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Orbital magnetization reveals multiband topology
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We demonstrate that nontrivial multiband topological invariants of electronic wave functions can be re-
vealed through orbital magnetization responses to external magnetic fields. We find that decomposing orbital
magnetization into energetic and quantum-geometric contributions allows one to deduce nontrivial multiband
topology, provided knowledge of the energy spectrum. We showcase our findings in general effective models
with multiband Euler topology. We moreover identify such multiband topological invariants in effective models
of strontium ruthenate (Sr,RuQ,4), which may in principle be verified in the state-of-the-art doping-dependent
magnetization measurements. Our reconstruction scheme for multiband invariants sheds a topological perspec-
tive on the multiorbital effects in materials realizing unconventional phenomenologies of orbital currents or

multiband superconductivity.
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I. INTRODUCTION

Multistate effects play an important role in physics, from
nonlinear optics [1-4], to diverse correlated quantum phenom-
ena such as superconductivity [5—11] and magnetism [12—15].
In condensed matter systems, multistate effects are funda-
mentally encoded in the combinations of matrix elements
of quantum operators between multiple single-particle band
eigenstates [2,3,16-21]. The underlying multiband geometry
[18,21,22] arises from the fact that any quantum operator is
a derivative in a conjugate quantum variable [23,24], which
translates geometric tensors and differential structures of
bands into quantum responses manifested in numerous exper-
iments [25-28]. Combinations of quantum states can realize
not only nontrivial Hilbert-space geometry [17-19], but also
nontrivial multiband topologies that are irreducible to sums
of single-band invariants such as Chern numbers in anoma-
lous quantum Hall phases [29-31] or topological crystalline
invariants [32-37].

Topologies associated with finite multiband invariants and
multigap conditions [23,38—46] are an increasingly studied
topic of interest, yet experimental probes of these exotic
topologies are rather scarce. The connection to multiband
geometry is of key importance for potential multiband invari-
ant reconstruction schemes. For instance, nonlinear optical
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responses involving multiband torsion tensors allow one to
extract unconventional topological invariants beyond the
tenfold classification [2,47-50]. A longstanding challenge
includes finding electromagnetic probes for multiband topo-
logical Euler invariants [11,20,21] in electronic materials,
which at the time of writing, lack a general measurement
scheme independent of band energies. In this context, a partic-
ularly underexplored and promising direction entails potential
novel responses to magnetic fields beyond the recently studied
geometric responses of Euler bands to electric fields [20,21].
Magnetic field probes are of particularly high promise for
revealing nontrivial multiband topologies, as these (i) reflect
the exotic Landau levels arising from multiband topologies
[40,51,52], and (ii) couple to angular momentum operators
respecting multistate resolutions by definition [53]. As such,
the multistate topologies should be in principle anomalously
manifested, and hence observable, through certain magnetic
responses.

In this work, we identify the role of multistate topological
invariants in orbital magnetic susceptibilities and responses.
We find a rich interplay. First, we show that the orbital mag-
netic susceptibility can be naturally decomposed in terms of
energetic and quantum geometric contributions [54,55]. The
former can be estimated directly from the energy spectrum
and fermionic occupation numbers determined by the quasi-
particle energies and chemical potential. Thus, the energetic
contribution can be deduced solely from the angle-resolved
photoemission spectroscopy (ARPES) experiments. On the
other hand, we find that the geometric term explicitly involves
the quantum metric tensor and encodes the information about
the topological invariants realized by electronic states in the
crystalline material. Second, we leverage this interplay of en-
ergetic and geometric orbital magnetic susceptibility terms to
reconstruct multiband topological invariants in continuum and
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lattice models with multiband Euler topology. In particular,
we detail this correspondence for Euler topologies that real-
ize Euler band nodes. Fundamentally, the Euler nodes act as
sources of non-Abelian Berry flux associated with multiband
Berry connections, which is distinct from standard Abelian
Berry flux monopoles supported by intraband Berry con-
nections. Beyond the orbital magnetic susceptibility features
induced by the multiband Euler invariants, as identified in this
work, the Euler class can be in principle alternatively deduced
from optical absorptivities [20] and nonlinear anomalous Hall
transport phenomena [21] in responses to electric, rather than
magnetic fields. Third, we showcase the correspondence of
orbital magnetic susceptibility and multiband topological in-
variant in a material realization context of strontium ruthenate
(SrpRuO4) models. Therefore, our findings not only demon-
strate that quantum geometry plays an important role in orbital
magnetic susceptibility, but also allows one to experimentally
reveal the presence of exotic multiband topological invariants
realized in quasiparticle bands. Hence, we establish the orbital
magnetic susceptibility as an observable of interest for prob-
ing multiband topologies, analogously to the anomalous Hall
conductance constituting the hallmark observable for single-
band Chern invariants in topological matter. Notably, unlike
the bulk charge conductivity due to the single-band invariants,
which can be related to the edge conductivities in Chern
insulators, the identified orbital magnetic susceptibility due to
the multiband invariants is not reflected by any universal edge
effects.

In the following, we subsequently detail how the orbital
magnetic susceptibility (Sec. II) arises as a probe of multi-
band topology (Sec. III), and captures the multiband quantum
geometry even in effective models of real materials. We
further discuss these findings (Sec. IV), before concluding
(Sec. V).

II. ORBITAL MAGNETIC SUSCEPTIBILITY

We now demonstrate how the multiband topology can
be revealed via orbital magnetization measurements in re-
sponses of quasi-two-dimensional crystals. Our findings lie
beyond the limits of previously studied magnetic properties
and responses of Landau levels [56], see Appendix A for
comparison. The orbital magnetization m is given by an or-
bital susceptibility xo, m = xoB, upon applying an external
out-of-plane magnetic field B (see Fig. 1). In terms of current
velocity operators jy, jy, the orbital magnetic susceptibility
Xo is given by Fukuyama formula [57] with correction terms
[58,59]:

2

X0 = SookaT ZTY[GJXGJVG(JAGJV + i)+ (x < ),
ey
where we sum over the Matsubara frequencies w,

and single-particle momenta k. j,, = 0, dH, and
G =1/(iw, +u —H) is an electronic Green’s function
G, given by Hamiltonian H and chemical potential pu.
Centrally to this work, we recast the orbital magnetization
in terms of gauge-independent energetic (xg) and geometric
contributions (Xge0)s X0 = XE + Xgeo- The energetic orbital
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FIG. 1. Orbital magnetization (m) from loop currents (jo), in
response to an out-of-plane magnetic field (B). The orbital response
fingerprints the nontrivial Euler band topology.

susceptibility term xg in the decomposition can be identified
as the Landau-Peierls formula [60],

e 9%e, 9%e, 32e, \° ,
XE= e ZX}(: oKz oKz (akxak) Jor @

which can be directly estimated from the energy spectrum (g,)
measurable in ARPES experiments. a labels the quasiparticle

bands, and f,(u) = [exp S,:B_T" 1]_1 is the Fermi-Dirac dis-
tribution function, which establishes equilibrium occupations.
The quantum geometric contribution to orbital susceptibil-
ity [61], Xgeo, can be decomposed in terms of three geometric
terms, Xgeo = X + Xyy + Xxy, Which read

Xxx = h2 2 ZZ 3 Sa(a &g,+ 0 8b)gxx<f[: fab) 3)

atb K Eab
/ fab

KXoy = hz ; ZZB Ea(Byea + Oc1 )8 (f ") @
a#b k €a
’ fb
Xxy = 2 0 ZZgXY |:‘9uba 8(13 Saf/ - (f - ==
h°c atb K Eab

X (20,840,684 + 0:£40,8p + 0,6,0:Ep — sa;,axaysa)].
(%)

Here, h = Re[(0, uak [upi) (Upk |0y Uak) ] is @ multiband quan-
tum metnc tensor [16-18,20 21] for Bloch quasiparti-
cle states, |Y.k) = X ug), 9, = ak , Eab = €4 — &p, and
far = fa — fp. For a detailed derlvatlon of the energetic and
quantum geometric contributions to the orbital magnetic sus-
ceptibility o, including the higher-order corrections, see the
Appendix B.

III. MULTIBAND TOPOLOGIES IN ORBITAL
MAGNETIZATION

We now showcase how the geometric orbital magnetic sus-
ceptibility term ygeo allows to deduce the Euler class invariant
e, € 7 [23,62]. The Euler invariant e; is defined using the
multiband connection between bands a and b expressed in
a real gauge, Azb = (Uak |0, upx), which determines the Euler

form Eu® = BXA;lb — 8yAf;b [23,40]. The multiband Euler in-
variant over a two-dimensional Brillouin zone (BZ) patch D

235154-2



ORBITAL MAGNETIZATION REVEALS MULTIBAND ...

