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To identify what types of non-Fermi liquid (NFL) behavior are most likely to occur in cubic metals due to
doublet impurities, we derive every cubic symmetry-allowed, NFL, Kondo-type exchange coupling that does not
need accidental degeneracy for its realization. We find three distinct types of NFL behavior: two-channel Kondo
(2CK) behavior for a non-Kramers doublet impurity coupled to local I's conduction electrons; topological Kondo
physics for a Kramers doublet impurity and I'y or I's conduction electrons; and lastly, spin-half impurity spin—%
conduction electron Kondo behavior for a Kramers doublet impurity and I's conduction electrons. The first two
critical behaviors are not straightforward to realize. In the first case, 2CK physics is not guaranteed, since cubic
symmetry does not prevent an effective spatial anisotropy from exceeding the 2CK coupling, which restores a
Fermi liquid behavior. In the second case, the topological Kondo interaction is guaranteed to dominate; however,
the spin degeneracy of the conduction electrons needs to be lifted, e.g., by a magnetic field—so that they can
be represented by I'y or I's triplets—which then also lifts the degeneracy of the Kramers doublet. We find that
the spin-half impurity spin—% conduction electron, NFL, Kondo behavior has the greatest chance of existing in
diluted, cubic compounds. We compute the thermodynamics of the topological Kondo model using the numerical
renormalization group, and we discuss the thermodynamics of the spin-half impurity spin-% conduction electron
Kondo model. We also identify candidate materials where the corresponding NFL behaviors could be observed.
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I. INTRODUCTION

Increasingly many materials are synthesized that exhibit
anomalous metallic phases at sufficiently low temperatures—
which, in certain cases, extend also to high temperatures—that
cannot be described by Landau’s Fermi liquid theory, and
they are consequently called non-Fermi liquids (NFLs) or
exotic/strange/bad metals. The first encounter with NFL phe-
nomena took place decades ago in heavy-fermion materials
[1,2] and in hole-doped, high-7, cuprate superconductors
(SCs) [3-5]. Later it was observed, e.g., in doped, high-T,
iron-pnictide SCs [6—8] and in stoichiometric, transition metal
oxides such as VO, [9,10], and in some ruthenates [11-13]
and iridates [14,15], in pure, intermetallic and transition metal
compounds [16-18], as well as in other d- and f-electron sys-
tems [19] and elsewhere [20-23]. In heavy-fermion systems,
NFL behavior is manifest, e.g., in the electronic specific heat
(or Sommerfeld) coefficient and in the magnetic susceptibility,
which show either diverging/logarithmic or mild power-law
T -dependencies, as well as in the electrical resistivity which
goes as « T %, with 0 < @ < 2, down to the lowest tempera-
tures attainable [19]. Identifying the underlying, microscopic
origins of the various types of NFL behavior, in most cases,
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remains one of the most important unsolved challenges in
strongly correlated electron physics. One unifying feature
of all NFL many-body systems is that their low-energy
states cannot be interpreted in terms of independent, additive,
quasiparticle excitations. So far, only a handful of solvable,
microscopic models and concepts have been developed for
the description of NFL physics [24-28]. Impurity quantum
criticality is one of them. Obtaining the low-lying excitation
spectrum of overscreened, multichannel Kondo models [29]
around their NFL fixed points is straightforward thanks to
powerful methods that include the numerical renormalization
group (NRG) [30] and conformal field theory (CFT) [31].
These fixed points can be relevant for the description of NFL
behavior in some dilute heavy-fermion systems. Most notably
in Ref. [32], Cox proposed the two-channel Kondo (2CK)
model to describe U-based, cubic, heavy-fermion systems
where the U atoms have an f2 electronic configuration with
a '3 non-Kramers doublet ground state which hybridizes with
I'g conduction electrons. This work has been followed up by
a large number of experimental attempts to observe the 2CK
effect in numerous diluted, cubic and tetragonal, 4- and 5 f-
electron systems [2,33-37]. In 2018, Y_.Pr,Ir,Zn,y [36,37]
emerged as the most accepted realization of the 2CK effect in
a cubic, heavy-fermion system—decades after Cox’s original
proposal [32]. To find out why it is inherently difficult to real-
ize 2CK physics in dilute heavy-fermion systems, and if other
types of NFL quantum impurity behavior are more likely in
the same setting, we revisit the symmetry considerations that
form the basis of Cox’s work. We identify every NFL state that
can occur in cubic metals due to doublet impurities without
accidental degeneracy by constructing all cubic-symmetry-
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TABLE I. The four cases that satisfy the necessary conditions
for the construction of a cubic, NFL, quantum impurity Hamiltonian.
Throughout the text, we use the notations of Ref. [43] when referring
to irreps. We also listed the Mulliken symbols for the irreps of O/T;
in parentheses. Note that Mulliken symbols are not in use for the
associated double groups O'/T,.

