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Mixed-configuration approximation for multiorbital systems out of equilibrium
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We propose a mixed-configuration approximation based on single-band impurity solvers to efficiently study
nonequilibrium multiorbital systems at moderate computational cost. In this work, we merge the approach with
the so-called auxiliary master equation approach. As a benchmark, we first show that our approach reproduces
the results of quantum Monte Carlo (QMC) for two-orbital impurity models at equilibrium with overall good
accuracy, especially for nondegenerate orbitals. We then use our approach as an impurity solver for dynamical
mean-field theory (DMFT) to address the case of a two-orbital, realistic layered structure, recovering the strong
crystal-field-driven charge polarization observed by solving the DMFT self-consistent cycle with QMC, albeit
slightly reduced. Finally, we address a prototype nonequilibrium setup by sandwiching this layer between
metallic contacts subject to a bias voltage described by different chemical potentials. This simplified model
demonstrates our method’s potential to access nonequilibrium steady-state behavior of multiorbital, realistic
materials. These findings provide a first-step basis for theoretical studies of nonequilibrium properties of
multiorbital compounds directly in the real frequency domain.
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I. INTRODUCTION

Predicting the nonequilibrium properties of real materials
has garnered increasing attention over the past few decades.
Strongly correlated materials, in particular, remain a central
focus due to their rich phase diagram. For example, the so-
called equilibrium insulator-to-metal transition can be driven
by several factors—including pressure-induced strain, tem-
perature, and doping, see Ref. [1] for an extensive, though not
exhaustive, review—that are often associated with a resistive
switch. From a modeling prespective, dynamical mean-field
theory (DMFT) [2-4] has become a powerful method for
describing both strongly correlated lattice systems and re-
alistic materials, especially when employed in combination
with density functional theory (DFT). One prominent example
of the application of DFT+DMFT in equilibrium is SrVOs,
see, e.g., Refs. [5—10]. This material is widely regarded as
the paradigmatic correlated metal because in its bulk form it
remains metallic with a moderately enhanced effective mass
m*/m ~ 2, even when chemically substituted, as is the case
of Ca;_,Sr, VO3 [11]. Intriguingly, when SrVOs; is grown as
a very thin film of a few monolayers thickness, the compound
becomes insulating—a phase that can persist even in struc-
tures as thin as three monolayers [12,13]. Unlike many layered
materials where charge transfer primarily occurs at interfaces
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between different layers, the crystal field in layered SrVO;
confines charge redistribution to the orbitals within the same
monolayer. Consequently, a pronounced charge polarization
develops: the d,, orbital of the #,, manifold becomes almost
fully occupied, while the other two orbitals (dy;, d.,) remain
nearly empty [14].

The theoretical investigation of nonequilibrium setups for
this compound could yield valuable insights to design possible
experiments. As a first step one might examine, for instance,
the conducting properties of layered SrVO3 by sandwiching it
between two metallic contacts and applying a bias voltage.
To this end, it is necessary to employ the nonequilibrium
extension of DMFT, which has been successfully applied to
various prototype systems out of equilibrium, including Mott-
Hubbard models subject to external driving in the fashion of
static and/or periodic electric field [15-20] as well as disor-
dered infinite-dimensional lattices with or without interaction
quenches [21,22], only to mention a few examples from recent
years.

The DMFT approximation to lattice models in and out of
equilibrium constitutes a cornerstone of theoretical solid-state
physics [4,23]. It maps the lattice model onto a single-
impurity model coupled to a bath that is to be determined
self-consistently. Even in equilibrium, solving the so-called
impurity problem represents a major computational bottle-
neck, particularly when using numerically exact methods
such as quantum Monte Carlo (QMC) [24], the numerical
renormalization group (NRG) [25], or exact diagonalization
techniques like the so-called auxiliary master equation ap-
proach (AMEA) [26,27]. In addition, under nonequilibrium
conditions, few impurity solvers retain their accuracy without
a prohibitive computational cost so that they can be efficiently
used for DMFT, where the solution of the impurity problem
has to be solved multiple times.
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Investigating realistic materials within the DMFT frame-
work requires multiorbital impurity solvers, which comes at
a certain cost. Depending on the details of the algorithm,
this can be severe fermionic sign problems as for interaction
bases series expansions in QMC [28]. Another quite com-
mon problem is the exponential growth of Hilbert space with
system size, which makes these numerical methods exponen-
tially costly, see for instance Refs. [28-36]. Although there
have been recent advances, for instance using tensor-train
techniques [37], these issues are not been resolved yet. In
nonequilibrium, QMC can address single-impurity problems
for short to medium time evolutions [38], and even address
steady-state directly [39] within the inchworm algorithm,
which recently has been applied to multiorbital systems [40].

