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Graph theory and tunable slow dynamics in quantum East Hamiltonians
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We show how graph theory concepts can provide an insight into the origin of slow dynamics in systems with

kinetic constraints. In particular, we observe that slow dynamics is related to the presence of strong hierarchies
between nodes on the Fock-space graph in the particle occupation basis, which encodes configurations con-
nected by a given Hamiltonian. To quantify hierarchical structures, we develop a measure of centrality of the
nodes, which is applicable to generic Hamiltonian matrices and inspired by established centrality measures
from graph theory. We illustrate these ideas in the quantum East (QE) model. We introduce several ways
of detuning nodes in the corresponding graph that alter the hierarchical structure, defining a family of QE
models. We numerically demonstrate how these detunings affect the degree of nonergodicity on finite systems,
as evinced by both the time dependence of density autocorrelations and eigenstate properties in the detuned

QE models.
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I. INTRODUCTION

Generic interacting closed quantum systems are expected
to relax to thermal equilibrium [1], consistent with the eigen-
state thermalization hypothesis (ETH) [2-6]. Violations of
ETH lead to nonergodic dynamics, where the system does not
thermalize and information of an initial configuration may be
partly preserved even in local measurements [7]. Often, this
manifests itself in autocorrelation functions not decaying to
zero as a function of time.

For a given Hamiltonian, nonergodic behavior can be de-
tected from eigenstate properties, such as matrix elements
of local observables, statistics of spectral correlations of the
eigenenergies, and entanglement in eigenstates [1]. The best
studied candidates for fully nonergodic systems are many-
body localized systems [8—16]. More recently, the interest has
shifted to models with constrained dynamics that can lead to
weak or strong ergodicity breaking [17-20]. In these systems,
a subset of all eigenstates violates ETH, while the number of
such states can be intensive or extensively large.

Constrained dynamics can be caused by kinetic constraints
in the Hamiltonian, as realized by, e.g., Rydberg blockade
[21,22], dipole conservation [18,19], gauge constraints
[23-25], or constraints inspired from classical physics
[26-28]. Examples of consequences of constrained dynamics
are quantum scars [17] and Hilbert-space fragmentation
[18,19,29]. In the former, one or typically countably many
eigenstates exhibit subvolume law scaling of entanglement.
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In the latter, the Hilbert space breaks up into exponentially
many subspaces in specific basis sets. Both cases have
recently been accessed in quantum-simulator experiments
[30-37].

In our work, we investigate slow dynamics in systems with
kinetic constraints that have an irreducible subspace, i.e., no
Hilbert-space fragmentation, which frequently occurs in ki-
netically constrained models (KCMs), see, e.g., Refs. [38,39].
In the case of classical KCMs, there is a natural connection
to graph theory since the dynamics is only sensitive to the al-
lowed transitions between the classical configurations, which
can thus be expressed as an underlying graph [40,41]. In this
work, we further exploit the connection to graph theory and
extend it to quantum models, motivated also by earlier work
(see, e.g., Refs. [42,43]).

Given a quantum Hamiltonian and a many-body basis, we
can associate it with a Fock-space graph. This graph alone can
in general not fully determine the dynamical behavior under
the unitary time evolution, since it only captures off-diagonal
Hamiltonian terms. For the classes of Hamiltonians studied
in this work, it is, however, the competition between diagonal
and off-diagonal terms that establishes a hierarchy between
graph nodes correlated to the degree of slow dynamics.

Here, we account for diagonal terms by utilizing graph-
theoretical tools. We introduce a specific hierarchy measure,
the graph energy centrality (GEC), inspired by the Lapla-
cian centrality from graph theory [44], which quantifies the
importance of individual basis configurations. Via numerical
simulations, we establish a connection between the spread of
graph energy centrality and the degree of nonergodicity, as
measured by spectral properties, eigenstate entanglement, and
the time-dependence of autocorrelation functions.

To illustrate these ideas, we consider the quantum East
model, for which the existence of ergodic regions and regions

Published by the American Physical Society


https://orcid.org/0009-0001-9530-7392
https://orcid.org/0000-0001-6419-6610
https://orcid.org/0000-0002-3463-1121
https://ror.org/01y9bpm73
https://ror.org/01vekys64
https://ror.org/04xrcta15
https://crossmark.crossref.org/dialog/?doi=10.1103/j7jf-746f&domain=pdf&date_stamp=2025-09-22
https://doi.org/10.1103/j7jf-746f
https://creativecommons.org/licenses/by/4.0/

MENZLER, BANULS, AND HEIDRICH-MEISNER

PHYSICAL REVIEW B 112, 115141 (2025)

DZ |0°°°°0>’
6 O O
5 4’ )
4 e /?///
3 \‘
2 , |......>
1

FIG. 1. Fock-space graph structure of the QE model for L = 6
with East boundary conditions [see Eq. (5)] set up in the joint eigen-
basis of all n, operators. Darker colors indicate a higher degree of
connectivity D; of a given node. In the chosen presentation, the graph
is (point-)symmetrical along the horizontal axis and the states in the
two subgraphs differ only on the last (real-space) lattice site. Corre-
sponding nodes on the upper and lower subgraph differ in the particle
number by one, but they do have the same number of particles that
allow for transitions on right neighbors in the real-space lattice.
Therefore, corresponding nodes have the same degree of connectivity
on both subgraphs. On the last site, the presence of a particle does not
lead to additional transitions for the chosen boundary conditions.

with slow dynamics is well established [26,45], at least on
finite systems. The Hamiltonian of the QE model reads

1
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where e~°/2 is the transition amplitude, with s real, and n,
is the projector onto states with one particle at lattice site
£, or, equivalently, the density operator. The operator o} is
the x-Pauli matrix acting on site ¢, which adds or removes
one particle on that site. To obtain an irreducible subspace,
we impose so-called East boundary conditions, i.e., there is
always a particle on site £ = 0 [details are given in Sec. II and
Eq. (9)].

We set up the Fock-space graph in the particle occupa-
tion basis with states [i), i.e., the joint eigenbasis of all ny
operators. An edge is drawn between two nodes if they are
connected by an off-diagonal term of Eq. (1). The resulting
graph is illustrated in Fig. 1 (see Ref. [42]). In this model,
the degree of connectivity D; of a node, i.e., the number of
configurations directly connected to |i) by the Hamiltonian
(1) is essentially determined by the number of particles (see
the caption of Fig. 1 and Sec. II for details). In the QE model
itself, the slow dynamics is a result of the competition between
the off-diagonal and the diagonal terms. This competition can
be viewed as a (diagonal) detuning of nodes with different
particle numbers with respect to each other.

We introduce a family of quantum East models by adding
different detuning terms to the standard QE model. In each
of them, nodes are detuned by an operator P, diagonal in the

occupation eigenbasis,
Hqe p = Hgg + 2P, 2)

where z is the detuning strength. We set z to unity throughout
this work.

Our work has three main results: First, we show that the
diagonal detuning of basis states is able to induce or suppress
slow dynamics in finite-size systems. Second, by analyzing
four different choices of P at fixed value z = 1, we observe
that the degree of nonergodicity correlates with the stan-
dard deviation of graph energy centrality. Third, we show
that graph energy centrality can be computed efficiently on
much larger system sizes than what is accessible in exact
diagonalization, different from most other eigenstate- and
eigenspectrum-based measures.

The rest of this exposition is organized as follows: In
Sec. II, we present the quantum East model and summarize
known results. In Sec. III, we discuss the connection of the
QE model to graph theory and introduce centrality measures.
There, we propose graph energy centrality as a key concept in
our work. In Sec. IV, we define several detuning protocols
that allow us to tune the dynamics from entirely ergodic
to strongly nonergodic (on finite systems). We supplement
this with an analysis of density autocorrelations. Section V
provides a discussion of how eigenstate properties change be-
tween the different detuning protocols. Finally, we summarize
our results and point out future research directions in Sec. VI.
Appendix A describes the construction of graphs for many-
body systems. Appendix B provides details on the calculation
of graph energy centrality for a number of quantum-East-
like models. In Appendix C we discuss details of detuning
protocols.