PHYSICAL REVIEW B 113, 235154 (2026)

! — Total
1 — Eng
— Geo

0.4 0.8
1

FIG. 2. Topological bands with Euler charge e, = 1 in Lieb lat-
tice model. (a) Low-energy bands supporting the Euler invariant via
a quadratic band touching. (b) The quantum geometric contribution
to orbital magnetic susceptibility associated with the Euler charge
(Geo) is of opposite sign to the band-dispersive susceptibility con-
tribution (Eng). The dashed line indicates the energy of the band
touching with nontrivial Euler class.

reads [23],

1
622—[/ dzkEu“b—yg dk-A“”] eZ, (6
2n | Jp 9D

and captures an obstruction to Stokes’ theorem applied to
the multiband connection. The topology of an Euler node,
as an obstruction to Stokes’ theorem, can be furthermore
formulated in terms of path-ordered Wilson loops [40,62]. The
quantization of the invariant is protected by a spatiotemporal
inversion (P7T) symmetry [23,40,62]. The minimal integer
Euler invariant, |e;| = 1, can be realized by a quadratic band
touching within a general class of k - p models expressed in
terms of band projector matrices P, P,

= = K
2my 2my dmymy [(ml +m2)k"0o

+20m; — my)kekyoy 4 (my —mp) (k] — k3)o3]. (7)

my and my are the effective masses of the touching bands,
k* = kI 4+ k;, and o; are the Pauli matrices. In Fig. 2(a),
we present a quadratic band touching realizing an Euler class
charge |e;| = 1 in bands with effective masses m;, my < O.
In Fig. 2(b), we demonstrate the corresponding orbital mag-
netic susceptibility xo, decomposed in terms of xg and
Xgeo contributed by the multiband quantum metric Mbu =
Re(A%A%). The connection between the geometric part of
the orbital susceptibility xgeo and a violation of the Stokes’
theorem by the Euler node lies in the associated singular
behavior of the multiband quantum metric gj‘fv, which enters
the orbital magnetic susceptibility [Eqs. (3)-(5)]. For full an-
alytical derivation, see Appendixes B, C.

We note that the topologically induced geometric contri-
bution (xgeo) Opposes the energetic contribution (xg), leading
to a potential sign reversal in the total orbital magnetic sus-
ceptibility (xo), depending on the relative strength of each
contributions.

Furthermore, beyond the general effective k - p expan-
sions, we demonstrate an emergence of analogous multiband
topological quantum geometric susceptibility contributions
in lattice-regularized Lieb lattice models and tight-binding
Hamiltonian of strontium ruthenate (Sr,RuQy) [63], fitted to

the theoretical band energies of the experimentally accessible
quasiparticle energies measured in ARPES.

A. Lieb lattice models

We here detail the Lieb lattice models with multiband
Euler topology (e, # 0). The corresponding Lieb lattice
Hamiltonians are constituted by s orbitals at all lattice sites,
involve nearest-neighbor hoppings (#) and on-site energies
(M) [11]. In momentum space basis, the considered Bloch
Hamiltonians Ay i, (K) read:

M 2t cos (ky/2) 2t cos (ky/2)
hiien(K) = | 2¢ cos (k/2) 0 0
2t cos (ky/2) 0 0
(3)

For M # 0, hpie,(K) realizes an Euler node at the K point,
with patch Euler class of |e;| = 1, calculated using Eq. (6).
In Fig. 2, we show the orbital magnetic susceptibility with
geometric contributions due to the nontrivial multiband Euler
topology.

B. Sl‘lel04

For SrpRuQy, one can treat the system as pseudo-two-
dimensional, and decouple the Hamiltonian into two parts: in-
plane, and out-of-plane [63]. The in-plane part is constituted
by the Lieb lattice with orbitals (Ru d,, O1 p,, O2 p,):

Exy ity (ky) ity (ky)
hsr,Ru0,,xy = | —it1(ky) &p tke, k)|, (9
—iti(ky)  to(ky, ky) &p
where the off-diagonal elements are f(k,) = —2¢t; sin(k,)

and #(k,, ky) = —4t, sin(k,/2)sin(k,/2). We note that only
the isolated band is relevant at the Fermi surface u = 0, thus
the magnetic signature of the Euler node cannot be directly
observed from the in-plane part. The out-of-plane part consists
of four orbitals (Ru d,;, Rud,,, Ol p,, O2 p,):

€4 0 it3(ky) 0
hst,Ru0,.,z = 0 o 0 (k) ,
MO Stk 0 e talke ky)
0 —it3(ky)  talky, ky) &p
(10)
where the off-diagonal elements are f3(k,) = —2t3 sin(k,,)

and 14(ky, k,) = —4t4 cos(k,/2)cos(k,/2). Due to the pres-
ence of P7 symmetry, the Hamiltonian can be converted to
the real gauge with a unitary:

1 0 0 0
01 0 0

U=lo o o —i| an
00 i 0

which allows us to compute the patch Euler class, e, € Z, us-
ing Eq. (6). We note that Ag;,ru0,,; hosts two separated pairs of
bands. For the pair of bands near the Fermi surface, it host two
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FIG. 3. Orbital magnetic susceptibility fingerprints topological
Euler invariants in Sr,RuO,; model. (a) Band structure obtained
from a tight-binding model of Sr,RuQO4. Bands contributed by
the (Rud,;, Rud,., Ol p., O2 p,) orbitals (solid lines) realize the
nontrivial Euler class invariants, |e;| = 1 (Eu, »); dotted lines mark
(Ru d,y, O1 p,, O2 p,) orbital bands hosting van Hove singular-
ities (vH). (b) Orbital magnetic susceptibility x decomposed into
energetic (Eng) and geometric (Geo) contributions as a function
of chemical potential w, with xo = fo(eag /4w>hic)* where ag is the
lattice constant and 7o = 1eV. Around u = —0.8 and u = 0.2 eV,
the total orbital magnetic susceptibility xo reflects the presence of
topologically induced concentrated quantum geometries due to the
Euler charges.

Euler nodes, each of patch Euler class |e;| = 1, respectively,
at the I and K points. The tight-binding parameters for the
Hamiltonian are obtained from Ref. [63], and are summarized
as a table below in the units of eV:

Tight-binding | &y, | &4 g, | h 153 13 7
parameters
Values (eV) |-1.9 |-0.9 [-2.4 [1.1 |-0.52 [0.85 |0.1

In Fig. 3(a), we show the electronic bands within the
seven-band model of Sr,RuQy4, where we retrieve the Euler
invariants |e;| = 1 in the higher-energy band subspace close
to the Fermi level. Figure 3(b) demonstrates the geometric
orbital susceptibility contributions contributed by the Euler
charges in distinct band subspaces. Once again, we find that
xo depends heavily on the topologically induced singular
contribution of quantum metric g‘/‘f’v, which is realized between
distinct pairs of bands contributing t0 Xgeo. The remaining
enhanced contribution to orbital susceptibility in Fig. 3(b)
arises from van Hove (VH) singularities, rather than being
a multiband topological effect. This results in a combination
of enhanced density of states and the corresponding occupa-
tion factors. However, the vH singularity contributions can
be disregarded as nontopological purely from the inspection
of ARPES spectra. Thus, upon disregarding the expected vH
contributions, xo allows reconstructing the nontrivial multi-
state geometry and multiband topologies purely from ygc, and
its dependence on doping (i), as we address next.

IV. DISCUSSION

We further discuss how the multiband topological invariant
can be deduced from the orbital magnetization response. Fur-
thermore, we show the thermal dependence of the geometric
orbital magnetic susceptibility in Fig. 4, which demon-
strates the robustness of the orbital magnetization features as

@ —':T = olmeV : ®) 0.05 ;:T = 5'ch :
0.06 [---/T = 20 meV I ' == T =20meV !
..... 'T — 40 meV ! < T = 40meV :

1 I

|

-0.02

-0.05
-1 -0.5 0 0.5 -1 -0.5 0 0.5
1 (eV) p(eV)

FIG. 4. Thermal dependence of the orbital magnetic susceptibil-
ity due to an Euler invariant, |e;| = 1. (a) Total orbital magnetic
susceptibility xo, (b) geometric contribution x,., at increasing finite
temperatures 7 = 5, 20, 40meV in Sr,RuO, model, as a function
of chemical potential u, with xo = fo(ea3 /4m>Fic)?, where ay is the
lattice constant and 7y = 1eV.

indicators of the multiband Euler topology. Moreover, we
provide a semiclassical interpretation of our findings, which
we phrase in terms of the multiband wave packet dynamics.
To reconstruct the multiband invariant, one may first
identify possible quantum geometry hotspots, such as band
touchings observable in ARPES. In the case of trivial multi-
band invariants, only the energetic orbital susceptibility
contribution yg arises. g can be directly estimated based on
the ARPES band structure data, from Eq. (2). Importantly, the
ARPES data on its own is insufficient to deduce a presence
of an Euler node, as any quadratic band touching possibly
measured via photoemission cannot be distinguished from

being realized via an effective Hamiltonian: Heg(k) = %0’3.
Such Hamiltonian realizes a quadratic dispersion, yet, corre-
sponds to a trivial Euler invariant e, = 0. We propose that
the geometric contribution xg, can be thus extracted from
combining ARPES and orbital magnetic susceptibility xo data
with the yg estimation. Importantly, the known spin mag-
netic susceptibility contributions must be further accounted
for, when the total magnetic susceptibility is measured [15].
Notably, the spin magnetic susceptibility contribution can be
measured directly via Knight shift using nuclear magnetic
resonance [64]. As such, the spin contribution can be traced
out from the total susceptibility, which allows one to access
the orbital contribution studied in this work.

To obtain the geometric part of the orbital susceptibil-
ity (Xgeo) €xperimentally, (i) the total magnetic susceptibility
should be measured, (ii) the spin contribution must be ex-
cluded, and (iii) the energetic contribution must be finally
subtracted. The presence of a multiband topological invariant
in experiment can be validated upon inserting an analytical
ansatz for g%, oc ey|*/|k|* in Egs. (3)=(5), which follows
from Eq. (7), in the momentum space neighborhood of the
band touchings. The contribution arising from this ansatz can
be compared against the experimental data.