In this work, we introduce an approximate scheme to
tackle the multiorbital problem, in particular in nonequilib-
rium steady-state settings. The method maps the multior-
bital impurity problem onto a set of independent, different
single-impurity problems. Each impurity problem is solved
separately for each orbital under fixed configurations of the
others, and the solutions of the individual impurities are com-
bined using appropriate configuration probabilities, which
are determined self-consistently. This mixed-configuration ap-
proximation (MCA) can tackle multiorbital systems in and out
of equilibrium at moderate computational cost. Our approach
treats intraorbital interactions exactly while approximating
interorbital effects in a mean-field-like fashion. This scheme
can be based on any single-band impurity solver that would
be hard to extend beyond one orbital. In this work, we em-
ploy AMEA as a single-impurity solver, which is particularly
suited as a many-body impurity solver for nonequilibrium
steady-state problems.

We first benchmark our MCA-AMEA scheme against
QMC for various two-orbital impurity models in equilibrium.
Then we apply it to realistic lattice systems, investigating
a toy-model lattice system inspired by the SrVOs; layer of
Ref. [14], both in and out of equilibrium, within the DMFT
framework.

The remainder of this work is organized as follows. In
Sec. II, we introduce the model Hamiltonian while in Sec. 111
we detail our mixed-configuration approximation using a two-
orbital impurity model as an illustrative example. Section IV
discusses our results for both the impurity models and the
correlated lattice together with the application to a feasi-
ble nonequilibrium setup. Finally, Sec. V offers concluding
remarks and outlines further applications, including realis-
tic systems with more than two orbitals both in and out of
equilibrium.

II. MULTIORBITAL IMPURITY MODEL

The Hamiltonian for a multiorbital impurity model coupled
to a fermionic bath is given by

H = Hinp + Hoan + Hip, (1
where ﬁimp can be split as

ﬁimp = I:iO + ﬂim' (2)

The noninteracting Hamiltonian Hy in Eq. (2) reads
Zemnma, 3)

where we discarded the hopping amplitude between different
orbitals. Here, £ is the on-site energy of orbital m and
fimo (= & &4, ) the corresponding particle number operator.
The orbitals interact by means of Hie = Hinira + Hinger, Where
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Hinter = — Z ananna + . Z anannoa (5)
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account for intra- and interorbital correlation, respectively.
The notation & denotes the spin quantum number anti-parallel
to 0. Here, we neglect spin-flip and pair-hopping terms which
is justified in the present case in that we consider impurities
with mainly one particle. We recall that due to rotational
invariance U’ = U — 2J and U” = U’ — J, with J the Hund’s
coupling.

The impurity site couples to a fermionic bath described by
the following Hamiltonian

Hpatn = Z Smkf/:lkg fmko ’ (6)

mko

where k labels the infinite energy levels of the bath. Here,
we restrict to diagonal coupling between the orbitals on the
impurity and the bath,

Hi—b = Z [mGc;kaﬁnko + H.C.], (7)

mko

which is the case in all the situations we consider in the
following. The bath can be completely characterized by the
hybridization function, which we introduce below in Eq. (18),
which again is diagonal in orbital indices.

III. MIXED-CONFIGURATION APPROXIMATION

To tackle realistic ab initio problems beyond equilibrium,
we approximate the solution to the multiorbital impurity in
Eqg. (1) by solving a set of independent, single-orbital impurity
problems. Each orbital is treated separately at fixed electronic
configurations of the other(s); we then weight and com-
bine their solutions according to self-consistently determined
probabilities associated with the corresponding configura-
tions. This approximation lets us plug any single-impurity
solver into a multiorbital context. Here, we pair MCA with
AMEA, an efficient, steady-state solver for single impurities
[17,18,20,22,27,41].

As a first application of this MCA-AMEA we address a
two-orbital impurity, where we label the orbitals in the fol-
lowing as 1 and 2. In our approach, the (impurity) Green’s
function (GF) of a given orbital (the farget orbital) is ex-
pressed as a weighted sum of the GFs computed from
independent single-impurity problems, each identified by fix-
ing the configuration of the other orbital(s). Consequently, by
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targeting a given orbital, one solves as many impurity prob-
lems as there are inequivalent configurations, i.e., occupation
states for that orbital. This procedure must then be repeated
for each orbital in the impurity.

For an impurity consisting of Nyps = 2 orbitals, the interor-
bital Hamiltonian (5) reads

Hiner = U' (A1 oy + iy fing) + U (Ripiiag + fnyiing). (8)

When targeting orbital 1, orbital 2 can be in one of four
configurations 2, with « € C = {e, 1, |, d}, where e denotes
the empty and d the doubly occupied state. In such a fixed
configuration, 7i,, gets replaced by a scalar n,, that can take
the values O or 1, depending on its occupancy.

WitAh this replacement, the Hamiltonian (8) will be referred

to as Hiper(24) and becomes a single-particle operator, depen-
dent on the configuration « of orbital 2, which can be added
to the noninteracting part of the impurity Hamiltonian (3) for
orbital 1.
If orbital 2 is empty, i.e., 2 = 2., then the on-site energy of
orbital 1 is given by
£10(2:) = &1, ©

where 852) is the on-site energy of the (isolated) orbital 1.!

