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Unified statistical theory of heat conduction in nonuniform media
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Using the Zwanzig projection-operator formalism, we derive a causal two-point spatiotemporal kernel for heat
conduction, defined microscopically as a space-resolved equilibrium heat-flux time-correlation function, that
encodes temporal memory, spatial nonlocality, and material heterogeneity on equal footing. Classical diffusion,
nonlocal transport, and hydrodynamic models emerge as controlled asymptotic limits of this kernel, providing
a unified constitutive description across diffusive, quasiballistic, and hydrodynamic regimes. Interfacial heat
transfer is incorporated through a spatially resolved kernel formulation, in which the conventional Kapitza
resistance arises as a coarse-grained limit. The kernel admits a spatiotemporal Green—Kubo representation and
can, in principle, be evaluated from atomistic simulations for bulk media, providing a direct connection between
microscopic dynamics and continuum transport without empirical closure. For crystalline solids, we derive
explicit kernel forms in the hydrodynamic and attenuated-streaming limits and introduce a hybrid reduction that
captures the coexistence of collective and quasiballistic transport. For disordered harmonic solids, the framework
recovers a spatial diffusion kernel consistent with the Allen—Feldman limit. To illustrate the theory, we construct
the kernel for silicon at room temperature within the relaxation-time approximation and apply it to transient
thermal-grating configurations. Spatial nonlocality associated with the phonon mean-free-path distribution
is the primary source of deviation from Fourier transport under these conditions, while temporal memory mainly
influences short-time dynamics. These findings identify the spatiotemporal kernel as a unifying constitutive

descriptor whose coarse-grained limits recover conventional transport coefficients.
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I. INTRODUCTION

Heat conduction is conventionally described by combining
local energy conservation with Fourier’s law, which assumes
that the heat flux responds locally and instantaneously to
the temperature gradient. This description, which implicitly
relies on a coarse-grained limit in which microscopic corre-
lations decay sufficiently rapidly, has been highly successful
in macroscopic regimes, where transport can be character-
ized by bulk coefficients such as the thermal conductivity.
Within statistical mechanics, this picture is supported by the
Green—Kubo relation, which expresses the bulk conductivity
as the time integral of equilibrium heat-flux autocorrelation
functions [1].

Despite its success, the Fourier framework rests on two
key assumptions: instantaneous temporal response and spatial
locality. These assumptions may no longer hold at ultrafast
timescales and nanometer length scales, where intrinsic re-
laxation times and phonon mean free paths (MFPs) become
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comparable to experimental time scales and device dimen-
sions. A growing body of experiments has reported clear
deviations from Fourier behavior, including quasiballistic
transport [2-7], wave-like temperature propagation (second
sound) [8—17], and signatures of Poiseuille flow [18-23].
These phenomena are not only of fundamental interest but are
increasingly relevant for applications. In modern integrated
circuits, device dimensions approach the sub-10 nm scale
and operating frequencies reach the sub-terahertz regime,
overlapping with intrinsic phonon transport scales in typical
semiconductors.

To account for these non-Fourier effects, a range of
generalized transport models has been developed. The
Maxwell-Cattaneo—Vernotte (MCV) equation introduces a fi-
nite relaxation time to capture temporal memory [24-27],
while the Guyer—Krumhansl (G-K) equation incorporates
higher-order spatial gradients and provides a unified descrip-
tion of nonlocal and hydrodynamic transport [28-33]. The
G—K equation can be rigorously derived from the phonon
Boltzmann transport equation (phBTE) and has been success-
fully applied to interpret experimental observations across a
range of materials and geometries [34—36]. However, these
reduced models are intrinsically tied to specific asymptotic
regimes whose validity relies on a separation of characteristic
time or length scales. In situations in which multiple transport
mechanisms coexist, such as in materials with broad mean-
free-path distributions, strong disorder, or complex interfaces,
no single reduced description provides a systematically con-
trolled representation across regimes.

Published by the American Physical Society


https://orcid.org/0000-0002-1192-7843
https://orcid.org/0000-0003-1459-2628
https://ror.org/036266993
https://ror.org/02v80fc35
https://crossmark.crossref.org/dialog/?doi=10.1103/hx28-4ksc&domain=pdf&date_stamp=2026-06-08
https://doi.org/10.1103/hx28-4ksc
https://creativecommons.org/licenses/by/4.0/

YI ZENG AND JIANJUN DONG

PHYSICAL REVIEW B 113, 235204 (2026)

At the microscopic level, first-principles solutions of the
phBTE provide a rigorous description in which transport
emerges from phonon dispersions and scattering processes
[37—40]. This formulation is intrinsically tied to the phonon
quasiparticle picture and is therefore most naturally appli-
cable to crystalline solids with well-defined phonon modes
and group velocities. Its extension to noncrystalline ma-
terials is not direct and requires alternative definitions of
energy-carrying excitations. Moreover, even in crystalline
systems, practical implementations are best suited to ho-
mogeneous or weakly perturbed conditions; extension to
spatially inhomogeneous or interfacial problems is compu-
tationally demanding and often leads to geometry-specific
descriptions that lack compact, transferable constitutive
form.

In contrast, the Green—Kubo formalism provides a general
statistical framework applicable to all materials, expressing
thermal transport in terms of equilibrium heat-flux correla-
tions. However, in its conventional form it yields only bulk
transport coefficients, corresponding to a fully coarse-grained
limit. Recent work has extended this approach to transient
transport through a time-domain kernel under the assumption
of spatial locality [41,42], and to interfacial heat exchange via
a non-Markovian memory kernel [43], enabling descriptions
of temporal memory while leaving spatial nonlocality unre-
solved. Taken together, these approaches reveal a fundamental
gap: microscopic theories provide rigor but limited trans-
ferability, while reduced models offer compact descriptions
whose domains of validity must be established separately.
More fundamentally, these limitations reflect a deeper issue:
the constitutive description of heat transport is typically ex-
pressed in terms of local or low-order parameters, whereas
the underlying microscopic response is inherently nonlocal in
both space and time. A unified framework that retains both
temporal and spatial structure, while systematically connect-
ing microscopic dynamics to macroscopic transport across
regimes, remains lacking.

In this work, we develop such a framework based on
the Zwanzig projection-operator formalism. Within this ap-
proach, heat conduction is described by a causal two-point

spatiotemporal kernel %)(7, R, t) that relates the heat flux to
the history of the temperature gradient over space and time.
This kernel encodes temporal memory, spatial nonlocality,
and material heterogeneity on equal footing. Classical and
non-Fourier transport models emerge as controlled asymp-
totic reductions of this single constitutive object, eliminating
the need for regime-specific model selection. In particular,
the G-K equation arises as a hydrodynamic limit associated
with mode separation, while quasiballistic transport is cap-
tured through nonlocal streaming contributions. Interfacial
heat transfer is described within the same framework, with
the Kapitza resistance emerging as a coarse-grained limit of
a spatially resolved kernel. The kernel admits a microscopic
definition through a spatiotemporal Green—Kubo (stGK) re-
lation, expressed as a space-resolved equilibrium heat-flux
time-correlation function. Because it is defined in terms of
equilibrium fluctuations, it can be evaluated from atomistic
simulations without empirical closure parameters and ap-
plied to crystalline, disordered, and heterogeneous systems.
For disordered harmonic solids, the formalism recovers a

spatial diffusion kernel consistent with the Allen—Feldman
limit [44], demonstrating applicability beyond the phonon-gas
picture.

The key result of this work is the identification of the
heat conduction kernel as a space-projected heat-flux corre-
lation function, which generalizes the Green—Kubo relation
to nonuniform systems. This establishes a direct connection
between microscopic fluctuations and nonlocal constitu-
tive relations without invoking phenomenological boundary
conditions. Specifically, the present work (i) identifies the

two-point kernel Z (7, R, t) as the primary constitutive ob-
ject, placing spatial nonlocality and temporal memory on
equal footing; (ii) derives a generalized Green—Kubo relation
that resolves heat-flux correlations in both space and time;
(iii) demonstrates that classical diffusion, nonlocal transport,
and hydrodynamic regimes emerge as controlled asymptotic
limits of the same kernel; and (iv) formulates interfacial
heat transport within this framework, in which the Kapitza
resistance arises as a reduced descriptor of an underlying
spatially resolved kernel. To demonstrate the practical utility
of the framework, we evaluate the kernel for bulk silicon
at room temperature using first-principles phonon properties
within the relaxation-time approximation (RTA) and apply
it to simulate transient thermal grating (TTG) experiments
across diffusive and quasiballistic regimes. By systematically
comparing the full kernel with its reduced limits, we show that
spatial nonlocality associated with the phonon mean-free-path
distribution is the primary source of deviation from Fourier
transport, while temporal memory primarily affects short-time
dynamics.

The remainder of this paper is organized as follows.
Section II develops the Zwanzig projection-operator based
formulation and derives reduced constitutive models as
asymptotic limits of the kernel. Section III establishes the
microscopic foundation through the spatiotemporal Green—
Kubo relation. Section IV presents numerical results for bulk
silicon, and Sec. V summarizes the main conclusions and
outlook.

II. PHONON-MEDIATED HEAT CONDUCTION

A. Zwanzig-projected phBTE

Using the Zwanzig projection-operator formalism [45-47],
we decompose the microscopic phonon dynamics into three
classes of projected variables: a conserved temperature field,
current-carrying flux modes, and nonlocal distortion modes
(Table I). Their coupled dynamics make explicit the micro-
scopic origin of temporal memory and spatial nonlocality and
provide the building blocks from which the spatiotemporal
kernel is constructed in Sec. III. Supporting technical details,
including causal integral solutions, their inhomogeneous gen-
eralization, and the derivations of reduced kernel forms, are
collected in Appendix A.

1. Phonon Boltzmann transport equation

Within the phBTE, thermal excitations are described by
the occupation numbers of phonon normal modes labeled
by « = (g, b), where g is the wave vector and b is the
branch index. The local occupations {n,(7,t)} specify the
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TABLE I. Zwanzig-projected variables and their physical roles in phonon-mediated heat conduction.

Symbol Role Physical meaning

T# 1) Conserved Local temperature field; energy density

(7, 1) Odd-parity (flux) Current-carrying modes reconstructing heat flux j

0,(7,t) Even-parity (nonlocal) g-symmetric distortion modes mediating spatial nonlocality
A, Coupling vector Maps flux mode 7; to macroscopic heat flux

I, Coupling vector Couples flux and nonlocal modes; governs nonlocality

v Timescale Flux-mode relaxation time (temporal memory)

Timescale

Nonlocal-mode relaxation time

space- and time-dependent microscopic state of the phonon
system. Nonequilibrium dynamics is described by devia—
tions from global equilibrium, 8n, (7, 1) = ny (7, t) — ng (Ty),
where n(Ty) is the Bose—Einstein distribution at the refer-
ence temperature 7j. A central approximation is the linearized
phonon scattering operator £, which governs intermode scat-
tering near equilibrium. The relaxation dynamics may be
written as

dng, (7, t s1nh<2k T
DDl o -5 Ly [ 7,1 — T,
dt relax B Slnh( ’Iic[:;b)

ey

where L,z are the matrix elements of £ in the phonon-mode
basis. The operator £ is symmetric and positive semidefinite,
ensuring relaxation toward equilibrium.