It should be noted that although a resolution of the quantum
metric tensor in momenta has been experimentally achieved
in solid-state materials very recently [65,66], these findings
are limited by a two-band approximation. In this work, we go
beyond this paradigm. Namely, we demonstrate that the multi-
band metric and topological invariants can be inferred even in
a seven-band model of Sr,RuQy, assuming the full knowledge
of the ARPES spectrum, as in the mentioned experiments.
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Finally, we provide a semiclassical interpretation of our
findings. The orbital susceptibility contributed by quantum
geometry reflects orbital currents, which semiclassically arise
from the loop current dynamics of wave packets. Increas-
ing magnetic field B induces a Lorentz force on the wave
packet, which responds accordingly. The response arises from
a field-induced positional shift correction in Berry connection,
Aj(B) = F;;B;, with F;;, the anomalous orbital polarizability
tensor introduced by Gao and Niu [54,67]. The Fj; ten-
sor involves the multiband connections, which connect the
response directly to the Euler curvature form, and can sup-
port orbital magnetization via field-induced Berry curvature,
Q)’Cy(B) = BXA;(B) — 0,A’(B). The associated positional wave
packet shift results in orbital currents, as follows from a direct
inspection. We leave the further interplay of magnetic field-
induced positional shifts and multiband geometries for future
work [68].

V. CONCLUSION

To sum up, we demonstrate that the presence of multi-
band Euler topology in a bulk material can be inferred
from its orbital magnetization responses. Our findings estab-
lish orbital magnetization as an experimentally measurable
physical property of choice for identifying the quantum ge-
ometric fingerprint of multiband topological Euler invariant.
We thus propose an electromagnetic smoking-gun probe for
pairs of topological bands supporting vorticity in a multi-
band Berry connection. Our work establishes a physical go-to
response for probing Euler bands, analogously to the trans-
verse Hall conductance as the hallmark response of Chern
bands realizing intraband Berry curvature in quantum Hall
phases.
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APPENDIX A: MAGNETIC RESPONSE FUNCTION
OF EULER BANDS

In this section, we consider the implication of quantum
geometry on the magnetic response function of Euler bands.
Using the Roth-Gao-Niu relation [69-71] for electrons in

magnetic field B at zero temperature (7 = 0):

1\eB
”+§ 7 :No(M)+BasMO|8=M

1
+ 53238 Xole=p + O(B?),  (Al)

where we consider a half-filled Landau level, such that the
Fermi energy p matches the nth Landau level energy. Ny(w)
is the integrated density of states at zero magnetic field, My (1)
is the spontaneous magnetization, and yo(u) is the magnetic
susceptibility.

1. Landau level

We begin by discussing the Landau level for a continuum
Hamiltonian of an Euler node. Around an Euler node with
lea]|=1, one can write down an effective two-band k - p model
using projector matrices:

. 2 .
sin“ 0 —sinf cos @
Pr= <— sin 6 cos § cos? 6 )’ (A2)
cos2 6 sin @ cos 6
b= (sin 6 cosb sin?9 )’ (A3)
k2 k2
Hg, = —P —P
Eu 2m; 1+ 23 2
1
= [(my + mo)k>o0 + 2(m; — my)kkyoy
4m1m2 °
+ (my — my)(k; — k3)o3]. (A4)

m; and mp are the effective masses of the touching
quadratic bands, K= kf + kg, 0 = arg(k, + ik,) and o; are
the Pauli matrices. We now perform a replacement k, —
(a+a')//2lg and k, — i(a — a')/+/2lg [56], with the mag-
netic length Iz = «/ii/eB and a (a') being the annihilation
(creation) operator. We further ensure that the Hamiltonian is
Hermitian by symmetrizing k.k, as:

1
keky = 5 (keky + ko)

= #(aa —a'd"), (AS5)
B
1
kK= l—z(acﬂ +a'a), (A6)
B
1 .
ki =k = l—z(aa+a*a*), (A7)
B
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where for reference we have included the form of k% and k)f — kf We thus obtain a Landau level Hamiltonian (Hg, 11):

Hg, = —1 k2 2 ko k 22
Eu = 4mym, [(ml + my)k oy + 2(m; — my)k, o1+ (m; — m2)( = y)GS]

! 1 i ¥ i t ot 1 o
Hey 1o = (my +my)— (aa" + a'a)og + (my — my)—5(aa — a'a")oy + (my — my)— (aa + a'a")o3

dmmy Iy 12 12
1 ) )
E/— [(m1 + ma)(aa’ + a’a)og + i(mi — my)(aa — a'a" Yoy + (my — my)(aa + a’a’)os], (A8)
1mM2tp

which can be solved using a wave function ansatz:

W) = vln). (A9)

n=0

Here, |n) are normalized states that satisfy a'|n) = /n + 1|n + 1) and a|n) = /n|n — 1). As such, we have the following
relations:

(aa" +d'a)n) = avn+ 1ln+ 1) +a'/njn — 1)
= (2n+ 1D|n), (A10)
(aa+d'aHn) =avnin—1)+a Vn+1n+1)
=n(n—Dn—=2)+/(n+ D(n+2)n+2), (A11)

(aa —a'a")n) = V/n(n — Din —2) — J(n + D)(n + 2)|n + 2), (A12)

which gives a Hamiltonian:

hhy 0 g O
0 h 0 g
Hgy 1L = gl(r) 0 0 ---f (A13)
where:
hy = a(2n + 1)(my + my)oy, (Al14)

g = ay/(n+ 1)(n+2)(my —my)(o3 — ioy). (A15)

Above, we have defined o = (4m1mgl§)‘1. To determine v, thus the Landau level wave function, one first notes the following:

(o3 £io)vy = 2vg, (A16)

(o3 £io)vy =0, (A17)
1 .

vy = 72(;) (A18)

This allows us to write down an exact solution for the wave function for |1,,), which is a linear combination of |n) and |n — 2)
forn > 2, as g,v; = 0 and g/,v_ = 0. Specifically, we have:

[¥n) = cpug|n) + dyv_|n +2), (A19)

HEu,LL|Wn> = EEu,LL,n | 1/’11)

hfrl74 8n—4 0 0 0
8n—4 a2 8n— 0 ChUy

LHS =|°" 4

O gll—Z hn &n dn V-

0 0 g )\ 0

Cngn—aVy
Cnhn72v+ + dngn72vf
Cn&h_o U+ + dyhyv_
d,glv_
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0
[cn(2n — 3)(my + my) + 2d,+/n(n — 1)(m; — my)]vy
[2cpa/n(n — 1)(mg — mo) + d,(2n + 1)(my + my)]v_
0

E Cn (2n—=3)(m +mp)  2(m —mp)/n(n —1) <c,,) (A20)
n = ’
B V' 2my —my)am—1) Q@+ D(my +my) | \dn
Egyiins = al(my +my)(2n — 1) £ 24/ (my +my)? + n(n — 1)(my — my)?]
2
1 my; —my
= 2a(m; + my) n——:I:\/l—i—n(n—l)(—) . (A21)
2 my + my
For n = 0 and n = 1, these need to be solved separately, where |y) o< v_|0) and |¢) o v_|1), giving:
Egu1L0 = a(m + my), (A22)
EgyLL1 = 3a(m; + my). (A23)

For trivial case, g, = 0 Vn, thus the two bands are decoupled, resulting in Etyiviai L, = (21 + 1)/mll§ and (2n + 1)/mzl,§
instead. Thus, according to Eq. (A1), .M and 9, x both vanish in a trivial case without nontrivial quantum geometry.

2. Magnetic properties of Euler bands

Using Eq. (A21) we solve for n in terms of ¢ = Eg, 11, + and obtain,

po L (mtme £ V(my — my)2e? + de2mymy(3my + my)(3my + my)

2 8amimy
I m+m e2(my —my)*  (Bmy + my)(my + 3my)
= - A24
T +\/ T 16mym (A2
e2(m —mp)? 7 1 1 m%m% (Bmy 4+ my)(Bmy + my) 5
= + —_ | —+ -+ B + O[B~]. A25
[8('"1 ) [ 198 T 2 2 —may 16 +OIF] - (AZ)

For simplicity, in this expression, we have set flux quantum ¢y = #/e = 1 and i = 1. For the case of interest, namely m;, m; < 0,
the pair of Euler bands would have equal and opposite contributions, resulting in 9, x |,=,, = 0, thus resulting in constant magnetic
susceptibility x (e) around the node. One cannot obtain further information about the magnetic susceptibility from the Landau
level, for example, whether the system is diamagnetic or paramagnetic. Instead, this has to be done using the Green’s function
method, as detailed in the next section. Crucially, and centrally to our work, this necessitates going significantly beyond the
formulation of anomalous Landau levels and associated quantum geometry studied in previous works [40,52,56].