Local conduction electron

Tyss (Th2)

triplet T's quartet
non-Kramers |Fermi liquid FL
I's (E) doublet (FL) 2CK
i NFL
Impurity T . I
Kramers opological | lmpurity spin—z;
T's/7 doublet Kondo conduction e
" NFL spin—2, NFL

allowed, Kondo-type exchange interactions and solving them
with NRG.

II. CONSTRUCTION

To construct an NFL quantum impurity model, the nec-
essary conditions are the degeneracy of the impurity states
(d; > 2), the degeneracy of the local conduction electron
states (d. > 3), and to achieve overscreening: d; < d.. These
requirements can only be satisfied by the point groups
T,Ty, O,T;, O, (using the Schonflies symbols for point
groups) and the corresponding double groups having at least
three-dimensional irreducible representations (irreps). The
symmetry-based selection rules for 2CK models of U** and
Ce’t ions in metals written by Cox [38,39] do not rule out
tetragonal or hexagonal systems from hosting 2CK physics;
however, as was shown in Ref. [40], in a tetragonal system,
only accidental degeneracy can lead to 2CK physics; similar
considerations apply to the hexagonal case. Note that the
same accidental degeneracy requirement arises with impurity
models in which different screening channels correspond to
different irreps of the point group as in Ref. [41], where, in a
cubic crystal field, it was found that a novel NFL fixed point
emerges due to the screening of a I'; non-Kramers doublet
impurity simultaneously by I'g and I'g electrons with Kramers
degeneracy. However, in such a setting, the equivalence of the
I's and I'¢ conduction electrons cannot be ensured and it can
only be the result of accidental degeneracy, as the point group
symmetry allows for the presence of a crystal field that splits
the two multiplets breaking the channels symmetry necessary
for reaching the novel NFL fixed point.

Here we discuss the case of di = 2, which might be the
simplest one experimentally, but the following analysis can
be easily repeated for d; =3 [42]. We concentrate on the
octahedral or cubic point group O (which is isomorphic to
T;) as it covers every NFL state that can arise due to its
identical Clebsch-Gordan coefficients with the other possible
symmetries [43]. Looking at the character table of O, we find
that four cases satisfy the above criteria that do not require
additional accidental symmetry to achieve a NFL state. They
are summarized in Table 1.

The construction of the exchange couplings goes by cre-
ating every possible irreducible electron-hole tensor operator
from the local conduction electrons, as well as creating ev-
ery possible irreducible tensor operator from the impurity
ket and bra states, and then taking the scalar product of the
irreducible tensor operators that transform the same way un-
der cubic symmetry. The resulting cubic scalars are the only
forms of exchange coupling that can appear in an exchange
Hamiltonian.

The first and simplest case with the least number of degrees
of freedom is when, in a cubic metal, the impurity ground
state is a I'; non-Kramers doublet irrep and it hybridizes with
I'4 or I's conduction electrons. However, it does not result in
NFL behavior. For this reason, we relegated the derivation of
the exchange Hamiltonian to Appendix A. The second case is
Cox’s construction of the 2CK model in cubic symmetry.

III. COX’S 2CK HAMILTONIAN

To construct a tractable model, valid at low temperatures,
Cox assumed the impurity to be in a time-reversal invariant
f?-state whose ground state transforms as a I'; non-Kramers
doublet irrep of the group O [32]. The doublet impurity
ground state was specified in Refs. [32,44] in terms of the
eigenvectors, |J;) , of the operator f in the J = 4 multiplet,
with the quantization axis chosen parallel to the c-axis of

the crystal as |l"33zz”'2) = \/%|O) — 27—4 (14) +1—4)) and

|F3‘/§(x2_y2)) = %(lZ) + | —2)). Note that the conclusions
about the form of the exchange Hamiltonian do not depend
on these specific forms, only on the transformation proper-
ties of the irreps. We only specified them to see how the
exchange Hamiltonian transforms under time reversal. Cox
further assumed that these localized f-levels would hybridize
primarily with [ =3,J = % conduction electrons transform-
ing as a Kramers quartet, i.e., the I'g irrep of O'. They are
created by the cubic, irreducible tensor operator [32,45]

g 5ot 1o
“ Vivie g,
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gt \/51/,? 4Lyl
Vot wEY

