the classical
[6,7] and quantum [8] regimes and cosmological quantum
field theories [9].

At low enough temperatures, escape from the metastable
state generally requires a quantum tunneling process under the
energetic barrier separating it from the true ground state. In
spatially extended systems, the decay of the metastable state
(the false vacuum, FV) generically occurs via the nucleation
of ground state (true vacuum, TV) bubbles. In recent years,
such false vacuum decay (FVD) phenomena have received
renewed attention following recent experimental studies in
ultracold atomic condensates [10], quantum annealers [11],
and cold atom-based quantum simulators [12].

In this work, we investigate FVD phenomena in the spe-
cific, yet paradigmatic, case of a spin-1/2 chain undergoing
a first-order ferromagnetic transition [13—15]. Such config-
urations are experimentally realizable on various platforms,
including real materials [16], well-controlled quantum simu-
lators [17,18] based on trapped ions [19,20], Rydberg atoms
in optical tweezers [21], and superconducting circuits [22].
Compared to approximate techniques for cold atomic gases
[23,24] the simplicity of the spin-chain model allows numeri-
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cal simulations of the full quantum dynamics to be performed
in a controlled way with matrix-product-state (MPS) tech-
niques [25]. On the other hand, in spite of recent numerical
investigations [26,27], key questions on FVD phenomena are
still open and require analytical developments. A theory for
the early-time dynamics was put forward in [28] and related
confinement and meson dynamics were explored in [29-31].
Yet, the intermediate timescales over which the actual FVD
dynamics takes place have remained inaccessible to analyt-
ical treatment so far. Note how FVD involves the decay of
metastable states under a constant Hamiltonian; as such, it is
crucially distinct from those dynamical features that have been
predicted for systems slowly driven across a first-order phase
transition [32-34].

In this article, we present a comprehensive theoretical
study of the range of false vacuum decay effects that can be
observed in spin-1/2 chains starting from a metastable initial
state. Our theoretical approach to the real-time many-body
dynamics is distinct from the instanton formalism [9,35];
it is based on a bosonic framework that goes beyond the
single-bubble approach of [36] and is closely related to the
fermionic squeezed-state approximation introduced in [31].
Our method is able to accurately reproduce numerical simula-
tions and is applied to understand the physical mechanisms of
the bubble-nucleation processes and the subsequent bubble-
expansion dynamics. Depending on the parameters, several
regimes are identified, including one which closely recovers
physics similar to that in Coleman’s original picture of FVD
in the cosmological context [35,37-39].

The structure of the article is as follows. The physical
system is introduced in Sec. II. The theory for a single bubble
is reviewed in Sec. III. The bosonic framework that we use
to describe the coherent many-bubble dynamics is introduced
in Sec. IV. After validating the theoretical approach against
numerical MPS simulations in Sec. V, we proceed to present
our physical results for the two main regimes: Section VI is
devoted to the rigid bubble regime, while Sec. VII deals with
the expandable bubble regime where the basic FVD physics
is recovered. Conclusions and perspectives are finally drawn

Published by the American Physical Society
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in Sec. VIII. Technical details on the development and the
underlying assumptions of the coherent bubble theory are
given in Appendix A, while in Appendix B we provide details
about the quench protocol adopted.

II. PHYSICAL SYSTEM

We consider the quench dynamics of a spin-1/2 chain de-
scribed by the Hamiltonian

N-1 N
H(t) = —J|:Z o on + Z (hiof + G(I)hﬁf,c):|, ey
n=1

n=1

where o, are Pauli operators, i, (h)) is the strength of the
transverse (longitudinal) field, / > O sets the energy scale and
the Heaviside function 6(¢) describes the quench at r = 0.
Throughout this work, we focus on the ferromagnetic phase
hy < 1in the thermodynamic limit.

Before the quench, there is no longitudinal field iy = 0.
Among the two degenerate ground states with opposite mag-
netization (o;) = £M = £(1 — hi)l/g, we assume that the
system is initially prepared in the state with magnetization
-+M, which we refer to as |0T). Additionally, we shift our en-
ergy scale such that H(r < 0)|0T) = Egy|0") = 0. Following
the quench, the ground-state degeneracy is lifted by the finite
longitudinal field hyj; specifically, our choice of 4 < Orenders
|0T) metastable.

The spin chain at #; = 0 is integrable and diagonalized by
fermionic excitations [14,40-42] described by y(6), which
annihilates a fermion at momentum 6 and obeys the anti-
commutation relations {y(9), y(8')} = 278(8 — #’). These
fermionic excitations can be associated with smeared-out
domain walls of width W ~ /h, /(1 — k) [43]. Their dis-
persion relation

€(8) = 2J,/1 — 2h, cos(8) + 12 @

displays a finite energy gap €(0) = 2J(1 — A, ) and a finite
bandwidth Ae = e€(r) — €(0) =4Jh,.

After the quench, the model becomes nonintegrable and
hy < 0 induces repulsive interactions between fermions of
constant strength & = 2J|hy|M [36] and couples sectors that
differ by an even number of fermions. In what follows, we
focus on the €(0)/(J|hy|) > 1 regime where the fermion cre-
ation and annihilation processes are weak and can be treated
perturbatively in /. Note how this perturbative regime is in
contrast to the €(0)/(Jh)) < 1 regime where the coupling
between different fermion-number sectors is nonperturbative
and metastable phenomena are washed out. Our treatment of
the perturbative regime is well-known from previous works
[36] and is explained in detail in Appendix Al. In a nutshell,
this perturbative fermionic theory amounts to rewriting the
nonintegrable Hamiltonian H (¢t > 0) in Eq. (1), in terms of
the fermions that diagonalize the integrable model H (¢t < 0).
The Hamiltonian can then be split into terms that conserve
the fermion number and a term that does not. The number-
nonconserving term can then be treated perturbatively [44].

Key elements of the FVD process are the so-called bub-
bles of TV, separated from the surrounding FV by a pair of
fermionic domain walls. To categorize the nature of the bub-
bles, we introduce the bubble rigidity parameter K = o/ Ae.

As we are considering bubbles with vanishing total momen-
tum, the inverse rigidity 1/K quantifies the maximum spatial
expansion £, that bubbles can undergo as an amount o€,
of repulsive interaction energy between fermions is trans-
ferred into the kinetic energy of the fermions that is bounded
from above by 2Ae.

When K > 1, only a small amount of interaction energy
can be transferred into the kinetic energy of the fermions, so
the bubble has a rigid character and maintains a well-defined
size. In the opposite limit K < 1, the bubble is able to expand
under the effect of the repulsive force between fermions. In
the following, we consider parameter sets R;,, in the rigid
bubble (RB) regime with K ~ 4 and parameter sets X, in
the expandable bubble (XB) regime with K < 0.04.

III. SINGLE-BUBBLE THEORY

In both the rigid and the expandable regimes, one can first
restrict the analysis to the two-fermion sector, which is equiva-
lent to having only a single bubble present in the entire system.
As discussed in [28,36] and reviewed in Appendix A2, the
two-body problem can be formulated as an eigenvalue prob-
lem of the form

Z anmd)L,m - Oll’ld)L’,, = EL¢L,ns (3)

meZ

where Ej is the energy of the single-bubble state, measured
with respect to the energy Epy of the no-bubble state that
is set for notational simplicity to zero. The kinetic energy
of the fermions enters the eigenvalue problem through K, =
ffﬂ ‘f{—ee(G)ei"(’. Diagonalizing the eigenvalue problem yields
the energies E; and the internal wave function ¢, , of the Lth
zero-momentum two-fermion eigenstate, expressed as

1
01) = > brabl b} 107) )

n,m

in terms of the real-space fermionic annihilation operators

by = / ’ g—ee‘i"myw). ®)

7 &I

Modulo the domain-wall smearing width W, each two-
fermion term in the sum on the right-hand side (RHS) of
Eq. (4) describes a single TV bubble of size n. Thus, |¢ ,|*
represents the weight of a TV bubble of size n in the Lth
single-bubble eigenstate. The sum over m and the volume
factor 1/ «/N account for the delocalization of the center of
mass over space and make the two-fermion eigenstate (4)
translationally invariant by construction. The quantum num-
ber L labeling the eigenstates refers to the relative motion of
the two fermions. Note that the spectrum Ej is strictly real,
so notions like unstable fluctuation modes with imaginary
energies do not arise in our theory.

