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We derive an effective orbital-lattice model with quantum S = 1 degrees of freedom for transition-metal
compounds, providing a microscopic understanding of cluster formation driven by the cooperative interplay
of spin, orbital, and lattice degrees of freedom. Motivated by the trimerized phases observed in LiVS2 and
LiVO2, we consider a triangular-lattice three-orbital system with two electrons per site occupying the threefold-
degenerate t2g manifold. Starting from a multiorbital Kanamori-Hubbard Hamiltonian, we project the low-energy
sector onto the local S = 1 triplet manifold, in which two electrons occupy different orbitals according to
Hund’s coupling. The resulting effective model exhibits exchange networks whose geometry is determined by the
orbital configuration. However, the orbital-driven exchange interactions alone do not stabilize the experimentally
observed trimer phase. We find that by incorporating ionic lattice displacements that modulate transfer integrals
and induce bond-dependent exchange couplings on shortened and elongated bonds, the phase competition is
qualitatively altered, leading to the robust stabilization of a trimerized ground state within a fully quantum-
mechanical framework. We further show that a simplified orbital-lattice model, in which the spin-exchange
energy is replaced by effective bond energies, faithfully reproduces the essential ground-state properties of the
microscopic model. This reduced description enables large-scale finite-temperature simulations and reveals a rich
sequence of thermal phase transitions, including first-order, second-order, and Kosterlitz-Thouless transitions
into distinct spin-, orbital-, and lattice-ordered phases.

DOI: 10.1103/jq18-lrtj

I. INTRODUCTION

The interplay of multiple degrees of freedom in solids gives
rise to a rich variety of magnetic, dielectric, and electronic
phenomena, particularly in transition-metal compounds [1]. A
key ingredient is the orbital degeneracy of partially filled t2g

shells in a crystal field from the surrounding ligands, which
couples strongly to spin, charge, and lattice degrees of free-
dom. The competition and cooperation among these degrees
of freedom often drive structural instabilities accompanied
by orbital ordering, reflecting a delicate balance between
electronic correlations, magnetism, and lattice distortions.
Indeed, such structural responses frequently serve as signa-
tures of complex collective behavior in correlated materials,
including magnetoelectricity [2,3], colossal magnetoresis-
tance [4], orbital-glass formation [5,6], and valence-bond
crystallization [7–9].
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Among the various forms of structural organization, a par-
ticularly striking phenomenon is the spontaneous formation
of clusters of transition-metal ions. Structural studies have
revealed a variety of cluster patterns, including octamers in
CuIr2S4 [10,11], helical dimers in MgTi2O4 [12–14], hep-
tamers in AlV2O4 [15], later interpreted as combinations of
trimers and tetramers [16], as well as a trimeron formation in
Fe3O4 [17]. These clusterizations are discussed theoretically
in many different contexts including orbital ordering, spin-
orbital coupling, and valence-bond dimer formations [18–25].
Recently, another trimer formation was found in pyrochlore
oxide, CsW2O6 [26], relevant to the lattice instability induced
by the underlying flat band singularity [27].

Among these, the layered compounds with a triangu-
lar lattice, LiVX2, provide a prototypical platform to study
such phenomena [28–36], where each V ion hosts two elec-
trons in the triply degenerate t2g orbitals in an approximately
octahedral ligand field. Indeed, the trimerization-related phe-
nomena have been widely observed in other materials having
transition-metal ions with partially filled t2g orbitals, such as
NaVO2 [37,38] and titanium halides [39]. However, the nature
of trimerization has remained elusive despite decades of in-
tensive investigation since Goodenough proposed a trimerized
state based on the vanadium lattice instability, attributing the
nonmagnetic behavior to molecular orbital formation within
trimers that quenches local moments [40]. The nonmag-
netic molecular orbital picture was supported by the x-ray
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diffraction and extended x-ray absorption fine-structure mea-
surements [30,36], as well as nuclear magnetic resonance
(NMR) experiments indicating symmetry lowering below
the transition temperature. However, the persistence of local
S = 1 moments observed experimentally is difficult to rec-
oncile with a simple molecular-orbital picture, and several
more intricate microscopic mechanisms have been proposed
[31,32].

From a theoretical perspective, stabilizing trimer states
under the competing spin and orbital degrees of freedom has
proven to be highly nontrivial. Starting from the Kanamori
Hamiltonian as a minimal microscopic model for t2g systems,
early work by Pen et al. [18] proposed a picture that the
local S = 1 moments emerge from Hund’s coupling, which
forms a trimer singlet due to orbital-selective exchange cou-
plings. However, this scenario was based on three-site exact
diagonalization (ED) and did not fully establish the energetic
stability of the trimer singlet. A subsequent study [41] derived
Kugel-Khomskii–type effective models and found that within
a classical treatment of S = 1 spins with orbital degeneracy,
the trimer state is generally unstable against ferrimagnetic
ordering. Within their approach, the orbital trimerization was
only possible by an additional crystal-field splitting that lifts
the t2g degeneracy into a1g and e′

g levels and drives the forma-
tion of the S = 1/2 singlet pairs on each trimerized bond, and
thus does not conform to the S = 1 picture.

These theoretical difficulties stand in sharp contrast to
the robust experimental evidence for the compatible obser-
vations of the S = 1 moments and the trimer ordering in
this class of materials, highlighting a fundamental gap in
our understanding. In this work, we address this issue by
constructing an effective model for trimer formation that
explicitly incorporates spin and orbital degrees of freedom,
guided by experimentally observed lattice distortions. Starting
from a Kanamori-type Hamiltonian, similarly to other works,
we derive a low-energy description, where the additional
lattice-displacement degrees of freedom naturally captures the
stabilization of trimer states.

