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Mapping reservoir-enhanced superconductivity to near-long-range magnetic order
in the undoped one-dimensional Anderson and Kondo lattices
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The undoped Kondo necklace in 1D is a paradigmatic and well understood model of a Kondo insulator.
This work performs the first large-scale study of the 1D Anderson lattice underlying the Kondo necklace with
quasiexact numerical methods, comparing this with the perturbative effective 1D Kondo necklace model derived
from the former. This study is based on an exact mapping of the Anderson model to one of a superconducting
pairing layer connected to a metallic reservoir, which is valid in arbitrary spatial dimensions, thereby linking the
previously disparate areas of reservoir-enhanced superconductivity, following Kivelson’s pioneering proposals,
and that of periodic Kondo systems. Our work reveals that below the lengthscales on which the insulating state
sets in, which can be very large, superconducting and density-density correlations are degenerate and may both
appear to approach an almost ordered state, to a degree that far exceeds that of any isolated 1D pairing layer with
short-range interactions. We trace these effects to the effective extended-range coupling that the metallic layer
mediates within the pairing layer. These results translate directly to the appearance of near-long-range magnetic
order at intermediate scales in the Kondo systems, and explain the strong renormalization of the RKKYcoupling
that we effectively observe, in terms of the back-action of the pairing layer onto the metallic layer. The effects
we predict could be tested either by local probes of quasi1D heavy fermion compounds such as CeCo2Ga8, in
engineered chains of adatoms or in ultracold atomic gases.

DOI: 10.1103/jjxr-xk9l

I. INTRODUCTION

The phase coherence of pairs and the pair-field ampli-
tude of a superconducting state are two antagonistic quantum
properties. Both are essential to realize superconducting
off-diagonal long-range order (ODLRO), or, due to the
Mermin-Wagner theorem (MWT) [1], algebraically decaying
quasiorder in the best-case outcome for low-dimensional sys-
tems with short-range couplings and interactions. For both
conventionally mediated as well as for high-temperature su-
perconductors (HTS), there is substantial evidence that an
optimal Tc is obtained around the region where the amplitude-
and phase-dominated regimes cross over into one another
[2,3]. This has led to Kivelson’s famous proposal on boost-
ing superconductivity using bilayer setups, maximising the
superconducting pair field in one layer while simultaneously
maximising the superconducting stiffness by use of the second
layer [4].

This prospect, of attaining superconducting properties su-
perior to those of the isolated pairing layer by sidestepping the
competition between pair phase and pair amplitude that had
previously been seen as unavoidable, has triggered a number
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of experimental and theoretical studies [5–10]. Recently, our
own work on the 1D version of Kivelson’s proposal using
quasiexact numerical methods has shown that a 1D metal
with weak tunnel-coupling to a layer with intrinsic pairing can
lead to far better superconducting properties than the isolated
pairing layer [10]. This is due to ranged pair-pair coupling
mediated by the metal, which greatly boosts superconducting
stiffness, while the potentially negative impact of a depressed
pair amplitude due to the reverse proximity effect of the metal
on the pairing layer can be abated by detuning the nominal
Fermi points of the two layers away from each other. While
the proximity effect emanating from the pairing layer into the
metallic layer ultimately limits the range of the mediated pair-
pair coupling, superconducting correlations may still decay
algebraically with such low exponents as to closely approach
ODLRO [10]. This rich and complex physics emerges already
for a basic model system of Kivelson’s proposal, such as the
one we studied previously. Crucially, much of this complex-
ity stems from the back-actions of the two different layers
onto another that we were able to capture with quasiexact
numerics, but in order to get analytical insight into how these
properties of the layers may help or hinder superconducting
performance, an analytical framework remains to be devel-
oped, which needs to go beyond previous work that had not
taken back-actions into account [6,7,9].

A first start for such a framework is to further simplify
the setup, where the pairing layer consists just of negative-U
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FIG. 1. (a) Schematic figure of the 1D Kivelson bilayer proposal,
ĤKBP at half-filling, Eq. (1). (b) Kondo necklace: effective model
Eq. (5) resulting from Eq. (1) using Schrieffer-Wolff transformation.

centers, the pairing sites, with direct tunneling between these
sites set to zero, as shown in Fig. 1. As detailed in the follow-
ing sections, such a setup allows us to use an exact mapping
to make contact with the known results for another group
of much-studied hybrid bilayer systems, which superficially
appear to be quite different, the 1D Anderson [11–18] and
Kondo [19–26] lattices. Where the Kondo effect is driven by
isolated localized electronic impurities in a metal [27], the
undoped, i.e., half-filled, Anderson lattice consists of a regular
lattice of localized orbitals each occupied by a single electron,
which are coupled to itinerant conduction-band electrons. The
Kondo lattice is then derived from the Anderson lattice in
the perturbative regime, where Coulomb repulsion in the lo-
calized orbitals is large compared to the coupling between
those orbitals and the conduction band, and relative chemical
potentials between the layers are adjusted with respect to
Coulomb repulsion such as to keep the electron density of
the localized orbitals fixed at one [18]. These models arose
in the context of the heavy-electron materials, in which the
lattice of localized spins is realized by 4 f or 5 f ions such
as Ce or U, respectively [28–31]. The doped and undoped
1D Kondo lattice, termed Kondo necklace, has been intensely
studied since Doniach’s initial investigations [32]. Undoped,
the Kondo necklace has been established to be gapped for
arbitrary coupling strengths not just in the charge sector, but
also in the spin sector [19,21]. In contrast, in 2D the Kondo
lattice appears to be able to close the spin gap at weaker
coupling, realising an antiferromagnetic (AFM) phase in the
process, and exhibiting a second-order transition to a fully
gapped insulator at stronger coupling [33,34]. In comparison
to the Kondo necklace, the underlying 1D Anderson lattice has
been studied significantly less, and even in the undoped state,
results on the physics realized at low or zero temperature from
reliable methods are lacking either for large finite systems or
in the thermodynamic limit [11,15,17].

In the present work, we exploit an exact particle-hole
mapping that provides a previously unrealized connection
between the very simplest 1D models of Kivelson’s proposal
for boosting superconductivity at unit electron density—a line
of pairing sites connected to a noninteracting 1D metal—and
the undoped 1D Anderson and Kondo lattices. Combin-

ing quasiexact numerics at both zero and finite temperature
[35–37] for large systems with an exact particle-hole trans-
formation, we thus obtain novel insights and results for both
these classes of systems. We demonstrate that these systems
appear to approach, respectively, coexisting superconducting
and charge-density wave (CDW) long-range order for the 1D
Kivelson bilayer systems, and AFM order for the 1D Ander-
son/Kondo lattices, across large scales when coupling to the
metal is weak, as the gap that would suppress these orders in
the thermodynamic limit becomes very small. We explain this
phenomenon in terms of the ranged pair-pair coupling medi-
ated by the metallic layer, which has been analyzed in various
ways for different versions of Kivelson’s proposal [6,7,9], and
which is known as RKKY coupling for the Anderson/Kondo
lattices [38,39]. The present work demonstrates that, in con-
trast to previous studies that do not account for the back-action
of one layer onto the other layer, the coupling mediated by a
clean metal is not truly long-ranged, i.e., they do not decay as a
low-exponent power law as earlier analysis had indicated, but
instead acquire an exponentially decaying envelope. As would
ultimately be expected for any 1D system containing only
short-range microscopic couplings, this back-action-driven
modification of the metal-mediated coupling prevents these
systems from escaping the limitations of the MWT and from
actually achieving long-range order. This work provides the
necessary insight for further explorations of these dual sys-
tems, now in the doped regime, i.e., away from the electronic
unit density that leads to these systems being fully gapped, for
which we are preparing a companion publication [40].

This work is structured as follows: in Sec. II, we introduce
the 1D Kivelson bilayer models as well as the dual 1D An-
derson/Kondo lattices, their respective observables, and the
mapping between them. In Sec. III, we show the pair-pair
correlation functions we extract from quasiexact numerics on
the 1D Kivelson bilayer models, their change with the strength
of the coupling connecting the pairing layer and 1D metal, and
their interpretation in light of our particle-hole mapping and
the known results on the Kondo necklace as well as our own
prior work. In particular, we demonstrate that in the weak-
coupling regime these systems appear to closely approach
coexisting long-range superconducting and CDW order (or
AFM order in the dual systems) on any length scale that can
be simulated with the current state of the art, as the gap that
suppresses this behavior in the thermodynamic limit becomes
very small. In this, we combine zero-temperature density
matrix renormalization group (DMRG) calculations, as imple-
mented in the SYTEN package [41] with those obtained from
an auxiliary-field quantum Monte Carlo (AFQMC) approach,
as implemented in the ALF package [36,37]. In Sec. IV, we
show how the modification of the 1D metal by the back-
action of the pairing layer is correlated with the appearance of
approaching long-range order at large scales. We also relate
these effects to the RKKY interaction, the ranged spin-spin
interaction mediated via the metallic layer, for the 1D An-
derson and Kondo lattices. Finally, in Sec. V, we discuss the
outlook for these systems when doping them, as well as how
our predictions may be tested experimentally. We also discuss
the prospects to leverage Kondo-lattice materials to indirectly
study Kivelson’s bilayer proposal for reservoir-enhanced su-
perconductivity.
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II. MODELS, OBSERVABLES, AND PRIOR RESULTS

We start from the simplest 1D model of Kivelson’s
proposal for stabilization of superconductivity in spin-1/2
electrons by a metallic reservoir. As shown in Fig. 1(a), this
consists of a pairing layer comprised of L isolated sites with
an attractive on-site interaction −U , U > 0, connected to a
noninteracting 1D metal with tunnel coupling t⊥, also with L
sites. The metal is modeled via a tight-binding Hamiltonian
with tunneling amplitude tm. The microscopic Hamiltonian of
Kivelson’s bilayer proposal can thus be written as

ĤKBP = Ĥm + ĤU + Ĥ⊥, (1)

where the free electron Hamiltonian is given by

Ĥm =
L∑

i,σ

−tm(ĉ†
i,m,σ ĉi+1,m,σ + H.c.) − μm

(
n̂i,m,σ − 1

2

)
.