. ¥ I=3J=31 . . .
with J‘ ¥, . With this choice, the quartet com-

ponents are connected by time-reversal as T \plrjs IT T-1 =
—‘1’1:8‘;‘ , with T the time-reversal operator.! Its adjoint quar-
tet, W', made up of single-electron annihilation operators,

'The signs can be checked by acting on the one-electron wave
function with the time-reversal operator, — io, K, where K is the
complex conjugation.
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can be defined as [46]

(v)
e V-1t
W = _<WEZ'2 - V-4 )
wy |7
ey )\ Vs~ Vs

To build an exchange Hamiltonian, the impurity ket and bra
vectors are combined according to I's @ I's; =T @ I', @
I's, whereas the product of the spinor irreps can be decom-
posed as follows [43]:

[ @Tg=T, @&, &3 d 20 @ 2. ?3)

So there are three independent terms in the exchange
Hamiltonian, as only the scalar products of identical irreps
create cubic invariants. The first term is

3/2
rer rer r
DD S XD SR
se(3z2—r2, u==3/2
V32 —y?)

with n}* = (=)* \lJr”lIJ_M, which describes potential scat-
tering and is diagonal in the impurity and local conduction
electron degrees of freedom. It is exactly marginal around the
one- and two-channel Kondo fixed points, so its presence does
not affect our conclusions. The second and third cubic scalars
are found to be

HEE™ = geet (Irg)rf] - rirs))
x(\yrgﬂyfx—\yr%w—ﬂ.c.), (5)
—2 2 -2 2
How' = Tam [(IrE)Nrs| = rs)rs)
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x(n $ —n} —n1 Sty )

_3 1
+(Irs)rf| + W)(F?D
x (wfngs + Tyl —i—H.c.)] 6)
2 2 2 2

with state labels « = 322 — 2, B = V/3(x?
following identifications:

—y?). With the
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where the vector operators S™™P, 51, §2 satisfy the canonical

. ! r®r Qo
commutation relations, we can map 'HCZO% 24 H(;o% * onto

the spatially anisotropic 2CK model
HGER =4 g02 5™ (s) + 52), (8)

Hew =4Tee [SI (s 4+ 57) + S (s! +52)], 9

where the upper indices 1 and 2 distinguish the two channels.
Note that the indices x,y,z do not refer to actual spatial
directions; they are only effective spatial indices. The above
derivation shows that cubic symmetry ensures equal couplings
to the two channels. The effective spatial anisotropy is an
irrelevant perturbation around the 2CK fixed point [47]. How-
ever, when 7, gf)ff’r 2> JE® ) spatial anisotropy is no longer
a perturbation. It is the dominant term in the Hamiltonian, and
the system is a Fermi liquid at low temperatures. As the ratio
of 7, gz®r2 toJc r;®r; is not dictated by symmetry, the coupling
of a '3 1mpur1ty to local I's conduction electrons does not
necessarily result in 2CK physics.?

Properties under time-reversal

While the I's non-Kramers doublet impurity states as
well as Hn@n are time-reversal invariants, Hl‘z%m changes

sign under time reversal, and HE‘O%F* breaks time reversal
symmetry.