II. QUANTUM EAST MODEL AND OBSERVABLES

The classical East model [40,47—49] has been long investi-
gated as a prototype of kinetically constrained spin glasses. Its
quantum version, the QE model, was introduced in Ref. [26]
and has gained attention in the recent literature due the sim-
plicity of its constraint and the existence of slow dynamics
in the complete absence of conservation laws or symmetries
[26,45]. Recently, there has also been interest in models de-
rived from or similar to the QE model [38,39,42,50-56] and in
Floquet quantum East models [50,54]. For the aforementioned
reasons, the QE model has become an important example
for slow dynamics in the literature of quantum systems with
kinetic constraints.

In the Hamiltonian from Eq. (1), the projector n, plays
the role of the constraint: a particle can only be added to
or removed from the system if its left-neighboring site is
occupied. Since in the absence of a particle to the left, no
dynamics occurs at all, one also refers to this as a facilitating
constraint. The allowed transitions in the QE model can be
visualized as

oo )= eee.), 3)

where e indicates that there is a particle, while o indicates an
empty site.

While the Hamiltonian in Eq. (1) is the original form
(without boundary conditions) as introduced in Ref. [26], it
is instructive to introduce a prefactor u for the diagonal term,
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resulting in the following modified version:
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The parameter i can be understood as a (dimensionless)
chemical potential controlling the number of particles in the
system, which, except for an intensive boundary effect at the
last lattice site L, is the number of satisfied constraints. In the
case when u = 1, Eq. (4) reduces to Eq. (1).

For open boundary conditions, the Hilbert space splits into
L + 1 subspaces identified by the location of the first particle,
with all empty sites to its left being nondynamical. Addition-
ally, the Hamiltonian commutes with o}, which splits each
such sector into two.

To focus on a single sector for L dynamical sites, we
consider East boundary conditions (EBCs), corresponding to
the addition of a nondynamical, zeroth lattice site occupied
by a particle, which facilitates the dynamics on the first site
¢ =1, and an equally nondynamical (L + 1)st site in a o7
eigenstate, with eigenvalue y = =1, which lifts the remaining
symmetry. Thus, we obtain the following Hamiltonian [45]:

1 -5 X nL -5
H]QEEC = Hog,, — 5(6 oy — ;ul) — ?(ye —w). (5

In our numerical calculations, we implement HSEC using the
positive sign y = +1 with u = 1 (expect for the calculation
of gap ratios, where we average over u as described below).
With East boundary conditions, the quantum East model has
a 2L-dimensional irreducible Hilbert space, which cannot be
divided into further symmetry blocks. Whenever Hgg , is
used in our simulations, then we employ EBC as in Eq. (5).

The model with & = 1 has a quantum phase transition at
s = 0 [26,45]. Regarding its nonequilibrium dynamics, the
QE model with y = 1 exhibits three regimes on finite system
sizes: (i) an ergodic regime for s < 0, (ii) a regime with slow
dynamics for 0 < s < 1, and (iii) a quasilocalized regime for
s 2 1 [45,57]. We illustrate these known results by showing
the gap ratio, the time dependence of density autocorrelations
and the eigenstate entanglement in Fig. 2.

As a standard measure of nonergodicity, the gap ratio is
defined as [46,58]

rnzwv Sn:En_Enfla (6)

max (811—1 s 811)

where E, are the eigenvalues of the Hamiltonian in ascending
order. To obtain data with small fluctuations, it is useful to
consider the extension (4) of the QE Hamiltonian. We aver-
age r, over an ensemble of systems with different values of
the chemical potential © = 1 4+ §u with §u € [—0.05, 0.05].
Drawing 50 samples from this ensemble and averaging r, over
the whole spectrum for every sample, we obtain (r).

The results are shown in Fig. 2(a). For s < 0, the gap ratio
follows the prediction of the Gaussian orthogonal ensemble
(GOE), while for s > 0, the value of (r) decreases, ultimately
below the value expected for a Poisson distribution. The small
dip of (r) at s = 0 is due to an additional symmetry at this
point that is not lifted in our simulations [45].

When the diagonal term dominates, i.e., for s > 1, the
spectrum splits up into bands separated by gaps of order /2.
The crossover into this regime is seen as a kink in the average

0.5
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FIG. 2. Illustration of constrained dynamics in the quantum East
model. (a) Gap ratio (r) as a function of s averaged over 50 real-
izations of an ensemble of quantum East Hamiltonians with small
variations in the chemical potential £ = 1 + 6 with . sampled
from s € [—0.05,0.05], for L = 13, 14, 15, and averaged over all
eigenstates. There are three regimes: (I) an ergodic one for s < 0,
(1) a region with slow dynamics for 0 < s < 1, and (III) the large-u
regime for s > 1. In this work, we are interested in the two former
regions. The horizontal dashed lines indicate the values of the gap
ratio for the GOE and the Poisson distribution, respectively [46].
(b) Density autocorrelation function ¢(¢) averaged over initial prod-
uct states with an initial particle number of Ny for L = 12 in the
ergodic regime (s = —2, solid lines) and the slow-dynamics regime
(s = 0.5, dashed lines) [26]. For s = 0.5, ¢(¢) converges to a nonzero
value that depends strongly on Ny, whereas for s = —2 it decays
quickly. (c) Half-chain entanglement entropy Sgg normalized by the
Page value Sp,,e = [L1n(2) — 1]/2 as a function of energy density &
for s = —2 (blue) and s = 0.5 (green) for L = 12. In contrast with
the s = —2 case, the case with s = 0.5 hosts many eigenstates with
atypically low entanglement [45].

gap ratio at s & 1 and has also been observed from other
quantum-chaos measures in Ref. [57].

The separation of these bands is an intensive scale and
therefore, in the thermodynamic limit, a continuous spectrum
will result and the persistence of this band structure is not
expected (see also Ref. [29]). Therefore, we do not further
discuss the regime of s 2> 1, but focus on the comparison
of the ergodic regime (s < 0) and the slow-dynamics regime
0 <s<1).

The presence of the ergodic and the slow-dynamics
regimes manifests itself in density autocorrelations. We define
the density autocorrelation function as

1 L
o) = - gzwmnem» —1, @)
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where Ny = Zé: 1{ne (0))." To remove short-scale fluctuations
in the correlations and thus extract information about the long-
time behavior of c(t), we compute the time average c¢(t) =
1/t fot dt’c(t’). For s < 0, the system exhibits fast dynam-
ics indicated by quickly decaying autocorrelation functions,
while for s > 0 the system shows slow dynamics, character-
ized by nondecaying autocorrelations c(¢) on finite systems,
see Fig. 2(b) [45].

With regard to the long-time limit of c¢(¢) computed in
individual initial states, note that, even in the ergodic regime,
nonzero and negative long-time values can occur. This is a
consequence of both finite system size and lack of particle-
number conservation in our system, and therefore c(¢) — 0 is
only ensured after averaging over initial states. Nonetheless,
this is a quantitatively minor effect compared with the robust
and large values of c(¢) in the slow-dynamics regime 0 <
s < 1. In the ergodic regime, the spread of nonzero long-time
values of c(t) is expected to scale fast to zero as the system
size increases, whereas nonergodic states should exhibit a
slower or no decay with L. These details are not quantitatively
relevant for the results discussed in our work.

Finally, we turn to the entanglement entropy computed in
eigenstates. We consider the half-chain entanglement entropy
defined as

Sgg = —Tr(paln py), (8)

where p4 = Trz(|¥)(¥]) is the reduced density matrix of part
A, chosen to be one half of the chain, and |) is an eigenstate
of H. We rescale Sgg using the Page value [59] for the half-
chain subsystem Spyee = [LIn(2) — 1]/2.

In Fig. 2(c), we show exemplary results for Sgg as a func-
tion of energy density ¢ for s = —2 and s = 0.5. We define
the energy density as

&= E — Emm . (9)
Emax - Emin

with the energy E and Ey,, Enax the smallest and largest
many-body eigenenergies, respectively.

In the s < O case, there is a dome-shaped structure typ-
ical for ergodic systems, while for s = 0.5, this dome is
accompanied by many low-entanglement states across the
entire spectrum [45]. A full classification of all the low-
entanglement states remains open [42,60].