The remainder of this paper is organized as follows. In
Sec. II, we derive the effective orbital-spin-lattice model from
the Kanamori Hamiltonian by incorporating orbital configura-
tions and lattice displacements particularly relevant to LiVO2

and LiVS2. We further simplify it to the orbital-lattice model
by replacing the quantum S = 1 spin-exchange interactions
with constant bond energies. In Sec. III, we clarify the ground-
state phase diagram of both the orbital-spin-lattice model and
the orbital-lattice model, and obtain a finite-temperature phase
diagram of the latter case, where we rely on the classical
Monte Carlo simulation. As we summarize in Sec. IV, the
two models consistently explain the low-energy properties of
the triangular-lattice-based transition-metal compounds, and
naturally realize the S = 1 trimer formation.

II. DERIVING AN EFFECTIVE SPIN-LATTICE MODEL

A. Kanamori Hamiltonian

Let us consider a triangular lattice in a unit of 3d ions, with
in mind the V3+ ions of LiVS2 and LiVO2. The 3d states split
into doubly degenerate eg and triply degenerate t2g levels in a

ligand field of approximate OH symmetry, and among the six
t2g orbitals including spin degeneracy, two are occupied.

The starting point is the Kanamori-type model, also re-
ferred to as a multiorbital Hubbard model, common to the
related studies [18,41], given as

H = HU + Ht ,

HU =
∑
i,α,β

(U ′ + 2JHδαβ )niα↑niβ↓

+ JH

2

∑
i,α �=β,σ,σ ′

(c†
iασ c†

iβσ̄ ciασ̄ ciβσ + c†
iασ c†

iασ̄ ciβσ̄ ciβσ ),

Ht = −
∑

〈i, j〉,α,σ

t i j
α c†

iασ c jασ + H.c., (1)

where c(†)
iασ annihilates (creates) an electron in orbital

α(= dxy, dyz, dzx ) with spin σ at site i, and niασ denotes the
corresponding number operator. The on-site term HU includes
the intra-orbital and interorbital Coulomb interactions U and
U ′, and the Hund’s coupling JH , where we adopt the rela-
tionship, U ≡ U ′ + 2JH , that applies for the octahedral crystal
field.

The interesting feature of Eq. (1) for the triangular-lattice
system is that the intersite hopping term has a strong direc-
tional dependence, as shown schematically in Fig. 1(a); Each
of the three degenerate orbitals extends along one of the three
bond directions of a triangular lattice, and the σ bonding over-
lap occurs only along that direction, e.g., dxy has an overlap
along the [110] bond and is negligible along the other two di-
rections of the triangle. This anisotropic hopping is denoted as
t i j
α , and is set to be nonzero only when the orbital α coincides

with the index mediating a σ bond between sites i and j.
Let us first outline the previous arguments given on this

Hamiltonian, with particular focus on the singlet trimer for-
mation. Pen et al. [18] considered the S = 1 high-spin state on
each site realized by the Hund’s coupling, where there are 3C2

choices of electronic configuration of selecting the orbitals.
Depending on these choices, the exchange energy between the
neighboring S = 1’s is estimated up to second order in terms
of t , as shown schematically in Fig. 1(b). If the neighboring
sites are aligned along the xy direction and dxy are occupied
on both, the energy gain measured against the ferromagnetic
(up-up) configuration is given as −2t2/U ≡ −2J0 from the
second-order perturbation process. If only one of the two sites
has occupancy in dxy, that occupied electron can hop to the
vacant site and come back, which gives the energy gain of
−t2/U = −J0, independent of the spin orientation. One can
thus assign the orbital configuration on each site and sum
these energy gains per bond. For the antiferromagnetic (AFM)
ordering shown in the left panel of Fig. 1(c), the AFM bonds
form a square lattice and the sum of exchange couplings
amounts to EAF = −2J0 × 2N . For the trimer configuration in
the right panel of Fig. 1(c), the intratrimer AFM couplings and
intertrimer FM couplings yield Etri = −2J0 × N + 2(−J0) ×
N . As these two estimates are equal, one needs to take further
account of the quantum many-body effect. The authors per-
formed the three-site ED of Eq. (1) and showed that the state
with total spin Stot = 0 can lower the energy against Stot = 1
at t � 0.1U with JH 	 0.16U .
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FIG. 1. (a) The spatial configurations of t2g orbitals on a triangular lattice, where we set the triangular plane perpendicular to the [111]
direction in the xyz coordinate of a crystal field. Three panels show the bond direction along which dxy, dyz, dzx orbitals have the σ type of
overlaps where we expect finite t . We set the other two bond directions to have no overlap. (b) Configurations of two of the three orbitals
which the electrons occupy on the neighboring two sites along the xy bond, where, unlike (a), we only show half of the component of each
orbital that lies on the triangular plane. The S = 1/2’s on the two orbitals form S = 1, and when the dxy on both sides are occupied, they have
antiferromagnetic exchange (solid lines), whereas if one dxy is occupied and the other is empty, we have ferromagnetic exchange (broken lines).
When both dxy’s are empty, there is no spin exchange. (c) Two different regular configurations of orbitals forming square lattice bonds with
antiferromagnetic exchange, and trimer order with intratrimer antiferromagnetic exchange and intertrimer ferromagnetic exchange. (d) Lattice
displacements of LiVS2 observed experimentally for the intermediate zigzag state and the low-temperature trimer state [33], where the arrows
roughly indicate the degree of displacements. In both phases, V3+ ions move inside and out of the plane depending on their positions.

Later on, Yoshitake et al. [41] adopted the same orbital-
selective directional spin-exchange coupling for S = 1, where
they treated the spins classically by the Monte Carlo simula-
tion, and showed that the trimer configuration is energetically
favorable against the AFM ordering, whereas there exists a
ferrimagnetic ordering of a larger unit cell, always lower in en-
ergy. This may suggest that the orbital-selective S = 1 model
cannot afford the trimer ordering. Therefore, they discarded
this model and instead introduced the trigonal distortion of
the crystal field, which splits the degenerate t2g levels into an
e′

g doublet and an a1g singlet. Although this mechanism can
stabilize a nonmagnetic trimer state, it no longer describes the
trimer singlet state as a combination of three S = 1’s. This
is difficult to reconcile with the experimental observations
of LiVO2, where the magnetic susceptibility and NMR mea-
surements above the transition temperature were explained in
terms of the localized S = 1 moments of V3+ ions [28,32].