IV. CONSTRUCTION OF THE TOPOLOGICAL KONDO
MODEL IN CUBIC SYMMETRY

The topological Kondo model—also called the spin-half
impurity spin-one conduction electron Kondo model or the
1.5-channel Kondo (1.5CK) model [48], which has fewer
degrees of freedom than the 2CK model and therefore could
be considered simpler—was first studied by Fabrizio and
Gogolin in Ref. [49]. Newfound interest in it began with
Ref. [50], where it was suggested that the corresponding NFL
Kondo effect could be realized with an impurity made of
non-local Majorana zero modes coupled to spin-one conduc-
tion electrons in semiconductor nanowires, and that is where
its name “topological” comes from. However it can also be
described without referring to Majorana zero modes as the
dominant coupling between a ['¢ or I'; Kramers doublet (odd-
electron) impurity ground state and surrounding I'y or I's
conduction electrons’® [48]. The construction goes the same
way as in Cox’s case with the representation indices replaced
by ['¢ for the impurity and I's for the conduction electrons.
From the two cubic I'g spinors

) (5 0
(ff’ A (10

with f; creating a spin-half impurity with orientation pu,
and normalized to anticommute, based on the tensor product

2The antiferromagnetic nature of the couplings is assumed to orig-
inate from an underlying Anderson Hamiltonian.

*Note that the construction and the final form of the Hamiltonian
are the same for both types of impurities as well as for both types
of conduction electrons. For notational convenience, we refer to a I'g
impurity and I's conduction electrons in the text.
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decomposition
I'e @ 'e =11 & Ty, (11)

we can form the following two irreducible, electron-hole,
tensor operators:

[+ 11
iff =) |- (12)
I =1,

The product of the two I's conduction electron and hole tensor
operators,

n= X:ff,§m5%
ne{t,l}

¥
C
yz Cyz
|
Chr and .| (13)
T
Cc Xy xy

whose spin degeneracies are lifted, can be decomposed ac-
cording to I's ® I's =11 & I's & I'y & I's. Thus, apart
from the ubiquitous and exactly marginal potential scattering
term, there is only one cubic symmetry-allowed term in the
exchange Hamiltonian, namely the topological Kondo model

ref, _ L orer T t

Hisck' = NG Lack 8™ (e iy = CyyCey)
+Slmp(ciycyz - C;ZCX}’) + Slmp (cchZX - cl‘xc)ﬂ)]
(14)

which can be further simplified as
1 imy T T
HE = ghiEe [ﬁ Si™(chey + ¢’ 1ep) + Hee.

+Szimp(cl+cl - 01101)] (15)

with the introduction of the spin-one tensor, i.e., vector
operator

c [(CT +icl,)
o | = cly ) (16)
cil %( cT + lczx)

This model is not only a cubic but also a spherical invariant
since it is the scalar product of the impurity spin vector op-
erator and an effective angular momentum operator for the
conduction electrons.* As there are no other cubic symmetry-
allowed terms in the exchange Hamiltonian, this term gives
the dominant NFL behavior at low temperatures.

A. Thermodynamics of the topological Kondo model

The thermodynamics (TD) of the topological Kondo model
were calculated in Ref. [49], where it was argued that this
model has the same impurity contribution to the zero-point en-
tropy [Simp(0)], specific heat (AC), and susceptibility (A x) as

“The generators of the continuous rotations are S™ + LT~ with
i i i i i i ff g off Joff
(=cicqg—cpc_y,ciep —clijc_y, ¢ ey +cyey)the (L, Ly, LEY)

vector operator components.

log (T/Tk) log (T/Tk)
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@ Tl Q
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FIG. 1. Thermodynamics of the topological Kondo model with
NRG. We made use of the SU(2)gpin X U(1)charge Symmetry of the
1.5CK model, and we kept a minimum of 14k multiplets with the
energy cutoff at its highest possible value and the same for each
iteration step. We chose A = 2.5 for the discretization parameter
[30]. For each curve, we used ten z values for z-averaging [53]. The
two values of the dimensionless Kondo coupling, 7, gg’K“, appear in
each panel in units of the bandwidth D. (a) The impurity contribution
to the entropy: at high temperatures, which is not captured well by
NRG, the Kondo coupling is negligible, the impurity is a free spin,
and it does not contribute to S. At low temperatures, below the Kondo
scale, Tk, defined as the peak position in AC, the spin becomes
overscreened with the expected log(+/3) contribution at 7 = 0 to
S. Our calculations reproduced the expected entropy difference of
log(2) — log(+/3) to four-digit precision. (b) The impurity contribu-
tion to the specific heat. Tk is defined as the location of the peak in the
specific heat. (c) The impurity contribution to the Sommerfeld coeffi-
cient. The expected T ~!/3 behavior is approximately reproduced over
three decades. (d) The impurity contribution to (SZZ). (e) The impurity
contribution to x. The expected 7'/ behavior is approximately
reproduced over three decades. (f) The resulting Wilson ratio whose
nonuniversality is reproduced, but the precision of the calculations is
not high enough to see the leveling off as 7 — 0.