III. QUANTUM EAST GRAPH MODEL
AND CENTRALITY MEASURES
A. Quantum East graph

Here, we describe how a graph can be associated with
the QE Hamiltonian. We start by considering the model deep
in the ergodic regime (s < 0). In the limit e™*/u — oo, the
Hamiltonian (4) can be rewritten as

Hoeg = —ZWUZCH, (10)
¢

where we have set the only remaining energy scale of the
Hamiltonian to unity, i.e., e™*/2 = 1.

'We exclude the state with Ny = 0.

The Hamiltonian in Eq. (10) is purely off-diagonal and
can be directly identified with (minus) the adjacency matrix
of a graph gog in which nodes v; = |i) correspond to con-
figurations |i) in the Fock-space basis of particle-occupation
eigenstates, and edges to transitions facilitated by the con-
straint. Since the adjacency matrix A of a graph is defined as
(61]

v; and v; are connected

1
A = : 1
J {O otherwise, (n

we can identify
(Hqec);; = —Aij- (12)

Because of this identification, we call this limit of the QE
model the quantum East graph model (QEG). Note that the de-
scription of the QE model in terms of gqg is basis-dependent.
The construction of the graphical representation of the graph
gqE 1s described in Appendix A.

The Hamiltonian in Eq. (10) commutes with the operator
oj, and thus the QE graph has a subgraph symmetry corre-
sponding to flipping the spin at the last lattice site (see also
Fig. 1). The symmetry can be lifted by fixing appropriate
boundary conditions, according to Eq. (5). Furthermore, the
QE graph is bipartite, which means that the nodes of the graph
can be sorted into two groups whose nodes are only connected
to the nodes of the other group. As a consequence, all closed
paths on the graph are of even length.

B. Connection to graph Laplacians

Another concept from graph theory that will be useful for
our study is the Laplacian operator L of a graph g. The graph
Laplacian L can be written as [61]

(L(g))ij = 8iiD; — (A(g))ij’ (13)

where A(g) is again the adjacency matrix of the underlying
graph gand D; = D(v;) is the degree of connectivity, or degree
of node v;, i.e., the number of edges of g that involve v;.

In the QE graph, the degree of a node v; is equal to the
number of satisfied constraints in |i). For the QE Hamiltonian
in Eq. (1),

L-1
D; = (ilnli), (14)
=1

and the Hamiltonian matrix elements can be written as
(Hqe);; = 1(8:;D; — e A;)). (15)

Therefore, when s = 0, the quantum East Hamiltonian (1) can
be understood as the graph Laplacian of the QE graph.

C. Graph centrality and hierarchy

In the context of graph theory, graph centrality has long
been studied in various different settings [62—-64] to under-
stand, e.g., how easily certain nodes can reach resources in
a transport network [65] or to identify important actors in
a citation network [66]. For a given graph g, measures of
graph centrality can therefore highlight hierarchies, indicating
which nodes can be considered important with respect to
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a particular, context-dependent property. Measures of graph
centrality assign a real value to each node v; € g, where by
convention larger values generally denote more central (im-
portant) nodes. Over time, many different measures of graph
centrality have been developed (see Ref. [67] for a review)
based on various properties of the underlying graph (e.g.,
spectrum, structure, distances).

In the context of the QE graph, we start with degree cen-
trality (DC) [64] as the simplest measure of centrality that
captures some of the essential features of the QE graph. DC
is based on the degree of a node D(v;). To compare DC
with other measures of centrality it is often rescaled so that
>, DC(v;) = 1, hence

D;

DC(Ui) = Z—D
JjI

(16)

The basic premise of this measure is that nodes with higher
degree will automatically also be more central, because one
can easily reach a larger number of other nodes (neighbors) if
that node is directly connected to many others.

In the QE case with East boundary conditions, the de-
gree of a node is D; = 1 + Ziﬁ;}(ﬂnui), i.e., it scales with
the number of particles in the state, D; ~ No = Y, (i|n¢|i).
Therefore, the degree distribution for large system size L is
simply binomial Pr(D; = Ny) ~ (160) as already highlighted
in Ref. [42]. Hence, when L is large, D; approximately follows
a Gaussian distribution with mean over all nodes (D;) = L/2
and standard deviation o = +/L/2.

This fully characterizes the QE graph with respect to the
DC centrality measure, which is independent of s. However,
while at e™*/u — oo the QE Hamiltonian is deep in the
ergodic phase [45], at finite s the slow dynamics results from
the competition of the allowed transitions and diagonal terms.
Hence, the hierarchy as captured in the distribution of DC per
se is not sufficient to explain the emergent slow dynamics for
s > 0. We thus aim at identifying a centrality measure that
captures also diagonal terms beyond only the connectivity of
the Fock-space graph and can be related to the dynamical
properties of the QE model at any finite s.

D. Graph energy centrality

The Laplacian description of the QE model leads us to an
alternative centrality measure called Laplacian centrality (LC)
[44]. Laplacian centrality (LC) is based on the more general
concept of graph energy [68—73].

We define the Laplacian energy for a graph g as the sum of
squared eigenvalues of the Laplacian matrix [44] GE.(g) =
>, A2 The LC of a node v; is then defined as the relative
change in Laplacian energy when the node is removed from
the graph,

GE.(g) — GEL(g\v)
GEL(9) '

LC,(v) = (17)

where g \ v; denotes the graph with the node v; and all edges
connecting it to other nodes removed. The LC also applies
to weighted graphs [44], in which the adjacency matrix may

contain arbitrary off-diagonal weights A;; = w;; > 0 that in-
dicate how strongly two nodes v; and v; are connected.”
The expression for the graph energy GE, can be rewritten

as [44]

GEL(®) =) rt=) x'+ ) w}, (18)

n i i#]

with x; = Zu,ef\fg(v,-) w;; being the sum of weights leading
to vertex v;, where ./\/:g(v,-) denotes the neighborhood of v;,
defined as all nodes which share edges with v; in g. For un-
weighted graphs (w;; € {0, 1}), we have x; = D;. As a result,
we may understand the LC as an extension of the earlier
discussed degree centrality DC to weighted graphs.

Finally, we introduce the centrality measure that will be
central to our analysis, applicable to Hamiltonians and in-
spired from the previous discussion of Laplacian centrality.
Given a Hamiltonian H, we define its graph energy as

GE(H) =) _E; =Tr(H"), (19)

with E, the eigenenergies of H. With H expressed as a matrix
H;j in a given basis, we obtain

2 2
GE(H) =Y H}+ Y H. (20)
i i
which makes apparent the similarity to Eq. (18).

Using this definition of (Hamiltonian) graph energy, we in-
troduce our main measure, the graph energy centrality (GEC)
of a given state |i), defined as

_ GE(H) — GE(H\|i))

GEC(li)) = GEGD) . 2y

where
GE(H\|i)) = GE[(1 — [i){iDH (1 — [i){iD],  (22)

corresponds to the model after excluding configuration |i).

Since GE(H) depends on the full spectrum of the Hamil-
tonian, GEC is a centrality measure that indeed captures the
diagonal terms. Furthermore, we note that GE(H) and there-
fore also GEC is a priori not invariant under spectral shifts
H — H + c1, with c real. Therefore, for a given Hamiltonian,
before computing graph energies and the GEC, we subtract
the trace,

Tr(H)

H— H — 1, (23)
where D is the dimension of the subspace. Through this step
we ensure that GEC is invariant under unphysical arbitrary
energy shifts.

We stress here that the new GEC measure is different
from LC that was discussed above. Whereas LC probes the
structure of the graph g through the adjacency matrix, our
GEC captures the structure of the Hamiltonian matrix H;; in

>The concept of graph energy centrality, defined slightly differ-
ently, has been used to study important players in social networks
[74], epileptic brain regions [75] and Covid-19 infection networks
[76].
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the Fock space. Even though H;; itself could be interpreted as
a pure adjacency matrix of a more complex graph with self-
loops (see, e.g., Refs. [69,77,78]) and appropriate weights, the
GEC does not correspond to the LC of such a weighted graph,
since the self-loop elements of a Laplacian for such a graph
would simply cancel out.

