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Purely electrical detection of the spin-splitting vector in p-wave magnets
based on linear and nonlinear conductivities
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A p-wave magnet has zero-net magnetization and induces a momentum-dependent spin-splitted band structure
just as in the case of an altermagnet. It will be useful for high-density and ultrafast memory, where the direction of
the spin-splitting vector may be used as a bit. However, it is a nontrivial problem to detect the spin-splitting vector
in a p-wave magnet because time-reversal symmetry is preserved, while this is not a problem in an altermagnet
because the anomalous Hall conductivity is present due to the breaking of time-reversal symmetry. Here, we
show that it is possible to detect the in-plane component of the spin-splitting vector in the p-wave magnet by
measuring the linear transverse and longitudinal Drude conductivity. Remarkably, this measurement is possible
without using magnetization. Furthermore, we study the nonlinear Drude conductivity, the quantum-metric and
the Berry curvature dipole induced nonlinear conductivity in the presence of tiny magnetization along the z
axis. It is possible to detect the z-component of the spin-splitting vector by measuring the above nonlinear
conductivities. We obtain analytic formulas for them in the first-order perturbation theory, which agree quite

well with numerical results without perturbation.

DOI: 10.1103/jf1w-wdg8

I. INTRODUCTION

Ferromagnets are useful for nonvolatile memories, where
the up and down spins act as a bit. On the other hand, anti-
ferromagnets are expected to act as more efficient memories
owing to their zero net magnetization, where high-density
and quick-switchable memories may be possible. However,
it is very hard to read out the direction of the Néel vec-
tor of antiferromagnet [I-7]. Altermagnets are attractive
[8-10] because they have both the merits of ferromagnets
and antiferromagnets. Altermagnets have zero net magneti-
zation and they break time-reversal symmetry. Accordingly,
the Néel vector is observable by means of the anoma-
lous Hall conductivity [11-14], and hence its direction can
be used as a bit. A characteristic feature of altermagnets
which is absent in both ferromagnets and antiferromag-
nets is the momentum-dependent spin splitting [8—10,15-17],
which includes the d-wave, g -wave and i-wave band struc-
tures. Indeed, momentum-dependent band structures have
been observed by angle-resolved photoemission spectroscopy
(ARPES) [18-22]. Furthermore, spin current is generated in
d-wave altermagnets [17,23-25].

In general, we may think of the higher symmetric X-wave
magnets [26], where X = p,d, f, g, i. They have zero net
magnetization as in the case of antiferromagnets. The spin
texture is collinear and the band structure breaks time-reversal
symmetry for X = d, g, i. They are altermagnets. On the other
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hand, the spin texture is noncollinear and the band structure
preserves time-reversal symmetry for X = p, f, which leads
to the zero anomalous Hall conductivity. The effective Hamil-
tonian [26] for electrons associated with the X-wave magnet
is concisely described by a two-band model containing the
term (s - o) f(K), where s is a three-dimensional constant unit
vector representing the spin-splitting direction, and f(k) is
a symmetric function characterizing the X-wave magnet. We
may call s the spin-splitting vector.

Recently, p-wave magnets attract growing interests
[26-37]. The p-wave symmetry is concisely described by the
term (s - o)k, in the Hamiltonian. This term is actually de-
rived from the four-band Hamiltonian [27,36] constructed for
the p-wave magnet CeNiAsO based on the density-functional
theory, as we show in this work. The direction of the spin-
splitting vector can be used as a bit. However, there is so far no
known method to detect the spin-splitting vector, which makes
difficult to use it for spintronics. Experiments on the p-wave
magnets were reported [38] in Gd;RuyAl, and reported [39]
in Nil,. Moreover, an experiment on an electrical switch of the
spin-splitting vector was reported [39] in the p-wave magnet
Nil,.

The linear conductivity c%* is defined by j*’ = ¢%PE*,
where E¢ is an applied electric field along the a direction
and j*’ is the current along the b direction. They include
the longitudinal Drude conductivity o** and the transverse
Drude conductivity ¢”**. On the other hand, there are sev-
eral studies on nonlinear conductivity [40-52]. Especially,
the second-order nonlinear conductivity o is defined by
jb¢ = g EEP where E¢ is an applied electric field along
the a direction and j¢ is the current along the c di-
rection. Among them, the nonlinear Drude conductivity is
proportional to T, where 7 is the electron relaxation time.
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FIG. 1. Illustration of the system made of (a) p-wave-magnet-
substrate structure and (b) ferromagnet-p-wave-magnet-substrate
structure.