These inconsistencies motivate us to consider the effect of
spatially modulated lattice distortions on top of the orbital
and spin degrees of freedom, that can give natural selection
to the trimer ordering. Indeed, recent experimental studies
on LiVS2 show that the trimerization is accompanied by
the structural transition at 314 K into P31m, and above that
temperature, there is another structure, P3̄m1, which supports
the zigzag type of displacement structure with dynamical do-
mains of ∼100 Å scale stabilized within the temperature range
of 314 < T � 350 K [33]. The lattice-displacement patterns
obtained from the structural analysis are illustrated in Fig. 1(d)

for the low-temperature trimer phase and the intermediate
zigzag phase.

B. Revisiting the exact S = 1 trimerized state

We first clarify what kind of microscopic configuration is
present in the Stot = 0 singlet state of the three-site trimer
in terms of ED on Eq. (1), as the earlier study has focused
only on the total spin and not on how it is stabilized un-
der the quantum many-body effect. In the case of LiVO2,
model parameters for Eq. (1) are t ∼ 1 eV with U = 5.1 eV,
JH = 0.8 eV. We find a unique lowest-energy eigenstate,
|ψHubbard(N = 3)〉, with Stot = 0 at N = 3, which consists of
six different major electron configurations. The schematic
illustration of these configurations is shown in Fig. 2, where
the site indices A, B, and C are assigned to the three sites of
the trimer. The electron configurations are always fixed for
all three sites because of the strong Coulomb repulsion and
Hund’s coupling. In this configuration, for example, the dyz is
the only orbital where an electron is allowed to hop between
B and C.

This result is understood by a purely quantum S = 1
Heisenberg model forming a triangle given as

H3site = JAF(SA · SB + SB · SC + SC · SA), (2)

where SA, SB, and SC are local S = 1 spin operators at sites
A, B, and C, respectively. This Hamiltonian is rewritten as
JAF(S2

tot − 6)/2, and the Stot = 0 state becomes the unique
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FIG. 2. Schematic illustration of the component of the wave
function of the Stot = 0 lowest-energy state realized by ED on a
three-site cluster for Eq. (1), which is explicitly written as Eq. (3).

ground state with energy E3site = −3JAF, which is given ex-
plicitly as

|3s〉 = 1√
6

(|1,−1, 0〉 + |−1, 0, 1〉 + |0, 1,−1〉

− |−1, 1, 0〉 − |1, 0,−1〉 − |0,−1, 1〉), (3)

spanned by the combination of states indexed by the z com-
ponent of spins, |Sz

A, Sz
B, Sz

C〉. This ground state is equivalent
to the one shown in Fig. 2 for Eq. (1), as we fix the or-
bital configuration, and the remaining degrees of freedom are
the three S = 1’s. The fidelity between the lowest Stot = 0
state of the Hubbard model and the three-site singlet state
is 〈ψHubbard(N = 3)|3s〉 = 0.792. To be more precise, JAF in
Eq. (2) is derived from the fixed orbital configurations in
Fig. 2 perturbatively at the second order in terms of t as
JAF = J0(1 + η)/(1 + 2η) with η = JH/U and J0 = t2/U .

C. Orbital-spin model for the bulk system

We now derive the perturbative Hamiltonian up to second
order in t/U for the full triangular lattice by restricting the
local Hilbert space to the Hund-coupled S = 1 sector and
obtain the orbital-spin Hamiltonian [41],

Hos =
∑
〈i, j〉

[ ĥ1(ni,α n̄ j,α + n̄i,αn j,α ) + ĥ2ni,αn j,α ],

ĥ1 = −JF Si · S j − JF0,

ĥ2 = JAF (Si · S j − 1), (4)

where Si denotes S = 1 spin operator at site i, the orbital index
α has the same label as the 〈i, j〉 bond, and n̄i,α = 1 − ni,α is

(a)

(b)

FIG. 3. (a) Schematic illustration of the effective Hamiltonian,
given by Eq. (4). (b) Lattice-displacement degrees of freedom of the
adjacent two sites, whose directions are given in arrows. The relative
angles between the two displacements yield the degree of modulation
of JF0, JF, and JAF in the effective model of Eq. (4).

the hole occupation. The exchange couplings are given by

JF0 = 1 − η

1 − 3η
J0, JF = η

1 − 3η
J0,

JAF = 1 + η

1 + 2η
J0, (5)

with J0 = t2/U , η = JH/U . We now rephrase the physical
implication of these terms using Figs. 1(b) and 3(a). When the
〈i, j〉 bond is pointing in the xy direction, and site i and j both
have the dxy orbitals occupied, we find ĥ2 �= 0 that provides
an AFM coupling term, generated by the kinetic exchange
between two electrons induced by t . Whereas if one of the dxy

orbitals is occupied and the other is empty, the corresponding
orbital component of ĥ1 is nonzero due to the second-order
perturbation process in Ht , yielding a double-exchange-like
FM term. If both dxy’s are empty, there is no room for an
exchange interaction.

This Eq. (4) is a quantum S = 1 model coupled to or-
bital degrees of freedom, spanned by 3 × 3 local basis per
site, and basically has the same form as the one discussed
previously [18,41]. However, Ref. [41] has treated S = 1 as
classical vector spins, and Ref. [18] expanded their discussion
for cases where the spin-exchange operators, (JF0 + JF Si · S j )
and JAF (−1 + Si · S j ), are replaced by the constant energy
values, −J0 and −2J0, respectively. We perform a full quan-
tum mechanical treatment on the S = 1 partin Sec. III and
examine the consistency with these classical treatments.
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(a)

(b)

(c)

(d)

(e)

(f)

(g)

FIG. 4. (a)–(d) Typical orbital configurations proposed by Yoshitake et al.: (a) three-spin singlet phase, (b) AFM phase, (c) ferri I phase,
and (d) ferri II phase. Each vertex corresponds to a vanadium atom. Blue thick short bars indicate the direction of electron propagation. Red
and blue lines represent S = 1 AFM and FM interactions, respectively. (e)–(g) Lattice distortion patterns experimentally observed in LiVS2:
(e) uniform phase, (f) trimer phase, and (g) zigzag phase. Black, yellow, and green lines represent bonds of natural length, shortened bonds,
and elongated bonds, respectively.