For the purpose of our work, we say that the graph exhibits
a hierarchy with respect to the GEC when there exist many
nodes with atypically large or small values of the measure,
compared with the mean value. Hence, we later will utilize
the spread of the distribution of graph energy centrality as
a quantification of how hierarchical a given network is with
respect to that measure. This is different from the conventional
notion of associating the value of a centrality measure itself
with a node’s importance.

In the next section, we show that GEC can be calculated ef-
ficiently for large systems and derive a closed form expression
for the GEC distribution in the QE model. In the following
Secs. IV and V, we demonstrate the usefulness of the graph
energy centrality in predicting slow dynamics and nonergodic
spectral properties.

E. Efficient calculation of graph energy centrality

We now introduce a method to efficiently compute GEC
on large QE systems, beyond what is accessible with exact
diagonalization. In contrast with, e.g., ¢(¢), which is numeri-
cally expensive to calculate for larger system sizes because it
requires simulating the evolution of the quantum many-body
state, the distribution of GEC can be efficiently computed
for the models we consider. Using GE(H) = Tr(H?) and
Eq. (22), we can write

2(i|H?i) — (i|H|i)*

GEC(]i)) = 24
() T (24)

For the class of models defined in Eq. (2), we write
Hqg,p(s,2) = —%eﬂA + %A + zP, (25)

where A is the adjacency matrix of the QE graph, and A the
diagonal part of the same Hamiltonian. The equally diago-
nal detuning term P depends on the protocol. In particular,
for East boundary conditions, as presented in Sec. II, A =
ol + Zf;ll neoy,, and A = Z?;ll ng — ye *ny + cl, with
y = =1 according to the sign choice in Eq. (5) and using ¢
to make Hgg p traceless according to Eq. (23). The terms in
Eq. (24) involve only diagonal contributions of H or H?, so
that we can express Eq. (24) as

2075 (i|A2)i) + (i| A + 2zP|i)?

GECm = 4Tr(HéE P) ,

(26)

with Tr(HéE’ p) = e BTr(A%) + Tr(A + 2zP)?. We notice
that (i|A2)i) = Y°L2 ! (ilneli) + 1 = No(i) — n. (i) + 1. Simi-
larly, (i|Ali) = No(i) — ye™*np(i) + ¢, where we have de-
fined Ny(i) = Zle(imeli) and ny (i) = (i|nz]i). Notice that
the degree distribution of the QE model which was discussed
before in Sec. III C can be obtained in the same way.

As we show in Appendix B, for most of the detuning
protocols we study, (i|P|i) is a function of a few occupation
numbers of the state. Therefore, in all these cases, GEC can

0.4F ' '

T T -

(a) std(GEC) ~ 0.047x10~°

0.2 F i
Quantum East: L=24, s=0.5

L 00k : : : —

R U 1

il ® _

1077 B x x x x

0.0 0.2 0.4 0.6 0.8

GEC [10°1]

FIG. 3. (a) Distribution of graph energy centrality GEC as a
histogram for the QE model for a large system size (L = 24, s = 0.5)
in the y = 41 symmetry sector. (b) Probability table of the same
case (i.e., data before binning) as obtained from Egs. (27) and (28).
Note the exponential decay in the larger-GEC tail.

take only a discrete set of polynomially many distinct values
(in system size L), whose probabilities can be directly inferred
from the probability distribution of configurations with certain
occupations. This means that the whole GEC distribution can
be calculated exactly without the need to construct the expo-
nentially large matrix of the Hamiltonian (see Appendix B
for the detailed derivation of the probability tables for each
protocol).

The simplest example is the QE case (z = 0). For a system
of size L we can define two variables M = Ny(i) — ny (i), tak-
ing values M € {0, 1, ..., L — 1}, and m = ny (i) with values
m € {0, 1}. For each configuration, these variables determine
the graph energy centrality, which can thus take only 2L
different values

2e(M + 1)+ [M+ (1 — ye=S)m + c]?
4Tr(HéE)

GECM, m) =

27)

and Tr(HéE) = 2L’3{e’25(L +2)—ye*(L+2c+ 1)+
%[L2 + (4¢ + 1)L + 4c?]}. The probability that each of these
values occurs is the probability that a given configuration has
m particles in the last site and M in the remaining L — 1 sites,
namely,

1 /L—1
p(M, m) = p(M)p(m) = 27( y ) (28)

Figure 3 shows the GEC of the QE model for a large
system calculated using Eq. (27) and for s = 0.5. In Fig. 3(a)
we can see that the distribution is peaked around small val-
ues while Fig. 3(b) highlights the discreteness of the distinct
values.

Since we want to establish a connection between GEC dis-
tributions and other eigenstate measures and time-dependent
quantities that typically require exact diagonalization (ED) of
the Hamiltonian, for the remainder of this work we consider
small system sizes, amenable to ED, even though the GEC
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can be exactly computed for arbitrarily large systems. An
extended analysis of the properties of GEC distributions for
large systems will be the subject of a follow-up work.

IV. BASIS STATE DETUNING PROTOCOLS

Our working hypothesis is that slow dynamics emerges due
to hierarchies between nodes on the graph as measured by the
spread of GEC Eq. (21). Because this measure is sensitive
to diagonal terms in the Hamiltonian, it can be affected by a
relative detuning of the states.

In this section, we thus introduce four detuning protocols,
with respect to a specific QE Hamiltonian at a fixed value
of s = 0.5, and characterize the resulting five Hamiltonians,
including the undetuned QE model, via their GEC. Using
density autocorrelations, we demonstrate that, by employing
these protocols, we can tune the dynamical behavior of the
system.

A. Detuning protocols

We define the detuned quantum East Hamiltonian as
Hog,p = Hgg + 2P, (29)

where P is an operator that acts on all Fock states that we
want to affect with the detuning, and z controls the detuning
strength. We fix the QE Hamiltonian at s = 0.5 because this
corresponds to the most interesting regime, where slow dy-
namics are already present. In all numerical simulations, we
use a detuning strength of z = 1.

In the following, we describe in detail the various detun-
ing protocols considered in this work, which exhibit broadly
different dynamical and eigenstate properties, summarized in
Table I, and differ also in their GEC distributions, shown in
Fig. 4. Notice that, in Fig. 4 and Table I, the protocols are
ordered by decreasing spread of the GEC distribution.

Our first way of detuning the QE system uses nearest-
neighbor density-density interactions

L-1
Pimeract - § ngNyg4q. (30)
=1

In Table I we show the structure of Piperace On the QE graph.
Every allowed transition will necessarily be detuned due to
the nearest-neighbor interactions (eo = ee). Therefore, we
expect slower dynamics than in the reference QE model. Re-
sults for the interaction detuning protocol are shown in red
throughout this manuscript.

Local operators can also have a strong impact on the
constrained dynamics of the finite QE model. The second
detuning protocol applies a single local operator ny; in the
middle of the chain,

Piocal = nrs. (3D

As the operator 7y, detunes exactly half of the states on the
Fock-space graph, it is expected to have a strong impact on
the slow dynamics as well. We indicate results for the local
detuning protocol by orange color.

Instead of using many-body projection operators to detune
the dynamics, we can also devise detuning protocols where
we target individual states on the Fock graph. One possible

way is to detune all states with a fixed given particle number
Ny. We focus on the case Ny = L/2. On the QE graph, such a
protocol has the effect of a barrier splitting the graph into two
regions (see Table I). We write this detuning protocol in the

following way:
>l (32)
i:No(D)=L/2

Piitting =

In contrast with the previously introduced detuning protocols,
this protocol reduces the degree of nonergodicity as compared
with the QE model. In the following, we denote the density
detuning protocol in blue.

Lastly, we introduce a detuning protocol based on a
“greedy” algorithm that uses graph energy centrality as a
heuristic measure to detune individual nodes on the Fock-
space graph with the goal of minimizing the standard
deviation of the GEC distribution.

Our algorithm proceeds by repeatedly choosing the state
|i) that corresponds to the largest outlier in p(GEC) (which in
the cases studied here is always the largest GEC value) and
detunes it such that the overall spread std(GEC) is reduced.

