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In translationally invariant semiconductors that host exciton bound states, one can define an infinite number of
possible exciton Berry connections. These correspond to the different ways in which a many-body exciton state,
at fixed total momentum, can be decomposed into free electron and hole Bloch states that are entangled by an
exciton envelope wave function. Inspired by the modern theory of polarization, we define an exciton projected
position operator whose eigenvalues single out two unique choices of exciton Berry phase and associated Berry
connection—one for electrons, and one for holes. We clarify the physical meaning of these exciton Berry phases
and provide a discrete Wilson loop formulation that allows for their numerical calculation without a smooth
gauge. As a corollary, we obtain a gauge-invariant expression for the exciton polarization at a given total
momentum, i.e., the mean separation of the electron and hole within the exciton wave function. In the presence
of crystalline inversion symmetry, the electron and hole exciton Berry phases are quantized to the same value
and we derive how this value can be expressed in terms of inversion eigenvalues of the many-body exciton
state. We then consider C2T symmetry, for which no symmetry eigenvalues are available as it is antiunitary, and
confirm that the exciton Berry phase remains quantized and still diagnoses topologically distinct exciton bands.
The notion of shift excitons, whose exciton Wannier states are displaced from those of the noninteracting bands
by a quantized amount, can therefore be generalized beyond symmetry indicators.
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I. INTRODUCTION

Topology has proven essential for the classification and
prediction of novel quantum phases in condensed matter
systems [1–3]. In particular, the topological classification of
ground states in noninteracting electron systems—including
under crystalline and local symmetries—is increasingly well
understood [4–8]. Given this success, there is increasing
interest in extending these ideas to systems where electron-
electron interactions play a crucial role. One natural direction
is to focus on the topology of interacting ground states
[9–14]. However, interactions can also significantly alter the
excitation spectrum, motivating an alternative approach: the
topological classification of interaction-induced excitations.
Since the simplest excitations in insulators and semiconduc-
tors are excitons, the study of exciton topology has emerged
as a rapidly developing field [15–25].

In insulators and semiconductors, the ground state is
gapped. In the absence of electron-electron interactions, the
ground state consists of all bands below the Fermi energy
occupied—these bands are known as the valence bands. The
bands above the Fermi energy are known as the conduction
bands and are unoccupied in the ground state. As shown in
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Fig. 1(a), an electron can be excited from a valence band to
a conduction band. This leaves a (positively charged) hole
in the valence band which, due to the Coulomb interaction,
can become bound to the excited electron. The spectrum of
electron-hole excitations as a function of total momentum
[Fig. 1(b)] typically consists of a continuum, i.e., states where
the electron and hole are effectively free, as well as bound
states which form in the many-body gap. These bound states,
known as excitons, are of technological significance since they
dominate the optical properties of semiconductors. They are
therefore of vital importance in various fields from photo-
voltaics [26] to light emitting diodes [27].

The study of exciton topology has initially focused on ex-
citons formed within topological electronic bands [17,18,20],
but more recently, attention has expanded to study the crys-
talline topology of excitons even in trivial electronic bands
[15,16]. In this context, in an earlier work, we introduced the
concept of shift excitons in inversion-symmetric systems [15].
Shift excitons have maximally localized exciton Wannier cen-
ters [28] that are shifted by a quantized amount with respect to
the electronic Wannier states of the underlying conduction and
valence bands [15]. Therefore, even in systems where the un-
derlying electronic bands are both trivial (i.e., with electronic
Wannier centers at the center of the unit cell), the interactions
can bind excitons that are nontrivial (i.e., with the exciton
Wannier centers shifted to the unit cell edge). This leads to
the formation of exciton edge states even in systems where
the underlying electronic bands do not exhibit edge states.
Shift excitons are an example of interaction-induced topology
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FIG. 1. Exciton Wannier states. (a) An illustrative semiconductor
electronic band structure. Energy E is plotted against momentum k.
At half filling, the valence band (v) is occupied and the conduction
band (c) is empty. An electron e− can be excited from the conduction
band leaving a hole in the valence band h+. (b) The e− and h+ can
become bound due to the Coulomb interaction. The electron-hole
excitation energy (E ) plotted against total momentum (p) shows an
exciton band (red) gapped from the continuum of unbound electron-
hole states (purple). (c) Exciton Wannier functions can maximally
localize the hole (red) or the electron (purple). These are not always
equal and can have different centers of mass. The different exci-
ton Wannier centers are associated with the different exciton Berry
phases we introduce.

beyond the topological classification of single-electron band
topology. One particular outstanding research area is to fully
understand, and dizentangle, the various contributions to the
topology of excitons, because nontrivial exciton topological
invariants can both be inherited from the noninteracting bands
as well as induced by the interactions [15].

In this paper, we address foundational questions concern-
ing the physical meaning of the exciton Berry phase and the
exciton Wannier functions. We begin by showing that there are
infinitely many equally valid definitions for the exciton Berry
phase, each of which may evaluate to a distinct value. We then
show that these Berry phases contain different physical infor-
mation about the exciton band. We do this by defining two
projected position operators for excitons—one corresponding
to the electron and the other to the hole position—whose
eigenvalues yield two unique, gauge-invariant Wilson loops.
These Wilson loops give the shift of the exciton Wannier
center when either the electron or hole is maximally localized
within the exciton, in general, the two are not equal [see
Fig. 1(c)]. We further examine how these shifts transform un-
der inversion and C2T symmetry in systems with one spatial
dimension (1D). These are the only symmetries that quantize
exciton Berry phases in physically reasonable 1D systems. We
end by describing the general case where these symmetries are
broken.

II. A MULTITUDE OF EXCITON BERRY CONNECTIONS

We begin by demonstrating that there are infinitely many
valid exciton Berry connections. Our approach will be to
determine what constraints the gauge freedoms of both the
exciton and electronic wave functions place on the exciton

Berry connection. We will show that there is not one unique
Berry connection but an infinite family of Berry connections
that obey these constraints.

We consider translationally symmetric systems in 1D with
periodic boundary conditions (PBC). We label unit cells by
R ∈ {0, 1, . . . , L − 1} (for system size L). Without loss of
generality, we will exclusively consider excitons formed from
two electronic bands where ck,c (ck,v) annihilates an electron
in the conduction (valence) band at crystal momentum k ∈
[−π, π ) (we set the lattice parameter a = 1). The allowed
momenta are spaced by � = 2π/L. The creation operators
expressed in the real space basis are c†

k,c/v = ∑
R,i ψ

k,c/v
R,i c†

R,i

using ψ
k,c/v
R,i = eikR 〈i|uk,c/v〉 in terms of the Bloch functions

|uk,c/v〉 and atomic orbitals |i〉. Note that we assume the atomic
sites are in the center of the unit cell throughout this paper. In
the ground state, the valence band is filled |GS〉 = ∏

k c†
k,v

|0〉,
where |0〉 is the fermionic vacuum. Due to translational sym-
metry, exciton eigenstates can be labeled by total momentum
p. There are many ways of writing equivalent exciton wave
functions at total momentum p, we can parametrize these by
the real (and rational) parameter α,

|pexc〉 =
∑

k

φ
p
k−αpc†

(1−α)p+k,cc−αp+k,v|GS〉. (1)

The exciton wave function φ
p
k−αp depends on α in such a way

that the total |pexc〉 remains equal regardless of α. We note
that all α are equally valid and therefore α is not related to
the electron and hole masses. The total momentum of |pexc〉 is
p (again, regardless of α) since (1 − α)p + k + αp − k = p.
The exciton state is normalized such that 〈pexc|pexc〉 = 1,
this implies that the exciton wave function is normalized to∑

k |φp
k−αp|2 = 1. When we take the thermodynamic limit

(L → ∞) we replace
∑

k → ∫ 2π

0
dk
�

. Hence, the normaliza-

tion condition becomes
∫ 2π

0
dk
�

|φp
k |2 = 1.

We will now show that we can use α to tune between an in-
finite number of valid exciton Berry connections. We begin by
attempting to construct an exciton Berry connection Aα

exc(p)
informally using the requirement that, under a global gauge
transformation of the exciton state (|pexc〉 → eiθ (p) |pexc〉),
the Berry connection transforms covariantly [i.e., Aα

exc(p) →
Aα

exc(p) − ∇θ (p)]. Berry connections are only defined in the
thermodynamic limit since they require momentum to be a
continuous quantity. By analogy with the electronic Berry
connection, we might first consider an exciton Berry con-
nection, which is simply

∫ 2π

0
dk
�

φ̄
p
k−αpi∂pφ

p
k−αp, where the

bar denotes complex conjugation. This expression is gauge
covariant under the transformation above. However, it has
a different gauge problem—it is not gauge invariant under
gauge transformations of the underlying electronic bands.
Under gauge transformations of the electronic bands (c†

p,v →
eiη(p)c†

p,v and c†
p,c → eiξ (p)c†

p,c), the total exciton state |pexc〉
should be invariant. To account for the change in the elec-
tronic gauge, the exciton wave function transforms oppositely,
φ

p
k−αp → eiη[−αp+k]e−iξ [(1−α)p+k]φ

p
k−αp. Hence, under gauge

transformations of the electronic bands, the naive exciton
Berry connection defined above acquires additional terms pro-
portional to the derivatives of the functions η(p) and ξ (p)
(see Appendix A). This would mean that the exciton Berry
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phase would change if we changed the gauges of the elec-
tronic bands. This is undesirable since we want the exciton
Berry phase to contain physical information about the exci-
tons. We can, however, construct a gauge-invariant exciton
Berry connection by including correction terms which depend
on the electronic Berry connections of both the valence and
conduction bands,

Aα
exc(p) =

∫ 2π

0

dk

�

(
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2
× {αAelec,v (k − αp) + (1 − α)

× Aelec,c[(1 − α)p + k]}), (2)

where the electronic Berry connections are Aelec,c/v (k) =
〈uq,c/v| i∂q |uq,c/v〉 |q=k . As shown explicitly in Appendix A,
under electronic gauge transformations these additional terms
transform in the opposite way to the first, and so the Berry
connection (for each α) is both gauge covariant under global
transformations and gauge invariant under transformations of
the electronic bands. In Appendix A 1, we present an alter-
native derivation of the family of exciton Berry connections
in terms of the different possible cell-periodic exciton wave
functions that can be extracted from the many-body state
|pexc〉.

We now have infinitely many exciton Berry connections,
one for each α, and each can be integrated over the Brillouin
zone (BZ) to give a seemingly different exciton Berry phase.
This raizes several questions. Do these Berry connections
really give different values for the Berry phase? What physical
information do the Berry phases contain? And how many
of these Berry phases give unique information? In the next
section, we derive the two unique exciton Wilson loops—
and their corresponding Berry connections—in a manner that
reveals the physical interpretation of these different exciton
Berry connections.

III. EXCITON PROJECTED POSITION OPERATOR

We now derive the exciton Berry phase in a way that clar-
ifies its physical meaning. In noninteracting electronic band
topology, the electronic Berry phase is found to be related
to the electronic Wannier centers. This can be demonstrated
using the electronic position operator projected into the elec-
tronic band of interest. We first recap this connection before
generalizing the method to excitons.

A. Recap of the electronic projected position operator

We begin by revisiting the relationship between the elec-
tronic Berry phase, electronic Wannier states and the projected
position operator in noninteracting systems. Excitons are ex-
citations above some ground state, and so we consider an
analogous scenario in the noninteracting case— a single elec-
tron in the conduction band and a filled valence band. Our
presentation has the novelty that we use a genuinely many-
body operator to find the Berry phase of the excitations. This
means that our results here are readily generalizable to the
exciton case, and we will see that this elucidates the physical
meanings of the various exciton Berry phases. We consider
excitations of a single electron (with momentum p) above the

occupied valence band,

|p〉 = c†
p,c|GS〉, (3)

where cp,c/v annihilates an electron in the conduction/valence
band, and the ground state is |GS〉 = ∏

q c†
q,v |0〉. The many-

body Wannier states are the linear combinations of |p〉,
|WR〉 =

∑
p

e−ipReiφ(p)|p〉, (4)

where eiφ(p) captures the freedom in the choice of gauge for
the states |p〉. Modifying this phase factor affects the localiza-
tion of the Wannier states. One desirable way to determine
the phase factors is to choose them such that the Wannier
functions are maximally localized [29]. For excitations of the
form Eq. (3), this means finding the gauge where the Wannier
states maximally localize the conduction band electrons in
real space. This requires an operator which gives the density
of the electrons in the conduction band; we use the band
projected number operator. This is constructed by expressing
the full number operator in the band basis and only retaining
the terms which are quadratic in the creation and annihilation
operators for the band of interest. For the conduction band,
this gives n̂c

R,i = ∑
k,k′ ψ̄

k,c
R,i ψ

k′,c
R,i c†

k,cck′,c. To maximally local-
ize the excitation Wannier states, we minimize the localization
functional [29],

� = 〈W0| Ŷc |W0〉 − [〈W0| X̂c |W0〉]2. (5)

where X̂c = ∑
R,i R n̂c

R,i is the band-projected position opera-
tor and Ŷc = ∑

R,i R2 n̂c
R,i. This is equivalent to minimizing the

spatial variance of the Wannier state.
In 1D, the Wannier states which minimize this functional

are the eigenfunctions of the projected position operator X̂ =
P̂elecX̂cP̂elec, where P̂elec is the projector onto the excitation
band P̂elec = ∑

p |p〉 〈p| [29]. This operator has an awkward
property, however, it is not periodic in real space. This
means that only in the thermodynamic limit (L → ∞) are the
eigenstates (i.e., the Wannier states) related by translational
symmetry and of the form of Eq. (4) [30]. To show that the
eigenstates of X̂ are the Wannier states, we must therefore go
immediately to the thermodynamic limit form of the position
operator and replace X̂c → i∂k [30]. The physical meaning
of this substitution is, perhaps, still clear for the electronic
excitations we are considering here, but this substitution does
obscure the physical meaning for excitons—would this re-
placement constitute the position operator for the electron, the
hole or the center of mass of the exciton? To anticipate and
ameliorate this difficulty, we introduce a genuinely periodic
many-body operator from which we can derive the excitation
Wannier states even for finite sized systems. We switch to a
new operator (Ẑc) that encodes position in a periodic system
and project it into the excitation band to give Ẑ ,

Ẑc =
∑

R

ei�Rn̂c
R,i, Ẑ = P̂elecẐcP̂elec, (6)

where as before, � = 2π/L. A direct calculation of the
eigenstates of Ẑ (shown in Appendix B) gives the standard
expression for the maximally localized Wannier states, each
labeled by an integer R ∈ {0, 1, . . . , L − 1} and normalized
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by N ,

|WR〉 = N
∑

p

e−ipR(Wc)−
p

2π

p−�∏
k=0

tk|p〉, (7)

where tk = 〈uk+�,c|uk,c〉 and Wc is the Wilson loop for the
conduction band,

2π−�∏
k=0

tk =
2π−�∏

k=0

〈uk+�,c|uk,c〉 = Wc. (8)

In the thermodynamic limit, the Wilson loop has modulus one
and can be written as Wc → eiγc where γc is the conduction
band electronic Berry phase [30]. We can see how Eq. (7)
modifies the (arbitrary) gauge of |p〉 in order to maximally
localize the Wannier functions. Firstly, the product of Bloch
function overlaps (tk) maximally aligns the phases of the
Bloch functions (|up,c〉) at adjacent momenta. The Wilson
loop term [(Wc)−

p
2π → e−i γc p

2π ] then equally distributes the to-
tal Berry phase across the BZ. This results in a smooth and
continuous gauge across the whole BZ (known as the twisted
parallel-transport gauge), this gauge choice maximally local-
izes the Wannier functions in 1D [29,30].

Given that the eigenstates of Ẑ are the maximally local-
ized Wannier functions (|WR〉), we expect the corresponding
eigenvalues λR to give the centers of the Wannier states. In the
thermodynamic limit, the eigenvalues of Ẑ are

λR = ei�( γc
2π

+R), (9)

as shown in Appendix B. This is the expected form for the
eigenvalues since we exponentiated the positions R to make
the operator Ẑ periodic. The real space centers of the excita-
tion Wannier states (sR) can therefore be extracted by undoing
this and taking the logarithm of the eigenvalues λR. We find
that the excitation Wannier centers are

sR = −i ln(λR)/� = γc

2π
+ R, (10)

which is the standard expression for the electronic Wannier
center positions in terms of the Berry phase [30]. We see that
the Wannier centers are equally spaced in real space (as a
result of translational symmetry) and the shift of the Wannier
states from the center of the unit cell is proportional to the
Berry phase.

To summarize, we have introduced a new way to derive
the electronic Wannier states and the Berry phase in non-
interacting systems. Crucially our method avoids taking the
thermodynamic limit and is performed using a genuine many-
body operator Ẑ . We note that this is different from the
many-body operator, ei�X̂ , introduced by Resta in Ref. [31]
(where the position operator is X̂ = ∑

R R n̂R,i). The Berry
phase/polarization of the ground state can be found by cal-
culating the expectation value of this operator in the ground
state [31]. However, we are interested in Berry phases for
excited states so this operator cannot be used. The alternative
many-body operator (Ẑ) that we introduced above we see
does allow us to extract the Berry phase for excitations. In
addition our method allows us to avoid having to write down
a first quantized wave function for the excitations, instead we
can directly work with the many-body wave function—this

will again be essential once we study excitons. We showed
that the eigenvectors of the projected periodic “position”
operator Ẑ are equal to the expressions obtained from the
standard treatment using the naive projected position operator
X̂ in the thermodynamic limit. Furthermore, the eigenvalues
were shown to give the Wannier centers. In Appendix B,
we discuss why Ẑ has such a close relationship with X̂ in
the thermodynamic limit. In the next section, we generalize
the method introduced here so that we can calculate exciton
Wannier states, understand the infinite family of exciton Berry
phases found in Sec. II, and obtain gauge invariant Wilson
loops to calculate the exciton Berry phases in finite systems
and without a smooth gauge.

