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Orbital magnetization reveals multiband topology
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We demonstrate that nontrivial multiband topological invariants of electronic wave functions can be re-
vealed through orbital magnetization responses to external magnetic fields. We find that decomposing orbital
magnetization into energetic and quantum-geometric contributions allows one to deduce nontrivial multiband
topology, provided knowledge of the energy spectrum. We showcase our findings in general effective models
with multiband Euler topology. We moreover identify such multiband topological invariants in effective models
of strontium ruthenate (Sr2RuO4), which may in principle be verified in the state-of-the-art doping-dependent
magnetization measurements. Our reconstruction scheme for multiband invariants sheds a topological perspec-
tive on the multiorbital effects in materials realizing unconventional phenomenologies of orbital currents or
multiband superconductivity.
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I. INTRODUCTION

Multistate effects play an important role in physics, from
nonlinear optics [1–4], to diverse correlated quantum phenom-
ena such as superconductivity [5–11] and magnetism [12–15].
In condensed matter systems, multistate effects are funda-
mentally encoded in the combinations of matrix elements
of quantum operators between multiple single-particle band
eigenstates [2,3,16–21]. The underlying multiband geometry
[18,21,22] arises from the fact that any quantum operator is
a derivative in a conjugate quantum variable [23,24], which
translates geometric tensors and differential structures of
bands into quantum responses manifested in numerous exper-
iments [25–28]. Combinations of quantum states can realize
not only nontrivial Hilbert-space geometry [17–19], but also
nontrivial multiband topologies that are irreducible to sums
of single-band invariants such as Chern numbers in anoma-
lous quantum Hall phases [29–31] or topological crystalline
invariants [32–37].

Topologies associated with finite multiband invariants and
multigap conditions [23,38–46] are an increasingly studied
topic of interest, yet experimental probes of these exotic
topologies are rather scarce. The connection to multiband
geometry is of key importance for potential multiband invari-
ant reconstruction schemes. For instance, nonlinear optical
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responses involving multiband torsion tensors allow one to
extract unconventional topological invariants beyond the
tenfold classification [2,47–50]. A longstanding challenge
includes finding electromagnetic probes for multiband topo-
logical Euler invariants [11,20,21] in electronic materials,
which at the time of writing, lack a general measurement
scheme independent of band energies. In this context, a partic-
ularly underexplored and promising direction entails potential
novel responses to magnetic fields beyond the recently studied
geometric responses of Euler bands to electric fields [20,21].
Magnetic field probes are of particularly high promise for
revealing nontrivial multiband topologies, as these (i) reflect
the exotic Landau levels arising from multiband topologies
[40,51,52], and (ii) couple to angular momentum operators
respecting multistate resolutions by definition [53]. As such,
the multistate topologies should be in principle anomalously
manifested, and hence observable, through certain magnetic
responses.

In this work, we identify the role of multistate topological
invariants in orbital magnetic susceptibilities and responses.
We find a rich interplay. First, we show that the orbital mag-
netic susceptibility can be naturally decomposed in terms of
energetic and quantum geometric contributions [54,55]. The
former can be estimated directly from the energy spectrum
and fermionic occupation numbers determined by the quasi-
particle energies and chemical potential. Thus, the energetic
contribution can be deduced solely from the angle-resolved
photoemission spectroscopy (ARPES) experiments. On the
other hand, we find that the geometric term explicitly involves
the quantum metric tensor and encodes the information about
the topological invariants realized by electronic states in the
crystalline material. Second, we leverage this interplay of en-
ergetic and geometric orbital magnetic susceptibility terms to
reconstruct multiband topological invariants in continuum and
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lattice models with multiband Euler topology. In particular,
we detail this correspondence for Euler topologies that real-
ize Euler band nodes. Fundamentally, the Euler nodes act as
sources of non-Abelian Berry flux associated with multiband
Berry connections, which is distinct from standard Abelian
Berry flux monopoles supported by intraband Berry con-
nections. Beyond the orbital magnetic susceptibility features
induced by the multiband Euler invariants, as identified in this
work, the Euler class can be in principle alternatively deduced
from optical absorptivities [20] and nonlinear anomalous Hall
transport phenomena [21] in responses to electric, rather than
magnetic fields. Third, we showcase the correspondence of
orbital magnetic susceptibility and multiband topological in-
variant in a material realization context of strontium ruthenate
(Sr2RuO4) models. Therefore, our findings not only demon-
strate that quantum geometry plays an important role in orbital
magnetic susceptibility, but also allows one to experimentally
reveal the presence of exotic multiband topological invariants
realized in quasiparticle bands. Hence, we establish the orbital
magnetic susceptibility as an observable of interest for prob-
ing multiband topologies, analogously to the anomalous Hall
conductance constituting the hallmark observable for single-
band Chern invariants in topological matter. Notably, unlike
the bulk charge conductivity due to the single-band invariants,
which can be related to the edge conductivities in Chern
insulators, the identified orbital magnetic susceptibility due to
the multiband invariants is not reflected by any universal edge
effects.

In the following, we subsequently detail how the orbital
magnetic susceptibility (Sec. II) arises as a probe of multi-
band topology (Sec. III), and captures the multiband quantum
geometry even in effective models of real materials. We
further discuss these findings (Sec. IV), before concluding
(Sec. V).

II. ORBITAL MAGNETIC SUSCEPTIBILITY

We now demonstrate how the multiband topology can
be revealed via orbital magnetization measurements in re-
sponses of quasi-two-dimensional crystals. Our findings lie
beyond the limits of previously studied magnetic properties
and responses of Landau levels [56], see Appendix A for
comparison. The orbital magnetization m is given by an or-
bital susceptibility χO, m = χOB, upon applying an external
out-of-plane magnetic field B (see Fig. 1). In terms of current
velocity operators jx, jy, the orbital magnetic susceptibility
χO is given by Fukuyama formula [57] with correction terms
[58,59]:

χO = e2

2h̄2c2
kBT

∑
n,k

Tr[G jxG jyG( jxG jy + jxy)] + (x ↔ y),

(1)

where we sum over the Matsubara frequencies ωn

and single-particle momenta k. jxy = ∂kx ∂ky H , and
G = 1/(iωn + μ − H ) is an electronic Green’s function
G, given by Hamiltonian H and chemical potential μ.
Centrally to this work, we recast the orbital magnetization
in terms of gauge-independent energetic (χE) and geometric
contributions (χgeo), χO = χE + χgeo. The energetic orbital

FIG. 1. Orbital magnetization (m) from loop currents ( jO), in
response to an out-of-plane magnetic field (B). The orbital response
fingerprints the nontrivial Euler band topology.

susceptibility term χE in the decomposition can be identified
as the Landau-Peierls formula [60],

χE = e2

6h̄2c2

∑
a

∑
k

[
∂2εa

∂k2
x

∂2εa

∂k2
y

−
(

∂2εa

∂kx∂ky

)2
]

f ′
a, (2)

which can be directly estimated from the energy spectrum (εa)
measurable in ARPES experiments. a labels the quasiparticle
bands, and fa(μ) = [exp( εa−μ

kBT ) + 1]
−1

is the Fermi-Dirac dis-
tribution function, which establishes equilibrium occupations.
The quantum geometric contribution to orbital susceptibil-
ity [61], χgeo, can be decomposed in terms of three geometric
terms, χgeo = χxx + χyy + χxy, which read

χxx = e2

h̄2c2

∑
a �=b

∑
k

∂yεa(∂yεa + ∂yεb)gab
xx

(
f ′
a − fab

εab

)
, (3)

χyy = e2

h̄2c2

∑
a �=b

∑
k

∂xεa(∂yεa + ∂xεb)gab
yy

(
f ′
a − fab

εab

)
, (4)

χxy = e2

h̄2c2

∑
a �=b

∑
k

gab
xy

[
εab∂xεa∂yεa f ′′

a −
(

f ′
a − fab

εab

)

× (2∂xεa∂yεa + ∂xεa∂yεb + ∂yεa∂xεb − εab∂x∂yεa)
]
.

(5)

Here, gab
μν = Re[〈∂μuak|ubk〉〈ubk|∂νuak〉] is a multiband quan-

tum metric tensor [16–18,20,21] for Bloch quasiparti-
cle states, |ψak〉 = eik·r|uak〉, ∂ν ≡ ∂

∂kν
, εab ≡ εa − εb, and

fab ≡ fa − fb. For a detailed derivation of the energetic and
quantum geometric contributions to the orbital magnetic sus-
ceptibility χO, including the higher-order corrections, see the
Appendix B.

III. MULTIBAND TOPOLOGIES IN ORBITAL
MAGNETIZATION

We now showcase how the geometric orbital magnetic sus-
ceptibility term χgeo allows to deduce the Euler class invariant
e2 ∈ Z [23,62]. The Euler invariant e2 is defined using the
multiband connection between bands a and b expressed in
a real gauge, Aab

μ = 〈uak|∂μubk〉, which determines the Euler
form Euab = ∂xAab

y − ∂yAab
x [23,40]. The multiband Euler in-

variant over a two-dimensional Brillouin zone (BZ) patch D
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FIG. 2. Topological bands with Euler charge e2 = 1 in Lieb lat-
tice model. (a) Low-energy bands supporting the Euler invariant via
a quadratic band touching. (b) The quantum geometric contribution
to orbital magnetic susceptibility associated with the Euler charge
(Geo) is of opposite sign to the band-dispersive susceptibility con-
tribution (Eng). The dashed line indicates the energy of the band
touching with nontrivial Euler class.

reads [23],

e2 = 1

2π

[∫
D

d2k Euab −
∮

∂D
dk · Aab

]
∈ Z, (6)

and captures an obstruction to Stokes’ theorem applied to
the multiband connection. The topology of an Euler node,
as an obstruction to Stokes’ theorem, can be furthermore
formulated in terms of path-ordered Wilson loops [40,62]. The
quantization of the invariant is protected by a spatiotemporal
inversion (PT ) symmetry [23,40,62]. The minimal integer
Euler invariant, |e2| = 1, can be realized by a quadratic band
touching within a general class of k · p models expressed in
terms of band projector matrices P1, P2,

HEu = k2

2m1
P1 + k2

2m2
P2 = 1

4m1m2

[
(m1 + m2)k2σ0

+ 2(m1 − m2)kxkyσ1 + (m1 − m2)
(
k2

x − k2
y

)
σ3

]
. (7)

m1 and m2 are the effective masses of the touching bands,
k2 = k2

x + k2
y , and σi are the Pauli matrices. In Fig. 2(a),

we present a quadratic band touching realizing an Euler class
charge |e2| = 1 in bands with effective masses m1, m2 < 0.
In Fig. 2(b), we demonstrate the corresponding orbital mag-
netic susceptibility χO, decomposed in terms of χE and
χgeo contributed by the multiband quantum metric gab

μν =
Re(Aab

μ Aba
ν ). The connection between the geometric part of

the orbital susceptibility χgeo and a violation of the Stokes’
theorem by the Euler node lies in the associated singular
behavior of the multiband quantum metric gab

μν , which enters
the orbital magnetic susceptibility [Eqs. (3)–(5)]. For full an-
alytical derivation, see Appendixes B, C.