More precisely, starting from H© = Hgr we iteratively
define a sequence of Hamiltonians

H*D = A + 2¢|oge) (], with
|o) = argmax;;, GECgu (|i)). (33)
We obtain ¢® from
c® = sgn[std(GECjus1.-) — std(GECzuin)]l,  (34)

which corresponds to selecting, from two trial Hamiltoni-
ans H%D-¢ = A® 4 czjay) (| with ¢ € {—1, +1}, the one
with the smaller GEC spread. This procedure is repeated up
t0 kmax = (L?Z) times, such that the total number of detun-
ing steps is the same as in the Pgying protocol, i.e., kmax =
Tr(Prting)-

When applied to the QE system, the algorithm in practice
converges to a period-two cycle, repeatedly detuning the same
node by +1/ — 1, before reaching kmax. A further improve-
ment could be achieved by adjusting z during the process.
Exploring this is left for future work.

Eventually, we may write the full detuning protocol as

Pyrecay = Y ¢®le) (o] (35)
k

The sum can contain repeated terms since we allow states to
be detuned multiple times. Notice that we also allow for a
negative detuning of states. Data from the detuning protocol
derived from our greedy optimization algorithm is shown in
purple.

Figure 4 compares the GEC distributions for the five pro-
tocols (including the original QE model, which corresponds
to P =0) for a system of size L =12 (see Appendix B
for details about computing the distributions for the detuned
protocols). In Figs. 4(a) and 4(b), we observe how the distri-
butions for the Pperaet and Plocar protocols accumulate more
weight in the tails at large GEC values and a larger spread
as quantified by their standard deviation, while in Figs. 4(d)
and 4(e) the distributions of the Pujiing and Pyreedy protocols
have smaller tails and a lower standard deviation, compared
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TABLE I. Summary of the different detuning protocols. We show both the general form of the operator P implementing the detuning
protocol as an operator and highlight its graphical structure by showing its expectation values P; = (i|P|i) in the states |i) corresponding to the
QE graph nodes, for L = 6. For the undetuned system P = 0, we show the diagonal detunings in the QE Hamiltonian A; = (i|Ali) disregarding
boundary terms (corresponding to y = +1, s = 0). Colors in the leftmost column indicate how results for each protocol will be represented

throughout this work.

typical behavior

detuning protocol P |

nearest-neighbor
interaction
[ ]

strongly enhanced slow
dynamics, almost only
sub-volume law eigenstates

L—1
Rnteract = Z MeNe41
=1

local operator

slightly enhanced slow
dynamics, mix of sub-volume

and volume law ekgenstates/less
volume law state than P =0

Plocal = nr/2

slow dynamics (s = 0.5), mix of
sub-volume and volume law
eigenstates

QE detuning

density detuning reduced slow dynamics, many
° volume law eigenstates

Pritling = Z |4) (il

i;No (i)=L/2

greedy optimization almost no slow dynamics,
° volume law eigenstates

Pyrceay =y _ o) o
k

with the case of the original QE model shown in Fig. 4(c).
We will see next that the behavior of time-dependent density
autocorrelations is consistent with this behavior in the GEC
distributions.

Before moving on, note that the protocols clearly differ in
how many nodes are detuned. In all cases, we are affecting
exponentially or at least binomially many states. How these
different ratios of detuned versus nondetuned nodes affect the
eventual ergodicity as system size increases is beyond the
scope of this study.

B. Effect of diagonal detuning on density autocorrelations

So far, we have introduced the detuning protocols and
discussed the associated distributions of the graph energy

centrality, p(GEC). We now turn to the behavior of density
autocorrelations.

Slow dynamics manifests itself in time-averaged autocor-
relation functions ¢(¢) that do not decay, or do so slower than
usual [27], see Sec. II. For instance, in the regime around
s = 0.5 of the quantum East model, we observe slow dynam-
ics in ¢(¢) [see Fig. 2(b)].

In Fig. 5(a), we show ¢(¢) for the different detuning proto-
cols for the ensemble of initial states with an initial occupation
No =9 with L = 12 and s = 0.5. As expected, the detuning
protocols Piperact and Pjoca1 €nhance the already slow dynamics
compared with the original undetuned QE model. In contrast,
we observe that the Pyjing and Pyreeqy protocols result in a
suppression of the slow dynamics. The two distinct late-time
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FIG. 4. Distribution of graph energy centrality GEC for all
different detuning protocols (a)—(e) as defined in Tab. I (L = 12,
s=0.5). (c) P = 0 corresponds to the standard QE model.

values of Co, in Fig. 5(a) for the Pyeedy, Phlling, and P =0
protocols are connected to the initial occupation of the last
lattice site (see also Ref. [45]). The same trend is evident in the
infinite-temperature average over all Ny shown in Fig. 5(b).
To corroborate the data from Fig. 5, in Fig. 6, we show the

distribution of the long-time values ¢o, = ¢(t = 10'%~%) with
fixed Ny = 9 in Fig. 6(a) and for all states in the computational
basis in Fig. 6(b) and compare their behavior for the different
detuning protocols.

To explain the change in the dynamical properties of the
system we may work backwards through the detuning pro-
tocols: By construction, the Pgreeqy protocol aims to reduce
hierarchies on the graph as measured by the spread of the
graph energy centrality. As we observe, this protocol also suc-
ceeds in suppressing the slow dynamics completely, indicating
that our notion of graph theoretical hierarchy and the slow
dynamics are indeed linked.

From the greedy algorithm we conclude that reducing hi-
erarchies between states can suppress the slow dynamics. In
the Paing detuning protocol, we introduce an energy barrier
between nodes with filling L/2 — 1 and L/2, while decreas-
ing the energy difference between the nodes with filling L/2
and L/2 + 1, see the sketch of the corresponding graph in
Table I. We hypothesize that the reason for the reduction of
the slow dynamics in this detuning protocol can be explained
effectively by a decoupling of the nodes with D; < L/2 and
D; > L/2. These two subgroups only weakly couple to each
other due to the energy barrier, which results in eigenstates
being mainly supported on only one of the subgroups. As dis-
cussed in the next section, our results indicate that each group
of eigenstates becomes more extended than the eigenstates of
the original P = 0 protocol. For more details on the Pgjjing
protocol, see Appendix C.

In contrast with the first two protocols, Py, does not re-
duce hierarchies between the basis states with respect to GEC,
but enhances them, see Fig. 4(b). From Table I, we see that
Piocar detunes exactly half of all product states in the graph.
Due to the local structure of the detuning, combined with
the local structure of the graph’s facilitated transitions, Piycal
detunes states on the graph such that several disjoint groups of

T T T T
(a) — Pintcract — Pfilling - P: 0 (b)
1 0 local greedy 1 '0 i
‘\‘ s .
' *o
. S T T N e e e o e e
______________________ "
. \\
= |
1© 0.5 41 05F L N .
“‘\\ ~ o
L T . b . Y
N — — _ _ _ __ L\ QN
e ‘\\\\ S -
=0 NySSSRiiiiniina i iy
0.0 Y oof T -
1 1 1 1 1 1
10° 10* 10° 10° 10 10°
t[€] t [e]

FIG. 5. Normalized density autocorrelation functions for the different detuning protocols (see Table I for a legend). In panel (a), we show
the time-averaged autocorrelation functions ¢(¢) in the detuned quantum East models for L = 12, s = 0.5 for initial states with an initial
particle number Ny = 9. We also show the average over the ensemble of all selected initial states as a dashed line in the corresponding color.
In panel (b) we show the mean of ¢(¢) over all initial states (i.e., the infinite-temperature average 8 = 0). The shaded area around each dashed
line shows the central 68% region of the distribution of ¢(¢) across all initial state.
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EOC)
(e}
i~
T
T - —-—-—-—-—----1

Pintcract Pfilling
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0.0 1L
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FIG. 6. Distributions of the long-time value of the time-averaged
autocorrelation function ¢, for (a) initial states with Ny =9 and
(b) for all initial states in the detuned QE models, i.e., the infinite-
temperature average (L = 12, s = 0.5). Different colors denote the
different detuning protocols (see Table I for a summary). We also
indicate the mean value of these distributions with a vertical dashed
line in the respective color. For the distribution in the case of Pyrecqy,
see the discussion in Sec. II.

undetuned nodes emerge.* Transitions between these groups
are significantly suppressed due to the detuning, enhancing
the slow dynamics.

