PHYSICAL REVIEW B 113, 174209 (2026)

O(N) rotor model in the large-N limit and the quantum spherical model on graphs
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We show that the large-n limit of the O(n) quantum rotor model defined on a general graph has the same
critical behavior as the corresponding quantum spherical model and that the critical exponents depend solely on
the spectral dimension d, of the graph. To this end, we employ a classical to quantum mapping and use known
results for the large-n limit of the classical O(n) model on graphs. Away from the critical point, we discuss
the interplay between the Laplacian and the Adjacency matrix in the whole parameter plane of the quantum
Hamiltonian. These results allow us to paint the full picture of the O(n) quantum rotor model on graphs in the

large-n limit.

DOLI: 10.1103/k7yv-xjt9

I. INTRODUCTION

A wide range of problems and systems across different
fields are most naturally formulated on graphs to describe
the connections or interactions between a set of variables,
such as spins, particles, or data defined on their nodes. As a
consequence, one has to address both the graph structure and
the model defined on it, which are, in principle, independent.

In many physical contexts, one chooses to minimize the
intricacy of the former by considering translational invariant
systems, which can be diagonalized by Fourier transforma-
tion [1,2]. However, this is not possible in nontranslational
invariant contexts. In this case, graph theory allows one to
characterize and describe the underlying topology of these
networks in various ways [3-5].

Choosing different models on these graphs leads to distinct
behavior with applications in a plethora of areas and physi-
cal systems, such as ultracold atoms [6,7], superconducting
Josephson junctions [8—10], but also random walks [11] and
combinatorial optimization problems [12,13].

Critical phenomena on graphs have been extensively stud-
ied, as they offer a way to characterize universal aspects
of different classes of networks [14,15]. In this context, a
key result was that for the classical spherical model it is
possible to exactly determinate the critical exponents, which
depend only on the spectral dimension d; of the graph [16].
This is owed to the remarkable simplicity of the spherical
model [17], which is a classical model combining continuous
spins, described by Gaussian variables, and a constraint on
their average length. On translationally invariant lattices, the
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spherical model was shown to be equivalent to the large-n
limit of the classical O(n) model [18], which gave a geometric
interpretation and physical relevance to it. This equivalence,
however, is not present when considering graphs breaking
translational invariance [19-21]. In these cases, the single
global constraint on the spin length has to be exchanged for
many (possibly infinite) local constraints, making analytical
solutions rare. Nevertheless, it was shown in [22] that the
singular part of the free energies of both the spherical model
and O(n) model in the large-n limit are equal even on more
general graphs.

Quantum versions of the spherical model are well known in
the literature [23-25] and are usually obtained by promoting
the spin variables to operators and introducing canonical mo-
menta. They proved to be a paradigmatic example of models
exhibiting a quantum phase transition, with critical exponents
that can be determined exactly, again due to the inherent
simplicity of the spherical model [23]. As in the classical
case, the quantum spherical model on translationally invariant
lattices is equivalent to another model in the large-n limit.
For the Hamiltonian considered in [23], which is also the one
studied in this paper, this turns out to be the O(n) quantum
rotor model, i.e., the large-n limit of the O(n) quantum rotor
model is provided by the quantum spherical model. Quantum
rotor models appear as effective descriptions in many dif-
ferent physical contexts [26]. We make note specifically of
the relation between the Bose-Hubbard model at large filling
and the O(2) rotor model [27,28]. The spherical model as the
large-n limit cannot completely capture the effects related to
the compactness of the phase variable, but can still be a viable
starting point for systems defined on graphs.

In this paper, our aim is to clarify and discuss the relation
between the O(n) quantum rotor and the quantum spherical
models on graphs. Specifically, a first natural question is
whether their critical behavior is the same in the large-n limit
and whether the spectral dimension of the underlying graph
determines it. We address this question by using a classical
to quantum mapping to generalize the results obtained in
[16,22]. We also address a second question concerning the
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large-n limit of the O(n) quantum rotor model away from
criticality and the nature of the resulting effective quantum
model. We show that, while at the critical point the spherical
model is governed by the Laplacian matrix connecting the
modes or sites of the graph, this is no longer the case away
from criticality.

We then study the behavior of the Lagrange multipliers of
the O(n) quantum rotor model in the large-n limit and show
that their behavior exhibits an interplay between the Laplacian
matrix and Adjacency matrix. The obtained findings are com-
plementary to the corresponding results for the large-n limit
of the classical O(n) models away from the critical point [19]
and give a complete picture of the large-n limit of classical
and quantum O(n) models at and away from the criticality.