It is an extrinsic nonlinear conductivity, while the quantum-
metric induced nonlinear conductivity is intrinsic because it is
irrelevant to t.

In this paper, we show that the in-plane component of
the spin-splitting vector of p-wave magnets is detectable
by measuring the transverse and longitudinal linear Drude
conductivities. Remarkably, this is possible without using
magnetization. In addition, the z component of the spin-
splitting vector of p-wave magnets is detectable by measuring
the nonlinear conductivity with the aid of the magnetization
along the z axis.

This paper is composed as follows: In Sec. II, we intro-
duce the minimal two-band Hamiltonian describing p-wave
magnets. We also derive this minimal Hamiltonian from
the four-band Hamiltonian [27,36] constructed based on the
density-functional theory. In Sec. III, we study linear conduc-
tivities including the Drude conductivity and the anomalous
Hall conductivity. We show that the in-plane component
of the spin-splitting vector is observable without applying
a magnetic field. In Sec. IV, we study nonlinear con-
ductivities including the nonlinear Drude conductivity, the
quantum-metric induced nonlinear conductivity and the Berry
curvature dipole induced nonlinear conductivity. The out-of-
plane component of the spin-splitting vector is observable
in the presence of magnetic field. Section V is devoted to
discussions.

II. MODEL
A. Two-band Hamiltonian

We analyze a system where a p-wave magnet is placed
on a substrate as illustrated in Fig. 1(a). The substrate breaks
inversion symmetry and induces the Rashba interaction. Then,
the minimal two-band Hamiltonian is given by

H = Hy+H, + H, + Hg. (1

The first term represents the kinetic energy of free electrons
present in the interface,
2032 4 12
n> (k2 + ky)

Hy = o0 )

where m is the free-fermion mass, and oy is 2 x 2 identity
matrix.
The second term represents the Rashba interaction,

H, = )"(_k)'gx + kxay)v (3)

where A is the magnitude of the spin-orbit interaction, and
oy and oy are the Pauli matrices for the spin. It is introduced
by making an interface between the p-wave magnet and the
substrate, breaking inversion symmetry.

The third term
Hy(K) = J(s - o)k, 4

describes the effect of the p-wave magnet on electrons in
the interface [26,27,34,35,35,37,37,53], where J is the s-d
coupling constant between the localized spin of the p-wave
magnet and free electrons in the interface, and s is the three-
dimensional constant unit vector parametrized as

s = (sin ® cos P, sin O sin D, cos O), (®)]

with constants ® and ®. It is called the spin-splitting vector.
We set

J, =Jsin®cos O, J; = Jcos®.
(6)
A comment is in order on the spin-splitting vector. When
the noncollinear helical spin texture leads to the p-wave
spin-splitting band structure, the spin-splitting vector s is or-
thogonal to the helix rotation direction. Indeed, the generator
of the helix is given by

Jy =Jsin®sin @,

expli(s - o )k.x], @)

where the rotation angle of the helix is orthogonal to the
spin-splitting vector. For example, if the spin rotates in the
x-y plane, the spin-splitting vector is along the z axis.

The last term,

Hp = Bo, 3

describes the Zeeman term, which breaks time-reversal sym-
metry. This term may be introduced either by attaching a
ferromagnet as illustrated in Fig. 1(b), or by applying external
magnetic field. The breaking of time-reversal symmetry is
necessary for nonzero nonlinear conductivities [50].

The energy spectrum of the Hamiltonian (1) is given by

P
m

hy = —Aky + Jk, sin ®© cos P,
hy = Aky + Jk, sin © sin @,
h, = B+ Jk, cos ©. (10)

where

We introduce the polar coordinate k, = kcos¢ and k, =
ksin¢. In the first order of J and B, the energy is expanded
as

R2k?

fp = ——
2m

BJ
=+ (T cos ®cos ¢ + kr — Jk cos ¢ sin © sin(¢p — CI>)).
(11)