B. The exciton projected position operators

In Sec. II, we constructed exciton Berry connections in a
somewhat arbitrary way by considering how the connection
changed under certain gauge transformations. The different
possible Berry connections were seen to be linked to the
convention we had used for the exciton wave function. How-
ever, we would like to have a physical interpretation for
these distinct exciton Berry connections since the quantities
of physical importance will be agnostic as to the convention
in which the exciton wave function is written. Hence these
different exciton Berry connections must contain information
about different physical properties of the excitons. We take
inspiration from the approach introduced in Sec. III A and now
derive the exciton Berry phases using a many-body operator.

The major difference for excitons, however, is that, unlike
for the single electron excitations described in Sec. III A, there
are different—and equally valid—position operators that we
could use for excitons. This is because excitons are two parti-
cle bound states and so we can consider the position operator
for the electron (in the conduction band) as well as that for
the hole (in the valence band). To calculate the electron/hole
densities within the exciton, we require operators that yield
the spatial electron and hole densities within the two bands.
We use the band projected number operators introduced in
Sec. III A. The conduction band projected electron number
operator is n̂c

R,i = ∑
k,k′ ψ̄

k,c
R,i ψ

k′,c
R,i c†

k,cck′,c as introduced ear-
lier, but in addition we use the hole number operator projected
into the valence band n̂v

R,i = ∑
k,k′ ψ

k,v
R,i ψ̄

k′,v
R,i ck,vc†

k′,v . These
band projected number operators are a key quantity in study-
ing interactions in flat bands and so it is natural that they
also are of use here where we consider interactions between
(two) particles in different bands [32–34]. This leads us to use
one of two possible periodic position operators (Ẑc/v) and we
consider these projected into the exciton band (Ẑc/v),

Ẑc/v =
∑
R,i

ei�Rn̂c/v
R,i , Ẑc/v = P̂excẐc/vP̂exc, (11)

where once again � = 2π/L for system size L and the exciton
projector is P̂exc = ∑

p |pexc〉 〈pexc|. We expect the eigenvec-

tors of Ẑc/v to be the exciton Wannier functions obtained
from maximally localizing either the electron (|WR

exc,c〉) or
the hole (|WR

exc,v〉) within the exciton. A direct calculation of
the eigenvectors is shown in Appendix C. The eigenvectors
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(normalized by N ) are

∣∣WR
c/v

〉 = N
∑

p

e−ipR(Wexc,c/v )−
p

2π

p−�∏
k=0

t exc,c/v
k |pexc〉, (12)

where the two sets of phase factors

t exc,c
k =

∑
q

φ̄k+�
q−k φk

q−k〈uq+�,c|uq,c〉, (13)

t exc,v
k =

∑
q

φ̄k+�
q φk

q+�〈uq+�,v|uq,v〉, (14)

maximally localize either the electron or the hole component
of the exciton Wannier states. The exciton Wilson loops are

Wexc,c =
∏

p

t exc,c
p =

∏
p

[∑
k

φ̄
p+�

k−p φ
p
k−p 〈uk+�,c|uk,c〉

]
,

(15)

Wexc,v =
∏

p

t exc,v
p =

∏
p

[∑
k

φ̄
p+�

k φ
p
k+�

〈uk+�,v|uk,v〉
]
,

(16)

where p goes over the incontractible loop through the BZ
p ∈ {0,�, . . . , 2π − �} and k sums over all momenta. Just
like for the electronic Wilson loop, the exciton Wilson loops
Wexc,c/v both have modulus 1 in the thermodynamic limit.
Therefore they can be rewritten as eiγexc,c/v where γexc,c/v is an
exciton Berry phase. It follows that the exciton Wannier states
(|WR

exc,c/v〉) take a very similar form to the electronic Wannier
states in Eq. (7). The key difference, however, is that we have
two different expressions for the exciton Wannier states when
we either maximally localize the electrons (|WR

exc,c〉) or the
holes (|WR

exc,v〉) in the exciton.
The eigenvalues of Ẑc/v give the exciton Wannier cen-

ters. In the thermodynamic limit, the eigenvalues are λR,c/v =
exp[i�( γexc,c/v

2π
+ R)] (see Appendix C). The exciton Wannier

centers are obtained by taking the logarithm of λR,c/v [fol-
lowing Eq. (10)]. The exciton Wannier centers for |WR

exc,c/v〉
are therefore γexc,c/v

2π
+ R. What do these two sets of exciton

Wannier centers physically mean? They are the mean electron
(hole) position within the exciton Wannier states that maxi-
mally localize the electron (hole) component of the exciton
|WR

exc,c〉 (|WR
exc,v〉)

Our previous discussion (Sec. II) found an infinite fam-
ily of possible exciton Berry connections. We would like
to understand how the exciton Wilson loops we have de-
rived are related to this family. By taking the thermodynamic
limit (L → ∞) of the two exciton Wilson loops, we can find
expressions for the associated exciton Berry phases (since
limL→∞ Wexc,c/v = eiγexc,c/v ). The two exciton Berry phases
γexc,c/v are integrals over the two Berry connections (derived
in Appendix D),

Aexc,c(p) =
∫ 2π

0

dk

�

[
φ̄

p
k i∂pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]
, (17)

Aexc,v (p) =
∫ 2π

0

dk

�

[
φ̄

p
k−pi∂pφ

p
k−p + ∣∣φp

k

∣∣2Aelec,v (k)
]
. (18)

Comparing with Eq. (2), we can see immediately that
Aexc,c(p) = Aα=0

exc (p) and Aexc,v (p) = Aα=1
exc (p). Therefore, at

least the α = 0 and α = 1, Berry connections introduced in
Eq. (2) do have different physical interpretations. The Berry
phases calculated using these Berry connections give the cen-
ters of the two sets of possible Wannier states: they give the
electron (hole) position within the set of exciton Wannier
states that maximally localize the electron (hole) component
of the exciton |WR

exc,c〉 (|WR
exc,v〉).

We can extend these results to find the physical meaning
of the Berry connections in Eq. (2) beyond α = 0, 1. First we
note that any Aα

exc(p) can be written as a weighted sum of the
two Berry connections Aα=0,1

exc (p) as

Aα
exc(p) = αAexc,v (p) + (1 − α)Aexc,c(p). (19)

Hence the Berry phase calculated from Aα
exc(p) corresponds to

the shift of some weighted sum of the electron and hole po-
sitions Rα = αrhole + (1 − α)relec with respect to the lattice.
Of particular interest for example is the center of mass of the
exciton, i.e., α = 1/2. This gives exactly the Berry connection
that has been chiefly studied in previous works [16,17], which
relates to the average shift of the electron and the hole with
respect to the unit cell origin.

We see, therefore, that the entire family of exciton Berry
phases can be expressed in terms of the two connections
we derived Aexc,c/v (p). However, when are these Berry con-
nections different and does their difference have a physical
interpretation? The difference between the Berry connections
is

F (p) = Aexc,c(p) − Aexc,v (p)

=
∫ 2π

0

dk

�

{
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2[Aelec,c(p + k)

− Aelec,v (k)]
}
. (20)

This is a gauge invariant quantity under gauge transforma-
tions of both the electronic and exciton wave functions. It must
therefore have a physical interpretation at each momentum p.
Indeed, the difference F (p) is equal to the expectation value
of the electron-hole separation, that is, the electric polariza-
tion for the exciton at momentum p (see Appendix E) [22,25].
In Appendix E, we also show that can rewrite F (p) so that
it can be calculated in the absence of a smooth gauge for the
electronic Bloch vectors,

ei�F (p) =
∑

k

φ̄
p
k+�

φ
p
k 〈up+k+�,c|up+k,c〉 〈uk,v|uk+�,v〉. (21)

We show higher dimensional generalizations of these expres-
sions in Appendix E 2.

Using this physical understanding of F (p) we can im-
mediately understand when the two sets of exciton Wannier
states in Eq. (12) are identical. If the electron and the hole
remain the same distance apart at all momenta, then it is
intuitive that maximally localizing the hole is equivalent to
maximally localizing the electron and hence the two sets of
exciton Wannier states are equal. In Appendix F, we show
that this condition [F (p) = const.] is the necessary and suf-
ficient condition for the exciton Wannier states to be equal.
In general, however, the electron and hole distance does vary
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as a function of momentum and hence the two sets of exciton
Wannier states differ [see Fig. 1(c)].

Although the above expressions have been derived for
1D systems, the results readily extend to higher dimensions.
See Appendixes C–E for explicit expressions in higher di-
mensions. Higher dimensional invariants, including the Chern
number, mirror Chern number, Z2 invariant protected by TRS
as well as Euler/Stiefel Whitney invariants, can be expressed
in terms of 1D Wilson loops. For example, the winding of the
1D Wilson loop spectrum gives the Chern number [30]. Using
our formalism, we can immediately determine whether the
exciton Chern number is well defined, i.e., is it equal regard-
less of which of the two exciton Berry connections we use?
In 2D, we can define a family of (now vector-valued) Berry
connections Aα

exc(p) (see Appendix D). The Chern number can
be calculated by integrating the curl of the Berry connection
for a given α, Cexc,α = 1

2π

∫
BZ dS · ∇p × Aα

exc(p). Since the
decomposition in Eq. (19) also holds in higher dimensions
(see Appendix D), it follows that the Chern number can be
written as

Cexc,α = αCexc,v + (1 − α)Cexc,c, (22)

where Cexc,c/v = 1
2π

∫
BZ dS · ∇p × Aexc,c/v (p). Since all the

Berry connections labeled by α are valid Berry connections,
therefore„„„ Cexc,α must be an integer for all α, similarly
Cexc,c/v are also integers. We can smoothly change α and yet
Cexc,α must remain an integer. This is only true if the two
Chern numbers Cexc,c/v are equal. Therefore all the Chern
numbers (Cexc,α) calculated using any of the connections must
be equal. We note that all previous papers have used the
Aα=1/2

exc (p) = 1
2 [Aexc,c(p) + Aexc,v (p)] Berry connection to de-

fine the exciton Chern number (e.g., Refs. [17,19,23]). We
have demonstrated, however, that all other α choices would
also give the same Chern number, although the Berry curva-
ture distribution is in general not the same.

We now have a clear physical understanding of the various
exciton Berry connections that can be defined. Since all of
them are weighted combinations of the electron and hole
contributions [i.e., the Aexc,c(p), Aexc,v (p)] we can restrict our
analysis to these two connections, which together describe
the whole family of Berry connections. In the remainder of
this paper, we examine the exciton Berry phases and Wannier
states in the presence of inversion symmetry and C2T symme-
try. These exhaust the physically realizable symmetries that
quantize exciton Berry phases in 1D. Lastly we consider the
physical information contained in the exciton Berry phases
when there are no crystalline symmetries.

IV. CRYSTALLINE SYMMETRIES

In the tenfold way classification of topological insulators,
the only symmetries that give rize to nontrivial topological
phases in 1D are particle-hole and chiral symmetry [6,35].
Both these symmetries invert the energy eigenvalue E →
−E of the state they act on. While this condition may be
physical in mean-field superconductors and certain insulators
with sublattice symmetry, it cannot be realized on excitonic
spectra: the exciton dispersion relation is bounded from be-
low by the energy of the many-body ground state |GS〉, and
from above by the electron-hole continuum; it is therefore

inherently asymmetric. To stabilize nontrivial exciton topol-
ogy in 1D, and in particular a nonzero and quantized exciton
Berry phase, we need to involve crystalline symmetries. There
are two inequivalent choices that both reflect a spatial coor-
dinate x → −x about the center of the unit cell: inversion
symmetry I, which is unitary, and spinless C2T symme-
try, which amounts to an inversion operation followed by
time-reversal and is therefore antiunitary. (To conform with
previous literature, we use spinless C2T here instead of IT ,
these are mathematically equivalent in 1D.)

A. Inversion symmetry

Inversion symmetry (I) quantizes the Berry phase of
noninteracting electronic gapped bands to 0, π [36]. Corre-
spondingly, the electronic Wannier centers are either at the
origin (0) or at the edge of the unit cells (1/2), assuming a
convention where all atomic orbitals are located at the unit
cell origin. For electronic bands, we refer to the latter case
as an obstructed atomic insulator, since the electronic Wan-
nier states are obstructed from sitting on the atomic sites at
the center of the unit cells [8]. Bands with distinct Berry
phases can be differentiated using the symmetry indicators of
I symmetry [7,8,36,37]. Since inversion maps p → −p, the
Bloch states at the inversion symmetric momenta p = 0, π

are eigenstates of inversion. The Berry phase of the band can
be diagnosed by the inversion eigenvalues. In this section, we
show that this remains true for exciton bands: the inversion
eigenvalues of the many-body exciton eigenstates [Eq. (1)] at
the high-symmetry points of the BZ can be used to diagnose
the exciton Berry phases.

It is first important to determine whether the two exciton
Berry connections we derived above give the same (quantized)
exciton Berry phase in the presence of inversion symmetry. It
can be intuitively shown that this is true. Consider an exciton
with momentum p, under inversion the momentum changes
sign p → −p and the exciton polarization F (p) also changes
sign such that inversion symmetry implies F (p) = −F (−p).
We saw before that the difference between the two exciton
Berry phases is equal to the integral of F (p) across the BZ
[Eq. (20)]. But F (p) = −F (−p) means that this integral
vanishes. Therefore, in inversion symmetric systems, the two
exciton Berry phases must be equal. It follows that, although
the exciton Wannier states that maximally localize the elec-
tron or the hole do not have to be equal, they must have
the same Wannier centers since these are determined by the
exciton Berry phases.

We can relate this unique, and quantized, exciton Berry
phase to the inversion eigenvalues of the many-body ex-
citon eigenstate [λexc

I ( p̄)] at the high-symmetry momenta
p̄ ∈ {0, π}. In terms of the exciton Wilson loops defined in
Eqs. (15), (16) and in the thermodynamic limit L → ∞, we
find (Appendix H)

Wexc,c/v = ei
∫ 2π

0 Aexc,c/v(p)d p = λexc
I (0)λexc

I (π ). (23)

We tabulate all possibilities in Table I. We show all possi-
ble combinations of the electronic Wannier centers for the
conduction and valence bands (xc/v) and exciton band sym-
metry indicators. We give the Wilson loop values and their
relation to the shift of the exciton Wannier centers from the
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TABLE I. The dependence of the exciton Wilson loops (Wexc,c/v)
on the noninteracting band Wannier state centers xc/v and the product
of the exciton inversion eigenvalues at the high-symmetry points
λexc

I ( p̄). The sexc,c/v denote the shift of the electron/hole in the exciton
Wannier state from the corresponding noninteracting electron/hole
Wannier center. The grey highlighted rows indicate the shift excitons
of Ref. [15].

xc xv

∏
p̄ λexc

I ( p̄) Wexc,c/v γexc,c/2π sexc,c sexc,v

0 0 1 1 0 0 0
−1 −1 1/2 1/2 1/2

1/2 0 1 1 0 1/2 0
−1 −1 1/2 0 1/2

0 1/2 1 1 0 0 1/2
−1 −1 1/2 1/2 0

1/2 1/2 1 1 0 1/2 1/2
−1 −1 1/2 0 0

center of the unit cell (γexc,c/v/2π ). In particular, we are
interested in how interactions can induce exciton topology
beyond that of the noninteracting bands. Therefore we also
tabulate the shift of the electrons and holes in the exciton
Wannier centers with respect to the corresponding noninter-
acting electron/hole Wannier centers. This shift we denote as
sexc,c/v = γexc,c/v/2π − xc/v [15]. We can see that the exciton
symmetry indicators, in conjunction with the electronic band
symmetry indicators, can be used to identify shift excitons
unambiguously (see highlighted rows in Table I).

Table I also shows two other interesting scenarios, excitons
in electronic bands where xc = 1/2, xv = 0 or vice versa.
We observed that, in inversion symmetric systems, the elec-
tron/hole maximally localized exciton Wannier centers are
equal. Hence when xc 	= xv , the shift of the electrons/holes
(within the exciton) with respect to their corresponding elec-
tronic Wannier states (sexc,c/v) must differ for the holes and
the electrons. These excitons occupy a middle ground be-
tween trivial and shift excitons where one, but not both,
of the electrons or holes are shifted with respect to their
corresponding electronic Wannier centers. This occurs in all
inversion-symmetric systems where the electronic Wannier
centers of the valence and conduction bands differ, and the
exciton band is fully separated from the continuum. Physically
this means that the underlying electronic bands can consist of
one trivial atomic band and one obstructed atomic band, yet
both the electron and hole components within the exciton band
are obstructed from the center of the unit cell.

We have seen that inversion symmetry quantizes the unique
exciton Berry phase and that its value can be directly obtained
from the inversion eigenvalues of the many-body exciton
eigenstate. However, Berry phases can also be quantized by
antiunitary symmetries which do not allow for symmetry indi-
cators [38]. Next, we demonstrate how exciton band topology,
including shift excitons, can be still be identified in such cases.

B. C2T symmetry

Spinless C2T symmetry combines the unitary symmetry of
a spinless C2 rotation about some axis perpendicular to the
1D chain, which squares to C2

2 = 1 (equivalent to inversion

FIG. 2. Excitons in C2T symmetric systems. (a) Exciton disper-
sion relation for a simple C2T symmetric system (see Hamiltonian
in Eq. (24)). The shift exciton band is highlighted in red. The
hopping parameters are v = 0.6 + 0.4 i, w = 0.03, and t = 0.01.
The interaction parameters are U = 0.1,U ′ = 0.15. (b) The com-
ponents of the corresponding exciton Wannier function in the basis
of the electronic Wannier functions, i.e., |WR′=0

exc,c 〉 = |WR′=0
exc,v 〉 =∑

R,r WR′=0
c/v (R, r) c†

R+r,ccR,v |GS〉. The red line marks the exciton
Wannier center (sexc,c/v = 1/2), corresponding to an exciton Berry
phase of γexc,c/v = π .

in 1D), with the antiunitary spinless time-reversal symmetry
T that squares to T 2 = 1. While Berry phases are quantized
by C2T symmetry just like by inversion, antiunitary symme-
tries lack an eigenspectrum [38]. We therefore cannot use
symmetry indicators to calculate the Berry phase from C2T
eigenvalues.