The remainder of this paper is organized as follows. In
Sec. II, we briefly give definitions of the crucial graph-
theoretic matrices and summarize known results for the
classical O(n) and spherical models. In Sec. III, we perform
the large-n limit of the O(n) quantum rotor model on graphs
and afterwards demonstrate how the Laplacian and Adjacency
matrix arise from it in Sec. IV. Section V is devoted to the
generalization of the classical results concerning the critical
behavior.

II. CLASSICAL O(n — oo) AND SPHERICAL
MODELS ON GRAPHS

A graph G is a set of points and connections between them.
The properties of physical models on graphs are strongly de-
pendent on the spectral behavior of two matrices ubiquitous in
graph theory [3,4,29], First, the Adjacency matrix A, defined
as

1 if sites i and j are connected,
Ajj = ey

0 otherwise,
and second, the Laplacian matrix L:
Lij = 8ijzi — Aij, (2)

where z; = ) j A;; is the coordination number of site i
(i.e., the number of its nearest neighbors). The Laplacian
is positive-semidefinite with a single zero eigenvalue (for a
connected graph) and the corresponding ground state is ho-
mogeneous on any graph.

The Adjacency matrix, on the other hand, has a ground
state which favors localization around vertices with a large
coordination number. This difference is not present on regular
lattices since there z; = z for all i and the spectra are equal
up to a constant shift. On more general graphs there is no
simple connection between them, which gives rise to distinct
low-energy phenomena such as the localization of particles
[15,30-32]. It is, therefore, of importance to use the “correct”
matrix when defining the model on graphs with inhomoge-
neous coordination number, with “correct” referring to the
appropriate modelization of the system at hand. For example,
if bosons may jump between nearest-neighbor sites of a graph
with no other constraints, then the Adjacency matrix has to be
used in the microscopic (Bose-Hubbard, in this case) model.

Next, we recall some results for the classical O(n) and
spherical models, which will be required in the following and

serve as a starting point for the generalization to the quantum
case.

The classical O(n) model describes n-component vectors
S; with normalized length

Si2 = Zn:Si,a =n, (3)
a=1

where the site index is i and the components are denoted by «.
The normalization is, in principle, arbitrary, but we choose it
in such away to obtain a meaningful large-n limit. On a graph
with Adjacency matrix A, the Hamiltonian is given by

N
—BH =K Y A;S;-S;, )

i,j=1

where K = BJ > 0 is a dimensionless, ferromagnetic cou-
pling (B = 1/T). Note that throughout the paper we consider
only nearest-neighbor interactions.

In translationally invariant lattices, the classical result by
Stanley [33] is that the large-n limit of the O(n) model (4) is
provided by the spherical model, having as a Hamiltonian

N
—BH = Zs,-(KA,-,»—/\a,-j)S-, (5)

ij=1

with the constraint (Zf.vzl Siz) = N, enforced by the Lagrange
multiplier A, and the S; are now scalar variables.

On a general graph, the large-n limit can be taken the same
way as on a regular lattice [33] with the crucial difference that
it is necessary to introduce as many Lagrange multipliers as
sites. The Hamiltonian in this limit reads [19]

N

i,j=1

where again S; are scalar variables and the Lagrange multipli-
ers are determined such that the constraints (S?) = 1, fori =
1, ..., N are fulfilled. The number of constraints diverges in
the thermodynamic limit which makes this model generally
not easy to deal with. Nevertheless, there have been results
over the years concerning the critical behavior [16,22], but
also away from the critical point [19]. We stress that the model
(6) is the large n limit of the classical O(n) model both at
and away from the critical point, provided that the A; are
determined.

In [22] it has been shown that the critical behavior of Eq.
(6) is the same as of a generalization of the spherical model
to graphs. Here there is a single constraint (), z; S7) = N,
which is enforced by a single Lagrange multiplier . The
Hamiltonian of this spherical model reads

N

—BH =) Si(KAi; — 18;jz))S;. )

ij=1

It is important to note only the singular parts of the free
energies Bf = —(1/N)InZ where Z is the partition function,
of both models (6) and (7) are equal to each other close to a
phase transition. This, however, does not mean that A; = Az;
at the critical point. The form of the constraint in Eq. (7)
makes it possible to determine the critical exponents exactly
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because it relates directly to the Laplacian matrix. In other
words, as soon as the critical properties are considered, the
large-distance properties of the O(n) models are given by the
behavior of the Laplacian matrix, not the Adjacency one. In
[16] it was shown that the critical exponents of Eq. (7) are
determined solely by the so-called spectral dimension d of
the graph (i.e., the spectral dimension of the Laplacian matrix)
and follow from those of the standard spherical model with the
identification d — d;.