the four-channel Kondo model, and it has a coupling strength-
dependent, nonuniversal Wilson ratio (Ry ),
Simp(0) = log(v/3),

AC T3, Ay T3

a7

The results for the zero-point entropy and the T-dependence
of the impurity contribution to the entropy (AS) and A x were
reproduced with NRG in Ref. [51]. Exploiting the spherical
symmetry and particle number conservation of the model with
NRG [52], we also reproduced these results, as well as the
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leading T -dependence of AC and the specific heat coefficient
(y), and the nonuniversality of Ry . Our results are presented
in Fig. 1. Calculating diverging, thermodynamic properties,
especially the specific heat coefficient of NFL quantum im-
purity models with NRG, is a notoriously difficult numerical
task, as evidenced by the scarcity of such results. Even when
employing z-averaging [53] and using as many Abelian and
non-Abelian symmetries of the system as possible [52], the
number of multiplets kept needs to be increased until the an-
alytically predicted asymptotics are more or less reproduced.
So NRG does not have much predictive power for diverging
TD, despite the fact that the low-energy, finite-size excitation
spectrum is easily calculated with high precision.

For the experimental realization of the corresponding
1.5CK NFL behavior, based on the derivation of the model,
we looked for dilute heavy-fermion compounds with cubic
point symmetry at the f-element site and where the spin
degeneracy of I'y/s conduction electrons is lifted while the
impurity retains its twofold, Kramers degenerate ground state
below Tx. This way, 1.5CK physics might be achieved in
cubic itinerant ferromagnets with sites that can be substituted
with impurities with f-valence electrons in Kramers doublet
ground states like a single f-electron as in Ce or Pr** or
a single hole as in Tm>* ions. We identified three candidate
systems, itinerant ferromagnetic hosts with rare-earth ions as
the impurity, fitting the above symmetry requirements. Our
candidates are ZrZn, substituted with Pr for Zr, CoS, sub-
stituted with Tm for Co [54], and YFe, substituted with Ce
for Y [55] at the level of approximately 1-3 at.%. They can

J

4Q@Ty
H spin-1/2-spin-3/2

where J, = J, = J, the x, y, z components of 5°¢

\[\p ZT‘yrg +\IJ ZT
>C + l+
§* (\/> \IIFSZ ' \Ijrsz + \I]rSZ

and §™ is defined in Eq. (12). (2L, o)
invariant only if 7, = J;, in which case it also has spherical
symmetry. For arbitrary real couplings is has time-reversal

symmetry. Even though cubic symmetry sets J, = 7., in the

be viable 1.5CK systems if the magnetic field at the impurity
sites generated by itinerant ferromagnetism can be kept below
the Kondo scale, or if we can offset this magnetic field acting
on the impurity by an applied magnetic field similarly to the
case of the Jaccarino-Peter compensation effect [56].

B. Properties of the topological Kondo
model under time-reversal

If the I'4/5 conduction electrons derive from electrons
whose spin degeneracies are lifted, and thus the ¢ operators are
to be complemented with an extra spin index, then Eqgs. (14)
and (15) break time-reversal symmetry. Otherwise, without
an extra spin index, the topological Kondo model is invariant
under time-reversal as it is the scalar product of the impurity
spin operator with the generalized spin or angular momentum
operator of the conduction electrons.

V. KRAMERS DOUBLET IMPURITY COUPLED
TO I's CONDUCTION ELECTRONS

The final case to be discussed is when the impurity is
a I'g irrep,’ which is coupled to I's conduction electrons.
From the tensor product decompositions, Egs. (3) and (11),
we see that apart from the potential scattering, there are two
possible couplings in the exchange Hamiltonian. One of them
can be identified with the scalar product of the spin operator
for a spin-half impurity and the local spin density of spin-%
conduction electrons,