The band structure is shown in Fig. 2, where the spin-
splitting vector is taken along the x axis. A Dirac cone exists
at the momentum k, = k, = 0 as shown in Figs. 2(a) and 2(c),
which is formed by the Rashba interaction. We set i = m/ >
in the following.
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FIG. 2. (a) Bird’s eye view of the band structure, where the
spin-splitting vector is taken along the y axis with ® = 7 /2 and
® = /2. (b) Its contour plot with the color palette (c). (d) Its cross
section along the k, axis. The horizontal axis is k, in units of k.
(e) Fermi surfaces at u = —0.2g5. Two ellipses represent p-wave
symmetric Fermi surfaces k.. (¢p), with k, = k cos ¢ and k, = k sin ¢.
(f) The color palette for panels (d) and (e), where s, is shown in the
color. We have set hzkg/(Zm) =¢e0/2, . = &9/ko, and J = 0.5¢¢/ko
with &g = mA2/21* and kg = mh /2K,

There are two Fermi surfaces characterized by n = % for
the energy ¢, with x = =&, which are obtained as

kf(¢) = — xmA + ninJ cos ¢ sin O sin(¢p — P)

2(ur — xBJ cos ® cos ¢)
T i

1/2
+ [A — J cos ¢ sin O sin(¢ — c1>)]2} . (12)

where n = 1 represents the outer Fermi surface and n = —1
represents the inner Fermi surface. The Fermi surfaces have
the p-wave symmetry as shown in Fig. 2(b). There are two
Fermi surfaces ki(¢) as shown in Fig. 2(d), where k, =
kcos¢ and k, = ksin ¢.

B. Derivation of the two-band Hamiltonian

We discuss the relation between the minimal two-band
Hamiltonian used in this work and the four-band Hamiltonian
[27,36] derived for the p -wave magnet CeNiAsO based on the
density-functional theory. The four-band Hamiltonian reads

ak,
H =2¢| 7, cos > + cos ak,

ky
+ 2t; (axry sin % + 0yT; cos aky), (13)

where o and t correspond to the spin and site degrees of
freedom, t = 0.8 eV is the magnitude of the spin-independent
hopping term, t; = 0.2 eV is the magnitude of the exchange-
dependent hopping term, and a = 8.1 A is the lattice constant.
The band structure is shown in Fig. 3(a).

We first diagonalize the Hamiltonian (13) at the I" point,

UoH (ky = 0, ky = 0)U, ' = diag{E_, E_, E4, E;}, (14)

(b) , continuum two-band model |

(a) four-band model
4 203"

FIG. 3. (a) The band structure of the four-band model (13). The
color shows the s, component, where the color palette is shown in the
inset. (b) Comparison of the band structures of the lowest two bands
between the four-band model (13) and the two-band continuum
model (22). The solid curves are based on the four-band Hamil-
tonian (13). Dashed curves are based on the two-band continuum
Hamiltonian (22), where s, = 1 is colored in magenta and s, = —1
is colored in cyan. We have set = 1 and 7, = 0.25.

where the eigenenergies are

Er=2(t£,/1>+1}), (15)

with twofold degeneracy. The eigenvectors are given by

t
2 2
it,  AJtP+t
el 0.1

Vi =cq iT,i—t ,0,1¢, (16)
t
\/t2+t} ity
I/IiZCb :tf’iTal’O ) (17)

where ¢, and c, are normalization constants. The unitary
transformation Uy in Eq. (14) is given by

Uo = {v. v2. v yh}. (18)

with the use of the eigenvectors.
Then, we make a unitary transformation with the use of the
matrix Uy in the vicinity of the I" point,
UoH (ky, ky)Uy . (19)
Taking the lowest two bands, we obtain
H 20| ak, n tJ2 ak, ) "
= — cos — + —| cos — — 2cosa
eff 2 2 )

2tJ2 . ak,
+ —sin
t 2

up to the second order in J. It is expanded in k, and k, as

k)2
Hep = —2|t|<1 — (“8) )

BI(,_ @k _ _(akyf]
wal (=57) =20 -5

2

oy, (20)

t
+ %akxcrz, @)
which is summarized as
k2 Pk
Her = —~ + — + Jk,0, + const, (22)

2my 2m,
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with
K’ a?  t*a? #? 1?q?
i J_’ = f_’ (23)
2my 4 41t] 2m, |z]

=Zq. 24)

It is essentially identical to the term (4) of the minimal
two-band Hamiltonian with s = (0, 0, 1) except for the mass
anisotropy for m, # m,. The mass anisotropy does not play
any role in the p -wave magnet by scaling k,/,/m, +>
k;//my. Note that there is no Rashba interaction in this
model. The two-band model (22) reproduces well the lowest
two bands of the four-band model (13) in a wide range of k,
around the I" point, as shown in Fig. 3(b).