The energies of the single-bubble eigenstates shown in
Fig. 1(a) result from the competition between the energy cost
of creating two fermions (i.e., twice the gap) and the energy
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FIG. 1. Single-bubble eigenstates for four different parameter sets of {,, i}. The two sets X; = {0.75, 0.06} and X, = {0.75, 0.025} are

in the expandable bubble (XB) regime, while the two sets R;

{0.06, 0.5} and R, = {0.06, 0.500675761} are in the rigid bubble (RB) regime,

the latter being fine-tuned to have a zero-energy resonant state. Panel (a) shows the energies E; of the single-bubble eigenstates; (b) shows their
coupling €2, to the initial false vacuum (FV) state |07), the resonant eigenstate being indicated by the vertical dashed lines. Panel (c) shows the
eigenfunction of the resonant eigenstate. The turning points are plotted with dashed (/) and dotted (/") vertical lines. Panels (d) and (e) give
the associated timescale and the energy of the resonant eigenstate, respectively, and also serve as the color legend for all subplots. In (a)—(c),

results for R, , are indistinguishable.

gained by forming a finite TV domain, associated to the lin-
ear repulsive interaction energy between fermions. Particular
attention is given to the resonant eigenstate r = argmin; |Ey |
whose energy E, is closest to the energy Epy = 0 of the initial
metastable state. As the energy spacing is AE = 2J|h|M,
good resonance E, ~ (0 is naturally found for sufficiently
small values of &, as visible for X;,, in Fig. 1(a). However,
even for relatively large &, fine-tuning of & can be used to
set E, &~ 0 with no appreciable change in the other properties,
as illustrated for R, in Fig. 1(e).

Most importantly, the rigid vs expandable nature of the
bubbles is apparent in the structure of the eigenfunctions,
as shown in Fig. 1(c). In the RB regime, a single bubble
size dominates each eigenstate and the wave function of the
closest-to-resonance eigenstate is strongly peaked around the
classically expected resonant bubble size in units of the lattice
spacing

20— hy)

= 6
. M (6)

In contrast, in the XB regime, many bubble sizes contribute
significantly, rendering the eigenstates around resonance
(Ep, ~ 0) spatially delocalized also in the relative distance
between the turning points at

o 20Eh)

7
iy M @)

marked by vertical lines in Fig. 1(c).

The couplings ©; = (07|V|¢.) between the initial FV
state and the single-bubble eigenstates are calculated using
the perturbative fermionic theory as reviewed in Appendix A2
and, in particular, in Eq. (A25). Some examples of such cal-
culations are plotted in Fig. 1(b) and exhibit clear qualitative
differences between the RB and XB regimes. Unlike E,, the
difference between these couplings is primarily controlled by
h, as indicated by the relative difference

‘Qr—l —Qrp

Q,

which goes to zero as h; — 1 in the XB regime, indicating
the possibility of coupling also to large bubbles. Furthermore,
in contrast to the fast exponential decay in the RB regime, in

~ —1
~h —hy,

®)

the XB regime €2, displays a plateau for the positive energy
states, which results in a finite number of eigenstates having
comparable coupling to |01). Interestingly, the timescale for
the resonant processes 7, = || ™!, plotted in Fig. 1(d), varies
by nearly two orders of magnitude across the parameter sets,
highlighting the generality of the physical mechanisms.

Based on the single-bubble excitations, one can describe
the short-time dynamics arising from the creation and an-
nihilation of single TV bubbles as discussed, e.g., in [28].
However, this description fails to capture the FVD process,
which requires accounting for a finite density of TV domains.
This is the goal of our coherent bubble theory.

IV. COHERENT BUBBLE THEORY

As the generic many-body problem is exceedingly com-
plex, we restrict our analysis to a dilute regime where
interactions between bubbles can be neglected. Our approach,
based on a noninteracting bosonic theory, can be seen as a
bosonic reformulation of the Gaussian approximation based
on fermion pairs developed in [31]. As we will see, this
approximation is enough to accurately describe the physics
of the FVD process.

Based on the single-bubble eigenstates introduced above
and on their coupling to the initial |0") state, we can construct
a second-quantized theory in terms of bubble creation opera-
tors

N
S Gribl b ©)

di = !
g m n,m=1
Analogously to composite bosons such as bound electron-
hole pairs in semiconductor materials, the so-called excitons
[45-47], the bubble operators approximately obey bosonic
commutation relations. The corrections to the commuta-
tion relations are quadratic in the fermionic operators
[cf. Eq. (A34)], like the fermion density, meaning that to
leading order in density they can be neglected and one can
treat d; as a bosonic annihilation operator.

In this approximation, the time evolution is governed by
the effective bosonic Hamiltonian of the form

Hy =Y E,did, +Q,(d, +d}).
L

(10)
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Starting from the initial FV |0T), the time-evolved state can
be written as a many-mode coherent state [48]

() = exp { > ad - x;de]}w*) (11)

L

with time-dependent amplitudes straightforwardly given by
[cf. Eq. (AS2) for the details of the derivation]

Q
Ep

Within this Coherent Bubble Theory (CBT), the density of the
bosonic bubbles is

did 1) 492 sin? (E,1/2)
N@) = MLTLIV L LR (13)
27N TEN g

XL = — (e 1. (12)

Since the coupling €; o +/N and decreases exponentially
for large L [cf. Eq. (A25)], the bubble density A is indeed
independent of the system size N.

The bubble density has a further interest as it is related to
the FV survival probability P(¢) through

Pt) = (0T |y @) P = e VN, (14)

where the exponential function accounts for the overlap of a
coherent state with vacuum [48].

The CBT also allows us to estimate the density P,(r) of
bubbles of a given size n [cf. Eq. (A66)], from which the TV
density is approximately given by

N
p(t) =Y nPy1), (15)

n=1

and the connected spin—spin correlation function can be esti-
mated as [cf. Eq. (A76)]

1 N N
G =+ > ok mon) - (02)) ~ 4m> > (=P,
m=1 I=n+1

(16)

This CBT framework will be our workhorse in the study of
the different regimes of FVD that we will address in Secs. VI
and VIIL.

V. VALIDATION OF THE COHERENT BUBBLE THEORY
AGAINST EXACT NUMERICAL SIMULATIONS

Before delving into these investigations, it is useful to
benchmark the predictions of the coherent bubble theory
against exact numerical MPS simulations. As we will see
in this Section, good agreement is found for all parameter
sets presented within the time window in which the CBT is
expected to be accurate.

The time evolution of the infinite spm-% chain can be
computed numerically using matrix product states (MPS). We
use the iTEBD algorithm [49] and consider bond dimensions
of up to 1000, which ensures an excellent convergence for all
presented quantities.

To compare the CBT with the MPS results, we approx-
imate the magnetization of the spin chain within the CBT

(see Appendix A3c for details of the derivation)
m(t) =M + (Ge)(t) + (G;) (7). (17)

The first contribution arises from the coupling between the
false vacuum and one-bubble states

2
(Ga)(1) = 77—

QZ
“Llcos(Ert)— 11,  (18)
NJlhy| <~ Ep

while the second term is related to the matrix elements of the
magnetization operator between one-bubble eigenstates

G,) / E, —Ep)t
(Gy) N~’|h\ Z s (cos[( L —Ep)i]
—2cos(Ert)+1) (19)
with
i =—Jy12M Y ngp i (20)

n=1

The comparison of the approximated magnetization predicted
by the CBT with the numerically converged MPS is shown in
the upper panels of Fig. 2. For both R; and X, the TV density
[see Figs. 3(b) and 3(f)] remains small in the considered time
window. Consequently, the relative error between the MPS
and CBT predictions is small and bounded. Note how in these
cases the error is not dominated by the emergence of interac-
tions but is also influenced by the approximated nature of the
magnetization operator used in the CBT, which is considered
in the &, — 0 limit (see Appendix A3c for details).

For R, and X; the envelope of the TV density grows
instead monotonically. For long times, interactions thus be-
come important and lead to a breakdown of the CBT. From
the comparison of the predictions for the magnetization, we
observe that the CBT overestimates the change in magneti-
zation. This suggests that the interactions between bubbles
are repulsive and slow down both the expansion and creation
of bubbles. Within the considered time window, the maxi-
mum relative error of the magnetization 8yag = [McBT(fmax) —
moN(tmax)|/ Im1N (fmax )|, 18 largest for X, but still remains be-
low 3.5%, keeping the CBT prediction close to the converged
MPS results for all data presented in the main text.