If orbital 2 is singly occupied by an electron of spin o, the
on-site energy of orbital 1 clearly becomes spin-dependent
€10(25) = 0 + U8 — + U854 (10)

lo
Finally, when orbital 2 is doubly-occupied (2 = 2,) the on-site
energy of orbital 1 reads
£10(20) = 61) +U'+U". (an

lo

To compute the target’s on-site energy for a given configu-
ration, one then adds U’ to the isolated orbital term for each
electron, the spin of which is anti-parallel to the target’s, and
U” for each electron having parallel spin.

Similarly, for each configuration of orbital 1, we then target
orbital 2 and solve the corresponding impurity problem.

In general, once the configuration o of the other orbital
n has been fixed, the impurity problem for the target orbital
m is fully defined by &,,(n,) and U. The corresponding
configuration-dependent GFs G, {n,} can then be evaluated
by using the single-impurity solver of choice. Clearly, one can
exploit symmetries in this process, for example G,,{2,} =
G, {24}, whenever possible, to simplify the computations.

As single-impurity solver for the equilibrium and steady-
state case we use AMEA with the configuration interaction
implementation. This approach offers both good accuracy as
a single-impurity solver for nonequilibrium steady states and
computational efficiency, making it well-suited for DMFT
applications, where repeated impurity solutions are required.
For further details of the solver, which we will not repeat here,
we refer the reader to Refs. [26,27,42].

We still need to determine the weights, with which the indi-
vidual GFs contribute to the multiorbital GF. The conditional

'With the notation &) we allow for spin-dependent on-site ener-
gies for the isolated orbitals. However, in the following we drop the
spin index as we always consider them as spin-independent.

probabilities that the target orbital occupies a particular state,
given the fixed configuration of the other orbital(s), can be
calculated also from the impurity problem,

P14 | 24) = (f1a)2,
P(14 | 2) = (A1), — (R1d)2,
P(1, | 24) = (f1})2, — (A1a)2,s

P(le|2,)=1- Y P(ly]2)

BeC\e
=1— ((Arr)2, + (A1y)2,) + (A1a)2,. (12)

where (- - - ),, denotes the expectation value of an operator of
orbital 1 when orbital 2 is in configuration « and 7114 = 7114711
is the double occupation operator for orbital 1. Clearly, by
construction the conditional probabilities satisfy

> Pl 125) =1. (13)

aeC

Similar definitions hold when orbital 2 is the target and the
configuration of orbital 1 is fixed.

The marginal probabilities defining the occupation of the
orbitals are then obtained by calculating

P(ly) =Y P(ly | 25)P(2p),

BeC

P(24) =) P24 | 15)P(1p). (14)

BeC

With the probabilities in (14) we then calculate the (orbital)
impurity GFs as a weighted sum

G, (@) =) P2) G, {2}(®),

aeC

Gy, (0) = ZP(la)ng{la}(w)- s5)

aeC

The configuration-dependent impurity GFs G, {n,} in
Egs. (15) satisfy the so-called Keldysh structure [17,22]

R K
a-(T &) (16)

where GR, GX and G* = [GR] are the retarded, Keldysh and
advanced components, respectively. In principle, each of the
entries in the Keldysh structure (16) can be a matrix, for
example in spin indices.

The solution to (14) can be found by recasting the equa-
tions into

X = M]M2 X,
y=Mx, (17)

where the vectors x, and y, have components P(1,) and
P(2,), respectively, and the components of the matrices M;
(i=1,2)are P(1, | 2) and P(2, | 1p).

The solution of the first equation in (17) is given by the
eigenvector x of M = MM, corresponding to the eigenvalue
A = 1. The existence of such an eigenvalue is guaranteed by
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TABLE I. Parameters for the degenerate two-orbital impurity. D
denotes the half-bandwidth of Im[ AR ()] and J the Hund’s coupling
in the interorbital part of the Kanamori Hamiltonian. All parameters
are given in units of I' = —Im[AR(w = 0)]/¢, see Eq. (18). The
position of the chemical potential produces a slightly more than
quarter-filled impurity. In the rotation-invariant setup U’ = U — 2J
andU" =U"—J.

U J e T D M ¢

55 0.75 0 0.05 15 2 1

the column stochastic [43] nature of the conditional probabil-
ity matrices M| and M, as in (13). The eigenvector x is then
used to find the vector y with the second equation in (17).

In most cases, the eigenvector is unique, but in some appli-
cations degeneracies might occur.

IV. RESULTS

This section presents our results and is organized as fol-
lows. We first benchmark our MCA-AMEA against QMC
for multiorbital equilibrium impurity models, both degenerate
and nondegenerate.? Inspired by the ultrathin SrVOj; layer of
Ref. [14], we then apply the method to a toy model of the
layered system consisting of two orbitals, performing equilib-
rium and nonequilibrium DMFT calculations.