We present typical orbital and corresponding bond con-
figurations in Figs. 4(a)–4(d). The three-spin singlet state is
characterized by the periodic orbital configurations in the unit
of three sites that form AFM triangles, and the rest of the in-
teractions are FM. The AFM state forms a square lattice with
uniform AF interactions. The two ferrimagnetic states (ferri
I, ferri II) are the ones introduced by the Monte Carlo study
in Ref. [41], which constitute the ground state of the classical
version of Eq. (4) in the absence of the lattice displacement
and trigonal crystal field.

D. Lattice displacements

As we showed in Fig. 1(d), both zigzag and trimer types
of lattice displacements are observed in LiVS2. We thus in-
corporate atomic displacements into the model. When the
lattice timescale is much longer than that of the spins, the
effect of lattice distortion can be treated as a modulation of
the exchange integrals, reflecting the changes in the hopping
amplitude t , together with an elastic energy cost. We assume
that the V atom moves in one of six discrete directions with
a fixed displacement length, as illustrated in Fig. 3(b), where
a denotes the lattice constant of the undistorted triangular lat-
tice. Introducing a unit displacement parameter δ, the relative
distance between the adjacent ith and jth sites is given at a
linear order in δ as

a → (1 + mi jδ)a (mi j = −2,−1, 0, 1, 2). (6)

We show in Fig. 3(b) the regular displacement patterns for
five classes of mi j , where a total of 36 types of configurations
are classified. The configurations on the upper and lower
panels for each mi j slightly differ in distance by O(δ2), which
are neglected. The corresponding modulation of the hopping
integral is given as

t →
(

1 − ν

2
mi j

)
t, (7)

where ν represents the degree of exchange striction, propor-
tional to δ. The exchange coupling is modified as

JF/AF → JF/AF

(
1 − ν

2
mi j

)2

. (8)

There is an associated elastic energy cost of κm2
i j with the

elastic constant κ , leading to the lattice Hamiltonian, Hlattice =∑
〈i, j〉 κm2

i j . The uniform, trimer, and zigzag types of peri-
odic lattice modulations observed experimentally are shown
in Figs. 4(e)–4(g). The trimer includes two different types of
mi j and the zigzag has three. According to Ref. [33], the V-V
distances in LiVS2 reduce from 3.4 Å in the high-temperature
uniform state to 3.0 Å and 3.6 Å in the trimer phase at low
temperature. Since one can expect the transfer integral to be
t ∝ d−5, with d being the distance between orbitals [42,43],
the modulation of t due to these displacements is approxi-
mately +87% and −25%, which is read off as ν ∼ 0.2–0.5.
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TABLE I. Numbers of uniform (undistorted), short, and long bonds under trimer and zigzag type of lattice distortions with AFM and FM
couplings, assuming the four different types of orbital configurations shown in Fig. 4.

Distortion Spin config. Sites/unit Uniform AFM Long AFM Short AFM Uniform FM Long FM Short FM

Trimer Three-spin singlet 6 0 0 6 0 12 0
Trimer AFM 6 0 9 3 0 0 0
Trimer Ferri I and II 12 0 8 4 0 16 8
Zigzag Three-spin singlet 6 2 2 2 4 4 4
Zigzag AFM 2 2 1 1 0 0 0
Zigzag Ferri I and II 4 0 2 2 4 2 2

We thus examine the range ν = 0–0.5 in the following calcu-
lation.

E. Orbital-spin-lattice model and orbital-lattice model

We now have the orbital-spin-lattice model given as a
combination of Eqs. (4) and (8). Let us then transform it to
a simpler representation as

Heff =
∑
〈i j〉

[
ĥ(θi, θ j )

(
1 − ν

2
mi j

)2

+ κm2
i j

]
,

ĥ(θi, θ j ) = ĥ�, � = δθibi j + δθ j ,bi j , (9)

with ĥ� given in Eq. (4). Here, we introduce the parameter
bi j = 0, 2π/3,−2π/3, denoting the bond direction that has
finite hopping between the xy, zx, yz orbitals, respectively.
When both θi and θ j do not equal bi j , we find ĥ(θi, θ j ) = 0,
whereas if either one of them equals bi j , the ferromagnetic
interaction ĥ(θi, θ j ) = ĥ1 is realized. If both equal bi j , we find
an antiferromagnetic interaction, ĥ2.

Since states with different orbital and lattice configurations
do not mix quantum mechanically, Eq. (9) is block diagonal-
ized into these configuration sectors, and the full quantum
many-body treatment is to solve the quantum S = 1 model
interacting via a bond network of given orbital and lattice
configurations. The ground state is determined by comparing
the lowest energies of different orbital-lattice configurations.

The straightforward simplification is given by replacing ĥ�

with the constant-energy value. To make a proper choice of
the energy constant values, we evaluate the quantum energy
of the trimer state in Eq. (9) realized in a finite-size cluster by
ED (see Appendix A), in comparison with the sum of constant
bond energies realized on a same size cluster. If we consider
an isolated S = 1 pair, we find 〈Si · S j〉 = −2 for Stot = 0 and
〈Si · S j〉 = 1 for Stot = 2. However, substituting the former to
〈ĥ2〉 overestimates the quantum energy gain expected for the
trimer state on the bulk triangular lattice. We thus adopt the
classical value 〈Si · S j〉 = ∓1, which gives

〈ĥ1〉 = −JF − JF0,

〈ĥ2〉 = −2JAF . (10)

Apart from these values, this kind of treatment is the same
as the discussion made by Pen et al., where they adopt
〈ĥ1〉 = −J0 and 〈ĥ2〉 = −2J0 [18]. The introduction of lat-
tice displacements in our case largely modifies the energetics
of orbital configurations. For the regular types of lattice

distortion, we provide in Table I the number of bonds per site
units shown in Fig. 4, together with the number of unchanged,
short, and long bonds, each with four different types of orbital
configurations. The energies of the orbital-lattice model are
evaluated classically by counting the number of these bonds
for the given types of orbital and lattice configurations. For
large η where the Hund’s coupling is relevant, JAF decreases
and JF increases, which favors magnetically ordered states
rather than singlets, and the system becomes more classical
and deviates from the orbital-spin-lattice model that treats the
longer-range quantum correlations between S = 1’s.