The good agreement seen for the magnetization also holds
for the correlation function in Eq. (16). In the lower panels
of Fig. 2, the CBT predictions for the correlation functions
are compared with the same correlation functions computed
with MPS. The agreement is remarkably good considering the
simple nature of the approximations used to derive the CBT
result presented in Appendix A.

The benchmarking against MPS therefore shows that the
CBT predictions provide a good quantitative approximation
to the full time evolution of the quenched model in the regime
where interactions are not essential.

VI. RESULTS FOR THE RIGID BUBBLE REGIME

Having validated the CBT, we now use it to get a deeper
understanding of the dynamics of the system. The results
for the RB regime are shown in Figs. 3(a)-3(d). The time
evolution of the bubble density N(¢) plotted in Fig. 3(a)
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FIG. 2. (Upper panels) comparison between the CBT prediction Eq. (17) for the magnetization and the numerically exact MPS calculation
with a bond dimension of 1000. (Lower panels) comparison between the spin—spin correlation functions evaluated within the CBT (upper row)

with the numerical result computed with matrix-product states (lower row). Same parameters as in the following figures.
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FIG. 3. Time evolution from the coherent bubble theory for the parameter sets discussed in Fig. 1. Panels (a) and (e) show the bubble
density N (¢) in Eq. (13). The insets show the short-time behavior. The black dashed line in (a) corresponds to the > growth predicted by
Eq. (A55) and The black line in (e) corresponds to the linear growth in Eq. (A100), with @ = 1/2J and Qg replaced by the average coupling
of the two closest-to-resonance states. Panels (b) and (f) show the approximated TV density po(¢) in Eq. (15). The dashed lines in (b) and (f)
correspond to the dashed lines in (a) and (e), respectively, multiplied by the resonant bubble sizes /, indicated in (c) and (g). Panels (c), (d),
(g), and (h) are the approximated spin—spin correlation functions in Eq. (16). The dashed vertical lines represent the classical resonant bubble

size [, while the dotted lines show the semiclassical bubble expansion dynamics r(¢) of Eq. (26).
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displays signatures of the discreteness of the sum over eigen-
states in Eq. (13) and the exponential decay of the coupling
@ for growing L shown in Fig. 1(b): the strongly coupled
high-energy modes give rise to rapid oscillations [see inset in
Fig. 3(a)] superimposed on the slow dynamics governed by a
single low-energy near-resonant eigenstate. As a consequence
of the well-defined size [, of the resonant bubble, the TV
density p in Fig. 3(b) differs from the bubble density A/ only
by a constant prefactor; the correlation functions in Figs. 3(c)
and 3(d) have a rigid envelope that does not extend beyond /.

On the other hand, the temporal evolution of the bubble
density (and thus the magnitude of the correlation signal)
displays a strong dependence on the parameters via the exact
value of E,. For the parameter set R;, the near-resonant
mode has a small, yet finite, energy E, # 0 that sets the
frequency of the persistent oscillations between the vacuum
state |0") and the near-resonant eigenstate that are visible in
Figs. 3(a)-3(c). With the carefully tuned parameter set R,
we can have E, = 0. In this exactly resonant case, the slow
dynamics of the bubble density exhibits a quadratic growth in
time,

2l2

Qr
N (t) = N 21

as confirmed by the excellent agreement with the dashed line
in Fig. 3(a).

This quadratic growth is reflected in the corresponding
increase of the magnitude of the correlations and in a superex-
ponential decay of the FV survival probability in Eq. (14). As
already mentioned, the same quadratic law multiplied by the
resonant bubble size /, [dashed line in Fig. 3(b)] properly de-
scribes the TV density p(¢) because of the size of the bubbles
being constant. In spite of their constant size, the increasing
density of the bubbles causes them to start interacting at long
times, eventually resulting in a breakdown of the CBT.

VII. RESULTS FOR THE EXPANDABLE BUBBLE REGIME

In the XB regime, the single-bubble eigenstates become
significantly denser in both energy and coupling strength, as
seen in Figs. 1(a) and 1(b). As a result, many such eigenstates
now possess comparable energies and couplings, leading
to the qualitatively different dynamical behavior shown in
Figs. 3(e)-3(h).

We first focus on the parameter set X;. At short times,
the time evolution of the bubble density N(¢), plotted in
Fig. 3(e), displays a quick transient because of the high-energy
eigenstates that get populated during the quench. An analog
of this fast dynamics with the associated rapid generation of
a burst of excitations is also observed when quenching the
true vacuum [28,31]. In Appendix B, we have verified that,
as expected, the amount of such excitations is suppressed and
some form of collapse is observed when the sudden quench is
replaced by a slower ramp.

This fast dynamics is followed by a slower evolution char-
acterized by a linear increase of N (¢) in time. This behavior
is peculiar to quenches from the false vacuum. It emerges
because the characteristic energy scale over which |2, |* ap-
pears approximately flat, which corresponds via Eq. (8) to the

timescale

1—-h
To = = (22)
J |hy|M

is much shorter than the timescale set by the discreteness of
the energy levels,

Th = AE7!. (23)

This creates a time window Tq < tpyp < Ta, during which
the initial state effectively couples to a continuum of modes,
resulting in a Fermi-Golden-Rule (FGR)-type dynamics. Most
importantly, note how this FGR dynamics does not require
adding any phenomenological interaction-induced broadening
of the eigenstates, as was instead done in [36], but naturally
stems from the dense nature of the quantum eigenstates.

An immediate consequence of this linear growth of A/(z)
is the exponential decay of the FV survival probability P(t)
given in Eq. (14), which is a defining feature of FVD physics.
On top of this, the superlinear growth of the TV density p in
Fig. 3(f) signals that the bubbles expand after being created.
This is in agreement with Coleman’s original picture [35]
and is further highlighted by the stark discrepancy from the
straight dashed line in Fig. 3(f) that assumes a fixed bubble
size [,. The bubble expansion is also directly visible in the
analogous spatial expansion of the spin correlation function.
The bubble expansion speed is determined by the maximum
speed at which the fermionic excitations can move, as indi-
cated by the dashed line in Fig. 3(g).

The basic FVD dynamics eventually breaks down at long
times because of two possible mechanisms.

A. Role of interactions between bubbles

The first mechanism is the onset of interactions between
bubbles: as the density and the size of the bubbles grow, the
assumptions underlying the CBT are no longer valid. For
instance, comparison with numerical MPS calculations for
this parameter choice shows that in the FVD time window
(up to p ~ 0.1) the relative error in the magnetization remains
at most around 3.5% (cf. Sec. V), but rapidly increases for
longer times when interactions between bubbles become cru-
cial.

The recent work [26] has related the FVD dynamics to
the exponential decay of the magnetization, which requires
an interaction-induced broadening of the two-fermion eigen-
states on an intermediate timescale. In stark contrast to this
statement, we find that FVD occurs at much earlier times
when interactions are still negligible. In the FVD time window
where bubble nucleation occurs at a constant spatiotemporal
rate, giving an exponential decay of the FV survival probabil-
ity in time, the bubble expansion gives a superlinear change
of the magnetization, but the exponential decay considered in
[26] is only found at significantly later times, where the bubble
density starts becoming large and the CBT fails.

To confirm this statement, we follow [26] and consider the
exact numerical MPS calculation of the quantity

m(t) + m(0)

F@)= Tom0) 24

144303-6



MANY-BODY THEORY OF FALSE VACUUM DECAY IN ...

PHYSICAL REVIEW B 114, 144303 (2026)

1.0}~
0.9} ~_
0.8]
0.7}
06
T05
0.4 — Xx,:CBT
X, : MPS
0.3/ ... MPS : Exp. fit
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FIG. 4. The dynamics of the magnetization for the parameter set
X, at longer times, where the exponential decay reported in [26]
becomes visible in the exact MPS calculation, as highlighted by the
dashed line showing an exponential fit [see Eq. (25) for the specific
fit function]. The blue shaded area indicates the FVD time window
where N (t) grows linearly [cf. Fig. 3(e)] and the deviation between
CBT and exact MPS remains below 3.5%.

that we attempt to fit with an exponential decay F (t) ~ be™,
where a and b are fitting parameters. From this fit, one directly
finds an exponential decay of the magnetization

m(t) ~ 2m(0)be — m(0). (25)

While no such behavior is observed within the time window
shown in Figs. 3 and 2, this exponential decay clearly emerges
as soon as one considers longer times, as shown in Fig. 4. As
expected, the exponential behavior in the exact MPS numerics
is associated with the failure of the CBT. This indicates that
the exponential decay of the magnetization is an intrinsically
bubble-interaction-induced effect and is not directly related
to the stochastic nucleation of bubbles in Coleman’s original
picture of FVD [35].