For the benchmark of the equilibrium impurity models, we
choose box-shaped orbital hybridization functions,

Im[Afn(a))] = —¢[1 — fro(w + Dy, Thier)]
X fFD(w - Dma Tﬁct)»
Im[ A} (0)] = 2Im[ AR ()][1 = 2fip(@ — 1, T)],  (18)

where the Keldysh component is obtained by the fluctuation-
dissipation theorem.? Here,

fro(@ = p, T) = [T 41171

is the Fermi-Dirac distribution. D,, is the half-bandwidth,
and ¢ is an orbital-independent energy scaling parameter
accounting for the coupling between the impurity and the
bath. The parameter Tj, is introduced to smooth the edges of
Im[Aan(w)]. A couple of important observables for our anal-
ysis are the (orbital- and spin-resolved) spectrum A,,, (w) =
—7~"Im[GR  (w)] and distribution function

Fma(w) = {] - Im[GEo(w)]/ZIm[G:’{VLU (a))]}/z

Our units are such thate = = kg = 1.

2In Appendix, we also briefly discuss the case of a single impurity
at and away from half-filling to verify the reliability of the AMEA
impurity solver independently of our MCA scheme. The results of
similar calculations have been already presented in Refs. [26,27].

3The real part of AR is computed via Kramers-Kronig relations
while Re [AX] vanishes throughout the whole energy axis.
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FIG. 1. (a) Imaginary part of the Matsubara GFs (per spin) for
the degenerate two-orbital impurity model at equilibrium obtained
with QMC and MCA-AMEA. (b) Corresponding spectra to (a), for
QMC obtained from Maximum Entropy [46]. The orbital occupa-
tions (on the plot) are slightly overestimated by MCA-AMEA. All
relevant parameters are listen in Table I.

A. Benchmarks: two-orbital impurity models at equilibrium

Given that QMC is accurate at equilibrium, we hereby
benchmark our MCA-AMEA against it for selected multior-
bital equilibrium impurity models. As QMC solver, we use
continuous time quantum Monte Carlo in the hybridization
expansion [33] as implemented in the TRIQS/CTHYB package
[44,45].

1. Degenerate two-orbital impurity

We start our investigation with the case of two degenerate
orbitals, with D; = D, = D and 850) = 8;0) = ¢. All relevant
parameters for this setup are listed in Table 1.

When orbitals are degenerate, MCA-AMEA and QMC
give orbital occupations which agree closely.* On the other
hand, even though the Matsubara GFs are in reasonable qual-
itative agreement between the two approaches, as it can be
observed from the blue and orange curves in Fig. 1(a), the
low-frequency behavior of the QMC solution shows a more
pronounced metallicity as evidenced by the larger (absolute)
value of Im[G(iw,)] at the Fermi level with respect to MCA-
AMEA.

The spectra shown in Fig. 1(b) show that for energies below
and up to the chemical potential the spectral weight distribu-
tion within the two approaches agrees quite well. On the other
hand, above the Fermi level they differ appreciably, as our ap-
proach shifts a significant portion of the quasi-particle weight
away from the Fermi energy. The discrepancy between QMC
and MCA-AMEA is most likely to be attributed to the intrinsic
limitations of mean-field-like methods® in capturing strong
quantum fluctuations in (near)degenerate systems, a well-
known shortcoming discussed extensively in Refs. [47-51].
In future work, our approach needs to be extended in order to
cope with such degeneracies.

4See caption of Fig. 1 for the exact values.

SWe point out that our MCA scheme cannot be regarded as a
pure mean-field approach in that intraorbital interactions are treated
exactly.
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TABLE II. The parameters for the nondegenerate two-orbital
impurity with on-site energy difference d¢ =&, — &, = 4I'. The
half-bandwidth of Im[ AR (w)] is denoted by D and is the same for the
two orbitals. All parameters are given in units of I' = —Im[AR(w =
0)]/¢, see Eq. (18). For rotational-invariant systems, U’ = U — 2J
andU" =U"—J.

U J & & T D " e

55 0.75 2 -2 0.05 15 0 1

2. Nondegenerate two-orbital impurity

We now illustrate how the MCA-AMEA performs for a
nondegenerate two-orbital impurity close to quarter-filling. To
lift the orbital degeneracy, we choose eio) =2I'= —eéo) while
the bath stays the same, i.e., D; = D, = D. In addition, the
chemical potential is chosen as the midpoint of the orbital on-
site energies. All relevant parameters for this setup are listed
in Table II.

Given the large difference in the orbital on-site en-
ergies, 8¢ = 850) - 8&0) = 4I", the system shows a strong
charge polarization in favor of orbital 2 in both QMC and
MCA-AMEA. This is evident in the Matsubara domain, see
Fig. 2(a), where the imaginary part of GF of orbital 1 clearly
extrapolates toward zero, whereas orbital 2 exhibits metallic
behavior, seen from the presence of significant spectral weight
at the Fermi level. In real frequency, then, orbital 1 has nearly
all its spectral weight above the Fermi level, while orbital two
features a strong peak at the chemical potential, as shown in
Fig. 2(b). We point out the very good agreement between
the GFs with the two methods in both Matsubara and real
frequency domain. Also the orbital occupations in the two
approaches agree very well, see the caption of Fig. 2 for the
exact values. This shows that our approximation performs best
for impurity setups with nondegenerate orbitals.