As with inversion symmetry, we first want to determine
whether the two possible exciton Berry phases are equal in the
presence of C2T symmetry. We saw in Eq. (20) that this was
true when the integral of F (p) over the BZ vanished. We will
show that this is true by finding how C2T symmetry constrains
the exciton polarization F (p). We consider how the exciton
polarization/electron-hole separation transforms under C2T .
First we apply time-reversal to an exciton at momentum p.
This maps the exciton momentum from p to −p but has no
effect on the polarization. Next we apply C2, this transforms
the exciton momentum back to the original momentum p. In
addition, the exciton polarization F (p) changes sign since
we are inverting the exciton. Therefore, under the combined
C2T , we have mapped F (p) → −F (p). In C2T symmetric
systems, the exciton wave function must be invariant under
this transformation. The electron and hole must therefore have
an average separation of 0 [F (p) = 0] for all momenta. It
follows that the two exciton Berry phases must be identi-
cal. This also has an important consequence for the exciton
Wannier states. We saw that the two sets of exciton Wannier
states were equal if and only if the electron and hole had the
same (average) separation for all momenta. Since C2T forces
F (p) = 0 for all momenta, the exciton Wannier states that
maximally localize the electron versus the hole must be equal
(i.e., |WR

exc,c〉 = |WR
exc,v〉).

As a result C2T gives one unique exciton Berry phase that
is quantized to 0, π . Both the electron- and hole-localizing
exciton Wannier centers are equal and the quantization of the
exciton Berry phases mean that they must sit at either the
edge or the center of the unit cell. It follows that shift exci-
tons are topologically protected in C2T symmetric systems,
even though they are not diagnosable by symmetry indicators
[16,21]. Figure 2 illustrates this situation in a simple model.
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The noninteracting component of the Hamiltonian is a vari-
ant of the Su-Schrieffer-Heeger (SSH) model that breaks I
symmetry whilst retaining C2T . The interactions consist of
the intraunit and interunit cell Hubbard interactions between
neighboring sites (with strengths U and U ′). These are the
simplest interaction terms that are allowed in this spinless
model. The full model has the Hamiltonian

Ĥ =
∑

R

(v c†
R,AcR,B + v∗ c†

R,BcR,A)

+ w
∑

R

( c†
R,BcR+1,A + c†

R+1,AcR,B)

+ t
∑
R,i 	= j

(c†
R,icR+2, j + c†

R+2, jcR,i )

+ U
∑

R

nR,AnR,B + U ′∑
R

nR,BnR+1,A, (24)

where i sum over the sites A, B in the unit cell. The number
operator for unit cell R and site i is nR,i = c†

R,icR,i. This model
is I symmetric when v is real but breaks I symmetry when v

is complex. In contrast, for all v it is C2T symmetric.
Shift excitons have an exciton Berry phase of π despite

the underlying electronic bands being trivial (with electronic
Berry phase 0). In Fig. 2(a), we show the exciton band struc-
ture of the above model. The electronic bands are trivial, and
yet the lowest energy exciton band has exciton Berry phase π .
Hence the exciton Wannier centers are shifted to the edge of
the unit cells [Fig. 2(b)] despite the electronic Wannier centers
being in middle of the unit cell. The exciton Wannier centers
can be diagnosed using the two Wilson loops [Eqs. (15) and
(16)]. These both evaluate to Wexc,c/v = −1 consistent with
exciton Wannier centers of 1

2 + R.
This example demonstrates that shift excitons can exist in

systems that break inversion symmetry but retain C2T sym-
metry. As symmetry indicators are not available, shift excitons
with C2T symmetry are uniquely characterized by an exciton
Berry phase that differs from the noninteracting electronic
Berry phase. Despite the absence of inversion symmetry, the
spatial shift of the exciton Wannier centers will have the same
physical consequences as discussed in Ref. [15]. In particular,
shift excitons can stabilize exciton edge states in open bound-
ary conditions (OBC). Therefore, in OBC, excitons can be ex-
cited at energies within the bulk gap between the exciton band
and the particle-hole continuum. Crucially, these excitations
are localized to the system’s boundaries—they can be excited
at the edges but not in the bulk—and can be detected experi-
mentally using local optical conductivity measurements [15].

We have seen that in the presence of I or C2T symmetry,
the two exciton Berry phases (localizing electrons or holes
within the exciton Wannier state, respectively) have to be
equal. This raizes the question: in 1D, is it ever possible for the
two exciton Berry phases, and therefore the two sets of exciton
Wannier centers, to be different? We answer this question in
the affirmative in the next section.

V. NO CRYSTALLINE SYMMETRIES

For the two exciton Wilson loops in Eqs. (15) and (16) to
differ, we must break both I and C2T symmetries. We now

FIG. 3. Excitons in a system without I and C2T symmetry. (a) is
the tight-binding model which consists of two stacked SSH models,
both with hoppings v = 1.0, w = 0.2. In addition, the SSH model
constructed from the sites C, D has a uniform on-site potential V =
4.5. At the single-particle level, the two SSH models are uncoupled.
The Hubbard interaction U (R) between the unit cells separated by
distance R couples them. We consider excitons at half filling. See
Appendix I for the full model specification. (b) The exciton band
structure. The red band highlights the exciton band studied in the
remaining panels. (c) The electronic polarization of the exciton
[F (p)]. (d ), (e) are the spatial profiles of the maximally localized
exciton Wannier functions in the basis of the electronic Wannier
functions i.e., |WR′=0

exc,c/v〉 = ∑
R,r WR′=0

c/v (R, r) c†
R+r,ccR,v |GS〉. (d) is

the hole maximally localized Wannier function |WR′=0
exc,v 〉, (e) is the

electron maximally localized Wannier function |WR′=0
exc,c 〉. The Wan-

nier centers extracted from the Wilson loops Wexc,c/v are indicated by
a red line.

introduce a simple tight-binding model that illustrates the dif-
ferent physical information contained in the two Wilson loops
and exciton Wannier states when these symmetries are absent.
We consider the model shown schematically in Fig. 3(a). This
is a model with two identical stacked SSH chains that at the
noninteracting level are uncoupled. We add uniform (on-site)
potentials to one of the SSH models and study it half filling.
We need to break inversion symmetry - we do this at the level
of the interactions by adding a Hubbard interaction,

Ĥint =
∑
R,R′,

i∈{A,B}, j∈{C,D}

U (R − R′)nR,inR′, j, (25)

where U (R − R′) breaks inversion symmetry, i.e., U (R) 	=
U (−R). We choose an interaction that exponentially decays
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in |R| but with different rates for R > 0 compared to R < 0.
In particular, we choose U (|R|) > U (−|R|), i.e., the electron
is more attracted to the hole when it is to the right of the
hole. (See Appendix I for the full specification of the model).
At half filling, we calculate the exciton spectrum shown in
Fig. 3(b) and we study the lowest energy exciton band. The
electric polarization of the excitons F (p) [see Fig. 3(c)] varies
significantly as a function of momentum. The electron is to the
right of the hole at all momenta giving a positive polarization
because the interaction U (R) is largest at positive R. Therefore
the exciton is more tightly bound when the electron is to the
right of the hole. However, the competing effects of the kinetic
energy mean that the electron and the hole localize at roughly
the same real space positions around p = π .

Importantly, unlike for I and C2T symmetric systems, the
function F (p) now does not integrate to 0 over the BZ. This
means that the two exciton Berry phases (γexc,c/v) differ. Since
the exciton Berry phases determine the two sets of exciton
Wannier centers, this means that these also differ. Further-
more, in this general case, since F (p) is not constant over
the BZ, the two sets of exciton Wannier functions (|WR

exc,c/v〉)
are not equal; the profile of |WR

exc,v〉 is plotted in Fig. 3(d)
and |WR

exc,c〉 in Fig. 3(e). Both sets of exciton Wannier states
have the majority of their weight on on-site excitations i.e.,
excitations between the hole and electron Wannier states in
the same unit cell. This is because the interaction decays ex-
ponentially with distance and so the lowest energy exciton is
tightly bound. The structure of the two sets of exciton Wannier
states do differ however as a result of F (p). The associated
Wilson loop gives a Berry phase γexc,c ∼ 1.80 rad leading to
an exciton Wannier center of 0.29 (in units where the lattice
constant is a = 1). In contrast, the hole-localized Wannier
state has its center shifted within the unit cell with Berry phase
γexc,v ∼ −1.80 rad and Wannier center 0.71. We see therefore
that an electron-hole separation that varies with momentum
leads to differences in the two sets of exciton Wannier centers.

To conclude, even when I and C2T symmetries are broken
and the exciton Wilson loops are not quantized, the exci-
ton Berry phases and Wannier states give important physical
information about the nature of the exciton bands. We can cal-
culate both the electron- and hole-localized exciton Wannier
centers, as well as the real space distance between the electron
and hole, directly from the Wilson loops in Eqs. (15), (16) and
the expressions for F (p) in Eqs. (20) and (21).

VI. DISCUSSION

We have introduced a family of different Berry phases for
excitons as well as their associated gauge invariant Wilson
loops. We have elucidated the physical meaning of these Berry
phases in terms of two sets of exciton Wannier functions - one
set maximally localizes the electron and another the hole. We
have shown that the two sets of exciton Wannier centers must
be equal in I and C2T symmetric systems. The two exciton
Berry connections derived from the Berry phases differ by a
gauge invariant quantity F (p), the electric polarization of the
exciton at a given total momentum. This polarization is the
mean separation of the electron and hole within the exciton
wave function. Our work clarifies that, despite the existence

of an infinite family of exciton Berry phases, the entire family
can be constructed from just two Wilson loops Eqs. (15)
and (16) or equivalently the two exciton Berry connections
Eqs. (17) and (18). Furthermore, we showed how both sym-
metry indicators and explicit calculations of the Wilson loops
can be used to diagnose exciton topology in 1D, including the
shift excitons introduced in Ref. [15].

We gained an explicit expression for the electronic polar-
ization of the excitons F (p). The expression shows that it
depends on the exciton wave function and the electronic Bloch
functions. A promising direction for future research is to fully
explore how symmetries as well as exciton and electronic
band topology constrain F (p). Already in 1D we saw that
symmetries constrained F (p) significantly. Understanding the
exciton polarization is of importance for a variety of appli-
cations. For example, the electron-hole separation may have
important consequences for the shift current in photocells.
Shift currents occur when an electron is photo-excited and its
spatial position changes. This leads to a current. It is known
that, at the noninteracting level, the shift current depends on
the electronic band topology [39]. However, there could be
additional excitonic contributions which could be explored
through the study of F (p) [40,41].

Although we have explored all the physically reasonable
symmetries that quantize the exciton Berry phase in 1D,
there remain foundational questions in higher dimensions
where other topological invariants (such as the Chern number
and Z2 index) may be generalizable to excitons. A particu-
larly promising research direction involves understanding how
single-electron topology (characterized by quantities like the
Chern number) relates to and influences exciton topology. We
have started to explore this in a companion paper in which
we introduce rhombohedral graphene as a tunable platform
for exploring the interplay of electronic and exciton topology
[42]. Understanding the exciton Berry phase therefore paves
the way for a full topological classification of exciton bands
that would work out the roles of crystalline and local symme-
tries on the topological classification of exciton bands in two
and three dimensions.

Previous work on exciton topology has exclusively used
the α = 1

2 exciton Berry connection [16–19,22]. This is an
equal weighted sum of Aexc,c(p) and Aexc,v (p). We also note
that the concept of shift excitons (that we first introduce in
Ref. [15]) is distinct from the shift vector defined in Ref. [22].
We define exciton shift as the difference between the exciton
Wannier centers and the electronic Wannier centers. The shift
is therefore a property of an exciton band, not excitons at
specific total momenta p (unlike the shift vector defined in
Ref. [22]). We note that shift excitons have clear physical
consequences, for example, they exhibit a bulk-boundary cor-
respondence [15]. From our projected position operators, we
also derive an expression for the polarization, this is identical
to that derived in both Refs. [22,25]. Unlike in Ref. [22], we
retain the sum over the relative momentum k. The sum over k
ensures that the electron and hole is bound in real space, the
summation is therefore required for Eq. (20) to represent the
true exciton polarization.

In electronic systems, the electronic Berry curvature influ-
ences the semiclassical transport properties [43]. Therefore
we expect a similar relationship between the exciton Berry
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curvature and the exciton transport properties. In Ref. [18], it
was found that the time derivative of the exciton center (i.e.,
the average position of the electron and hole) has an anoma-
lous term related to the exciton Berry curvature. The particular
exciton Berry curvature that enters these equations is calcu-
lated using Aα=1/2

exc (p). When we have layer polarized excitons,
however, one might expect some observables to instead de-
pend on Aexc,c(p) and Aexc,v (p) individually. An interesting
future avenue of work is therefore to explore the role that the
α 	= 1

2 exciton Berry curvatures have on the exciton dynamics.
Finally, although our results are formulated for excitons,

the methods we present here can be readily extended to other
two-body excitations (e.g., magnons or Cooper pairs). In these
systems, the Berry connection ambiguity we discussed also
arizes; however, two distinct Wilson loops—analogous to
those defined for excitons—can still be constructed. Again,
the difference between the corresponding Berry connections
will give a gauge invariant quantity equal to the expected sep-
aration between the two bodies in the bound state. Our results
are not limited to two-body bound states; in the general N-
body case, our results imply that N distinct Wilson loops can
be defined. In addition, there will be N (N − 1)/2 independent
gauge invariant quantities, analogous to F (p), that are equal to
the distances between any two of the N bodies. We therefore
anticipate that our results will be valuable for interpreting
the topological invariants of excitations and few-body states
beyond excitons.
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APPENDIX A: INFINITE FAMILY OF EXCITON
BERRY CONNECTIONS

We begin with the exciton eigenstate introduced in the
main text,

|pexc〉 =
∑

k

φ
p
k−αpc†

(1−α)p+k,cc−αp+k,v|GS〉. (A1)

The total momentum of the exciton is p. We consider 1D
systems where the momenta (p and k) take values in the range
[−π, π ) (assuming the lattice parameter a = 1). For a system
of L unit cells (in 1D) in periodic boundary conditions, the
allowed momenta are spaced by � = 2π/L. We normalize the
exciton eigenstate 〈pexc|pexc〉 = 1. For a finite system, this im-
plies

∑
k |φp

k |2 = 1. When we take the thermodynamic limit

we replace
∑

k → ∫ 2π

0
dk
�

. Hence the normalization condition

becomes
∫ 2π

0
dk
�

|φp
k |2 = 1.

We wish to construct the exciton Berry connection heuris-
tically. We take the thermodynamic limit L → ∞ so that
momentum becomes continuous. We might first consider con-
structing the exciton Berry connection analogously to the
electronic Berry connection [Aelec,c(p) = 〈up,c| i∂p |up,c〉], this
would be ∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp. (A2)

Note that we use bar to denote complex conjugation. As
desired for a Berry connection, this is gauge covariant under
a global gauge transformation of the exciton wave functions
(|pexc〉 → eiθ (p) |pexc〉). Under such a global gauge transfor-
mation, it transforms as∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp →

∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp − ∇θ (p).

(A3)

Despite this, Eq. (A2) is not a valid exciton Berry connection
because it is not gauge invariant under gauge transforma-
tions of the electronic bands. We can see this by considering
how the exciton wave function φ

p
k transforms under gauge

transformations of the single electron bands. Consider the
gauge transformations of the single electron bands (c†

p,v →
eiη(p)c†

p,v and c†
p,c → eiξ (p)c†

p,c). When we make gauge trans-
formations of the electronic bands, then this should still
leave the exciton state |pexc〉 invariant. Hence, the exciton
wave function must transform oppositely to the electronic
bands,

φ
p
k−αp → φ̃

p
k−αp = eiη[−αp+k]e−iξ [(1−α)p+k]φ

p
k−αp. (A4)

Under this transformation, the naive Berry connection
[Eq. (A2)] transforms as

∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp

→
∫ 2π

0

dk

�

(
φ̃

p
k−αp

)∗
i∂pφ̃

p
k−αp (A5)

→
∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2{∂pξ [(1 − α)p + k]

− ∂pη(−αp + k)} (A6)

→
∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2
× [(1 − α)∂qξ (q)|q=(1−α)p+k + α∂qη(q)q=−αp+k]. (A7)
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Therefore the expression in Eq. (A2) is not gauge invariant (or even covariant) under gauge transformations of the electronic
bands. This means it is not a valid exciton Berry connection since the resulting exciton Berry phase would change under
gauge transformations of the electronic bands. The exciton Berry phase therefore cannot physical information. We wish to
add correction terms to Eq. (A2) to make it gauge invariant under gauge transformations of the electronic bands. We will add
terms which depend on the electronic Berry connections,

Aelec,c/v (k) = 〈uq,c/v| i∂q |uq,c/v〉 |q=k . (A8)

Under the electronic gauge transforms described above, the conduction band Berry connection transforms as

Aelec,c(q) → Ãelec,c(q) (A9)

〈uq,c/v| i∂q |uq,c/v〉 → 〈uq,c/v| e−iξ (q)i∂qeiξ (q) |uq,c/v〉 (A10)

→ 〈uq,c/v| i∂q |uq,c/v〉 − ∂qξ (q) (A11)

→ Aelec,c(q) − ∂qξ (q). (A12)

We can see that this gives terms depending on ∂qξ (q). Likewise, the valence band Berry connection transforms as

Aelec,v (q) → Ãelec,v (q) (A13)

→ Aelec,v (q) − ∂qη(q). (A14)

Therefore we can add terms which depend on Aelec,c/v (q) to cancel out the problematic final two terms in Eq. (A7). Consider
adding the following two additional terms to our first guess for the exciton Berry connection,

Aα
exc(p) =

∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2{(1 − α)Aelec,c[(1 − α)p + k] + αAelec,v[−αp + k]}. (A15)

We can rewrite this in the different electronic gauge (c†
p,v → eiη(p)c†

p,v and c†
p,c → eiξ (p)c†

p,c),

Aα
exc(p) =

∫ 2π

0

dk

�
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2{(1 − α)Aelec,c[(1 − α)p + k] + αAelec,v[−αp + k]} (A16)

=
∫ 2π

0

dk

�

(
φ̃

p
k−αp

)∗
i∂pφ̃

p
k−αp − ∣∣φ̃p

k−αp

∣∣2[(1 − α)∂qξ (q)|q=(1−α)p+k + α∂qη(q)q=−αp+k] (A17)

+ ∣∣φ̃p
k−αp

∣∣2{(1 − α)(Ãelec,c[(1 − α)p + k] + ∂qξ (q)|q=(1−α)p+k )

+α(Ãelec,v[−αp + k] + ∂qη(q)|q=−αp+k )}

=
∫ 2π

0

dk

�

(
φ̃

p
k−αp

)∗
i∂pφ̃

p
k−αp + ∣∣φ̃p

k−αp

∣∣2{(1 − α)Ãelec,c[(1 − α)p + k] + αÃelec,v[−αp + k]} (A18)

= Ãα
exc(p). (A19)

We see therefore that for all α the exciton Berry connection Aα
exc(p) is both gauge invariant under gauge transformations of the

electronic bands and gauge covariant under a global gauge transformation of the exciton wave function. For all α this gives a
valid Berry connection. However, these different exciton Berry connections aren’t necessarily equal, and in general, they can
give different values for the exciton Berry phase. In this paper, we find the physical interpretation of this family of distinct Berry
connections.