(2)

The Hamiltonian of the pairing sites, and the Hamiltonian
that couples the free electron and the pairing site layers, are
defined as

ĤU = −U
L∑
i

n̂i,p,↑n̂i,p,↓ − μp

L∑
i,σ

(
n̂i,p,σ − 1

2

)
, (3)

Ĥ⊥ = −t⊥
L∑

i,σ

(ĉ†
i,p,σ ĉi,m,σ + H.c.), (4)

respectively. Here, p and m denote the pairing sites and
the metallic layer, respectively. We define λ = p, m, then
ĉi,λ,σ (ĉ†

i,λ,σ ) are fermion operators that annihilate (create) an
electron with spin σ (= ↑,↓) at site i in layer λ, and the den-
sity operators are given by n̂i,λ,σ = ĉ†

i,λ,σ ĉi,λ,σ , and the total
density operator is given by n̂i,λ = n̂i,λ,↑ + n̂i,λ,↓. The chem-
ical potential μλ adjusts the density of the respective layer.
Throughout this work the density of the respective layers
are set to half-filling, 〈n̂i,λ,σ 〉 = 1/2. In the grand-canonical
regime, this is achieved by setting μp = −U/2, μm = 0, and
in the canonical regime by fixing the total number of electrons
to be Nc = 2L, and the total z spin of the system to be Sz = 0,
while ensuring that μp − μm = −U/2.

In the perturbative regime, where U � t⊥, ĤKBP can be
approximated as

ĤJ⊥
KBP = Ĥm + Jz/4

L∑
i

(n̂i,p − 1)(n̂i,m − 1)

− Jxy/2
L∑
i

(c†
i,p,↑c†

i,m,↓ci,m,↑ci,p,↓ + H.c.) (5)

using a Schrieffer-Wolff transformation, where

Jxy = Jz = J⊥ = 4t2
⊥

U , and the possible occupancies on the
pairing sites are constrained to either zero or doublons, cf.
Fig. 1(b).

These two Hamiltonians can be mapped exactly to those
of the 1D Anderson and Kondo lattices, respectively. Using a
selective particle-hole transformation on the ↓ spins

ĉ†
i,λ,↑ → d̂†

i,λ,↑

ĉ†
i,p,↓ → (−1)id̂i,p,↓ (6)

ĉ†
i,m,↓ → (−1)i+1d̂i,m,↓,

at the half-filling point μp = −U/2, μm = 0, we map

ĤKBP → ĤAL = − tm

L∑
i,σ

(d̂†
i,m,σ d̂i+1,m,σ + H.c.)

+U
∑

i

(
n̂i,p,↑ − 1

2

)(
n̂ j,p,↓ − 1

2

)

− t⊥
L∑

i,σ

(d̂†
i,p,σ d̂i,m,σ + H.c.) (7)

to obtain the Hamiltonian for the 1D Anderson lattice, ĤAL,
from ĤKBP. After this mapping, we have n̂i,λ,σ = d̂†

i,λ,σ d̂i,λ,σ

of course. Likewise, we obtain the Hamiltonian ĤKL for the
1D Kondo lattice from ĤJ⊥

KBP by the same mapping:

ĤJ⊥
KBP → ĤKL = − tm

L∑
i,σ

(d̂†
i,m,σ d̂i+1,m,σ + H.c.)

+ Jz/4
L∑
i

(n̂i,p − 1)(n̂i,m − 1)

+ Jxy/2
L∑
i

(d̂†
i,p,↑d̂†

i,m,↓d̂i,m,↑d̂i,p,↓ + H.c.)

= − tm

L∑
i,σ

(d̂†
i,m,σ d̂i+1,m,σ + H.c.)

+ J⊥
L∑
i

	Si,m · 	Si,p. (8)

The vector of spin operators 	Si,λ = (Ŝx
i,λ, Ŝy

i,λ, Ŝz
i,λ), expressed

in terms of the underlying fermionic operators, is provided in
Appendix A, along with the details of the mapping procedure.

In this work, we numerically compute observables for
ĤKBP and ĤJ⊥

KBP, i.e., for the systems with attractive inter-
actions, then transfer the insights gained for these to ĤAL

and ĤKL. Likewise, prior results that were obtained for ĤAL

and ĤKL, i.e., on the repulsively interacting side, are then
transferred to ĤKBP and ĤJ⊥

KBP. The main observables that
we compute numerically are pair-pair, density-density, and
single-electron correlation functions, Cλ(i, j), Nλ(i, j), and
Sm(i, j) respectively:

Cλ(i, j) = 〈ĉ†
i,↑,λĉ†

i,↓,λĉ j,↓,λĉ j,↑,λ〉, (9)

Sm(i, j) = 〈ĉ†
i,σ,m ĉ j,σ,m〉, (10)

Nλ(i, j) = 〈(n̂i,λ − 1)(n̂ j,λ − 1)〉. (11)

At T = 0, we also compute the charge gaps for both Hamilto-
nians at different L values,

�c = EGS(2L + 2, 0) + EGS(2L − 2, 0) − 2EGS(2L, 0),

(12)

where EGS(N, Sz ) denotes the ground state energy of a system
of length L with N electrons and total z spin of Sz. All of this is
done with DMRG as implemented in the SYTEN package [41].
At T > 0, we also compute the correlation function Eq. (9)

174530-3



J. E. EBOT et al. PHYSICAL REVIEW B 113, 174530 (2026)

using AFQMC as implemented in the ALF package [36,37].
Further details on the calculation parameters are supplied in
Appendix D.

For ĤKBP, we target the regime t⊥ < �p, where �p des-
ignates the pairing gap of the pairing layer [6,7,10]. As we
deliberately omit any kinetic energy terms from the descrip-
tion of the pairing layer, here we have �p = U . This work
exploits the connections between these four Hamiltonians,
via exact particle-hole mapping and second-order perturbation
theory, and combines our findings with prior results, lever-
aging insight gained on one Hamiltonian to the others. We
thus link the previously separate fields of reservoir-enhanced
superconductivity and Anderson/Kondo lattices. Prior results
for the 1D half-filled Kondo lattice indicate that the ground
state of this Hamiltonian might be fully gapped at any value
of J⊥ > 0, i.e., in both the charge and the spin sectors [19,21],
thus realising a fully gapped Kondo insulator. Numerical re-
sults, which had so far been limited to J � tm/2, indicate that
the spin-gap �s to generally be below the charge gap �c [21],
and with �s 
 �c for J⊥ < tm. Early analytical work had
indicated that for perturbative values of J , the spin-gap might
scale as �s ∝ e−A/J⊥ , with A being a constant that depends on
the microscopic physics [19]. With such a scaling, �s could
easily become too small to be detectable even for the largest
finite systems amenable to numerics, and even in experiments,
depending on the realization. Prior to this work, the low-J⊥
regime at half-filling had not been studied systematically and
for large systems. For the underlying Anderson lattice at half-
filling, even fewer previous studies were conducted, limited
to L � 50, not systematically addressing the weak-coupling
regime and not investigating the behavior of the spin gap.

Under the particle-hole transformation, spin and charge
gaps are exchanged. This would suggest a possibility for the
charge gap to scale as �c ∝ e−A/J⊥ for the ground state of
ĤJ⊥

KBP at half-filling. One of our key results in Sec. III is that
for all our studied parameters the charge gap of the half-filled
1D Anderson lattice is well above that of the equivalent 1D
Kondo lattice. Yet, we find that at sufficiently weak coupling
the ground state of ĤKBP exhibits very slowly decaying power-
law behavior for the superconducting pair-pair correlations, in
line with our previous work on ĤKBP away from half-filling
and with direct nonzero tunneling between the pairing sites
[10], on any system sizes that we can simulate. This behavior
goes along with charge gaps that extrapolate to values indis-
tinguishable from zero in the limit L → ∞. In those cases, we,
therefore, fit the pair-pair correlation Cλ(i, j) with a power law

Cλ(i, j) = AC,λ|i − j|K−1
λ . (13)

In this way, we assign Tomonaga-Luttinger liquid (TLL) pa-
rameter Kλ to those large but finite systems that appear to
exhibit �c = 0. As in any generic TLL, a lower value of K−1

λ

thus implies pair-pair correlations that decay more slowly, and
as K−1

λ decreases and appears to approach zero, one can speak
of near-long-range-order, as Cλ(i, j) seems to decay very little
across the entirety of the system. Also in line with [10],
we find that the single particle density matrix of the metal,
Sm(i, j), always decays exponentially at any finite coupling
to the pairing layer, as opposed to the long-range algebraic
behavior of the metal at zero coupling. We will discuss the

resulting physics and their implications for the properties of
ĤAL and ĤKL in Sec. IV.