However, the on-site energy separation considered here,
see Table II, is too large to be physically relevant for realistic

0.0 0.3
$ ,
4400000000004 g ;
‘3&3" PO QMe, 1
“‘&AAA (b) QMC, 2
A‘A,A—k MCA-AMEA, 1 ==
-0.2 “A‘ MCA-AMEA, 2 ——
- Ve 0.2
S /‘ QMC, 1 -4~ T
= 04 £ QMC, 2 =
27 Ve MCA-AMEA, 1 —4- 3
oS / MCA-AMEA, 2 —A— <
E / 0.1
0.6 4
(a)
-0.8 0.0 =
0 2 4 6 8

wy /T

FIG. 2. (a) Imaginary part of the Matsubara GFs (per spin) for
the nondegenerate two-orbital impurity close to guarter-filling with
on-site energy difference 8¢ = &\” — &’ = 4I". The orbital occu-
pations are ngmc,1 = 00499, noMmc,2 = 0.4253 and NMCA-AMEA,1 =
0.0568, nyica-amea.2 = 0.4142 show a consistent charge polarization
for both methods. (b) Corresponding spectra to (a) for both QMC
(from maximum entropy [46]) and MCA-AMEA. The chemical
potential is set to ;. = 0 while all relevant parameters are listed in
Table II.

TABLE III. Parameters for the two-orbital nondegenerate impu-
rity with on-site energy difference 8¢ = I'. The half-bandwidth of
the bath, D, is the same for both orbitals. All parameters are in units
of I' = —Im[AR(w = 0)]/¢, see Eq. (18). For rotational-invariant
systems, U' =U —2J andU" =U" — J.

U J &1 & T D 2 ;

55 0.75 0.5 -0.5 0.05 15 0 0.2

systems. In the following, we then investigate a setup with
a smaller orbital on-site energy difference, ¢ = I'. Table III
lists the parameters for such a two-orbital system with notably
smaller crystal field splitting. Given the reduced d¢e, we also
decrease the coupling strength ¢ between the bath and the
impurity in order to avoid overshadowing important features
in the resulting GFs.

In this setup, MCA-AMEA still reproduces the QMC
results with reasonable accuracy, as can be seen from the
imaginary parts of the Matsubara GFs in Fig. 3(a) and the
spectra in Figs. 3(b) and 3(c). The orbital occupations deviate
by only a few percentage points: the exact values can be found
in the caption of Fig. 3. Nonetheless, the qualitative shape of
the spectra is quite satisfactory throughout the whole energy
range.

When paired with the previous findings, these results con-
firm that the MCA-AMEA performs best when the orbitals are
nondegenerate. However, when the on-site energy difference
is reduced, the overall agreement between MCA-AMEA and
QMC is slightly worse than the case with larger §¢ discussed
in Fig. 2.

B. Two-orbital lattice system

Motivated by the findings of Ref. [14], we test our
method’s performance for a realistic two-orbital lattice model
inspired by the ultrathin SrVO; film.

As discussed in Sec. I, growing SrVOs; in very thin films
partially lifts the degeneracy of the #,, manifold. In the
bulk, each of the three #,, orbitals holds 1/3 of an elec-
tron and the compound is metallic. In few-layer systems,
however, an insulating phase develops: a crystal-field split-
ting arises between the two-dimensional (2D) d,, orbital and
the one-dimensional (1D) d,; and d,, orbitals. As shown in
Ref. [14], this splitting—combined with the different orbital
dimensionalities—is responsible for the charge migration to
orbital d,,, resulting in almost complete charge polarization.

Here, we start from a monolayer of SrVOj; as in Ref. [14].
The DFT Hamiltonian has been constructed using the WIEN2K
(version 14.2) [52], TRIQS/DFTTOOLS (version 3.3) [44,53],
and WANNIER90 (version 3.0) [54] packages. For the sake of
simplicity, we drop one of the two remaining degenerate 1D
orbitals. Hence we retain only d,, and d,; in the effective
Hamiltonian. The chemical potential is set such that we obtain
a total occupation of 1.0 electron in these two orbitals. This
is a sufficient starting point for our prototype study here, we
postpone the study of the full three-orbital lattice to a later
work. Input files for the calculation of the DFT and Wannier
Hamiltonians are publicly available from the research data
server of TU Graz [55].
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FIG. 3. (a) Imaginary part of the Matsubara GFs for a two-orbital impurity with on-site energy difference §¢ = I' obtained with QMC
and MCA-AMEA. The orbital occupations (per spin) are slightly overestimated by MCA-AMEA: nqguc,1 = 0.026, ngmc2 = 0.3516 and
nvca—amea,1 = 0.033, nyca—amea2 = 0.3763. However, the overall agreement between the two solvers stays good. (b) and (c) show the
corresponding spectra of orbitals 1 and 2, respectively, for both solvers. The chemical potential is set to . = 0 and all relevant parameters are

listed in Table III.