III. NUMERICAL RESULTS

A. T = 0 ground states

We first investigate the ground state of the orbital-spin-
lattice model in Eq. (9) by taking full account of the quantum
mechanical S = 1 degrees of freedom using ED. We con-
fine ourselves to the orbital configurations giving JAF/F

shown in Figs. 4(a)–4(d), combined with their preferable
lattice displacements shown in Figs. 4(e)–4(g). Although
there are (3 × 6)N different orbital-lattice configurations for
system size N , most of the nonperiodic ones can gener-
ally be excluded from the ground state. This is because the
symmetry-breaking orders with longer periods are more fa-
vored in classical or mean-field models compared to their
fully quantum many-body counterparts, and the orbital con-
figurations in Figs. 4(a)–4(d) that we study already include
all the ordered states reported in the previous classical Monte
Carlo simulations on the spin-orbital Hamiltonian given
by Eq. (4) by treating the spins as classical vectors. The
lattice-displacement patterns considered in Figs. 4(e)–4(g)
are those that energetically favor either of these magnetic
orderings, which provides sufficient variety since the energy
gain comes from the spin-orbital part. By diagonalizing the
S = 1 Hamiltonian with interaction networks determined by
the orbital-lattice configuration, we obtain the lowest energy
and compare it with those of other configurations, and identify
the ground state as the one with the lowest total energy. In the
following, we set J0 = t2/U = 1 as a unit of energy and im-
plicitly use κ and temperature T in that unit. The comparison
with the actual material parameters is discussed in Sec. IV.

The ED calculations are performed on a N = 6 × 2 cluster
shown in Fig. 4, where the unit cell is chosen appropriately
so that both the orbital configuration and the lattice distortion
are compatible with the periodic boundary conditions. The
phase diagrams on the plane of η = JH/U and ν obtained
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FIG. 5. Ground-state phase diagrams as functions of the Hund’s coupling strength η = JH/U and the exchange striction ν for (a) the
orbital-spin-lattice model in Eq. (9) with κ = 0.06, 0.08, where quantum S = 1 sectors are solved by ED. (b) The orbital-lattice model adopting
Eq. (10) for the bond-energy evaluation with κ = 0.02. We find trimer, zigzag, and uniform phases, where the trimer has a three-spin singlet
state, and zigzag and uniform phases have ferrimagnetic ordering of types I, II, or their mixture. There are additional phases labeled Trimer′

(elongated trimer) and stripe in (b) at large η. The possible range of model parameters is shown (see Sec. IV for details).

from our ED results are presented in Fig. 5(a) for two dif-
ferent choices of κ = 0.06 and 0.08. The key finding is the
realization of the trimer phase in the small range of η with
substantial lattice distortions, ν ∼ 0.3–0.45. As η increases,
the system undergoes a phase transition to one of the zigzag
phases. The zigzag I (II) phase corresponds to a combination
of the zigzag displacement pattern [Fig. 4(g)] and the ferri I
(II) state. The reason why η works to stabilize the ferri phase
against the trimer singlet phase is because the Hund’s rule
favors the two electrons to form a more robust triplet, which is
reflected in the increase/decrease of spin-exchange couplings,
JF /JAF . For ν � 0.3, the lattices are undistorted, while the
orbital configuration is either ferri I or ferri II. We denote these
phases as uniform I and uniform II.

By comparing the phase diagrams with two different κ’s,
we find that the increase of elastic energy loss with κ pushes
up the distorted phases (trimer and zigzag) to larger ν, as they
need more energy gain in terms of t to compete with κ . At
the same time, without the lattice distortion, the three-spin
singlet phase has relatively small quantum S = 1 energy gain
compared to the ferri phase, although the numbers of FM
and AFM bonds are both 2N and N (see Table I), namely,
there is a substantial longer-range correlation for the latter.
When including the lattice distortion, this spatial coherence is
suppressed and thus the advantage of the latter becomes less.
Accordingly, the trimer phase with a three-spin singlet extends
to η ∼ 0.03 for κ = 0.08.

Next, we show in Fig. 5(b) the phase diagram of the classi-
cal orbital-lattice model that adopts Eq. (10) for the evaluation
of bond energy. The ground-state energies of each phase
are calculated analytically and are shown in Appendix A.
Although we set κ = 0.02, which is smaller than that for
the quantum orbital-spin-lattice model, the trimer phase is
extended over η � 0.16 when ν is sufficiently large. With
increasing η, this trimer phase is replaced successively by
the zigzag II and zigzag I phases. This behavior is consistent
with the tendency found in the ED phase diagram in Fig. 5(a).

The trimer phase is overestimated compared to the quantum
case, which is because the zigzag phases should naturally
have large quantum energy gain due to long-distance spin-spin
fluctuations, compared to the trimer phase consisting of local
singlets, and the former gain is discarded in the classical
orbital-lattice model.

On the other hand, when η is decreased, the system en-
ters the uniform phase, in which all lattice displacements
are ordered in a particular direction. As the relative distance
between lattice sites is the same as the undistorted lattice, this
ordering is purely statistical. The lattice degrees of freedom
form a q = 6 clock model, which is known to exhibit “ferro”
type of long-range order at the lowest temperature [44–48].
The orbital ordering becomes the mixed component of ferri
I and ferri II, as the energies of these two are equal in the
classical case. For η � 0.16, we also find another trimer phase
(Trimer′, which has elongated trimer bonds) and a stripe
phase. However, these phases are the artifacts of the model
since the present classical approach is not reliable in the large-
η regime.