The behavior of A; in the large-n limit on a graph, not
necessarily at or near the critical point, has been recently
analyzed in [19], where it was shown that it can be understood
as an interplay between the Laplacian and Adjacency ma-
trices. At low temperatures the Lagrange multipliers behave
such, that the spectrum of the Laplacian matrix determines the
full free energy. At high temperatures, on the other hand, the
Lagrange multipliers become all equal such that one obtains
the Adjacency matrix spectrum (shifted by a large constant).

These three distinct results concerning the critical behav-
ior, but also a general feature of the large-» limit are discussed
and generalized in the context of the quantum rotor model in
the following sections.

III. LARGE-r LIMIT OF O(n) QUANTUM
ROTORS ON GRAPHS

The quantum rotor model is a paradigmatic model in the
study of interacting quantum degrees of freedom. The rotors
possess, in contrast to Heisenberg spins, a O(n) symmetry and
can be represented as n-component vectors living on a sphere
[26]

n
a2 a2
S = st =n, ®)
a=1

where the site index is i and the components are denoted by
a. The normalization is again chosen in such a way that the
large-n limit gives the quantum spherical model on regular lat-
tices. The momenta P; associated to the rotors fulfill canonical
commutation relations

= i8i;80.p- ©)

Placing the rotors on the vertices of a graph G the Hamiltonian
of the quantum rotor model is defined as

ij i

where the kinetic term has a coupling g > 0 and is written in
terms of the angular momentum operator L.

The O(n) rotor model has served as a tool to study many
aspects of quantum many-body theory and it directly emerges
in a variety of physical systems such as interacting bosons
[27], Josephson junctions [28], and magnetic systems [34].

The large-n limit on a general graph can be taken by writ-
ing the partition function Z as a functional integral over the
action S

[gi,ws ﬁ],ﬂ]

z=T] / dsi(D8[2() — n]exp(=S), (1)

T 1 0s;(1) 2
S = /0 dt Z? ZI: (—Bt ) — iZ];Aijsi(T) -8;(7)
(12)
Using the integral representation of the delta function
ioo
8[st(r) —n] = / dri(t) exp {1L(D)[si(x) —n]}. (13)
—ico

one can write the action as the sum over » independent com-
ponents of the vectors §;(7):

S = ans“”,
a=1
1

T 95i,0(7)
(@) _
5 _/0 dr[2g2< o7 )

= > Aisia(0)sia(T) + M(T)(5F,(1) = 1) | (14)

ij

In the large-n limit one can get replace the integration over
Xi(t) by taking A;(t) = A; as Lagrange multipliers enforcing
the constraints (siz) = 1 and one obtains an action in terms of
scalar fields s;:

:/Hdsi(r)exp(—S), (15)
_ T 1 ds;(T) 2
5=, d’[z_gZ( )

—Zs(r)s,(r)JrZ)\

(i])

2o -1)|. 16

Finally, one can write the Hamiltonian in operator form which

reads
— ZA;‘]@;@]' + 8 Z
— 2 &
i,j i
where §; and p; fulfill the commutation relations

[8i, pj1 = i8ij. (18)

and A; are determined by the constraints (s?) =1.

Notice that it differs from the quantum spherical model
considered in [23] only by the fact that each site has its own
Lagrange multiplier. On regular lattices it holds that X; = A
for all i and all constraints collapse to just one giving exactly
the model defined in [23].