To incorporate spatial inhomogeneity, we allow phonon
properties, including L(¥), w,(¥), and ¥,(¥), to depend
weakly on position. This is justified under a quasihomoge-
neous assumption: material properties vary slowly enough
that local phonon modes remain well defined. The lattice
may then be treated as locally homogeneous, with phonons
propagating through a medium whose properties evolve adi-
abatically in space. Under this assumption, the linearized,
space-resolved phBTE becomes

gty
Ml T 1) G0 F) - V(o)
ot

smh hwﬂ(r)/2kBT0)

- _Z Lap(@ )smh(hwa(r)/ZkBTo)[ (. 0) =

n;q(To)]-

@

This quasihomogeneous formulation provides the mi-
croscopic starting point for the projected transport theory
developed below. Additional thermodynamic background,
including the local thermal-equilibrium definition of tem-
perature and its relation to the mode-resolved heat capacity
and equilibrium phonon fluctuations, is summarized in
Appendix Al.

2. Relevant and irrelevant variables

We now reformulate the phBTE using the Zwanzig
projection-operator formalism; the projected variables and
associated quantities introduced below are summarized
in Table 1. The central idea is to partition the micro-
scopic degrees of freedom into a reduced set of slowly

evolving relevant variables and a complementary set of
rapidly relaxing irrelevant variables. We take the rele-
vant variable to be the coarse-grained local temperature
field T (7,t), which is directly accessible experimentally
and encodes the conserved energy density. All remaining
phonon degrees of freedom are treated as irrelevant variables
whose influence enters through the constitutive dynamics
of the heat flux. The construction proceeds by expand-
ing the phonon distribution in the orthonormal eigenbasis
of the scattering operator £. The eigenmodes of L are
defined by

cp\12

;Laﬁ(z) =0, (3a)
ZLaﬂvtﬂ = &V, (3b)
ZLaﬂXAﬂ = VaXoa (3c)
B

where C and ¢, denote the total and mode-resolved heat
capacities, respectively (Appendix Al). This spectrum con-
sists of a zero-eigenvalue mode associated with energy
conservation, together with a hierarchy of relaxing modes.
The parity classification follows from inversion symme-
try of the scattering operator, Lyg = Lz with @ = (—¢, D),
which ensures that the eigenvectors can be chosen with
definite parity under § <> —§. We therefore separate the re-
laxing modes into even-parity modes {v,} and odd-parity
modes {x,}.

The zero-eigenvalue mode corresponds to the conserved
temperature field, while the even- and odd-parity modes relax
on time scales set by ¢! and y/\_l. The associated projected
variables are defined as

. 1
TG =T+ 5 Xa“ [ne — n¢9)hioy, (4a)

ha e
O,(F, 1) = E 2smh<2kBTo>[n —nve,  (4b)
E 2 sinh fi
77A(r t)_ Sln ( k T

B10

)[na =1 Xow-  (40)

Equation (4a) is consistent with the local thermal-equilibrium
construction summarized in Appendix Al.
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The odd-parity variables 1, represent flux-carrying modes
and reconstruct the heat flux as

o 1 o
j@E 1) = V;Am (7, 1), )

with coupling vectors

K _ Z X,\aha)aﬁa
4T L D sinh(Tiwy [2ks Ty) |

o

(6)

In contrast, the even-parity variables 6, carry no net en-
ergy flux and instead describe g-symmetric distortions of the
phonon distribution. These modes encode deviations from
local equilibrium that persist even when T'(¥,t) — Ty, and
therefore represent intrinsically nonlocal degrees of freedom.

3. Memory and nonlocality

Expressed in terms of the projected variables, the dynamics
become

CHT =~ Au-Vm, (7a)
A
| R N
O + Vo = Tl Ay - VT — ZHM - V6,, (7b)
BLg .
8,6, + 6, =~ T V. (7¢)
A

These equations provide a transparent decomposition of heat
conduction into conserved, current-carrying, and nonlocal de-
grees of freedom. Temporal memory arises from the finite
relaxation times y[l and ¢!, while spatial nonlocality orig-
inates from the coupling between flux modes and nonlocal

modes through

ﬁkt = Z XoraVia Vo ()

o

This structure makes explicit that non-Fourier behavior is
not imposed phenomenologically but emerges from the cou-
pled dynamics of conserved energy, current-carrying modes,
and nonlocal distribution distortions. It also provides the
microscopic basis for the spatiotemporal kernel formulation
developed in Sec. III, in which the irrelevant variables are
formally eliminated to yield a constitutive relation with in-
trinsic memory and nonlocality. The corresponding causal
integral solutions, their inhomogeneous generalization, and
the resulting hierarchy of memory- and nonlocality-induced
corrections are developed in Appendix A2a—A2c. For conve-
nience, Table I summarizes the projected variables, coupling
quantities, and associated time scales introduced in this
subsection.

Although formally equivalent to the conventional phBTE,
the Zwanzig projection-operator formalism provides a fun-
damentally different organization that makes the transport
structure explicit. This structure enables systematic model
reduction: modes whose relaxation times are short compared
with the time scale of interest may be eliminated as instan-
taneous responses, while modes whose nonlocal coupling
lengths are short compared with the spatial resolution yield
local approximations.

B. Reduced constitutive models

The utility of the Zwanzig-projected formulation lies not
only in its formal rigor, but also in its ability to organize
transport behavior into a hierarchy of reduced descriptions
governed by scale separation. Rather than introducing sep-
arate constitutive models for different regimes, the present
framework identifies them as controlled limits of a single
underlying constitutive structure. The eigenvalue hierarchy
and parity-based classification established in Sec. II A provide
a principled basis for deriving reduced constitutive relations
adapted to different transport regimes. Exploiting this struc-
ture, we identify four asymptotic limits of phonon-mediated
heat conduction. Before deriving each regime in detail, we
preview the overall classification in Fig. 1; each region is
developed in the subsections that follow. These limits are
not intended to exhaust all possible transport behaviors, nor
are they sharply exclusive. Rather, they represent physically
transparent and mathematically controlled reductions of the
underlying microscopic theory, in which selected dynamical
processes remain leading while others become parametrically
subleading. Technical details of the corresponding reductions
are developed in Appendix A.

The first two regimes arise when temporal memory and
spatial nonlocality can be asymptotically separated. When
spatial nonlocality is negligible but temporal memory remains
significant, the transport reduces to the local-transient (LT)
regime (Sec. IIB1), which is local in space but nonlocal in
time. Conversely, when the evolution is slow compared with
the intrinsic relaxation times while spatial correlations remain
important, temporal memory may be averaged out, yielding
the Zwanzig-diffusion (ZD) regime (Sec. I1 B2), which is qua-
sisteady in time but nonlocal in space.

When both temporal memory and spatial nonlocality re-
main asymptotically leading, transport cannot be reduced by
eliminating either effect alone. In this regime, different struc-
tured limits arise depending on how the underlying modes
are organized. In the phonon-hydrodynamic (PH) regime
(Sec. II B3), transport is governed by a small set of long-lived
collective heat-flux modes selected by symmetry and con-
servation laws, while the remaining modes relax rapidly and
can be systematically eliminated. In the attenuated-streaming
(AS) regime (Sec. I B4), the dynamics are dominated by
effectively paired odd- and even-parity modes, yielding a
constitutive form that retains finite propagation along with
temporal attenuation. Between these limits, a mixed regime
can arise in which a subset of collective modes coexists with
streaming contributions, reflecting incomplete separation of
scales (Sec. ITBS).

We emphasize that temporal memory and spatial non-
locality generically coexist in the full constitutive kernel;
the limits introduced below separate or reorganize these
effects analytically to isolate the dominant physics at differ-
ent scales. Taken together, these regimes organize a broad
range of non-Fourier phenomena within a unified asymptotic
hierarchy.

1. Local-transient regime

We first consider the regime in which the coupling between
flux modes and nonlocal modes is negligible, I w(P) — 0, s0
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FIG. 1. Classification of heat conduction regimes by temporal memory (Tp.x /fobs, Vertical axis) and spatial nonlocality (€., /L, horizontal
axis), where 7,,,, and £,,,x denote the longest phonon relaxation time and MFP, while #,,s and L are the experimental time and length scales.
When both ratios are small, Fourier’s law applies (lower left). When both effects are comparable, the full spatiotemporal kernel is required,
encompassing local-transient (LT), Zwanzig-diffusion (ZD), phonon-hydrodynamic (PH), attenuated-streaming (AS), and hybrid collective—
streaming (HCS) regimes. Dashed lines labeled | dR and J dt’ indicate the reductions connecting the full kernel to the LT and ZD limits,
respectively; their combined application recovers the Fourier conductivity k = [ dt’ [ dR Z.

that spatial nonlocality is suppressed while temporal memory
remains essential. In this flux—nonlocal decoupled limit, the
dynamics of the irrelevant variables reduce to

(7, t)
ot

1.
+ A F 1) % ——s Au(F) - VT (7, 1),

ke Ty

(9a)

0,(F, 1) ~ 0. (9b)

The nonlocal-mode variables therefore do not contribute at
leading order, and heat transport is governed entirely by local
relaxation of the flux modes in response to the local tempera-
ture gradient.

Our previous work [42] analyzed this limit for an infinite
homogeneous phonon gas. Extending that construction to fi-
nite and spatially inhomogeneous systems within a locally
quasihomogeneous approximation, we define the mode-
resolved heat flux f,\(7, 1) =V IAF) N, (7,t) and the cor-
GV NG
VisTgy,(F)
The constitutive relations in the local-transient regime then
take the form

responding mode conductivity tensor W) =

Mo

JE D= jhFEn),

r=1

(I +y (B jaF, 1) = — K 5(F) - VT (7, 1). (10b)

(10a)

Here, {% (), .(F)} are the mode-resolved conductivity
tensors and relaxation rates, and Mg is the number of odd-
parity flux modes.

In practice, flux modes with comparable relaxation rates
may be grouped into a smaller number of effective modes.
This controlled coarse-graining preserves the dominant mem-
ory structure while simplifying the constitutive description.
The MCYV equation corresponds to the limiting case in which
all flux modes are represented by a single effective relax-
ation time. Equations (10) admit an equivalent causal kernel
representation,

- * <~
J# 1) = —[ dt" Z x(F,t") - VT (F,t —1"), (11
0

where causality is enforced by the lower limit of integration.
The local-transient kernel is
Mo
ZuEn=Y pn@®e ™ ®,@men). (12
a=1

where ®(¢) is the Heaviside step function enforcing causality.
This is simply an exact rewriting of the mode-resolved consti-
tutive dynamics in kernel form.