B. Effect of the discrete lattice geometry

The second mechanism is peculiar to the discrete geometry
of the chain, as first pointed out in [50]. Given the periodicity
of the fermionic dispersion relation on a lattice, within a semi-
classical picture the expansion dynamics of a single isolated
bubble displays Bloch oscillations of the bubble size,

r(t) =

M| [e2IM |hy|t) — €(0)], (26)
whose turning points, as &, gets closer to 1, approximately
correspond to the extremes /= of the resonant eigenfunction.
This physics is hardly visible for the parameter set X as the
bubble density grows outside the validity range of our CBT
well before the onset of Bloch oscillations. To probe it, we
need to slow down the FVD dynamics compared to that of the
Bloch oscillations. This is done for the parameter set X;: by
reducing Ay, the FVD rate is exponentially suppressed while
the Bloch oscillation period increases by a moderate factor of
around two. The resulting physics is illustrated in Fig. 3(e):
while the early dynamics still features a strong initial increase
of the bubble density A because of the high-energy modes

followed by an approximately linear FVD-like behavior (see
inset), at longer times the discreteness of the single-bubble
eigenstates emerges, making the FGR approximation inaccu-
rate and leading to the Bloch-oscillation-like behavior of the
TV density shown in Fig. 3(f).

Even clearer signatures of Bloch oscillations are observed
in the correlation function shown in Fig. 3(h). Here, the bubble
size predicted by Eq. (26) is indicated by the dashed line and
qualitatively agrees with the edge of the correlation function.
After a Bloch period

2

= 27
2IM|hy| @D

IBloch =
the first-generated bubbles have contracted again to almost
zero size. Of course, as the time progresses, the Bloch oscilla-
tions of bubbles generated at different times give rise to an
overall growth of the background correlation signal, which
extends up to the maximum bubble size /7. As the Bloch
oscillations stem from the discrete lattice geometry, they can
be suppressed by reducing the lattice spacing so as to increase
the period and the extension of the Bloch oscillations, and thus
approach a continuous Ising field theory [28].

VIII. CONCLUSIONS

In this work, we have reported a general theoretical study
of the relaxation dynamics of a ferromagnetic spin-1/2 chain
in response to a quench of the longitudinal magnetic field. Us-
ing a bosonic description of the coherent bubble dynamics that
is closely connected to the fermionic squeezed-state approx-
imation of [31], we have identified very different behaviors
depending on the bubble rigidity. In particular, a regime dis-
playing an exponential decay of the survival probability of
the false vacuum and a quick bubble expansion process is
observed. In spite of the deep conceptual difference between
our theoretical framework and standard semiclassical theories
of metastable state decay [1,37], our physical predictions are
in full agreement with Coleman’s original picture [35] of a
stochastic nucleation of isolated bubbles at a given spatiotem-
poral rate followed by a bubble expansion at relativistic speed.
Going beyond the literature [26], the success of our theory
shows that the false vacuum decay process in quantum spin
chains does not rely on interactions between the bubbles and
does not require the inclusion of phenomenological broad-
ening terms as was done in [36]. Furthermore, our approach
naturally bridges the false vacuum decay process to the Bloch
oscillation physics arising from the discrete lattice geometry
[50].

While our coherent bubble theory is restricted to moder-
ate times when bubbles are too dilute to interact, relaxing
this approximation, for example, using the cobosonization
framework [51], will provide a tool to explain the late-time
exponential relaxation of the magnetization, going beyond
the rigid bubble description used so far. Other interesting
directions will be to extend our theory to more complex
spin models [52], in particular spin-1 chains that also in-
clude bosonic spin-wave excitation modes. This will enrich
the model by allowing for spontaneous particle emission pro-
cesses at the fast-moving bubble interface in connection to
white- and black-hole horizon physics [28].
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Note added. Recently, an independent study [53] with com-
plementary results appeared on arXiv.
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APPENDIX A: BUBBLE THEORY

In this Appendix, we derive the CBT starting from the
transverse-field Ising model. In Sec. A 1, we briefly discuss
the mapping of the spin Hamiltonian to a fermion model.
Following this, Sec. A2 summarizes the properties of the
two-fermion states. These first two sections closely follow the
work in [36], but are included here to give a self-consistent
representation. Using the results from the previous sections,
we then develop the CBT in Sec. A 3. Finally, in Sec. A4 we
show how our CBT results scale to a well-defined continuum
limit where lattice effects vanish.

1. Thermodynamic limit and fermion mapping

We consider a chain with N sites and a spin-1/2 at
each site, with periodic boundary conditions [55]. The sys-
tem’s time-evolution is governed by the transverse-field Ising
Hamiltonian, where a weak longitudinal field is suddenly
switchedonatt =0

N—1 N N
H(t) = —J(Z oxor +h Yy o+ 0O Y oy, )
n=1 n=1 n=1

(AD)

where 6(¢) is the Heaviside function. Prior to the quench,
at t <0, the system is diagonalized by a Jordan—Wigner
transformation followed by a Fourier and a Bogoliubov trans-
formation [55]. The diagonalized prequench Hamiltonian
takes the form

H(t <0)= > 7,7 (A2)
0

where 6 € {iw, n=1,...,N/2} is the discrete quasi-
momentum for a system with an even number of fermions
[55].

The fermionic annihilation operators y; describe excita-
tions with the dispersion relation €5 given by

& = 2,/1 -2 cos@) + 2. (A3)
The annihilation operators obey the fermionic anticommuta-
tion relations

(A4)

7 Vo =7, 7} =0, {7573} =830

The ground state of the prequenched system is twofold degen-
erate (for &, < J) and leads to two degenerate ground states
|0.) with longitudinal magnetization +M = +(1 — h?%)!/8.
As mentioned in the main text, we consider quenches from
10,).

Considering the N — oo thermodynamic limit, the mo-
mentum spacing, Ay = 2w /N, becomes infinitesimal, result-
ing in the following relations:

: 1 iOn ™ de ion
SH%N—nglgoﬁ;e —/nge :

. Sé : 1 ion
Jim g, SO = Jim TR (A
li ! 5(0)

im — = .
N—oo A9

For a more streamlined notation, the periodic nature of the
discrete Kronecker delta will not be written explicitly. In
the thermodynamic limit, the 7’s obey the anticommutation
relations,

{70), 770} = Ag8(0 — 6, (A6)
while the Hamiltonian in Eq. (A2) takes the form
‘ o
lim H(t <0) = —e@)y'(0)y (), (A7)
N—oo _z Ay

where €(0) is functionally identical to Eq. (A3) and round
brackets have been used to highlight the continuous nature
of the argument. To find an explicitly N-independent form
of H(t < 0), one can introduce rescaled operators: y(6) =
VN#(0). In these operators, the Hamiltonian takes the form

7'[

Jim H(t < 0) = [ﬂ ;l—if(Q)VT(G)V(G), (A8)
and the operators obey the anticommutation relations
{r(©),y(@)} =N{7(0), 7(9)} =276 —¢).  (A9)
The corresponding real-space operators are
b=~ / T2 iy 9 = f T o), (al0)
N J . A g 27
and obey the anticommutation relations
{bn, b)) = Sum (A11)
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Because of the finite lattice spacing, the inverse Fourier trans-
formation remains discrete

y©)=Y ¢"b,. (A12)

In the thermodynamic limit, the postquench Hamiltonian can
also be written in the fermion basis [36]

Ht>0)=H(t<0)+V (A13)
with
N
V=JlhyMY exp | =Y yiPyl (A14)
n j<n
where : O : symbolizes normal ordering and
o e/’
vt = —==[r(®)+r (=0,
! —x V21 /€(0)
o [T do
v = lf St VEOly @+ (A1)

One can split V into two contributions: one that conserves the
number of kinks V}, and the rest, which couples sectors with a
different number of kinks. The simplest way to achieve this is
to define Vj in the flat-dispersion limit [36]

Vo = hmV J|h|||MZ exp —2be

j<n

(A16)

One can thus reorder the postquench Hamiltonian into the
form

H(>0)=Hy+V, (A17)

where Hy = H(t <0)+Vyand V =V —V;. As V, does not
couple sectors with a different number of kinks, the coupling
between sectors with different fermion numbers is fully de-
scribed by V. One notices that since V is a normal-ordered
exponential of an even number of y’s, it can only add or
remove an even number of fermions. Considering quenches
from |0, ) means that for # < O there are no fermions in the
system and for ¢ > 0 one will thus only find states with an
even number of fermions.