III. DIFFERENT (APPARENT) ORDERS
AT DIFFERENT SCALES

For ĤKBP, we have performed numerical many-body calcu-
lations for two regimes:

(1) U = 4.0, 1.0 � tm � 5.0, (14)

(2) U = 10.0, 4.0 � tm � 12.0. (15)

In both regimes, a range of different t⊥ values were run,
and in some select cases the ground state properties of ĤJ⊥

KBP
were computed for matching J⊥ values. Regimes 1 and 2
approximate the two regimes that we investigated in Ref. [10],
where pairing sites also had direct nearest-neighbor tunneling
in-between them. Regime 1 in that prior work, where tm had
been fixed to 1.0, served as a 1D version of the “conventional”
proposals for reservoir-mediated stabilization of superconduc-
tivity [6,9]. Regime 2 in Ref. [10], with tm fixed to 10.0, then
was designed to simultaneously boost both pairing energy and
superconducting stiffness—coupled with a systematic relative
detuning of the nominal Fermi points of the pairing and the
metallic layer—much more comprehensively than previous
versions of the proposal. As the direct tunneling between
pairing sites considered in Ref. [10] complicates analytical
understanding and precludes us from our aim of mapping
the field of reservoir-enhanced superconductivity to that of
Anderson/Kondo lattices, our pairing layer is simplified to
consist only of Eq. (3).

For both regimes, we show examples of the pair-pair
correlation functions Cλ(i, j) and the modulus of the density-
density correlations |Nλ(i, j)| in Fig. 2 for ĤKBP at L = 200,
both within the pairing layer (left-hand column), as well as
within the metallic layer (right-hand column). For the data
shown in Fig. 2, as well as for any other calculation that
we ran, we find the equality 2Cλ(i, j) = |Nλ(i, j)| to be ful-
filled exactly to within numerical precision. This degenerate
behavior of the pair-pair and the density-density correlations
stands in contrast to other 1D and quasi1D systems such
as, e.g., doped Hubbard chains or Hubbard ladders, whose
algebraic decay at zero temperature is controlled by exponents
proportional to K−1 and K respectively, where K denotes the
TLL-parameter of the relevant charge mode. The degeneracy
of 2Cλ(i, j) and Nλ(i, j) is the direct consequence of the
SU(2) spin-rotation symmetry of ĤAL at half-filling (naturally
translating to ĤKL), which implies that all spin-spin correla-
tors 〈Ŝa

i,λŜa
j,λ〉, a = x, y, z are equal to each other. Using the

particle-hole mapping, the SU(2) invariance of ĤAL and ĤKL

translates to the observed degeneracy of pair-pair and density-
density correlations for ĤKBP and ĤJ⊥

KBP (cf. Appendix A),
with 〈Ŝ+

i,λŜ−
j,λ〉 mapping to Cλ(i, j) and 4〈Ŝz

i,λŜz
j,λ〉 mapping to

|Nλ(i, j)|. Figures 2(a) and 2(c) further illustrate how corre-
lations may appear to be barely decaying at sufficiently low
coupling for both regimes, even for the largest system sizes
amenable to DMRG-type numerics, especially within the pair-
ing layer. At the same time, Fig. 2(e) also illustrates that
raising the coupling can rapidly lead to correlations exhibiting
clear exponential decay across the system.
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FIG. 2. Cp(i, j) (left column, ), |Np(i, j)| (left column,
), Cm(i, j) (right column, ), and |Nm(i, j)| (right column,
) with L = 200. [(a) and (b)] U = 4, t⊥ = 0.55, and tm = 1.

[(c) and (d)] U = 10, t⊥ = 3.0, and tm = 10. [(e) and (f)] U =
10, t⊥ = 4.0, and tm = 10.

The scaling of the charge gap �c with t⊥ or J⊥, for ĤKBP

and ĤJ⊥
KBP respectively, now acquires particular importance

for understanding whether the results shown in Figs. 2(c)
and 2(e) are explainable as a crossover process, wherein the
length scale associated with �c shrinks exponentially as �c

grows exponentially with rising coupling in-between pairing
and metallic layer. In order to investigate this hypothesis, we
pursue two tracks, the first being an analytical renormalization
group (RG) approach that allows us to tap into prior results for
systems related under the RG flow [42], while the second one
is the numerical track.

For the analytical approach, we first establish that the
Hamiltonian ĤJ⊥

KBP at half-filling will generate a finite spin
gap at any nonzero value of J⊥, as detailed in Appendix E.
The resulting RG-flow leads to an effective model that maps
to the asymmetric two-leg spin1/2 ladder when reversing
the particle-hole mapping Eq. (6). For these systems, multi-
method analysis has already shown that this effective system

FIG. 3. Charge gap �c(L) in regime 1 of the (a) microscopic
and (b) effective models with L = 100 and tm = 1.0. (a) t⊥ = 0.5
(circle), t⊥ = 0.55 (square), t⊥ = 0.6 (diamond) and 0.65 (pen-
tagon). (b) J⊥ = 0.25 (circle), 0.3025 (square), 0.36 (diamond), and
0.4225 (pentagon). (c) �c in regime 2 for the microscopic model
(circle, t⊥ = 3.0) and the effective model (square, J⊥ = 3.6) with
L = 100 and tm = 10.0. (d) The gap E1 − E0 (difference between
first excited and ground state energy) against tm with t⊥ = 1.2 and
L = 100 in regime 1. Red square marks the gap from exact calcula-
tion of an isolated dimer, tm = 0.

exhibits a finite gap at any coupling between the legs of the
ladder [42]. When mapped back to ĤJ⊥

KBP, this would exactly
result in the charge gap scaling as �c ∝ e−A/J⊥ .

For the numerical track investigating �c, we compute
�c according to Eq. (12) at L = 60, 70, 80, 90, and 100
for ĤKBP at half-filling, which has not been studied previ-
ously, then extrapolate �c(L) to the thermodynamic limit
L → ∞. We do so both for regime 1 as well as regime 2
and for each chosen value of t⊥ we also compute �c(L)
for ĤJ⊥

KBP at matching J⊥ values, i.e., for J⊥ = 4t2
⊥/U .

The results are shown in Fig. 3. In Fig. 3(a), we show
�c(L) and its extrapolated values for the 1D Kivelson bi-
layer proposal at half-filling for regime 1, for tm = 1.0 and
t⊥ = 0.5, 0.55, 0.6, and 0.65. These results are to be com-
pared with the charge gaps obtained for the perturbative
approximation ĤJ⊥

KBP at the same tm and corresponding val-
ues of J⊥ = 4t2

⊥/U , J⊥ = 0.25, 0.3025, 0.36, and 0.4225,
as shown in Fig. 3(b). In Fig. 3(c), analogous calculations
for regime 2 are shown, namely, �c(L) and its extrapolated
values at tm = 10.0 and for t⊥ = 3.0 and J⊥ = 3.6, respec-
tively. Across all cases, we find that the charge gap obtained
for the approximative perturbative model underestimates the
true value, and quite severely so in the case of regime 1.
Further, analysis of the scaling behavior of the extrapolated
values �c(L → ∞) shown in Fig. 3(a) with t⊥ could be
compatible with e−B f (t−1

⊥ ), with B another constant depend-
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ing on the microscopic physics, and f (x) representing any
low-order polynomial or power law in x. As the particle-hole
mapping Eq. (6) is exact, these results directly translate to the
behavior of the spin gap for the half-filled 1D Anderson and
Kondo lattices, respectively.

The source of the ultimately fully gaped, and thus insulat-
ing nature of these systems in the thermodynamic regime is
seen most straightforwardly in the limit in which tm becomes
small relative to t⊥ and U , tm/t⊥ → 0, tm/U → 0. In this
limit, a pairing site and the metallic site to which it is coupled
by t⊥ form an effective dimer. The system can thus be seen as
a chain of coupled dimers and this coupling is weak when tm is
small compared to t⊥ and U . Moreover, at half-filing, where
μp = −U/2 and μm = 0, the energetic cost of of having a
doublon on the pairing site of a dimer and placing one on the
metallic site of the dimer are degenerate. Thus, for the isolated
dimers symmetric and antisymmetric superpositions of dou-
blon states, |↑↓, 0〉, |0,↑↓〉 are prominent components of the
low-lying eigenstates of the isolated doublons at half-filling.
For the half-filled ground state, the amplitudes associated with
single occupancies, |↑,↓〉, |↓,↑〉, moreover increase as t⊥/U
increases, while |↑↓, 0〉 and |0,↑↓〉 enter the ground state
symmetrically. For the first excited state, the amplitudes of
configurations |↑,↓〉 and |↓,↑〉 are zero, while |↑↓, 0〉 and
|0,↑↓〉 enter the wave function antisymmetrically (bonding
and anti-bonding level for the effective “boson” formed by
a pair). The gap between these two states, which map to the
singlet and triplet states under the particle-hole transformation
Eq. (6) and has thus been designated as the neutral singlet
gap [21], is of order J⊥. In Fig. 3(d), we show an example of
the gap between ground and first excited states for a system
with L = 100 and a range of finite coupling tm between the
dimers. As tm → 0, we recover the gap of the isolated dimers,
while increasing t⊥ leads to an exponentially decaying gap
between the ground and first excited state. However, as our
analysis of �c(1/L) in conjunction with the known results
for the Kondo chain has shown, this gap almost certainly
never disappears, even in the thermodynamic limit, always
resulting in a ground state of that can be roughly visualized
as one of ultimately localized doublons in the bonding band
provided by the t⊥ component of ĤKBP. In that, our results
show that it corresponds, via the particle-hole mapping, with
the picture of the Kondo insulator as being formed from local-
ized singlets forming on the bonds between metallic sites and
localized orbitals.