The temporal decay of (?LT(?,I) encodes intrin-
sic memory effects associated with ultrafast heat trans-
port and provides a microscopic basis for local non-
Fourier transient behavior, including regimes consistent with
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second-sound-like response [42]. In confined or spatially
varying systems, the position dependence of y;(¥) and
A, (7) induces a corresponding position dependence of the
LT kernel, providing a microscopic route to size- and
geometry-dependent transport beyond bulk Fourier theory.
Its time integral recovers the local conductivity tensor in

the quasihomogeneous limit, fooo dt ?LT(F, H=%F=
Zi@l i (). The corresponding causal integral form of the
projected equations is derived in Appendix A2a.

2. Zwanzig-diffusion regime

We next consider the complementary regime in which tem-
poral memory is negligible at the scale of observation, while
spatial nonlocality remains essential. This corresponds to a
slow-process or quasisteady limit, commonly described as
nonlocal diffusion. To distinguish it from conventional local
diffusion governed by Fourier’s law, we refer to this regime
as Zwanzig diffusion (ZD), a label that emphasizes its origin
in Zwanzig’s projection-operator reduction rather than in phe-
nomenological nonlocal diffusion models.

The ZD regime applies when the characteristic time scale
of temperature evolution is much longer than the relax-
ation times of both the odd-parity flux modes y;l, and the
even-parity nonlocal modes &,!. Under these conditions, the
explicit time dependence of the auxiliary variables may be
neglected to leading order, while the spatial coupling between
flux and nonlocal modes must still be retained. Heat transport
is therefore quasisteady in time but intrinsically nonlocal in
space. In this controlled slow-process limit, Egs. (7b) and (7c)
reduce to a closed equation for the flux-mode amplitudes,

Mo Mg
L@ -VT@+y ' ® )Y Hu@)

M=l =1

G
ks T}

m(F) = —

V[ F) () - Vi ()], (13)

where Mg is the number of even-parity nonlocal modes. This
equation may be solved iteratively as a systematic expansion
in progressively higher-order spatial derivatives of the tem-
perature field; details are given in Appendix A2c. Substituting
Eq. (13) into the flux reconstruction formula (5) and collecting
terms by derivative order yields

o0

jo== 3

ny,na,n3=0

- V(3™ (9,)" ()" T (P)], (14)

N (Fny, na, n3)

n !I’lz!}’l3!

where N = n; +ny + n3. Equation (14), hereafter the
Zwanzig-diffusion equation, provides a systematic nonlo-
cal generalization of Fourier’s law. The zeroth-order tensor
% ©(#0,0,0) recovers the local conductivity, while the
higher-order tensors encode progressively nonlocal correc-
tions arising from coupling between flux modes and nonlocal
modes. All conductivity tensors may be expressed explicitly
in terms of the microscopic quantities y; (¥), &,(7), Z\A(?),
and leM(?), so that the ZD regime provides a constitutive
description of steady or quasisteady nonlocal transport that
remains microscopically anchored and, in principle, directly

computable from first-principles calculations or atomistic
simulations.

The infinite hierarchy in Eq. (14) should be interpreted
as an asymptotic gradient expansion rather than a uniformly
convergent series. It is controlled when the temperature field
varies smoothly over length scales large compared with the
dominant nonlocal coupling lengths; when those scales be-
come comparable, the expansion may converge slowly or fail,
and one must revert to a fuller kernel representation. We note
that the numerical illustrations in Sec. IV evaluate the full
spatiotemporal kernel directly [Eq. (A37)] and therefore do
not rely on convergence of this truncated gradient expansion.

An equivalent and often more compact formulation is ob-
tained by resumming the gradient expansion into a spatial
kernel. The starting point is the Taylor expansion

VT (R)

VT (¥ + §7)
= (Bx) ()R (8z) v

Z nI!nZ!n3!

ny,na,n3=0

[ i AT ()],

(15)

-

where 87 = R — ¥ = (8x, 8y, 8z). Identifying the coefficients
in Eq. (14) with the corresponding spatial moments then
yields

i) = —/Vd31$ Z o R) - VT (R), (16)

< L
where Z yzp(7, R) is the spatial Zwanzig-diffusion kernel.
The generalized conductivity tensors are the spatial moments
of this kernel,

?W)(?;nl,nz,m):[d%f ?ZD@,HW)(ax)"I
A%

x (8y)2(82)". (17

For homogeneous bulk systems, translational invariance re-

duces ?ZD(K ﬁ) to a function of R — 7. More importantly,
without imposing translational invariance, the same consti-
tutive form naturally accommodates finite-size effects and
smoothly varying inhomogeneity. Boundary conditions may
then be imposed directly at the kernel level, which is often
more transparent than working within a truncated gradient
expansion. In general, the ZD kernel does not admit a closed
analytical form; explicit expressions are obtained below for
the phonon-hydrodynamic and attenuated-streaming limits, in
which additional scale separation constrains the mode struc-
ture.

3. Phonon-hydrodynamic regime

A fully general treatment of transient and nonlocal
heat transport is analytically demanding. In the phonon-
hydrodynamic (PH) regime, however, a clear separation of
timescales enables a controlled reduction. When momentum-
conserving scattering dominates over momentum-relaxing
scattering, heat transport is governed by a small number
of long-lived collective excitations, while all remaining mi-
croscopic modes relax rapidly. As shown in Appendix A3,
retaining only the three slow odd-parity heat-flux modes and
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systematically eliminating the fast degrees of freedom yields
a closed anisotropic hydrodynamic constitutive relation. We
note that the same G-K form emerges whenever a small num-
ber of flux modes are well separated in relaxation rate from
the remaining degrees of freedom [33,34]; the label ”phonon
hydrodynamic” is retained to emphasize the physical context
in which this separation is most pronounced (e.g., graphite
and isotopically purified crystals at cryogenic temperatures
[14,18]), not to restrict the equation’s domain of applicability.
In this regime, the heat flux is decomposed into three hy-
drodynamic components fx(?, t), with L = 1, 2, 3, obeying

3

(1+ V[lar)j')\ — v A, Z[BA Z Wty 312fo']

'=1 1,J

=%, VT, (18)

>

where y.! are the relaxation times of the hydrodynamic
modes, «k, are the corresponding conductivity tensors, and
s 1s the heat-flux viscosity tensor generated by coupling
to the eliminated fast modes. Crystal symmetry constrains
Wiy and thereby determines the anisotropic structure of the
hydrodynamic response.

In the isotropic limit, Eq. (18) reduces to the G-K equation,

(1473 —t(mV*+r2aVV-))j =~k VT,  (19)

thereby recovering its familiar form from a microscopic
projection-based construction, without introducing a drift ve-
locity field. Equivalent microscopic parameter expressions
for the G—K equation have been obtained from moment-
expansion approaches to the phBTE [32-34]; the present
derivation embeds this equation within a unified kernel frame-
work that simultaneously yields its spatiotemporal kernel
form and its connections to other transport regimes. This
three-mode truncation is exact in the sense that no further
slow modes contribute when the timescale separation is sharp.
However, in materials with a broad distribution of phonon
MFP, higher-order modes decay on comparable time scales
and the G-K reduction becomes insufficient; the full kernel
then captures transport features that no finite-order gradient
expansion can represent. This limitation motivates the full
spatiotemporal kernel developed in Sec. III. The detailed
hydrodynamic reduction and the symmetry structure of the
associated nonlocal operator are given in Appendix A3.
Since only V-J enters the energy conservation law, one
may restrict attention to curl-free heat fluxes. In that case,

(A+td —tuVHj=—ko VT, = +p. (20

This equation admits an equivalent spatiotemporal kernel rep-
resentation (derived in Appendix A3),

H —f dt//d31? T ou R -NT@R 1 —1'),
0
2D
with

Ton='0 " R ow). @2
= — €X — ¢ .
P G P\ T T

This kernel makes explicit the coexistence of exponential
temporal memory and diffusive spatial spreading in the hydro-
dynamic regime. The PH kernel connects naturally to simpler
limits. Spatial integration yields the local-transient kernel,

Zirpu(t) = “‘T—Oe—f/f, (23)

which recovers the MCV form. Conversely, time integration
yields the spatial diffusion kernel,

—IR-F|/¢

L = Ko €

Zppu(F,R) = —— ———, L= /T, 24
zp-p (7, R) e R_7 H (24)

corresponding to a Yukawa-type nonlocal diffusion law. Thus,

both local transient transport and steady nonlocal diffusion

appear as controlled reductions of the hydrodynamic kernel.

4. Attenuated-streaming regime

When the collective coupling is weak, heat transport is
dominated by finite-speed propagation between scattering
events rather than collective diffusion. In this limit, thermal
disturbances propagate approximately ballistically along char-
acteristic directions, while dissipation enters through temporal
attenuation. This is closely related to the commonly discussed
quasiballistic regime; we use the term attenuated streaming
(AS) to emphasize the coexistence of directional propagation
and exponential decay.

A controlled reduction is obtained by retaining only mode-
diagonal couplings between each odd-parity flux mode and
its associated even-parity partner (Appendix A4). This paired
structure captures the leading interplay between directional
transport and temporal memory while neglecting higher-order
intermode mixing. The resulting constitutive relation for each
modal heat flux fA takes the factorized form

U404 +0 - VYA +18 -0, -V) ]
=— % V(T +1,0,T), (25)

where 1, is the relaxation time and 7 5 defines the characteris-
tic streaming length and direction.

The factorized structure admits an immediate interpreta-
tion in terms of first-order attenuated-streaming operators 1 +
7,9, = 75 - V, which describe propagation along straight-line
characteristics with finite velocity and exponential temporal
decay. For a homogeneous medium, the AS regime is equiva-
lently represented by the spatiotemporal kernel,

<>
Z aser =3 %e*f/n (6367 — Tt /1)
2 A

+ DS + Lot /1)100), (26)

which makes explicit the coexistence of finite-speed propaga-
tion and temporal attenuation.

In the local limit, spatial integration recovers a purely
temporal memory kernel. In the steady limit, time integration
yields a spatially nonlocal diffusion kernel describing expo-
nentially attenuated transport along the streaming direction.
As shown in Appendix A4, the attenuated-streaming regime
contains the RTA as a limiting case, in which each phonon
mode propagates ballistically with its group velocity between
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scattering events. The AS formulation therefore provides a
constitutive bridge between microscopic streaming dynamics
and continuum nonlocal transport models in the quasiballistic
regime. The relation of this kernel-based formulation to the
analytical Green-function solution of Hua and Minnich [37]
is discussed in Appendix A4b.

5. Hybrid collective-streaming regime

Between the phonon-hydrodynamic and attenuated-
streaming limits lies an intermediate regime in which only
a subset of modes exhibits collective behavior, while the
remainder contribute through quasiballistic streaming. This
situation is generic in materials with broad distributions
of relaxation times and MFPs, where complete timescale
separation does not hold.