APPENDIX B: FURTHER DETAILS ON ORBITAL MAGNETIC SUSCEPTIBILITY

1. Fukuyama formula

Within the equilibrium Matsubara formalism, the orbital magnetic susceptibility is given by [57]:

2

4 s s v s

XO:—hzcszTE E Tr[j,Gj,Gj G j,Gl, (B1)
n k

where G is the Matsubara Green’s function at temperature 7 and chemical potential u that reads:
Gl =ioy+p—H=) (io,+p—e)Pu. (B2)
a

G=) (iw,+p—e) 'Pa (B3)

Here, w, = (2n + 1)wkgT are the Matsubara frequencies; &, and P, = |u){u.| are, respectively, the dispersion and band
projector matrices for band a. We note that analogous calculations have been performed for centrosymmetric potentials in
nontopological contexts [55]. However, this fails to describe systems beyond the s-wave orbital-based Lieb Hamiltonians.
We define the velocity operator as j, = 3,H = Y _,(3,8,P, + €,0,,P,). As such, it follows that:

Gj.G = Gy,HG = -G(3,6G"G =GG'9,G = 9,G, (B4)
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and we can rewrite the magnetic susceptibility as:
2
e . .
Xo = WkBT E E Tr[jx9yG jx9,G]. (B5)

We first consider the trivial case, such that 9,2, = 0, where we are left with:

88a asa
kBTZZZ TR T,

kdkde 5
Z T A

h2c2
kdkdo 1 k§k§ 53
hzczz 42 3! md Ot
e Z/kdkd@ 1 k4sin2900s2983f
= hzcz - 47.[2 3| mi gqla

_ e / mad€17t48 AAPC)
h2c2 , 4m? 314 m2 %

62 Z 1 (B6)
127 R c? - Imq|’

where m, is an effective mass, f, = [exp[(e, — n)/T]+ 1]_1 is the Fermi-Dirac distribution, the lattice constant is setto ay = 1,
and we used the Matsubara sum Eq. (C2). We call this the energetic contribution xg, which is identical, whether the nontrivial
quantum geometry is present or not. Below, we will now discuss the other contributions, related to the quantum geometry
of Bloch states.

a. General decomposition

To calculate the orbital susceptibility contribution when the geometry is nontrivial, we will begin by rewriting Eq. (B5), in
terms of the projector matrices (P,) and band dispersions (g,):

P;,ay{;‘b 8yP;,
k T Tr{ (0v8.P, 0P, - -
B ZZZ r{( 8qaPa + €4 )[(lwn+u—8b)2+lwn+,u—eb

n k a,b,c,d
P,0,¢ o, P,
x (axecPc+ecaxPc>[ ——dvd gy “
(wn+,u«_8d) lwn+,u«_8d
0:£40,6,0:£:0y€g
k T S Tr[P,P,P.P;]
? ;Xk:a;d (iwn + 1 — €5)*(iw, + 1 — £q)* bretd
0yp0xE.0, 0,€40,E.0
Lttty Te[0, PPy P.Ps] +2— el fe Ty Te[Pyd,PyP:Py]
(lwn + 1 — &p)?(iwy + 11 — £4)? (i + 1 — &) (iw, + 11 — £4)*
£40xE:0yEq £:0¢E40yEq
S Tr[0xPudy Py PPyl + 2 S Tr[Pudy Py, PPy
(lwn+u—8h)(lwn+u—8d) (i + 1 — &p)(iwy + 1 — &q)
+ Faedyeyed [0, P,Pyd.PoPy] + Ocfadite Tr[P,d, PP, P ]
rjorg xLc s s rir,oy cVy
(i + 1 — e (i, + o — £4)? PRET wog + = e+ —eq)
£cdsta Te[P,d,Pyd, P.d, Pyl + 2 Fabclyed Te[8,Pad, Pyds PPy ]
I\ Fg0yFp0 0y yg rloxfyq bOxLcl'd
(lwn + 1 — ep)iwy + i — £4) ’ ’ (iwn + i — €p)(iwy + 1 — £4)? !
Eue
Tr[0,P,0,Py0,P.0,Py;]. B7
T Gon 10— eion 1o —eq) T TIEOE) B
Below, we will refer to each term as xp, x2 ..., x10. To simplify further, we first employ the sum rules of projector matrices and
their derivatives:
> TrlPPoPPsl = Y TrlPaldabdacdad = ) Sabacdad: (BS)

a,b,c,d a,b,c,d a,b,c,d
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> TrlduPuPoPePal = ) Tr[0,PuPs18scdpa

a,b,c,d a,b,c,d
= Y Trl|d,a)(alb) (bl + |a)(3,alb) (b[18scSpa
a,b,c,d
= Y Trl(bloua) + (3,alb)SaSpcOha
a,b,c,d
Z TI' Ll|(l ]6ah8ac(Sad
a,b,c,d
=0, (B9)
> Trl0,PudyPoPPs) = Y Tr[0,PudyPoPe)Seq
a,b,c,d a,b,c,d
= Y Trld,a)(ald,b) (b|P. + |8,a) (alb)(3,bIP. + |a) (3,ald,b) (b|P. + |a)(8,,a|b)(3,b|P1Scq
a,b,c,d
= Z (<b|aua) (a|3,D)bpe + <C|aua><avalc>8ah + (8/La|aua>8hcsac + <aua|b><avb|a>8ac)56d
a,b,c,d
= Y (ENESSpe + ELENSap + (0,a10,0)SpcSac — EVEN Suc)Sea (B10)
a,b,c,d
> Trl0uPuduPoPPal + Y TrlPdyPoduPuPal = Y Trl(8,PudyPy + 0,0, Pu)Pelea
a,b,c,d a,b,c,d a,b,c,d
= Y (—ENEDShe + ELENSay + (0,a]000)SncSac — ELTEN S
a,b,c,d
— EEDS e + ECPED Sy + (0,010,0) SpcBac — ENEDLSpe)Sea
=2 ) (—Re[£E0" 80 +Re[£2E" ] (Bup — Sac)+Re[(9,al0,@) [81cSac) Sca
a,b,c,d
=2 > (—g% 00 + 55, (8ab — 8ac) + Re[(3,al0,0) |84cBac)8ca.  (B11)
a,b,c,d
> Trl0,PuPsdyPePal = ) Tr[0,Pudy(PyPe)Py — 0,Pad,, PoPPy]
a,b,c,d a,b,c,d
= Z Tr[0,,Py0, Py Pa — 0,Pu0,,PydcaPyl
a,b,c,d
= Y Trl0,PudyuPoPa(She — 8ca)]
a,b,c,d
=2 Y Re[£76](8ne — 8ca)bas
a,b,c,d
=2 " & Gne — 8ea)av (B12)
a,b,c,d

Z Tr[P,0,,Pp0,Pc0, Pyl = Z (d|a){al9,.b)(bldyc)(c|dud) + (dud|a){ald,b)(bld,c)(c|d) + (dl|a)(ald,b)(blc)(d,c|d,.d)
a,b,c,d a,b,c.d

+ (9, dla)(ald,b)(blc)(d,cld) + (dl|a){alb)(8,b|d,c)(c|.d) + (d.d|a)(alb)(d,bld,c)(c|d)
+ (d|a)(al9,.b){blc)(d,c|d,d) + (3,.d|a){ald,b)(blc)(d,c|d)
=2 Z SavbaaRel(0,alc)(dvc|dya)] + SaadpRe[(aldyc)(dycl|0,a)]
a,b,c,d
+ 8caRe[(ald,,b) (b0, c)(d,cla)] + SaaRel(ald,b)(bldyc)(c|dya)]
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=2 Z 8ab(8ac — daa)Rel(ald,c)(dvc|d,a)] + (Baa — Sca)Rel(ald, D) (bl0yc)(cld a)l
a,b,c,d
=2 Z (8aa — 8ca)Re[(ald,b) (b|0yc)(c|d a) — dap{ald,c)(dve|d a)l, (B13)
a,b,c,d
Z Tr([0,,P,0,Py0, P.0,P;] =2 Z Re[(ald,b)(b|d,.c){c|d,d)(d|d,a) + (3,ald,c)(d,.c|dv,a)bupcq
a,b,c,d a,b,c,d

+ 28c4((ald,b)(b|8,.c)(dycldua) — (9,aldyb) (bldyuc)(cldva) + (ald,b)(d,bldyc)(cldya))]

=2 Z Re[{ald,b)(bld,.c)(c|dvd)(d|d,a) + (3,ald,c)(d,c|dva)dupdea
a,b,c,d
+ 284((ald,b)(b19,.c)(dycldua) — (9,ald,b) (bl0,c)(c|dva) + (ald,.b)(9,b]d,d)(d|d,a))],
(B14)

where we have an additional constraint of only being able to swap index a <> ¢ and b <> d under the certain condition, due
to the symmetry of prefactor that encapsulate the contribution from dispersion. For instance, to be able to swap a and c, the
corresponding projector matrix has to be acted upon (or not acted upon) with derivatives simultaneously. Note that here we

defined the interband Berry connection Eﬁb = —i{a|d,.b), using a shorthand notation |a) = |u). Thus, the interband metric ubv,
with a # b, amounts to:
Mv _ Re[sabgba]
= —Re[(ald,b)(bldva)]
Re ab :ba
_ [J;; J! ]’ (B15)
ab
-ab
J% = (alj.|b)
= (al Z(BMECIC)(CI + &c|dpc) (el + ecle) (9 c)Ib)
= 0,8404p + &p(al0,D) + €,(0,.alb)
= aMEaSab - 8ah<a|8p.b>a (B16)

where ¢,, = &, — &p. Using properties of projector matrices derived above, we can simplify the various terms of yo accordingly.
We begin by calculating yx;, which is the purely energetic contribution:

0,8,0,850,E.,0yEy
k J 2 Tr[P,P,P.P,
’ Z ;bzd Gon + 1o — e i+ —eqp ool

&2 0,640,6,0,E,0,€
= —  kaT XTATymaTRTAaTYEA B17
D30 3D By il ®17)

We then note y, = x3 = 0 due to the vanishing of trace, according to Eq. (B9). For x4, xs, X6, X7, these are the terms involving
only two bands upon applying sum rules, and can be related to the multiband metric. To begin with, x4 and xs can be recombined
into a contribution proportional to xg

£40:E8.0,84
X+ xs = " r — Tr[d,Pydy PyPoPy] + Tr[P.0,Pyd, PuPy]
i ;§a;d (lwn+ﬂ_8b)(lwl1+ﬂ_8d)2( iy Y )
8a8x808v8d .
kT ) — 881 + 825 (8ap — Sac) + Re[(8:a|0,a)18pcBac ) e
’ Zn:Xk:ach:d(la)n—i—M—éBb)(ia)n~I—M—8d)2( SerOe F 8y (at ) R
=M+ﬁ
£40xEp0,E
Xi=40 szTZZZ : (—g2 + Rel(d.al3,a) 5.