— jgimpgc
= JL(S"™ ¢ + S, sS) + TSI s, (18)
are given by
\IJ ZT % \IJZT\IJZ \IJ%T\IJ_% 3\11%T\I/%
+ rs + I Iy + 4 *Ty Iy
Sy “ e —wite - Beiteg (19)
Iy rs + s TV 4Ty Ty ’
ERE T2 1y 1 i
-3V \Ilrz——\ll : wr82+§\p;8 W+ 3 qﬂ \1/2
[
is a cubic by the following relations:
2
Simp(0) = log (—) ~ log(1.932),
b V6 -2
ACx T3, Ay T3, (20)

second line of Eq. (18), we allowed for J, # J, to point out
that according to our NRG calculations, for J, < 7, this
model is a Fermi liquid, whereas for 7, > 7. it flows to the
2CK fixed point. Yet for 7, = J. = J, this model has a dif-
ferent kind of NFL fixed point and was solved using CFT and
NRG in Ref. [57]. We reproduced the NFL, finite-size energy
spectrum with NRG making use of the spin symmetry and
the particle number conservation of the model. For 7, = 7,
7—[1;;?21“14/2 spin-3/2 18 claimed to have identical properties in the
spin sector to the ten-channel Kondo model [58,59]. Accord-
ing to the CFT calculations, its thermodynamics is described

The question of whether this type of NFL behavior is
symmetry-protected can be decided by solving the second al-
lowed exchange coupling in this setup. The exact form of this
coupling is lengthy and is relegated to Appendix B. This cou-
pling does not have spherical symmetry, only time-reversal
and cubic symmetry, but as it turns out after solving it with

SWorking with a I'; impurity gives identical results.
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NRG, spherical symmetry is recovered as part of conformal
symmetry around the 7 = 0 NFL fixed point as this model
flows to the same fixed point as Eq. (18) as well as the
sum of the two couplings. Thus this type of NFL behavior
is guaranteed by cubic symmetry to dominate at low 7. It
could be achieved in cubic, nonmagnetic metals with sites that
can be substituted with impurities with f-valence electrons in
Kramers doublet ground states like a single f-electron or a
single hole, and where band electrons of I's symmetry screen
the impurity.

VI. CONCLUSION

We derived every cubic symmetry-allowed NFL exchange
coupling between an impurity ion with a doublet ground
state and local conduction electrons that does not require
accidental degeneracy for its realization, and we found three
different NFL quantum impurity behaviors that can arise in
this setup. In the process, we obtained a novel cubic exchange
coupling which flows to the same fixed point as the spin-
half impurity spin—% conduction electron Kondo model. We
found that this relatively little-studied critical behavior has
the greatest chance of existing in cubic systems by showing
that it is protected by cubic symmetry in contrast to the 2CK
Kondo behavior that was suggested by Cox in 1987 [32]
but proved difficult to realize in real materials. We pointed
out that Cox’s setup [32] is not guaranteed to lead to 2CK
physics since cubic symmetry does not prevent an effective
spatial anisotropy from exceeding the 2CK coupling, which
restores a Fermi liquid behavior, and that the quadrupolar
Kondo model breaks time-reversal symmetry by construction.
We derived the topological Kondo model in cubic symmetry
and showed that a Kramers doublet impurity coupled to a
conduction electron triplet gives a NFL. Although we used
cubic symmetry, we argued that our treatment is the most
general as far as doublet impurities are concerned and thus
no further types of NFL behavior are expected to arise in
different crystal field settings and without accidental degen-
eracy. We also computed the temperature dependence of the
specific heat coefficient and the Wilson ratio in the topological
Kondo model with NRG for the full temperature range by

J

jr3®r3 1
'3 imp,I's cond e~ \/g

(5 I e = e |

It too is almost already diagonal. Only the impurity part needs
to be diagonalized, which can be done independently of the
conduction electrons.

APPENDIX B: KONDO TYPE OF EXCHANGE COUPLINGS
IN CUBIC SYMMETRY FOR A KRAMERS DOUBLET
(T's OR T'7) IMPURITY AND I's CONDUCTION ELECTRONS

Now we choose the impurity to be in a I'¢ state. As the
Clebsch-Gordan coefficients for I'¢ ® I's and I'; ® I'; are

exploiting the SU(2)spin X U(1)charge Symmetry of the system
and employing z-averaging, and we validated previous ana-
Iytic results that apply only in the NFL scaling regime around
T =0.
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APPENDIX A: KONDO-TYPE EXCHANGE
COUPLINGS IN CUBIC SYMMETRY
FOR A T'; (E) NON-KRAMERS DOUBLET IMPURITY
AND I'5 (T;) CONDUCTION ELECTRONS