To capture this structure, we partition the projected vari-
ables into a slow collective subset S and a complementary fast
subset F. Within the slow subset, the full odd—even coupling
is retained, yielding a reduced hydrodynamic description. The
remaining modes are treated in the paired-coupling approx-
imation introduced in Sec. IIB4. Cross couplings between
the two sectors are subleading and neglected at leading or-
der. Under this reduction, the total heat flux decomposes as
f — j(s) + j(F)_

The collective component obeys a reduced hydrodynamic
equation,

(1+199 — D) = . vr,  (@27)

obtained by retaining full odd—even coupling within the slow
block and eliminating the corresponding even-parity modes to
leading order (Appendix AS).

The fast component is expressed as a superposition of
attenuated-streaming channels,

7= "Gar + 5o, (28)
LEF

with the directional contributions satisfying

(I+0d +0 - V)jy =—3%, VT, (29a)
(I+0d 0 - V)j-=—-1%, VI (29b)
This  decomposition separates collective  diffusive—

hydrodynamic transport at long wavelengths from directional
streaming at shorter scales. It reduces to the PH limit when
the collective subset dominates and to the AS limit when
collective coupling becomes negligible. The corresponding
spatiotemporal kernel representation is given in Appendix AS.

II1. UNIFIED SPATIOTEMPORAL FRAMEWORK
FOR HEAT CONDUCTION

Section II established two central points. First, temporal
memory and spatial nonlocality arise microscopically from
the dynamics of energy transport, while familiar bulk trans-
port coefficients emerge only after coarse graining over time
and length scales large compared with the intrinsic relaxation
times and nonlocal correlation lengths. Second, these effects
need not be introduced through ad hoc relaxation times or
nonlocal lengths: within linear response, they are naturally

encoded in a single spatiotemporal constitutive kernel. Moti-
vated by these observations, we formulate heat conduction in a
general material medium, crystalline, amorphous, composite,
or spatially heterogeneous, in terms of the causal two-point
kernel 7(7‘, ﬁ,t > 0) introduced below in Eq. (30). This
viewpoint is not restricted to a phonon-gas description. In
Sec. III B, we show that ? admits a rigorous microscopic
definition as a space-projected equilibrium heat-flux time-
correlation function within a spatiotemporal Green—Kubo
framework, thereby identifying the kernel as a primary trans-
port descriptor for nonuniform media under linear response,
provided that an operational temperature field remains well
defined at the coarse-graining scale probed by the kernel.
Like any formally exact constitutive object, the kernel

(Z admits a hierarchy of controlled approximations, each
producing a well-defined kernel whose asymptotic reduc-
tions, constitutive relations, and transport predictions follow
from the same architecture. The RTA provides a complete,
analytically tractable realization computable from standard
first-principles phonon properties, capturing the full inter-
play of temporal memory and spatial nonlocality through
the modal distribution of lifetimes and MFPs. Hydrodynamic
truncations retain a small number of collective modes and are
appropriate when those modes dominate transport. For mate-
rials in which intermode coupling is significant, incorporation
of the off-diagonal mode-coupling tensors I1;, recovers inter-
mode correlations within the same formalism. Conventional
transport parameters such as thermal conductivity and interfa-
cial resistance arise as limiting projections of the kernel, while
deviations from those limits encode the memory and nonlocal
effects that become directly testable in ultrafast and nanoscale
experiments.

A. Unified kernel-based constitutive framework

We first define the causal two-point kernel and its associ-
ated evolution equation for general media (Sec. I[II A1), then
extend the framework to sharp material interfaces through a
generalized Kapitza model (Sec. 111 A2).

1. A causal two-point kernel

We write the unified constitutive relation as
o0
2o ’ 35 < > B L 3 /
j# 1) = —/ dt / d°R 7 (#,R,t")-VT(R,t — "),
0 \%
(30)

which is nonlocal in both space and time and, in general,
inhomogeneous through its two spatial arguments. Causal-
ity is enforced by restricting the memory integral to ¢ >
0. Combining Eq. (30) with the local energy conservation
law, p(F)c(7) o, T (F,t) + V-f(?, t) = Q(¥, 1), yields a closed
integro-differential evolution equation for the temperature
field,

e -
8,T(7,t)—/ dt’/ d’RV
0 \%
<> -
Z (F,R, 1)
p(F)c(7)

1 o
-VT(R,t — = ——, 31
(R.1 ”} pee OV
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where Q(7,t) is an externally imposed volumetric heating

rate, set to zero when absent. Thus, Z encodes tempo-
ral memory, spatial correlations, and material inhomogeneity
within a single constitutive operator, while external forcing
enters only through the conservation law.

Equation (30) presupposes a meaningful temperature field
T (7,t) at the spatial resolution probed by the kernel. Within
the projection-operator construction of Sec. II, T'(#, t) is the
relevant variable proportional to the coarse-grained local en-
ergy density and remains well defined so long as projection
onto this field is well posed. This requirement is weaker
than strict local thermodynamic equilibrium, but it excludes
the strictly collisionless limit, in which a scalar temperature
ceases to be an adequate descriptor and a phase-space descrip-
tion becomes necessary.

The two-point structure in Eq. (30) naturally accom-
modates smoothly varying inhomogeneity, such as graded
composition or distributed disorder, as well as finite-size ef-
fects within a single constitutive framework. Abrupt interfaces
are qualitatively different: the energy-carrying states on ei-
ther side of a sharp boundary need not share a common
mode basis, and interfacial transmission and reflection cannot,
in general, be captured by a local modification of the bulk
kernel. Instead, the interface is represented by a spatially
localized coupling that connects the bulk responses on either
side, giving rise to an effective interfacial kernel that encodes
mode conversion, transmission, and reflection, as developed
in Sec. IIT A2.

It is worth distinguishing Eq. (30) from source-driven
Green-function solutions of the phBTE [37,39,48], in which
one solves the linearized kinetic equation for a prescribed
heating distribution and obtains the temperature response.
Such Green functions are solution-level objects tied to a par-
ticular closure and geometry. The present formalism instead

emphasizes the constitutive-level kernel 7Z , which specifies
the intrinsic causal flux-force relation independent of the ex-

ternal heating history. Once (Z) is known, the corresponding
temperature Green function follows by operator inversion; for
a homogeneous medium, GT(%, w) = [iw pc + k- 7(12, w)-
k1!, where k and o are the spatial wave vector and temporal
frequency, respectively. By making the separation between
intrinsic material response and source-dependent contribu-
tions explicit, the kernel formulation provides a transferable
descriptor that couples naturally to continuum solvers and
admits systematic extension to heterogeneous media.

2. Generalized Kapitza interface model

The two-point kernel formalism is naturally suited to heat
conduction in nonuniform media, where spatial heterogeneity
and nonlocal correlations play an essential role. As a first
example, we consider transport across a material interface.
Thermal boundary resistance has been extensively studied
since Kapitza’s original observation at solid—helium interfaces
[49], with acoustic and diffuse mismatch models providing
the standard theoretical framework for solid—solid interfaces
[50]; Chen et al. [51] provide a comprehensive recent review.
Non-Markovian memory effects in interfacial heat exchange
have been captured through a generalized Langevin equation

approach [43], though within a spatially lumped description.
Within the present framework, interfacial resistance is not
introduced as an external boundary condition, but arises from
the spatial structure of the kernel itself. In the long-wavelength
limit, this response can be coarse-grained into an effective
lumped resistance. More generally, when the interface has fi-
nite spatial extent or when nonlocal correlations extend across
it, the response retains spatial structure that cannot be reduced
to a single scalar Rg.

To make this connection explicit, consider steady one-
dimensional transport across an interface at x =0, with
semi-infinite material A of bulk conductivity x4 in x < 0 and
semi-infinite material B of bulk conductivity kg in x > 0. In
the steady limit, the full spatiotemporal kernel reduces to the
Zwanzig-diffusion kernel Z(x, X ). For a constant heat flux jy,
we write the steady-state temperature gradient as

dT(x)
dx
where s(x) is a localized boundary-layer correction satisfying
s(x) = 0 as |x| = oo. Using the steady constitutive rela-
tion, jo = — ffooo dX Z(x,X) %, one obtains the integral
equation

=—0(-nL —emL - jskx). ()
KA Kp

0o 0
f dX Z(x,X)s(X) =1 —i/ dX Z(x, X)
—00 KA J_—c0

dX Z(x,X). (33)

KB Jo

Once the Zwanzig-diffusion kernel in the interfacial region

is specified, Egs. (32) and (33) determine the steady temper-

ature profile 7g;(x). Within this description, the temperature

field remains continuous; the commonly defined temperature

jump is therefore not a literal discontinuity, but a reduced

quantity associated with the interfacial boundary layer. A
coordinate-independent definition is

ATk
Jo

where ATk is the apparent temperature jump across the inter-
face, which measures the excess temperature drop relative to
the extrapolated bulk linear profiles. In this sense, the conven-
tional Kapitza resistance is reinterpreted as a coarse-grained
descriptor of the underlying interfacial response encoded in
the kernel.

The central difficulty is the construction of a physically
meaningful interfacial kernel Z(x, X). Here, we adopt a finite-
rank separable model,

ZZD()C,X) =Z0(X,X)+Z1(X,X), (35)

+00
Ry = / s(x)dx, (34)

o0

where the block-diagonal reference kernel is

Zo(x, X) = O(—x)O(—X) ~A g~ =/t
24

T O()OX) =B g~ K—xl/ts, (36)
25

with €4 p the characteristic nonlocal lengths of materials A
and B, and the interfacial contribution is taken as Z;(x, X) =
D cla.B) Wm (%) Cpr wyy (X),with localized basis functions

wa(x) = O(—x)e*/é and wp(x) = O(x)e™/¢. Here, & sets the
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TABLE II. Parameters used in the finite-rank interfacial kernel
model for the results shown in Figs. 2 and 3. The parameters k4 p
and £, g define the bulk nonlocal kernels in each medium, £ sets the
interfacial width, and C,,,y controls the strength of intra- and cross-
interface coupling.

Parameter Value

KA 130Wm ' K
Kp 60Wm K
N 65 nm

Ly 25 nm

& 1.7 nm

Cun —0.537 nm?> K/W
CBB —0.498 IlIIl2 K/W
CAB = CBA 0.107 IlI'Il2 K/W
jo 832GWm
Rx 3.25 nm>K/W

interfacial width and C,,,y controls the strength of intra- and
cross-interface coupling.

The present construction is not intended as a quantitative
interface model, but as a demonstration of how interfacial
resistance emerges structurally within the kernel formalism.
In particular, the separable form provides a minimal repre-
sentation of cross-interface correlations and their influence on
transport, rather than a unique or material-specific description.