2. Two-fermion states

If one considers either a small longitudinal field or a small
transverse field, then V only weakly couples sectors with
different fermion numbers. This creates a time scale on which
the system can be approximated by a truncated Hilbert space
consisting of the ground state and a single two-fermion state.
The two-fermion state has to conserve momentum, and we
can thus describe the Lth two-fermion state with zero total
momentum as

T

lpr) =N [ dOL(0)y (0)y (—0)]04).

-7

(A18)

These states are eigenstates of the two-body eigenvalue prob-
lem (EVP) with energies Ej,

Hol|pL) = EL|$L). (A19)

The normalization N is defined by the overlap

d6 d ¢;(0)pr($)(01 1y (—0)y ©)y'

x (@)Y (—=¢)I04) = 1.

Using the symmetric momentum interval and the Pauli
exclusion principle, it follows that ¢ (0) = —¢.(—6). Ad-
ditionally, our numerical solution of the two-body problem
is done for a finite N, which we ensure is large enough to
guarantee converged results. Altogether, this gives the nor-

malization N' = 1/y/47 AgN? = 1/4/2(27)*N, such that the

momentum—space wave function takes the form

(Brlor) =N?

(A20)

lpL) = oL@y Oy (=0)04).  (A21)

2N /_ﬂ
The momentum-space representation of the two-fermion state
can easily be transformed to real space

1 4o .
lpr) = \/T_N n;ﬂ/ /_ﬂ o explif (n+m—m')lpy ,b! b} 10-)

1 3
v D brabhiab}y|04), (A22)

which explicitly highlights the translation-invariant (i.e., zero-
total-momentum) nature of the two-fermion state.

The two-fermion EVP in Eq. (A19) takes a convenient
form in the real-space representation, since V; in Eq. (A16)
is diagonal [28,36],

Z Kn7m¢L,m - O”'Z¢L,n - EL(PL,n’

meZ

(A23)

with o = 2JM|hy| and the kinetic part given by the Fourier
transform of the dispersion

T do ;
I(n :/ —G(Q)eme.
7 T

s

(A24)

Coupling to FV and magnetization. Because of V, the two-
fermion states are coupled to the FV. One can compute this
coupling analytically [28,36]

QL= (04 |VIg) = f MJ|h”|Zh1¢Ln—sz* (A25)

n=1

By definition, the average longitudinal magnetization can be

written as
N
1 . v)
N<ZU”> = NIy

n=1

(A26)

Within the truncated Hilbert space spanned by the FV state
and the one-bubble states, one can approximate the average
magnetization operator as

Mayg =M104)(0 +|+W ZQL(|O+ {04 1pL+bL)(#L10-)

N

Ao |dn)(orldr,

L,L'=1

+ (A27)
NJ|hy|
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where we have defined
(LIV|pr) ~

The overlap Ay 1 is straightforward to compute, as V; is diag-
onal in the real-space representation and takes the form

N
~ 2n
Jp =TI MN Y ¢} i (1 - ﬁ)

(DLVolgr) = Ar o (A28)

n=1
N 2n
= I |MNSL1 =TI IMN 3 Grabrns

n=1

(A29)

where we used the fact that the spatial coefficients are real,
making X, real and symmetric. Upon inserting A, ;- into the
magnetization in Eq. (A27) one notices that the constant terms
can be combined into an identity operator such that m,,, can
be written as

Mave =1M + Wul ZQL<|0+ )0 I6r + 1) (bL104)
N
e ALL / A30
+ NI 2=, L oL {PLldr (A30)
with
N
dep = —JIh2M Y ngruprn (A31)

n=1

3. Many-body theory for translation-invariant bubbles

As the system is translation-invariant and infinitely large,
a single bubble does not affect the magnetization of the
system. This is clearly seen by limy_.oo Az /N =0 and
limy_ o 2, /N = 0. This means that a theory with only a
single bubble can only be a good description of a large system
when the fluctuations on top of the FV are extremely small.
This approximation was done, e.g., in [28]. Otherwise, it is
necessary to use a many-body description, which allows for a
finite bubble density in the thermodynamic limit.

The simplest conceivable many-body theory is based on the
infinite size of the system and on the fact that the one-bubble
states |¢r) consist of superpositions of bubbles with finite
sizes. For low enough densities, one thus expects that the state
can be approximated as multiple non-interacting bubbles.
Each bubble consists of two fermions, so as long as the bub-
bles do not interact with each other, it should be valid to think
of the bubbles as noninteracting bosons. This idea belongs to
the broader scope of methods known as cobosonization [47]
and is related to the fermionic squeezed-state approximation
introduced in [31].

Within this method, we define a creation operator for the
Lth bubble state,

e MCHVAUCHACIIY (A32)

a = V2N /_n
The fermionic anticommutation relations in Eq. (A4) lead to
[d;,di1=

ldr,di]1 =0, (A33)

while

1 T

2N J . @ )2
— (NAG)*8(0)p; () (—6)
— NAgg; () (0)y (—0)y (—0)
+NAgh;(0)pr (—0)y (—0)y (—0)
— NAgg; (0 (0)y (0)y(9)
+ NAgd; () (—0)y (0)y (0)]

2 T
_&U_N

[dy, d},] = ——[(N2y)?5(0)¢ (61 (0)

do
o — @50 0y (0)y (),
(A34)

where the antisymmetry of ¢ (6) has been exploited. This re-
sult clearly shows that bosonic commutation relations emerge
when only one bubble is present in the system.

In the real-space representation, the commutation relations
take the form

N
2
A, df = =< D LBl b (A35)

n,m,m'=1

Exploiting the translation invariance by doing the sum over
m’, one finds

N
[dy, d})) =811 —2) 6} ,brmbh_bo- (A36)

n,m

In the A, — 0 case, the fermion wave functions become
strongly localized ¢, ~ 6. ,. In this case, the perturbation
to the bosonic commutator becomes

Jim [dy dj1 =81 —2b] b, (A37)
11—

which is always unity for L = L’ but is related to the fermion
two-point correlation function for L # L’

a. Coherent bubble theory

We will now assume that the density of bubbles is small
enough that the perturbation of the bosonic commutation re-
lations in Eq. (A34) can be neglected. Under this assumption,
the state with n bubbles of type L and m bubbles of type L’ is
given as
(A38)

1 .
g, my) = ———(d;)"(d},)"04).

vnlm!

The Hamiltonian contains the single-bubble energies and their
coupling to the FV

N
H =" Edd, + Q. +d).
L=1

(A39)

The noninteracting nature of the bosons means that we can
diagonalize the Hamiltonian using a multimode displacement
operator

D= Q) DL(BL). (A40)
L
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with the single-mode displacement operator being defined as

DL(B) = exp(Bd] — B*dL). (Ad1)
This operator is unitary with
D}(B) = D;'(B) = Di(—P). (A42)

and its action on the annihilation and creation operators is
given by simple shifts,

D} (B)d DL(B) = di. + B,
D} (B)d;DL(B) = d] + B*.

When the displacement operator is applied to the vacuum state
it generates a coherent state

(A43)

= |BL). (Ad4)

DL(B1)I0+) = exp (——wﬁ) Z f

As the coherent states constitute an overcomplete basis, the
overlap of two coherent states is finite

[(Brlye) > = exp(—1BL — vil*). (A45)

Applying the multimode displacement operator to the Hamil-
tonian, one finds

H=D'HD

= Y Ei(d] + B})(dL + Bu) + Qu(d] + di + 2Re(BL))
L

= Erdld, + EL|BLl* + 2Re(BL)Q
L

+(Q + ELB))dy + (. + ELBL)d,

where we will use the tilde to indicate that we are in the
displaced basis. The linear terms can be removed by choosing
B = —2/E;, which makes the Hamiltonian diagonal

(A46)

2

5 Q
H= ZELd,de — E—L (A47)
L L

The displaced Hamiltonian is a simple harmonic oscillator
where each mode acquires a shift. As the modes do not in-
teract, this shift only leads to an overall phase of the wave
function )", Q7 /E; = v. Any time-evolved state can there-
fore be represented as

() = e chL}eXP (—zZELnLt)hﬂ ny,...,NnN)
— it Z Clny) ® exp (—iErnit)|ng).
{n.} L

For our purpose, we are interested in time evolution of a
specific state, namely, the false vacuum state. Transforming
the FV to the diagonal basis is straightforward

19/(0)) @) DL(QL/EDI04) = Q) |90 /EL)
L L

@] ()5 E

n=

(A48)

= D'j0,) =

(A49)

The coefficients in the wave function expansion now take the
form

T

(A50)

(W ()|nl, n2, ...