(iwn + 1 — &)’

d.pdy
o szTZZZ(la)n 4_82 fbg )3( £agty + pRe[(3;bla) (a|dyb)])
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(ia)n +u— gb)s

e? £40xE:0yE
/=4—kT arcy bCSa —8“80
Xs h262 B ZZ Z (iwy + 0 — &) (iw, + 1 — Sd)zgxy( b )8ca

_ 4§—22kﬂ Yy M%ﬂgﬁ,
h ¢ n k ab

n k a,b,c,d
2
e 0yEc0yEc be
= —4—-—kgT - £
P Xn: Xk: bXC: (i + 1 — ep)iwn + 10— e 5

&2 0,850yEp
= —4——kgT e €302,
e’ Z Xk:zb Gon + 1= ea)ion + 1 — e 0

4oy 4 &> . TZZZ &}, 0:Ep0yp b B18)
M= L L i (it + o Bor

- Sb)3(ia)n + =€)

Similarly, xs can be shown to depend on g¢::

kT IS Cately oyt Tr[8,PuPyd, PPy ]
- r Xt a X+ c
“ h2c2 ' n k abecd (l(,()n e Sh)z(ia)n +un— Sd)z b d
D D) D) DL L LI
B b j — 8xxObc — Ocd )Oab
W2 L h A (ion + = )2 iwon + 10— £a)?
62 8b3‘18b3 Ed
=2—5—kgT Yo%y e b
h2c2 B ZZZ (iwn+ﬂ_8b)2(iwn+ﬂ—8d)2 bdgxx

n k bd

&2 9,6,0,€)
= _2_k T y d } 8 8(1 ba
R’ Xn: Xk: ;; (i + 1t — €a)2 (g + 1t — €)% bz

e 0yE40yEp
= —knT yra-ry 2 ba. B19
P ZXk:Xb: (0 + 1 — £Vl + pt— & P50 ®B19)

For yx7, which depends on gi‘ly’ , the term can be rewritten after some algebra, to obtain similar functional form as xg:

é? 0,E40xE¢
X1=—5keTY Y Y — e ———Tr[ Py, Py, Py]
hc ey on = ep)(iwn + 11— €q)
OIS badkte i
= 22 "B . — : — rloyrple0ylgly
livc o oy on = ep) (i + 11— €q)
2
e 0,E40xE¢
= 2'_kBT . . gc,a ((Scd - Sad)gbc
R c? ; zk:agd (i, + 1 — &p)(iw, + 1 —eq) "
2
e 0,E405Ep 5
=2——kgT “(8bd — Sa
e’ Z ;Xb; Gon + 11— enlion + 10— e >0~ 2ud)
2
€ axgaaxgb Bxsdaxab bd
=2— kT Ol pa N :
e’ ; Xk: ;} (iwn + o — Sb)zgl;’ ; (iw, + 1 — &p)(iw, + 4 — gd)gyy

2T YN Y e ;
= —f— Ea
w2’ — et e (i + o — £a) (i + 1 — &) b8y

&2 0,840xEp
= — kT il 2, g B20
e’ Z Xk: Xb: (ion + 1 — €a)2(ion + 1 — ep)2 P5Y ®20)
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We then compute xg and x9 using Eq. (B13), which we find to correspond to transitions between three distinct bands, thus are
vanishing in two-band limits:

&2 £005Eq
=2——kpT Tr[P,dy Py, P3P,
Sl Z;bzd Goom 11— o) on o — ey ey PbOFe ]
sl ksT Y D > celita (8ad — 8ca)Rel(a|d,b) (bldcc) (c|d,a) — Sap(aldye) (Brc|dya)]
=4— ad — Oc¢ el ia X — Oq X y
W2 ot e (i, + i — ep)ion + i —eq) ’ CICISE — CaptaltyEIGCloya
&2 EhabeOrEa
=4——kgT Sad — 0ca)Re[{al0,b)(b|d,c){c|d,a
e’ Z;,]Zd G+ 10— ea)ieon + . — en)ion + 1 —eq 0~ S RetlaldPI PR Il
62 808ba8acax‘9a
=4——kgT Re[({a|d,b){b|d.c){c|dya
e’ anzk:cz,zb,:c(ia)n+/'L_Sa)z(iwn+ﬂ_8b)(iwn+ﬂ_gc) Hald B Bldcrcloa)]
62 eabebcgcaaxga
= —2—kgT Re[{a|d,b) (b|0.c){c|d,a)],
e’ Xn:Xk:aZb;(iwn+u—8a)2(iwn+u—Sb)(iwn+u—£c) Halgorl-ctclyan
& £4E.0y84
=2——kgT s Tr[9,Pudy PO PP,
=R ;Xk:a;d(iwn+ﬂ_5b)(iwn+ﬂ_8d)2 (PP g

&2 EpELOVE
=2—kgT A Tr[P,0,P,0,P.0.P
[ 222 on 11— e)Geon + 10— e 1 a0 bO R

n Kk abcd
ST 2.2 2 ot ey ot — B Rl ) 1) — Bl el
—zhr IBPIP DY 5 (s = b Relal,b) (13, cl0,)]
= 4h§—;k3T Xn: ;; o fbgfl;;;iv;: . EC)Re[(a|axb)(b|8yc) {c|oca)]
= 25iht 3D B By e A Rel(al3.6)H0,0) cl30)],
s 4ﬁ§_;kBT 222 Govn o Al Ol )+ <) (B21)

where we have used a symmetry between b and c in the contraction between Bloch states to rewrite xg and x9 in a combined
form. Finally, we compute xo:

&2 £46¢
= ——kgT Tr[0xP,0,P,0P.0yP,
1=t ;;a;d(iwnw—sb)awnw—sd) L8Pt b0k 0al
e €4E¢
=2——kgT - - Re[(a|d,b){b|d.c){c|d,d){d|d.a) + (d,a|d,c){0;c|0ya)d.pdc
ks Zn:;a;d(zwn+u—eb)<lwn+u—sd> L{aldyb) (blosc) (cldyd) (d]dsa) + (Daldye) (B,c18ya) Sapbea

+ 25ca(aldyb) (bldxc) (9yc|dra) + 284 (aldxb)(3ybld.d) (d|dya) — 28.a(Dxaldyb) (bld.c)(c|dya)]

e’ EaEc
=2——kgT Re[{a|o,b) (b|0.c){(c|0,d){d]|0.a - -
ks Z;bzd [{aldyb) (blorc) (c|dyd) (d] ”(M SR ——
n E48¢ 28,48,
(iw, + 1 — g)(iw, + 1 — &) (iw, + 1 — ep)(iw, + 1 — &)
2€48p N 26,8 )
(ia)n +u - Eu)(iwn +u—- 80) (iwn +u - 8b)(ia)n +u— 8(‘)
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2}52 ~ksT D30 Rel(aldyb)(blocc)(cld,d)(d|d.a)]

n k a,b,.c,d
( —2€,EpEap Ealclab€cd )
(iop + o — &a)(iw, + p — ep)iwy, + 1 — Ec) (iwy + 1 — ga)(iw, + o — ep)(iwy + 1 — &c)(iwy + L — &4)
Eab€bc€cd€da
k T Re (ald,b) (b|dc){c|dyd)(d|d.a) | — - - - .
’ Xn: ;a;d ](lwn +u —ea)iw, + 1 — ep)iw, + u — e)(iwy, + 1 — &4)
(B22)
To conclude, we have:
X0 = XE + Xgeo + Xiao + Xioo (B23)
(cEa0y€4)?
= kgT B24
XE hzzB ZZZ(M) +u— ) (B24)
Xgeo = Xay + Xoax + Xyy (B25)
Xxy = X4+ X5
&2 &2, 0.€,0,8)
4 kT ab%x€b0y ab B26
T L2 o i e on TR (320
Xxx = X6
&2 €2,0,8,0 v Ep
—kpT aby-d , B27
22’ ZZ; Gon 7 eaPlian - 1= o ®27)
Xyy = X7
€2,0,6,0.€p
T ab9%xcaOx ab,, B28
? Xn:;; (00 + 1L — EaP(iwn + 1 — 8,250 (B28)
Xg(ig = X8t X9
kBT DD Ebafacdyta Re[(a]d.b) (b13,c) (c]da)] + (x <> ) (B29)
— 2 /: — X 'y X P
ralaraleryl (iwp + 1 — 4)*(iw, + 1 — &)
Xg()) = X10
Eab€bc€cd€da
k T Re[(ald,b) (b|d.c) (c|dyd) (d|d,a)]— : : : .
? Z Xk:bzd (ion + = £a)(iwn + 18— ep)(i0n + 1 — £)(iwn + 1t — £4)
(B30)

b. Two-band limit

In the two-band limit, we note that x ) is always vanishing. Interestingly, in the two-band limits with bands a and b, x{) is
nonvanishing only ifa = ¢, b = d:

4
o < g1 Re[((aldyb) (b]; Cab
= ZZ el o e Fian T = eo7
Qab) 84
2 xy ab
k T
’ Z Z 4 (iwn + um— ga)z(iwn + m — 817)2
2 Qab)Z
e )2 (<« fub
=—th22 (&) —— ub(f +f - ah>, (B31)
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where Q)‘ﬁf = —2Im[(a|d,b)(b|d.a)] is the multiband Berry curvature. We also compute the remaining nonvanishing terms, where
we begin with the energetic term:

XE = h2zzz (8888)3]‘,

i=a,b k

2 de; ) de;\ !
__e_zzak |:<8_Ii) pre |:( deeidyer) <8k) :|:|fi/+(x<—>y)

231722 &
_ 11 &
T 231 22 Z Z
338,‘

32 \> 0% 0% 3(0e 8 e
3 o B32
3 h2c2 Z:a Z[ (akxak) + ok2 Bk2 T3\ Ok, 0k2 + dky 9k20k, i (B32)

a 81 2 288[- 838i 38,’ 838,' n 82&' 8281‘ f, +( )
e — JR— _— . X <>
Ok, IO Ok, 020k, | K2 K2 |7 Y

which was previously derived in Ref. [57]. We then note that Xg(l) is vanishing, and xge, can be rewritten as

€2, 0,6,0,8)
= 4 k T b2 < b
Xy = i Z Z (iwy + 1 — &p)*(iw, + 11 — sa)gxy + o )

fab fé fé/

ab
= 4m Zea,,a £40 sagw(—b ~ + 28417) + (a < b)

2
(B33)

_e _1 ab 7
= 4h202 }k: fab 0xEady€agyy (fab eanfy + Sabf > + (a < b),
2
e €29 £40,8p
=2——kgT E E ab”y
2C2 g (iop + 1 — 8a)2(la)n +u— Sb)2 gxx

fab
= Fz2 o Z‘("aba 8(18 gngx 2 (f +fb _2;

fab>’ (B34)

Eab

e a
_ 2% Z dyEq0yEpg™ (f + f) —
k

62 a fab
22—C2 Xk: Oxeadrengly ( fi+fl— 2—b) (B35)

¢. Beyond two-band limit
Beyond two-band terms, we note that Egs. (B32)—(B35) can be generalized to any number of bands naturally, by performing
Iy, _p» Without any change in the function form. However, ) is now nonvanishing:

l) A Ebugacayga
=4 kBT > TR Tr—— S Rel(@ld:5) (bld,c) (clra)] + (x < 3)

22
hc n k a,b,c

= h2c2 Z > Ehutacdy £ (f - &>Re[(a|8 b) (bldyc) (clda)] + (x < y)

k a,bc

=— h%z Z > Ecatandy fa— (f - @)Renaw b) (bld,c) (clda)] + (x <> y)

k ab,c
M)Remaxbﬂblayc) (clda)] + (x <)

—2—2288a<emﬁ,+ s

2.2
h k ab,c

fw)ReHaI8 b)(bldyc){cloxa)] + (x <> y)

h2 2 Zza 8a<8bcf +8cafab +¢ ab;

k a,b,c

h2 ; Z >0 sa<ebcf + 2smf“b)Re[<a|a b) (bldye) (cldxa)] + (x < y), (B36)

k a,b,c

235154-14



ORBITAL MAGNETIZATION REVEALS MULTIBAND ... PHYSICAL REVIEW B 113, 235154 (2026)

and also X( has the possibility of involving two, three, or four bands, which should be considered separately. The two-band
case is 1dent1cal to Eq. (B31), where indices (a, c¢) and (b, d) are matched pairwise. For the three-band case, we match (a, c)
pairwise (matching (b, d) pairwise gives the same result by symmetry, contributing a factor of two), which yields:

2>—2—k T Rel[(ald,b) (b]dxa) (ald,d) (d|? EabBhabad®da

Qs 1 f f f f
b _ad Xy 2 2 a a a b d
h2 2 Z Z <giygiv 2 >8ab8ud< ) - >t 3 + 3 )

Eab€ad €. pEad Eab€ 4y ELuEhd EqaEdb

k abd
Qabgad 82 f +82 f
b ad xy ™ xy / bJ da daJ ab
s B (06 - T ) (s - Bl al)
a
Qaand 282 f
ab ad Xy~ Xy / abJda
—_— Eab€ad — —— |, B37
h2C2 ; ;j (gxyng 4 ) <fa ab€ad de ) ( )

and if four-band contributions are involved, we instead have:

2
e Jo fe f
Xg(g()) = m Z Z Re[(a|8yb) (b|axc) (C|a\d><d|axa>] (_Scdgbc k — &da€cd — € + €ap€da— N + gubebci

k ab,cd ac

= Re[(a|d,b) (b|d.c)(c|d,d) (d|d,a)lecacpe (B38)
Yy Jo

22
h kK ab.cd ac

2. Beyond the Fukuyama formula

In Refs. [58,59], it was shown that there is an extra contribution %o to the orbital magnetic susceptibility, beyond the
Fukuyama formula Eq. (B1), when the Hamiltonian is not of the canonical form,

&2
Xo = 3 ksT Z Z S Tl(G)xGjy + GjyG )Gl (B39)
Kk
Using Eq. (B4), we have
Trl(GjxGjy + GjyG )Gyl = Trl(9:Gjy + 0yG )Gyl
= Tr[0:GjGjxy] + (x < ). (B40)

In band basis, we note that j,, = d,0,H can be written as

jxy = Z ax(aygapa + 8a8yPa)
a

= 0cdyeaPy + 0y8a0cPa + 0,840y Pa + 2050y Pa. (B41)
As such, we can expand the extra term o correspondingly as
2

fo =7 szTZZTrBGijjx}]+(x<—>y)
k
Paaxsa a_xPa P
ksT , + - dyepPy + €50y Pp) —————
h“B ;Xk:a;d [((lwnJru—sa)z lwn+u—8a>( v b) iwy + 1 — &

X (3x8y8de + 8y8dade + 8x8d8de + sdaxade)} +x <y

0:£40,80,0,84 £40¢E40,8)
— kT Tr[P,P,P.P, P,P,P.3,0,P,
hz 27 ; ;a;d (iw, + p — 80)2(iwn+ﬂ_86) [ b al+ (iw, + p — Ea)z(lwn + 0= &) ol b ! al
0,0 0,850
+— Eb0xOyed Tr[8,Pud, PyPoPy] + thddcad Te[0,P,P, P9, Py]
(la)n + n = 8a)(lwn + n—= 80) (lwn + n—= ga)(la)n + n— 86) ’
Ep0xEq0yE4 £p0,E40,E4

Tr[PaabePcade] + — TI'[PaabePcade]

+ = ; ;
(lwn + n— 811)2(160/1 + n—= gc) (lwn + M — ga)z(lwn + n—= 80)
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+ Yerveq Tr[0,P,P,P.0,Py] + eathey Tr[0PuPy P09y P
r r
(ion+ i —ea)iwg T —e0) T oy — eyt p— )
£pEq0cEy Ebdyed
Pydy PP 0,3, P Tr[0,P,d,PyP.d. P,
(la)n+M_8a)2(l0)n+l/L_€c) [ ah o d]+ (iwn+u_€a)(ia)n+:u“_86‘) r[ ety ' d]
" Ehaxsd T[8P8PP3P]+ Ebtd [3P3PP33P]+( )
r ! , X <> y
(in + 1t — £) iy + L = &) DT on = s =g ’

(B42)

where we have used Eq. (B9) to remove vanishing terms. Below, we will refer to each term as %1, X2, - - - X12. To further simplify,
we first employ additional sum rules of projector matrices and their derivatives:

> TrlPuPoPeddyPil = ) SapSac TrlPadydyPu]

a,b,c,d a,b,c,d
= Y Subac((d|0:0yd)8uq + (a|dyd)(ded |a) + (aldod)(dyd|a) + (3,0yd|d)Sud)
a,b,c,d
= Y Sawbacl(dyald)(d|d.a) + (d.ald)(d|dy,a) — ((d;aldya) + (dyald.a))Saal. (B43)
a,b,c,d
> Tr[Pudu PP Pa) = D TrlPadyuPydy(PePa) — PudyuPyd, PePyl
a,b,c,d a,b,c,d
= Y Tr[PuduPydyPebeq — PadyPydyPedaa]
a,b,c,d
= D TrlPuduPydPe(ca — Saa)]
a,b,c,d
= Y (—EPENSue + ELEN Sne + (0,al0,0)SupSac — ELE Sab) (Bea — Sad)
a,b,c,d
= Y ECE S — 8an) Bea — Saa)- (B44)
a,b,c,d