1. Cell-periodic exciton wave functions

An alternative perspective on the above construction can be obtained by looking at the different cell-periodic exciton wave
functions which can be extracted from the many-body exciton state |pexc〉. First we consider how we extract can the cell-periodic
part of the noninteracting electronic wave function. If c†

R,i creates an electron at unit cell R, atomic site i then we define

c†
p,i = 1√

L

∑
R

eipRc†
R,i, (A20)

where p is the momentum. The creation operator for band σ , momentum p can then be written in terms of the Bloch cell-periodic
wave function (up,σ

i ) as

c†
p,σ =

∑
i

up,σ
i c†

p,i. (A21)
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We then define the Berry connection as

Aelec,σ (p) =
∑

i

ūp,σ
i i∂pup,σ

i (A22)

= 〈up,σ | i∂p |up,σ 〉 . (A23)

We can do a similar thing for the exciton wave function,

|pexc〉 =
∑

k

φ
p
k−αpc†

(1−α)p+k,cc−αp+k,v |GS〉 (A24)

=
∑
k,i, j

(
φ

p
k−αp u(1−α)p+k,c

i ū−αp+k,v
j

)
c†

(1−α)p+k,ic−αp+k, j |GS〉 . (A25)

We see that the cell-periodic exciton wave function at total momentum p is labeled by both the relative momentum k as well as
the two sublattice indices i, j. We see in addition that the cell-periodic exciton wave function will have an α dependence. We
now generalize the method of Eq. (A22) to generate the family of exciton Berry connections Aα

exc(p),

Aα
exc(p) =

∑
k,i, j

(
φ̄

p
k−αp ū(1−α)p+k,c

i u−αp+k,v

j

)
i∂p
(
φ

p
k−αp u(1−α)p+k,c

i ū−αp+k,v

j

)
(A26)

=
∑
k,i, j

φ̄
p
k−αpi∂pφ

p
k−αp +

∑
k

∣∣φp
k−αp

∣∣2
⎛
⎝∑

j

u−αp+k,v
j i∂pū−αp+k,v

j +
∑

i

ū(1−α)p+k,c
i i∂pu(1−α)p+k,c

i

⎞
⎠ (A27)

=
∑
k,i, j

φ̄
p
k−αpi∂pφ

p
k−αp +

∑
k

∣∣φp
k−αp

∣∣2
⎛
⎝−

∑
j

ū−αp+k,v

j i∂pu−αp+k,v

j +
∑

i

ū(1−α)p+k,c
i i∂pu(1−α)p+k,c

i

⎞
⎠ (A28)

=
∑

k

(
φ̄

p
k−αpi∂pφ

p
k−αp + ∣∣φp

k−αp

∣∣2{αAelec,v (k − αp) + (1 − α)Aelec,c[(1 − α)p + k]}). (A29)

Therefore our family of different exciton Berry connections can be constructed from the different possible cell-periodic exciton
wave functions.

2. Exciton wave functions with arbitrary α

In this section, we clarify the definition of the exciton wave function and demonstrate that it can written with arbitrary rational
α. The first subtlety relates to how k transforms as p → p + 2π . We consider particle-hole excitations of the following form,

|p, k〉 = c†
k1=(1−α)p+k,cck2=−αp+k|GS〉, (A30)

labelled by α. These are our basis for the exciton eigenstates. We can relate k1, k2 and p, k using a matrix equation,(
p
k

)
=
(

1 −1
α 1 − α

)(
k1

k2

)
, (A31)

We define k = (k1, k2)T . This is invariant under transformations of k1 and k2 by integer multiples of 2π (independently). Hence
k is invariant up to the reciprocal lattice vectors G. They can be expressed in this basis as

G ∈
{

n

(
2π

0

)
+ m

(
0

2π

)∣∣∣∣n, m ∈ Z

}
. (A32)

We can transform these vectors into the p, k basis to see the appropriate reciprocal lattice vectors in the p, k basis,

Gα ∈
{

n′
(

2π

2πα

)
+ m′

(
2πα

2π (1 − α)

)∣∣∣∣n′, m′ ∈ Z

}
. (A33)

This tells us that a transformation of k1/2 by 2π translates both p and k. However, note that it does not mean that k alone is
periodic under a transformation k → k + 2πn′α. We must both translate p by p → p + 2π and k → k + 2πα for the basis
state |p, k〉 to remain invariant. We have seen therefore that changing p by 2π in the basis state |p, k〉 also changes k to an
inequivalent momentum unless α = 0, 1. Despite this, the exciton wave function remains well-defined under the summation
sign. Taking p → p + 2π in the summation leaves the total exciton state unchanged,

|(p + 2π )exc〉 =
∑

k

φ
p
k−α(p+2π )c

†
(1−α)(p+2π )+k,cc−α(p+2π )+k,v|GS〉 (A34)

=
∑

k

φ
p
(k−2πα)−αpc†

(1−α)p+(k−2πα),cc−αp+(k−2πα),v|GS〉. (A35)
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To show that |(p + 2π )exc〉 = |pexc〉, we need to change the
summation variable k → (k − 2πα). To do this, we require
that 2πα ∈ 2π

L Z or equivalently α ∈ n
L where n ∈ Z. If this is

true, then we can change the summation variable, and we see
that |(p + 2π )exc〉 = |pexc〉.

A related subtlety is that the k-point grid depends on p.
If we assume that k1, k2 ∈ 2π

L Z, then the grid for the relative
momentum k depends on p for all α 	= 0, 1. For example, in
the symmetric choice α = 1/2, when p is an even multiple
of the lattice spacing 2π/L then the relative momentum are
k ∈ 2π

L Z. However, if it is an odd multiple then the allowed k
are k ∈ 2π

L (Z + 1
2 ). The consistent way of dealing with this is

to only calculate the exciton wave function at even multiples
of the lattice spacing. However doing this is not computation-
ally efficient as we cannot calculate the Berry connection at
all momenta p ∈ 2π

L Z. The advantage of the Wilson loops we
introduce is that we can calculate the Berry phase using all p,
not just even multiples of 2π

L . Hence they will require smaller
system sizes to converge.

There is a similar restriction on p which occurs for arbi-
trary rational α = r

q for r, q ∈ Z \{0}. In this case, we only

calculate the exciton wave function at p such that p r
q = 2π

L Z.

The allowed momenta are p = q
r

2π
L Z. Importantly, in the

thermodynamic limit in some interval δp, there are r
2πq L ·

δp allowed momenta. This scales with system size L and
so as desired p becomes continuous in the thermodynamic
limit.

APPENDIX B: PROJECTED POSITION OPERATOR FOR
NONINTERACTING ELECTRON EXCITATIONS

Excitons are particle-hole excitations. In order to under-
stand the approach we take for calculating the exciton Berry
connection, we begin by showing the results for single elec-
tron excitations. We will show the relationship between the
projected position operator, the electronic Wannier states and
the electronic Berry phase.

Consider single-particle excitations for two bands where
ck,c (ck,v) annihilates an electron in the conduction (va-
lence) band at crystal momentum k ∈ [−π, π ) and with
associated Bloch function |uk,c/v〉. The creation operators
expressed in real space are c†

k,c/v = ∑
R,i ψ

k,c/v
R,i c†

R,i using

ψ
k,c/v
R,i = eikRuk,c/v

i . The term uk,c/v
i = 〈i|uk,c/v〉 is the compo-

nent of the Bloch function |uk,c/v〉 on the atomic orbital |i〉. In
the ground state, the valence band is filled |GS〉 = ∏

k c†
k,v

|0〉,
where |0〉 is the fermionic vacuum. The single-particle excita-
tions we consider are

|p〉 = c†
p,c|GS〉. (B1)

For these excitations, we want to use the projected periodic
position operator (introduced in the main text) to recover the
single-electron Berry connection,

Aelec,c(p) = 〈up,c| i∂p|up,c〉. (B2)

The eigenvectors of the projected periodic position operator
we want to be the Wannier functions which maximally local-
ize (in real space) the electron in the conduction band. We
therefore use the number operator projected into the conduc-

tion bands. First we rewrite the number operator in the band
basis,

nR,i = c†
R,icR,i (B3)

=
∑

p,q,α,β

ψ̄
p,α
R,i ψ

q,β
R,i c†

p,αcq,β , (B4)

where c†
p,α = ∑

R,i ψ
p,α
R,i c†

R,i for band α. The band projection
involves restricting the sum to only α = β = c. This gives the
operator,

nc
R,i =

∑
p,q

ψ̄
p,c
R,i ψ

q,c
R,i c†

p,ccq,c (B5)

nc
R,i =

∑
p,q

ei(q−p)Rūp,c
i uq,c

i c†
p,ccq,c. (B6)

Consider the periodic position operator

Ẑc =
∑
R,i

ei�Rn̂c
R,i, (B7)

where R labels the unit cells, i the sites/orbitals and � = 2π/L
for system size L. We project Ẑc into the excitation band using
the projector,

P̂elec =
∑

p

|p〉 〈p|. (B8)

The projected position operator then becomes

Ẑ = P̂elecẐcP̂elec. (B9)

We can calculate the eigenvalues of this operator,

Ẑ =
∑
k,l

|k〉 〈k|
∑
R,i

ei�Rn̂c
R,i |l〉 〈l| (B10)

=
∑

k,l,R,i

ei�R 〈k| n̂c
R,i |l〉 |k〉 〈l| (B11)

=
∑
k,l

Zk,l |k〉 〈l|. (B12)

We evaluate the matrix elements Zk,l ,

Zk,l =
∑
R,i

ei�R 〈k| n̂c
R,i |l〉 (B13)

= 1

L

∑
R,i,p,q

ei(q−p+�)Rūp,c
i uq,c

i 〈GS| ck,cc†
p,ccq,cc†

l,c |GS〉

(B14)

= 1

L

∑
R,i,p,q

ei(q−p+�)Rūp,c
i uq,c

i δk,pδq,l (B15)

= 1

L

∑
R,i

ei(l−k+�)Rūk,c
i ul,c

i . (B16)

We used Wick’s theorem to simplify the expectation value.
We can further simplify the matrix elements,

Zk,l = 1

L

∑
R,i

ei(l−k+�)Rūk,c
i ul,c

i (B17)

= δk=l+�

∑
i

ūk,c
i ul,c

i (B18)

= δk=l+�

∑
i

ūl+�,c
i ul,c

i . (B19)
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It follows that we can write Ẑ as

Ẑ =
∑

q

tq |q + �〉 〈q| (B20)

where

tq =
∑

i

ūq+�,c
i uq,c

i (B21)

= 〈uq+�,c|uq,c〉. (B22)

We now show that the eigenvectors of Ẑ are the maximally
localized Wannier states and the eigenvectors give the Wan-
nier centers. We label the Rth Wannier state as

|WR〉 =
∑

p

WR(p)|p〉, (B23)

which has associated eigenvalue λR,

Ẑ |WR〉 =
∑

p

WR(p)Ẑ |p〉 (B24)

=
∑

p

WR(p)tp |p + �〉 (B25)

=
∑

p

WR(p − �)tp−�|p〉. (B26)

In addition, since |WR〉 is an eigenvector of Ẑ ,

Ẑ |WR〉 = λR |WR〉 (B27)

=
∑

p

WR(p)λR|p〉. (B28)

We solve for the components of the eigenvector (|WR〉) by
equating Eq. (B28) and Eq. (B26). We first find the relation-
ship between WR(p − �) and WR(p),

WR(p − �)tp−� = WR(p)λR, (B29)

therefore,

WR(p + �) = 1

λR
tpWR(p). (B30)

Component WR(p + 2�) is related to WR(p) by

WR(p + 2�) = 1

(λR)2
tp+�tpWR(p). (B31)

We can generalize this to give the relationship between arbi-
trary components WR(q) and WR(p),

WR(p) = 1

(λR)(p−q)/�

⎛
⎝ q∏

k=p−�

tk

⎞
⎠WR(q). (B32)

Finally, we find an expression for the eigenvalues (λR) by
choosing p = q + 2π ,

WR(q + 2π ) = 1

(λR)L

⎛
⎝ q∏

k=q+2π−�

tk

⎞
⎠WR(q), (B33)

and using WR(q + 2π ) = WR(q). This means that

1

(λR)L

q∏
k=q+2π−�

tk = 1. (B34)

It follows that

(λR)L =
q∏

k=q+2π−�

tk (B35)

=
q∏

k=q+2π−�

〈uk+�,c|uk,c〉 (B36)

=
2π−�∏

k=0

〈uk+�,c|uk,c〉 (B37)

= 〈u0,c|u2π−�,c〉 〈u2π−�,c| . . . |u�,c〉 〈u�,c|u0,c〉 (B38)

= Wc. (B39)

Using
∏q

k=q+2π−�
tk = ∏2π−�

k=0 tk by rearranging terms. We
see that (λR)L is equal to the conduction band Wilson loop
(Wc) [30]. In the thermodynamic limit (L → ∞) we know
that this is equal to eiγc where γc is the Berry phase for the
conduction band since

Wc = lim
L→∞

2π−�∏
k=0

〈uk+�,c|uk,c〉 (B40)

= lim
L→∞

2π−�∏
k=0

[〈uk,c| + �∂k (〈uk,c|)] |uk,c〉 (B41)

= lim
L→∞

2π−�∏
k=0

(1 + �∂k (〈uk,c|) |uk,c〉 (B42)

= lim
L→∞

2π−�∏
k=0

(1 − � 〈uk,c| ∂k |uk,c〉) (B43)

= lim
L→∞

2π−�∏
k=0

[1 + i�Aelec,c(k)] (B44)

= lim
L→∞

2π−�∏
k=0

ei�Aelec,c (k) (B45)

= ei
∫ 2π

0 dk Aelec,c (k). (B46)

As L → ∞, therefore, (λR)L → eiγc where γc is the Berry
phase for the conduction band. It follows that, in the ther-
modynamic limit, the eigenvalues of the projected position
operator Ẑ are,

λR = ei�( γc
2π

+R), (B47)

where R ∈ {0, 1, . . . , L − 1}. This is because (ei�R)L = 1 for
all integers R. To get the periodic position operator Ẑc, we
exponentiated the positions R [Eq. (B7)] so we expect to
obtain the real space Wannier centers by taking the logarithm
of the eigenvalues,

− i

�
ln(λR) = γc

2π
+ R. (B48)

We have therefore derived the result that the Berry phase gives
the shift of the electronic Wannier states from the center of the
unit cell. For a finite system size, the eigenvalues are

λR = (Wc)1/Lei�R. (B49)
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Lastly, we show that the eigenstates are the Wannier states.
We begin with Eq. (B31) and plug in the eigenvalue expres-
sion in Eq. (B49),

WR(q) = 1

(λR)(q−p)/�

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR(p) (B50)

= 1[
(Wc)

1
L ei�R

](q−p)/�

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR(p) (B51)

= e−i(q−p)R(Wc)−i q−p
2π

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR(p). (B52)

If we set p = 0, then we can construct the Wannier states using
Eq. (B23),

|WR〉 = WR(0)
∑

p

e−ipR(Wc)−
p

2π

p−�∏
k=0

tk|p〉. (B53)

We rewrite this as

|WR〉 = N
∑

p

e−ipR(Wc)−
p

2π

p−�∏
k=0

tk|p〉, (B54)

where we have rewritten WR(0) as some normalization N . We
can see that Eq. (B54) modifies the (arbitrary) gauge of |p〉 in
order to maximally localize the Wannier functions. Firstly, the
product of Bloch function overlaps (tk) maximally aligns the
phases of the Bloch functions (|up,c〉) at adjacent momenta.
The Wilson loop term [(Wc)−

p
2π → e−i γc p

2π ] then equally dis-
tributes the total Berry phase across the BZ. This results in a
smooth and continuous gauge across the whole BZ (known
as the twisted parallel-transport gauge), this gauge choice
maximally localizes the Wannier functions in 1D [29,30].

In the thermodynamic limit, we can rewrite the Wannier
states as

|WR〉 = 1√
L

∑
p

e−iRpe−i γc
2π

pei
∫ p

0 dq Aelec,c (q)|p〉. (B55)

where the electronic Berry phase is γc = ∫ p
0 dq Aelec,c(q). This

is exactly the form derived using the thermodynamic limit
form of the position operator X̂c → i∂p (see Ref. [30]).