Lastly, we discuss the Piperact protocol which has an even
larger spread of GEC than the local detuning protocol. States
targeted in this detuning protocol are generally those nodes
which already have a higher filling and therefore also a higher
degree of connectivity, see the discussion in Sec. IIIC or
Table I. In this way, Pyeract €nhances hierarchies on the graph
strongly.

In the next step, we further elucidate the connection of
GEC to the slowness of the overall dynamics by discussing
the degree of hierarchy encoded in the p(GEC) distributions.

To establish a more quantitative connection between the
GEC distribution and the ergodicity of the dynamics, in
Fig. 7 we plot the average ¢, value vs the standard deviation
std(GEC) for the different protocols. The figure indicates a
positively correlated trend for all system sizes, indicating that
the spread of the GEC distribution and the ensemble averaged
Coo are indeed related. We also observe that, by rescaling
std(GEC) with the Hilbert-space dimension, different system
sizes show highly similar behavior, which can be seen in the
inset of Fig. 7.

3 An inspection of the graph’s structure for L < 22 shows that there
are (L + 1)/2] + 1 such groups.
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FIG. 7. Long-time value of the time-averaged density autocorre-
lation function ¢, averaged over all initial states in the computational
basis versus the spread of graph energy centrality GEC as measured
by the standard deviation of the GEC distribution for the different
detuning protocols (s = 0.5). Colors indicate the different detuning
protocols, as given in the legend, and different symbols indicate
different systems sizes of L = 8, 10, 12 (stars, triangles, crosses).
The inset shows the same data but we rescale std(GEC) with Hilbert-
space dimension 2 in order to compare the behavior of different
system sizes. Dashed lines are linear fits to the respective datasets
and serve as a guide to the eye.

In this section we have presented evidence for the two main
results of our work. First, detuning states in a systematic way
and guided by the here defined GEC provides control over the
degree of nonergodicity. Second, a systematic characterization
arises involving graph energy centrality and its distribution.
The stronger the hierarchy is among the basis states with
respect to this measure, the more significant the degree of
nonergodicity is.

V. EIGENSTATE STRUCTURE

We now turn to eigenstate properties in the detuned mod-
els, covering spectral statistics, as probed by the gap ratio, and
eigenstate entanglement entropy.

A. Spectral statistics

In Fig. 8, we show the dependence of the gap ratio on
the parameter s for the Pgiiing, Plocal, and Piperace detuning
protocols. We do not show the results for the Pyeedy protocol
in Fig. 8 because Pgreeqy is designed to yield values of (r)
consistent with GOE (convergence may depend on s, though).

The gap-ratio average is obtained from an ensemble of
50 realizations, where we randomly sample the chemical-
potential strength from a uniform distribution of u = 1 4+ 8
with §u € [—0.05, 0.05]. We observe that, at large negative s,
all cases behave according to random matrix theory, whereas
as s is increased, they all exhibit a deviation from random ma-
trix statistics beyond a value of s that depends on the detuning
protocol. These results are consistent with our observations
from the density autocorrelations, as illustrated in Fig. 5: the
extent of the region with GOE statistics grows as we go from
Pieract 10 Pocar, to the standard QE model and then to Prjjing-
Note that, for Pca, as for the undetuned case P =0, (r)
shows a small minimum around s = 0 because the symmetry
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FIG. 8. Spectral statistics for different detuning protocols as a
function of s for L = 12. We show the gap ratio (r) averaged over
50 realizations with varying chemical potential © = 1 + 8 for du €
[—0.05, 0.05] for the Pueract> Piocat» and Piing detuning protocols and
compare with the undetuned QE system (P = 0) [see also Fig. 2(a)].

on the last lattice site discussed in Sec. II is not lifted, different
from what happens for the other detuning protocols. Note that,
at large s, we observe that () drops below the Poisson value
for the gap ratio. This can be attributed to the opening of bands
in the spectrum that was discussed in Sec. II, which leads to
a system that is nearly particle conserving. This introduces
unresolved near-symmetries into the system whose artifacts
are picked up by the gap ratio.

In Fig. 9 we show that the gap ratio and std(GEC) are
correlated across all the detuned models, indicating that the
degree of nonergodicity captured by the spectral statistics is
also reflected in the hierarchy between nodes on the graph.

L) ~ T - -
055 L ll \ .~ 05 :*( ............. 1
“A ...... }.‘ ......... GOE ....... \’
0.5 F 1 \ \*\ '123\ a
& ‘At'* {\\* 04 ... e ]
SR SRR S !
\L/ ’ Il 1 ' ‘2 \\ 1 1
= ~
o 3$ A‘\ 4+ N 0.5 L
04F ... Poisson = Sonn 2 SHA(GECH
1 ' S
035 ~ * * P{nutr;\(‘\ })ﬁllingy P: 0 \*\ T
ll \ )\‘ cal greedy ~ N
1 1 1 1 [N
0.0 2.5 5.0

std(GEC) [10 7]

FIG. 9. Spectral statistics versus std(GEC). We show data for the
gap ratio (r) averaged over 50 samples with varying chemical po-
tential u = 1 4 §u for s € [—0.05, 0.05] at fixed s = 0.5. Colors
indicate the different detuning protocols, as given in the legend, and
different symbols indicate different systems sizes of L = 8, 10, 12
(stars, triangles, crosses). The inset shows the same data but we
rescale std(GEC) with the Hilbert-space dimension 2% instead of
rescaling with 1073, Dashed lines are linear fits to the respective
datasets and serve as a guide to the eye and dotted lines indicate the
respective GOE and Poisson values for the gap ratio.
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FIG. 10. Spectrum of the half-chain entanglement entropy Sgg
for the QE Hamiltonians (L = 12, s = 0.5) with different detuning
protocols, indicated by different colors [see the legend in panel
(b)]. The entanglement entropy is rescaled by the Page value Spyge.
(a) Entanglement entropy Sge/Spage as a function of energy density
€. (b) Distribution of entanglement entropy p(Sgg/Spage)- The mean
of the distributions are indicated by vertical dashed lines in the
corresponding colors. For the protocol Py, there is a large amount
of states with low entanglement Sgg/Spaee < 2%, indicated by the
value in panel (b).

B. Entanglement entropy

The changes in the dynamical properties of the system as
the detuning is varied should also be reflected in the distribu-
tion of entanglement entropy in the eigenstates. We focus on
s = 0.5. In Fig. 10, we analyze the half-chain entanglement
entropy from Eq. (8) for the eigenstates of each system.

Figure 10(a) shows that the various detuning protocols
exhibit vastly different shapes of the eigenstate entanglement
as a function of the energy density. The detunings Ppyreedy
and Pgjine indeed show dome-like features in the energy-
dependence of the entanglement entropy, which hints at the
existence of ergodic eigenstates. These domes are narrow and
follow volume-law scaling (see, e.g., Ref. [1]). In contrast, the
eigenstates in the regular QE model (P = 0) and the detuning
protocols Piocy and Piperace host many eigenstates with atypi-
cally low entanglement.

Figure 10(a) represents a projection on the entropy-energy
plane of the eigenstates (probability) distribution. By ad-
ditionally examining the marginal distribution p(Sgg/Spage)
across eigenstates in Fig. 10(b), we observe that the distri-
butions of Sgg also reflect our previous analysis. Protocols
that show a dome-like feature, such as Pyreeqy and Pijiing, Show
mostly high-entanglement eigenstates, while the absence of
the dome feature is accompanied with a fraction of states with
atypically low entanglement. Particularly, while P = O still
hosts states at typically large values of entanglement [see also
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FIG. 11. Mean entanglement entropy Sgg of the middle 50%
eigenstates versus std(GEC) at s = 0.5. Colors indicate the different
detuning protocols, as given in the legend, and different symbols
indicate different systems sizes of L = 8, 10, 12 (stars, triangles,
crosses). The inset shows the same data but we rescale std(GEC)
with the Hilbert-space dimension 2¢ instead of rescaling with 1073,
Dashed lines are linear fits to the respective datasets and serve as a
guide to the eye.