Far from the interface, Z; — 0, implying s(x) — 0 and
recovery of the bulk gradients dT/dx = —jo/«kap. Near
x = 0, however, the gradient is modified over a boundary layer
set by the spatial extent of Zzp(x, X). The parameters used
in constructing the model kernel and temperature profile in
Figs. 2 and 3 are summarized in Table II; the effective Kapitza
resistance Rk is obtained from the steady-state profile via
Egs. (32) and (34). The parameters are chosen to illustrate
the structural interpretation by which Kapitza resistance arises
within the kernel framework, rather than to represent a specific
material interface.

Within this picture, interfacial resistance can be under-
stood as arising from a redistribution of spatial correlations.
The bare kernel Z; [Fig. 2(a)] confines transport within
each medium, with the characteristic nonlocal lengths €4 p
setting the spatial extent. The interfacial contribution Z;
[Fig. 2(b)] introduces cross-interface correlations while re-
ducing same-side contributions, reflecting transmission and
reflection processes at the boundary in an averaged sense. The
resulting dressed kernel [Fig. 2(c)] retains bulk behavior far
from the interface while exhibiting significant modification
within a boundary layer of width ~&.

The boundary-layer correction s(x), shown in Fig. 3(a), is
localized near the interface where the kernel redistribution is
strongest; its integral directly yields Rx [Eq. (34)]. The cor-
responding steady-state temperature profile [Fig. 3(b)] shows
that the apparent temperature jump arises from a localized
distortion of the gradient rather than a discontinuity in 7'(x),
consistent with Eq. (32). These results illustrate how interfa-
cial thermal resistance can be interpreted as a consequence of
the spatial structure of the kernel, providing a bridge between
nonlocal constitutive descriptions and conventional boundary
resistance models.

(a) Bare kernel 7,

 E— T T T T T T

1.2 f €= 17nm
[ a="200 — =10

2= ~100 =100

=10 =200 .

1.0 f
0.8 ]
0.6 ]
0.4 ]

0.2 F ]

ZU(LIIZ', X) [GW I‘I‘l‘2 K‘l]

0.0

1 1 1 1 1

—-400 —-200 0 200 400
X [nm]

(b) Interface kernel Z; =7 — 2,

T T T T T T T T T T T T T
.
7
C\‘l
£ ]
=
5 E
Q : -
—= —0.4¢ z_it)ﬂnnm 2i=10 ]
N [ ;=100 ;=100
—0.5: z'.: 10 J[7.:200 1 1 1 .
-400 -200 0 200 400
X [nm]
(c) Kernel
1.2 i I 5:1.7nml I | I ]
—_ [ 2;=-200 ——ug;=10
Y 1.0 ;_i:;iiﬁ(’ =z 20 .
¢ i ]
g 0.8:
= L ]
9 0.6:
—~ 04f 7
< i
g o2} ]
N :
0.0 - . . . .
-400 -200 0 200 400
X [nm]

FIG. 2. Kernel decomposition for a model 1D interface. (a) Bare
block-diagonal kernel Zy(x;, X) for representative source points x;
in materials A (x; < 0, blue) and B (x; > 0, red), showing exponen-
tial nonlocal spreading within each medium and no cross-interface
coupling. (b) Interfacial kernel Z;(x;, X) = Z — Zy, which is spa-
tially localized near x = 0 and introduces cross-interface correlations
with opposite-signed contributions on either side of the interface.
(c) Full dressed kernel Z(x;, X ) = Zy + Z,, exhibiting redistribution
of weight near the interface while preserving bulk behavior far from
x=0.

B. Microscopic foundation

The continuum kernel introduced above admits a rigorous
microscopic definition. We first establish a spatiotempo-
ral Green—Kubo relation that identifies the kernel as a
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(a) Localized boundary-layer correction

12 [ T 1 T 1 T

M i

E £=1.7nm
—s4(z) ]

% — sp(z)

B

= .

—-400 -200 0 200 400

z [nm]

(b) Temperature profile (j, =8.3 GW/m?)

T(z) [K]

[roes Rg=0
[ = ¢=1.7 nm, Ry =3.25 nm? K/W
L i

-40 -20 0 20 40
z [nm]

-15

FIG. 3. Boundary-layer structure and steady-state temperature
profile for the model 1D interface of Fig. 2. (a) Boundary-layer
correction s(x) [Eq. (32)], whose integral gives the effective Kapitza
resistance Ry = f s(x)dx [Eq. (34)]. The localized peak near
x = 0 reflects the interfacial distortion of the temperature gradient.
(b) Steady-state temperature profile 7;,(x) under constant heat flux
Jjo = 8.32 GW/m?2. The dotted line shows the no-interface (Rx = 0)
reference, while the solid curve corresponds to the dressed kernel
with finite interfacial width & = 1.7 nm, yielding an effective Kapitza
resistance Ry = 3.25 nm?> K/W.

space-resolved heat-flux correlation function (Sec. IIIB1),
then introduce the bond-centered energy-flux operator needed
to evaluate that correlation from atomistic trajectories
(Sec. I B2).

1. Spatiotemporal Green—Kubo relation

Within linear response, irreversible transport is determined
by equilibrium fluctuations: microscopic current correlations
define macroscopic kinetic coefficients through Green—Kubo
relations. For heat conduction in a macroscopically ho-
mogeneous medium, the conventional Green—Kubo formula
expresses the bulk thermal conductivity tensor as the time
integral of the autocorrelation of the system heat current, or
equivalently the spatially averaged heat flux. This bulk ex-
pression is therefore already a coarse-grained object, obtained
by integrating out spatial structure and retaining only the
long-wavelength (k— 0) response. To emphasize this point
in notation consistent with the present framework, we write

the local-transient bulk kernel as ?E”le )= k;/—Tnz (fbulk H®

Joutk(0))eq, Where Jourc(r) =V [y, &7 j(7,1) and J(1) =
Jy @°F j(F, 1) = V jouk(t). Time integration of the L-T bulk
kernel recovers the bulk conductivity tensor % .

The equilibrium ensemble, however, already contains the
full spatial structure through the fluctuating microscopic
energy-flux density j(7,¢). Retaining that resolution leads to
a spatiotemporal Green—Kubo relation,

<> — - - =
Z (F,R, 1) = ,Q;—Toz(j(f,t)®j(R, 0))eq, & >0), (37

which we take as the fundamental constitutive descriptor of
heat conduction under linear response. Equation (37) gener-
alizes the conventional Green—Kubo construction structurally
rather than procedurally: The usual bulk coefficient is recov-
ered only after integrating the kernel over space and time.
In particular, inserting J@t) = f d3r f(?, t) shows directly that
the standard bulk Green—Kubo relation follows from integrat-
ing Eq. (37) over both spatial arguments.

Crucially, Eq. (37) is formulated directly in terms of
microscopic energy-flux operators and does not rely on a
quasiparticle or phonon-gas representation. It is therefore ap-
plicable, in principle, to crystalline, amorphous, composite,
and spatially heterogeneous systems, provided that (i) a tem-
perature field is operationally well defined at the kernel’s
coarse-graining scale and (ii) the dynamics can be linearized
about global equilibrium. Within linear response, Eq. (37)
defines the kernel uniquely: for a given Hamiltonian and ref-
erence equilibrium state, the two-point heat-flux correlation
function is fully determined, with no residual closure ambigu-
ity. A rigorous derivation of Eq. (37) from a time-dependent
projection formalism assuming local thermal equilibrium and
linear response is given in Appendix C. The projection-
operator construction underlying the spatiotemporal kernel
was originally developed by Robertson [52,53] using a gen-
eralized canonical density operator; the present work recasts
that formalism into an explicit constitutive kernel suitable for
continuum coupling in nonuniform media.

In practice, evaluating Eq. (37) extends standard Green—
Kubo calculations by requiring two-point correlations,
(7(7, H® ]’(ﬁ, 0))eq, rather than only the autocorrelation of
the spatially averaged current. For homogeneous crystals,
translational invariance reduces the kernel to a function of
R — 7, enabling efficient reciprocal-space representations. For
heterogeneous or finite systems, coarse graining, symmetry
reduction, and low-rank or basis-function representations pro-
vide practical routes to tractability.

2. Spatially resolved local conductive energy-flux operator

To evaluate the space-projected correlations entering
Eq. (37), one requires a microscopic energy-flux field re-
solved in real space. A convenient construction is provided
by the local energy-flux operator introduced by Hardy [54],
which yields a conserved energy current consistent with the
microscopic continuity equation. As shown in Appendix C2,
Hardy’s formulation leads naturally to a bond-centered repre-
sentation of the conductive heat flux,

J#) == Ry v;w R R)), (38)

i
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2

with  W; = 3(E;+E})) and E;=%[£, V], and
w( R, R)) = [y d& AF—[(1— ©)R, +ER;]))  (spatial
projection function). Because the localization function is
normalized, spatial integration recovers the conventional
bulk current. Equation (38) therefore provides a direct
route from atomistic trajectories to the two-point kernel in
Eq. (37), without invoking phonon modes, group velocities,
or scattering models, and is consequently well suited to
nonuniform media.

An instructive limiting case is a disordered harmonic
lattice. In the appropriate diffusive or coarse-grained limit,
the kernel constructed from Eq. (38) reduces to a real-
space representation of Allen—Feldman-type transport [44],
in which energy transfer is governed by products of lo-
cal heat-current matrix elements between nearly degenerate
vibrational modes. The conventional Allen—Feldman conduc-
tivity is recovered only after spatial integration, whereas the
present formulation retains the spatial structure of the underly-
ing mode-coupling process. A detailed derivation is provided
in Appendix C4.

In practice, the kernel is computationally realizable
through controlled approximations at different levels of
description. At the atomistic level, first-principles phonon
properties provide mode-resolved lifetimes and velocities
that define the kernel within the relaxation-time approxima-
tion as a superposition of exponentially attenuated streaming
processes (Sec. IV). At larger scales, experimentally ac-
cessible observables, such as TTG Fourier components or
time-domain thermoreflectance temporal response functions,
constrain projected forms of the same kernel. The kernel
framework therefore provides a unifying structure linking
atomistic simulations and continuum descriptions, without
introducing phenomenological boundary conditions.

IV. NUMERICAL ILLUSTRATION: KERNEL-BASED
TRANSPORT IN BULK SILICON AT 300 K

To illustrate the physical content of the kernel and validate
internal consistency, we construct the spatiotemporal kernel
for bulk crystalline silicon at 300 K within the RTA and apply
it to TTG configurations spanning diffusive and quasiballistic
regimes. As noted in Sec. III, the RTA provides a complete
realization of the formalism in which all kernel limits are
available in closed form [Eqgs. (A31) and (A37)], enabling
efficient continuum simulations without invoking frequency-
domain Green’s functions [37] or Monte Carlo solutions of
the phBTE [55]. We first analyze the kernel structure and then
compute TTG responses across diffusive and quasiballistic
regimes.