We apply MCA-AMEA within the DMFT framework to
this toy-model lattice and benchmark the results again against
QMC.

The DMFT loop proceeds by enforcing that, at self-
consistency, the impurity (G) and local (G,..) GFs coincide,

G(©) = G (). (19)
To achieve this, we update the hybridization function as
A) =g, (@) — G l(@) — E(w), (20)

where g, """ (w) = (0 — @)1 and X is the impurity self-
energy (SE). The impurity problem is then solved and the
procedure iterated until convergence is reached.® In accor-
dance with Refs. [13,14], we set the Hubbard interaction and
Hund’s coupling as U = 5.5 eV and J = 0.75 eV. From now
on, we give all energies in units of eV.

C. Equilibrium: the role of Hund’s coupling

In Fig. 4(a), we show the converged equilibrium DMFT
orbital spectral functions obtained with MCA-AMEA at
J = 0. Both d,, and d,, exhibit a pronounced gap of order U,
while the Hubbard bands of orbital d,, are roughly twice as
large as those of d,, indicating their different dimensionality.
In this setup, the occupations of the two orbitals remain nearly
equal, pointing at negligible polarization.

When Hund’s coupling is set to J = 0.75 eV, see Fig. 4(b),
the gap shrinks to roughly U — 3J. The main peaks in which
the upper Hubbard band splits into are at energies roughly
equal to U —3J, U —2J, and U. At the same time, the
weights of the lower Hubbard bands become dominated by the
dy, orbital—its occupancy is now about four times larger than
that of d,. This enhancement in the charge polarization can be
understood in terms of the partial lifting of the degeneracy of

SA boldface character denotes a matrix in both orbital and spin
quantum numbers.

the orbital configurations as J is turned on, which decreases
the overall symmetry of the system. To sum up, our mixed-
configuration approximation captures a strong, though partial,
charge polarization, with most of the charge shifting into d,,
as compared to the setup with J = 0. Hund’s coupling appears
to be an important driver of this effect in this approximate
scheme.

Finally, in Fig. 4(c), we compare the equilibrium spectra
obtained with MCA-AMEA and QMC. The gap position and
width are well reproduced by our method. However, the upper
Hubbard bands of both orbitals in MCA-AMEA are split into
several peaks that are absent in the QMC result, a feature
which is reminiscent of the way we compute the (average)
impurity GF, see Egs. (15). The lower Hubbard band of the d,,
orbital also retains more spectral weight in MCA-AMEA with
respect to QMC, consistent with the corresponding orbital oc-
cupations (see the caption of Fig. 4 for details). Despite these
differences, MCA-AMEA captures the key physical features
of the system, although less prominently than QMC.

D. Nonequilibrium: current-voltage characteristics

Here we discuss the results of the prototype nonequi-
librium setup where the layer is sandwiched between two
metallic baths having different chemical potentials. The
so-called wide-band limit approximation is employed for
the baths’ GFs, so that they contribute the (momentum-
independent) embedding SE

i
2
Shatn. o (@) = 2Im[ I8 (@)](1 = 2fip(@ — ,. T)), (21)

Ell}ath,p(a)) ==3Vp>

where p € {1, r} labels the left and right baths and y,, is the
corresponding dissipative term. By adding the embedding SE
of the baths to the electronic SE, the local GF is then obtained
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FIG. 4. (a) Equilibrium DMFT spectra for the d,, and d,, orbitals at J = O obtained with MCA-AMEA at 1/4 filling. The gap is of the
order of the Hubbard interaction U and the orbital occupations remain nearly equal, indicating minimal polarization. (b) Same as (a) for
J =0.75 eV. Hund’s coupling reduces the gap to approximately U — 3J and enhances orbital polarization: d,, is occupied about four times
more than d,.. (c) Comparison between the equilibrium DMFT spectra obtained with MCA-AMEA [already plotted in (b)] and QMC. The
orbital occupations per spin in QMC are ng,, = 0.479 and n,4,, = 0.014. The chemical potential is © = 2 eV (inside the gap) while temperature
issetto 7 = 0.025eV.

as The integrand in Eq. (23), J,,; (@), is defined as
1 -1 Jmo' (a)) = [Gﬁc(w)]mg(zllfath,l(w) - 2:Ilfath,r(a)))
_ —1
Gioo() = v?[ﬁawﬁ’“ @)= 2 B () = M} - + [ (@], (S @) — S, @), 2
P

(22)  where we dropped spin and orbital indices for the various

components of the baths SE as they do not depend on them.
The chemical potentials of the baths are shifted symmetrically We initialize the nonequilibrium runs from the converged
around the equilibrium value by the application of the bias ~ DMFT solution in Fig. 4(b) at J =0.75 eV, then apply a
voltage ® = p; — p,. This potential drop between the two symmetric bias to the two chemical potentials around the

ends of the layer gives rise to a steady-state current perpendic- equilibrium Value.. As ShQWH in Flg 5(a), th? steady-state
ular to it and can be computed by means of the Meir-Wingreen ~ current Ji_., remains negligible until the applied voltage @
formula as in previous work [18,20], equals the gap energy. Beyond this threshold, p; and p, enter

the upper and lower Hubbard bands, respectively, allowing a
steady particle flow and causing the current to increase mono-