Fig. 2(c)], nearly all states for P have atypically low Sgg.
This effect is even stronger for the Pperaet protocol. In this
case, and for L = 12, about 51% of all eigenstates have an
entanglement entropy that is smaller than 2% of Spge.

Figure 10(a) reveals also finer details about the respective
eigenstate entanglement structures. In particular, for the Pgiiing
protocol, which shows dome-like features, there is addition-
ally a pronounced dip in the typical value of Sgg around
€ = 0.5. We attribute this to the local structure of Pyjjing, which
detunes basis states that separate the low-filling from the
high-filling basis states [see Table I and Fig. 4(d)]. Through
Priing We have introduced an energy barrier between these two
partitions of the graph, which produces a distribution with two
maxima of Sgg. The reason is the following: generally, there
is a correlation between particle number and energy density of
eigenstates in these models. Eigenstates for Pyjing have large
support either on basis states with Ny < L/2 or Ny > L/2.
Hence, we have essentially decoupled both regimes.

For Piocal, the extensive number of detuned groups of states,
which have already been discussed in Sec. IV B, can be used
to understand the existence of many eigenstates with atypi-
cally low entanglement.

For the interaction protocol, Sgg exhibits clear band-like
structures. Their energy separation is given by Ae = 1/L.
The influence of the nearest-neighbor interaction has an effect
similar to the one of the chemical-potential term that was dis-
cussed in Sec. I, leading to the formation of bands in the finite
system. Moreover, there are many eigenstates at Sgg ~ In(2)
[horizontal structure in the Sgg vs € plot, Fig. 10(a)], indicat-
ing the presence of many two-particle resonances, similar to
many-body localized phases (see, e.g., Ref. [79]).

In analogy to the other ergodicity indicators, we investi-
gate the correlation of the average Sgg for the central 50%
eigenstates with the standard deviation of the GEC. The
results, presented in Fig. 11, demonstrate that a correlation
between our centrality measure and the Sgg exists in this case
as well. Overall, the observations drawn from the eigenstate

entanglement are consistent with those made in the analysis
of autocorrelations.

VI. SUMMARY AND OUTLOOK

In this work we developed the hypothesis that hierarchy
among the states in a given computational basis can be a
predictor of slow dynamics in a quantum system. Focusing on
the quantum East (QE) model, we introduced the graph energy
centrality (GEC) measure to define and investigate such hier-
archies in a family of QE models. Our construction of GEC
is inspired by the resemblance between the QE Hamiltonian
and the Laplacian operator of its connectivity graph in the
computational basis.

To quantify hierarchy in the system we investigated the
spread of the GEC distribution. Next, through the properties
of the GEC, we recognized that hierarchy in the system criti-
cally depends on the relative detuning of states and, therefore,
we investigated different detuning protocols to support our
original hypothesis.

We introduced four ways of detuning states and compared
them to a reference QE model in its slow-dynamics regime.
First, we showed that through a greedy, iterative detuning pro-
tocol that aims at incrementally reducing the spread of GEC,
we can completely restore ergodic behavior, providing strong
evidence that GEC-based hierarchy and ergodicity are linked.
We also considered another three examples of detuning proto-
cols, for which we demonstrated that slow dynamics is either
enhanced or suppressed, consistent with their respective GEC
distributions. Furthermore, we showed and discussed how the
eigenstate structure of the different detuned systems is linked
to their spread of GEC values. The results presented in this
work are obtained for finite systems and we do not attempt to
draw conclusions on the persistence of slow dynamics in the
thermodynamic limit. This is left for future work.

On a technical level, we demonstrated that GEC can be
efficiently computed for system sizes much beyond the reach
of exact diagonalization. While there is further need to im-
prove the physical interpretation of GEC distributions, it is
noteworthy that essentially all other measures for quantum
chaos, such as the inverse participation ratio, entanglement
entropy, and gap ratio, require the full diagonalization of the
Hamiltonian and are thus only computable for small systems.

Our work opens an array of future research directions. We
have provided an interpretation for the emergence of slow
dynamics in the context of the QE model and the natural
question is to ask how widely applicable the concept of GEC-
based hierarchy is to other models. A natural starting point are
those models that are closely related to Laplacians such as,
e.g., the triangular lattice gas model [27,80]. Ultimately, one
would want to connect as well to models that can be realized
in concrete experiments (see, e.g., Ref. [81] for proposals on
how to realize quantum East models).

Another natural extension to our work is to develop a
deeper understanding of the physical meaning of GEC. On
the one hand, this may require insights from a graph theory
that includes diagonal matrix elements, such as those induced
by diagonal detuning in our case. Partially, such developments
are already on their way in the investigation of graphs with
self-loops (see, e.g., Ref. [82]) and a treatment of self-loops
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with arbitrary weights would be interesting in the context of
our work. On the other hand, the relative detuning of nodes
in the Fock-space graph in the product basis with respect to
their diagonal Hamiltonian matrix elements is conventionally
described by perturbation theory. Establishing the connection
between diagonal detuning, GEC, and the perturbative theory
is left for future work.
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APPENDIX A: CONSTRUCTING THE QUANTUM EAST
GRAPH

We here describe the construction of the many-body graph
gms for the quantum East model in the computational basis,
i.e., the joint eigenstates of n, operators, and how to produce
its graphical representation. To do so, we introduce an iterative
procedure of how to grow gy as we increase the system size
of the many-body system. Assuming that we already have a
graph gyp of a many-body lattice system with L sites, each
with a local Hilbert-space dimension d, we notice that when
we increase the system size by a single site, the number of
states (and nodes on the graph) is multiplied by d. Further-
more, all of the previous transitions encoded in gyp have to
be preserved whatever the state is of the newly added site.
Therefore, in a first constructive step, we create d copies
of gmp, keeping all internal edges of the graph intact. Each
of these copies corresponds to configurations in which the
added site is in a different state. Next, we need to connect the
subgraphs with each other. This is determined by the struc-
ture of the off-diagonal operators of the Hamiltonian under
consideration. To construct the full graph gmp, we start from
a system of a single site, choosing initial edges on the graph
depending on the Hamiltonian and its boundary conditions,
and then grow this graph successively, applying the previously
described steps until we have reached the desired system size.

As an illustration of this construction, we discuss how to
construct the graph gor of the QE model in the joint eigenba-
sis of all n, operators. Starting from a system with a single site
L = 1 under the East boundary conditions discussed in Sec. I,
the transition on the first site of the system is facilitated and
therefore, we start with a graph with two connected nodes,

|8) = o).

(AD)

To grow the system to L = 2, we add a site to the right, and
apply the steps described above, to obtain

[e0) = |o0)

oe) &= |os)

The top and bottom rows of the diagram correspond to the
duplicated subgraphs of the single-site system with their re-
spective, preserved transitions shown in dark color, while
the single, facilitated transition between the two subgraphs,
derived from the off-diagonal operators in the QE model, is
shown in red. For visual compactness, we choose to flip the
graphical representation of one of the copies. Furthermore, we
notice that only the subgraph in the lower row of the diagram
contains states which have an occupied last site. Only these
states will facilitate additional transitions in the next step from
L =2to L = 3. To keep track of the corresponding nodes, we
label them by color, as shown in Appendix B. The nodes keep
their color through the duplication.

After duplication it is now easy to decide which nodes to
connect on the graph: The transitions between the two sub-
graphs are exactly those which connect two colored nodes that
are copies of each other. After adding all the necessary edges
as described above, we remove the color labels and, instead,
color the nodes of the subgraph that will trigger transitions
in the next step, namely, the copy added in the last step,
which corresponds to an occupied last site. In Fig. 12 we
have sketched the constructive process from L = 2to L = 3in
detail, which can be directly extended to larger system sizes.

APPENDIX B: EXACT CALCULATION OF THE GEC
DISTRIBUTIONS

The probability tables of the GEC can be computed exactly
for most of the protocols considered in the paper, whose
Hamiltonians can be generically written in the form H (s, z) =
—% A+ %A + zP shown in Eq. (25). The term A includes
the off-diagonal part of H, whereas A and P are diagonal. For
East boundary conditions,

L1

A=Y noi,, +of.
=1
L—1

A= an —vye’ny, +cl,
=1

B

with y = %1, corresponding to the o* eigenstate chosen for
the nondynamical (L + 1)st site [see Eq. (5)] and ¢ can be
chosen to make H traceless as ¢ = % —27C=D7Trp.