Since the Hamiltonian describes coupled harmonic oscilla-
tors one can easily evaluate the free energy

= ——Z]nsmh (\/ng )

where N is the total number of sites and €, are the eigenvalues
of the matrix M

P+ LG -1, an

(5i, 81 = [pi, pj]1 = 0,

Z(x g, (19)

M,'j = —A,'j + 8,'1')»,‘. (20)
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7 -1 -1 -1 0
-1 5 -1 0 0
-1 -1 z -1 0
-1 0 -1 z -1
0 0 0 -1 z
A -1 =1 -1 0
-1 4 -1 0 0
-1 -1 4 -1 0
-1 0 -1 4 -1
0 0 0 —1 i
A -1 -1 -1 0
-1 2 -1 0 0
-1 -1 42 -1 0
-1 0 -1 4 -l
0 0 0 -1 4

8

FIG. 1. Qualitative phase diagram of the O(n — 00) quantum rotor model on graphs with dimension d; > 2. The singular part of the free
energy on the whole line is determined by the Laplacian matrix L, which we denote as Lg,,. The quantum phase transition at T = 0 has the
dynamical critical exponent z = 1. In the 7 — 0 and g — O limit the full free energy is governed by the Laplacian while for large values of g

and T the Adjacency matrix A controls the free energy.

Note that the definition of M differs from that in Ref. [19]
by a factor of 7. The saddle point constraints are obtained by
differentiation with respect to A; and read

2 gep 1 I
Z|w<)|,/ <‘/7;>+ﬁ_o,

2y
where (i) is the ith component of the kth eigenvector of
M. Taking the limit g — 0 one approaches the result for the
classical case [19] with an additional term ~ In g/T . The zero-
temperature limit gives an free energy of the form

BA

1 /g 1
=——/= — A — Q). 22
f ¥V 2 Ek Vet oo Ei (xi—8) (22)
The corresponding saddle point constraints are
=0. 23
ax E | (i) ,/ (23)

In contrast to the classical large-n limit one cannot write these
as a determinant of M, but instead needs knowledge of all
eigenvalues and eigenvectors.

IV. LAPLACIAN AND ADJACENCY MATRIX LIMITS

For a general graph it is not feasible to determine the
saddle point values of A; by solving Eq. (21) analytically. It
is, however, possible to evaluate them in different limits.

For g = 0, one obtains the result valid for the large-n limit
of the classical O(n) model on the same graph [19]

forT — O,

for T — oo.

Lij,

M. ~
T A+ S

(24)

The low-temperature behavior is dominated by the Laplacian
matrix while the high-temperature behavior is determined by
the Adjacency matrix of the graph. In between these limits one
has a crossover between the Laplacian (for small temperature)
and the Adjacency matrix (for large temperature). If there is
a phase transition then the singular part of the free energy at
this point is determined by the Laplacian matrix.

A similar analysis can be applied to 7 =0 and g — ooc.
By inspecting Eq. (23), one notices that in the large-g limit
one must have ¢; ~ g, from which X; & C;g follows, where
C; are some constants. For a diagonally dominated matrix the
eigenvectors are given by ¥ (i) & §;, to leading order. In this
limit the solutions of Eq. (23) are therefore given by
gai Js
The last limiting case is to consider 7 — oo and g — oo
while keeping T'/,/g constant. One has to use Eq. (21), but
the same argument as before can be made and one finds

Mij ~ —A,'j + for g — OQ. (25)

g&' Js
Schematic phase diagrams are shown in Figs. 1 and 2 for the
three cases: d; > 2,2 > d, > 1, and d,; < 1. For all of them,
the point g = 0 and 7 = 0 in the two-dimensional parameter
plane is where the full free energy is always determined by the
Laplacian. Far away from this point, the Adjacency matrix is
the relevant matrix. For d; < 1 there is no phase transition and
one has just this crossover. In dimensions 2 > d; > 1 there is
just a quantum phase transition at 7 = 0 whose critical ex-
ponents are determined by the Laplacian matrix as described
in the following section. Finally, for d; > 2 there is a critical
line, throughout which the Laplacian matrix determines the
critical behavior.

Mij ~ —A;j + forg — oo, T — 0. (26)
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L

T T
L L ey 4
8 2.

FIG. 2. Qualitative phase diagram of the O(n — oc0) quantum
rotor model on graphs with dimension 2 > d, > 1 (right) and d; < 1
(left). The darker region around the critical point g. only indicates
that there the singular part is determined by the Laplacian matrix.

Although these results paint a clear picture of the limiting
behavior of the Lagrange multipliers, one cannot make con-
crete statements about how these limits are approached for a
general graph, i.e., the way in which these limits are reached
is nonuniversal and depends on the specific graph. If one were
to define a distance between the matrix M and the Laplacian
or Adjacency matrix then, in principle, it does not have to be
monotonic in 7 or g. In view of this, the goal of Figs. 1 and
2 is not to give a quantitative sketch of the distance, however,
defined, from the Laplacian or the Adjacency matrix, but to
convey the idea that the system passes from L to A and that if
there is a phase transition the Laplacian matrix is retrieved in
the singular part. A study of how large this region around the
critical line is, can be of interest for future works.