A. Spatiotemporal kernels in the RTA limit

We begin with the RTA kernel constructed from first-
principles phonon properties on a 41 x 41 x 41 Brillouin-
zone mesh (details in Ref. [42]). Because t,, controls both the
temporal decay [Eq. (A32)] and the spatial extent via £, =
UeTe [Eq. (A33)], memory and nonlocality are intrinsically
coupled at the modal level. The Zwanzig-diffusion kernel
Zzp xx(x) along [100] extends over a finite range in x, set by
the underlying MFP distribution, which spans several decades

[Fig. 4(a)]; decomposition by projected MFP £, = |vgx T4 |
reveals that different modes dominate different spatial scales,
and the mode-resolved conductivity «, [Fig. 4(b)] confirms
this multiscale character, with long-MFP modes contributing
disproportionately to transport. No single relaxation time or
nonlocal length scale adequately characterizes the response.
Instead, transport is governed by a broad spectrum of phonon
MFP and relaxation times. When the characteristic length
scale becomes comparable to the MFP of long-lived modes,
their directional streaming leads to deviations from local con-
stitutive behavior. In this regime, reduced descriptions based
on single-parameter approximations become insufficient, and
an accurate description requires resolving the underlying dis-
tribution encoded in the kernel.

B. Transient thermal grating (TTG) response

In TTG experiments, a sinusoidal temperature profile
with wave vector g = 2w /L is generated [2,4]. Because
the perturbation is single-mode in space, the response de-
pends on Z(g, w) [Eq. (A37)], providing a direct probe of
scale-dependent transport. The grating amplitude decays from
diffusive to deep quasiballistic behavior as L decreases from
50 um to 10 nm (Fig. 5). At large L, all models collapse to
Fourier behavior; as L decreases toward the dominant MFP
range, the full kernel and ZD predictions deviate from Fourier
theory because of spatial nonlocality, while the LT model
overestimates decay rates by neglecting spatial structure.

In the submicron regime, the hierarchy becomes clear.
The LT model predicts pronounced oscillatory, second-sound-
like behavior arising from temporal memory alone. However,
these oscillations are strongly suppressed in the full kernel
once spatial nonlocality is included: at L = 100 nm, the peak-
to-trough oscillation amplitude in the LT model exceeds 50%
of the initial signal, whereas the full kernel suppresses this to
below 5%, a tenfold reduction attributable to spatial dephasing
among modes with different MFPs. The ZD model, which
retains spatial nonlocality, accurately captures the decay en-
velope except at very short times. Thus, spatial nonlocality
governs the dominant departure from Fourier transport, while
temporal memory primarily affects early-time dynamics. We
note that a G-K-type (PH) description, which retains a single
relaxation time and a single nonlocal length, would fall be-
tween the Fourier and ZD predictions in this hierarchy. For
Si at 300 K, the broad MFP distribution [Fig. 4(b)] precludes
collapsing the kernel onto a single (z, £) pair; the full kernel or
its ZD reduction is therefore required for quantitative accuracy
across length scales, while a G—K fit would necessarily trade
fidelity at one scale for accuracy at another.

This distinction has broader implications: Second-sound-
like oscillations in 7' (7,¢) do not uniquely imply phonon
hydrodynamics, but rather reflect the interplay between tem-
poral memory and spatial coherence. In the LT limit, all
modes share the same wave vector and interfere constructively
because their spatial structure is projected out. Once spatial
nonlocality is restored, each mode propagates over its own
characteristic mean free path, so modes with widely different
£, accumulate different spatial phases and their contributions
average destructively, giving rise to the tenfold suppression
observed above. Hydrodynamic behavior corresponds to the

235204-12



UNIFIED STATISTICAL THEORY OF HEAT ...

PHYSICAL REVIEW B 113, 235204 (2026)

ZZD (S) (W I‘l’l‘2 K‘l)

1010

10°

108

107

106

10°

104

108

—————
MFP band
== 1nm-10nm
—=10nm-100nm
100 nm-1 pm
1 pm-10 pm
== 10pm-100 pm
- Total

200
s (nm)

300

400

500

10° T T
10—1 .
10—2 .
_:% 10-3 4
=
E 10—4 .
3
©
107" MFP band
1 nm-10nm
; 10nm-100 nm
1076 F. 100 nm-1pm 3
1 pm-10 pm
10 pm-100 pm
10—7 1 1 1 I
100 10! 102 103 104 10°

Sa = ‘Ua:tTa| (nm)

FIG. 4. Spatiotemporal transport characteristics of bulk silicon at 300 K. (a) Zwanzig-diffusion kernel Zp ,(x) along [100], decomposed
into contributions from phonon modes grouped by projected MFP (color-coded from short to long MFP in a cold-to-warm palette). The
finite spatial extent reflects nonlocal transport; f dx Zzp . (x) = kpuk- (b) Mode-resolved thermal conductivity «, versus projected MFP
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special case in which a small number of collective modes
dominate with well-separated timescales, allowing coherent
wave propagation to persist.

These results are consistent with TTG experiments. Ben-
civenga et al. [56] observed clear deviations from Fourier
diffusion in silicon at 300 K without oscillatory signa-
tures, in agreement with the ZD prediction. The measured
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decay time (~36 ps) matches the kernel prediction, indicat-
ing that spatial nonlocality dominates under these conditions.
Hydrodynamic-based analyses that employ an effective non-
local length [35,36] can reproduce these observations at the
level of reduced models; within the present framework, such
a single length parameter corresponds to a coarse-grained
projection of the underlying kernel, which is inherently
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FIG. 6. TTG decay rate I'(g) vs ¢* for bulk silicon at 300 K
(RTA). The dashed line is the Fourier limit ' = abulqu, where
Upuk = Kou/(pc) is the bulk thermal diffusivity. The dark solid
curve is the full spatiotemporal kernel for bulk silicon, and the light
solid curve includes the effect of boundary scattering in a 400-nm
membrane. Open symbols denote experimental data from Johnson
et al. [4] for a free-standing 400-nm Si membrane.

multiscale. Specifically, the ZD kernel [Fig. 4(a)] has signifi-
cant weight extending to ~1 um, with a characteristic spatial
extent of 100—200 nm, consistent with the effective nonlocal
lengths (£ &~ 100-200 nm) fitted independently from TTG and
TDTR experiments [35,36], reinforcing the interpretation of
G-K nonlocal lengths as reduced representations of the full
kernel structure.

The decay rate I'(q) deviates sublinearly from the Fourier
relation T = apykg® (Where oy = kb /(pc) is the bulk
thermal diffusivity) at large g (Fig. 6), reflecting the
suppression of long-MFP modes at short length scales. In-
cluding boundary scattering yields quantitative agreement
with experiment, demonstrating how finite-size effects enter
through selective truncation of long-range correlations. This
boundary-scattering correction is introduced as an external
empirical input rather than derived from the kernel itself;
extending the formalism to incorporate finite-size boundary
effects self-consistently is a natural direction for future work.
The choice between mode-resolved and collective transport
descriptions is geometry dependent. In one-dimensional TTG
configurations, the sinusoidal perturbation resolves individ-
ual MFP contributions without angular averaging, and the
mode-resolved RTA kernel captures this structure quanti-
tatively. Beardo et al. [35] have shown that for two- and
three-dimensional heater geometries on Si at 300 K, angular
and spectral averaging effectively collapses the multiscale
MFP spectrum onto a collective response characterized by
a single nonlocal length (£ ~ 190 nm). Thus, the relative
importance of mode-resolved versus collective descriptions
depends on the measurement geometry, and the kernel for-
malism accommodates both through the choice of diagonal or
off-diagonal mode-coupling structure. In summary, the spa-
tiotemporal kernel naturally captures spatial nonlocality and

temporal memory, while boundary scattering can be incorpo-
rated phenomenologically in the present implementation.

V. CONCLUSIONS AND OUTLOOK

We have formulated heat conductign in terms of a
causal two-point spatiotemporal kernel Z (7, R, ) derived
from the Zwanzig projection-operator formalism and de-
fined microscopically through a spatiotemporal Green—Kubo
relation. Within this framework, Fourier diffusion, the Guyer—
Krumbhansl equation, and quasiballistic transport emerge as
controlled asymptotic limits of a single constitutive ob-
ject, providing a unified description across transport regimes
without invoking separate phenomenological models. This
formulation identifies temporal memory and spatial nonlocal-
ity as complementary manifestations of the same underlying
microscopic dynamics, and provides a systematic basis
for organizing transport behavior beyond local equilibrium
descriptions.

The analysis clarifies the origin of wave-like thermal re-
sponse. In particular, oscillatory features in 7' (7,t) arise
from the interplay of temporal memory and spatial coher-
ence, rather than from hydrodynamic collective behavior
alone. For silicon at 300 K, the broad distribution of
phonon MFP leads to strong spatial dephasing that sup-
presses coherent second-sound-like oscillations, indicating
that hydrodynamic transport represents a special limiting
case rather than a generic consequence of nonlocality. Be-
cause the kernel is defined through equilibrium heat-flux
correlations, the formalism is not restricted to the phonon-
gas picture; for disordered harmonic solids, it recovers a
spatial diffusion kernel consistent with the Allen—Feldman
limit [44].

To illustrate the framework, we constructed the ker-
nel for crystalline silicon at room temperature within the
relaxation-time approximation and applied it to transient ther-
mal grating configurations. Under these conditions, spatial
nonlocality associated with the phonon mean-free-path dis-
tribution provides the dominant contribution to deviations
from Fourier transport, while temporal memory primarily
influences short-time dynamics. The Zwanzig-diffusion re-
duction captures the observed decay behavior and I'(g)
dispersion over a broad range of length scales [4,56], whereas
purely local transient models do not. These results demon-
strate how different transport regimes can be interpreted
within a single constitutive framework, with reduced descrip-
tions arising in a controlled manner from the underlying
kernel.

Several challenges remain for practical implementation.
The present numerical illustration is restricted to crystalline
Si within the RTA, the simplest realization of the formalism.
Among the extensions developed here, the spatiotemporal
Green—Kubo evaluation via equilibrium molecular dynamics
(for disordered or composite systems) and the construction of
first-principles interfacial kernels (for heterogeneous media)
are the most immediate targets for quantitative validation;
both are the subject of ongoing work. Efficient representations
of the kernel, such as low-rank or separable approximations,
will be important for large-scale simulations. The derivation
of consistent boundary conditions for nonlocal constitutive
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relations remains an open problem; while such conditions are
known for reduced models such as the G-K equation [33],
their extension to the full kernel framework is not yet es-
tablished. The present formulation does not include effects
associated with quantum phase coherence, such as phonon
interference at superlattice interfaces.

From an experimental perspective, the kernel can be
viewed as a constitutive response function whose projec-
tions are accessed across different measurement platforms.
Conventional transport coefficients correspond to strongly
coarse-grained limits, while ultrafast and nanoscale measure-
ments probe its temporal and spatial structure more directly.
Because the kernel is defined as a time-correlation function
of equilibrium heat-flux fluctuations, it satisfies the positiv-
ity conditions required for non-negative entropy production,
providing a microscopic basis for thermodynamic consistency
beyond local Fourier transport.