We begin by calculating j;, which is a single band contribution, thus a correction term to the energetic term amounts to:

- e? T Z Z Z 0x€40yEp0x0yEq Te[P,P,P.Py] + ( )
= — I\, c X <>
X 2h2C2 b (lwn + M — Sa)z(iwn + n—= 80) b ¢ Y

0:£40,8,0,0,8,

B ZZZU&)”_{_M_E‘)%
Bl h222 sz//a £a0y40x0y84

- 22%2 ZZZfa (3,840,0y84) + (x <> ¥)

& 32, \° de, 03¢ de, 0%¢
- 2\ L L | B45
4R Zk: Z (akxak}) *\ ok, ooz T ok, a2, | [T (B43)

where we have used Eq. (C2) and Eq. (C8) to simplify the expression. Combining with yg, Eq. (B32), the total energetic
contribution is given by the Landau-Peierls formula [60]:

&2 3%e, 3%¢, 3%, \° ,
X2 = e Xk:z oKz oIz (akxak‘) Ja- (B46)
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Next, we calculate %, - - - ¥5, which involve only two bands and are proportional to g”b X2 and j¥3 can be simplified as

£40:£40,8),
kT P,P,P.3,3,Py] +
°= hzzB Xn:;agd(lwn+u—8a)2(twn+u—ec) rirafy it rew

0x€40,84
= s Z Z Z Tt e lald)d1va) + (deald) (d]ha) — (Graldya) + (Bhalina))bua] + (5 <> )

0,E40,E4
kBT Z Z Z o P /f 5 (@yalb) (b13na) + (Bealb) (bldya) ean

Eap0xEa0yEq b
= kgT , B47
hzzB ZZZ(lwn_i_M £,)3 0% (B47)

v 8b8x8yed
T . . Tr[3,P,0,P,P.Py] + (x <>
" 2h2C2 ’ Xn: Za;d (lwn +u— 8a)(la)n +u— SC) [ bl d] ( y)

62 8baxa)’8c ba gab cagac ab gba
= WkBT Xn: Z Z (la)n + w— 8a)(ia),, + w— ec) (_Ex Ey (Sbc + Ex Ey Sah + (8xa|aya>8bcaac - Ex Ey 5ac) + ()C <~ J’)

&2 Eab 0y 0y Ep Eab 0,0, €,
= — ksT 2Re b”b< akadds e )
212" ZZZ [£767] (iw, + 1 — ea)(iwy + 10 —€p)  (iwy + 14 — €4)?

n

1 1
k T Eap0y0y€
’ 2:Xk:X: e b(( @p + 1 — &q)(iw, + (L — €p) (ia),,+u—8b)2>

&2 £2,9,0 €
—— kT ab B48
h202 i ; ? aZb (iw, + o — e)(iw, + 0 — € )2 gxy ( )

To simplify j¥4 and ¥s, we combine both terms together. To be specific, ¥4 and s are the complex conjugates of each other:

8y8bax8d
Ya=—okeT ) D ) - Tr[d, P, PyP0, P,
x4 hz 2F n k abcd(la)n+,u_8a)(iwn+ﬂ_8c) r[ b ! d]+(x<_)y)
- I 0uecdyéa Te[8,P,0,P,P.Py] + (x <> y)
- ﬁ“B e e iy + = ep)iwn e —eq) '
_ kBT 8x<9c8).;ga ( %.bagabg +$La$(u8ab +< xala a)sbc » gab%-busac) + (.X N y)
2h2 2 Zn Zk azb (iwg + 1 — ep)(iwy + 1 — &)

&2 9.€p0,€ 3,,(dxEp — 0xEq) 3,840,
— knT abba|:_ X=b¥y~a + ycal\®x xCa + xcaOyca ]+x(_>
2h2C2 ? ;Zazbsv %-x (lwn +,u' - Sb)z (lwn +,bL - Sa)(iwn +M - Sb) (iwn +/L - “3(1)2 ( y)

e 0y€4(0yx€q — 0xEp) 0y€4(0xEp — 0cEq)
koT abba|:ya xCa X + yCa\Ox xCa i|+x<_) i B49
212" ZZZ% S (iog+ 1 —e)* (i, + p — &), + 1 — ep) (e (B49)

- Ep0xEq0yEq
X5 = 52 sz E E E (za) Ta—¢ )2(160 Tu—¢ )Tr[PaabePcade]+(x<_)y)
n k ab,cd " ¢ " ¢

£p0xEq0yEY
= ——kgT GCEC (Spe — 8cd — 6
2"12 2 Xn:%:agd(lwnw—ea)zownw—ec)g 5" Goe = 00t = Sad) + (> 9)

ab sba Etlba Ea(a Eq — d 8},)
- + (x <
2’;—12 2 B Z;ZS S (la) +M_8a)2(la)n+ﬂ_8b) ( y)

0,84(0y6, — 0,€p) 0,84(0,6p — 0,€4) ]
abgba| Ox€alOyEa — Oy y )
= + + (x <
2h2 2 B Z ; ;S S |: (iwn + m— 811)2 (iwn + n— 8,1)(1'(1)” + n— 817) ( y)
=X (B50)
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As such, combining ¥4 and X5 gives:

2
- B e 0:€4(0ye4 — 0yEp) 0,€4(0yep — 0yE4)
+ — knT ?bba+abéu|:. y Y : y'y L (x <o
e 21%c? ’ Xn: Xk: ;7: (5) SX Ex E) ) (iwy + 1 — Sa)z (iwn + 1 — &) (iwy + (o — &p) ( »
kBT Z Z Z ab 20x840y84 — 0xEq0yEp — 0xEpDyE, 1 _ 1
iy — 1L — &q Wy — b — & Wy — [L — &p
k T Z Z Z b €ab(20x8,0yEq — 0xE40yE), — 0,E0yEq)
? (lwn — KM= 8a)2(iwn —Kn = 8b)
ikBT Z Z Z 2645 0x€40yE4 B €2, (0x840y8p + DxEp0yE4) b @51
n*c? — = | (foy — 10— ea)?(iop — o — &) iy — =€) (iwy — . — &p)* |7

Opverall, additional contribution f,, proportional to xl; is given by

Xy =X2+ X3+ Xa+ X5

Sabﬁ 3 Ep

264p0xE40yEq ( 1
(iwy — 1 — €4)* \iw, — L — &

2
=hi—cszTZXk:zb:[

1
iy — U — &g

(lwn + 1 — ea)(iwy + 1 — p)?

B sgh(axsaaysb + 0,8p0y84) b
2(iwy — p — &4)* (i, — . — &5)* |7
_ &2 T Z Z Z B 262,0,8,0y4 £2,0:0y8,
hZCZ w K ab (iwp — b — 50)3(iwn - M 817) (iwp + 1 — Sa) (iw, + 1 — &p)
- 8Zh(ax8a3y8b + 0x€40,84) b (B52)
2(iwy — o — 84)*(iwy — | — &p)*
Combining with yx,,, we have
2 2
e 282, 0xE40yE €2, 0y oye
x+~x=_kT : abxa.ya ab™x a
Kot o =gt 2200 [(zwn T P oy — i) | Gt e i + 11— e)
B €2, (0x840y8p + 0xEp0yE4) g
2(iwy — o — £a)*(iwy — o — )% |77
fh 1 fb /
h2C2 ZZ b|:23 £40 sa( < - f + _Sahf — &ap0x a Ea Sab fa
fab
(8 £q0y€p + 0y€40xEp) 28— —fi—=f
ab
62 b fab
= Z Z g [(23)[803),8“ Eap0xdy8q + 0:8a0yEp + 3,840y sb)<8— —f ) + EapDrEadyéa f‘;/j|_ (B53)
k ab ab
Similarly, ¥s and ¥7 can be shown to depend on both g and yy, and are equal to each other
£p0y€40,84
——kgT — Tr[P,0,PyP.-0,P;] + (x <>
Yo = h“ ’ ;;a;d(lwn'i_ﬂ_ga)z(lwn_}',uf_gc) bl o)
£p0y€40,84
——kgT ICES (Spe — Bap)(8ed — Saq) + (x <
hz ~kp Z;bzd (o T i ouP o i e 5 B = ) Bea = Bua) + (v )
Eap0y8q(0yEq — 0yEp)
——kpT + ) B54
h Y ot s PGon e T Y (B54)
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d ,81,3\18(1
——kpT S Tr[d, P PyP.3, Pyl +
X7 2h2 2 B Z Z Z (lwn + M — Sa)(iwn + M — ec) r[ b d] (x - y)

n k a,b,c,d
YY) D TH8, PPy PPa] + (x < 7)
2h22 o o lon =)oy p—eg) T
8y858}'8a ba sab cagac ab g ba
h2 2/«3 S o T oo i o (T Bhe + B By + (D 0ha)Spcbac — B D) + (x> )
n k a,b,c,d n n ¢

&2 0y€4(0yE, — 0yEp) 1 1
= — kaT ab sba Vy“a\vyca y _
212" Xn:;;}% g o, +p—& \iwy+pn—¢& i+ p1—2¢ +xey)

2
¢ Sahayga(ayga — 8},8;,)
- ksT . ; + (x <
2n2e Z Z; (iwn + 1t — £a)* (i + 1 — € )gxx <)