1. Connection to P̂elecX̂cP̂elec

We now discuss the fact the eigenstates of Ẑ are the same
of those of the projected position operator P̂elecX̂cP̂elec in the
thermodynamic limit. We aim to give some intuition for why
this is true. To do this, we show that the diagonal elements
of P̂elecX̂cP̂elec projected into the basis of the eigenstates of Ẑ
are the expected values in the thermodynamic limit. To fully
demonstrate that the eigenstates of Ẑ are equal to those of
P̂elecX̂cP̂elec in the thermodynamic limit, it also necessary to
show that the off-diagonal terms of P̂elecX̂cP̂elec in this basis
vanish. We refer the reader to the explicit calculations of the
eigenstates of P̂elecX̂cP̂elec [30] in the thermodynamic limit in
order to demonstrate this.

We begin by noting that we cannot Taylor expand the
operator Ẑ in terms of R because we are summing over all

R from 0 to L − 1 so R/L is not in general small. Instead, we
consider the operator Ẑ in the basis of its eigenvalues |WR〉,

〈WR′ | Ẑ |W0〉 = δ0,R′ei�( γc
2π

). (B56)

We consider the diagonal terms of this matrix, i.e.,
〈W0| Ẑ |W0〉. We note that the Wannier state |W0〉 is ex-
ponentially localized in 1D and so this means that terms in
the sum 〈W0| Ẑ |W0〉 = ∑

R,i ei�R 〈W0| n̂c
R,i |W0〉 with large

R vanish. It follows that, within the expectation value, we can
Taylor expand the operator in R,

〈W0| Ẑ |W0〉
= 〈W0|

∑
R,i

ei�Rn̂c
R,i |W0〉 (B57)

= 〈W0|
∑
R,i

{
[1 + i�R + (i�)2R2 + · · · ]n̂c

R,i

} |W0〉

(B58)

= 〈W0|
∑
R,i

n̂c
R,i |W0〉 + i� 〈W0|

∑
R,i

R n̂c
R,i |W0〉

+ (i�)2 〈W0|
∑
R,i

R2 n̂c
R,i |W0〉 + · · · (B59)

= 1 + i� 〈W0| X̂c |W0〉 + (i�)2

× 〈W0|
∑
R,i

R2 n̂c
R,i |W0〉 + · · · . (B60)

We can also Taylor expand the right-hand side of Eq. (B56) to
give

1 + i� 〈W0| X̂c |W0〉 + (i�)2 〈W0|
∑
R,i

R2 n̂c
R,i|W0〉 + · · ·

= 1 + i�
γc

2π
+ 1

2
(i�)2

(
γc

2π

)2

. (B61)

Matching the O(�) terms on either side, we find that
〈W0| X̂c |W0〉 = γc

2π
+ O(�). Therefore in the thermody-

namic limit 〈W0| X̂c |W0〉 = γc

2π
. For the other diagonal

elements, we have 〈WR| X̂c |WR〉 = γc

2π
+ R.

APPENDIX C: PROJECTED POSITION OPERATOR
FOR EXCITONS

1. One-dimensional systems

We now repeat the previous calculation for excitons, not
single-particle excitations. Let’s consider a single exciton
band with an exciton eigenstate at each total momentum p,

|pexc〉 =
∑

k

φ
p
k c†

p+k,cck,v|GS〉. (C1)

We have chosen α = 0 from Eq. (A1). We use |pexc〉 as
a genuine many-body state (and do not construct some
single-quantized wave function from it), therefore our final
expressions will be independent of the exciton wave function
convention used. We first define the projector onto the exciton
band,

P̂exc =
∑

p

|pexc〉 〈pexc|. (C2)
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As introduced in the main text, with excitons we can use either
the position operator for the electrons in the conduction band
or the holes in the valence band. We therefore consider pro-
jecting the number operator into the conduction and valence
bands, first we rewrite the number operator in the band basis,

n̂R,i = c†
R,icR,i (C3)

=
∑

k,k′,α,β

ψ̄k,α
R,i ψ

k′,β
R,i c†

k,α
ck′,β , (C4)

where c†
k,α

= ∑
R,i ψ

k,α
R,i c†

R,i for band α. The band projection
involves restricting the sum to only α = β = c or α = β = v.
This gives the operators,

n̂c
R,i =

∑
k,k′

ψ̄k,c
R,i ψ

k′,c
R,i c†

k,cck′,c, (C5)

n̂v
R,i =

∑
k,k′

ψk,v
R,i ψ̄

k′,v
R,i ck,vc†

k′,v, (C6)

where for the valence band, we are interested in the hole
number operator and hence we band project cR,ic

†
R,i instead

of n̂R,i. Taking inspiration from the discussion in Appendix B,
we have two possible periodic position operators. These are
defined as

Ẑc/v =
∑
R,i

ei�Rn̂c/v
R,i . (C7)

We then project these electron/hole position operators into the
exciton band,

Ẑc/v = P̂excẐc/vP̂exc. (C8)

We expect the eigenvectors of these operators to be the exciton
Wannier states when we either maximally localize the electron
or the hole components of the exciton. We do not expect these
to be necessarily equal. We next calculate the matrix elements
[Zc/v]p,q,

[Zc/v]p,q = 〈pexc| Ẑc/v |qexc〉 (C9)

= 〈pexc|
∑
R,i

ei�Rn̂c/v
R,i |qexc〉 (C10)

=
∑

R,i,k,l

ei�Rφ̄
p
k φ

q
l 〈GS| c†

k,v
cp+k,cn̂c/v

R,i c†
q+l,ccl,v |GS〉 .

(C11)

We consider the two operators separately.

a. Eigenspectrum of Ẑc

First we calculate the matrix elements for the conduction
band projected position operator,

[Zc]p,q =
∑

R,i,k,l

ei�Rφ̄
p
k φ

q
l 〈GS| c†

k,v
cp+k,cn̂c

R,ic
†
q+l,ccl,v |GS〉

(C12)

=
∑

R,i,k,l,m,n

ei�Rφ̄
p
k φ

q
l ψ̄

m,c
R,i ψn,c

R,i 〈GS|

× c†
k,v

cp+k,cc†
m,ccn,cc†

q+l,ccl,v |GS〉 (C13)

=
∑

R,i,k,l,m,n

ei�Rφ̄
p
k φ

q
l ψ̄

m,c
R,i ψn,c

R,i (δk,lδp+k,mδn,q+l )

(C14)

=
∑
R,i,k

ei�Rφ̄
p
k φ

q
k ψ̄

p+k,c
R,i ψ

q+k,c
R,i (C15)

= 1

L

∑
R,i,k

eiR(�+q−p)φ̄
p
k φ

q
k ūp+k,c

i uq+k,c
i (C16)

= δp,q+�

∑
i,k

φ̄
p
k φ

q
k ūp+k,c

i uq+k,c
i (C17)

= δp,q+�

∑
k

φ̄
p
k φ

q
k 〈up+k,c|uq+k,c〉 (C18)

= δp,q+�

∑
k

φ̄
q+�

k φ
q
k 〈uq+�+k,c|uq+k,c〉 (C19)

= δp,q+�

∑
k

φ̄
q+�

k−q φ
q
k−q 〈u�+k,c|uk,c〉 . (C20)

Hence just like with the electronic projected position operator,
we can write

Ẑc =
∑

p

t exc,c
p |(p + �)exc〉 〈pexc| , (C21)

where

t exc,c
p =

∑
k

φ̄
p+�

k−p φ
p
k−p 〈uk+�,c|uk,c〉 . (C22)

We can therefore find the eigenvalues and eigenstates of Ẑc

following the method introduced in the previous section (Ap-
pendix B). We define the eigenvalues of Ẑc as∣∣WR

exc,c

〉 = ∑
p

WR
exc,c(p) |p〉 (C23)

with eigenvalue λR,c,

Ẑc

∣∣WR
exc,c

〉 = λR,c

∣∣WR
exc,c

〉
(C24)

=
∑

p

λR,c WR
exc,c(p)|pexc〉. (C25)

From the form of Ẑc in Eq. (C21), we can write

Ẑc

∣∣WR
exc,c

〉 = ∑
p

WR
exc,c(p) tp |(p + �)exc〉 (C26)

=
∑

p

WR
exc,c(p − �) tp−�|pexc〉. (C27)

We solve for the components of the eigenvector (|WR
exc,c〉) by

equating Eqs. (C25) and (C27). We first find the relationship
between WR

exc,c(p − �) and WR
exc,c(p),

WR
exc,c(p − �) t exc,c

p−� = WR
exc,c(p)λR,c, (C28)

therefore,

WR
exc,c(p + �) = 1

λR,c
t exc,c
p WR

exc,c(p). (C29)

Component WR
exc,c(p + 2�) is related to WR

exc,c(p) by,

WR
exc,c(p + 2�) = 1

(λR,c)2
t exc,c
p+� t exc,c

p WR
exc,c(p). (C30)
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We can generalize this to give the relationship between arbi-
trary components WR

exc,c(q) and WR
exc,c(p),

WR
exc,c(p) = 1

(λR,c)(p−q)/�

⎛
⎝ q∏

k=p−�

t exc,c
k

⎞
⎠WR

exc,c(q). (C31)

Finally, we find an expression for the eigenvalues (λR,c) by
choosing p = q + 2π ,

WR
exc,c(q + 2π ) = 1

(λR,c)L

⎛
⎝ q∏

k=q+2π−�

t exc,c
k

⎞
⎠WR

exc,c(q),

(C32)

and using WR
exc,c(q + 2π ) = WR

exc,c(q). This means that

1

(λR,c)L

q∏
k=q+2π−�

t exc,c
k = 1. (C33)

Therefore

(λR,c)L =
q∏

k=q+2π−�

t exc,c
k (C34)

=
2π−�∏

k=0

t exc,c
k . (C35)

We note the similarity between this expression and the expres-
sion we derived for noninteracting electrons [Eq. (B35)]. This
indicates we should identify

Wexc,c =
2π−�∏

k=0

t exc,c
k (C36)

as an exciton Wilson loop. Just like the electronic Wilson loop
[Eq. (B35)], Wexc,c has modulus 1 in the thermodynamic limit.
This means it can be written as eiγexc,c where we identify γexc,c

as an exciton Berry phase. Analogously to the electronic case
described in Appendix B, we can express the eigenvalues and
eigenvectors of Ẑc in terms of Wexc,c. The eigenvalues take the
same form, now in terms of the exciton Wilson loop Wexc,c,

λR,c = (Wexc,c)1/Lei�R, (C37)

where R ∈ {0, 1, . . . , L − 1}. In the thermodynamic limit, this
tends to

λR,c = ei�( γexc,c
2π

+R). (C38)

We saw that we could extract the real space center of the
electronic Wannier center by taking the logarithm. We can do
exactly the same here to obtain the exciton Wannier center,

− i

�
ln(λR,c) = γexc,c

2π
+ R. (C39)

What does this exciton Wannier center actually represent? The
exciton Wannier state |WR

exc,c〉 was obtained by maximally
localizing the electron within the exciton Wannier state. Since
Ẑc is the projected electron position operator the center is the
average position of the electron in |WR

exc,c〉. We see that the
shift of this position from the center of the unit cells is given
by some Berry phase γexc,c just as it was for the electronic
Wannier states. This means we were correct to identify Wexc,c

as an exciton Wilson loop.

Using the eigenvalues λR,c we can obtain expressions for
the exciton Wannier states |WR

exc,c〉. We begin with Eq. (C31)
and plug in λR,c from Eq. (C37),

WR
exc,c(q) = 1

(λR,c)(q−p)/�

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR

exc,c(p) (C40)

= 1

[(Wexc,c)1/Lei�R](q−p)/�

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR

exc,c(p)

(C41)

= e−i(q−p)R(Wexc,c)−
q−p
2π

⎛
⎝ p∏

k=q−�

tk

⎞
⎠WR

exc,c(p).

(C42)

We choose p = 0 and write the exciton Wannier state |WR
exc,c〉

as

∣∣WR
exc,c

〉 = N
∑

q

e−iRq(Wexc,c)−
q

2π

⎛
⎝q−�∏

k=0

t exc,c
k

⎞
⎠|qexc〉.

(C43)

The maximally localized exciton Wannier states |WR
exc,c〉

therefore take a very similar form to the maximally localized
electronic Wannier states [Eq. (B54)].

b. Eigenspectrum of Ẑv

We now find the eigenvalues and eigenvectors of Ẑv . The
method is identical to that for Ẑc. The matrix elements of Ẑv

are

[Ẑv]p,q =
∑

R,i,k,l

ei�Rφ̄
p
k φ

q
l 〈GS| c†

k,v
cp+k,cn̂v

R,ic
†
q+l,ccl,v |GS〉

(C44)

=
∑

R,i,k,l,m,n

ei�Rφ
p
k φ̄

q
l ψ

m,v
R,i ψ̄n,v

R,i 〈GS|

× c†
k,v

cp+k,ccm,vc†
n,vc†

q+l,ccl,v |GS〉 (C45)

=
∑

R,i,k,l,m,n

ei�Rφ̄
p
k φ

q
l ψ

m,v
R,i ψ̄n,v

R,i (δl,nδp+k,q+lδk,m)

(C46)

=
∑
R,i,k

ei�Rφ̄
p
k φ

q
p+k−qψ

k,v
R,i ψ̄

p+k−q,v

R,i (C47)

= 1

L

∑
R,i,k

eiR(�+q−p)φ̄
p
k φ

q
p+k−quk,v

i ūp+k−q,v

i (C48)

= δp,q+�

∑
i,k

φ̄
p
k φ

q
p+k−quk,v

i ūp+k−q,v
i (C49)

= δp,q+�

∑
k

φ̄
p
k φ

q
p+k−q 〈up+k−q,v|uk,v〉 (C50)

= δp,q+�

∑
k

φ̄
q+�

k φ
q
k+�

〈uk+�,v|uk,v〉 . (C51)
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We therefore define an exciton Wilson loop Wexc,v as

Wexc,v =
2π−�∏

p=0

t exc,v
p , (C52)

where

t exc,v
p =

∑
k

φ̄
p+�

k φ
p
k+�

〈uk+�,v|uk,v〉 . (C53)

The eigenvalues are

λR,v = (Wexc,v )1/Lei�R, (C54)

where R ∈ {0, 1, . . . , L − 1}. Since the Wilson loop Wexc,v has
modulus 1 in the thermodynamic limit, we can write as eiγexc,v

where γexc,v is an exciton Berry phase. In the thermodynamic
limit the eigenvalues therefore tend to

λR,v = ei�( γexc,v
2π

+R). (C55)

We obtain the exciton Wannier centers,

− i

�
ln(λR,v ) = γexc,v

2π
+ R. (C56)

These exciton Wannier centers mean something different from
those in Eq. (C39). The exciton Wannier state |WR

exc,v〉 was
obtained by maximally localizing the hole within the exciton
Wannier state. Since Ẑv is the projected hole position operator
the center is the average position of the hole in |WR

exc,v〉. We
see that the shift of this position from the center of the unit
cells is given by some Berry phase γexc,v just as it was for the
electronic Wannier states.

Lastly, the corresponding exciton Wannier states take the
form

∣∣WR
exc,v

〉 = 1√
L

∑
q

e−iRq(Wexc,v )−
q

2π

⎛
⎝q−�∏

k=0

t exc,v
k

⎞
⎠|qexc〉.

(C57)

2. Generalization to higher dimensional systems

We now generalize the previous discussion to give the Wil-
son loop in higher dimensions. This is performed in exactly
the way described in Ref. [30] for noninteracting electrons. In
higher dimensions, the projected position operators in differ-
ent directions no longer have to commute, hence there can be
an obstruction to generating exponentially localized Wannier
functions. Instead we can construct hybrid Wannier states,
these are maximally localized in one spatial dimension but
are plane waves in the remaining. To construct these in a
d-dimensional system, we consider a 1D incontractible loop
in BZ which fixes (d − 1) components of the momentum
(labelled p⊥). We then consider the projector onto all occupied
band eigenstates along this path. The momenta along this path
we label as p‖ such that the total momentum of all states along
the path are p = p⊥ + p‖. This projector is then labeled by p⊥,

P̂exc(p⊥) =
∑

p‖

|(p⊥ + p‖)exc〉 〈(p⊥ + p‖)exc|. (C58)

We define G‖ as the reciprocal lattice vector parallel pointing
along the loop direction. We use the normal vector in this di-
rection Ĝ‖ = G‖/|G‖|. Then R‖ = R · Ĝ‖ is the distance along
the spatial dimension conjugate to the momentum p‖ (i.e., this
would be x if we are considering loops along px). Without loss
of generality, we choose to have L unit cells along each lattice
vector direction. We define the periodic position operator in
this direction as

Ẑc/v,‖ =
∑
R,i

ei�R‖ n̂c/v
R,i . (C59)

The hybrid Wannier states at p⊥ are then the eigenvectors of
the projected position operator,

Ẑc/v (p⊥) = P̂exc(p⊥)Ẑc/v,‖P̂exc(p⊥). (C60)

We now repeat the calculation as performed in the previous
section. We begin by finding the matrix elements of Ẑc(p⊥),

[Zc(p⊥)]p‖,q‖ = 〈(p⊥ + p‖)exc| Ẑc(p⊥) |(p⊥ + q‖)exc〉 (C61)

= 〈(p⊥ + p‖)exc|
∑
R,i

ei�R‖ n̂c
R,i |(p⊥ + q‖)exc〉 (C62)

=
∑

R,i,k,l

ei�R‖ φ̄
p⊥+p‖
k φ

p⊥+q‖
l 〈GS| c†

k,v
cp⊥+p‖+k,cn̂c

R,ic
†
p⊥+q‖+l,ccl,v|GS〉. (C63)

We write the volume of the BZ as V = Ld . We now explicitly find the expressions for these matrix elements,

[Zc(p⊥)]p‖,q‖ =
∑

R,i,k,l

ei�R‖ φ̄
p⊥+p‖
k φ

p⊥+q‖
l 〈GS| c†

k,v
cp⊥+p‖+k,cn̂c

R,ic
†
p⊥+q‖+l,ccl,v |GS〉 (C64)