C. Material parameters

We summarize material parameters in the Hamiltonian (1).
The mass is given by m = /i*/(ta®), where it is estimated
[27,36,37] that the hopping amplitude r = 1 eV and the lattice
constant = 8.1 A. The magnitude of the band splitting is
estimated [27,36] as 200 meV. The strength of the Rashba
interaction is A = 0.03 eV A at the Ag(111) surface [54],
A =0.07 eV A at the InGaAs /InAlAs surface [55], and A =
0.33 eV A at the Au(111) surface [56]. A typical momentum
is k = mA from Eq. (12). We may argue that the energy of
this Hamiltonian is estimated as mAZ2, which is of the order of
1 meV by using & = 0.33 eV A.

III. LINEAR CONDUCTIVITY
A. Drude conductivity

We first study linear conductivities. We set B = 0 in the
Hamiltonian (8) in this section. The Drude conductivity is
given by the formula [57]

2 2
ap €T 2 0°¢g,
V= — d k n N 25
TR Zn / ISk, 25)

where f, = 1/{expl(e, — n)/ksT]+ 1} is the Fermi distribu-
tion function for the band n, ¢, is the energy of the band n,
is the chemical potential, kg is the Boltzmann constant, and
T is the temperature. We calculate the Drude conductivity
numerically for a wide range of J/A in Figs. 4(b) and 4(d).
To understand the results analytically, we use a perturbation
theory in J/ assuming |J| < ko /(2im) with ko = /28>

The longitudinal Drude conductivity is calculated up to the
second order in J/X as

' ’ 2 7 J, (A2 —
e = [mm J ThE
' LN/

ST} (A 4 3p1)
()\2 + 2—#’)3/2

for —mA?/2 < u < 0, and
2

XX eT _ .2 _
Oprude = ?n {4u + 2mA” + mAJ,

(26)

+

| S

[/2+3(2+ Jyz)]} 27)

/A
10
o
0 .:%K,a-" 0 J/A
1.5 e -0 -1 10
-2 -6 ’.-‘....

FIG. 4. (a), (b) Longitudinal Drude conductivity o7 4. in units
of ¢*t/h*, where the spin-splitting vector is taken along the y axis.
(c), (d) Transverse Drude conductivity opy . in the unit of et /A,
where the spin-splitting vector is taken along the x axis. (a), (c) The
horizontal axis is the chemical potential . in units of &y. (b) The hori-
zontal axis is J,/A. (d) The horizontal axis is J,/A. (a), (c) Red (cyan)
dots indicate numerically obtained results by setting J = 0.1&o/ko
(J = —0.1¢9/ko). Green (orange) curves indicate analytically ob-
tained results up to linear order in J/A by setting J = 0.1¢¢/kq
(J = —0.1&p/kp). (b), (d) Red dots (cyan lines) indicate numerically
(analytically up to linear order in J/A) obtained results by setting
= —0.2¢9. Blue curves represent analytic results up to second
order in J/A in panel (b) and up to the third order in J/X in panel
(d). We set /ik2 /(2m) = &9/2 and A = &y /kq.

for > 0. It is shown as a function of the chemical potential
w in Fig. 4(a) and as a function of J, in Fig. 4(b). Hence, J, is
detectable by means of the longitudinal linear Drude conduc-
tivity. The sign change occurs in o) .. around at J, 2~ 5) as
shown in Fig. 4(b).

The transverse Drude conductivity is calculated as

. et 3p + mr? w3 + 2ma?)
Orude = — 2 y 3/2
rude h )LZ—I-%“ ﬁlk()ﬁ-}-%‘) /
(28)
up to the second order in J/A for —mA%/2u < 0, and
2 I+ 7
- eT _ T
Olgmde = —?mr{JX ()\. — —4)\ (29)

up to the third order in J/A for v > 0. It is proportional to J,. It
is shown as a function of the chemical potential p in Fig. 4(c)
and as a function of J, in Fig. 4(d). Hence, J, is also detectable
by means of the transverse linear Drude conductivity. There
is no sign change in o} . as a function of J, as shown in
Fig. 4(d) in contrast with oy ..