= Xeo» (B55)
where we have used Eqgs. (B10), (B44). Thus, analogously to x., and y,,, we have ¥, and ¥y,
2
- e Eap0yEq(0yEq — 0yEp) b
xx — ——kgT ; a
X e’ z,,: Zk: ;} (iwy + 1 — €4)* (i, + 1 — a,,)
62 fub
=2 DY dealBvea — dyen)g | f1 - . (B56)
k ab
~ 62 fab
Toy =275 D 2 deeaBua = deengy( fi = 2 (B57)
Eab
k ab

Combining with y,, and x,,, we get

~ 62 fab
Xox + Xox = Fl26‘2 E E 8y8a(8y8a + aysb)giﬁ <fa - P )s
ab
k ab

2

% ZZa £a(dr6a + Bien)g <f - 5—2) (B58)
a,b a

For %s, Xo--- %11, these terms can be identified as three-band contributions, thus are not of direct importance for a pair of
Euler bands. For )”(12, we have a two-band contribution:

ab (a|0.b)(0,b|a)
X = thcz ZZZ (o T 1 — o o 1 =y [Er((Baalb) (D12ya) + (3,10) (b))
+sa<<a|a d,a) + (3:d,ala))] + (x < y)

0cb) (0yb
zw Z ZZ o ljb_“'sa)zszn '+“>M oy (@b (bl3,a) + (Bya1b) (blosa) + (x < 3)

Xy + Xy =

1 1
: £ —|—
2Fl2C2 Z Z Z ab gx‘ [ (iwn + n— 8(1)2 (lwn + n— 8a)(iwn + n— Sb)]

Ja
- 2h2c2 ZZ “anl (f - _Z> (B2

which is equal and opposite to ngg in two-band limit [Eq. (B31)], given the Hamiltonian is real (i.e., for Euler topology). Thus,
these sum up to zero, and will be neglected in the following discussion concerning Euler bands.

235154-19



CHAU, SLAGER, AND JANKOWSKI

PHYSICAL REVIEW B 113, 235154 (2026)

3. Application to Euler bands

For a pair of centrosymmetric Euler bands a,b with
nodal Euler class e, as mentioned in the main text ansatz,
the multiband geometry can be characterized by metric
elements [20]:

w1l (B6O)
xx (k)% + kyZ)Z ’
212
g = - Jalh (B62)

(k2 +42)"

while the Berry curvature Q¢ vanishes under the P7T sym-
metry. With ¢; = k? /2m;, where i = a, b, we have xg, which
is the same as in Eq. (B6). For the remaining contribu-
tions, one has to consider the cases: sgn(m,) = sgn(m;) and
sgn(m,) = —sgn(my) separately, which, for instance, corre-
spond to distinct band structures around the Euler nodes in
Lieb lattice cuprates and graphene bilayers, respectively. We
are particularly interested in the case of sgn(m,) = sgn(m).

J

We begin by noting the following in the limit of 7 — 0

and p # O:
a 1 2” a
Z&()=— do (9)/ kdk&
472
21 V2ma g
- S [T g g6 =
472 Nerm k
2
_ Senima)  ma / d6 ¢(6), (B63)
82 myp Jo
2 o)
> fis®) = s [ a0 @) [ kdkste, - 0
k 4 0 0
1 2 o)
= | a0 / Maldead(eq — 1)
T 0 —00
A
= Ml [ 46 g(6), (B64)
47'[2 0
(B65)

> flg0) >0,
k

which are the only relevant sums over k space. Using
ky = kcos6 and k, = ksin 6, we thus get:

62 3251' 828,‘ 828,‘ 2 y
K= pre :Z 2 e e <8kx3ky> f

. D D) DT
6k Czi b kT
e 1
- _ — B66
1277 %2 :Z |mi e
Xy + Foy = h2 . ng(za Ea0yEq — EapdrOyEq + 0y8adyEp + 0yE,0s eb)(fﬂ’ —f) + (a <> b)
ab
2 / /
_ _2 Z sm 9 COS 0 fab (ma + mb) (ma + mb) a (ma "; mh)fb
e k2 many,(nmy, — ma) m2my, mymy
62 /4 2mg +mp)* 1 my 1 m,+my
— —2—5——sgn(my,) - ——h—+
h 2 4 manmy,(m, — my) 8w mp 2w mgmy
2 2
— e—zsgn(ma) Ml Ma w , (B67)
47 i* c? 2mgmp(mg — mp) — my, MMy
Xxx + Xxx = h2 ) Za Ea(av‘ga + 8 €b)gxx<f - @) + (Cl <~ b)
; 2 a 2 a
- = Zsmé’ Jo Jo) 2 £ Ja
h C2 mg mb mg mp mamb(mh - ma) k
e 3w 1 m, + my 20m, +mp)* 1 my
- 22 5 Sgn(ma) "2 P In —
h 2 4 272 mamy mamb(mb —my) 81 my
3 2 a 2 a a
— %sgn(ma) _matmp)” e et (B68)
8mhi*c? 2mgmp(mg — mp) My MMy
. - 3 N
Xyy T Xyy = Xox + Xox = E(Xxy + Xxy)- (B69)
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As such, when m, — my, only the energetic term has
a nonvanishing contribution. We note that the magnetic sus-
ceptibility is in general constant in value around the node,
as we have predicted from magnetic response function using
Landau level, provided the bands are perfectly quadratic, and
at zero temperature. Additionally, the geometrical contribu-
tion is always opposite to the energetic contribution for this
ideal case.

Higher angular harmonic contributions

For realistic models, where the full rotational symmetry is
broken, one may instead only have C47 symmetry instead of
the P77 symmetry. Below, we discuss the contribution due to
the higher angular harmonic terms in both the band dispersion
and geometry. We begin with the definition of patch Euler
class, using an infinitesimally small contour around the node:

1

ey = — dk - lg'
2 Jik—o
k 2
=— | dO(—& sin6 + & cosh). (B70)
21 0

Given that one can perform a Fourier transform of &, as
a function of 6, and assume &,(0 + 7 /2) = £,(6), one must
have:

(B71)
|

£k, 0) = %[ez(— sinf, cos0) + éﬂ(e)],

where £, is the higher periodicity contribution—in our case,
most likely of form £ o sin36. As such, the patch Euler
class does not fully constrain the band geometry at the higher
harmonic orders.

As for the band dispersion in the considered model, the
higher angular periodicity terms can be also observed. In par-
ticular, the dispersion of one of the bands can be approximated
as:

e(k,0) ~ k*(1 — acos40), (B72)
where o ~ 1 captures the relative strength of the higher angu-
lar harmonic.

APPENDIX C: DETAILS ON MATSUBARA SUMS

In this section, we compute the required Matsubara sums.
For an odd Matsubara sum kg7 >, g(iw,), we evaluate

1
kT D glion) = — — 55 dz g(2)f(2)

= Z Resz=zo [g()f ()], (C1)

where z( are poles of the function g(z). We begin by noting
that for g(iw) = (iw + n — &,)~" with pole zp = ¢, — pu:

ksT Y iy + 1t — £a) " =Rese—e,ul(z + 1t — £2) " f(2)]

= GRSl @t p )T @)
1
: : C2
oot (C2)
where £ = 027" f(2)|.=¢,— - As such, for g, # ¢
: f@)
keT Y — . _ s
B X,,: (i + (b — €4)2(iwn + 11 — €p)? P r——" .
- 8‘:1’2 a 28;173fa + (a < b)
1 a
= T(f; +fi - 2&)’ o
ab Eab
kT ) ! I e
— (i, + =€) (i + 1t —p) zHpu—epl o, GHu—e) |,
= e fu— e Ja €0 fo
1 b
) _(f; } fi>’ (C4)
Eab Eab
n (lwn + n— 8a)3(iwn + n— Sb) 2' < Z+ M — Ep 7=E4— 4 (Z + n— 8(1)3 S
_Ja 1 f fb
T e, e, 2 * &3
ab ab ab pa
ERat (C5)
821’ ‘921; 2eap '
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1
kgT
? Xn: (i + 1 — €4)*(iwy + o — &p)(iw, + 1 — &)
f@ f@) f@)
et u—e)@Tt =) ey @ —e) @t —E) |y G H— @ — )|y,
!
— fa _ zfa _ fa2 sz zfc ’ (C6)
Eab€ac & p€ac Eab€gc Epabe Ecabch
1
ksT > — . . ;
— (iwp + 1 — €a) iy + 1 — €p) (i + 0 — €c)(iwn + 1 — €q)
__ Ja Jo Je fa ’ 7
Eab€ac€ad Eba€bc€bd Ecaleb€cd Eda€dbdc

where we have defined f,;, = f,
approaches —8(e, —

— f»- We next use integration by parts to simplify the higher-order derivative £ to f/, which
W) as the temperature approaches zero. Specifically,

17 88(1 d ,
S sof = stk )( ) S,
9 8 a -1 9e,\ ! /
= T[gm ‘ fg] [()<8> :|fa
a a -
— |:8(k) & :|8(80—/1,), (C8)
k
- Y (k)(ag“)_1 I
. ok,, § dk,, a
9e, \ ! 95, \ !
~ _Xk: 8ku2|:<8ku2> ok, [g( )(%1) H(S(Sa—u), (C9)

where v; can be x or y. This identity is then used for rewriting

the energetic contribution g obtained in Eq. (B32).
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