The reason for the quantitative difference in the location
of the classical and quantum phase boundaries in terms of
η is understood as follows: when η = 0, the trimer state has
exactly the same energy in the quantum and classical models
since we find that the intertrimer interaction, ĥ1 = −J0, is
constant (absent) and the product state of trimers formed by
ĥ2 becomes the exact eigenstate of the quantum Hamiltonian,
identical to the classical trimers. The introduction of η induces
the intertrimer interaction; the classical longer-range corre-
lations develop and overestimate the energy gain. The ferri
I/II phases are more sensitive to η as the Hund’s coupling
enhances the spin moment Sz = ±1. When η = 0, the clas-
sical state underestimates the energy relative to the quantum
state due to the lack of spin-fluctuation energy gain, whereas
at η �= 0, the classical energy overtakes the quantum ones
by developing the longer-range magnetic correlations. As the
latter effect is more pronounced, the ferri phases with zigzag
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orderings are overstabilized by η against the trimers. The
comparison of energies is given in Fig. 8.

The comparison between the phase diagrams of the two
types of models shows that although the orbital-lattice model
overestimates the stability of the trimer phase combined with
the lattice degrees of freedom, both cases provide the same
tendency. First, without lattice distortions (ν = 0), there is no
room to stabilize the trimer singlet. Second, there is an onset
ν to have the trimer phase, while this phase is replaced by
the zigzag phase with ferri order at large η as the JF gradually
increases and JAF decreases. Therefore, by properly tuning the
value of κ to be smaller and by taking account of the fact that
the trimer is overestimated and extends to much larger η, one
can make use of the orbital-lattice model to study the overall
property of the competition between the trimer and the other
magnetically ordered phases.

Let us discuss the relevance of the present model pa-
rameters to the material trend in layered LiVX2 (X= O,S).
Experimentally, increasing the chalcogen ionic radius in-
creases both the effective hopping t and the itinerant character
of the electronic state. Indeed, LiVO2 remains insulating,
LiVS2 becomes metallic at the higher-temperature range
above the trimer formation, and LiVSe2 stays metallic without
developing the low-temperature trimer phase [7,34]. In the
language of the present strong-coupling model, this increase
in t enhances the electronic energy scale J0 = t2/U , which
relatively decreases the elastic constant κ in our phase dia-
gram. This makes the electronic energy gain dominant over
the elastic energy cost. As a result, the zigzag state can
overtake the trimer, which consistently explains the overall
tendency observed experimentally [7,33,34].

B. Thermodynamic properties

Based on the above considerations, we adopt the orbital-
lattice model as an effective model to study the thermody-
namic properties of the system. As the model includes only
the classical degrees of freedom, the Monte Carlo simula-
tions based on the Metropolis algorithm can be applied [49].
One Monte Carlo step (MCS) consists of attempting local
Metropolis updates of orbital and lattice degrees of freedom at
all sites. By dividing the system into three sublattice groups,
we update the orbital and lattice variables independently
within each group, which enables efficient parallelization.

Equilibrium simulations are performed on triangular lat-
tices on N = L × L rhombuses with L = 144 under periodic
boundary conditions with the fixed elastic constant, κ = 0.02.
After the equilibration performed at T = 10J0, the system
is gradually cooled down by performing 100 000 MCSs at
each temperature point until it reaches the lowest temperature.
Then, the system is heated along the same temperature path.
At each temperature, the first 50 000 MCSs are discarded and
the measurements are taken for every 100 MCSs. The specific
heat is evaluated from the energy fluctuation as C = (〈E2〉 −
〈E〉2)/NT 2. To identify the orbital and lattice orderings, we
encode the local orbital and lattice configurations by complex
clock variables as

X orb
� = ei2π jorb

� /3, X lat
� = eiπ jlat

� /3, (11)

where jorb
� = 0, 1, 2 labels the three orbital states and jlat

� =
0, . . . , 5 labels the six displacement directions. For X� = X orb

�

or X lat
� , we introduce the structure factor,

SX (q) = 1

N

∣∣∣∣∣
∑

�

X�eiq·r�

∣∣∣∣∣
2

= 1

N

∑
�,m

X ∗
� Xmeiq·(rm−r� ). (12)

The uniform, trimer, and zigzag components are then mea-
sured by

OX
uniform = SX (
), (13)

OX
trimer = |SX (K1) − SX (K2)|, (14)

OX
zigzag = |SX (M1) + ωSX (M2) + ω2SX (M3)|, (15)

respectively, where ω = e2π i/3, and the high-symmetry k
points are 
 = (0, 0), K1 = (1, 1√

3
), K2 = (−1, 1√

3
), M1 =

(1, 0), M2 = ( 1
2 ,

√
3

2 ), and M3 = ( 3
2 ,

√
3

2 ). The absolute values
are taken before averaging over MC samples so that different
symmetry-related domains do not cancel each other.

The representative temperature dependences of the en-
ergy, specific heat, and lattice and orbital order parameters
are shown in Figs. 6(a)–6(c) for the parameter values of
(η, ν) = (0.1, 0.4), (0.15,0.4), and (0.15,0.1). To confirm that
the results do not depend on system sizes, we also performed
the same series of calculations with L = 36 and 72, which
are shown in Appendix B, Fig. 9. There, we find that the
size effect is already negligibly small for these two smaller
systems.

We first discuss the case of (η, ν) = (0.1, 0.4). The most
important feature is the hysteretic behavior associated with
the trimer ordering. The energy and the trimer order param-
eters show abrupt changes at nearly the same temperature,
indicating the first-order transition. The specific heat exhibits
a divergent behavior and a sharp drop consistent with the first-
order character. The specific heat and order parameters show
hysteretic behavior between heating and cooling processes,
which also supports the first-order transition.

In the case of (η, ν) = (0.15, 0.4), the system enters a
zigzag phase via a second-order transition, as one can see
from the continuous growth of the lattice order parameter at
around T 	 0.08. There is another transition at T 	 0.016
associated with the orbital ordering, which is also a contin-
uous transition. We note that although the orbital trimer order
parameter is nonzero at lower temperature, it does not indicate
the trimer ordering because the mixture of nonzero zigzag
orders running in different directions yields finite trimer order
parameters, which is the artifact of the definition.