In summary, our findings show that the charge gap
obtained for ĤJ⊥

KBP—and thus also the spin gap for ĤKL—are
renormalized upwards by the higher-order terms that are
usually dropped when deriving the effective Hamiltonian from
ĤKBP—or from ĤAL. But with the available data and even
with the achievable accuracy, we cannot presently distinguish
between scaling as �c ∝ e−B/t⊥ , or as �c ∝ e−B/t2

⊥ , or even
as the exponential of some low-order fractional power law or
polynomial of t−1

⊥ . Even with this uncertainty, we find that
the microscopic model only strengthens the physics that had
been analytically derived for ĤKL and ĤJ⊥

KBP, with a scaling
of the gap that is exponential in a low-order polynomial or a
power law of t−1

⊥ . We thus conclude that the apparent onset of
exponential decay of both Cλ(i, j) and Nλ(i, j) with rising t⊥

is in fact a crossover, wherein the gap is exponentially small
at small t⊥. Therefore, at small t⊥, the exponentially decaying
envelope of all correlation functions can easily become
undetectably large even with the highest L values amenable to
current many-body numerics. Our results also show that below
the scale at which the exponentially decaying envelope is
detectable, superconducting and density-density correlations
are well-fitted by power laws, which may moreover exhibit
such low exponents as to seemingly approach long-range
order. We had previously found such near-long-range order
for Kivelson’s bilayer proposal in 1D, ĤKBP, away from
half-filling and with added nearest-neighbor tunneling within
the pairing layer [10]. Different from the present work, raising
t⊥ did not give rise to crossover behavior at any L amenable
to numerics in Ref. [10], with pair-pair correlations staying
algebraic throughout, even though their algebraic exponent
and overall amplitude worsen markedly in the process. We
find the same to be true for ĤKBP away from half-filling, as we
explore in separate work [40]. Taken together, these findings
highlight the half-filled regime as the ultimate cause of the
nonvanishing gap at any finite value of t⊥. Even so, at weak
coupling between pairing and metallic layer, at half-filling
these systems can look nearly ordered on large length scales,
both with respect to a superconducting as well as to a charge-
density wave phase. Mapped to the repulsively interacting
models ĤAL and ĤKL, this behavior corresponds to a
near-AFM order on large scales, which is naturally degenerate
in the three spatial directions. While half-filling ultimately
scuppers the prospect of ordering, these systems thus still
exhibit a strong drive towards AFM order at intermediate size
scales for weaker interlayer coupling. In contrast, for the 2D
Kondo lattice at sufficiently low J⊥, AFM order is not just re-
alized at intermediate scale, at but also in the thermodynamic
limit [33,34].

In Fig. 4, we illustrate the crossover behavior as it occurs
in real space, as seen for Cp(i, j), for regime 1. Specifically,
for tm = 1.0 and L = 100, these data demonstrate how the
correlation function changes markedly within a narrow win-
dow of t⊥ values for ĤKBP, t⊥ ∈ [0.5, 0.55, 0.6, 0.65], from
all-algebraic to all-exponential. This is contrasted with the
behavior of the same correlation function computed for the
ground state of ĤJ⊥

KBP at matching values of J⊥, which not
only remains algebraically decaying at the scale of the system,
but for which the algebraic exponent assigned from fitting
Eq. (13) also barely changes. In that, it mirrors the physics
of the charge gaps shown in Figs. 3(a) and 3(b) for the
same systems, where �c is far larger, and increases much
more rapidly, for the full Kivelson bilayer proposal than for
its approximative second-order perturbative version. With �c

being exponentially small at low values of t⊥, Figs. 2(a) and
4(a) in particular illustrate that even the largest magnitudes of
systems amenable to reliable many-body numerics may ap-
pear to look near-long-range-ordered, i.e., exhibit very slowly
decaying power-law-like behavior, for all practical purposes.
We find the same to hold in regime 2, cf. Fig. 3(c) and
Appendix C. Depending on the exact magnitude of �c(L),
and the L value for which ĤKBP is realized in a given material
or quantum simulator, the same could as well be true in an
experiment (cf. Sec. V). In Figs. 5(a) and 5(c), we, therefore,
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FIG. 4. Comparison of pair-pair correlation function
between microscopic model (open circles) and effective model
(full diamonds) in regime 1 with L = 100 and tm = 1.0. (a)
t⊥ = 0.5 and J⊥ = 0.25, (b) t⊥ = 0.55 and J⊥ = 0.3025, (c)
t⊥ = 0.6 and J⊥ = 0.36, and (d) t⊥ = 0.65 and J⊥ = 0.4225.

show TLL parameter K−1
p , obtained for a range of Hamilto-

nian parameters t⊥ and tm for regimes 1 and 2 at L = 100, that
we can assign to any system that exclusively exhibits power-
law decay across the entire bulk of the lattice, i.e., within
its center-half L/4 � i � 3L/4, away from boundary effects.
As in our previous work [10], these data clearly show that
even these most simplified versions of the Kivelson bilayer
proposal can achieve far better superconducting susceptibili-
ties than the isolated pairing layer with short-range couplings,
which are limited to K−1

p = 1/2. It also demonstrates how
increasing tm at constant t⊥ yields significant enhancements
to K−1

p and thus superconducting susceptibilities. Following
the arguments laid out in Sec. IV, we interpret this effect as a
reduction of the spin gap induced by the pairing layer inside
the metallic layer, as kinetic energy is increased relative to

induced pair binding. In turn, the reduction in induced spin
gap translates to an increased coherence length ξS,m for single-
particle propagation inside the metal, which we identify as
the key driver for boosting superconducting susceptibility in
Sec. IV. Where lines terminate with growing t⊥ in Figs. 5(a)
and 5(c), this is because the correlation functions stop behav-
ing as pure power laws within the systems’ bulk beyond this
point. Comparing Fig. 5(a) with Fig. 5(b), illustrates that as
tm is increased from 3.0 to 4.0 at t⊥ = 1.2, the charge gap
�c(L → ∞) decreases by a factor of about 17.0. This pushes
the exponentially decaying envelope of Cp(i, j) so far out that
we can fit it with a power law, Eq. (13) at L = 100, which was
not possible at tm = 3.0, leading to the termination of the line
for tm = 3.0 beyond t⊥ = 1.0 in Fig. 5(a).

Conversely, where lines terminate with decreasing t⊥, this
is due to persistent challenges in attaining converged ground
states. Even with high-performing implementations of two-
site DMRG at large bond dimension (cf. Appendix D), low
t⊥/tm ratios lead to persistent trapping in metastable excited
states even at L = 100, that the quasilocal DMRG updates are
unable to overcome. Extending these parameter lines to lower
t⊥/tm ratios thus would require either working at substantially
larger values of L, where the reduced finite-size gaps enable
conventional DMRG to escape the trap of metastable states
even when t⊥ is very small with respect to tm, or deploying
advanced techniques to escape the metastability trap [43].

Finally, we employ the AFQMC-based ALF package
[36,37] in order to study an example as to how the ap-
pearance of near-long-range order builds up with lowering
temperature. Shown in Fig. 6 is Cp(i, j) at different values
of inverse temperature β = 1/T in both regimes 1 and 2, for
different combinations of t⊥ and tm values. Each time, the
DMRG results at T = 0 are shown for reference. At around
β = 90.0 at most, Cp(i, j) computed for the finite-temperature
system largely matches the zero-temperature correlator in
both magnitude and long-distance behavior. In regime 2, we
find near-perfect agreement already from around β = 50.0
onwards, while for regime 1 at least the long-range behavior
already largely coincides with that of the ground state from
that point. Depending on how exactly these systems were
to be realized in an experiment (cf. Sec. V), the effective
zero-temperature behavior for finite clusters of significant size
would thus be accessible at accessible nonzero values of T .

FIG. 5. (a) K−1
p vs t⊥ for ĤKBP in regime 1 at L = 100, tm = 1.0 (square), tm = 2.0 (circle), tm = 3.0 (diamond), and tm = 4.0 (pentagon).

(b) �c(L) for ĤKBP in regime 1 at t⊥ = 1.2. tm = 3.0 (diamond), tm = 4.0 (pentagon), and tm = 5.0 (x). (c) K−1
p vs t⊥ for ĤKBP in regime 2 at

L = 100. tm = 2.0 (otimes), tm = 4.0 (square), tm = 6.0 (diamond), tm = 8.0 (circle), tm = 10.0 (triangle), and tm = 12.0 (pentagon).
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FIG. 6. Pair correlation function of ĤKBP at finite temperature at
L = 100 and comparison with corresponding DMRG results (+).
[(a) and (b)] Regime 1 at tm = 3.0, β = 90.0 (square), β = 70.0
(circle), β = 50.0 (diamond), and β = 30.0 (pentagon). [(c) and (d)]
Regime 2. (c) tm = 8.0, β = 50.0 (square), and β = 30.0 (circle).
(d) t⊥ = 2.5, β = 50.0, tm = 8.0 (square), tm = 10.0 (triangle), and
tm = 12.0 (circle).

IV. THE RKKY INTERACTION FROM QUASIEXACT
NUMERICS IN THE DENSE REGIME

Spin-spin interactions mediated by the metal have been
studied extensively for Kondo lattices at different spatial di-
mensionality D [38,39]. Known as Ruderman-Kittel-Kasuya-
Yosida (RKKY) interactions, their analytical treatment neces-
sitates approximating the localized spins in the dilute limit,
where only the two interacting spins are retained. Thus any
back-action of the spin lattice onto the metal is effectively
neglected by construction. These treatments yield spin-spin
coupling that decays as a power law in the distance of the
two localized spins, with an algebraic exponent α = 2D−1 for
D = 1, 2, and 3, and thus these are especially long-ranged in
the case of either one- or two-dimensional metals.

In transmuted form, these analytical results for the RKKY-
interaction reappeared, independently and without mutual
awareness, in work on the Kivelson bilayer proposals. Specif-
ically, Refs. [7,9] showed that even a 2D metal with static
disorder would mediate a pair-pair coupling inside a 1D wire
with intrinsic pairing to which it weakly couples. This cou-
pling was predicted to decay quadratically with distance in
imaginary time, and to the fourth power with spatial distance
in the best case (i.e., on length scales below the metal’s co-
herence length). The effective long-range pair-pair coupling
that the metal is thus predicted to mediate within the 1D wire
in this approach was moreover shown to be sufficient to es-

tablish true superconducting long-range order, at least at zero
temperature, apparently contravening the MWT. However, as
in the analytical study of the RKKY-interaction, it is difficult
to incorporate the effects of the interacting layer onto the
metallic layer.