We note that the sign change occurs at u = —mA?/3 in
Fig. 4(c), which is understood analytically in Eq. (28).

Quantitative differences between the analytic results based
on the perturbation theory and numerical results exist in the
vicinity of the band bottom. It is because we assume two
Fermi surfaces surrounding the I' point (k, =k, = 0) as in
Eq. (12) in analytic calculations. However, actually, there are
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30

0

FIG. 5. (a) U,';;"lf(;e as a function of angle «. The vertical axis is
Ug;ii;e in units of ¢t /K. (b) Corresponding polar plot. The cyan
curves represent analytic results Eq. (35) up to first order in J/A,
while the dark blue curves represent analytic results Eq. (35) up to
second order in J/A. Red dots indicate numerically obtained results.
We have set J = 0.5¢/ko, ® =7/2, & =1/2, hzkg/(Zm) =&0/2,
= 0.2gy, and L = &y/ko.

two Fermi surfaces, which do not surround the I" point as
shown in Fig. 2(b). This is the reason for the discrepancy.

Next, we study the angle dependence of the Drude conduc-
tivity, where the applied electric field and the lead to read out
the conductivity are rotated through the angle «,

k. = kycosa — kysina, 30)
k, = kysina + ky cos . 31
The derivatives are
0
— =cos« —sina—, (32)
ok, ok, ok,
ﬁ—snaﬁ—i—cosaﬁ (33)

The Drude conductivity along the x’ direction is calculated as

X)C

— yix :
UDrude O‘Drude COS o= ODrude sin 2 + ODrude SlIl a, (34)

or
X/ .x/

O’Drude

2
- —eh—;n' {2@\2 + 40 — ALy sin 20 + J,(cos 2a — 2)]

—~ %[(cos 200 — 4)(J} + J}) + (cos 20 — 2)13]} (35)

up to second order in J/XA for u > 0. The angle dependence
of the Drude conductivity is shown in Fig. 5. It has p-wave
symmetry, as shown in Fig. 5(b).

B. Anomalous Hall conductivity

In the following, we consider the case B # 0 in the
Hamiltonian (8).
The anomalous Hall conductivity is given by the formula

ol = Z [ s, (36)
where the Berry curvature 24 is defined by
Q1 (k) = 9,A% (k) — 3,A% (k), 37

=Rpeevvis,,

FIG. 6. (a) u dependence of anomalous Hall conductivities UXEE,
where the spin-splitting vector is taken along the y axis. The hor-
izontal axis is the chemical potential 1 in units of g. We set J =
—0.1&9/ko. (b) J,/1 dependence of anomalous Hall conductivities
oayes Where the spin-splitting vector is taken along the y axis. The
horizontal axis is J,/A. We set u = 0. Colored dots and curves
are explained in the caption of Fig. 4. We set hzkg/(Zm) =&0/2,
A = ¢&o/ko, and B = 0.1¢.

with the Berry connection

AL(K) = i(Y+(K)[0y, [V (K)). (38)
The Berry curvature Q24 for the band e is calculated as
B
Q= A2k3 ——=[2X1 + 3J;sin2¢ — J,(3cos2¢ — 1)] (39)

up to first order in B/mA> and J/A. The anomalous Hall
conductivity is obtained as

2
o _ B[y g,

A= 1 M A2 + 2
for u < —|B|,
e? B
yx —_ = 40
OAHE = h (40)
for u > |B|,
ol =msgn[B] — B
AHE VB + 2m)2 (i + mAA)
T Bm* A2 AQu + mAA
L, A+ ) (1)
2Q2u 4+ mA?)[B? 4 2mA*(u + mAA)]
for |u| < |B| with
2
A=at a2t 2 (42)
m

The anomalous Hall conductivity is almost quantized to be
4 but slightly deviated from its quantized value. It is be-
cause there is a Fermi surface for || < |B|. Note that exact
quantization occurs in the absence of a Fermi surface between
the Dirac gap.

The anomalous Hall conductivity is shown as a function of
w in Fig. 6(a) and as a function of J,/A in Fig. 6(b).