We note that the topologically induced geometric contri-
bution (χgeo) opposes the energetic contribution (χE), leading
to a potential sign reversal in the total orbital magnetic sus-
ceptibility (χO), depending on the relative strength of each
contributions.

Furthermore, beyond the general effective k · p expan-
sions, we demonstrate an emergence of analogous multiband
topological quantum geometric susceptibility contributions
in lattice-regularized Lieb lattice models and tight-binding
Hamiltonian of strontium ruthenate (Sr2RuO4) [63], fitted to

the theoretical band energies of the experimentally accessible
quasiparticle energies measured in ARPES.

A. Lieb lattice models

We here detail the Lieb lattice models with multiband
Euler topology (e2 �= 0). The corresponding Lieb lattice
Hamiltonians are constituted by s orbitals at all lattice sites,
involve nearest-neighbor hoppings (t) and on-site energies
(M) [11]. In momentum space basis, the considered Bloch
Hamiltonians hLieb(k) read:

hLieb(k) =

⎛
⎜⎝

M 2t cos (kx/2) 2t cos (ky/2)

2t cos (kx/2) 0 0

2t cos (ky/2) 0 0

⎞
⎟⎠.

(8)

For M �= 0, hLieb(k) realizes an Euler node at the K point,
with patch Euler class of |e2| = 1, calculated using Eq. (6).
In Fig. 2, we show the orbital magnetic susceptibility with
geometric contributions due to the nontrivial multiband Euler
topology.

B. Sr2RuO4

For Sr2RuO4, one can treat the system as pseudo-two-
dimensional, and decouple the Hamiltonian into two parts: in-
plane, and out-of-plane [63]. The in-plane part is constituted
by the Lieb lattice with orbitals (Ru dxy, O1 px, O2 py):

hSr2RuO4,xy =

⎛
⎜⎝

εxy it1(kx ) it1(ky)

−it1(kx ) εp t2(kx, ky)

−it1(ky) t2(kx, ky) εp

⎞
⎟⎠, (9)

where the off-diagonal elements are t1(kμ) = −2t1 sin(kμ)
and t2(kx, ky) = −4t2 sin(kx/2) sin(ky/2). We note that only
the isolated band is relevant at the Fermi surface μ = 0, thus
the magnetic signature of the Euler node cannot be directly
observed from the in-plane part. The out-of-plane part consists
of four orbitals (Ru dxz, Ru dyz, O1 pz, O2 pz):

hSr2RuO4,z =

⎛
⎜⎜⎜⎜⎝

εd 0 it3(kx ) 0

0 εd 0 it3(ky)

−it3(kx ) 0 εp t4(kx, ky)

0 −it3(ky) t4(kx, ky) εp

⎞
⎟⎟⎟⎟⎠,

(10)

where the off-diagonal elements are t3(kμ) = −2t3 sin(kμ)
and t4(kx, ky) = −4t4 cos(kx/2) cos(ky/2). Due to the pres-
ence of PT symmetry, the Hamiltonian can be converted to
the real gauge with a unitary:

U =

⎛
⎜⎜⎝

1 0 0 0
0 1 0 0
0 0 0 −i
0 0 i 0

⎞
⎟⎟⎠, (11)

which allows us to compute the patch Euler class, e2 ∈ Z, us-
ing Eq. (6). We note that hSr2RuO4,z hosts two separated pairs of
bands. For the pair of bands near the Fermi surface, it host two
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FIG. 3. Orbital magnetic susceptibility fingerprints topological
Euler invariants in Sr2RuO4 model. (a) Band structure obtained
from a tight-binding model of Sr2RuO4. Bands contributed by
the (Ru dxz, Ru dyz, O1 pz, O2 pz ) orbitals (solid lines) realize the
nontrivial Euler class invariants, |e2| = 1 (Eu1,2); dotted lines mark
(Ru dxy, O1 px, O2 py ) orbital bands hosting van Hove singular-
ities (vH). (b) Orbital magnetic susceptibility χ decomposed into
energetic (Eng) and geometric (Geo) contributions as a function
of chemical potential μ, with χ0 = t0(ea2

0/4π 2 h̄c)2 where a0 is the
lattice constant and t0 = 1 eV. Around μ = −0.8 and μ = 0.2 eV,
the total orbital magnetic susceptibility χO reflects the presence of
topologically induced concentrated quantum geometries due to the
Euler charges.

Euler nodes, each of patch Euler class |e2| = 1, respectively,
at the 
 and K points. The tight-binding parameters for the
Hamiltonian are obtained from Ref. [63], and are summarized
as a table below in the units of eV:

Tight-binding εxy εd εp t1 t2 t3 t4
parameters
Values (eV) –1.9 –0.9 –2.4 1.1 –0.52 0.85 0.1

.

In Fig. 3(a), we show the electronic bands within the
seven-band model of Sr2RuO4, where we retrieve the Euler
invariants |e2| = 1 in the higher-energy band subspace close
to the Fermi level. Figure 3(b) demonstrates the geometric
orbital susceptibility contributions contributed by the Euler
charges in distinct band subspaces. Once again, we find that
χO depends heavily on the topologically induced singular
contribution of quantum metric gab

μν , which is realized between
distinct pairs of bands contributing to χgeo. The remaining
enhanced contribution to orbital susceptibility in Fig. 3(b)
arises from van Hove (vH) singularities, rather than being
a multiband topological effect. This results in a combination
of enhanced density of states and the corresponding occupa-
tion factors. However, the vH singularity contributions can
be disregarded as nontopological purely from the inspection
of ARPES spectra. Thus, upon disregarding the expected vH
contributions, χO allows reconstructing the nontrivial multi-
state geometry and multiband topologies purely from χgeo and
its dependence on doping (μ), as we address next.

IV. DISCUSSION

We further discuss how the multiband topological invariant
can be deduced from the orbital magnetization response. Fur-
thermore, we show the thermal dependence of the geometric
orbital magnetic susceptibility in Fig. 4, which demon-
strates the robustness of the orbital magnetization features as

FIG. 4. Thermal dependence of the orbital magnetic susceptibil-
ity due to an Euler invariant, |e2| = 1. (a) Total orbital magnetic
susceptibility χO, (b) geometric contribution χgeo at increasing finite
temperatures T = 5, 20, 40 meV in Sr2RuO4 model, as a function
of chemical potential μ, with χ0 = t0(ea2

0/4π 2 h̄c)2, where a0 is the
lattice constant and t0 = 1 eV.

indicators of the multiband Euler topology. Moreover, we
provide a semiclassical interpretation of our findings, which
we phrase in terms of the multiband wave packet dynamics.

To reconstruct the multiband invariant, one may first
identify possible quantum geometry hotspots, such as band
touchings observable in ARPES. In the case of trivial multi-
band invariants, only the energetic orbital susceptibility
contribution χE arises. χE can be directly estimated based on
the ARPES band structure data, from Eq. (2). Importantly, the
ARPES data on its own is insufficient to deduce a presence
of an Euler node, as any quadratic band touching possibly
measured via photoemission cannot be distinguished from
being realized via an effective Hamiltonian: Heff(k) = k2

2m σ3.
Such Hamiltonian realizes a quadratic dispersion, yet, corre-
sponds to a trivial Euler invariant e2 = 0. We propose that
the geometric contribution χgeo can be thus extracted from
combining ARPES and orbital magnetic susceptibility χO data
with the χE estimation. Importantly, the known spin mag-
netic susceptibility contributions must be further accounted
for, when the total magnetic susceptibility is measured [15].
Notably, the spin magnetic susceptibility contribution can be
measured directly via Knight shift using nuclear magnetic
resonance [64]. As such, the spin contribution can be traced
out from the total susceptibility, which allows one to access
the orbital contribution studied in this work.

To obtain the geometric part of the orbital susceptibil-
ity (χgeo) experimentally, (i) the total magnetic susceptibility
should be measured, (ii) the spin contribution must be ex-
cluded, and (iii) the energetic contribution must be finally
subtracted. The presence of a multiband topological invariant
in experiment can be validated upon inserting an analytical
ansatz for gab

μν ∝ |e2|2/|k|2 in Eqs. (3)–(5), which follows
from Eq. (7), in the momentum space neighborhood of the
band touchings. The contribution arising from this ansatz can
be compared against the experimental data.

It should be noted that although a resolution of the quantum
metric tensor in momenta has been experimentally achieved
in solid-state materials very recently [65,66], these findings
are limited by a two-band approximation. In this work, we go
beyond this paradigm. Namely, we demonstrate that the multi-
band metric and topological invariants can be inferred even in
a seven-band model of Sr2RuO4, assuming the full knowledge
of the ARPES spectrum, as in the mentioned experiments.
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Finally, we provide a semiclassical interpretation of our
findings. The orbital susceptibility contributed by quantum
geometry reflects orbital currents, which semiclassically arise
from the loop current dynamics of wave packets. Increas-
ing magnetic field B induces a Lorentz force on the wave
packet, which responds accordingly. The response arises from
a field-induced positional shift correction in Berry connection,
A′

i(B) = Fi jB j , with Fi j , the anomalous orbital polarizability
tensor introduced by Gao and Niu [54,67]. The Fi j ten-
sor involves the multiband connections, which connect the
response directly to the Euler curvature form, and can sup-
port orbital magnetization via field-induced Berry curvature,
�′

xy(B) = ∂xA′
y(B) − ∂yA′

x(B). The associated positional wave
packet shift results in orbital currents, as follows from a direct
inspection. We leave the further interplay of magnetic field-
induced positional shifts and multiband geometries for future
work [68].