S = Re Z /oo d—meg @), (23) tonically with ®. The several orders. of magnitude §pann§d
c~ ) 21 by the current can be better appreciated from the inset in

w
o
3
&

T (arb. units)
o
Aw) (eV7)

Orbital occupations (per spin)
o
@
S

o
»

@ =y — ir (eV) @ =y — fir (eV) w(eV) w(eV)

FIG. 5. (a) Nonequilibrium current density J,—,, [Egs. (23) and (24)] as function of the applied bias voltage ®. Inset shows the same plot in
a semilogarithmic scale to emphasize the several orders of magnitude spanned by the current. (b) Orbital occupations (per spin) as a function
of ®.For ® € [2.25,2.5, ..., 3] a consistent amount of charge is redistributed from d,, to d,,. (c) Orbital spectra at & = 2 eV: the bias voltage
is just enough to bridge the gap, giving rise to the first noticable increase in the current, see the corresponding symbol in (a). (d) Same as in
(c) at & =3 eV, well into the metallic regime, see corresponding symbol in (a). Shaded areas in (c) and (d) denote the orbital occupation
function N(w) = F(w)A(w), with F (w) defined at the beginning of Sec. IV. Temperature is set to 7 = 0.025 eV.
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Fig. 5(a). Figure 5(b) shows the orbital occupations (per spin)
as a function of ®. Below ® = 2 eV, the system stays at half-
filling, see also the spectra in Fig. 5(c), despite the presence of
oscillations in the individual orbital occupations as @ grows
to meet its threshold value. When & first matches the gap, a
charge rearrangement starts to occur: the overall increase of
the total occupation is dominated by the partial discharge of
the (initially more occupied) dy, orbital, by virtue of its larger
bandwidth, in favor of orbital d,,. When ® increases further,
w1 aligns with the upper band of d,; and injects a consistent
amount of electrons into the high-energy regions of the 1D
orbital, see also Fig. 5(c). For ® > 4 eV, the charge rear-
rangement softens and orbital occupations converge toward
the same value.

V. CONCLUSIONS

In this work, we introduced a mixed-configuration approx-
imation to address multiorbital impurity systems in and out
of equilibrium. The approach is quite versatile as it can be
based on any single-band impurity solver: in this work we
deploy it using the AMEA impurity solver for both impurity
models and realistic lattice systems in and out of equilibrium.
In the former case, our approximation works best when the
orbitals are nondegenerate as it has reduced capabilities to
resolve the quantum fluctuations stemming from the high
symmetry (degeneracy) of the system. However, also in this
case the occupations are rather accurate when compared to
QMC, indicating that the differences are most likely related to
the unoccupied states of the system, corresponding to regions
of the spectrum above the Fermi energy.

In combination with DMFT, our approximation can also be
used to study realistic lattice systems in and out of equilibrium
conditions. Inspired by previous work [14], we showed that
for a two-orbital layered system at equilibrium our solver
predicts charge polarization, even though not as strong as in
QMC.

We also addressed a prototype nonequilibrium setup con-
sisting of the aforementioned two-orbital layer sandwiched
between metallic contacts at different chemical potentials,
creating a constant bias voltage. Starting from a polarized
state, we observe charge flowing from the initially more oc-
cupied orbital into the other as the bias exceeds the band
gap. When the voltage approaches twice the gap, the orbital
occupations converge towards each other and the polarization
diminishes.

There are still several aspects that must be addressed for
this approach to make it applicable for more complex settings
in realistic materials modeling. First, extending the proce-
dure described in Egs. (12) to (14) to the case of three (and
more) orbitals requires incorporating the joint probability of
two orbitals being in a specific configuration. This neces-
sitates accounting for the correlation probabilities between
these orbitals. Second, in materials with two or more parti-
cles per atom, spin-flip and pair-hopping terms might become
relevant. As for now, it seems that extending the present
configuration-based approach to capture these effects is non-
trivial. In addition, the case of degenerate orbitals must be
improved. One possible solution to this aspect is to generalize
the method using a “cumulant” expansion, following the ideas

TABLE IV. Parameters of the AIM in the particle-hole sym-
metric case. D is the half-bandwidth of Im[AR(w)] and T =
—Im[AR(w = 0)]/¢ sets the unit of energy, see Eq. (18).

U £ T D n s

6 -3 0.02 10 0 1

in Refs. [56,57], in which “connected clusters” involving spin
degrees of freedom on different orbitals are explicitly consid-
ered. Work in this direction is currently underway.