IV. NONLINEAR CONDUCTIVITY

The second-order nonlinear conductivity o %%

in terms of the electron relaxation time 7 as [50]

is expanded

abc_ ab;c ab;c ab;c

o Metric + UDlpo]e + 0 ONLDrude’

(43)
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where

ab;c 0 ab;c ab;c 2
OMetric € T ODipole X T ONLDruge X T+ (44)

First, only the term al\“,[be;;c survives in the dirty limit t — 0,
which is the intrinsic nonlinear conductivity. It is the quantum-
metric induced nonlinear conductivity given by [50]

abic
O-Metnc

e aG*® 1/3dG* 3G
- __ de a 2 n__ n n ,
h Z[ f[ k. 2<8ku LT )]

(45)

where GZ” is the band-energy normalized quantum met-
ric or the Berry connection polarizability. It is given as
[40,42,45,49,50,58]

Gab

a b
2Re ZA n (A, (K) (46)

oK) = (k)

with g, being the energy of band n, and A¢, being the inter-
band Berry connection

Asn(K) = i (Y (K)| 0, [ (K)). (47)
Second, U][)li?pf)le is the nonlinear transverse conductivity in-

duced by the Berry curvature dipole (BCD) [41],

3 be ac

e At L ok aQe
e =—— Y [ d*kf, + . 48
UDIPO]C hz / f < P ka 9 kb ( )

n

with the Berry curvature
QP = 9,A" (k) — 9,A% (k). (49)

It is an extrinsic nonlinear conductivity, since it vanishes as
77— 0.

Third, aﬁzgrude is the nonlinear Drude conductivity [59],
abic phf, e 50
ONLDrude = — Z f’lak akhak (50)

It is also an extrinsic nonlinear conductivity.

A. Nonlinear longitudinal conductivity

We proceed to study nonlinear conductivities. The band
structure is shown in Fig. 7, where the spin-splitting vector
is taken along the z axis. A Dirac cone at the momentum
ky =k, =0 has a gap with 2|B| as shown in Figs. 7(a) and
7(c). There are two Fermi surfaces as in Fig. 7(d) formed by
the lower band ¢_ for u < —|B|, and formed by the lower
band e_ and the upper band ¢, for u > |B|, while there is a
Fermi surface formed by the lower band E_ for |u| < |B|, as
shown in Fig. 7(c).

We first study nonlinear longitudinal conductivity. There
are two contributions. One is the nonlinear Drude conductivity
[60] and the other is the quantum-metric induced nonlinear
conductivity. We use a perturbation theory in J/A and B/mA>
assuming |J| < 7i%ko/(2m) and |B] < B*kZ/(2m).

ky

FIG. 7. (a) Bird’s eye view of the band structure, where the
spin-splitting vector is taken along the z axis with ® = 0 and & = 0.
(b) Its contour plot. The color palette is given in Fig. 2(c). (c) Its
cross section along the k, axis. The horizontal axis is k, in units of
ko. (d) Fermi surfaces at © = —0.2¢¢. The color palette for panels
(c) and (d) is given in Fig. 2(f). We set hzkg/(2m) =¢&0/2, 2 = &o/ko,
J =0.5¢0/ko, B=0.1g9, and ky = ﬁ1)\/2h2. Two Fermi surfaces are
presented as k.. (¢), where k, = kcos¢ and k, = ksin¢.

The nonlinear Drude conductivity at the chemical potential
u is analytically calculated based on Eq. (50) as

€T 3mEw)
NI_:Drude = BJZ ’ (5 1)

3
P 2 a2 4+ 2

where £ () = 1 for |u| > |B|, and () = 1/2 for || < |B.
It is valid for u > —mA?/2. It is proportional to J..

On the other hand, the quantum-metric induced nonlinear
conductivity is analytically obtained based on Eq. (45) as

i 3 Sm(u —mA?)

e
OMetric — 7
h — 2
8u2m?a3,\ /A% + &

for || > |B|, and

7 /32 4 21 —
JE 5n|:mk< A+ = —i—k) Z,u]
"
8m3 A3 (ma? — 2;@(, /A2 4 2 4 x)

for || < |B|. It is also proportional to J,. Hence, J, is ob-
servable. The leading order of the nonlinear conductivity is
proportional to BJ, which means that magnetization B is nec-
essary to detect J,.