V. CONCLUSION

To sum up, we demonstrate that the presence of multi-
band Euler topology in a bulk material can be inferred
from its orbital magnetization responses. Our findings estab-
lish orbital magnetization as an experimentally measurable
physical property of choice for identifying the quantum ge-
ometric fingerprint of multiband topological Euler invariant.
We thus propose an electromagnetic smoking-gun probe for
pairs of topological bands supporting vorticity in a multi-
band Berry connection. Our work establishes a physical go-to
response for probing Euler bands, analogously to the trans-
verse Hall conductance as the hallmark response of Chern
bands realizing intraband Berry curvature in quantum Hall
phases.
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APPENDIX A: MAGNETIC RESPONSE FUNCTION
OF EULER BANDS

In this section, we consider the implication of quantum
geometry on the magnetic response function of Euler bands.
Using the Roth-Gao-Niu relation [69–71] for electrons in

magnetic field B at zero temperature (T = 0):

(
n + 1

2

)
eB

h
= N0(μ) + B∂εM0|ε=μ

+ 1

2
B2∂εχ0|ε=μ + O(B3), (A1)

where we consider a half-filled Landau level, such that the
Fermi energy μ matches the nth Landau level energy. N0(μ)
is the integrated density of states at zero magnetic field, M0(μ)
is the spontaneous magnetization, and χ0(μ) is the magnetic
susceptibility.

1. Landau level

We begin by discussing the Landau level for a continuum
Hamiltonian of an Euler node. Around an Euler node with
|e2|=1, one can write down an effective two-band k · p model
using projector matrices:

P1 =
(

sin2 θ − sin θ cos θ

− sin θ cos θ cos2 θ

)
, (A2)

P2 =
(

cos2 θ sin θ cos θ

sin θ cos θ sin2 θ

)
, (A3)

HEu = k2

2m1
P1 + k2

2m2
P2

= 1

4m1m2

[
(m1 + m2)k2σ0 + 2(m1 − m2)kxkyσ1

+ (m1 − m2)
(
k2

x − k2
y

)
σ3

]
. (A4)

m1 and m2 are the effective masses of the touching
quadratic bands, k2 = k2

x + k2
y , θ = arg(kx + iky) and σi are

the Pauli matrices. We now perform a replacement kx →
(a + a†)/

√
2lB and ky → i(a − a†)/

√
2lB [56], with the mag-

netic length lB = √
h̄/eB and a (a†) being the annihilation

(creation) operator. We further ensure that the Hamiltonian is
Hermitian by symmetrizing kxky as:

kxky = 1

2
(kxky + kykx )

= i

2l2
B

(aa − a†a†), (A5)

k2 = 1

l2
B

(aa† + a†a), (A6)

k2
x − k2

y = 1

l2
B

(aa + a†a†), (A7)
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where for reference we have included the form of k2 and k2
x − k2

y . We thus obtain a Landau level Hamiltonian (HEu,LL):

HEu = 1

4m1m2

[
(m1 + m2)k2σ0 + 2(m1 − m2)kxkyσ1 + (m1 − m2)

(
k2

x − k2
y

)
σ3

]
HEu,LL = 1

4m1m2

[
(m1 + m2)

1

l2
B

(aa† + a†a)σ0 + (m1 − m2)
i

l2
B

(aa − a†a†)σ1 + (m1 − m2)
1

l2
B

(aa + a†a†)σ3

]

= 1

4m1m2l2
B

[(m1 + m2)(aa† + a†a)σ0 + i(m1 − m2)(aa − a†a†)σ1 + (m1 − m2)(aa + a†a†)σ3], (A8)

which can be solved using a wave function ansatz:

|ψ〉 =
∞∑

n=0

vn|n〉. (A9)

Here, |n〉 are normalized states that satisfy a†|n〉 = √
n + 1|n + 1〉 and a|n〉 = √

n|n − 1〉. As such, we have the following
relations:

(aa† + a†a)|n〉 = a
√

n + 1|n + 1〉 + a†√n|n − 1〉
= (2n + 1)|n〉, (A10)

(aa + a†a†)|n〉 = a
√

n|n − 1〉 + a†
√

n + 1|n + 1〉
=

√
n(n − 1)|n − 2〉 +

√
(n + 1)(n + 2)|n + 2〉, (A11)

(aa − a†a†)|n〉 =
√

n(n − 1)|n − 2〉 −
√

(n + 1)(n + 2)|n + 2〉, (A12)

which gives a Hamiltonian:

HEu,LL =

⎛
⎜⎜⎜⎜⎜⎝

h0 0 g0 0 · · ·
0 h1 0 g1 · · ·
g†

0 0 h2 0 · · ·
0 g†

1 0 h3 · · ·
...

...
...

...
. . .

⎞
⎟⎟⎟⎟⎟⎠, (A13)

where:

hn = α(2n + 1)(m1 + m2)σ0, (A14)

gn = α
√

(n + 1)(n + 2)(m1 − m2)(σ3 − iσ1). (A15)

Above, we have defined α = (4m1m2l2
B)−1. To determine vn thus the Landau level wave function, one first notes the following:

(σ3 ± iσ1)v± = 2v∓, (A16)

(σ3 ± iσ1)v∓ = 0, (A17)

v± = 1√
2

(
i
1

)
. (A18)

This allows us to write down an exact solution for the wave function for |ψn〉, which is a linear combination of |n〉 and |n − 2〉
for n � 2, as gnv+ = 0 and g†

nv− = 0. Specifically, we have:

|ψn〉 = cnv+|n〉 + dnv−|n + 2〉, (A19)

HEu,LL|ψn〉 = EEu,LL,n|ψn〉

LHS =

⎛
⎜⎜⎝

hn−4 gn−4 0 0
g†

n−4 hn−2 gn−2 0
0 g†

n−2 hn gn

0 0 g†
n hn+2

⎞
⎟⎟⎠

⎛
⎜⎜⎝

0
cnv+
dnv−

0

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

cngn−4v+
cnhn−2v+ + dngn−2v−
cng†

n−2v+ + dnhnv−
dng†

nv−

⎞
⎟⎟⎠
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= α

⎛
⎜⎜⎜⎝

0

[cn(2n − 3)(m1 + m2) + 2dn
√

n(n − 1)(m1 − m2)]v+
[2cn

√
n(n − 1)(m1 − m2) + dn(2n + 1)(m1 + m2)]v−

0

⎞
⎟⎟⎟⎠

EEu,LL,n

(
cn

dn

)
= α

(
(2n − 3)(m1 + m2) 2(m1 − m2)

√
n(n − 1)

2(m1 − m2)
√

n(n − 1) (2n + 1)(m1 + m2)

)(
cn

dn

)
, (A20)

EEu,LL,n,± = α[(m1 + m2)(2n − 1) ± 2
√

(m1 + m2)2 + n(n − 1)(m1 − m2)2]

= 2α(m1 + m2)

⎡
⎣n − 1

2
±

√
1 + n(n − 1)

(
m1 − m2

m1 + m2

)2
⎤
⎦. (A21)

For n = 0 and n = 1, these need to be solved separately, where |ψ0〉 ∝ v−|0〉 and |ψ1〉 ∝ v−|1〉, giving:

EEu,LL,0 = α(m1 + m2), (A22)

EEu,LL,1 = 3α(m1 + m2). (A23)

For trivial case, gn = 0 ∀n, thus the two bands are decoupled, resulting in ETrivial,LL,n = (2n + 1)/m1l2
B and (2n + 1)/m2l2

B
instead. Thus, according to Eq. (A1), ∂εM and ∂εχ both vanish in a trivial case without nontrivial quantum geometry.

2. Magnetic properties of Euler bands

Using Eq. (A21) we solve for n in terms of ε = EEu,LL,n,± and obtain,

n = 1

2
+ (m1 + m2)ε ±

√
(m1 − m2)2ε2 + 4α2m1m2(3m1 + m2)(3m2 + m1)

8αm1m2

= 1

2
+ m1 + m2

2B
ε +

√
ε2(m1 − m2)2

4B2
+ (3m1 + m2)(m1 + 3m2)

16m1m2
(A24)

=
[
ε(m1 + m2) ± m1m2

√
ε2(m1 − m2)2

m2
1m2

2

]
1

2B
+ 1

2
±

√
m2

1m2
2

ε2(m1 − m2)2

(3m1 + m2)(3m2 + m1)

16
B + O[B2]. (A25)

For simplicity, in this expression, we have set flux quantum φ0 = h/e = 1 and h̄ = 1. For the case of interest, namely m1, m2 < 0,
the pair of Euler bands would have equal and opposite contributions, resulting in ∂εχ |ε=μ = 0, thus resulting in constant magnetic
susceptibility χ (ε) around the node. One cannot obtain further information about the magnetic susceptibility from the Landau
level, for example, whether the system is diamagnetic or paramagnetic. Instead, this has to be done using the Green’s function
method, as detailed in the next section. Crucially, and centrally to our work, this necessitates going significantly beyond the
formulation of anomalous Landau levels and associated quantum geometry studied in previous works [40,52,56].

APPENDIX B: FURTHER DETAILS ON ORBITAL MAGNETIC SUSCEPTIBILITY

1. Fukuyama formula

Within the equilibrium Matsubara formalism, the orbital magnetic susceptibility is given by [57]:

χO = e2

h̄2c2
kBT

∑
n

∑
k

Tr[ jxG jyG jxG jyG], (B1)

where G is the Matsubara Green’s function at temperature T and chemical potential μ that reads:

G−1 = iωn + μ − H =
∑

a

(iωn + μ − εa)Pa, (B2)

G =
∑

a

(iωn + μ − εa)−1Pa. (B3)

Here, ωn = (2n + 1)πkBT are the Matsubara frequencies; εa and Pa = |uak〉〈uak| are, respectively, the dispersion and band
projector matrices for band a. We note that analogous calculations have been performed for centrosymmetric potentials in
nontopological contexts [55]. However, this fails to describe systems beyond the s-wave orbital-based Lieb Hamiltonians.
We define the velocity operator as jμ = ∂μH = ∑

a(∂μεaPa + εa∂μPa). As such, it follows that:

G jμG = G∂μHG = −G(∂μG−1)G = GG−1∂μG = ∂μG, (B4)
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and we can rewrite the magnetic susceptibility as:

χO = e2

h̄2c2
kBT

∑
n

∑
k

Tr[ jx∂yG jx∂yG]. (B5)

We first consider the trivial case, such that ∂μPa = 0, where we are left with:

χO = e2

h̄2c2
kBT

∑
n

∑
k

∑
a

∂xεa
∂yεa

(iωn + μ − εa)2
∂xεa

∂yεa

(iωn + μ − εa)2

= e2

h̄2c2

∑
a

1

3!