V. CRITICAL BEHAVIOR

In this section we analyze the critical behavior in two steps.
First, we show that the quantum rotor model in the large-n
limit given by the Hamiltonian (17) and the accompanying
constraints, has the same critical behavior as the quantum
spherical model on graphs with the Hamiltonian

H=— ZA,jslsj—}— Z +AZ (82 -1), @D

with the constraint (), z;:S?) = N. Afterwards, we leverage
this connection to determine the critical exponents associated
with Eq. (27), which is considerably easier to handle since it
only has one constraint.

A. Relation to the quantum spherical model

First, we consider the finite-temperature critical behavior.
In this case one can expand the free energy (17) as a series

T gl
F =3 ijln (€x) + Tzk:hl <\/;?>+ (28)

TZln 1+(\/E >2+...

Only the first term, which is the same as in the classical
model, can give a singular contribution and similarly for the
free energy from Eq. (27). Together with the equality of the
singular parts of the classical free energy proven in [22],
this immediately shows that the quantum models (27) and

1
+3 Z(xi — 9. (29)

(17) have the same finite-temperature critical exponents. As
expected those exponents are equal to the classical ones.

For T =0 one cannot expand the free energy as a se-
ries and the techniques developed in [22] cannot simply be
applied to the resulting free energy (22). To this end, we
employ the classical to quantum mapping described in [35]
generalized to nontranslationally invariant systems. Consider
the two classical Hamiltonians defined on a graph G with
Adjacency matrix A € RV and spectral dimension d;, aug-
mented by an additional periodic direction at each site labeled
by «a:
= Z [Sg(KIA — A)S, + KoSISyi + Tt Al

a=1

—BH,

(30)

—BHgpher = Y [SL(KIA — A)Sy + KoS[Se i1 + TrA).
a=1
31

The spins are now written as vectors S, = (S1.4, .-, SN.e)
and the matrices containing the Lagrange parameters are

A = diag(Aq, ..., Ayn), (32)

1_\ =A diag(zl, eey ZN). (33)

They do not depend on o because this direction is peri-
odic: ay+1 = o;. The anisotropic couplings K; and K, do not
change the critical behavior compared to the isotropic case,
as was shown in [14], which means Eqs. (30) and (31) are
in the same universality class. In the following, we perform
the mapping for the large-n Hamiltonian (30) only, as the
mapping for the spherical one follows analogously.

First, write the partition function in terms of transfer
matrices

= [ T1ds. exp (- (34)
a=1

:/ndSaT(Sl,Sz)...T(Sm,Sl):TrTm, (35)
a=1

where
T (Sa, So) = exp (3SL(Ki1A — A)S,
+ 18T (KiA — A)Se + K>SISy).  (36)

To take the continuum limit in the “time” direction labeled by
a, one defines a lattice spacing 7 in that direction and allows
the coupling K| and K to depend on the lattice spacing. Next,
consider two wave functions ¥ and ¢ and define

¥ (Se) = ¥ (Sq )exp( So(K1A — A)Sy + I; S ), 37

@(Sa) = ¢(So) exp (%Sa(KlA —A)Sqe + %Si) (38)

which is done to simplify the calculation of the expectation
value (V|T|¢p):

_ K
(VIT|p) = /dSadSaflﬁ(Sa)CXp <_72(Sa - S(x’)2>¢(sa’)~
(39)
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For small T one obtains the standard Gaussian kernel expan-
sion for the transfer matrix

2 m/2
T(Sy, Sy) = <?”) 5(Sy — so,)(l +ST(KiA — A)S,
2
1
—KSE 4+ —A+... ), 40
2a+2K2 + ) (40)

where A = )", 07/95?,. Rescaling the coupling parameters
and the Lagrange multipliers in the following way:

K = K|, 41
K, =K/, (42)
)¥i — Kz = )\.;T, (43)

allows one to write the transfer matrix in the T — 0 limit as
27 m/2

T(Saa Sot’) = <_> B(Sa - Soc’)
K,

1
1 ST(KIA—ADSy, + —A+... ).
X[“(w(‘ Put gt ﬂ

(44)

The Hamiltonian is therefore given by

1
H=S(K/A— A —A 45
S(K; )S+2K2, ) (45)

which reads in operator form
N NN 1 2 -

This is just the Hamiltonian of the O(n) rotor model in the
large-n limit and starting from Eq. (31) one would end up with
the Hamiltonian of quantum spherical model. One therefore
showed that starting from two classical models in the same
universality class, one is mapped to the O(n) rotor model in
the large-n limit and the other to the quantum spherical model.
This concludes the proof that both models share the same
critical behavior.