More broadly, this work supports the view that spatiotem-
poral response functions, rather than transport coefficients
alone, provide a natural constitutive description of nonequilib-
rium thermal transport. In this perspective, classical diffusion
emerges as a coarse-grained limit of a more general causal
response that retains memory, nonlocality, and heterogene-
ity. The present formulation establishes a framework for
connecting microscopic dynamics to such generalized con-
stitutive behavior in a systematic and physically transparent
manner.
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APPENDIX A: KINETIC PHONON TRANSPORT THEORY
1. Local thermal equilibrium in a bulk phonon gas

In thermal equilibrium at temperature 7p, the average
occupation number of phonon mode « is given by the Bose—
Einstein distribution,ng (Tp) = W, with 7 being the
reduced Planck constant and kg being the Boltzmann constant.

The corresponding equilibrium energy density is ¢*4(Tp) =
& 2, fiwg ng(Ty). Thermal fluctuations cause the instanta-
neous phonon occupations to deviate from their equilibrium
values. For a bosonic mode «, the equilibrium variance is
07 (To) = ng!(Ty)[ng(To) + 11 = glsinh(52%)] 7%, and these
fluctuations are directly related to the mode-resolved heat
capacity,

) = fio dn(T)|  _ fiwe/2ksTy  \°
@t 0 “ar |, P\ sinh(hw,/2ksTo)
(fiwy )
= o2y (AD)
BLo
C

The volumetric heat capacity is therefore pc = =

% >4 €a(Tp). For small deviations from equilibrium, the local
temperature field 7'(7,1) may be defined by linearizing the
thermodynamic relation between energy density and tempera-
ture about the reference state [Eq. (4a)], showing that the local
temperature deviation is determined by the energy-weighted
deviation of the phonon occupations, normalized by the total
heat capacity.

2. Causal integral solutions and inhomogeneous generalizations

This subsection develops the causal integral solu-
tions and inhomogeneous generalizations of the Zwanzig-
projected phBTE whose coupled differential form is given
in Egs. (7). We consider both homogeneous phonon
gases, in which all microscopic parameters are spatially
uniform, and inhomogeneous media, in which the lo-
cal phonon spectrum and scattering operator vary with
position.

a. Homogeneous phonon gases

To make the causal, memory-dependent structure of the ho-
mogeneous coupled equations [Egs. (7)] explicit, we remove
the homogeneous exponential decay by defining 7, (¥, 1) =
eV, (7, 1) and 6,(F, 1) = €*'6,(7, t). With these definitions,
Egs. (7b)—(7¢c) become

M,
on, (7, t) ent 5.
= — Ay - VTF 1) — e Tl
o PR (F, 1) —e ;e Py
VO, (7, 1),

= o Mo
30,(7, 1) PR S .
SACLAS M, - Vi (7, 1). A2a

o e ;e a - Vi 1) (A2a)

Assuming stability as t — —o0, these equations admit causal
convolution solutions. Restoring the original variables gives
—nho

5 M- VT (7t —1)

kT

oo
w0 =~ [
0
0 Mg
- / dn e S T, - VOF L — 1), (A3
0 =1

o0 Mo
0,7, 1) = —/ dty e~ Z M, - Viu(7,t —11). (A3b)
0

A=l
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Equations (A3) summarize the central structure of the
Zwanzig-projected phBTE: The temperature is the sole
independent macroscopic transport variable, while all auxil-
iary fields respond through time-retarded couplings. Spatial
nonlocality enters through the recursive gradient couplings
between 7, and 6,. Eliminating 6, by substituting Eq. (A3b)
into Eq. (A3a) yields a closed equation for the flux-mode
amplitudes,

—vih

o0
Fot)=— dt Ay -VTF,t—t
m(E. ) /0 s R VTG 1)

BXo
00 Mo 00
+ / dt e Z/ dt,
0 o1 Jo
3
X Y L) et =t — 1), (Ad)
1J=1
where
Mg
Gy (t) = Z I, My e (A5)

=1

Equation (A4) shows that the even-parity nonlocal modes
can be formally eliminated, but their influence persists
through a non-Markovian closure: the evolution of 7, de-
pends not only on VT but also on second spatial derivatives
of N .

J

e~ (M

ks T

o0
n (P ) = —/ dn
0

3
+ Y W) o (Rt — 1 — fz)},

I=1

where
Mg
Quuns(Fot) = T s (F) Ty (7 e, (A8)
=1
and
Mg 3 3
2 _ 2\ , =\ —& (Pt
wm(r,w—;;nm,ﬂr) 0 (T (P e ™). (A9)

Note that the uppercase ®;;,(¥,t) and Wy, (¥, t) general-
ize the position-independent coefficients ¢,/ (¢) [Eq. (AS)]
to spatially varying media. The coefficients ® encode in-
trinsic nonlocality that persists even in homogeneous media
and produce second-derivative spatial couplings. By contrast,
W arises entirely from spatial variation of the micro-
scopic coefficients and vanishes in homogeneous systems.

b. Inhomogeneous phonon gases

Real materials may exhibit spatially varying composition,
strain, atomic structure, or finite-size confinement. When
such variation is smooth on the scale of the lattice spac-
ing, the phonon gas description can be generalized by
allowing the local phonon spectrum and scattering opera-
tor to depend on position, £ — L(7). Within the Zwanzig
framework, this corresponds to a local eigenmode decom-
position at each 7, leading to position-dependent relaxation
rates and coupling coefficients. The causal structure of
the homogeneous theory is preserved, but additional terms
arise from gradients of the microscopic coefficients them-
selves. The inhomogeneous generalization of Eqgs. (A3) takes
the form

o0
n (o t) = —/ dn
0

e~ (Mn

P A(F)-VT#t —1))
BLo

0 Mg
— | dy e NN L (F) - V7t — 1),
I 2
(Ab6a)

00 Mo
0G0 == [ dne Oy ) VG- )
0 A=l

(A6b)

Applying V to Eq. (A6b) generates two contributions: (i)
the intrinsic nonlocal term involving gradients of 1;, and
(i) an inhomogeneity-induced term arising from gradi-
ents of lzlh(?) and g,(7). Substituting back into Eq. (A6a)
yields

) Mo 00 3
() - VTG 1 — 1)+ / dy ey f dt2|: D B Fon) Oy e (Rt —th — 1)
0 0

A=l 1,J=1

(A7)

(

It therefore represents the leading correction associated with
inhomogeneity.

Taken together, the homogeneous and inhomogeneous
Zwanzig-projected equations provide a controlled route from
microscopic phonon dynamics to reduced transport descrip-
tions. In Appendix B, we reorganize this hierarchy into a
compact kernel representation in space and time that inter-
faces directly with continuum modeling.

c. Iterative expansion of modal solutions

The iterative expansion of Eq. (A7) allows systematic
inclusion of memory and spatial nonlocality. For example,
the flux-mode variable 1, (7, t) can be written as n; = nf\ +

Anfxl) + Anf) + ..., where the zeroth-order term niO) is

1 * S -
D == / dne (R, (F) -V, T (7.1 — 1)),
BLy JO

(A10)
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and the first-order correction Ar/(l)

AV ) = — B T2/ dtI/ dt2/ dze "
B

[ —Yv (r)t3A)L/(r) . V,T(r,t -t -t — t3)])- (A11)

Mo

(Z“IIMJI(F 12)—[6 WO R (F) -V, T(F 1 — 1 -1 —13)]

A=l

+ Z Prns (12)

1,J=1
Next, we introduce the total lag t =# +t +t; and keep t, and #; as inner time variables. The map-
ping (t1,t,13) = (t',t,13) has unit Jacobian, i.e., dtidt,dt; = dt’dt,dt;. Domain mapping of #, >0, t, >0, and
t3 > 0 gives

20, 0< <, 0<<t — 1. (A12)
Hence,
A (1)(—> ) /oodt/e—y,\(?)t / dt / dt V(')(lz-‘rfs)z Z\y G t) [ —Yv (r)le (F) - \V/ T@F,t—1t))]
r,t)= — e q(r,h)—le ™ r r,t—
n, A kBT02 2 o\ & AT 2
+ Z rauns ()5 —— e Ry (F) - V,T(#, 1 —ﬂ)])
1J=1 X
00 e | | 9
= _/ dt' ——— T (A“(rt 2) -V, T (7, t—t)+ZA”(* a1 - —VT(r t—1t')
0 B =1
3 2
+ AVGE AT - %,T(?,z-r’)), (A13)
I,Jzzl 2 8x18xj
where
oW (7Pt 2 2
A(l)(r - )\) / dth dt ey,(r)(tert;)Z (Z{ I:qJAA’I(r tz)e‘ y,\/(r)t;A (r):| AAI(V 2)6%‘/(”),3AN(’7)}
a=l1 dx;
3 - 82 ! q,t = -
+ Z { I:wau(?, fz)e_y*/(r)t31\x/(7)] — Me—m”’w(?)}), (A14)
1I=1 8x1 8)618)6]
AVFE A = / dt / dt;e”(r)(”“*)zlllmq(r 0)e D5 R, (F), (A15)
)L’—l
AVFE L) = / dt, / drs e“<’><’2+“)2¢mj(r n)e DB R, (F), (A16)

=1

Therefore, the first-order correction Anil) (7,t) depends on a time convolution of the temperature gradient field V,T(7,1),

its first-order spatial derivatives %%,T(?, t), and its second-order spatial derivatives >— a V. T 1). Although Eq. (A13)
originally involves three nested time integrals, this structure can be interpreted as a smgle causal convolution, whose
kernel is given by the ordinary time-domain convolution of the corresponding nested integral kernels shown in
Eqgs. (A14)-(A16).

The second-order correction Anx )(?, t) takes an analogous form,

o) —y (Pt N o 3 d
AP F 1) = — / drs—— (Ag)(?,z’;x)-v,r(?,z—t’)+Z APF 101 - —v T(F, 1 —1)
0 I=1

ks T}
72 32 > o) 9
E A5 1,0y ———V, TRt —t E APGE 01,0, K) - V,T(F#t—1)).
+ P (7, ) % 9% (7, )+ - 3 (7 ) 0x70x70XxK g )>

(A17)
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Consequently, the macroscopic heat flux f(?, t) is obtained
by summing over the microscopic flux-modes. The iterative
expansion for 7, leads to a generalized constitutive law,

(o]

Z (nl)'(n2)'(n%)'

o0
PN .
X / dr’Z MG g ny, n3)
0

§mtnatn3)

V., T(F t—1). (A18)

. Mx0myd"sz

Here, ?(")(7, t'sny, ny, n3) are single-time convolution ker-
nels encapsulating higher-order memory and nonlocal effects.
This compact representation highlights the hierarchical
nonlocal and memory-dependent structure of the transport
response encoded in the correction term. The lowest-order
term (n; = ny = n3 = 0) yields the local transient heat flux,

*® -
JNF ) = —/ dt' Z OF,10,0,0)- V,TF t —1t).
0

(A19)

All higher-order terms (n = ny +np +n3 >
local corrections.