∫
kdkdθ

4π2
(∂xεa∂yεa)2∂3

εa
fa

= e2

h̄2c2

∑
a

∫
kdkdθ

4π2

1

3!

k2
x k2

y

m4
a

∂3
εa

fa

= e2

h̄2c2

∑
a

∫
kdkdθ

4π2

1

3!

k4 sin2 θ cos2 θ

m4
a

∂3
εa

fa

= e2

h̄2c2

∑
a

∫ ε0

0

madε

4π2

1

3!

π

4

4ε2

m2
a

∂3
εa

fa

→ − e2

12π h̄2c2

∑
a

1

|ma| , (B6)

where ma is an effective mass, fa = [exp[(εa − μ)/T ] + 1]
−1

is the Fermi-Dirac distribution, the lattice constant is set to a0 = 1,
and we used the Matsubara sum Eq. (C2). We call this the energetic contribution χE, which is identical, whether the nontrivial
quantum geometry is present or not. Below, we will now discuss the other contributions, related to the quantum geometry
of Bloch states.

a. General decomposition

To calculate the orbital susceptibility contribution when the geometry is nontrivial, we will begin by rewriting Eq. (B5), in
terms of the projector matrices (Pa) and band dispersions (εa):

χO = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Tr

{
(∂xεaPa + εa∂xPa)

[
Pb∂yεb

(iωn + μ − εb)2
+ ∂yPb

iωn + μ − εb

]

× (∂xεcPc + εc∂xPc)

[
Pd∂yεd

(iωn + μ − εd )2
+ ∂yPd

iωn + μ − εd

]}

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂yεb∂xεc∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
Tr[PaPbPcPd ]

+ 2
εa∂yεb∂xεc∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
Tr[∂xPaPbPcPd ] + 2

∂xεa∂xεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
Tr[Pa∂yPbPcPd ]

+ 2
εa∂xεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
Tr[∂xPa∂yPbPcPd ] + 2

εc∂xεa∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
Tr[Pa∂yPb∂xPcPd ]

+ εaεc∂yεb∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
Tr[∂xPaPb∂xPcPd ] + ∂xεa∂xεc

(iωn + μ − εb)(iωn + μ − εd )
Tr[Pa∂yPbPc∂yPd ]

+ 2
εc∂xεa

(iωn + μ − εb)(iωn + μ − εd )
Tr[Pa∂yPb∂xPc∂yPd ] + 2

εaεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
Tr[∂xPa∂yPb∂xPcPd ]

+ εaεc

(iωn + μ − εb)(iωn + μ − εd )
Tr[∂xPa∂yPb∂xPc∂yPd ]. (B7)

Below, we will refer to each term as χ1, χ2 . . . , χ10. To simplify further, we first employ the sum rules of projector matrices and
their derivatives: ∑

a,b,c,d

Tr[PaPbPcPd ] =
∑

a,b,c,d

Tr[Pa]δabδacδad =
∑

a,b,c,d

δabδacδad , (B8)
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∑
a,b,c,d

Tr[∂μPaPbPcPd ] =
∑

a,b,c,d

Tr[∂μPaPb]δbcδbd

=
∑

a,b,c,d

Tr[|∂μa〉〈a|b〉〈b| + |a〉〈∂μa|b〉〈b|]δbcδbd

=
∑

a,b,c,d

Tr[〈b|∂μa〉 + 〈∂μa|b〉]δabδbcδbd

=
∑

a,b,c,d

Tr[∂μ〈a|a〉]δabδacδad

= 0, (B9)∑
a,b,c,d

Tr[∂μPa∂νPbPcPd ] =
∑

a,b,c,d

Tr[∂μPa∂νPbPc]δcd

=
∑

a,b,c,d

Tr[|∂μa〉〈a|∂νb〉〈b|Pc + |∂μa〉〈a|b〉〈∂νb|Pc + |a〉〈∂μa|∂νb〉〈b|Pc + |a〉〈∂μa|b〉〈∂νb|Pc]δcd

=
∑

a,b,c,d

(〈b|∂μa〉〈a|∂νb〉δbc + 〈c|∂μa〉〈∂νa|c〉δab + 〈∂μa|∂νa〉δbcδac + 〈∂μa|b〉〈∂νb|a〉δac
)
δcd

=
∑

a,b,c,d

(−ξ ba
μ ξ ab

ν δbc + ξ ca
μ ξ ac

ν δab + 〈∂μa|∂νa〉δbcδac − ξ ab
μ ξ ba

ν δac
)
δcd , (B10)

∑
a,b,c,d

Tr[∂μPa∂νPbPcPd ] +
∑

a,b,c,d

Tr[Pc∂νPb∂μPaPd ] =
∑

a,b,c,d

Tr[(∂μPa∂νPb + ∂νPb∂μPa)Pc]δcd

=
∑

a,b,c,d

(−ξ ba
μ ξ ab

ν δbc + ξ ca
μ ξ ac

ν δab + 〈∂μa|∂νa〉δbcδac − ξ ab
μ ξ ba

ν δac

− ξ ab
ν ξ ba

μ δac + ξ cb
ν ξ bc

μ δab + 〈∂νa|∂μa〉δbcδac − ξ ba
ν ξ ab

μ δbc
)
δcd

= 2
∑

a,b,c,d

(−Re
[
ξ ab
μ ξ ba

ν

]
δbc+Re

[
ξ bc
μ ξ cb

ν

]
(δab − δac)+Re

[〈∂μa|∂νa〉]δbcδac
)
δcd

= 2
∑

a,b,c,d

(−gab
μνδbc + gbc

μν (δab − δac) + Re
[〈∂μa|∂νa〉]δbcδac

)
δcd , (B11)

∑
a,b,c,d

Tr[∂μPaPb∂μPcPd ] =
∑

a,b,c,d

Tr[∂μPa∂μ(PbPc)Pd − ∂μPa∂μPbPcPd ]

=
∑

a,b,c,d

Tr[∂μPa∂μPbδbcPd − ∂μPa∂μPbδcd Pd ]

=
∑

a,b,c,d

Tr[∂μPa∂μPbPd (δbc − δcd )]

= 2
∑

a,b,c,d

Re
[
ξ db
μ ξ bd

μ

]
(δbc − δcd )δab

= 2
∑

a,b,c,d

gbd
μμ(δbc − δcd )δab, (B12)

∑
a,b,c,d

Tr[Pa∂μPb∂νPc∂μPd ] =
∑

a,b,c,d

〈d|a〉〈a|∂μb〉〈b|∂νc〉〈c|∂μd〉 + 〈∂μd|a〉〈a|∂μb〉〈b|∂νc〉〈c|d〉 + 〈d|a〉〈a|∂μb〉〈b|c〉〈∂νc|∂μd〉

+ 〈∂μd|a〉〈a|∂μb〉〈b|c〉〈∂νc|d〉 + 〈d|a〉〈a|b〉〈∂μb|∂νc〉〈c|∂μd〉 + 〈∂μd|a〉〈a|b〉〈∂μb|∂νc〉〈c|d〉
+ 〈d|a〉〈a|∂μb〉〈b|c〉〈∂νc|∂μd〉 + 〈∂μd|a〉〈a|∂μb〉〈b|c〉〈∂νc|d〉

= 2
∑

a,b,c,d

δabδad Re[〈∂μa|c〉〈∂νc|∂μa〉] + δadδbcRe[〈a|∂μc〉〈∂νc|∂μa〉]

+ δcd Re[〈a|∂μb〉〈b|∂νc〉〈∂μc|a〉] + δad Re[〈a|∂μb〉〈b|∂νc〉〈c|∂μa〉]
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= 2
∑

a,b,c,d

δab(δdc − δad )Re[〈a|∂μc〉〈∂νc|∂μa〉] + (δad − δcd )Re[〈a|∂μb〉〈b|∂νc〉〈c|∂μa〉]

= 2
∑

a,b,c,d

(δad − δcd )Re[〈a|∂μb〉〈b|∂νc〉〈c|∂μa〉 − δab〈a|∂μc〉〈∂νc|∂μa〉], (B13)

∑
a,b,c,d

Tr[∂μPa∂νPb∂μPc∂νPd ] = 2
∑

a,b,c,d

Re[〈a|∂νb〉〈b|∂μc〉〈c|∂νd〉〈d|∂μa〉 + 〈∂μa|∂νc〉〈∂μc|∂νa〉δabδcd

+ 2δcd (〈a|∂νb〉〈b|∂μc〉〈∂νc|∂μa〉 − 〈∂μa|∂νb〉〈b|∂μc〉〈c|∂νa〉 + 〈a|∂μb〉〈∂νb|∂μc〉〈c|∂νa〉)]

= 2
∑

a,b,c,d

Re[〈a|∂νb〉〈b|∂μc〉〈c|∂νd〉〈d|∂μa〉 + 〈∂μa|∂νc〉〈∂μc|∂νa〉δabδcd

+ 2δcd (〈a|∂νb〉〈b|∂μc〉〈∂νc|∂μa〉 − 〈∂μa|∂νb〉〈b|∂μc〉〈c|∂νa〉 + 〈a|∂μb〉〈∂νb|∂μd〉〈d|∂νa〉)],
(B14)

where we have an additional constraint of only being able to swap index a ↔ c and b ↔ d under the certain condition, due
to the symmetry of prefactor that encapsulate the contribution from dispersion. For instance, to be able to swap a and c, the
corresponding projector matrix has to be acted upon (or not acted upon) with derivatives simultaneously. Note that here we
defined the interband Berry connection ξ ab

μ = −i〈a|∂μb〉, using a shorthand notation |a〉 ≡ |uak〉. Thus, the interband metric gab
μν ,

with a �= b, amounts to:

gab
μν = Re

[
ξ ab
μ ξ ba

ν

]
= −Re[〈a|∂μb〉〈b|∂νa〉]

= Re
[

jab
μ jba

ν

]
ε2

ab

, (B15)

jab
μ = 〈a| jμ|b〉

= 〈a|
∑

c

(∂μεc|c〉〈c| + εc|∂μc〉〈c| + εc|c〉〈∂μc|)|b〉

= ∂μεaδab + εb〈a|∂μb〉 + εa〈∂μa|b〉
= ∂μεaδab − εab〈a|∂μb〉, (B16)

where εab = εa − εb. Using properties of projector matrices derived above, we can simplify the various terms of χO accordingly.
We begin by calculating χ1, which is the purely energetic contribution:

χ1 = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂yεb∂xεc∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
Tr[PaPbPcPd ]