As shown in Sec. IIT E, the GEC for a configuration |i) can
be written as

2(i|H|i) — (i|H i)

GEC(N = =1 o,

(B2)
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Step 1: Duplicate

k O?epi: Connect
[ ©

Step 3: Re-color J

Repeat
steps 1 through 3

forL =4

Proceed similarly with
systemsize L + 1

.

FIG. 12. Sketch illustrating the iterative construction of the QE
graph panel (a), we show the L = 2 graph as discussed in the text
and, in panel (b), we sketch the algorithm that is used to extend the
graph from L = 2 to L = 3. Panel (c) outlines the process for the next
step and shows the result of the iterative step for L = 4.

To evaluate this expression, we notice that only diagonal ele-
ments (of either H> or H) contribute. We can thus write

TH? =S TeA? ¢ MYA? 4 aTAP) 4 2T (B3)
! 4 i S

and

e—2s'A2' JA .P.2

5 (il |l)+<(l|5|l)+z(t| Il))-
(B4)

2(i|H?|i)+(i|H|i)* =

Using the explicit form of A and A in Eq. (B1),

L-1

Z (ilneli) + (BS)

=1

(ilA%)i) =

since n? =ny, and the other terms in A” only have off-
diagonal contributions. Similarly,
L1

TI'A2 =Tr<z ne + J]_) = 2L*1(L + 1)’ (B6)

=1

and

L-1

TrA? = Tr(Z ne + (1 —ye~

=1

= oLl |:e_
L

2+(4c+1)L+4c2]
2 9

2
“)nL + c]l)

B _yeS(L+2e+1)

(B7)

where we used that Tr(ny) = 257! and Tr(neny) = 2572(1 +
Seer)-

1. GEC for the (undetuned) QE model

Using the expressions above, we can write explicitly the
GEC of configuration |i) for the QE Hamiltonian in a system
of size L, as shown in Eq. (27),

GECqg(li)
= GECqe(M (i), m(i)) (B3)
27 B[M@G) + 1]+ [M@G) + (1 — ye ™ )m(i)+c]?

- 4Te(HZy) » (B9

and  Tr(Hjg) =2"{e (L +2)—ye " (L+2c+ 1)+
1[L* + (4c + 1)L + 4c*]}. We have also defined
L—1
M) =" (ilneli),
=1
m(i) = (ilng|i). (B10)

Therefore, the distribution of GEC values in this case is
determined by the distribution of variables M and m over
the 2F configurations. Since these variables can take values
Me{0,1,...,L— 1} and m € {0, 1}, the GEC can adopt a
maximum of 2L distinct values. Each value GECqg(M, m)
will occur with probability p(M, m),

M, m) = p(M LN Bl11
pM, m) = p( )p(m)—Z—L< M ) (B11)

Similarly, we can obtain the probability tables for each
of the detuning protocols by explicitly computing the P-
dependent terms in Egs. (B4) and (B3).

2. GEC for local detuning
For the local detuning P, = ny/» we get
TrPZ, = TrPo. = 2571,
Tr(A Poe) =25 2(L4+2c + 1 — ye™), (B12)
so that the denominator of the GEC is

TrH;, = TrHGe + 2" [2(L + 2c + 1 — ye™) + 2271,
(B13)

where we called

1
TrH?Z, = + ~TrAZ.

QB = g 1 (B14)
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For the numerator we only need to substitute (i|Pc|i) in
Eq. (B4), and, defining

k(i) = (ilng2li),
m(i) = (ilng|i),

X(@)= Y (ilnli), X@)ef0.1,....L—2}, (BI5)

0£L/2,L

k(i) € {0, 1},
m(i) € {0, 1},

we can finally write the GEC as a function of these three
variables, taking up to 4(L — 1) distinct values,

GECIOC(Xa ka m)
2 B(X+k+D+H[X + (1 4+ 220k + (1 — ye )m + c]?

4TrHp, ’
(B16)
which occur with probability
(X, k, m) L(L=2 (B17)
,Kam) = — .
P x\ x

3. GEC for filling detuning

In this protocol, the detuning affects nodes with a fixed
number of particles No(i) = ), (iln¢|i) = L/2, and we can

write
> il

i:No(i)=L/2

Pitling = (B18)

so that

2 L
TrPﬁ]]ing :TrPﬁlling = L2 s

L [ L-1
Tr(A - Phiting) = 5 + ¢ | TrPaning — ve™ L2-1)
(B19)

the last term originating from the trace of the product of
projectors ny Piiing. Thus

2 2 o L
TrHiy, = TrHoe +2°{ 12

L L (L1
“[(5 * C) (L/2> mre (L/z - 1)]
(B20)

Using the variables defined in Eq. (B10), we can finally write
the possible values of the GEC as
GECiting (M, m)

_2e7PM A D)+ M+ (1= ye ym A+ c+228u4m i)

= 2
4TrHgy;

3

(B21)

with probabilities

Momy= - (F1 B22

4. GEC for interaction detuning

In this case, the detuning term reads

L—-1
Pinersct = ) nenes 1, (B23)
=1

and TrPperact = 2L_2(L —-1).
Expanding P, in terms with two, three, and four differ-
ent ny operators, we find

TPl e = 25 (L + 1)L +2) — 8],

1

(B24)
and
Tr(A Pueract) = 2" (L = 2)L + 1) + (2 — ye*)L
+2¢(L — D). (B25)

In this case, (i|Pneract|f) counts the number of pairs of
neighboring occupied sites in configuration |i). Therefore, we
define three variables,

L
N=) i), Nei{o1,....L),

=1
m € {0, 1},
pe{0,L—1}.

¢
m = (iln.|i),
P = (il Pinteract 1), (B26)
The GEC values can then be expressed as

G ECinteract (N’ m, p)

20(N—m+1)+ (N —ye~m+c+ 2zp)2
4Tr(H? '

interacl)

(B27)

In this case, the values of N, m, and p are not inde-
pendent from each other, and the probability of a value
GECineract (N, m, p) will be given by the joint probability
p(N, m, p). The latter can be computed efficiently by com-
puting the trace of the product of projectors onto total number

1.0 T e T |
=
—go5 e N,<L/2
e N,>L/2
=
0.0 Eu
0.0

FIG. 13. Weight of the eigenstate |n) in the subsystems Ny < L/2
and Ny > L/2 in the Pgyipg protocol (L = 12, s = 0.5) against the
filling of the eigenstates v, = (n| ZL] neln)/L. Py, is the operator
that projects onto the selected subsystem. The inset shows how the
filling of the eigenstates is correlated with the energy density ¢ of a
given eigenstate.
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of particles equal N, number of pairs of neighboring particles
equal to p and number of particles on site L equal to m.

APPENDIX C: DETAILS FOR THE Py, PROTOCOL

On the Fock graph in the joint eigenbasis of the n, opera-
tors, the Pqying protocol introduces an energy barrier between
the basis states of low filling Ny < L/2 and the basis states
at high filling Ny > L/2. In Fig. 13, we observe that the
eigenstates in the QE system subject to the Pgjing detuning
protocol generally have support only in one of the two sub-
systems, with only the states at around half filling having
support in both subsystems. Furthermore, the inset shows

that energy density and filling of the respective eigenstates
are highly correlated. Therefore eigenstates with support in
the low-filling subgroup generally correspond to ¢ < 0.5 and
eigenstates with support in the high-filling subgroup corre-
spond to ¢ > 0.5.

As we have observed in Fig. 10(a), the entanglement en-
tropy curve of the Psjing protocol features two maxima to
the left and right of € = 0.5. As eigenstates at these energy
densities only have support in one of the low- or high-filling
subgroups on the graph, these entropy maxima indicate that
the states within these subgroups have a tendency to be
extended where they have support, namely, within their re-
spective subgroup. In any case the states are more extended
than in the P = 0 case.
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