=
∑

R,i,k,l,m,n

ei�R‖ φ̄
p⊥+p‖
k φ

p⊥+q‖
l ψ̄m,c

R,i ψn,c
R,i 〈GS| c†

k,v
cp⊥+p‖+k,cc†

m,ccn,cc†
p⊥+q‖+l,ccl,v |GS〉 (C65)

=
∑

R,i,k,l,m,n

ei�R‖ φ̄
p⊥+p‖
k φ

p⊥+q‖
l ψ̄m,c

R,i ψn,c
R,i (δk,lδp⊥+p‖+k,mδp⊥+q‖+l,n) (C66)

=
∑
R,i,k

ei�R‖ φ̄
p⊥+p‖
k φ

p⊥+q‖
k ψ̄

p⊥+p‖+k,c
R,i ψ

p⊥+q‖+k,c
R,i (C67)

= 1

V
∑
R,i,k

ei�R‖e−iR·(p⊥+p‖+k)eiR·(p⊥+q‖+k)φ̄
p⊥+p‖
k φ

p⊥+q‖
k ū

p⊥+p‖+k,c
i u

p⊥+q‖+k,c
i (C68)
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= 1

V
∑
R,i,k

eiR‖(�+|q‖|−|p‖|)φ̄p⊥+p‖
k φ

p⊥+q‖
k ū

p⊥+p‖+k,c
i u

p⊥+q‖+k,c
i (C69)

= δ|p‖|,�+|q‖|
∑
i,k

φ̄
p⊥+p‖
k φ

p⊥+q‖
k ū

p⊥+p‖+k,c
i u

p⊥+q‖+k,c
i (C70)

= δ|p‖|,�+|q‖|
∑

k

φ̄
p⊥+p‖
k φ

p⊥+q‖
k 〈up⊥+p‖+k,c|up⊥+q‖+k,c〉. (C71)

We further simplify this using |p‖| = � + |q‖| this means that p‖ = � Ĝ‖ + q‖ since Ĝ‖ is the unit vector along the reciprocal
lattice vector direction (i.e., pointing along the loop direction). Using this we rewrite the matrix elements as

[Zc(p⊥)]p‖,q‖ = δ|p‖|,�+|q‖|
∑

k

φ̄
p⊥+q‖+�Ĝ‖
k φ

p⊥+q‖
k 〈up⊥+q‖+�Ĝ‖+k,c|up⊥+q‖+k,c〉 (C72)

= δ|p‖|,�+|q‖|
∑

k

φ̄
p⊥+q‖+�Ĝ‖
k−p⊥−q‖

φ
p⊥+q‖
k−p⊥−q‖

〈u�Ĝ‖+k,c|uk,c〉. (C73)

This expression is seen to be very similar in form to the matrix elements in 1D given in Eq. (C51). Similarly the Zv (p⊥) matrix
elements are given by,

[Zv (p⊥)]p‖,q‖ = δ|p‖|,�+|q‖|
∑

k

φ̄
p⊥+q‖+�Ĝ‖
k φ

p⊥+q‖
k+�Ĝ‖

〈u�Ĝ‖+k,v|uk,v〉. (C74)

Hence we can write the two operators as

Ẑc/v (p⊥) =
∑

p‖

t exc,c/v
p‖ (p⊥) |(p⊥ + p‖ + �Ĝ‖)exc〉 〈(p⊥ + p‖)exc|, (C75)

where

t exc,c
p‖

(p⊥) =
∑

k

φ̄
p⊥+p‖+�Ĝ‖
k−p⊥−p‖

φ
p⊥+p‖
k−p⊥−p‖

〈u�Ĝ‖+k,c|uk,c〉, (C76)

t exc,v
p‖ (p⊥) =

∑
k

φ̄
p⊥+p‖+�Ĝ‖
k φ

p⊥+p‖
k+�Ĝ‖

〈u�Ĝ‖+k,v|uk,v〉. (C77)

The Wilson loops are constructed as in the 1D derivation above. We obtain

Wexc,c/v (p⊥) =
∏
p‖

t exc,c/v
p‖

(p⊥), (C78)

where the product is over all p‖ in the 1D loop at fixed p⊥. Hence we obtain hybrid Wannier centers at fixed p⊥,

λR,c/v (p⊥) = [Wexc,c/v (p⊥)]1/Lei�R, (C79)

where R ∈ {0, 1, . . . , L − 1}. The hybrid Wannier states are of the form

∣∣WR
exc,c/v (p⊥)

〉 = 1√
L

∑
p‖

e−iR‖|p‖|[Wexc,c/v (p⊥)]−
|p‖|
2π

⎛
⎜⎝

p‖−�Ĝ‖∏
k‖=0

t exc,c/v
k‖ (p⊥)

⎞
⎟⎠|(p⊥ + p‖)exc〉. (C80)

The results in 1D therefore readily generalize to higher dimensions.

APPENDIX D: EXCITON BERRY CONNECTIONS

1. Exciton Berry connection in 1D

In the previous section, we derived two exciton Wilson loops,

Wexc,c =
∏

p

[∑
k

φ̄
p+�

k−p φ
p
k−p 〈uk+�,c|uk,c〉

]
, (D1)

Wexc,v =
∏

p

[∑
k

φ̄
p+�

k φ
p
k+�

〈uk+�,v|uk,v〉
]
. (D2)
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These have modulus 1 in the thermodynamic limit (L → ∞ and � → 0) and so they can be written as eiγexc,c/v where γexc,c/v are
exciton Berry phases. We find expressions for γexc,c/v by taking the thermodynamic limit of Eqs. (D1) and (D2).

We begin with Wexc,c. We assume we have a smooth gauge for the exciton wave function φ
p
k and the periodic Bloch functions

|uk,α〉. We can perform the Taylor expansions,

Wexc,c =
∏

p

[∑
k

φ̄
p+�

k−p φ
p
k−p 〈uk+�,c|uk,c〉

]
(D3)

=
∏

p

[∑
k

φ̄
p+�

k φ
p
k 〈up+k+�,c|up+k,c〉

]
(D4)

=
∏

p

{∫ 2π

0

dk

�

(
φ̄

p
k + �∂pφ̄

p
k

)
φ

p
k [〈up+k,c| + �∂k (〈up+k,c|)] |up+k,c〉 + O(�2)

}
(D5)

=
∏

p

{∫ 2π

0

dk

�

(
φ̄

p
k φ

p
k + �φ

p
k ∂pφ̄

p
k

)
[1 + �∂k (〈up+k,c|) |up+k,c〉] + O(�2)

}
(D6)

=
∏

p

∫ 2π

0

dk

�

[∣∣φp
k

∣∣2 + �φ
p
k ∂pφ̄

p
k + �

∣∣φp
k

∣∣2∂k (〈up+k,c|)|up+k,c〉 + O(�2)

]
(D7)

=
∏

p

{
1 + �

∫ 2π

0

dk

�

[
φ

p
k ∂pφ̄

p
k + ∣∣φp

k

∣∣2∂k (〈up+k,c|)|up+k,c〉
]+ O(�2)

}
. (D8)

We use

〈up+k,c| ∂k |up+k,c〉 = −∂k (〈up+k,c|) |up+k,c〉 (D9)

and ∫ 2π

0

dk

�
φ

p
k ∂pφ̄

p
k = −

∫ 2π

0

dk

�
φ̄

p
k ∂pφ

p
k . (D10)

We drop the O(�2) terms in the thermodynamic limit,

Wexc,c = lim
L→∞

∏
p

{
1 − �

∫ 2π

0

dk

�

[
φ̄

p
k ∂pφ

p
k + ∣∣φp

k

∣∣2 〈up+k,c| ∂k |up+k,c〉
]}

(D11)

= lim
L→∞

∏
p

{
1 + i�

∫ 2π

0

dk

�

[
φ̄

p
k i∂pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]}

(D12)

= lim
L→∞

∏
p

exp

{
i�
∫ 2π

0

dk

�

[
φ̄

p
k i∂pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]}

(D13)

= exp

{
i
∫ 2π

0
d p
∫ 2π

0

dk

�

[
φ̄

p
k i∂pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]}

. (D14)

We ignore terms of O(�2) in the thermodynamic limit. In the thermodynamic limit we can therefore write the Wilson loop Wexc,c

as

Wexc,c = exp

[
i
∫ 2π

0
d p Aexc,c(p)

]
, (D15)

where the exciton Berry connection Aexc,c(p) is

Aexc,c(p) =
∫ 2π

0

dk

�

[
φ̄

p
k i∂pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]
. (D16)

We see that Aexc,c(p) = Aα=0
exc (p).

We repeat this for the second exciton Wilson loop Wexc,v .

Wexc,v = lim
L→∞

∏
p

[∑
k

φ̄
p+�

k φ
p
k+�

〈uk+�,v|uk,v〉
]

(D17)

= lim
L→∞

∏
p

{∫ 2π

0

dk

�

(
φ̄

p
k + �∂pφ̄

p
k

)(
φ

p
k + �∂kφ

p
k

)
[〈uk,v| + �∂k (〈uk,v|)] |uk,v〉

}
(D18)
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= lim
L→∞

∏
p

[∫ 2π

0

dk

�

∣∣φp
k

∣∣2 + �
(
∂pφ̄

p
k

)
φ

p
k + �φ̄

p
k ∂kφ

p
k + ∣∣φp

k

∣∣2�∂k (〈uk,v|) |uk,v〉
]

(D19)

= lim
L→∞

∏
p

[
1 + �

∫ 2π

0

dk

�

(
∂pφ̄

p
k

)
φ

p
k + φ̄

p
k ∂kφ

p
k + ∣∣φp

k

∣∣2�∂k (〈uk,v|) |uk,v〉
]

(D20)

= lim
L→∞

∏
p

[
1 + i�

∫ 2π

0

dk

�

(
φ̄

p
k i∂pφ

p
k − φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2Aelec,v (k)
)]

(D21)

= lim
L→∞

∏
p

exp

[
i�
∫ 2π

0

dk

�

(
φ̄

p
k i∂pφ

p
k − φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2Aelec,v (k)
)]

(D22)

= exp

[
i
∫ 2π

0
d p

∫ 2π

0

dk

�

(
φ̄

p
k i∂pφ

p
k − φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2Aelec,v (k)
)]

. (D23)

We see that

Wexc,v = exp

[
i
∫ 2π

0
d p Aexc,v (p)

]
, (D24)

where the exciton Berry connection Aexc,v (p) is

Aexc,v (p) =
∫ 2π

0

dk

�

(
φ̄

p
k i∂pφ

p
k − φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2Aelec,v (k)
)

(D25)

=
∫ 2π

0

dk

�

(
φ̄

p
k−pi∂pφ

p
k−p + ∣∣φp

k−p

∣∣2Aelec,v (k − p)
)
. (D26)

Therefore Aexc,v (p) = Aα=1
exc (p).

2. Exciton Berry connection in higher dimensions

In higher dimensions, the exciton Wilson loops can be written in terms of the Berry connection in a similar way,

Wexc,c/v (p⊥) = exp

(
i
∫

l
Aexc,c/v (p⊥ + p‖) · d p‖

)
(D27)

= exp

(
i
∫ 2π

0
[Aexc,c/v (p⊥ + p‖)]‖d p‖

)
, (D28)

where l is the BZ loop at p⊥ and [Aexc,c/v (p⊥ + p‖)]‖ is the component of the vector Berry connection along the direction of the
path l in the BZ. We define the unit vector tangent to the path l as n̂‖ so [Aexc,c/v (p⊥ + p‖)]‖ = Aexc,c/v (p⊥ + p‖) · n̂‖ We find
that,

[Aexc,c(p⊥ + p‖)]‖ =
∫

BZ

dd k
�d

[
φ̄

p⊥+p‖
k i n̂‖ · ∇p‖φ

p⊥+p‖
k + ∣∣φp⊥+p‖

k

∣∣2n̂‖ · Aelec,c(p⊥ + p‖ + k)
]
, (D29)

[Aexc,v (p⊥ + p‖)]‖ =
∫

BZ

dd k
�d

[
φ̄

p⊥+p‖
k−p⊥−p‖

i n̂‖ · ∇p‖φ
p⊥+p‖
k−p⊥−p‖

+ ∣∣φp⊥+p‖
k−p⊥−p‖

∣∣2n̂‖ · Aelec,v (k − p⊥ − p‖)
]
, (D30)

using Aelec,c/v (k) = 〈uk,c/v| i∇k |uk,c/v〉. It follows that the vector exciton Berry connections are

Aexc,c(p) =
∫

BZ

dd k
�d

[
φ̄

p
k i∇pφ

p
k + ∣∣φp

k

∣∣2Aelec,c(p + k)
]

(D31)

Aexc,v (p) =
∫

BZ

dd k
�d

[
φ̄

p
k−pi∇pφ

p
k−p + ∣∣φp

k−p

∣∣2Aelec,v (k − p)
]
. (D32)

3. Exciton Berry connections for all α

Here we demonstrate the relationship between the different possible projected position operators and the infinite family of
Berry connections introduced in Appendix A. If we want to study the location of the weighted center of mass of the exciton,

Rα = αrv + (1 − α)rc. (D33)

This weighted mixture is parametrized just by a single parameter (α) since we want the prefactors (1 − α and α) to add up to 1.
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In the previous section, we saw that γexc,c

2π
is the shift of the electron from the center of unit cell when we maximally localize

the electron within the exciton. Similarly, γexc,v

2π
is the shift of the hole when we instead maximally localize the hole within the

exciton. The electron/hole centers within the exciton (rc/v) are therefore given by the exciton Berry phases,

rc/v = 1

2π

∫ 2π

0
Aelec,c/v (p) d p, (D34)

and so the weighted position Rα is

Rα = 1

2π

[
α

∫
d p Aexc,v (p) + (1 − α)

∫
d p Aexc,c(p)

]
. (D35)

So the appropriate Berry connection to calculate the weighted mixture Rα is identical to the exciton Berry connection [Aα
exc(p)]

introduced in Eq. (A15),

Aα
exc(p) = αAexc,v (p) + (1 − α)Aexc,c(p). (D36)

The exciton Berry connections introduced in Appendix A are therefore related to the location of the different weighted mixtures
of electron and hole positions (Rα).

Similarly in higher dimensions, we have

Aα
exc(p) = αAexc,v (p) + (1 − α)Aexc,c(p), (D37)

where

Aα
exc(p) =

∫
BZ

dd k
�d

φ̄
p
k−αpi∇pφ

p
k−αp + ∣∣φp

k−αp

∣∣2{(1 − α)Aelec,c[(1 − α)p + k] + αAelec,v[−αp + k]}. (D38)

APPENDIX E: THE ELECTRIC POLARISATION OF EXCITONS

In this section, we show that the difference between the two exciton Berry connections [Aexc,c/v (p)] gives the electric
polarization of the exciton at each momentum p. The difference between the exciton Berry connections is

F (p) = Aexc,c(p) − Aexc,v (p) (E1)

=
∫ 2π

0

dk

�

{
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2[Aelec,c(p + k) − Aelec,v (k)]
}
. (E2)

This can be shown to be gauge invariant under both gauge transformations of the electronic bands and the total exciton wave
function. We now show that it is equal to the electric polarization of the exciton at momentum p. The electric polarization is
equal to the expectation value of the electron-hole distance in the exciton (in units where the charge of the electron is e = 1). To
calculate this, we begin by rewriting the exciton wave function (φp

k ) at total momentum p in real space. We transform the exciton
eigenstate into the basis of the maximally localized electronic Wannier functions. The maximally localized electronic Wannier
functions are defined as

c†
R,c/v = 1√

L

∑
k

e−ikRc†
k,c/v, (E3)

where we assume that the c†
k,c/v are in the gauge where the electronic Wannier function are maximally localized. In this basis,

we can write the exciton eigenstate as

|pexc〉 =
∑

k

φ
p
k c†

p+k,cck,v |GS〉 (E4)

= 1

L

∑
k,R,r

φ
p
k ei(p+k)(R+r)e−ikRc†

R+r,ccR,v |GS〉 (E5)

= 1

L

∑
k,R,r

φ
p
k eip(R+r)eikrc†

R+r,ccR,v |GS〉 (E6)

= 1

L

∑
R,r

(∑
k

φ
p
k eip(R+r)eikr

)
c†

R+r,ccR,v |GS〉 (E7)

=
∑
R,r

φ
p
R,rc†

R+r,ccR,v|GS〉, (E8)
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where we define

φ
p
R,r = 1

L

∑
k

φ
p
k eip(R+r)eikr . (E9)

We are interested in the electron-hole distance r. Since we have translational symmetry over R then we can study the distribution
over r for R = 0 without loss of generality. Therefore we define φ

p
r ≡ √

L φ
p
R=0,r , i.e.,

φp
r = eipr

√
L

∑
k

φ
p
k eikr, (E10)

this is normalized such that
∑

r |φp
r |2 = 1. We now use φ

p
r to calculate the expectation value of the electron-hole separation

within the exciton. This consists of two contributions: the first is the relative coordinate, r, which represents the electron-hole
separation in unit cell coordinates. In addition, there is a contribution from the positions of the electronic Wannier centers within
the unit cell. The electric polarization of the excitons is therefore equal to the expectation value of ξ = r + xc − xv where xc/v

are the electronic Wannier centers. Even if the unit cell separation r = 0, then there can still be a contribution to the electron-hole
distance ξ from the (possibly differing) electronic Wannier centers for the electron and the hole. We would like to evaluate the
expectation value

〈ξ 〉p =
∑

r

(r + xc − xv )
∣∣φp

r

∣∣2. (E11)

Instead of calculating this directly though, we instead relate it to another expectation value (〈eiξ�〉p) which is easier to calculate,

〈eiξ�〉p = 〈1 + iξ� + O(ξ 2�2)〉p (E12)

= 〈1〉p + 〈iξ�〉p + 〈O(ξ 2�2)〉p (E13)

= 1 + i�〈ξ 〉p + O(�2)〈ξ 2〉p. (E14)