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a

∂xεa∂yεa∂xεa∂yεa

(iωn + μ − εa)4
= χE. (B17)

We then note χ2 = χ3 = 0 due to the vanishing of trace, according to Eq. (B9). For χ4, χ5, χ6, χ7, these are the terms involving
only two bands upon applying sum rules, and can be related to the multiband metric. To begin with, χ4 and χ5 can be recombined
into a contribution proportional to gab

xy:

χ4 + χ5 = 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εa∂xεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2

(
Tr[∂xPa∂yPbPcPd ] + Tr[Pc∂yPb∂xPaPd ]

)

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εa∂xεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2

(−gab
xyδbc + gbc

xy(δab − δac) + Re[〈∂xa|∂ya〉]δbcδac
)
δcd

= χ ′
4 + χ ′

5,

χ ′
4 = 4

e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

εa∂xεb∂yεb

(iωn + μ − εb)3

(−gab
xy + Re[〈∂xa|∂ya〉]δab

)

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεb∂yεb

(iωn + μ − εb)3

(−εagab
xy + εbRe[〈∂xb|a〉〈a|∂yb〉])
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= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεb∂yεb

(iωn + μ − εb)3
εbagab

xy,

χ ′
5 = 4

e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εa∂xεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
gbc

xy(δab − δac)δcd

= −4
e2

h̄2c2
kBT

∑
n

∑
k

∑
b,c

∂xεc∂yεc

(iωn + μ − εb)(iωn + μ − εc)2
εcbgbc

xy

= −4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεb∂yεb

(iωn + μ − εa)(iωn + μ − εb)2
εbagab

xy,

χ4 + χ5 = 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

ε2
ba∂xεb∂yεb

(iωn + μ − εb)3(iωn + μ − εa)
gab

xy. (B18)

Similarly, χ6 can be shown to depend on gab
xx:

χ6 = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εaεc∂yεb∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
Tr[∂xPaPb∂xPcPd ]

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εaεc∂yεb∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
gbd

xx (δbc − δcd )δab

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
b,d

εb∂yεb∂yεd

(iωn + μ − εb)2(iωn + μ − εd )2
εbd gbd

xx

= −2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂yεa∂yεb

(iωn + μ − εa)2(iωn + μ − εb)2
εbεabgba

xx

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂yεa∂yεb

(iωn + μ − εa)2(iωn + μ − εb)2
ε2

abgba
xx. (B19)

For χ7, which depends on gab
yy, the term can be rewritten after some algebra, to obtain similar functional form as χ6:

χ7 = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂xεc

(iωn + μ − εb)(iωn + μ − εd )
Tr[Pa∂yPbPc∂yPd ]

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂xεc

(iωn + μ − εb)(iωn + μ − εd )
Tr[∂yPbPc∂yPd Pa]

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂xεc

(iωn + μ − εb)(iωn + μ − εd )
gca

yy(δcd − δad )δbc

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,d

∂xεa∂xεb

(iωn + μ − εb)(iωn + μ − εd )
gba

yy(δbd − δad )

= 2
e2

h̄2c2
kBT

∑
n

∑
k

⎛
⎝∑

a,b

∂xεa∂xεb

(iωn + μ − εb)2
gba

yy −
∑
b,d

∂xεd∂xεb

(iωn + μ − εb)(iωn + μ − εd )
gbd

yy

⎞
⎠

= −2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεa∂xεb

(iωn + μ − εa)(iωn + μ − εb)2
εabgba

yy

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεa∂xεb

(iωn + μ − εa)2(iωn + μ − εb)2
ε2

abgba
yy. (B20)
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We then compute χ8 and χ9 using Eq. (B13), which we find to correspond to transitions between three distinct bands, thus are
vanishing in two-band limits:

χ8 = 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εc∂xεa

(iωn + μ − εb)(iωn + μ − εd )
Tr[Pa∂yPb∂xPc∂yPd ]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εc∂xεa

(iωn + μ − εb)(iωn + μ − εd )
(δad − δcd )Re[〈a|∂yb〉〈b|∂xc〉〈c|∂ya〉 − δab〈a|∂yc〉〈∂xc|∂ya〉]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εbaεc∂xεa

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εd )
(δad − δcd )Re[〈a|∂yb〉〈b|∂xc〉〈c|∂ya〉]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εcεbaεac∂xεa

(iωn + μ − εa)2(iωn + μ − εb)(iωn + μ − εc)
Re[〈a|∂yb〉〈b|∂xc〉〈c|∂ya〉]

= −2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εabεbcεca∂xεa

(iωn + μ − εa)2(iωn + μ − εb)(iωn + μ − εc)
Re[〈a|∂yb〉〈b|∂xc〉〈c|∂ya〉],

χ9 = 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εaεc∂yεd

(iωn + μ − εb)(iωn + μ − εd )2
Tr[∂xPa∂yPb∂xPcPd ]

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εbεd∂yεa

(iωn + μ − εc)(iωn + μ − εa)2
Tr[Pa∂xPb∂yPc∂xPd ]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εbεd∂yεa

(iωn + μ − εc)(iωn + μ − εa)2
(δad − δcd )Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉 − δab〈a|∂yc〉〈∂xc|∂ya〉]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εbaεd∂yεa

(iωn + μ − εc)(iωn + μ − εa)2
(δad − δcd )Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉]

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εbaεac∂yεa

(iωn + μ − εa)2(iωn + μ − εc)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉]

= −2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εabεbcεca∂yεa

(iωn + μ − εa)2(iωn + μ − εb)(iωn + μ − εc)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉],

χ8 + χ9 = 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εbaεac∂yεa

(iωn + μ − εa)2(iωn + μ − εc)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y), (B21)

where we have used a symmetry between b and c in the contraction between Bloch states to rewrite χ8 and χ9 in a combined
form. Finally, we compute χ10:

χ10 = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εaεc

(iωn + μ − εb)(iωn + μ − εd )
Tr[∂xPa∂yPb∂xPc∂yPd ]

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εaεc

(iωn + μ − εb)(iωn + μ − εd )
Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉 + 〈∂xa|∂yc〉〈∂xc|∂ya〉δabδcd

+ 2δcd〈a|∂yb〉〈b|∂xc〉〈∂yc|∂xa〉 + 2δcd〈a|∂xb〉〈∂yb|∂xd〉〈d|∂ya〉 − 2δcd〈∂xa|∂yb〉〈b|∂xc〉〈c|∂ya〉]

= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉]
(

εaεc

(iωn + μ − εb)(iωn + μ − εd )

+ εaεc

(iωn + μ − εa)(iωn + μ − εc)
− 2εaεc

(iωn + μ − εb)(iωn + μ − εc)

− 2εaεb

(iωn + μ − εa)(iωn + μ − εc)
+ 2εaεb

(iωn + μ − εb)(iωn + μ − εc)

)
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= 2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉]

×
( −2εaεbεab

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εc)
+ εaεcεabεcd

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εc)(iωn + μ − εd )

)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Re
[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉] εabεbcεcdεda

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εc)(iωn + μ − εd )
.

(B22)

To conclude, we have:

χO = χE + χgeo + χ (1)
geo + χ (2)

geo (B23)

χE = e2

h̄2c2
kBT

∑
n

∑
k

∑
a

(∂xεa∂yεa)2

(iωn + μ − εa)4
(B24)

χgeo = χxy + χxx + χyy (B25)

χxy = χ4 + χ5

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

ε2
ab∂xεb∂yεb

(iωn + μ − εb)3(iωn + μ − εa)
gab

xy, (B26)

χxx = χ6

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

ε2
ab∂yεa∂yεb

(iωn + μ − εa)2(iωn + μ − εb)2
gab

xx, (B27)

χyy = χ7

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

ε2
ab∂xεa∂xεb

(iωn + μ − εa)2(iωn + μ − εb)2
gab

yy, (B28)

χ (1)
geo = χ8 + χ9

= 4
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εbaεac∂yεa

(iωn + μ − εa)2(iωn + μ − εc)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y), (B29)

χ (2)
geo = χ10

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉] εabεbcεcdεda

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εc)(iωn + μ − εd )
.

(B30)

b. Two-band limit

In the two-band limit, we note that χ (1)
geo is always vanishing. Interestingly, in the two-band limits with bands a and b, χ (2)

geo is
nonvanishing only if a = c, b = d:

χ (2)
geo = e2

h̄2c2
kBT

∑
n

∑
k

Re
[
(〈a|∂yb〉〈b|∂xa〉)2

] ε4
ab

(iωn + μ − εa)2(iωn + μ − εb)2

= e2

h̄2c2
kBT

∑
n

∑
k

⎡
⎣(

gab
xy

)2 −
(
�ab

xy

)2

4

⎤
⎦ ε4

ab

(iωn + μ − εa)2(iωn + μ − εb)2

= e2

h̄2c2

∑
k

⎡
⎣(

gab
xy

)2 −
(
�ab

xy

)2

4

⎤
⎦ε2

ab

(
f ′
a + f ′

b − 2
fab

εab

)
, (B31)
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where �ab
xy = −2Im[〈a|∂yb〉〈b|∂xa〉] is the multiband Berry curvature. We also compute the remaining nonvanishing terms, where

we begin with the energetic term:

χE = e2

h̄2c2

∑
i=a,b

∑
k

1

3!
(∂xεi∂yεi )

2∂3
εi

fi

→ 1

2

1

3!

e2

h̄2c2

∑
i=a,b

∑
k

∂

∂ky

[(
∂εi

∂ky

)−1
∂

∂kx

[
(∂xεi∂yεi )

2

(
∂εi

∂kx

)−1
]]

f ′
i + (x ↔ y)

= 1

2

1

3!

e2

h̄2c2

∑
i=a,b

∑
k

[
2

(
∂2εi

∂kx∂ky

)2

+ 2
∂εi

∂kx

∂3εi

∂kx∂k2
y

+ ∂εi

∂ky

∂3εi

∂k2
x ∂ky

+ ∂2εi

∂k2
x

∂2εi

∂k2
y

]
f ′
i + (x ↔ y)

= 1

3!

e2

h̄2c2

∑
i=a,b

∑
k

[
2

(
∂2εi

∂kx∂ky

)2

+ ∂2εi

∂k2
x

∂2εi

∂k2
y

+ 3

2

(
∂εi

∂kx

∂3εi

∂kx∂k2
y

+ ∂εi

∂ky

∂3εi

∂k2
x ∂ky

)]
f ′
i , (B32)

which was previously derived in Ref. [57]. We then note that χ (1)
geo is vanishing, and χgeo can be rewritten as:

χxy = 4
e2

h̄2c2
kBT

∑
n

∑
k

ε2
ab∂xεb∂yεb

(iωn + μ − εb)3(iωn + μ − εa)
gab

xy + (a ↔ b)

= 4
e2

h̄2c2

∑
k

ε2
ab∂xεa∂yεagab

xy

(
fab

ε3
ab

− f ′
a

ε2
ab

+ f ′′
a

2εab

)
+ (a ↔ b)

= 4
e2

h̄2c2

∑
k

1

εab
∂xεa∂yεagab

xy

(
fab − εab f ′

a + 1

2
ε2

ab f ′′
a

)
+ (a ↔ b), (B33)

χxx = 2
e2

h̄2c2
kBT

∑
n

∑
k

ε2
ab∂yεa∂yεb

(iωn + μ − εa)2(iωn + μ − εb)2
gab

xx

= 2
e2

h̄2c2

∑
k

ε2
ab∂yεa∂yεbgab

xx

1

ε2
ab

(
f ′
a + f ′

b − 2
fab

εab

)

= 2
e2

h̄2c2

∑
k

∂yεa∂yεbgab
xx

(
f ′
a + f ′

b − 2
fab

εab

)
, (B34)

χyy = 2
e2

h̄2c2

∑
k

∂xεa∂xεbgab
yy

(
f ′
a + f ′

b − 2
fab

εab

)
. (B35)

c. Beyond two-band limit

Beyond two-band terms, we note that Eqs. (B32)–(B35) can be generalized to any number of bands naturally, by performing
1
2

∑
a �=b, without any change in the function form. However, χ (1)

geo is now nonvanishing:

χ (1)
geo = 4

e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εbaεac∂yεa

(iωn + μ − εa)2(iωn + μ − εc)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y)

= 4
e2

h̄2c2

∑
k

∑
a,b,c

εbaεac∂yεa
1

εac

(
f ′
a − fac

εac

)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y)

= −4
e2

h̄2c2

∑
k

∑
a,b,c

εcaεab∂yεa
1

εab

(
f ′
a − fab

εab

)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y)

= 2
e2

h̄2c2

∑
k

∑
a,b,c

∂yεa

(
εbc f ′

a + ε2
ca fab + ε2

ab fca

εabεca

)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y)

= 2
e2

h̄2c2

∑
k

∑
a,b,c

∂yεa

(
εbc f ′

a + εca
fab

εab
+ εab

fca

εca

)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y)

= 2
e2

h̄2c2

∑
k

∑
a,b,c

∂yεa

(
εbc f ′

a + 2εca
fab

εab

)
Re[〈a|∂xb〉〈b|∂yc〉〈c|∂xa〉] + (x ↔ y), (B36)
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and also χ (2)
geo has the possibility of involving two, three, or four bands, which should be considered separately. The two-band

case is identical to Eq. (B31), where indices (a, c) and (b, d ) are matched pairwise. For the three-band case, we match (a, c)
pairwise (matching (b, d ) pairwise gives the same result by symmetry, contributing a factor of two), which yields:

χ (2)
geo = 2

e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b,d

Re[〈a|∂yb〉〈b|∂xa〉〈a|∂yd〉〈d|∂xa〉] εabεbaεadεda

(iωn + μ − εa)2(iωn + μ − εb)(iωn + μ − εd )

= 2
e2

h̄2c2

∑
k

∑
a,b,d

(
gab

xygad
xy − �ab

xy�
ad
xy

4

)
ε2

abε
2
ad

(
f ′
a

εabεad
− fa

ε2
abεad

− fa

εabε
2
ad

+ fb

ε2
baεbd

+ fd

ε2
daεdb

)

= 2
e2

h̄2c2

∑
k

∑
a,b,d

(
gab

xygad
xy − �ab

xy�
ad
xy

4

)(
f ′
aεabεad − ε2

ab fda + ε2
da fab

εbd

)

= 2
e2

h̄2c2

∑
k

∑
a,b,d

(
gab

xygad
xy − �ab

xy�
ad
xy

4

)(
f ′
aεabεad − 2ε2

ab fda

εbd

)
, (B37)

and if four-band contributions are involved, we instead have:

χ (2)
geo = e2

h̄2c2

∑
k

∑
a,b,c,d

Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉]
(

−εcdεbc
fa

εac
− εdaεcd

fb

εbd
+ εabεda

fc

εac
+ εabεbc

fd

εbd

)

= −4
e2

h̄2c2

∑
k

∑
a,b,c,d

Re[〈a|∂yb〉〈b|∂xc〉〈c|∂yd〉〈d|∂xa〉]εcdεbc
fa

εac
. (B38)

2. Beyond the Fukuyama formula

In Refs. [58,59], it was shown that there is an extra contribution χ̃O to the orbital magnetic susceptibility, beyond the
Fukuyama formula Eq. (B1), when the Hamiltonian is not of the canonical form,

χ̃O = e2

h̄2c2
kBT

∑
n

∑
k

1

2
Tr[(G jxG jy + G jyG jx )G jxy]. (B39)

Using Eq. (B4), we have

Tr[(G jxG jy + G jyG jx )G jxy] = Tr[(∂xG jy + ∂yG jx )G jxy]

= Tr[∂xG jyG jxy] + (x ↔ y). (B40)

In band basis, we note that jxy = ∂x∂yH can be written as

jxy =
∑

a

∂x(∂yεaPa + εa∂yPa)

=
∑

a

∂x∂yεaPa + ∂yεa∂xPa + ∂xεa∂yPa + εa∂x∂yPa. (B41)

As such, we can expand the extra term χ̃O correspondingly as

χ̃O = e2

2h̄2c2
kBT

∑
n

∑
k

Tr[∂xG jyG jxy] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

Tr

[(
Pa∂xεa

(iωn + μ − εa)2
+ ∂xPa

iωn + μ − εa

)
(∂yεbPb + εb∂yPb)

Pc

iωn + μ − εc

× (∂x∂yεd Pd + ∂yεd∂xPd + ∂xεd∂yPd + εd∂x∂yPd )

]
+ (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂yεb∂x∂yεd

(iωn + μ − εa)2(iωn+μ−εc)
Tr[PaPbPcPd ] + εd∂xεa∂yεb

(iωn + μ − εa)2(iωn + μ − εc)
Tr[PaPbPc∂x∂yPd ]

+ εb∂x∂yεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPa∂yPbPcPd ] + ∂yεb∂xεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPaPbPc∂yPd ]

+ εb∂xεa∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
Tr[Pa∂yPbPc∂xPd ] + εb∂xεa∂xεd

(iωn + μ − εa)2(iωn + μ − εc)
Tr[Pa∂yPbPc∂yPd ]
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+ ∂yεb∂yεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPaPbPc∂xPd ] + εd∂yεb

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPaPbPc∂x∂yPd ]

+ εbεd∂xεa

(iωn + μ − εa)2(iωn + μ − εc)
Tr[Pa∂yPbPc∂x∂yPd ] + εb∂yεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPa∂yPbPc∂xPd ]

+ εb∂xεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPa∂yPbPc∂yPd ] + εbεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPa∂yPbPc∂x∂yPd ] + (x ↔ y),

(B42)

where we have used Eq. (B9) to remove vanishing terms. Below, we will refer to each term as χ̃1, χ̃2, · · · χ̃12. To further simplify,
we first employ additional sum rules of projector matrices and their derivatives:

∑
a,b,c,d

Tr[PaPbPc∂x∂yPd ] =
∑

a,b,c,d

δabδacTr[Pa∂x∂yPd ]

=
∑

a,b,c,d

δabδac(〈d|∂x∂yd〉δad + 〈a|∂yd〉〈∂xd|a〉 + 〈a|∂xd〉〈∂yd|a〉 + 〈∂x∂yd|d〉δad )

=
∑

a,b,c,d

δabδac[〈∂ya|d〉〈d|∂xa〉 + 〈∂xa|d〉〈d|∂ya〉 − (〈∂xa|∂ya〉 + 〈∂ya|∂xa〉)δad ], (B43)

∑
a,b,c,d

Tr[Pa∂μPbPc∂νPd ] =
∑

a,b,c,d

Tr[Pa∂μPb∂ν (PcPd ) − Pa∂μPb∂νPcPd ]

=
∑

a,b,c,d

Tr[Pa∂μPb∂νPcδcd − Pa∂μPb∂νPcδad ]

=
∑

a,b,c,d

Tr[Pa∂μPb∂νPc(δcd − δad )]

=
∑

a,b,c,d

(−ξ ab
μ ξ ba

ν δac + ξ ab
μ ξ ba

ν δbc + 〈∂μa|∂νa〉δabδac − ξ ac
μ ξ ca

ν δab
)
(δcd − δad )

=
∑

a,b,c,d

ξ ac
μ ξ ca

ν (δbc − δab)(δcd − δad ). (B44)

We begin by calculating χ̃1, which is a single band contribution, thus a correction term to the energetic term amounts to:

χ̃1 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεa∂yεb∂x∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
Tr[PaPbPcPd ] + (x ↔ y)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a

∂xεa∂yεa∂x∂yεa

(iωn + μ − εa)3

= 1

2!

e2

h̄2c2

∑
k

∑
a

f ′′
a ∂xεa∂yεa∂x∂yεa

= −1

2

e2

2h̄2c2

∑
k

∑
a

f ′
a∂x(∂yεa∂x∂yεa) + (x ↔ y)

= − e2

4h̄2c2

∑
k

∑
a

[
2

(
∂2εa

∂kx∂ky

)2

+
(

∂εa

∂kx

∂3εa

∂kx∂k2
y

+ ∂εa

∂ky

∂3εa

∂k2
x ∂ky

)]
f ′
a, (B45)

where we have used Eq. (C2) and Eq. (C8) to simplify the expression. Combining with χE, Eq. (B32), the total energetic
contribution is given by the Landau-Peierls formula [60]:

χLP = e2

6h̄2c2

∑
k

∑
a

[
∂2εa

∂k2
x

∂2εa

∂k2
y

−
(

∂2εa

∂kx∂ky

)2
]

f ′
a. (B46)
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Next, we calculate χ̃2, · · · χ̃5, which involve only two bands and are proportional to gab
xy. χ̃2 and χ̃3 can be simplified as

χ̃2 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εd∂xεa∂yεb

(iωn + μ − εa)2(iωn + μ − εc)
Tr[PaPbPc∂x∂yPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,d