Finally, we discuss the case of (η, ν) = (0.15, 0.1). Here,
continuous transitions associated with the lattice degree of
freedom are observed at around T 	 0.02–0.03, which exhibit
two peaks in the specific heat. The lattice displacement takes
place in the same direction for all sites, which yields a peak
at SX (
). Physically, this indicates an undistorted lattice and
may seem to have nothing to do with the lattice ordering.
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(c)(a) (b)

FIG. 6. Temperature dependence of the energy E , specific heat C, both per site, and lattice and orbital order parameters OX obtained by
equilibrium MC simulations on a 144 × 144 size cluster. The data are obtained separately through the cooling and heating processes. Standard
error bars are shown for each data point evaluated over 144 independent MC runs. We choose the parameters (a) (η, ν ) = (0.1, 0.4) with the
trimer ground state, (b) (0.15,0.4) with the zigzag ground state, and (c) (0.15,0.1) with the uniform (mixed) ground state.

However, if we focus solely on the lattice degrees of freedom,
the model reduces to the q = 6 clock model, which is known
to show two peaks, indicating the Kosterlitz-Thouless (KT)
transitions [44–48]; the higher-temperature peak indicates the
transition to the quasi-long-range ordered xy-like phase, and
the lower peak marks the transition to the uniformly ordered
phase. The energy shows a two-step-like behavior charac-
teristic of such transitions. In that context, these transitions
naturally occur because we assumed the discrete clock type of
the lattice distortion, and this has nothing to do with the orig-
inal materials. Nevertheless, this transition supports a static
uniform lattice structure, allowing for the orbital degrees of
freedom to choose the lowest-energy state of their own. The
resultant zigzag I and II phases are energetically degenerate
and appear as their mixture, which is the reason why we
cannot find nonzero contributions from the orbital order pa-
rameters.

In Fig. 7, we show the finite-temperature phase diagrams
along the η axis for two different choices of parameters,
ν = 0.4 and 0.1. At ν = 0.4, the trimer phase is quite robust
and sustains up to T ∼ 0.3, in contrast to the zigzag phase that
forms a dome at low temperature. At small ν, the trimer phase
is strongly suppressed, and so is the uniform mixed phase; the
ordered phase only appears below the lowest temperature in
our calculation, ∼0.02.

IV. SUMMARY AND DISCUSSION

In this work, we investigated the microscopic origin
of trimer formation in orbitally degenerate transition-metal
compounds by deriving and analyzing effective low-energy
models based on a multiorbital Kanamori-Hubbard Hamil-
tonian on a triangular lattice. Motivated by LiVS2 and

(b)

(a)

Trimer

Zigzag

Trimer’

Trimer Uniform

FIG. 7. Finite-temperature phase diagrams of the orbital-lattice
model obtained by equilibrium MC simulations for (a) ν = 0.4 and
(b) ν = 0.1. Six independent MC runs are performed for each data
point over both the heating and cooling processes. The phase labels
indicate the types of orders that have OX � 0.5.
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LiVO2, where each V3+ ion hosts two electrons in the
threefold-degenerate t2g orbitals, we focused on the strong-
coupling regime in which Hund’s coupling stabilizes local
S = 1 triplets formed by electrons occupying different
orbitals.

Projecting the microscopic Hamiltonian onto the local
S = 1 manifold, we derived an orbital-spin model in which the
geometry of the spin-exchange network is determined by the
orbital configuration. To account for experimentally observed
structural distortions, we further introduced lattice degrees of
freedom through local ionic displacements. The relative dis-
placements between neighboring ions modify bond lengths,
thereby changing the exchange couplings and compete with
the associated elastic energy cost. The resulting orbital-spin-
lattice model captures the cooperative interplay among spin,
orbital, and lattice degrees of freedom.

The ground-state phase diagram obtained by exact diag-
onalization of the quantum S = 1 orbital-spin-lattice model
reveals strong competition among trimer, zigzag, and fer-
rimagnetic phases. We confirmed that the orbital-selective
exchange interactions alone are insufficient to stabilize the
trimer phase. A robust three-spin singlet phase of S = 1
emerges only when trimer lattice distortions are allowed in
the presence of a substantial degree of exchange striction,
which enhance the exchange anisotropy between shortened
and elongated bonds. In the absence of such distortions, the
system favors the ferri phase, while zigzag ordering becomes
competitive in distorted lattices. This phase competition also
provides a natural interpretation of the material trend in
LiVX2, where the increase of the chalcogen ionic radius
enhances the effective hopping t and hence the electronic
energy scale J0 = t2/U , making the elastic energy scale κ

relatively smaller. As a result, the trimer state is replaced
by the zigzag state, consistent with the observation of slow
dynamics related to the zigzag geometry when X changes
from O to S [33]. The actual model parameters for the two
materials are not precisely evaluated because of the ambiguity
of the values of t , U , and JH . If we follow the LiVO2 pa-
rameters adopted in Ref. [18], t ∼ 1 eV, U = 5.1 eV, JH =
0.8 eV, we find η = 0.157 and J0 = 0.196 eV. Here, U, JH ,
and, accordingly, η takes the standard values for transition
metals, whereas J0 is larger by an order. In our model, J0

influences the range of ν in which the trimer and zigzag phases
appear through the value of κ/J0; the degree of lattice distor-
tions observed experimentally changes the transfer integral by
10–30% and induces ν = 0.2–0.5. Since this range gives the
trimer phase, the choice of κ/J0 we made in Fig. 5 should be
appropriate. The value of η also falls near the trimer-zigzag
phase boundary, and the increase of J0, or t equivalently,
from LiVO2 to LiVS2 pushes the phase boundary to lower
ν and smaller η, driving the competition between the two
orderings.