As these coefficients are just a product over the modes, the
entire time-evolved state is a product state for all times,

—zELt)”L

W (0) = ”“®exp[——<&”2 a\/_ In)
= ttv®‘QLe lELt>.

Because of the unitarity of the displacement operator, the state
is trivially normalized for all times. Displacing this state to the
original basis, one immediately finds [48]

(AS1)

~ . Q .
Y @) =Dl @) =" Q) ‘E—L(e—"f” - 1)>, (A52)
L

from which we identify y; = Q; (e 5 — 1)/E;, introduced
in the main text.

b. Dynamics of excitations

The number of excitations in the Lth state is given by

(Y (Old di |y (1)) = (Y (@)D d] DD d DI (1))

Qr
<w(t>|<dT - E—L) (dL — —>|w<r)>

20\
- (E—L> sin? (Ez/2),

L

(A53)

which means that the system initially has no occupation and is
therefore consistent with the initial state used. With this result,
our prediction is that the dynamics of the Lth excitation has
a time scale dlrectly set by 1/E; but that its weight in the
dynamics is set by ( E L)2_ As the system is infinite, the relevant
quantity is not the number of bubbles but instead their density

§ 2
OB L (2B 05
L

Ny = N
(A54)
Since Q; « +/N as seen in Eq. (A25) and Ej is an intensive
quantity, the density of the Lth excitation becomes intensive
and therefore well-defined in the thermodynamic limit. This
observable describes the average number of excitations of
species L at a single site. For the case of a resonant excitation,
E, — 0, allowing us to expand the sine,

Q212
N, = —~—, A55
N (A55)
giving the resonant physics a time scale of
2
(A56)

IMIy | 3N, h’l‘pr,n.
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Finally, we can consider the total density of excitations
1 29\’
N=) N=— ——= | sin®(E;t/2).  (A57
XL:LNXL: £, sin” (Et/2) (AST)

c. Average magnetization

To compare the results of the CBT with MPS calculations,
we wish to compute an approximation to the average magne-
tization within the CBT. To compute the magnetization, we
can directly promote the single-body average magnetization
operator in Eq. (A30) to a many-body operator,

N
Qr(dy + dZ)

NJ|h|||

Mayg =

A /dd, A58
WH'Z Lud)dy (A58)

L.L'=1

where we remind the reader that there is an additional flat-
band approximation in Ay ;. Using the same procedure as
for the bubble occupation, we transform 1, to the displaced
basis,

"havg = DTmang»

=M+ > oQu(d+d] 2Q +— !
- NJ|hH| R NJ|hy|
QL’ L QLQL’
A dd,——d,——cﬂ =
X; LL|: L L £ L+ELEL/:|
=M+ Ggq + G,. (A59)

We can now compute overlaps with the time-dependent state
in Eq. (AS1) of the two different terms. The first contribution
arises from the coupling between the false vacuum and one-
bubble states,

(Ga) (1) = (Y (®O)|Gel¥ @)
—itEy itEr
_ 1 ZQL[QLE + QLe _2&]
NJ|]’l||| EL EL EL

2
NJ|h|||

Q—[Cos (Ept) —11. (A60)

This term is seen to be intensive and consistent with our initial
state as the entire contribution vanishes at r = 0.

The second term is related to the magnetization of a bubble
state,

(Gu)(1) = (Y (DIGY (1)),

1
=———— > ALL
NJ|hy| LXL:

Q2
ELEL’

% (ei(EL—EL/)t _ e—iEL/t _ eiELt + 1)
1 Q
_ Loy, s
NJ|/’Z||| I E E;

x (cos{(E;, — Ep)t} —2cos (Ert)+ 1), (A61)

where we used the symmetric property of A, seen in
Eq. (A31). As with (Gg), (G,,) also satisfies the consistency
check that it vanishes at # = 0. One notices that the extensive
property of € is canceled, and since Ay ;/, in Eq. (A31), is
intensive, the average magnetization is indeed an intensive
quantity. If the eigenstates are sufficiently far apart in energy,
one expects that the physics is dominated by the resonant
bubble after some initial dynamics. Assuming that an almost
resonant bubble exists in the system such that we can expand
the cosines, the slow envelope of the magnetization grows
quadratically,

lim (1) (1) D g ay = B

mm (m. = - .

E—0" CONJhy| R NJ|hy|
(A62)

d. Dynamics of bubbles

The density of bubbles of size r is straightforward to com-
pute within the single-bubble theory,

2

1
= — (051 D Bubuiml ¥ @)

m

(A63)

as the action of the operators b,, on |¢) is well understood. In
the many-bubble theory, the wave function has the form

V(@) =) cnild])"0). (A64)
m,L

The action of b, on the coherent bubble states is highly non-
trivial and we can therefore not directly compute P,. However,
if we neglect the quantum cross terms, then we can write an
approximation for the overlap between states with fermions a
distance n apart and our coherent states given by

(nly) = f > (dpr(n). (A65)
Within this approximation P, is given by
1
Pa= 5 D) du) (0, (n)
L.L
=Y TLr(m){cos [t(EL — Ep|)] — 2cos(tEL) + 1},
Ll
(A66)
where
1 QL2
Pri(n) = 5oL mgp - (A67)

As a sanity check, we can compute the total density of bubbles
in the system,

ZP =— Z 0 (dy ) (Mg (n)
LL’
=N Z Hdw)or.1
LL’

(A68)

1 .
== dld)=N
NXL: L
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FIG. 5. Sketch illustrating how to compute the correlation func-
tion. The green ovals represent TV bubbles.

with the excitation density defined in Eq. (A57). So the num-
ber density of spatial bubbles is equivalent to the total number
density of bosonic excitations, as one would expect from our
simple noninteracting theory.

To show that some care has to be taken with our approx-
imation of P,, we can use it to compute the magnetization.
Within our approximate picture and with only a small excita-
tion density, the magnetization should be related to the density
of TV domains through

m(t) ~ M[1 —2p(1)] = M|:1 ) ann(z)}. (A69)

Writing out the last term,

—ZMZnP,,(t) = —2M Z nTL 1 (n)F (1)

n n,L,L’

_ ngr(n)e;,(n) QL
M Z N E E;

F(),
nL.L

(A70)

where F'(t) is the time-dependent function in the curly brack-
ets in Eq. (A66). Writing out the A contribution to the
magnetization in Eq. (A61), one finds

(G (1) = Z —2Mn¢r(n)g;, (n) QLQL’F(I)

" N ELEL

=—2M ) " nP,(t). (AT1)

This means that the error made in using P, to compute the
magnetization is because the quantum cross terms from Ggq
in Eq. (A60) are missing. So quantities computed with P,
generically include additional approximations on top of the
ones already present in the CBT.

e. Spin-spin correlation function

To understand how the spatial structure in the fermion
states translates into spatial structure in the spin chain, we seek
to approximate the spin—spin correlation function given by

N

G0 =5 2 (2,05) ~ 1)),

j=1

(A72)

To approximate C,(¢), we first compute the probability, Q,,
of two spins having opposite magnetization when separated
by n sites which is sketched in Fig. 5 as the probability that
the red and blue sites have opposite magnetization. Consis-
tent with our assumption that the excitation density is small,
we consider the probability when only one bubble is present
within this region. There are two different scenarios that must

be accounted for. The first is illustrated around the red site
in Fig. 5 (ignore bubble around blue site). In this scenario,
the bubble size [ is larger than the separation between the
sites: /g > n. In this case, there are n different locations for
the bubble such that the red site is covered but the blue site
is not. The opposite regime of Iz < n is illustrated around the
blue site (ignore the previously discussed bubble around the
red site). In this case, there are Iz different locations where
the blue site is covered and thus give rise to the opposite
magnetization of the two colored sites. Putting this together,
we can write the probability of the two spins having opposite
magnetization as

Qu(t) =2 " min(n, DPi(t), (A73)
l

where the factor of two arises from the fact that we also
have to include the processes where the two sites are swapped
(large bubble from the left and small bubble from the right).