In Ref. [10] that we have shown the impact of this back
action onto the metal to be crucial. Specifically, Ref. [10]
demonstrated that the proximity-effect emanating from the
pairing onto the metallic layer opens up a spin gap for the
metal, which leads to a strong renormalization of the way
single-particle excitations decay with distance in the metal,
from algebraic in the free metal at t⊥ = 0, to exponential at
t⊥ > 0. With the metal-mediated pair-pair coupling becoming
effectively short-ranged in this way, the MWT is ultimately
restored, in that Cp(i, j) decays algebraically. At the same
time, the mediated coupling can still effectively range across
many sites. As shown for the equivalent of regime 2 in that
publication, the localization length ξS,m extracted from fitting
an exponentially decaying envelope function AS,me−|i− j|/ξS,m to
the maxima of the oscillating single-particle density matrix
Sm(i, j) is inversely correlated with K−1

p . That is, as the pair-
pair coupling mediated by the metal increases in range, the
superconducting susceptibility of the pairing layer χ (k, ω, T ),
which scales as max[k, ω, T ]K−1

p −2 [1], improves markedly,
resulting in power-law decays so slow that they only become
noticeable for very large systems, i.e., near-long-range-order.
In that, it is loosely confirming the results of Ref. [7]: in
a system with intrinsic pairing which is dominated by pair-
phase fluctuations (regime 2 in Ref. [10] is chosen to represent
that regime), the longer-ranged the pair-pair coupling medi-
ated by the metal, and thus the more the superconducting
phase is stabilized. Where Refs. [7,10] diverge, is that our
nonperturbative many-body numerics show that, at least in
the case where both pairing and metallic layers are 1D and
of a comparable density, the metallic layer can never mediate
truly long-ranged, i.e., low-exponent algebraically decaying
pair-pair coupling, and thus at most near-long-ranged order is
attainable, but not true long-range order.

As we had previously obtained these results for ĤKBP away
from half-filling and with added nearest-neighbor-tunneling
between the pairing sites, here we demonstrate the same
effect at half-filing and for ĤKBP alone. As illustrated in
Appendix B, Sm(i, j) decays exponentially at any value of
t⊥ > 0 for these systems as well. This general form of the
single-particle density matrix in the metallic layer means that
we can once more assign a length scale ξS,m from fitting an
exponentially decaying function to the maxima of Sm(i, j).
This length scale quantifies the distance across which the
single-electron excitations of the metallic layer can coherently
mediate the pair-pair coupling within the pairing layer: as
pairs enter the metal from the pairing layer, its constituents
may either propagate independently through the metal and
then re-enter the pairing layer after crossing a distance on
the order of ξS,m (cf. Ref. [7]). There is of course an alter-
native channel by which the metal may attempt to stabilize
superconductivity here, which is by propagation of bound
electron pairs, which is now also possible due to the spin-gap
induced into it by the pairing layer, i.e., due to the proximity
effect—we study this separate effect in more depth in Ref.
[40].
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FIG. 7. The single-particle propagation length scale ξm in the
metallic layer vs the TLL-parameter K−1

p . (a) Regime 1: tm = 1.0
(square), tm = 2.0 (circle), tm = 3.0 (diamond), and tm = 4.0 (pen-
tagon). (b) Regime 2: tm = 2.0 (otimes),tm = 4.0 (square), tm = 6.0
(diamond), tm = 8.0 (circle), tm = 10.0 (triangle), and tm = 12.0
(pentagon).

The effectiveness and power of the single-electron exci-
tation channel in stabilizing the superconducting properties
of the pairing layer, in line with Kivelson’s basic idea, is
borne out by plotting ξS,m versus K−1

p , as we do in Fig. 7.
As we had found for regime 2 of Ref. [10], ξS,m and K−1

p
are anticorrelated, but now both for regimes 1 and 2. This
highlights the fact that dropping the direct tunneling between
pairing sites pushes regime 1 of the present work to also be
dominated by phase—instead of amplitude fluctuations, as
regime 1 in Ref. [10] had been. Thus increasing the range of
metal-mediated coupling always enhances the superconduct-
ing susceptibility.

With this result established, we can directly transfer it
to ĤJ⊥

KBP, ĤAL, and ĤKL, all at half-filling, via Schrieffer-
Wolff transformation, by using Eq. (6), or by combining the
two. Our findings thus immediately translate to the RKKY-
interaction, which we hereby show to decay exponentially
with distance for the 1D Kondonecklace when the density
of orbitals is comparable to that of the metallic sites. This is
due to the back-action of the localized orbitals onto the metal,
which induces a small effective charge gap inside the metallic
layer. This induced gap is the cause of the RKKY interactions
becoming short-ranged, and the system’s inability to either
reach true long-range order, or even just to escape the fully
insulating state in the thermodynamic limit that the half-filling
condition can thus impose.

V. DISCUSSION AND OUTLOOK

This work shows that at half-filling neither the simplest 1D
version of Kivelson’s bilayer proposal nor the 1D Anderson
lattice can escape having fully gapped insulating ground states
in the thermodynamic regime, as had originally just been
derived for the 1D Kondo necklace, where coupling between
the layer of localized orbitals and the metallic layer had been
approximated using second-order perturbation theory. In fact,
by directly treating the microscopic tunneling of electrons be-
tween the two layers, our data indirectly demonstrates that the
higher orders of the perturbative expansion, which are usually
not considered, only strengthen the smaller of the two gaps of

these systems, that is the charge gap (on the negative-U side,
for ĤKBP), respectively the spin gap (on the positive-U side,
for ĤAL). At the same time, our data also show that as this gap
is exponentially suppressed at small t⊥, these systems not only
can show appreciable superconducting and density-density
correlations (for the Kivelson bilayer proposal) respectively
spin-spin correlations (for the Anderson lattice) over consid-
erable distance, but ones that show such slow algebraic decay
as to seemingly realizing near-ordered states. We trace the
inability of these half-filled 1D systems to escape the MWT
and attain true long-range order, or even just to overcome the
smaller of their two gaps, to the fundamental renormalization
of the coupling mediated by the metallic layer, from alge-
braically to exponentially decaying. In the terminology of the
Kondo necklace, we thus establish that the RKKY interaction
in fact is not long-ranged at all in these systems, but effectively
short-ranged, due to the back-action of the pairing layer onto
the metallic layer.

The present work has several implications for future re-
search. For one, it provides tools for merging the fields of
superconductivity enhanced by metallic reservoir and Kondo
physics, well beyond the present material. As shown in
Appendix A, the general Hamiltonian for the Kivelson bilayer
proposal in the grand canonical ensemble, where each layer
has its own chemical potential, maps to the Hamiltonian of the
Anderson lattice, where the chemical potential terms for each
layer now encode layer-specific magnetic fields; this map-
ping is independent of dimensionality and only presupposes
a bipartite lattice. In this way, studies of the Kivelson bilayer
proposal for any given bipartite lattice and filling fractions
in pairing and metallic layers simultaneously illuminate the
physics of the periodic Anderson model on the same lattice
at half-filling with particular spin-imbalances in the orbital
and metallic layers. This exact mapping can thus be exploited
in many different ways. We are preparing work on the same
1D Kivelson bilayer proposal as studied here, but away from
half-filling, the results of which will translate directly to the
physics of the 1D Anderson lattice exposed to various mag-
netic fields [40]. Other applications of the mapping introduced
here would be to, e.g., reinterpret the quantum phase transition
predicted for the 2D Kondo lattice at half-filling between
AFM and insulator [33,34], as a transition between an ordered
state with coexisting superconductivity and charge-density
wave order and a fully gapped insulator for the 2D version
of ĤJ⊥

KBP. In the opposite direction, 2D versions of Kivelson’s
bilayer proposal away from half-filling have been studied with
a special focus on the Berezinskii-Kosterlitz-Thouless (BKT)
transition temperature from a disordered state towards one
with algebraically decaying superconducting quasiorder [6,9].
These predictions can thus be immediately translated to yield
quantitative calculations for BKT transition temperatures for
in-plane AFM quasiorder realized by 2D Anderson lattices
exposed to magnetic fields.

Experimental verification of the predictions made here
could take multiple forms. For one, with current quantum
gas microscope setups, Hamiltonians such as Eqs. (1) or (7)
could be engineered in a well-controlled manner, including
the half-filling condition, e.g., by utilizing four instead of the
more widely used two hyperfine states. Two of these hyperfine
states would need to be chosen to each have minimal or
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no scattering with the three other hyperfine states. Then the
tunneling between “pairing” and “metallic” layers could be
achieved via coherently driven resonant Rabi oscillations be-
tween the two interacting hyperfine states (the “pairing layer”)
and the two noninteracting ones (the “metallic layer”). Any
realization using ultra cold lattice gases would be predicated
on the ability of the experiment to reach a sufficiently low
entropy per particle, either via standard cooling, or by using
adiabatic state preparation [44,45] adapted to these Hamilto-
nians, possibly combined with techniques to shuttle entropy
into a sacrificial subsystem [46–48]. At current experimental
capabilities, achievable L values might range into the lower
tens of sites. Experimental verification in solid state state
systems, most likely centered on the repulsive-U side, might
offer larger system sizes, as well as better established ways for
reaching the low-temperature regime of these Hamiltonians.
This would come at the cost of increased effort to ascertain
what microscopic Hamiltonian exactly has been realized. En-
gineered chains of adatoms atop a metallic surface, with a
thin insulating layer in between, close variants to systems
that have already been realized [49], would thus be another
way to test our theoretical predictions. Another way to probe
the physical effects we studied here might be measurements
of spin-spin correlations in heavy-fermion compounds real-
izing quasi1D Kondo lattices, such as CeCo2Ga8 [30]. Both
spin-excitation spectra derived from high-resolution neutron
scattering [50–53], or locally resolved magnetic susceptibili-
ties recorded via NV-center magnetometry [54,55] would be
able to observe the near-long-range order predicted to occur
on intermediate size scales in this work.