The vanadium spinels, AV2O4, A = Cd, Zn, and Mg, are
the well-studied series of materials that has (3d )2 electrons
on degenerate t2g orbitals, which lowers the symmetry by
the orbital-ordering effects that select the one-dimensional
antiferromagnetic network of spins [13,50,51]. In this case,
the simple orbital ordering first proposed as an origin of se-
lecting a particular magnetic exchange path [52] turned out
to be a complex combination of dyz ± idzx that induces the

spin-orbit-coupling effect, when seriously considering the
tetrahedral distortion of the lattice [53]. In our LiVX2, even
though (3d )2 configurations are common, the crystal struc-
tures are highly two dimensional and the interlayer effects
seem negligible. According to Ref. [30], the material has a
stacking structure of (Li layer)-(S(O) layer)-(V layer)-(S(O)
layer)-(Li layer)· · · , and in LiVO2, this stacking becomes
randomly quenched and does not maintain regular alignment,
resulting in strong two dimensionality. The lattice distortion
patterns observed in LiVS2 are clearly of two-dimensional
types, which sacrifices the regularity between layers by a
slight shift of ions off the layers which we showed in Fig. 1(d)
[33]. This reduces the spatial constraint of the orbital-lattice
coupling and allows for the competitions among different
types of two-dimensional types of distortions.

To access larger system sizes and finite-temperature prop-
erties, we further introduced a simplified orbital-lattice model
in which the quantum S = 1 degrees of freedom are integrated
out and replaced by effective AF and F bond energies. Despite
quantitatively overestimating the stability of the trimer phase
due to the neglect of long-range quantum spin correlations,
the simplified model reproduces the essential structure of the
ground-state phase diagram and provides a useful framework
for studying thermal phase transitions.

Monte Carlo simulations of the orbital-lattice model re-
vealed a rich finite-temperature phase diagram. The trimer
phase appears through a first-order transition accompanied by
simultaneous ordering of lattice and orbital degrees of free-
dom, and exhibits a pronounced hysteresis between cooling
and heating processes. The zigzag phase develops through a
continuous transition, with lattice and orbital ordering occur-
ring at distinct temperatures. For weaker lattice coupling, the
ferri phase is stabilized through a Kosterlitz-Thouless transi-
tion from an intermediate quasi-long-range ordered regime.
This behavior originates from the effective six-state clocklike
character of the lattice sector associated with the undistorted
configuration.

Our results demonstrate that lattice distortions qualitatively
reshape the energetics of orbitally degenerate triangular-
lattice systems. Previous studies based solely on spin-orbital
interactions concluded that the trimer state is unstable against
ferrimagnetic ordering, while a fully quantum-mechanical
treatment of the competing phases remained largely unex-
plored. By systematically comparing the orbital-spin-lattice
and orbital-lattice descriptions, we identify lattice-modulated
orbital-selective exchange interactions as the key ingredi-
ent responsible for stabilizing trimerization. The present
work therefore establishes a microscopic framework for un-
derstanding cluster formation in frustrated transition-metal
compounds and highlights the crucial role of coupled spin,
orbital, and lattice degrees of freedom in determining their
collective states.
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the cluster shown in Fig. 4, plotted as functions of η. Solid and
broken lines are the Trimer/Trimer′ and ferri I, II phases realized
in the classical orbital-lattice model for the same parameter, to be
compared with the quantum case.
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APPENDIX A: COMPARISON OF ENERGIES
OF THE TWO MODELS

To make a quantitative comparison between the quantum
S = 1 orbital-spin-lattice model and the classical orbital-
lattice model, we show in Fig. 8 the energies of the
representative phases for ν = 0.4 and κ = 0.06. The trimer
phase is energetically almost degenerate with the ferri phases
in the quantum ED results, and the ferri phases become lower
in energy when we introduce η, and become the ground states
we mentioned as uniform I/II phases in the phase diagram.
The introduction of the lattice-displacement degrees of free-
dom allows the substantial energy gain of the trimer state and
provides a finite window to become a ground state at small η.

The energies of the orbital-lattice model are evaluated by
adopting Eq. (10) as the AF and F bond energies. There, we
chose 〈Si · S j〉 = −1 and 1 for ĥ2 and ĥ1, respectively, which
is because this choice allows the trimer state energy to be
almost equal to the one evaluated for the quantum S = 1 case
(see Fig. 8).

The total energies of the representative phases evaluated
for Eq. (10) are given as

ETrimer = −2(1 − ν/2)2

1 − 3η
− 2(1 + η)

1 + 2η
(1 + ν)2 + 6κ,

ETrimer′ = −2(1 + ν/2)2

1 − 3η
− 2(1 + η)

1 + 2η
(1 − ν)2 + 6κ,

EFerriI = − (1 + η)(2 + ν2)

1 + 2η
− 2 + 3ν2/2

1 − 3η
+ 8κ,

EFerriII = − (1 + η)(2 + 2ν2)

1 + 2η
− 2 − ν2

1 − 3η
+ 8κ,

(c)(a) (b)

FIG. 9. Temperature dependence of the energy E , specific heat C, both per site, and lattice and orbital order parameters OX obtained by
equilibrium MC simulations on L = 36, 72 clusters in comparison with the L = 144 results we have shown in Fig. 6. The cooling process is
plotted, while the heating process also shows good coincidence between different sizes.
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EUniform = − 2

1 − 3η
− 2(1 + η)

1 + 2η
,

EStripe = −1 + (1 + ν/2)2

1 − 3η
− 2(1 + η)(1 − ν/2)2

1 + 2η
+ 2κ.

(A1)

The overall η dependence of these energy values is consistent
with the quantum cases, although the crossing points differ
and modify the phase diagram, as we discussed in the main
text.

APPENDIX B: SYSTEM SIZE DEPENDENCE
OF THE MONTE CARLO SIMULATION

We show in Fig. 9 the results of the Monte Carlo simu-
lations for the same set of parameters as in Fig. 6, where,
for clarity, we plot only the cooling process with system size
L = 36 and 72 in comparison with L = 144 (the same data as
Fig. 6). Except for the slight difference in the peak height of
C or the small tails of OX just above or below the transition,
L = 36 and 72 data are almost identical.
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