With this object, we are able to compute the total spin—spin
correlation function as a sum of two contributions. The first is
the probability of the two spins pointing in the same direction,
and the second is the probability of them pointing in opposite
directions,

1 N
Colt) =+ D (o 07)0) = MP[1 = Qu()] + M=, (1))

j=1

= M?[1 = 20,(t)] = M? [1 — 4Zmin(n, l)P,(t)}.
1
(A74)

To compute the disconnected contribution, we consider the
limit lim,,—, o0,

. 1 X X X
Jim C,(0) = = {o)lof) = D fo3)
i i
= M2[1 - 42130)} =M’[1 —4p(0)],
l
(A75)

where we have exploited the translation invariance of the
system. With these results, we can approximate the connected
spin-spin correlation function as

N
C,(t) = 4M> Z (I —n)P(t).

I=n+1

(A76)

The approximation has the simple intuitive structure that only
bubbles larger than the distance between the sites contribute
to the connected correlations.

Lastly, we remark that for both the magnetization and the
correlation function, we have neglected the delocalized nature
of the domain walls, which is only valid if the relevant fermion
bubbles are much larger than the domain-wall spreading W
discussed in the main text. For the parameters considered in
the main text, this is the case, as for the rigid parameters
W, & 0.26, where the resonant bubble is of size 4, while for
the expandable regime W, ~ 3.46, where the bubbles extend
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over more than a hundred lattice sites (see the plot of |¢,(n)|?
in the main text).

4. Scaling limit

So far we have considered a theory with lattice spacing
a = 1. In the main text we discussed how the finite spacing
leads to features in the dynamics such as the Bloch oscil-
lations. In this section, we will discuss how decreasing a
while keeping X = aN fixed and correspondingly scaling the
external fields makes it possible to reach the continuum limit.
Throughout the section, we choose 77 = 1 and ¢ = 1. The first
part of this section has a significant overlap with the work
done in [28].

The starting point for this scaling is the requirement that
the low-energy behavior of the fermion dispersion Eq. (A3)
be invariant as a is decreased. The lattice spacing emerges
in the theory when introducing the physical momentum k:
0 = ka. While the quasimomentum 6 is unaffected by the
scaling, the Brillouin zone related to the physical momentum
k grows inversely with a such that k € {—n /a, 7w /a}. Writing
the dispersion relation in terms of the physical momentum and
expanding for small k,

e(ka) = 27,1 — 2h, cos (ka) + k2

~ 2]/ (1 = h ) + ha®k?
Jhya’k?
1—hy
The first term is the energy gap €(0) = A that must be over-
come to create a kink. To keep A invariant while varying the

energy scale J the transverse field has to be tuned according
to

~2J(1 —hy) + (A77)

hy =1 A
YA
Besides fixing the gap, we also need to fix the mass of the
excitations, which can be extracted from the second term of
Eq. (A77),
1 _ Jh d? _ 2J%h, a? _ 2J%a? I
m 1—-h, A A a
where we have used Eq. (A78) to eliminate &, . To keep the
mass scale-invariant, J must be proportional to a~!, which
results in the second term of Eq. (A79) vanishing in the scaling
limit. The numerical proportionality constant determines the
mass of the fermions, which we, for simplicity, choose to be
m = A realized by the choice J = 1/2a. This means that our
theory scales to the Ising field theory in the continuum limit
and the low-energy part of the dispersion is of the nonrela-
tivistic form

(A78)

(A79)

2

k
ka) ~ A+ —, A80
e(ka) + A (A80)
with the transverse field scaling as
hy =1—aA. (A81)

Within the nonrelativistic approximation for the dispersion,
one can scale the single-bubble EVP in Eq. (A23). To do this,

we introduce the spatial variable x = na, which leads to the
two body problem

> K= y)6u(v/a) = ~xu(x/a) = Ergu(x/a).  (A82)
y

where the kinetic kernel follows directly from Eq. (A24) and
takes the form

w/a dk )
— e(ka)e*

K(x—y)=2a/

—m/a

w/a dk )
~ 2Aad(x — y) + 4 / — k2 (A83)

A 7/a 2

where we are considering the limit a — 0. Inserting this ker-
nel into the first term of Eq. (A82), one finds

> K —y)pL(v/a)
>

X/2

~ 2A¢L(x/a) + % /

-X/2

1
N 2A¢1(x/a) = < 0i¢L(x/a).

w/a dk ) ,
dy / K e/
—/a T

(A84)

Combining this with the two other terms in the single-bubble
EVP in Eq. (A82), one finds its form in the a — 0 limit to be

1
2AY1(x) — L) - gxmoc) = Eyi(x).  (A85)

In this expression, we have identified the continuum limit of
the wave function

¢L(x/a)
m 22

li = Y (x), A86
fim =72 = ) (A86)
which is normalized according to
X
/ dx ()Y (x) =1, (A87)
0

where the odd-symmetry of i (x) has been exploited to
change the integral limits to match the discrete case discussed
in the previous sections. The only term that explicitly depends
on a is the repulsive interaction. To ensure that this term has
a finite value in the scaling limit, we need to require that
o /a = § is independent of a. Using the definition of o below
Eq. (A23) we find an expression for § of the form

g _ 2]M|h||| _ M|h|||

6= 5

(A88)
a a a

The average magnetization per site for the FV can be written

in terms of @ and § using the scaling relations for &,
M=(1-r)"=[aA +h )"

= (2aA — (aA))'® ~ 2an)'"3. (A89)

Inserting this into §, one finds an expression that only contains
a, A, and l’l”,

_ M|hy| _ [aAQ2 — a3 |hy|

8 2 2

a
=[a P AQ — at)]'Blhy| ~ QA Ba= By

a
(A90)
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FIG. 6. Behavior of different quantities under a scaling of the lattice spacing a. The parameters correspond to the parameters p, ,
introduced in the main text, which are equivalent to A/é = 11.0886. The length of the system has been kept fixed at X = 360. The low-energy
physics is described by A and §, which are kept fixed while scaling a. This is achieved by rescaling the external fields according to Egs. (A81)
and (A91). (a) Single-bubble wave functions rescaled by 1/a to account for the increased spatial extent. The dashed/dotted vertical lines are
the turning points in Eq. (A92). (b) Coupling between the FV and the Lth single-bubble eigenstate in Eq. (A93). (c) Total density of bubbles

according to Eq. (A57).
Requiring § to be a-independent gives the scaling of the lon-
gitudinal field,

5 als/8
Q2 A)l /8"

As a first verification of the scaling, we plot in Fig. 6(a) the
wave functions for three different values of a. As shown in the
main text, the extent of the wave function is described by the
turning points

Iyl =8[a"PAQ = an)] T ~

(A91)

B L+h =%

X, = a=_.za =

+—* , (A92)

where we have used the scalings derived above. The lower
turning point, which describes the classically expected bub-
ble size, is seen to be unaffected by the scaling, while the
large-distance turning point describing the possible largest
possible bubbles in the resonant eigenstate scales with a~!
This growth leads to an overall extension of the wave function
and the normalization of the wave function thus requires a de-
crease in its amplitude. As the extension of the wave function
is almost proportional to a~!, we can make up for the decrease
in amplitude by also multiplying the wave-function amplitude
by a~! as done in Fig. 6(a). The good overlap between all
three wave functions near x,~ shows that the physics associated
with the classically expected bubble size is maintained by our
scaling of the external fields.

Having derived the correct scaling of the external fields to
obtain a well-defined continuum limit for the single-bubble
EVP means that the energies also have a well-defined scaling
limit. For the CBT, the two additional quantities are €2; and
)"L, L.

Considering first €27, we scale the wave functions such
that they have a well-defined continuum limit according to
Eq. (A86), which leads to the appearance of the physical
length X in Eq. (A25),

1 A 5 Yoe
L,n L.,n

Q= =vVXMJh E n—==-vX E W —=.

L 2 | H|n:1 L\/a 4\/_61”:1 L\/a

(A93)

Taking the scaling limit of this expression, one finds
§ X
lim @, = Zﬁf dx (1 — Aa)" Y (x)
a— 0

X
= gﬁ f dx e~y (x), (A94)
0

which shows that the coupling scales to a well-defined value
in the continuum limit. In (A94), the characteristic length 1/A
physically corresponds to the thickness of the bubble walls.
As seen in Fig. 6(b), this low-energy (near E = 0) behavior of
2, is only weakly perturbed, indicating that the low-energy
behavior is largely preserved when the external fields are
appropriately scaled.