Especially exciting is the prospect that experiments on the
wide array of existing heavy-fermion compounds [28], when
subjected to magnetic fields [56], could offer a way of indi-
rectly testing the performance of Kivelson’s bilayer proposal,
in 1D, 2D, and even 3D. Thus, using magnetic fields in the
range of a few tesla, detecting and quantifying AFM orders
in any such compounds with spin-exchange couplings on the
order of 100 to 101 K, such as CeRhIn5C [29], CeCo2Ga8

[30], CeSiI [31] (and a host of other materials, as can be
estimated from the Néel temperatures in Table 2 in Ref. [56])
would allow to indirectly study superconductivity stabilized
by reservoir at a range of different filling factors. Possibly, the
different subtypes of AFM order found beyond some critical
magnetic field in some compounds [57] can be mapped, using
Eq. (6), to a situation where coexistence between supercon-
ducting and CDW order ends, and only the former prevails.

Even without external magnetic fields to tune away from
half-filling, the many AFM-like states occurring in 2D and
3D Kondo lattices realized in heavy fermion materials [56]
could already be mapped to versions of the Kivelson bilayer
proposal. This offers the prospect of indirectly studying the
competition between superconducting and CDW order based
on already existing experimental data. Such magnetically or-
dered states could map straight to superconductivity using
Eq. (6).
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APPENDIX A: PAIR AND DENSITY CORRELATIONS
DEGENERACY

1. From attractive to repulsive interaction

We start off with the Hamiltonian of the system

ĤKBP = −tm
∑
i,σ

(ĉ†
i,m,σ ĉi+1,m,σ + H.c.) − U

∑
i

n̂i,p,↑n̂i,p,↓ − t⊥
∑
i,σ

(ĉ†
i,p,σ ĉi,m,σ + H.c.)

−μp

∑
i

(n̂i,p,↑ + n̂i,p,↓ − 1) − μm

∑
i

(n̂i,m,↑ + n̂i,m,↓ − 1), (A1)

which corresponds to a one bath of free spin-1/2 fermions (operators ĉ†
i,m,σ and chemical potential μm) connected via a single-

particle term t⊥ to the pairing layer comprised of negative-U centers with onsite attractive interaction (operators ĉ†
i,p,σ and

chemical potential μp). The pairing layer is characterized by the absence of intrachain hopping terms. The indexes i and σ are
those for sites in each layer and spin, respectively.
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We rewrite the interacting term as

∑
j

n̂i,p,↑n̂i,↓ =
∑

i

(
ni,p,↑ − 1

2

)(
n̂i,p,↓ − 1

2

)
+ 1

2

(
n̂i,p,↑ + n̂i,p,↓ − 1

2

)
(A2)

to perform the following transformation. If we write the Hamiltonian in this form, it is straightforward to see that we can
map the problem to repulsive local interaction by performing a double particle-hole transformation, Eq. (6), which results in
taking n̂i,λ,↑ → n̂i,λ,↑ and n̂i,λ,↓ → 1 − n̂i,λ,↓ in the metallic and pairing layers [58–60]. The interaction term changes its sign,
−U → +U , while the hopping terms remain unchanged

ĤAL = −tm
∑
i,σ

(d̂†
i,m,σ d̂i+1,m,σ + H.c.) + U

∑
i

(
n̂i,p,↑ − 1

2

)(
ni,p,↓ − 1

2

)
− t⊥

∑
i,σ

(d̂†
i,p,σ d̂i,m,σ + H.c.)

−U

2

∑
i

(
n̂i,p,↑ − n̂i,p,↓ + 1

2

)
− μp

∑
i

(n̂i,p,↑ − n̂i,p,↓) − μm

∑
i

(n̂i,m,↑ − n̂i,m,↓) (A3)

The chemical potential terms become now external magnetic fields which are nonzero only way from half-filling. Being at
half-filling we have no external magnetic fields and we set

μp = −U

2
, μm = 0. (A4)

The repulsive Hamiltonian reads

ĤAL = −tm
∑
i,σ

(d̂†
i,m,σ d̃i+1,m,σ + H.c.) + U

∑
i

(
n̂i,p,↑ − 1

2

)(
n̂i,p,↓ − 1

2

)
− t⊥

∑
i,σ

(d̂†
i,p,σ d̂i,m,σ + H.c.) − UMp

4 (A5)

with Mp the number of sites in the pairing layer.

2. Mapping to spins: SU(2) symmetry

We now consider the operators corresponding to s-wave superconductivity (SC) and the charge density wave (CDW) order.
We perform the particle-hole transformation, Eq. (6), and map the fermionic operators onto spins as follows:

�̂
†
i,λ ≡ ĉ†

i,λ,↑ĉ†
i,λ,↓

p-h↔ (−1)i+δm,λ d̂†
i,λ,↑d̂i,λ,↓ = Ŝ+

i,λ = 1
2 (Ŝx

i,λ + iŜy
i,λ),

ĉ†
i,λ,↑ĉi,λ,↑ + ĉ†

i,λ,↓ĉi,λ,↓ − 1 = n̂i,λ,↑ + n̂i,λ,↓ − 1
p-h↔ n̂i,λ,↑ − n̂i,λ,↓ = d̂†

i,λ,↑d̂i,λ,↑ − d̂†
i,λ,↓d̂i,λ,↓ = 2Ŝz

i,λ, (A6)

which means that the pair-pair and density-density correla-
tions map directly to the spin-spin correlations

〈ĉ†
i,λ,↑ĉ†

i,λ,↓ĉ j,λ,↓ĉ j,λ,↑〉 = (−1)i− j〈Ŝ+
i,λŜ−

j,λ〉,
〈(n̂i,λ − 1)(n̂ j,λ − 1)〉 = 4

〈
Ŝz

i,λŜz
j,λ

〉
. (A7)

The double particle-hole symmetry at half-filling gives a
transformed model with no spin imbalance: this implies a
global SU(2) symmetry which corresponds to having

〈
Sx

i Sx
j

〉 = 〈
Sy

i Sy
j

〉 = 〈
Sz

i Sz
j

〉
. (A8)

For the initial attractive case, this corresponds to

〈�̂†
i �̂ j〉 = 1

2 〈(n̂i − 1)(n̂ j − 1)〉. (A9)

To conclude, for the attractive Hubbard model at half-filling,
CDW and s-wave SC correlations are exactly degenerate, up
to a prefactor of 2. Therefore we expect the same scaling
exponent at half-filling filling. Away from that filling fraction,
we generate effective magnetic fields that break the SU(2)
symmetry, and different correlations will generally show very
different behavior from one another.

APPENDIX B: SINGLE-ELECTRON CORRELATIONS

As discussed in Sec. IV, the back-action of the pairing
onto the metallic layer fundamentally changes the physics
of the latter. Specifically, the single particle correlations,
〈ĉ†

i,m,σ (τ )ĉ j,m,σ (τ ′)〉, which would show decay with |i − j|−1

and |τ − τ ′|−1 at t⊥ = 0, now decay exponentially in these
distances for t⊥ > 0. The reason for this is the spin gap in-
duced inside the metallic layer via the proximity-effect caused
by the pairing layer. In Fig. 8, we show the resulting exponen-
tial decay of Sm(i, j) = 〈ĉ†

i,m,σ ĉ j,m,σ 〉, which we consistently
find at any t⊥ > 0. We also show the fits of the maxima of
Sm(i, j) to an exponentially decaying function, from which we
extract the length scale ξS,m, on which our analysis in Sec. IV
is based.

APPENDIX C: PAIR CORRELATIONS IN REGIME 2

In Sec. III, we discuss the differences between the fully
microscopic model described by Hamiltonian ĤKBP, Eq. (1),
and the effective model based on the Schrieffer-Wolff-
transformation combined with second-order perturbation
theory, described by Hamiltonian ĤJ⊥

KBP, Eq. (5). In Fig. 4,
we illustrate the difference between these two models in
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FIG. 8. Single-particle correlation function Sm(i, j). [(a) and (b)]
Regime 1. [(c) and (d)] Regime 2.

the behavior of Cp(i, j) for regime 1: as ĤJ⊥
KBP significantly

underestimates the size of the charge gap �c, the pair-pair
correlators computed for these two different Hamiltonians
increasingly diverge from each other as the coupling between
pairing and metallic layers grows. Here, we show the same to
be the case for regime 2. Specifically, Fig. 9 contains Cp(i, j)
computed for the ground states of both ĤKBP and ĤJ⊥

KBP for
L = 100, at t⊥ = 3.0 and J⊥ = 3.6, respectively. With �c in
the limit L → ∞ extrapolating to a value roughly 4.5 times
larger in the former case compared to the latter, the apparent
algebraic decay of the pair-pair correlations in Fig. 9 is already

FIG. 9. Pair-pair correlation function in regime 2 with L = 100
for the microscopic model (open diamonds) and effective model
(shaded diamonds).

markedly different between the microscopic and the effective
models.

APPENDIX D: SIMULATION PARAMETERS

We have used open boundary conditions with two-site
DMRG on Eqs. (1) and (5) to measure observables at T = 0
with μp = 0 and μm = U/2. We work at a bond dimen-
sion of around 8000, and achieve truncated weights of about
O(10−14)− O(10−16) as a result [35].