In summary, the approach presented here represents a first
step towards the description of the nonequilibrium behavior
of realistic lattice systems directly in the frequency domain.
It is worth noting that, while the MCA-AMEA method has
moderate computational costs, its main significance lies in
enabling the direct study of nonequilibrium steady states in
quantum systems, a regime that, to the best of our knowl-
edge, is not easily accessible to quantum Monte Carlo at the
present stage (an exception is steady-state inchworm, which is
however computationally very expensive). In future work, we
will extend the MCA scheme to systems with more than two
orbitals, e.g., the full StVOj3 layer of Ref. [14]. Furthermore,
we plan to explore new geometries and driving conditions.
One direction is to apply a static electric field in the plane of
the layer rather than perpendicular to it. Another is to study
heterostructures composed of multiple parallel layers under
constant bias. These extensions will test the versatility of
our approach and bring us closer to modeling nonequilibrium
phenomena in realistic materials.
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APPENDIX: SINGLE-ORBITAL IMPURITY
MODEL AT EQUILIBRIUM

Although the AMEA solver’s performance for the single-
orbital impurity model was already assessed (see, for instance,

TABLE V. Parameters of the AIM away from half-filling. Here
D is the half-bandwidth of Im[AR(w)] and I = —Im[AR(w = 0)]/¢
sets the unit of energy, see Eq. (18).

U e T D M ¢

55 0 0.05 15 0 1
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FIG. 6. (a) Imaginary part of the Matsubara GF of the AIM
at half-filling obtained with NRG, QMC and AMEA. (b) Spectra
corresponding to (a). The QMC result has been obtained with the
MEM of the TRIQS package [46]. While the method is very accurate
in reproducing features close to the Fermi level (1 = 0), it proves
less reliable in recovering the exact shape of the lower and upper
Hubbard bands at w =~ £U /2, see insets. All relevant parameters are
listed in Table IV.

Ref. [27]), we revisit those results to show that any deviation
from the equilibrium QMC multiorbital data discussed in the
main text comes from our mixed-configuration approach.

In the following, we revisit the standard Anderson impurity
model (AIM) at and away from half-filling.

1. Anderson impurity model at half-filling

Here we present the results of the AIM at half-filling. All
relevant parameters can be found in Table IV.

Figure 6(a) shows the Matsubara GFs obtained with NRG,
QMC, and AMEA. The NRG and QMC curves overlap almost
exactly, while AMEA shows slight deviations at low energies:
overall agreement, however, remains excellent.

Figure 6(b) presents the corresponding spectra. Even at
the low temperature used here (7 = 0.02 I'), the quasiparticle
peak at w = 0 (inset) from AMEA matches the QMC and
NRG results closely. The upper and lower Hubbard bands at
o = £U/2 are also well captured by AMEA. In QMC, these
bands appear less distinct due to the known limitations of
analytic continuation [24,58], which, however, do not com-
promise the results of the maximum-entropy method (MEM)
near the Fermi level.

0.0
Que  —
01 () v 031" Qmo + prior - - - (b)
Caattl AMEA
02 ) ‘
. A
= vl T 02 |
= Vol = | |
3 0.3 Yk = I
= » 3
S d < |
= /
Z 04 f [
4 0.1 "
’/ QMC —4 %
-0.5] f AMEA / K
¢ / \\
0.6 0.0 lamzzsaaee*

0.0 2.0 1.0 6.0 8.0 -10 5 0 5 10
wy /T w/T

FIG. 7. (a) Imaginary part of the Matsubara GF of the AIM
away from half-filling obtained with the AMEA and QMC. The or-
bital occupations (per spin) are namea = 0.2612 and nome = 0.2637.
(b) Spectra corresponding to (a). The MEM accurately reproduces
the spectral weight near the chemical potential but misses the side
peak of the upper band at w &~ 7T". By preconditioning the MEM with
a prior that includes a peak in this region one recovers the feature,
albeit in a nonunique manner. The chemical potential is set to u = 0
and all other parameters are listed in Table V.

2. Anderson impurity model away from half-filling

We continue our investigation of the AIM away from half-
filling. All relevant parameters are listed in Table V.

The AMEA impurity solver proves reliable even in this
setup, as evidenced by a direct comparison with the QMC
results in Figs. 7(a) and 7(b). Figure 7(a) shows very good
agreement between the Matsubara GFs obtained with the two
solvers, with the orbital occupations (per spin) underestimated
by only about 1% in the AMEA results, see the caption of
Fig. 7 for the exact values. Figure 7(b) displays the corre-
sponding spectra in both approaches. Here, the agreement
is also good, particularly around the Fermi level (1 = 0).
However, the MEM fails to capture the upper Hubbard band
located at w/I" ~ 7, which is clearly visible in the spectrum
obtained with AMEA. It is worth noting that by precondi-
tioning the MEM with a prior that accounts for the satellite
peak one could, in principle, reconstruct some spectral weight
near the upper band, see again Fig. 7(b). Nevertheless, this
procedure is highly sensitive to the details and is therefore
not very reliable. In summary, we have demonstrated that the
AMEA impurity solver agrees quite well with the QMC ap-
proach for detached orbitals both at and away from half-filling
at equilibrium.
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