We can Taylor expand eiξ� in powers of ξ (or equivalently r since ξ ∝ r) because the excitons are bound so φ
p
r decays

exponentially in r. Therefore only terms with ξ � L (or equivalently ξ� � 1) contribute. Therefore 〈ξ 〉p can be calculated
using 〈eiξ�〉p,

〈ξ 〉p = lim
�→0

〈eiξ�〉p − 1

i�
. (E15)

We begin by calculating the expectation value,

〈eiξ�〉p =
∑

r

ei�(r+xc−xv )
∣∣φp

r

∣∣2. (E16)

This evaluates to

〈eiξ�〉p = 1

L

∑
r

ei(r+xc−xv )�

∣∣∣∣∣
∑

k

φ
p
k eikr

∣∣∣∣∣
2

(E17)

= 1

L

∑
r,k,k′

ei(r+xc−xv )�φ̄
p
k′φ

p
k ei(k−k′ )r (E18)

= 1

L

∑
r,k,k′

ei(k−k′+�)rei(xc−xv )�φ̄
p
k′φ

p
k (E19)

=
∑
k,k′

δk′,k+�ei(xc−xv )�φ̄
p
k′φ

p
k (E20)

= ei(xc−xv )�
∑

k

φ̄
p
k φ

p
k−�

. (E21)

We assume L is large (or equivalently � small) and Taylor expand,

〈eiξ�〉p = [1 + i(xc − xv )�]
∫ 2π

0

dk

�
φ̄

p
k

(
φ

p
k − �∂kφ

p
k

)+ O(�2) (E22)

= 1 + i�

{[∫ 2π

0

dk

�

(
φ̄

p
k i∂kφ

p
k

)]+ (xc − xv )

}
+ O(�2) (E23)

= 1 + i�

{[∫ 2π

0

dk

�

(
φ̄

p
k i∂kφ

p
k

)]+ γc

2π
− γv

2π

}
+ O(�2). (E24)
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Here we expressed the electronic Wannier centers (xc,v) in terms of the electronic Berry phases γc/v . This expression is written in
the gauge which maximally localizes the electronic Wannier states. We wish to manipulate this expression into something which
is gauge invariant so we can evaluate it in any (smooth) gauge. Firstly we can turn the last two terms into an integral over k,

lim
L→∞

〈eiξ�〉p = 1 + i�

{[∫ 2π

0

dk

�

(
φ̄

p
k i∂kφ

p
k

)]+ γc

2π
− γv

2π

}
+ O(�2) (E25)

= 1 + i�

{∫ 2π

0

dk

�

[
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2( γc

2π
− γv

2π

)]}
+ O(�2), (E26)

using the normalization of the wave function
∫ 2π

0
dk
�

|φp
k |2 = 1. In the gauge which maximally localizes, the electronic Wannier

states, the electronic Berry connection is equal to γc/v

2π
[29]. Therefore we replace these terms with the general expressions for the

electronic Berry connections 〈uk,c/v| i∂k |uk,c/v〉. There is a unique way to do this to ensure the final expression is gauge invariant,

〈eiξ�〉p = 1 + i�

{∫ 2π

0

dk

�

(
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2 〈up+k,c| i∂k |up+k,c〉 − ∣∣φp
k

∣∣2〈uk,v|i∂k|uk,v〉
)}+ O(�2) (E27)

= 1 + i� F (p) + O(�2). (E28)

We have identified that the O(�) term can be expressed in terms of the F (p) introduced earlier. Finally we use Eq. (E15) to find
〈ξ 〉p,

〈ξ 〉p = F (p). (E29)

To summarize, the difference between the two exciton Berry connections is a gauge invariant quantity which is equal to the
electric polarization of the exciton. It is desirable to have a formulation of F (p) that does not require a smooth gauge for the
electronic Bloch functions. This will allow it to be easily calculated using standard electronic structure methods. We find this
expression in the next section.

1. F (p) without a smooth gauge

In this section, we obtain an expression for F (p) [Eq. (E1)] which does not require a smooth gauge for the Bloch functions.
Since the expression only involves the exciton wave function φ

p
k for one total momentum p, we already have an expression that

does not need a smooth gauge for the exciton wave function over p. We begin with the expression for F (p) in the electronic
gauge which maximally localizes the electronic Wannier functions (i.e., the twisted parallel transport gauge [29]). We denote the
exciton wave function in this gauge choice as φ̃

p
k with creation operators for the bands (in the twisted parallel gauge) denoted as

c̃†
k,c/v . Therefore the exciton state can be written as

|pexc〉 =
∑

k

φ̃
p
k c̃†

p+k,cc̃k,v|GS〉. (E30)

The expression for 〈ξ 〉 in this gauge is

〈ξ 〉 = − lim
�→0

[
i

�
ln

(
ei(xc−xv )�

∑
k

(
φ̃

p
k

)∗
φ̃

p
k−�

)]
(E31)

= − lim
�→0

[
i

�
ln

(
(Wc)

1
L (Wv )−

1
L

∑
k

(
φ̃

p
k

)∗
φ̃

p
k−�

)]
. (E32)

We write the exciton wave function in some general (and not necessarily smooth) electronic gauge as φ
p
k . The corresponding

creation operators for the bands we write as c†
p,c/v . We want to express φ̃

p
k in terms of φ

p
k . If we make gauge transformations of

the electron bands (c†
p,v = eiη(p)c̃†

p,v and c†
p,c = eiξ (p)c̃†

p,c) then this should still leave the exciton state |pexc〉 invariant. Hence the
exciton wave function must transform oppositely to the electronic bands,

φ
p
k = eiη(k)e−iξ (p+k)φ̃

p
k . (E33)

We calculate the phase factors which transform the electronic bands from some arbitrary nonsmooth gauge to the twisted parallel
transport gauge. In Appendix B (and described in Ref. [29]), we saw that these were

e−iξ (p) = (Wc)−
p

2π

p−�∏
q=0

〈uq+�,c|uq,c〉, (E34)

e−iη(p) = (Wv )−
p

2π

p−�∏
q=0

〈uq+�,v|uq,v〉. (E35)
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Therefore we can relate φ
p
k and φ̃

p
k via

φ̃
p
k =

⎡
⎣(Wc)

p+k
2π (Wv )−

k
2π

p+k−�∏
q=0

〈uq,c|uq+�,c〉
k−�∏
l=0

〈ul+�,v|ul,v〉
⎤
⎦φ

p
k . (E36)

We rewrite the φ̃
p
k dependent part of Eq. (E32) in terms of the arbitrary gauge exciton wave function φ

p
k ,

∑
k

(
φ̃

p
k

)∗
φ̃

p
k−�

=
∑

k

⎡
⎣(Wc)−

p+k
2π (Wv )

k
2π

p+k−�∏
q=0

(〈uq,c|uq+�,c〉)∗
k−�∏
l=0

(〈ul+�,v|ul,v〉)∗

⎤
⎦

·
⎡
⎣(Wc)

p+k−�

2π (Wv )−
k−�
2π

p+k−2�∏
q=0

〈uq,c|uq+�,c〉
k−2�∏
l=0

〈ul+�,v|ul,v〉
⎤
⎦(φp

k

)∗
φ

p
k−�

(E37)

=
∑

k

(
φ

p
k

)∗
φ

p
k−�

(Wc)−
�
2π (Wv )

�
2π 〈up+k,c|up+k−�,c〉 〈uk−�,v|uk,v〉 (E38)

= (Wc)−
1
L (Wv )

1
L

∑
k

(
φ

p
k

)∗
φ

p
k−�

〈up+k,c|up+k−�,c〉 〈uk−�,v|uk,v〉. (E39)

Therefore we can find an expression for 〈ξ 〉,

〈ξ 〉 = − lim
�→0

[
i

�
ln

(
(Wc)

1
L (Wv )−

1
L

∑
k

(
φ̃

p
k

)
φ̃

p
k−�

)]
(E40)

= − lim
�→0

[
i

�
ln

(∑
k

(
φ

p
k

)∗
φ

p
k−�

〈up+k,c|up+k−�,c〉 〈uk−�,v|uk,v〉
)]

. (E41)

We have obtained a gauge invariant expression for 〈ξ 〉 which does not require a smooth gauge for the exciton wave function and
the electronic Bloch functions,

〈ξ 〉 ≈ −i
L

2π
ln

(∑
k

φ̄
p
k φ

p
k−�

〈up+k,c|up+k−�,c〉 〈uk−�,v|uk,v〉
)

, (E42)

where the expression becomes an equality in the limit � → 0 (or equivalently L → ∞). Or equivalently,

ei�F (p) = lim
L→∞

∑
k

φ̄
p
k φ

p
k−�

〈up+k,c|up+k−�,c〉 〈uk−�,v|uk,v〉. (E43)

2. Generalization to higher dimensions

The difference between the (vector) exciton Berry connections is

F (p) = Aexc,c(p) − Aexc,v (p) (E44)

=
∫

BZ

dd k
�d

{
φ̄

p
k i∇kφ

p
k + ∣∣φp

k

∣∣2[Aelec,c(p + k) − Aelec,v (k)]
}
. (E45)

It also follows directly from the 1D result that F (p) is the polarization of the exciton (which is now also a vector in higher
dimensions). This is because we can calculate the expectation value in Eq. (E16) for different spatial directions and obtain the
components of F (p). We can again construct a gauge invariant expression for the components of the polarization. If we have an
orthonormal basis with basis vectors n̂i, then the component of the polarization along n̂i is

ei�F (p)·n̂i = lim
L→∞

∑
k

φ̄
p
k φ

p
k−n̂i�

〈up+k,c|up+k−n̂i�,c〉 〈uk−n̂i�,v|uk,v〉. (E46)

APPENDIX F: EXCITON WANNIER STATES

1. Relation between the two sets of exciton Wannier states

In this section, we derive the general condition for the two sets of exciton Wannier functions (|WR
c/v〉) (derived in Appendix C)

to be equal.
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Recall that the two sets of exciton Wannier states are

∣∣WR
exc,c/v

〉 = N
∑

q

e−iqR(Wexc,c/v )−
q

2π

⎛
⎝q−�∏

k=0

t exc,c/v
k

⎞
⎠|qexc〉. (F1)

In the thermodynamic limit, we can write (the normalized) Wannier states as

∣∣WR
exc,c/v

〉 = 1√
2π

∫ 2π

0
dq e−iqRe−i

γexc,c/v
2π

qei
∫ q

0 d p Aexc,c/v(p)|qexc〉. (F2)

We want to find the condition for these two sets of exciton Wannier states (i.e., those that maximally localize the electron or the
hole) to be equal. We consider the overlap,

〈
WR=0

v

∣∣WR=0
c

〉 = 1

2π

∫ 2π

0

∫ 2π

0
dq dk ei γexc,v k

2π e−i γexc,cq
2π e−i

∫ q
0 d p Aexc,v (p)ei

∫ k
0 d p′ Aexc,c (p′ ) 〈qexc|kexc〉 (F3)

= 1

2π

∫ 2π

0

∫ 2π

0
dq dk ei γexc,v k

2π e−i γexc,cq
2π e−i

∫ q
0 d p Aexc,v (p)ei

∫ k
0 d p′ Aexc,c (p′ )δ(q − k) (F4)

= 1

2π

∫ 2π

0
dq ei (γexc,v−γexc,c )q

2π ei
∫ q

0 d p [Aexc,c (p)− Aexc,v (p)]. (F5)

For the two sets of Wannier states to be equal we require 〈WR=0
v |WR=0

c 〉 = 1. We recall the definition of F (p),

F (p) = Aexc,c(p) − Aexc,v (p) (F6)

=
∫ 2π

0

dk

�

(
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2 〈up+k,c| i∂k |up+k,c〉 − ∣∣φp
k

∣∣2〈uk,v|i∂k|uk,v〉
)
, (F7)

which in Appendix E, we identified as the electric polarization of the exciton, i.e., the expected separation between the electron
and the hole in the exciton. It is gauge invariant under both gauge transformations of the exciton band (|φp〉 → eiθ (p) |φp〉) and
gauge transformations of the underlying electronic bands. We can rewrite the overlap in terms of F (p),

〈
WR=0

v

∣∣WR=0
c

〉 = 1

2π

∫ 2π

0
dq ei (γexc,v−γexc,c )q

2π ei
∫ q

0 d p F (p). (F8)

This is an integral of a quantity that is modulus 1 at all q. For this overlap to equal 1 (i.e., for the two Wannier states to be equal),
the integrand must therefore equal 1 at all momenta q. We therefore require that

ei (γexc,v−γexc,c )q
2π ei

∫ q
0 d p F (p) = 1. (F9)

This is true if and only if ei
∫ q

0 d p F (p) = ei (γexc,c−γexc,v )q
2π . Therefore, for the two sets of exciton Wannier states to be equal, F (p) must

be independent of momentum p [F (p) = F]. This condition has a clear physical interpretation. Physically, if the electron-hole
separation is the same at all momenta p, then maximally localizing the hole is clearly equivalent to maximally localizing the
electron. As a result, the two sets of exciton Wannier states must be exactly equal. However, the condition that the electron-hole
separation is the same at all momenta p is equivalent to F (p) being constant. This is the condition we derived above.

2. Exciton Wannier state plots

For the plots of the exciton Wannier states in the main text, we calculate components in the basis of the maximally localized
electronic Wannier states, ∣∣WR′

c/v

〉 = ∑
p

WR′
c/v (p) |pexc〉 (F10)

=
∑
p,k

WR′
c/v (p)φp

k c†
p+k,cck,v |GS〉 (F11)

= 1

L

∑
p,k,R,r

WR′
c/v (p)φp

k e−i(p+k)(R+r)eikRc†
R+r,ccR,v |GS〉 (F12)

= 1

L

∑
p,k,R,r

WR′
c/v (p)φp

k e−ip(R+r)e−ik�c†
R+r,ccR,v |GS〉 (F13)

=
∑
R,r

WR′
c/v (R, r) c†

R+r,ccR,v |GS〉 , (F14)
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where the components of the exciton Wannier state in this basis are

WR′
c/v (R, r) = 1

L

∑
p,k

WR′
c/v (p)φp

k e−ip(R+r)e−ikr . (F15)

APPENDIX G: EXCITON CALCULATIONS

In this section, we describe the method we use to numerically calculate the exciton band structures and exciton wave functions
shown in the paper. The general approach is to project the many-body Hamiltonian into the variational basis,

|p, k〉 = c†
p+k,cck,v|GS〉. (G1)

The total momentum of |p, k〉 is p whereas k labels the relative momentum. Since the Hamiltonian is translationally invariant p
is conserved by the Hamiltonian, that is to say, we can diagonalize the Hamiltonian,

〈p, k|Ĥ |p, k′〉, (G2)

at each fixed total momentum p.
The total Hamiltonian consists of a kinetic part Ĥ0 and an interaction part Ĥint. We project the total Hamiltonian Ĥ = Ĥ0 +

Ĥint into the variational basis shown above and calculate the matrix elements,

〈p, k| Ĥ |p, k′〉. (G3)

First we evaluate

〈p, k| Ĥ0|p, k′〉. (G4)

This can be seen to be equal to

〈p, k| Ĥ0 |p, k′〉 = δk,k′ (EGS − εk′,v + εp+k′,c), (G5)

where EGS = ∑
k εk,v is the energy of the ground state.

We project the interaction term into this basis. We begin with the general form of the interaction Hamiltonian for density-
density interactions,

Ĥint =
∑

R,R′,i, j

UR−R′,i, j n̂R,in̂R′, j, (G6)

where n̂R,i is the number operator at unit cell R and i labels the sublattice. We write this in the momentum basis. First note that

c†
k,i = 1√

L

∑
R

eikRc†
R,i, (G7)

c†
R,i = 1√

L

∑
R

e−ikRc†
k,i. (G8)

Therefore we can rewrite the number operators as

n̂R,i = c†
R,icR,i (G9)

= 1

L

∑
p,q

e−i(p−q)Rc†
p,icq,i. (G10)

We can rewrite Eq. (G6) as

Ĥint =
∑

R,R′,i, j

∑
p,q,p′,q′

1

L2
UR−R′,i je

−i(p−q)R−i(p′−q′ )R′
c†

picqic
†
p′ jcq′ j (G11)

=
∑

R,R′,i, j

∑
p,q,p′,q′

1

L2
UR,i je

−i(p−q)R−i(p′−q′+p′−q′ )R′
c†

picqic
†
p′ jcq′ j, (G12)

where the final line sets R − R′ → R. This can be further simplified by performing the sum over R′ and q′ to give

Ĥint = 1

L

∑
R,i, j

∑
pqp′

UR,i je
−i(p−q)Rc†

p,icq,ic
†
p′, jcp−q+p′, j . (G13)

Defining Up,i j = 1
L

∑
R UR,i je−ipR, we have

Ĥint =
∑
pqq′i j

Up,i jc
†
p+q,icq,ic

†
q′, jcp+q′, j . (G14)
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We wish to calculate the matrix elements

〈p, k| Ĥint|p, k′〉, (G15)

so we first express the interaction Hamiltonian Ĥint in terms of the creation operators for the bands. These are related to the c†
k,i

operators via the periodic Bloch functions uk,α
i . For example,

c†
k,α

=
∑

i

uk,α
i c†

k,i, (G16)

ck,α =
∑

i

ūk,α
i ck,i, (G17)

where α ∈ {c, v} labels the two bands. We use the notation ūk,α
i = (uk,α

i )∗. Plugging this relation into Eq. (G14) gives

Ĥint =
∑
pqq′i j

Up,i jc
†
p+q,icq,ic

†
q′, jcp+q′, j (G18)

=
∑

pqq′i jαα′ββ ′
Up,i j ū

p+q,α

i uqα′
i ūq′,β

j up+q′β ′
j c†

p+q,αcq,α′c†
q′,βcp+q′,β ′ . (G19)

Defining U pqq′
αα′ββ ′ = ∑

i j (Up,i j ū
p+q,α

i uqα′
i ūq′,β

j up+q′β ′
j ), then we can write

Ĥint =
∑

pqq′αα′ββ ′
U pqq′

αα′ββ ′c
†
p+q,αcq,α′c†

q′,βcp+q′,β ′ . (G20)