Finite temperature calculations with periodic boundary
conditions are performed for Eq. (1) using the auxiliary field
quantum Monte Carlo (AFQMC) method as implemented in
the ALF package [36,37]. We use the standard Mz decoupling
which is known to yield stable results with low autocorrelation
times for systems that only contain attractive interactions,
such as the ones that we treat here.

APPENDIX E: SPIN GAP FROM RENORMALIZATION
GROUP ANALYSIS

The goal of this section is to use the renormalization group
(RG) approach to show that a pair hopping term favours the
creation of a spin gap, even for a system that initially has no
spin gap.

In the bosonization language [1], we express phase and
density excitations in terms of the fields θ (x) and φ(x) for
both the spin (subscript σ ) and charge (subscript ρ) sectors.
For sufficiently large U , the p layer is either doubly occupied
or empty, we map it onto spin excitations with pseudospin
1/2 (doubly occupied and empty states corresponding to Sz =
±1/2). The bosonization treatment consists of retaining only
the low-energy physics and using the dictionary

c†
r,s = 1√

2πα
eirkF xe− i√

2
[rφρ−θρ+s(rφσ −θσ )]

, (E1)

where r = {R, L} stands for right and left movers, s = {↑,↓}
and α is the short-distance cutoff. The Hamiltonian we
bosonize is of the form

H = Hmetal − 2J
∑

j

[S†
j c

†
j,↑c†

j,↓ + H.c.]

+ 4J
∑

j

Sz
j (n j − 1), (E2)

and in terms of the bosonic fields it reads

H = Hρ,σ
0 − J±

f

∑
j

[S+
j ei

√
2θρ cos(

√
2φσ ) + H.c.]

+ J±
b

∑
j

[S+
j (−1) jei

√
2θρ cos(

√
2φρ ) + H.c.]

+ Jz
b

∑
j

Sz
j (−1) j cos(

√
2φρ ) cos(

√
2φσ )

− Jz
f

∑
j

Sz
j∇φρ + yσ

2πα

∑
j

cos(
√

8φσ ), (E3)

where the first term describes the metallic layer (quadratic in
the fields), the second term J±

f = 2J
πα

refers to c†
r,sc

†
−r,−s while

J±
b = 2J

πα
refers to c†

r,sc
†
r,s and similarly for Jz

f = 4
√

2J
π

with
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c†
r,scr,s and Jz

b = 8J
πα

with c†
r,sc−r,s. The last term yσ = gσ /πα

is usually present when there are interactions. In our case, this
term is initially zero (gσ = 0) but can be generated by renor-
malization. by J±

f and J±
b terms. As we have Kσ = Kρ = 1,

all terms in the Hamiltonian have scaling dimension 2 and
a priori are important on equal footing. Our goal is to show
that J±

f and Jz
b drive gσ towards strong coupling. As a conse-

quence, the spin sector becomes gapped and we simplify the
Hamiltonian by replacing cos(

√
8φσ ) with a constant Cσ ∝

〈cos(
√

8φσ )〉Hσ
. The contractions of the fields which give the

terms contributing to gσ follow the idea of Ref. [61].
The perturbative RG procedure in this case involves spin

and fermionic operators. In the second-order expansion in J±
f ,

we approximate that 〈S+(x)S−(x′)〉 ∼ 1
α
δ(x − x′) as the states

over which we perform the average satisfy 〈Sz〉 = 0, meaning
that there is no net magnetization in the p layer. Our result
strongly relies on such an approximation. The RG equation for

the pair hopping and spin flip reads
dJ±

f

dl = 1
2 (3 − 1

Kρ
− Kσ )J±

f .
By looking at the scaling dimension of the operators, it fol-
lows also that dJz

b
dl = 1

2 (3 − Kρ − Kσ )Jz
b and similarly for the

other operators in (E3).
We start off by considering the contribution of J±

f to gσ . For
this purpose, we are interested in terms for which |r − r′| <

α, with r = (x, uτ ) the space-imaginary time vector, then the
corresponding averages read

(J±
f )2

2u2

yσ

παu

∫
d2r′ d2r′′ d2r′′′ δ(x′ − x′′)

α
〈(ei

√
2θρ cos(

√
2φσ ) + H.c.)(r′)(e−i

√
2θρ cos(

√
2φσ ) + H.c.)(r′′) cos(

√
8φσ (r′′′))〉0

= (J±
f )2

2u3

yσ

πα2

∫
d2r′ dτ ′′ d2r′′′ 〈(ei

√
2θρ cos(

√
2φσ ) + H.c.)(r′)(e−i

√
2θρ cos(

√
2φσ ) + H.c.)(x′, τ ′′) cos(

√
8φσ (r′′′))〉0

= (J±
f )2yσ

u3

dα

πα2

∫
d2r′ d2r′′′〈cos(

√
8φσ (r′)) cos(

√
8φσ (r′′′))〉0 + . . . (x′ �= x′′) . . . (E4)

with the averages performed over Hρ,σ
0 . Here, we replaced

the spin operators by the a delta function and isolated the
local contributions τ ′′ = τ ′ + dα. By neglecting the last set
of terms for x′ �= x′′, we apply the standard RG procedure
by changing the cutoff to find the recursive equation, which
results in

dỹσ

dl
= (2 − 2Kσ )ỹσ − 1

2
(J̃±

f )2, (E5)

where the tilde refers to the corresponding dimensionless
coupling. In an equivalent way, we also find that (J̃ z

b )2 favors
the creation of a finite yσ under the RG procedure. Indeed,

even if we start with Kσ = 1 (free fermions), we have that
dỹσ /dl �= 0 justify the simplification of considering the spin
degrees of freedom to be frozen. For the Luttinger parameter,
one finds

dKσ

dl
= −K2

σ ỹ2
σ

2
− (J̃±

f )2 − (
J̃ z

b

)2
(E6)

in line with the fact that the flow is towards strong coupling,
generating a spin gap by pinning φσ at the minimum of the
cosine.
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[14] C. D. Batista, J. Bonča, and J. E. Gubernatis, Itinerant ferro-
magnetism in the periodic Anderson model, Phys. Rev. B 68,
214430 (2003).

[15] W. Z. Wang, Ferromagnetism in a periodic Anderson-like or-
ganic polymer at half-filling and zero temperature, Phys. Rev.
B 73, 035118 (2006).

[16] U. Yu, K. Byczuk, and D. Vollhardt, Influence of band and or-
bital degeneracies on ferromagnetism in the periodic Anderson
model, Phys. Rev. B 78, 205118 (2008).

[17] P. R. Bertussi, M. B. S. Neto, T. G. Rappoport, A. L. Malvezzi,
and R. R. Dos Santos, Incommensurate spin-density-wave and
metal-insulator transition in the one-dimensional periodic An-
derson model, Phys. Rev. B 84, 075156 (2011).

[18] M. Gulacsi, Ferromagnetic order in the one-dimensional Ander-
son lattice, J. Magn. Magn. Mater. 374, 690 (2015).

[19] R. Jullien and P. Pfeuty, Analogy between the Kondo lattice and
the Hubbard model from renormalisation-group calculations in
one dimension, J. Phys. F 11, 353 (1981).

[20] M. Sigrist, H. Tsunetsugu, K. Ueda, and T. M. Rice, Ferromag-
netism in the strong-coupling regime of the one-dimensional
Kondo-lattice model, Phys. Rev. B 46, 13838 (1992).

[21] C. C. Yu and S. R. White, Numerical renormalization group
study of the one-dimensional Kondo insulator, Phys. Rev. Lett.
71, 3866 (1993).

[22] M. Lavagna and C. Pépin, The Kondo lattice model, Acta Phys.
Pol. B 29, 3753 (1998).

[23] N. Shibata and K. Ueda, The one-dimensional Kondo lattice
model studied by the density matrix renormalization group
method, J. Phys.: Condens. Matter 11, R1 (1999).

[24] N. Shibata, One-dimensional Kondo lattices, in Density-Matrix
Renormalization, edited by I. Peschel, M. Kaulke, X. Wang,
and K. Hallberg, Lecture Notes in Physics, Vol. 528 (Springer,
Berlin Heidelberg, 1999), pp. 303–310.

[25] I. P. McCulloch, A. Juozapavicius, A. Rosengren, and M.
Gulacsi, Localized spin ordering in Kondo lattice models,
Phys. Rev. B 65, 052410 (2002).

[26] T. Schauerte, D. L. Cox, R. M. Noack, P. G. J. Van Dongen, and
C. D. Batista, Phase diagram of the two-channel Kondo lattice
model in one dimension, Phys. Rev. Lett. 94, 147201 (2005).

[27] N. E. Bickers, Review of techniques in the large- N expansion
for dilute magnetic alloys, Rev. Mod. Phys. 59, 845 (1987).

[28] G. R. Stewart, Heavy-fermion systems, Rev. Mod. Phys. 56, 755
(1984).

[29] P. Das, S.-Z. Lin, N. Ghimire, K. Huang, F. Ronning, E. Bauer,
J. Thompson, C. Batista, G. Ehlers, and M. Janoschek, Magni-
tude of the magnetic exchange interaction in the heavy-fermion
antiferromagnet CeRhIn5, Phys. Rev. Lett. 113, 246403 (2014).

[30] L. Wang, Z. Fu, J. Sun, M. Liu, W. Yi, C. Yi, Y. Luo, Y. Dai, G.
Liu, Y. Matsushita, K. Yamaura, L. Lu, J.-G. Cheng, Y.-f. Yang,
Y. Shi, and J. Luo, Heavy fermion behavior in the quasione-
dimensional Kondo lattice CeCo2Ga8, npj Quantum Mater. 2,
36 (2017).

[31] A. O. Fumega and J. L. Lado, Nature of the unconventional
heavy-fermion Kondo state in monolayer CeSiI, Nano Lett. 24,
4272 (2024).