B. Critical exponents

Having shown that Egs. (17) and (27) have the same crit-
ical exponents, one is able to consider just the much simpler
Hamiltonian (27) in this section. We write the action of the
spherical model on a graph with Adjacency matrix A:

(T 1 ani(t)\>
5= ‘”(2_gz< )

i

- Zni(f)(Aij —Az;i8ijn;(t) |, 47

ij

with the constraint (3", z;S7) = N. Next, one introduces the
Matsubara frequencies w, = 2amT:

o0

s= 3

Z “
- ni(wm)<Aij - - )»Zitsij)nj(wm) ,
m=—00 i,j 2g

(48)

which allows one to obtain the free energy

R~ w?
f= Y E Trln <—A + 2—"]1 + AZ) + NA + const.,
8
m=—00

(49)
where Z = diag(zj, ..., zx). The spherical constraint df/
ax = 0 gives rise to the saddle point equation

-1

[ 2
NZZZZ'(—A-F;)—;H—F)LZ> — 1. (50

m=—00 i i
At zero temperature the sum turns into an integral and one
ends up with the constraint
-1

1 [ w?
— dw Zi(—A + —I+ AZ> =1. (629
N /_oo Z,: 2g

12

The existence of a phase transition depends on the existence
of real solutions to the above equation. It has been shown that
the matrix has the following singular behavior [14]

o1 1 dij2-1
Slgg sing N Z (=A+Z+sM); ~ 5% ) (52)

where M = diag(my, ..., mys) is any distribution of finite
masses m;. Expanding around w =~ 0 and 1 & A, = 1 one can
extract the singular part

1 [ Z ?
sing — / z,~<—A + —I+ AZ)
N x4 28

l oo
~ JT// D =14 w? /29" ~ (0= 1)V,
(53)

All critical exponents can be directly obtained now in the
usual way for the spherical model and are equal to the ones
of the d; + 1-dimensional classical model.

-1

u

VI. CONCLUSION

In this paper we showed that the quantum O(n) rotor model
in the large-n limit on general graphs is always governed by
the Laplacian in the small temperature and quantum coupling
limit, while the Adjacency matrix determines the behavior far
away from this point in the parameter plane. This interplay
emerges through the Lagrange multipliers, which enforce the
spin constraints. Although their number diverges in the ther-
modynamic limit they simplify for either large or small values
of the temperature and coupling constant. This gives a direct
connection between the two central graph-theoretic matrices.

We also analyzed the critical behavior and showed that
it was fully determined by the spectral dimension and was
equivalent to the quantum spherical model on the same graph.
To this end, we used known results for the classical case
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and generalized them to the quantum model, by using the
functional integral representation and a classical to quantum
mapping.

The, in some sense, nonphysical global constraint of the
spherical model on graphs is replaced by local constraints that
are the product of a large-n limit. Since the model remains
Gaussian, one can study dynamical properties in a direct way,
both numerically and analytically. Similarly to long-range
systems, graphs provide a way to tune the density of states,
suggesting the possibility of observing interesting dynamical
phenomena [36-38]. A time-dependent coupling g(t) or a
nonequilibrium initial state lead to a time evolution of A;(¢),
which will be subject of future work.

Finally, our work can also serve as a starting point for a
systematic 1/n expansion on graphs and networks relevant
for applications in ultracold atoms and other spin models.
The 1/n expansion has been extensively studied for (trans-
lationally invariant) lattice models [39-41], but has been not
attempted for general graphs, to best of our knowledge. The
reason being that the n — oo limit requires solving for all
Lagrange multipliers A;, as previously discussed. To take
the next to leading order into account, one would have to

consider Gaussian fluctuations around the nonhomogeneous
saddle point. Doing this, one could clarify whether the spectral
dimension is the only graph specific quantity relevant for the
critical behavior. Furthermore, modifications to nonuniversal
quantities, such as the magnetization, could give insight into
effects not present at the leading order.
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