The matrix elements can then be expressed as

〈p, k| Ĥint |p, k′〉 =
∑

lqq′αα′ββ ′
U lqq′

αα′ββ ′ 〈GS| c†
k,v

cp+k,cc†
l+q,α

cq,α′c†
q′,βcl+q′,β ′c†

p+k′,cck′,v|GS〉. (G21)

The following expectation value can be simplified using Wick’s theorem,

〈GS| c†
k,v

cp+k,cc†
l+q,α

cq,α′c†
q′,βcl+q′,β ′c†

p+k′,cck′,v|GS〉, (G22)

for readability, we will simplify the notation to

μ† = c†
k,v

, (G23)

ν = cp+k,c, (G24)

ζ † = c†
l+q,α

, (G25)

σ = cq,α′ , (G26)

χ† = c†
q′,β , (G27)

γ = cl+q′,β ′ , (G28)

λ† = c†
p+k′,c, (G29)

ξ = ck′,v. (G30)

The expectation value becomes

〈μ†νζ †σχ†γ λ†ξ 〉. (G31)

This can be expanded using Wick’s theorem as

〈μ†νζ †σχ†γ λ†ξ 〉 = 〈μ†σ 〉(〈νζ †〉〈χ†ξ 〉〈γ λ†〉 − 〈νχ†〉〈ζ †ξ 〉〈γ λ†〉 − 〈νλ†〉(〈ζ †ξ 〉〈χ†γ 〉 − 〈ζ †γ 〉〈χ†ξ 〉))

+ 〈μ†γ 〉(−〈νζ †〉〈σλ†〉〈χ†ζ 〉 + 〈νχ†〉〈ζ †ξ 〉〈σλ†〉 − 〈vλ†〉(〈ζ †σ 〉〈χ†ξ 〉 + 〈ζ †ξ 〉〈σχ†〉))

+ 〈μ†ξ 〉(〈νζ †〉(〈σχ†〉〈γ λ†〉 + 〈σλ†〉〈χ†γ 〉) + 〈νχ†〉(〈ζ †σ 〉〈γ λ†〉 − 〈ζ †γ 〉〈σλ†〉)

+ 〈νλ†〉(〈ζ †σ 〉〈χ†γ 〉 + 〈ζ †γ 〉〈σχ†〉)). (G32)
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We calculate the two particle correlation functions to find the exciton matrix elements. After performing the sum in Eq. (G21),
we obtain

〈p, k| Ĥint |p, k′〉 =U p,k,k′
cvvc + U −p,p+k′,p+k

vccv − U k′−k,k,p+k
vvcc − U k−k′,p+k′,k′

ccvv + δkk′
∑

q

(
U q,k,k

vvvv − U 0,k,q
vvvv − U 0,q,k

vvvv − U q,k−q,k−q
vccv

+ U p+k−q,q,q
cccc + U 0,p+k,q

ccvv + U 0,q,p+k
vvcc − U q,p+k,p+k

vccv

)+ δkk′
∑
q,q′

(
U 0,q,q′

vvvv + U q,q′,q′
vccv

)
. (G33)

Finally we note that the final term is equal to the shift of the ground state energy due to the interaction, i.e.,

〈GS| Ĥint |GS〉 =
∑
q,q′

(
U 0,q,q′

vvvv + U q,q′,q′
vccv

)
. (G34)

The exciton energy above the modified ground state energy is therefore obtained by subtracting this term from the exciton
Hamiltonian (〈p, k| Ĥint |p, k′〉).

APPENDIX H: CRYSTALLINE SYMMETRIES

1. Inversion symmetry

We first consider inversion (I) symmetry. We derived two different Wilson loops in Appendix C,

Wexc,c =
∏

p

[∑
k

φ̄
p+�

k−p φ
p
k−p 〈uk+�,c|uk,c〉

]
, (H1)

Wexc,v =
∏

p

[∑
k

φ̄
p+�

k φ
p
k+�

〈uk+�,v|uk,v〉
]
. (H2)

Both of these Wilson loops can be re-expressed as products of projectors,

Wexc,c/v = 〈
U exc,c/v

p1

∣∣ lim
R→∞

2∏
i=R

∣∣U exc,c/v
pi

〉 〈
U exc,c/v

pi

∣∣ ∣∣U exc,c/v
p1

〉
(H3)

using

∣∣U exc,c
p

〉 = ∑
k

φ
p
k |k〉 ⊗ |up+k,c〉 ⊗ |ūk,v〉, (H4)

∣∣U exc,v
p

〉 = ∑
k

φ
p
k |p + k〉 ⊗ |up+k,c〉 ⊗ |ūk,v〉, (H5)

respectively. The first quantized Bloch vectors depend on the first quantized momentum eigenstates |k〉 or |p + k〉. If your real
space basis is a set of unit cells R each with orbitals α, then we could write the basis as |R, α〉 = |R〉 ⊗ |α〉. Then we define
|k〉 = 1√

L

∑L−1
R=0 eiRk |R〉.

We can show that these two Wilson loops are equal when the system is inversion symmetric. We do this in two ways below,
firstly using the Wilson loop and secondly in the thermodynamic limit from the Berry phase.

In inversion symmetric systems, the Bloch functions for band α and momentum p obey ÛI |up,α〉 = eiξα (p) |u−p,α〉. The unitary
matrix ÛI represents I symmetry in the single-electron Hilbert space. The phase factor eiξα (p) reflects the arbitrary gauge of
the Bloch functions. At the level of the creation operators, for band α and momentum p, inversion symmetry implies that
Îc†

p,α Î = eiξα (p)c†
−p,α where Î represents I symmetry in the full many-body Hilbert space.

If we have I symmetry then the exciton Wave function must transform as follows under inversion,

Î |pexc〉 = eiβ(p)|−pexc〉, (H6)

Î
∑

k

φ
p
k c†

p+k,cck,v |GS〉 = eiβ(p)
∑

k

φ
−p
k c†

−p+k,cck,v|GS〉. (H7)

Since −p = p when p = 0, π , the phase factor (eiβ(p)) at these momenta are eigenvalues of the inversion operator. We label these
as λI

0 and λI
π respectively. Since inversion squares to 1 (Î2 = 1) the inversion eigenvalues have values ±1.

The representation of I acting on the first quantized exciton wave functions |U exc,c/v
p 〉 is the unitary operator,

π̂I =
∑

k

|−k〉 〈k| ⊗ ÛI ⊗ ÛI . (H8)
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It can be shown that

π̂I

∣∣U exc,c
p

〉 = eiβ(p)
∣∣U exc,c

−p

〉
, (H9)

π̂I

∣∣U exc,v
p

〉 = eiβ(p)
∣∣U exc,v

−p

〉
. (H10)

From this alone, it follows that both of these Wilson loops are equal to the product of the inversion eigenvalues of the exciton
wave function at p = 0 and p = π since

Wexc,c/v = 〈
U exc,c/v

0

∣∣ ∣∣U exc,c/v
�

〉 〈
U exc,c/v

�

∣∣ |U exc,c/v
2� 〉 〈U exc,c/v

2�

∣∣ . . . ∣∣U exc,c/v
π

〉
· 〈U exc,c/v

π

∣∣ . . . ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
0

〉
(H11)

= 〈
U exc,c/v

0

∣∣ π̂I π̂I

∣∣U exc,c/v
�

〉 〈
U exc,c/v

�

∣∣ π̂I π̂I |U exc,c/v
2� 〉 〈U exc,c/v

2�

∣∣ π̂I . . . π̂I

∣∣U exc,c/v
π

〉
· 〈U exc,c/v

π

∣∣ . . . ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
0

〉
(H12)

= 〈
U exc,c/v

0

∣∣ e−iβ(0)eiβ(�)
∣∣U exc,c/v

2π−�

〉 〈
U exc,c/v

2π−�

∣∣ e−iβ(�)eiβ(2�)
∣∣U exc,c/v

2π−2�

〉
· 〈U exc,c/v

2π−2�

∣∣ e−iβ(2�) . . . eiβ(π )
∣∣U exc,c/v

π

〉 〈
U exc,c/v

π

∣∣ . . . ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
0

〉
(H13)

= e−iβ(0)eiβ(π )
〈
U exc,c/v

0

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ . . . ∣∣U exc,c/v
π

〉
· 〈U exc,c/v

π

∣∣ . . . ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
0

〉
(H14)

= e−iβ(0)eiβ(π )
∣∣〈U exc,c/v

0

∣∣ ∣∣U exc,c/v
2π−�

〉 〈
U exc,c/v

2π−�

∣∣ ∣∣U exc,c/v
2π−2�

〉 〈
U exc,c/v

2π−2�

∣∣ . . . ∣∣U exc,c/v
π

〉∣∣2 (H15)

= λI
0λ

I
π . (H16)

Therefore, in the thermodynamic limit, the Wilson loops (Wexc,c/v) are both equal to the product of the inversion eigenvalues
of the many-body exciton eigenstates at the high-symmetry points. We have also therefore shown that these two Wilson loops
(Wexc,c/v) are equal in the presence of inversion symmetry.

We can also show this using the exciton Berry connections [Aexc,c/v (p)]. The difference between the exciton Berry connections
is F (p). This represents the electron-hole separation. Under inversion an exciton with momentum p is mapped to one with −p.
In addition, the electron-hole separation also must flip sign because under inversion, if the electron was to the right of the hole
then it must be flipped to being on the left. It follows that F (p) = −F (−p). Therefore∫ 2π

0
d p [Aexc,c(p) − Aexc,v (p)] =

∫ 2π

0
d p F (p) (H17)

=
∫ π

0
d p F (p) +

∫ 0

−π

d p F (p) (H18)

=
∫ π

0
d p F (p) −

∫ 0

−π

d p F (−p) (H19)

=
∫ π

0
d p F (p) −

∫ π

0
d p F (p) (H20)

= 0. (H21)

Therefore the two Berry phases are equal
∫ 2π

0 d p Aexc,c(p) = ∫ 2π

0 d p Aexc,v (p). As a result, the Wilson loops, which are related

to the Berry phases (Wexc,c/v = ei
∫ 2π

0 d p Aexc,c/v (p)), are also equal in the thermodynamic limit.
To conclude, I symmetry means that the two Wilson loops Wexc,c/v are equal in the thermodynamic limit. Furthermore, the

Wilson loops are equal to the product of the inversion eigenvalues of the many-body exciton eigenstates at the high-symmetry
points. However, the two sets of exciton Wannier states |WR

exc,c/v〉 are not necessarily equal in I symmetric systems. This
is because inversion symmetry requires that F (p) = −F (−p) whereas F (p) must be constant/independent of p in order for
|WR

exc,c〉 = |WR
exc,v〉. However, since the two Wilson loops are equal, the exciton Wannier centers of these two sets of (possibly

differing) exciton Wannier states do have to be equal.

2. C2T symmetry

We now consider the antiunitary symmetry Ĉ2T̂ . This also quantizes the Berry phase. We first demonstrate that this is true
for noninteracting electrons.

We use Ĉ2T̂ to represent the operator in the many-body Hilbert space. In the single-particle Hilbert space (and for spinless
models), we can represent time-reversal symmetry as complex conjugation K. The C2 symmetry is denoted by UC2 in the single-
particle Hilbert space.
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Unlike for I symmetry, we can not use symmetry indicators to diagnose the Berry phase in C2T symmetric systems. This
is because C2T is antiunitary and so does not have eigenvalues. Consider the representation of C2T in the single-particle
Hilbert space (UC2K). In C2T symmetric systems, if we apply UC2K to one of the periodic Bloch functions |up,α〉 (for band
α at momentum p), we get the same Bloch function back up to a phase,

UC2K |up,α〉 = λ|up,α〉. (H22)

However λ is not an eigenvalue of UC2K since we can change λ by changing the gauge of the Bloch functions |up,α〉 → eiφ |up,α〉,
UC2Keiφ |up,α〉 = e−iφUC2K |up,α〉 (H23)

= e−iφλ |up,α〉 (H24)

= e−2iφλ(eiφ |up,α〉). (H25)

Hence the eigenvalue changes (λ → e−2iφλ) under the gauge change |up,α〉 → eiφ |up,α〉. Therefore the eigenvalues are not
well-defined and so cannot be used as indicators for the topology. Instead we must rely on the Berry phase to classify the bands.
We write λ = eiβ(p) and show that, for electronic systems, the Berry phase is still quantized. The electronic Berry phase for a
band α is γα ,

γα =
∫ 2π

0
d p 〈up,α| i∂p |up,α〉 (H26)

=
∫ 2π

0
d p 〈up,α| (UC2K)2i∂p(UC2K)2 |up,α〉 (H27)

=
∫ 2π

0
d p 〈up,α| e−iβ(p)(UC2K)i∂p(UC2K)eiβ(p) |up,α〉 (H28)

= −
∫ 2π

0
d p 〈up,α| e−iβ(p)i∂p(UC2K)2eiβ(p) |up,α〉 (H29)

= −
∫ 2π

0
d p 〈up,α| e−iβ(p)i∂peiβ(p) |up,α〉 (H30)

= −γα + [β(2π ) − β(0)] (H31)

= −γα + 2πX, (H32)

where X ∈ Z. This means that γα is quantized to 0, π (mod 2π ). The exciton Berry phases γexc,c/v are also quantized by C2T .
This follows from the fact that we can write the exciton Berry phases in the same way as the electronic in terms of first quantized
exciton wave functions [e.g., see Eq. (A26)].

We now show that in addition to the two exciton Berry phases γexc,c/v both being quantized, they also have to be quantized to
the same value (as with I symmetry). The difference between the two exciton Berry phases is

γexc,c − γexc,v =
∫ 2π

0
d p F (p). (H33)

If a system is C2T symmetric then we can show that F (p) = 0 for all momenta. This has a very physical origin in terms of how
the electron-hole separation is transformed under C2T symmetry (see main text). Here we instead demonstrate that F (p) = 0
mathematically. We begin by noting that F (p) can be rewritten in a particularly useful form:

F (p) =
∫ 2π

0

dk

�

{
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2[〈uc,p+k| i∂k |uc,p+k〉 − 〈uv,k| i∂k |uv,k〉]
}

(H34)

=
∫ 2π

0

dk

�

{
φ̄

p
k i∂kφ

p
k + ∣∣φp

k

∣∣2[〈uc,p+k| i∂k |uc,p+k〉 + 〈ūv,k| i∂k |ūv,k〉]
}

(H35)

=
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
i∂k
(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)]
. (H36)

The C2T symmetry means

Ĉ2T̂ |pexc〉 = eiβ(p) |pexc〉 . (H37)

Consider first-quantized exciton wave functions of the form,∣∣φp
exc

〉 = ∑
k

(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)
. (H38)
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The representation of C2T symmetry acting on |φp
exc〉 is Q̂ = (UC2 ⊗ UC2 )K. If we apply this to |φp

exc〉, we get

Q̂
∣∣φp

exc

〉 = eiβ(p)
∣∣φp

exc

〉
. (H39)

We return to the expression for F (p) in Eq. (H36).

F (p) =
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
i∂k
(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)]
(H40)

=
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
Q̂2 i∂kQ̂2(φp

k |uc,p+k〉 ⊗ |ūv,k〉
)]

(H41)

=
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
e−iβ(p)Q̂ i∂kQ̂eiβ(p)

(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)]
(H42)

= −
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
e−iβ(p) i∂kQ̂2eiβ(p)

(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)]
(H43)

= −
∫ 2π

0

dk

�

[(
φ̄

p
k 〈uc,p+k| ⊗ 〈ūv,k|

)
i∂k
(
φ

p
k |uc,p+k〉 ⊗ |ūv,k〉

)]
(H44)

= −F (p). (H45)

We have therefore shown that F (p) = 0 for all momenta p.
To conclude, C2T symmetry means that the two Wilson loops Wexc,c/v are equal in the thermodynamic limit and quantized

to ±1. The two sets of exciton Wannier states |WR
exc,c/v〉 are equal in C2T symmetric systems. This is because C2T symmetry

requires that F (p) = 0 for all p. Therefore F (p) is constant/independent of p and this was the required condition for |WR
exc,c〉 =

|WR
exc,v〉. The exciton Wannier centers must also be equal since γexc,c = γexc,v . In the main text we show a simple model which

demonstrates these results. In particular, we explore a regime where the electronic bands are trivial (i.e., the electronic Wannier
centers are at the center of the unit cell) while the exciton band is nontrivial (i.e., the exciton Wannier centers are at the edge of the
unit cell).

APPENDIX I: NO CRYSTALLINE SYMMETRIES

We state the model studied in Sec. V in the main text. The model consists of two stacked SSH models, with different on-site
potential (V ) to separate their band structures in energy. We also add density-density interactions, which exponentially decay
with distance,

Ĥ = v
∑

R

( c†
R,AcR,B + c†

R,BcR,A) + w
∑

R

(c†
R,BcR+1,A + c†

R+1,AcR,B) + v
∑

R

( c†
R,CcR,D + c†

R,CcR,D)

+ w
∑

R

(c†
R,DcR+1,C + c†

R+1,CcR,D) + V
∑

R

(c†
R,CcR,C + c†

R,DcR,D) +
∑
R,R′,

i∈{A,B}, j∈{C,D}

U (R − R′)nR,inR′, j . (I1)

Here R labels the unit cells and {A, B,C, D} labels the four atomic orbitals within the unit cell [see Fig. 3(a) in the main text].
We break inversion symmetry—we do this at the level of the interactions by choosing an interaction that exponentially decays
in |R| but with different rates for R > 0 compared to R < 0,

U (R) =
{

U0e−α|R| if R � 0,

U0e−β|R| if R < 0.
(I2)

The results shown in the main text (Fig. 3) correspond to U0 = 0.5, α = 0.3 and β = 2.0. The remaining parameters used are
v = 1.0, w = 0.2, and V = 4.5. We study the model at half-filling (i.e., the two lowest energy electronic bands are occupied in
the ground state).
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