∂xεa∂yεaεd

(iωn + μ − εa)3
[〈∂ya|d〉〈d|∂xa〉 + 〈∂xa|d〉〈d|∂ya〉 − (〈∂xa|∂ya〉 + 〈∂ya|∂xa〉)δad ] + (x ↔ y)

= − e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

∂xεa∂yεa

(iωn + μ − εa)3
(〈∂ya|b〉〈b|∂xa〉 + 〈∂xa|b〉〈b|∂ya〉)εab

= −2
e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

εab∂xεa∂yεa

(iωn + μ − εa)3
gab

xy, (B47)

χ̃3 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εb∂x∂yεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPa∂yPbPcPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

εb∂x∂yεc

(iωn + μ − εa)(iωn + μ − εc)

(−ξ ba
x ξ ab

y δbc + ξ ca
x ξ ac

y δab + 〈∂xa|∂ya〉δbcδac − ξ ab
x ξ ba

y δac
) + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

2Re
[
ξ ba

x ξ ab
y

]( εab∂x∂yεb

(iωn + μ − εa)(iωn + μ − εb)
+ εab∂x∂yεa

(iωn + μ − εa)2

)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

gab
xyεab∂x∂yεb

(
1

(iωn + μ − εa)(iωn + μ − εb)
− 1

(iωn + μ − εb)2

)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

ε2
ab∂x∂yεb

(iωn + μ − εa)(iωn + μ − εb)2
gab

xy. (B48)

To simplify χ̃4 and χ̃5, we combine both terms together. To be specific, χ̃4 and χ̃5 are the complex conjugates of each other:

χ̃4 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂yεb∂xεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPaPbPc∂yPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂xεc∂yεa

(iωn + μ − εb)(iωn + μ − εd )
Tr[∂xPa∂yPbPcPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c

∂xεc∂yεa

(iωn + μ − εb)(iωn + μ − εc)

(−ξ ba
x ξ ab

y δbc + ξ ca
x ξ ac

y δab + 〈∂xa|∂ya〉δbcδac − ξ ab
x ξ ba

y δac
) + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

ξ ab
y ξ ba

x

[
− ∂xεb∂yεa

(iωn + μ − εb)2
+ ∂yεa(∂xεb − ∂xεa)

(iωn + μ − εa)(iωn + μ − εb)
+ ∂xεa∂yεa

(iωn + μ − εa)2

]
+ (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

ξ ab
y ξ ba

x

[
∂yεa(∂xεa − ∂xεb)

(iωn + μ − εa)2
+ ∂yεa(∂xεb − ∂xεa)

(iωn + μ − εa)(iωn + μ − εb)

]
+ (x ↔ y), (B49)

χ̃5 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εb∂xεa∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
Tr[Pa∂yPbPc∂xPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εb∂xεa∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
ξ ac

y ξ ca
x (δbc − δab)(δcd − δad ) + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

ξ ab
y ξ ba

x

εab∂xεa(∂yεa − ∂yεb)

(iωn + μ − εa)2(iωn + μ − εb)
+ (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

ξ ab
y ξ ba

x

[
∂xεa(∂yεa − ∂yεb)

(iωn + μ − εa)2
+ ∂xεa(∂yεb − ∂yεa)

(iωn + μ − εa)(iωn + μ − εb)

]
+ (x ↔ y)

= χ̃∗
4 . (B50)
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As such, combining χ̃4 and χ̃5 gives:

χ̃4 + χ̃5 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

(
ξ ab

y ξ ba
x + ξ ab

x ξ ba
y

)[∂xεa(∂yεa − ∂yεb)

(iωn + μ − εa)2
+ ∂xεa(∂yεb − ∂yεa)

(iωn + μ − εa)(iωn + μ − εb)
+ (x ↔ y)

]

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

gab
xy

2∂xεa∂yεa − ∂xεa∂yεb − ∂xεb∂yεa

iωn − μ − εa

(
1

iωn − μ − εa
− 1

iωn − μ − εb

)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

gab
xy

εab(2∂xεa∂yεa − ∂xεa∂yεb − ∂xεb∂yεa)

(iωn − μ − εa)2(iωn − μ − εb)

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

[
2εab∂xεa∂yεa

(iωn − μ − εa)2(iωn − μ − εb)
− ε2

ab(∂xεa∂yεb + ∂xεb∂yεa)

2(iωn − μ − εa)2(iωn − μ − εb)2

]
gab

xy. (B51)

Overall, additional contribution χ̃xy proportional to gab
xy is given by

χ̃xy = χ̃2 + χ̃3 + χ̃4 + χ̃5

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

[
2εab∂xεa∂yεa

(iωn − μ − εa)2

(
1

iωn − μ − εb
− 1

iωn − μ − εa

)
+ ε2

ab∂x∂yεb

(iωn + μ − εa)(iωn + μ − εb)2

− ε2
ab(∂xεa∂yεb + ∂xεb∂yεa)

2(iωn − μ − εa)2(iωn − μ − εb)2

]
gab

xy

= e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

[
− 2ε2

ab∂xεa∂yεa

(iωn − μ − εa)3(iωn − μ − εb)
+ ε2

ab∂x∂yεa

(iωn + μ − εa)2(iωn + μ − εb)

− ε2
ab(∂xεa∂yεb + ∂xεb∂yεa)

2(iωn − μ − εa)2(iωn − μ − εb)2

]
gab

xy. (B52)

Combining with χxy, we have

χxy + χ̃xy = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

[
2ε2

ab∂xεa∂yεa

(iωn − μ − εa)3(iωn − μ − εb)
+ ε2

ab∂x∂yεa

(iωn + μ − εa)2(iωn + μ − εb)

− ε2
ab(∂xεa∂yεb + ∂xεb∂yεa)

2(iωn − μ − εa)2(iωn − μ − εb)2

]
gab

xy

= e2

h̄2c2

∑
k

∑
a,b

gab
xy

[
2∂xεa∂yεa

(
fab

εab
− f ′

a + 1

2
εab f ′′

a

)
− εab∂x∂yεa

(
fab

εab
− f ′

a

)

+ 1

2
(∂xεa∂yεb + ∂yεa∂xεb)

(
2

fab

εab
− f ′

a − f ′
b

)]

= e2

h̄2c2

∑
k

∑
a,b

gab
xy

[
(2∂xεa∂yεa − εab∂x∂yεa + ∂xεa∂yεb + ∂yεa∂xεb)

(
fab

εab
− f ′

a

)
+ εab∂xεa∂yεa f ′′

a

]
. (B53)

Similarly, χ̃6 and χ̃7 can be shown to depend on both gab
xx and gab

yy, and are equal to each other

χ̃6 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εb∂yεa∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
Tr[Pa∂xPbPc∂xPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

εb∂yεa∂yεd

(iωn + μ − εa)2(iωn + μ − εc)
ξ ac

x ξ ca
x (δbc − δab)(δcd − δad ) + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

gab
xx

εab∂yεa(∂yεa − ∂yεb)

(iωn + μ − εa)2(iωn + μ − εb)
+ (x ↔ y), (B54)
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χ̃7 = e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂yεb∂yεd

(iωn + μ − εa)(iωn + μ − εc)
Tr[∂xPaPbPc∂xPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂yεc∂yεa

(iωn + μ − εb)(iωn + μ − εd )
Tr[∂xPa∂xPbPcPd ] + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b,c,d

∂yεc∂yεa

(iωn + μ − εb)(iωn + μ − εc)

(−ξ ba
x ξ ab

x δbc + ξ ca
x ξ ac

x δab + 〈∂xa|∂xa〉δbcδac − ξ ab
x ξ ba

x δac
) + (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

ξ ab
x ξ ba

x

∂yεa(∂yεa − ∂yεb)

iωn + μ − εa

(
1

iωn + μ − εa
− 1

iωn + μ − εb

)
+ (x ↔ y)

= e2

2h̄2c2
kBT

∑
n

∑
k

∑
a,b

εab∂yεa(∂yεa − ∂yεb)

(iωn + μ − εa)2(iωn + μ − εb)
gab

xx + (x ↔ y)

= χ̃6, (B55)

where we have used Eqs. (B10), (B44). Thus, analogously to χxx and χyy, we have χ̃xx and χ̃yy

χ̃xx = e2

h̄2c2
kBT

∑
n

∑
k

∑
a,b

εab∂yεa(∂yεa − ∂yεb)

(iωn + μ − εa)2(iωn + μ − εb)
gab

xx

= e2

h̄2c2

∑
k

∑
a,b

∂yεa(∂yεa − ∂yεb)gab
xx

(
f ′
a − fab

εab

)
, (B56)

χ̃yy = e2

h̄2c2

∑
k

∑
a,b

∂xεa(∂xεa − ∂xεb)gab
yy

(
f ′
a − fab

εab

)
. (B57)

Combining with χxx and χyy, we get

χxx + χ̃xx = e2

h̄2c2

∑
k

∑
a,b

∂yεa(∂yεa + ∂yεb)gab
xx

(
f ′
a − fab

εab

)
,

χyy + χ̃yy = e2

h̄2c2

∑
k

∑
a,b

∂xεa(∂xεa + ∂xεb)gab
yy

(
f ′
a − fab

εab

)
. (B58)

For χ̃8, χ̃9 · · · χ̃11, these terms can be identified as three-band contributions, thus are not of direct importance for a pair of
Euler bands. For χ̃12, we have a two-band contribution:

χ̃12 = e2

2h̄2c2

∑
n

∑
k

∑
a,b

ε2
ab〈a|∂xb〉〈∂yb|a〉

(iωn + μ − εa)2(iωn + μ − εb)
[εb(〈∂xa|b〉〈b|∂ya〉 + 〈∂ya|b〉〈b|∂xa〉)

+ εa(〈a|∂x∂ya〉 + 〈∂x∂ya|a〉)] + (x ↔ y)

= e2

2h̄2c2

∑
n

∑
k

∑
a,b

ε2
ab〈a|∂xb〉〈∂yb|a〉

(iωn + μ − εa)2(iωn + μ − εb)
εba

(〈∂xa|b〉〈b|∂ya〉 + 〈∂ya|b〉〈b|∂xa〉) + (x ↔ y)

= 2
e2

2h̄2c2

∑
n

∑
k

∑
a,b

ε2
ab

(
gab

xy

)2
[
− 1

(iωn + μ − εa)2
+ 1

(iωn + μ − εa)(iωn + μ − εb)

]

= − 2
e2

2h̄2c2

∑
k

∑
a,b

ε2
ab

(
gab

xy

)2
(

f ′
a − fab

εab

)
, (B59)

which is equal and opposite to χ (2)
geo in two-band limit [Eq. (B31)], given the Hamiltonian is real (i.e., for Euler topology). Thus,

these sum up to zero, and will be neglected in the following discussion concerning Euler bands.
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3. Application to Euler bands

For a pair of centrosymmetric Euler bands a, b with
nodal Euler class e2, as mentioned in the main text ansatz,
the multiband geometry can be characterized by metric
elements [20]:

gab
xx = |e2|2k2

y(
k2

x + k2
y

)2 , (B60)

gab
yy = |e2|2k2

x(
k2

x + k2
y

)2 , (B61)

gab
xy = − |e2|2kxky(

k2
x + k2

y

)2 , (B62)

while the Berry curvature �ab
xy vanishes under the PT sym-

metry. With εi = k2/2mi, where i = a, b, we have χE, which
is the same as in Eq. (B6). For the remaining contribu-
tions, one has to consider the cases: sgn(ma) = sgn(mb) and
sgn(ma) = −sgn(mb) separately, which, for instance, corre-
spond to distinct band structures around the Euler nodes in
Lieb lattice cuprates and graphene bilayers, respectively. We
are particularly interested in the case of sgn(ma) = sgn(mb).