We show analytical results based on the perturbation theory
and numerical results without using the perturbation theory.
The nonlinear conductivity is shown as a function of the
chemical potential u in Fig. 8. They agree with each other
very well, which assures the validity of the perturbation
theory. The nonlinear Drude conductivity diverges at the band
bottom p = —mAZ/2 and its value becomes half inside of the
bulk gap || < |B| comparing with the value outside of the

BJ, (52)

XXX
Metric —

BJ, (53)
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FIG. 8. u dependence of nonlinear conductivities, where the
spin-splitting vector is taken along the z axis. (a) Nonlinear
longitudinal Drude conductivity opy. in units of A2/ (ko).
(b) Nonlinear transverse Drude conductivity o{jp,q i units of
12y /(Pky). (c) Quantum-metric induced longitudinal conduc-
tivity opr.. in units of €*/(figoko). (d) Quantum-metric induced
transverse conductivity crlfjféfric in units of ¢*/(fiegky). The horizontal
axis is the chemical potential u in units of gy. Colored dots and
curves are explained in the caption of Fig. 4. We set hzké /(2m) =

80/2, A= So/k(),.] = —0.180/]{0, and B = 0.180.

bulk gap |u| > |B|. On the other hand, the quantum-metric
induced nonlinear conductivity diverges at the band edge
|;| = |B| and takes a tiny value inside the band gap || < |B|.
Therefore, the two contributions are differentiated although
the explicit value of t is unknown.

The nonlinear conductivities are shown as a function of

J/X in Figs. 9(a) and 9(b). The oy e a0 Opjeric @Pproach
constant values.
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o
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FIG. 9. J/X\ dependence of nonlinear conductivities, where the
spin-splitting vector is taken along the z axis. (a) Nonlinear lon-
gitudinal Drude conductivity o35 in units of e’t2Ey/(Fko).
(b) Quantum-metric induced nonlinear longitudinal conductivity
Opjonic i units of &3 /(hiEyky). (c) Nonlinear transverse Drude conduc-
tivity oy 4 in units of e3t2Ey/(7*ko). (d) Quantum-metric induced
nonlinear transverse conductivity oy, in units of */(figoko). The
horizontal axis is the magnetization J,/A. Colored dots and curves
are explained in the caption of Fig. 4. We have set hzkg /(2m) = &y/2,
A= 8()/]((), B = —0.180/]((), and M= —0.280.

0.02| (@) - OiBce oo™ 0.4 (b)......,;. o5E
ok B 3 B
05 \ 0.5
002 ' 04
002\ Ol et 4| D Tlisse
0 .~ B 0 e ! B
05 ... 05
-0.02 : -1

FIG. 10. B dependence of nonlinear conductivities, where the
spin-splitting vector is taken along the z axis. (a) Nonlinear lon-
gitudinal Drude conductivity o35 . in units of e3t2Ey/(iko).
(b) Quantum-metric induced nonlinear longitudinal conductivity
o inunits of ¢? /(iEyko). (c) Nonlinear transverse Drude conduc-
tivity oy e in Units of e372Ey/(7ko). (d) Quantum-metric induced
nonlinear transverse conductivity o in units of e*/(figoko). The
horizontal axis is the magnetization B in units of &y. Colored dots and
curves are explained in the caption of Fig. 4. We set hzké /(2m) =

80/2, A= 80/](0, J = —0.180//((), and M= —0.280.

The nonlinear conductivities are shown as a function of B
in Figs. 10(a) and 10(b). They show nonmonotonic behavior
and there is a sudden jump at |B| = || because nonlinear
conductivities depend on whether the chemical potential p is
outside the band gap |B| or inside the band gap.

B. Nonlinear transverse conductivity

Next, we study nonlinear transverse conductivity. There
are three contributions. Nonlinear Drude conductivity, the
quantum-metric induced nonlinear conductivity, and the Berry
curvature dipole induced nonlinear conductivity.

The nonlinear Drude conductivity at the chemical potential
u is analytically calculated based on Eq. (50) as

3.2
yyx eT

T
ONLDrude — P > BJ.§ ().
2mr /A 4 &

On the other hand, quantum-metric induced nonlinear conduc-
tivity is analytically obtained based on Eq. (45) as

(54)

wa € 29m(mA? 4 )

e
OMetric = E 5
8/,L2r7l2)»3,/ A+ EM

for |u| > |B|, and

297 | A2+ 2 +0) -2
o or[m(eri ) -2
h
16m3A3 (A2 — 2M)<,/A2 + 24 /\)
(56)

for |u| < |B|. Hence, we can also observe J, by measuring
the nonlinear transverse conductivity. The behavior of the
nonlinear transverse conductivity as a function of u is similar
to that of the nonlinear longitudinal conductivity.