Considering now A ;; computed in Eq. (A31), As for €,
we first explicitly include the /a that gives the wave function
a continuum limit and then rewrite the constants in terms of a
combination of § and a,

N
)\L L= —J|hH |2M Z na¢L n¢L o — —Sa Z na¢L,n¢L’,n i
a
n=1 =1
(A95)
In the scaling limit, this takes the form
X
lin% ALy = —8 / dx x Y ()P (x), (A96)
a— 0

which also is well defined in the continuum limit.

Having shown that all the quantities needed for the CBT
have a well-defined continuum limit, we now consider the
scaling of the total density in Eq. (A57),

sin E t/2
Z 192, 2#. (A97)
E}t /2
Using the density of states p(E) =), §(E — Er), we can
replace the sum with an integral over energy,

|2sin2 (Et/2)

T (A98)

N = /dE p(E)|Qs
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FIG. 7. MPS calculation of the magnetization m(t) for the same parameter set as X,. As a key difference from the main text, the sudden
quench at t = 0 is replaced by a smooth ramp of #; of the form Eq. (B1) with different ramp times z. The ramp time is indicated by the color
coding, which can be read off the shared colorbar. (a) Time evolution of the magnetization. (b) The second derivative of m(t), with a shifted
time argument #,, such that the first minimum after the ramp is at O on the x axis. The value of #,, is indicated by the dashed vertical lines in (a),
where the intersection points are marked by circles that are connected by a dotted black line serving as a visual guide. The red solid line in (b)
shows the approximation in Eq. (B6), whereas the red dashed line shows Eq. (B7).

As discussed in the main text, near the resonant state, Ej
is linearly spaced, resulting in a constant density of states
p(E) = 1/as. Additionally, we have the property

sin? (Et/2)
lim E2—t/2 =né(E). (A99)
Inserting this into Eq. (A98), we obtain
N =T, (A100)
where I' is the FVD decay rate given by
= %. (A101)

Using Eq. (A94), we find the continuum limit of T" to take the
form Eq. (A98),

g _A 2

= r dxe” Y, (x)| . (A102)

This shows that in the continuum limit, the linear behavior
dominates and has a well-defined slope. To verify this, A/ has
been plotted in Fig. 6(c) for three different lattice spacings.
It is observed that the slope is not affected by the scaling,
whereas the initial nonlinear behavior is suppressed and the
timescale for the Bloch oscillation is extended, such that in
the scaling limit only the linear slope remains.

APPENDIX B: COMPARISON BETWEEN SUDDEN
QUENCH AND SLOW RAMP

In this Appendix, we present MPS calculations for the
same evolution considered in the main text, but with the sud-
den quench replaced by a linear ramp of the longitudinal field
hy defined by

thy

R.(t) = { ‘
hy

if 0
if t

t<T,

<
(BI)
D

T
with a characteristic ramp time 7. In Fig. 7(a), we show a

series of plots of the time evolution of the magnetization m(t)
for different values of the ramp time 7.

As the ramp time 7t is increased, the short-time downward
jump in the magnetization that is visible in the dark curves
disappears and is replaced by a smooth decrease with an ap-
proximately parabolic law that is visible in the brighter curves.
This confirms the fact that the excitation of high-energy bub-
bles at short times and the consequent drop in magnetization
are a consequence of the abrupt quench and are suppressed
when the ramp is sufficiently slow.

Extracting the universal physics from these curves is com-
plicated by the peculiarity of the one-dimensional geometry,
namely, that the high-energy bubbles that are created in the
short-time transient eventually expand under the effect of the
repulsive interactions between the fermions. Given the dif-
ficulty of removing this contribution accurately, there is no
straightforward way of superimposing the late-time curves of
the magnetization m(¢) for different values of the ramp time
7, and a more sophisticated analysis is required.

The key idea is that the FVD contribution to the mag-
netization has a superlinear growth whereas the expansion
of the high-energy bubbles created at early times gives an
approximately linear contribution. As a result, one can sep-
arate the two effects by considering the second derivative of
the magnetization with respect to time m(¢), which is only
sensitive to the FVD. The connection between ni(¢t) and the
FVD rate I can be quantified using a classical picture. First,
we write the magnetization as the sum of its initial value
and the contribution from a density n; of bubbles with size
[. Summing over all bubble sizes, one has the approximate
expression

m(t) ~ M —2M Y In(t).
=0

(B2)

Within a continuum approximation for /, we can write a trans-
port equation for n;(¢), which contains a flux term in which
bubbles expand with a speed v(7) and a source term for the
classical resonant bubble size /,,

dn(1)
di

n(t) = —v(t) + e —1). (B3)
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From the semiclassical result in Eq. (26), we have that v(t) is
given by
_dr(t) 8J%h, sin(2hyMt)

v ==, <y IM1)

; (B4)

meaning that the speed of the bubble depends on when it was
created. As our simple estimate here does not allow us to
assign different bubbles different speeds, the most consistent
approximation is to assume the speed to be constant for all
bubbles. From Fig. 3(g), we know this is a reasonable approx-
imation already at early times and therefore use a constant
velocity v, determined from the constant slope in Fig. 3(g).
Notice that neither Eq. (B3) nor Eq. (B4) contains the ramp
time; therefore, these equations are only valid after the ramp.
Importantly, this means that the predictions based on these
results will be independent of how the quench is performed.
Combining Eq. (B3) with the time derivative of the continuum
version of Eq. (B2), one finds

, o0 dn(l, 1)
(t) = —2M/ dl | (—v + T8 — lr))
o dl

= —2MON(t)+Tl,),

(B5)

which only holds for finite times where n(oo, t) = 0. Lastly,
taking the time derivative of Eq. (BS5), the second derivative of
the magnetization takes the form

() = —2MuN (1) = —2MoT, (B6)

which follows from Eq. (A100). Computing I' from
Eq. (A101), as done in Fig. 3(e), we plot in Fig. 7(b) this
semiclassical approximation together with the numerically
computed second derivatives. Each curve is shifted by the time
tn, chosen so that the first minimum after the ramp occurs at 0
on the x-axis. In Fig. 7(a) one sees that at this time the magne-
tizations are all similar. The main uncertainty arises from the
high-energy oscillations in Fig. 7(b), which lead to shifts in
the determination of #,,. Looking at Fig. 7(b) and focusing on
the positive part of the x axis, one observes that the shorter
quenches contain high-energy excitations, resulting in fast
oscillations, but the slow dynamics set by the FVD dynamics
collapses for all curves. The fact that the slow dynamics, after
a certain decay of the magnetization, is independent of the
ramp shows that the FVD dynamics is itself independent of
how the ramp was performed. The analysis thus shows that

the conclusions in the main text can immediately be extended
beyond the instantaneous quench protocol.

The crude approximation in Eq. (B6) predicts a constant
value for m(t), which is seen to be a very good quantitative
measure of the minimum of 7. There are two simple mech-
anisms that can explain why 7 does not remain constant.
One is that the speed of the bubbles is not constant but time-
dependent, as already seen in the semiclassical description
in Eq. (B4). To properly describe this, one would need to
use something equivalent to a time-dependent version of the
CBT. Extending the CBT to be time-dependent does not pose
any fundamental challenges but goes beyond the scope of our
article. However, to show that this effect is indeed relevant, we
can ignore the inconsistency of the approximation and replace
the constant velocity in Eq. (B3) with the semiclassical result
in Eq. (B4). This leads to an approximation for 7i(¢) of the
form

i) = —2Mv(ON () — 2M(ON () ~ —2Mvu(@)T, (BT)

where the second term can be ignored because of the slow
variation of the speed [see Fig. 3(e)]. To set the “initial” time,
we can repeat the numerical procedure and shift the minimum
to zero on the x axis using the shift

cos~ ! (h))
2IMh,

which follows from the maximum of Eq. (B4). Including this
effect captures some of the decrease in magnitude of 71(¢) but
a time-dependent CBT would be necessary to capture both
the high-energy oscillations and the fact that the consistent
description would correlate the speed with the time at which
the bubble is created.

The other effect that could explain the decrease of |r|(t)
observed in Fig. 7(b) is the increasingly important role of
interactions. A further reduction in the magnitude of ()
beyond the reduction predicted via the approximated time-
dependent speed is in fact observed in Fig. 7(b). This deviation
is likely connected to the gradual increase of interactions. As
already discussed in Sec. VII, these interactions appear to be
repulsive and therefore tend to slow down the bubbles, further
decreasing the magnitude of m1(¢). As the effect of interactions
would not be included within a time-dependent CBT, its de-
viation from the numerical results would help disentangle the
effects of interactions and the time-dependent speed.

, (B8)
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