We begin by noting the following in the limit of T → 0
and μ �= 0:

∑
k

fab

k2
g(θ ) = 1

4π2

∫ 2π

0
dθ g(θ )

∫ ∞

0
kdk

fab

k2

→ sgn(ma)

4π2

∫ 2π

0
dθ g(θ )

∫ √
2maμ

√
2mbμ

dk

k

= sgn(ma)

8π2
ln

ma

mb

∫ 2π

0
dθ g(θ ), (B63)

∑
k

f ′
ag(θ ) → − 1

4π2

∫ 2π

0
dθ g(θ )

∫ ∞

0
kdkδ(εa − μ)

= − 1

4π2

∫ 2π

0
dθ g(θ )

∫ ∞

−∞
|ma|dεaδ(εa − μ)

= −|ma|
4π2

∫ 2π

0
dθ g(θ ), (B64)

∑
k

f ′′
a g(θ ) → 0, (B65)

which are the only relevant sums over k space. Using
kx = k cos θ and ky = k sin θ , we thus get:

χLP = e2

6h̄2c2

∑
i=a,b

∑
k

[
∂2εi

∂k2
x

∂2εi

∂k2
y

−
(

∂2εi

∂kx∂ky

)2
]

f ′
i

→ − e2

6h̄2c2

∑
i=a,b

∑
k

1

m2
i

δ(εi − μ)

= − e2

12π h̄2c2

∑
i=a,b

1

|mi| , (B66)

χxy + χ̃xy → e2

h̄2c2

∑
k

gab
xy(2∂xεa∂yεa − εab∂x∂yεa + ∂xεa∂yεb + ∂yεa∂xεb)

(
fab

εab
− f ′

a

)
+ (a ↔ b)

= −2
e2

h̄2c2

∑
k

sin2 θ cos2 θ

[
fab

k2

(ma + mb)2

mamb(mb − ma)
− (ma + mb) f ′

a

m2
amb

− (ma + mb) f ′
b

m2
bma

]

→ −2
e2

h̄2c2

π

4
sgn(ma)

[
− 2(ma + mb)2

mamb(ma − mb)

1

8π2
ln

ma

mb
+ 1

2π2

ma + mb

mamb

]

= e2

4π h̄2c2
sgn(ma)

[
(ma + mb)2

2mamb(ma − mb)
ln

ma

mb
− ma + mb

mamb

]
, (B67)

χxx + χ̃xx = e2

h̄2c2

∑
k

∂yεa(∂yεa + ∂yεb)gab
xx

(
f ′
a − fab

εab

)
+ (a ↔ b)

= e2

h̄2c2

∑
k

sin4 θ

[(
1

ma
+ 1

mb

)(
f ′
a

ma
+ f ′

b

mb

)
− 2(ma + mb)2

mamb(mb − ma)

fab

k2

]

→ − e2

h̄2c2

3π

4
sgn(ma)

[
1

2π2

ma + mb

mamb
− 2(ma + mb)2

mamb(mb − ma)

1

8π2
ln

ma

mb

]

= 3e2

8π h̄2c2
sgn(ma)

[
(ma + mb)2

2mamb(ma − mb)
ln

ma

mb
− ma + mb

mamb

]
, (B68)

χyy + χ̃yy = χxx + χ̃xx = 3

2
(χxy + χ̃xy). (B69)
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As such, when ma → mb, only the energetic term has
a nonvanishing contribution. We note that the magnetic sus-
ceptibility is in general constant in value around the node,
as we have predicted from magnetic response function using
Landau level, provided the bands are perfectly quadratic, and
at zero temperature. Additionally, the geometrical contribu-
tion is always opposite to the energetic contribution for this
ideal case.

Higher angular harmonic contributions

For realistic models, where the full rotational symmetry is
broken, one may instead only have C4T symmetry instead of
the PT symmetry. Below, we discuss the contribution due to
the higher angular harmonic terms in both the band dispersion
and geometry. We begin with the definition of patch Euler
class, using an infinitesimally small contour around the node:

e2 = 1

2π

∮
|k|→0

dk · ξ

= k

2π

∫ 2π

0
dθ (−ξx sin θ + ξy cos θ ). (B70)

Given that one can perform a Fourier transform of ξμ as
a function of θ , and assume ξx(θ + π/2) = ξy(θ ), one must
have:

ξμ(k, θ ) = 1

k
[e2(− sin θ, cos θ ) + ξ̃μ(θ )], (B71)

where ξ̃μ is the higher periodicity contribution—in our case,
most likely of form ξ̃ ∝ sin 3θ . As such, the patch Euler
class does not fully constrain the band geometry at the higher
harmonic orders.

As for the band dispersion in the considered model, the
higher angular periodicity terms can be also observed. In par-
ticular, the dispersion of one of the bands can be approximated
as:

ε(k, θ ) ∼ k2(1 − α cos 4θ ), (B72)

where α ∼ 1 captures the relative strength of the higher angu-
lar harmonic.

APPENDIX C: DETAILS ON MATSUBARA SUMS

In this section, we compute the required Matsubara sums.
For an odd Matsubara sum kBT

∑
n g(iωn), we evaluate

kBT
∑

n

g(iωn) = − 1

2iπ

∮
dz g(z) f (z)

=
∑

z0

Resz=z0 [g(z) f (z)], (C1)

where z0 are poles of the function g(z). We begin by noting
that for g(iω) = (iω + μ − εa)−n with pole z0 = εa − μ:

kBT
∑

n

(iωn + μ − εa)−n = Resz=εa−μ[(z + μ − εa)−n f (z)]

= 1

(n − 1)!
Resz=εa−μ[(z + μ − εa)−1∂n−1

z f (z)]

= 1

(n − 1)!
f (n)
a , (C2)

where f (n)
a = ∂n−1

z f (z)|z=εa−μ. As such, for εa �= εb:

kBT
∑

n

1

(iωn + μ − εa)2(iωn + μ − εb)2
= ∂z

f (z)

(z + μ − εb)2

∣∣∣∣
z=εa−μ

+ (a ↔ b)

= ε−2
ab f ′

a − 2ε−3
ab fa + (a ↔ b)

= 1

ε2
ab

(
f ′
a + f ′

b − 2
fab

εab

)
, (C3)

kBT
∑

n

1

(iωn + μ − εa)2(iωn + μ − εb)
= ∂z

f (z)

z + μ − εb

∣∣∣∣
z=εa−μ

+ f (z)

(z + μ − εa)2

∣∣∣∣
z=εb−μ

= ε−1
ab f ′

a − ε−2
ab fa + ε−2

ab fb

= 1

εab

(
f ′
a − fab

εab

)
, (C4)

kBT
∑

n

1

(iωn + μ − εa)3(iωn + μ − εb)
= 1

2!
∂2

z

f (z)

z + μ − εb

∣∣∣∣
z=εa−μ

+ f (z)

(z + μ − εa)3

∣∣∣∣
z=εb−μ

= fa

ε3
ab

− f ′
a

ε2
ab

+ f ′′
a

2εab
+ fb

ε3
ba

= fab

ε3
ab

− f ′
a

ε2
ab

+ f ′′
a

2εab
, (C5)
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kBT
∑

n

1

(iωn + μ − εa)2(iωn + μ − εb)(iωn + μ − εc)

= ∂z
f (z)

(z + μ − εb)(z + μ − εc)

∣∣∣∣
z=εa−μ

+ f (z)

(z + μ − εa)2(z + μ − εc)

∣∣∣∣
z=εb−μ

+ f (z)

(z + μ − εa)2(z + μ − εb)

∣∣∣∣
z=εc−μ

= f ′
a

εabεac
− fa

ε2
abεac

− fa

εabε2
ac

+ fb

ε2
baεbc

+ fc

ε2
caεcb

, (C6)

kBT
∑

n

1

(iωn + μ − εa)(iωn + μ − εb)(iωn + μ − εc)(iωn + μ − εd )

= fa

εabεacεad
+ fb

εbaεbcεbd
+ fc

εcaεcbεcd
+ fd

εdaεdbεdc
, (C7)

where we have defined fab = fa − fb. We next use integration by parts to simplify the higher-order derivative f (n)
a to f ′

a, which
approaches −δ(εa − μ) as the temperature approaches zero. Specifically,

∑
k

g(k) f ′′
a =

∑
k

g(k)

(
∂εa

∂kν

)−1
∂

∂kν

f ′
a

=
∑

k

∂

∂kν

[
g(k)

(
∂εa

∂kν

)−1

f ′
a

]
− ∂

∂kν

[
g(k)

(
∂εa

∂kν

)−1
]

f ′
a

→
∑

k

∂

∂kν

[
g(k)

(
∂εa

∂kν

)−1
]
δ(εa − μ), (C8)

∑
k

g(k) f ′′′
a =

∑
k

g(k)

(
∂εa

∂kν1

)−1
∂

∂kν1

f ′′
a

→ −
∑

k

∂

∂kν1

[
g(k)

(
∂εa

∂kν1

)−1
]

f ′′
a

→ −
∑

k

∂

∂kν2

[(
∂εa

∂kν2

)−1
∂

∂kν1

[
g(k)

(
∂εa

∂kν1

)−1
]]

δ(εa − μ), (C9)

where νi can be x or y. This identity is then used for rewriting the energetic contribution χE obtained in Eq. (B32).
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