BJ, (55)

yyx
Metric —

SBJ,
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The nonlinear conductivities are shown as a function of J,
in Figs. 9(c) and 9(d). The o3 puqe 204 Opponi. approach con-
stant values. They are linear in J, but decreases and approach
zero for large J,. However, there is no sign change in them.

The nonlinear conductivities are shown as a function of B
in Figs. 10(c) and 10(d). They show nonmonotonic behavior
and there is a sudden jump at |B| = |u| as in the case of the
nonlinear longitudinal conductivity. Quantitative differences
exist in the vicinity of the gap B = u in Fig. 10 because we
made a perturbation with respect to B, which is invalid around
the gap.

C. Berry curvature dipole

The Berry curvature dipole induced nonlinear conductivity
is given by

- et [0
Tpipole = _2? ;/d kfn T (57)
By differentiating Eq. (39), we have
I 3Bk Kk,
ok,  2(k2A2 + B2)5/2
3B2)2{2B* — \*[3k* + 5(k? — k2
RN s L ) N

4(k?*2% + B2)7/2
up to the first order in J/A, when the spin-splitting vector is
along the z direction.
The Berry curvature dipole induced nonlinear conductivity
is analytically obtained as
J.mm

2[B2 + 2ma2(u + mAA )]

XXy
UDipo]e -

S5m3a AL
X e —
papxs

+

+ Y 6B*A% (1 + mAA)
+

A AL[3B? +10mA* (e + mAA )]
- (59
Ao
for || > |B| and
Dipote = 0 (60)
for || < |B|, with

2
Ar=rt 22+ 2, ©61)
m
2
ho= a2+ H (62)
m

The anomalous Hall conductivity is shown as a function of p
in Fig. 11(a) and as a function of J in Fig. 11(b).

V. DISCUSSION

p-wave magnets have zero-net magnetization, which may
lead to a high-density and ultrafast memory by using the
spin-splitting vector as the Ising variable as in the case of
antiferromagnets and altermagnets. We found that J, and
J, are detectable by the linear Drude conductivity without
using magnetization. It contrasts with the d-wave altermagnet,
where the Néel vector is not detectable by the linear Drude

03 (b)

L oRnY

[ " Dipole _qe®

;..-ﬂ". .]z/A
b

03!

FIG. 11. (a) n dependence of Berry curvature dipole induced
nonlinear conductivities op;>,., where the spin-splitting vector is
taken along the z axis. The horizontal axis is the chemical potential ©
in units of gy. We set J = —0.1gy/ko. (b) J./A dependence of Berry
curvature dipole induced nonlinear conductivities o7, where the
spin-splitting vector is taken along the z axis. The horizontal axis
is J./A. We set u = 0. Colored dots and curves are explained in
the caption of Fig. 4. We set hzkg/(Zm) =¢g0/2, A = &9/ko, and

B= 0.180.

conductivity and the measurement of the nonlinear conduc-
tivity is necessary [61]. On the other hand, J; is detectable
by measuring the nonlinear conductivity with the aid of
magnetization.

We have analyzed the Hamiltonian (1) numerically to
obtain results for a wide range of J/A, and perturbatively
to obtain analytical results for the strong Rashba regime
[A/J] > 1. It is numerically checked that the sign of the
conductivities are identical except for the longitudinal Drude
conductivity. Hence, J(s - o) is detectable in a wider range
of |J/A|. In the current experimental stage, it is difficult to
identify whether strong or weak Rashba limit is realized in
a particular sample. We may expect the weak Rashba interac-
tion if the p-wave magnet is metallic, while we may expect the
strong Rashba interaction if the p-wave magnet is insulating
and the free fermions exist at the interface.

We make a comment on the spin-orbit interaction. We
determined the direction of the spin-splitting vector by com-
paring it with the direction of the Rashba term by purely
electrical means. Indeed, the energy is independent of the di-
rection of the spin-splitting vector when there is no spin-orbit
interaction, where the linear and nonlinear Drude conduc-
tivities are independent of the direction of the spin-splitting
vector. Namely, the spin-orbit interaction is necessary to read
out the direction of the spin-splitting vector.
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