The impurity ground-state doublet is given by the ket vec-

3z2—r2 V3(x2—y?) . .
tors |I'; )and |I"; ). They are combined according
tol's ® I's; =T @ I'y & I's [43]. As for the product of the
two local, I's conduction electron and hole tensor operators,

i
Cyz ¢,

;
cl and .| (A1)
cf Cry

Xy

whose spin degeneracies are lifted, they can be decom-
posed according to I's @ I's=T1"y & I's & I'y & I's. Thus
the exchange Hamiltonian for a I'3 impurity ground state
hybridizing with I's conduction electrons has two independent
couplings. Apart from the ubiquitous and exactly marginal
potential scattering term, i.e.,

(|F§/§(x2—y2)><1~;/§<x2—y2>| + |F§z2—r2>(l—~gzz—r2|)

X(CTC +cle +c;_c ),

yzoyz X zx Xy xy

QT
JI‘glimp, I's cond e~
(A2)
which is already diagonal in both the impurity and the con-

duction electron degrees of freedom, there is only one cubic
symmetry-allowed term in the exchange Hamiltonian, namely

(|F3227r2)<[€z27ﬂ| _ |F;/g(xzfyz)xrg/g(xzfyz)|)(C;L'zcyz + C;LXCZX —2¢F ¢ )

Xy Xy

(A3)

yz©yz jangay

(

identical [43], the form of the exchange Hamiltonians does
not depend on this choice. The basis functions of the I'g
irreducible representation (of the point groups O or T;) can
be chosen as the tensor operator doublets

;
() () ®
] —

creating and annihilating spin-half electrons. They can be
combined according to the rule I'¢ ® 'e¢ =1 & I'y to
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get the charge (i.e., particle number) conserving operators:
o<(f¢T fi+ ff /) transforming as a scalar (or I';), and

fLf+ 1
o | —itf{f, = 11D
L h=1r

(B2)

transforming as the x, y, z components of §™ ie., as a ['y
irrep. The basis functions of the I's irreducible double-valued
representation (i.e., spinor) can be chosen to be the quartets

creating/annihilating spin-3 fermions

)
C
3 €3
‘) m B3
5 2
b B (B3)
_1 2
2
—C
CT; 3
2

Their product can be decomposed into the following irreps:
I ®Ig =I'y @' & I's & 2I'y & 2I's. There are two
independent particle-hole irreducible tensor operators that
transform as Iy triplets. The first one is

s + cc;+ccl+ ;Ci
2 2 2 2 2

3o —cle = /2 B4)
+ c,C fcc (

oy Tyiaq)

L7 3.7
+5c,¢, + 5¢5¢
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that corresponds to the x, y, z components of ¢, the local spin density of spin—% conduction electrons. From this tensor operator
multiplet and §™, the following exchange Hamiltonian can be constructed upon taking their scalar product:

Hspln 1/2-spin-3/2

4@y

which has a non-Fermi liquid fixed point [57]. The second I'4 conduction-electron-hole irreducible tensor operator

5¢° cs

2

_ﬁc

c

+3C+ICI —\/gchc
-3 2 —3

|
wlw

1
2

o N\w

o i(—Scilcé—\/gc ;3 C 1+3CLC1+\/§CLC
2 2 2 2 2 2

2

2

—2(C+SC 3—36‘TIC
-3 ~3 3

can also be used to build a scalar operator by taking its scalar
product with S™P. Note that the terms containing ¢", ¢y and
2 2

cg ¢_, break spherical symmetry. Upon solving the result-
2

ing impurity Hamiltonian with the numerical renormalization
group, it turns out that it flows to the same fixed point as

= JS§impge, (B5)
3c c3 +3CT] . 3c§c, +SCZC 5
1 T2 3 2 2 T2
_é_\/gclcé_g’clc_l_}'\/gczci +5€§C_1) (B6)
2 2 2 2 2 2 2 2 2

+3cle, — chl)

1
2 2 2 2 2

(

Eq. (BS). Thus, in this setup, all possible exchange couplings,
apart from the potential scattering, flow to the same NFL fixed
point, thus this fixed point is protected in cubic symmetry con-
trary to the two-channel Kondo fixed point for a I'; impurity
ground state coupled to I'g conduction electrons, as discussed
in the main part of the paper.
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