[32] S. Doniach, The Kondo lattice and weak antiferromagnetism,
Physica B 91, 231 (1977).

[33] F. F. Assaad, Quantum Monte Carlo simulations of the half-
filled two-dimensional Kondo lattice model, Phys. Rev. Lett. 83,
796 (1999).

[34] R. Eder, K. Grube, and P. Wróbel, Antiferromagnetic phases of
the Kondo lattice, Phys. Rev. B 93, 165111 (2016).

[35] U. Schollwöck, The density-matrix renormalization group in
the age of matrix product states, Ann. Phys. 326, 96 (2011).

[36] F. F. Assaad, M. Bercx, F. Goth, A. Götz, J. S. Hofmann, E.
Huffman, Z. Liu, F. P. Toldin, J. S. E. Portela, and J. Schwab,
The ALF (Algorithms for lattice fermions) project release 2.4.
Documentation for the auxiliary-field quantum Monte Carlo
code, SciPost Phys. Codebases 1-v2.4 (2025).

[37] F. F. Assaad, M. Bercx, F. Goth, A. Götz, J. S. Hofmann, E.
Huffman, Z. Liu, F. P. Toldin, J. S. E. Portela, and J. Schwab,
Codebase release 2.4 for ALF (Algorithms for lattice fermions),
SciPost Phys. Codebases 1-r2.4 (2025).

[38] T. M. Rusin and W. Zawadzki, On calculation of RKKY range
function in one dimension, J. Magn. Magn. Mater. 441, 387
(2017).

[39] A. Nejati and J. Kroha, Oscillation and suppression of Kondo
temperature by RKKY coupling in two-site Kondo systems,
J. Phys.: Conf. Ser. 807, 082004 (2017).

[40] J. E. Ebot, L. Pizzino, S. Mardazad, J. S. Hofmann, T.
Giamarchi, and A. Kantian, Enhancement of superconduct-
ing stiffness in hybrid superconducting-metallic bilayers,
arXiv:2604.28187.

[41] C. Hubig, F. Lachenmaier, N.-O. Linden, T. Reinhard, L.
Stenzel, A. Swoboda, M. Grundner, and S. Mardazad, The
SYTEN toolkit, https://syten.eu/.

[42] D. N. Aristov, C. Brünger, F. F. Assaad, M. N. Kiselev, A.
Weichselbaum, S. Capponi, and F. Alet, Asymmetric spin- 1

2
two-leg ladders: Analytical studies supported by exact diago-
nalization, DMRG, and Monte Carlo simulations, Phys. Rev. B
82, 174410 (2010).

[43] E. M. Stoudenmire and S. R. White, Studying two-
dimensional systems with the density matrix renormaliza-
tion group, Annu. Rev. Condens. Matter Phys. 3, 111
(2012).

[44] P. Rabl, A. J. Daley, P. O. Fedichev, J. I. Cirac, and P. Zoller,
Defect-suppressed atomic crystals in an optical lattice, Phys.
Rev. Lett. 91, 110403 (2003).

[45] A. Kantian, A. J. Daley, and P. Zoller, η condensate of fermionic
atom pairs via adiabatic state preparation, Phys. Rev. Lett. 104,
240406 (2010).

[46] A. Kantian, S. Langer, and A. J. Daley, Dynamical disentan-
gling and cooling of atoms in bilayer optical lattices, Phys. Rev.
Lett. 120, 060401 (2018).

[47] B. Yang, H. Sun, C.-J. Huang, H.-Y. Wang, Y. Deng, H.-N. Dai,
Z.-S. Yuan, and J.-W. Pan, Cooling and entangling ultracold
atoms in optical lattices, Science 369, 550 (2020).

[48] M. Xu, L. H. Kendrick, A. Kale, Y. Gang, C. Feng, S. Zhang,
A. W. Young, M. Lebrat, and M. Greiner, A neutral-atom
Hubbard quantum simulator in the cryogenic regime, Nature
(London) 642, 909 (2025).

[49] N. Néel, R. Berndt, J. Kröger, T. O. Wehling, A. I. Lichtenstein,
and M. I. Katsnelson, Two-site Kondo effect in atomic chains,
Phys. Rev. Lett. 107, 106804 (2011).

[50] C. G. Shull, Early development of neutron scattering, Rev. Mod.
Phys. 67, 753 (1995).

[51] Q. Si and F. Steglich, Heavy fermions and quantum phase
transitions, Science 329, 1161 (2010).

[52] O. Stockert and F. Steglich, Spin resonances in heavy-fermion
superconductors, Physica C 615, 1354375 (2023).

174530-14

https://doi.org/10.1103/PhysRevB.68.214430
https://doi.org/10.1103/PhysRevB.73.035118
https://doi.org/10.1103/PhysRevB.78.205118
https://doi.org/10.1103/PhysRevB.84.075156
https://doi.org/10.1016/j.jmmm.2014.09.040
https://doi.org/10.1088/0305-4608/11/2/008
https://doi.org/10.1103/PhysRevB.46.13838
https://doi.org/10.1103/PhysRevLett.71.3866
https://hal.science/hal-01896229v1/file/actaphysicapolonica1998.pdf
https://doi.org/10.1088/0953-8984/11/2/002
https://doi.org/10.1103/PhysRevB.65.052410
https://doi.org/10.1103/PhysRevLett.94.147201
https://doi.org/10.1103/RevModPhys.59.845
https://doi.org/10.1103/RevModPhys.56.755
https://doi.org/10.1103/PhysRevLett.113.246403
https://doi.org/10.1038/s41535-017-0040-9
https://doi.org/10.1021/acs.nanolett.4c00619
https://doi.org/10.1016/0378-4363(77)90190-5
https://doi.org/10.1103/PhysRevLett.83.796
https://doi.org/10.1103/PhysRevB.93.165111
https://doi.org/10.1016/j.aop.2010.09.012
https://doi.org/10.21468/SciPostPhysCodeb.1-v2.4
https://doi.org/10.21468/SciPostPhysCodeb.1-r2.4
https://doi.org/10.1016/j.jmmm.2017.06.007
https://doi.org/10.1088/1742-6596/807/8/082004
https://arxiv.org/abs/2604.28187
https://syten.eu/
https://doi.org/10.1103/PhysRevB.82.174410
https://doi.org/10.1146/annurev-conmatphys-020911-125018
https://doi.org/10.1103/PhysRevLett.91.110403
https://doi.org/10.1103/PhysRevLett.104.240406
https://doi.org/10.1103/PhysRevLett.120.060401
https://doi.org/10.1126/science.aaz6801
https://doi.org/10.1038/s41586-025-09112-w
https://doi.org/10.1103/PhysRevLett.107.106804
https://doi.org/10.1103/RevModPhys.67.753
https://doi.org/10.1126/science.1191195
https://doi.org/10.1016/j.physc.2023.1354375


MAPPING RESERVOIR-ENHANCED SUPERCONDUCTIVITY … PHYSICAL REVIEW B 113, 174530 (2026)

[53] F. Steglich and S. Wirth, Foundations of heavy-fermion super-
conductivity: Lattice Kondo effect and Mott physics, Rep. Prog.
Phys. 79, 084502 (2016).

[54] C. Bonato, M. S. Blok, H. T. Dinani, D. W. Berry, M. L.
Markham, D. J. Twitchen, and R. Hanson, Optimized quantum
sensing with a single electron spin using real-time adaptive
measurements, Nat. Nanotechnol. 11, 247 (2016).

[55] M. J. Arshad, C. Bekker, B. Haylock, K. Skrzypczak, D. White,
B. Griffiths, J. Gore, G. W. Morley, P. Salter, J. Smith, I. Zohar,
A. Finkler, Y. Altmann, E. M. Gauger, and C. Bonato, Real-
time adaptive estimation of decoherence timescales for a single
qubit, Phys. Rev. Appl. 21, 024026 (2024).

[56] D. Aoki, W. Knafo, and I. Sheikin, Heavy fermions in a high
magnetic field, Comptes Rendus. Physique 14, 53 (2013).

[57] A. Pourret, M.-T. Suzuki, A. P. Morales, G. Seyfarth, G.
Knebel, D. Aoki, and J. Flouquet, Fermi surfaces in the anti-

ferromagnetic, paramagnetic and polarized paramagnetic states
of CeRh2Si2 compared with quantum oscillation experiments,
J. Phys. Soc. Jpn. 86, 084702 (2017).

[58] A. F. Ho, M. A. Cazalilla, and T. Giamarchi, Quantum simula-
tion of the Hubbard model: The attractive route, Phys. Rev. A
79, 033620 (2009).

[59] R. T. Scalettar, E. Y. Loh, J. E. Gubernatis, A. Moreo, S. R.
White, D. J. Scalapino, R. L. Sugar, and E. Dagotto, Phase
diagram of the two-dimensional negative-U Hubbard model,
Phys. Rev. Lett. 62, 1407 (1989).

[60] S.-Q. Shen and X. C. Xie, Pseudospin SU(2)-symmetry break-
ing, charge-density waves and superconductivity in the Hubbard
model, J. Phys.: Condens. Matter 8, 4805 (1996).

[61] T. Giamarchi and H. J. Schulz, Anderson localization and in-
teractions in one-dimensional metals, Phys. Rev. B 37, 325
(1988).

174530-15

https://doi.org/10.1088/0034-4885/79/8/084502
https://doi.org/10.1038/nnano.2015.261
https://doi.org/10.1103/PhysRevApplied.21.024026
https://doi.org/10.1016/j.crhy.2012.11.004
https://doi.org/10.7566/JPSJ.86.084702
https://doi.org/10.1103/PhysRevA.79.033620
https://doi.org/10.1103/PhysRevLett.62.1407
https://doi.org/10.1088/0953-8984/8/26/012
https://doi.org/10.1103/PhysRevB.37.325