1) represent non-

3. Hydrodynamic limit and Guyer—Krumhansl equation

We first derive the hydrodynamic reduction of the
Zwanzig-projected equations, then obtain the corresponding
closed-form spatiotemporal kernel.

a. Reduction

In the phonon hydrodynamic regime [28,29], a separa-
tion of timescales allows the even-parity modes to be treated
as fast variables slaved to the slow dynamics of the three
odd-parity hydrodynamic modes (A = 1, 2, 3). The projected
equations reduce to

— )/)T :
ke T

—SL_I Z ﬁ)\q . VT])J.
)\./

Eliminating 6, yields a closed equation for the hydrodynamic
modes,

m4 v, o = Ay VT =y 1Y M, - VO(A200)
L

&

6, (A20b)

-1
- - o 1
(1 4y a)m — v (N i = =25 K, - VT, (A21)
kg Ty
with nonlocal operator
(W S = Z ZMM'U 3,
NoLJ

oy = Y& M. (A22)

2

The operator </T/'> represents nonlocal dissipation arising from
the elimination of fast modes and generates viscous-like
corrections to heat transport. The macroscopic heat flux is

reconstructed as j = V' Y0_ A, n;, where {A,} are lin-
early independent. Introducing dual vectors B satisfying B
A » = Oy, allows projection onto flux components and leads
directly to the anisotropic hydrodynamic constitutive relation
in the main text.

Crystal symmetry constrains u;,/;. For example, in or-
thorhombic symmetry the operator reduces to

N = (/’Lllllafx + anzafy + M11333521)771 + 2#12123X2y772

+ 2413130773, (A23a)
(N2 = (1221105, + 1222205, + 14223302) 12 + 22121 0,1

+ 212323 337773, (A23b)

N7z = (u33n05, + M33223 + 33330203 + 2u313105m

+ 2u33205.m2. (A23c)

In the isotropic limit,

oy = w2288 + (i — m1122)Gadis + 80810),
(A24)

and the mode vectors reduce to Cartesian directions, re-
covering the standard Guyer—Krumhansl structure. With the
constitutive PDE established, we now derive the equivalent
spatiotemporal kernel.

b. Spatiotemporal kernel representation

The isotropic, curl-free G-K equation (20) admits a closed-
form spatiotemporal kernel. Fourier—Laplace transforming
(F — ¢,t — s) gives

(I+ s+ 10q") j(G. s) = —KkoiGT(q.s). (A25)
so the kernel in transform space is
= Ko/T
Zpu(G,s) = ——. A26
pH(G $) St + g (A26)
Inverting the Laplace transform (simple pole at s = —7~! —
wg?) yields
Zen(@.0) = — VT O @), (A27)
T

The spatial dependence enters through the Gaussian factor
e~M4"" | whose three-dimensional inverse Fourier transform
is (4mut)3? exp(—|87|?/4ut) with 87 = R — 7. Combin-
ing yields the PH kernel [Eq. (22)]. The two asymptotic
reductions stated in the main text then follow: spatial inte-
gration recovers the MCV kernel, while time integration via
the identity [j° dtt=3/2e= b = (7t /b)!/2e=2Y4b yields the
Yukawa-type ZD kernel. The full spatiotemporal integral re-
covers kj, confirming internal consistency with Fourier’s law.

4. Attenuated-streaming limit

We derive here the attenuated-streaming (AS) limit of
the Zwanzig-projected phBTE, corresponding to quasiballis-
tic heat transport with finite propagation speed and temporal
attenuation.
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a. Reduction

The AS regime is obtained under a controlled reduction of
the full projected dynamics in which each odd-parity heat-flux
mode 7, is coupled predominantly to a single associated even-
parity nonlocal mode ;. This paired-coupling approximation
neglects intermode mixing and retains only mode-diagonal
coupling, IT,, — II;, §,,. Physically, this approximation iso-
lates the leading directional transport associated with each
mode while suppressing higher-order collective interactions.

We further assume comparable relaxation scales for each
paired mode, 1, = Vx_] ~oe, !, which is appropriate when the
odd- and even-parity components of a given mode relax on
similar time scales. Under these assumptions, the Zwanzig-
projected equations reduce to

A+ 5amF 1) = — Ry VT (#, 1) — €, - V(7 1),

ks T ys.
(A28a)

(1 4+ 030, (F, 1) = =€, - Vi (7, 1), (A28b)

where the characteristic streaming vector is Zx =T I Ahe
Eliminating 6, from Eq. (A28) yields

(14 0.0 — (- V)P = — (1+18) A, - VT.

kBT02)/)L
(A29)
Using j, =V 'Anp, and %, = \f\kﬁog\;;d this becomes

Eq. (25). Because the left-hand side of Eq. (25) factorizes into
two commuting first-order operators, it is natural to decom-
pose jx = ji+ + Jji—, with

. 1o
1+ 710+, -V)jy = 5 K VT, (A30a)

o N 1

A+50 —46-V)j- = —5 K VT. (A30b)
The operators 1 4 7,0, & Z; - V therefore generate transport
along straight-line characteristics with velocity ?; /7, and ex-
ponential attenuation with time scale 7,. Their causal Green
functions follow directly from the method of characteris-
tics: (1 + 19, + - V)G = 8(1)8P(7) is solved by G(7, 1) =
e T SOGF — Tt/7) O@).

For a homogeneous medium, convolving these Green func-
tions with the source —%? » - VT and summing over modes
yields the AS kernel stated in the main text [Eq. (26)]. This
kernel describes propagation along +¢, with finite speed and
exponential attenuation. Spatial integration yields a local-
transient kernel of MCV form, while time integration gives
a steady nonlocal kernel with exponential spatial decay along
the streaming direction.

The AS regime contains the phonon RTA as a limiting
case. In the RTA, each phonon mode propagates ballistically
with velocity U, between scattering events characterized by
7y, yielding

<> RTA

<> K
Z o7, 1) = —
RTAGBF, 1) =) -

a

e §O(SF — To,1)O(1),

(A31)

<> - =
where %R = 1,1, Ty ® Uy. Thus, the RTA corresponds

to the special case in which each phonon mode constitutes an
independent attenuated-streaming channel. Spatial integration
yields the local-transient RTA kernel,

<—>RTA

<~ K R
ZRTA(I)=Z .

o

e O(1), (A32)

o

while time integration gives the steady spatial RTA kernel

PN ORI o
Z r1a(87) = Z ﬁg( >(57La)e—|su\/(\um)' (A33)

Substituting Eq. (A31) into the unified constitutive relation
and carrying out the §7 integration gives

R <CRTA  roo /
JF, ) =— = / dt' e "/ VT (F —Tot', t —1').
o Tu 0
(A34)
Defining the mode-resolved flux
. <CRTA  roo ,
Ja(F 1) = ——= / dt' e "« NT(F = But', t — 1),
Ta 0
(A35)

and introducing the mean-free-path Vector,zc, = 1,7y, One ob-
tains

(4140 + Ly - V)juF.1) = = RN VT (F 1), (A36)

For homogeneous media, Fourier transformation gives

<> RTA
o

<< K
Z rta(g, w) = -,
Zl—}—iwra—i—iq-ea

(A37)

o

with directional propagator (1 + iwt, +i G - Z,)~", which ex-
plicitly combines temporal relaxation and spatial streaming.
Spatial integration of Eq. (A31) yields the local-transient
kernel, while time integration gives the steady nonlocal
kernel

ZZD( —v) Z ?ETA
q =

— A38
1+iG L (A3

o

which is the w =0 limit of Eq. (A37). In the joint limit
|lwty| < 1and|q - Za| <« 1, both reduce to Fourier transport.

b. Relation to analytical Green’s-function solutions of the phBTE

The analytical Green’s-function solution of the frequency-
dependent phBTE derived by Hua and Minnich [37] provides
a useful point of comparison with the RTA kernel formulation.
Both approaches describe the same underlying semiclassical
phonon transport physics, but they operate at different concep-
tual levels: the Hua—Minnich formulation gives a closed-form
solution for the temperature field, whereas the present theory
identifies the constitutive transport kernel itself as the funda-
mental object.

The same propagator structure appears in their solution be-
fore angular averaging. In their notation (adapted here to avoid
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conflict with the flux-mode variable 7, ), the deviational dis-
tribution function contains the denominator 1 + iQt,, + i § .
¥ 7,,, where 2 and £ are temporal and spatial Fourier variables.
This is directly analogous to the denominator in Eq. (A37).
For isotropic media, angular averaging transforms the di-
rectional propagator into (ApE)™! tan’l(Awé/(l +iQ21,)),
where A, = v,7, is the MFP. This scalar function appears
explicitly in their temperature Green-function and represents
the isotropically averaged counterpart of the directional RTA
kernel.

The key distinction is therefore not the underlying
physics, but the level of description. In the present formu-

lation, (7(87, t) directly characterizes the spatiotemporal
constitutive response. In their formulation, one obtains the
temperature Green’s function after combining the phBTE with
energy conservation and integrating over directions and fre-
quencies. In this sense, the temperature Green function may
be viewed as a derived quantity obtained from the same un-
derlying constitutive kernel through the continuity equation,
pcil +v.j=0.

The kernel formulation therefore clarifies the relation be-
tween ballistic propagation, temporal memory, and spatial
nonlocality at the constitutive level, while the Hua—Minnich
solution provides the corresponding closed-form temperature
response for homogeneous media after spectral and angular
averaging.

5. Hybrid collective-streaming reduction

We derive here a reduced model that interpolates be-
tween the hydrodynamic and attenuated-streaming limits by
retaining a subset of slow collective modes while treating
the remaining modes in a paired streaming approximation.
We partition the projected variables into a slow subset
S and a fast subset F. The slow subset contains modes
with the longest relaxation times and is treated with full
odd—even coupling. The remaining modes are treated us-
ing the paired-coupling approximation, I1;, ~ I1,; §,,, A € F.
Cross-couplings between S and F are neglected at leading
order.

We first restrict the projected equations, Egs. (7b) and
(7c), to the retained slow subset. Let A, )’ € So denote the
slow odd-parity modes and ¢ € Sg the corresponding slow
even-parity modes. Neglecting couplings to the fast sector at
leading order, the reduced equations are

1 - .
Q.+ i = =0y Ay VT = > M- V6, (A39)
B 0 LGSE

A0, + 0, =— Y T - V. (A39b)

)\'ES()

To obtain a closed equation for the slow odd modes, we
eliminate the even-parity variables. In the collective sec-
tor we assume that the retained odd modes are the slow
hydrodynamic-like variables, while the retained even modes
remain slaved to them on the time scales of interest. To leading

order, Eq. (A39b) then gives

6, ~ —¢! Z I, - nablan;,. (A40)
)\'ESO
Substituting Eq. (A40) into Eq. (A39a) yields
1 - _
O + vam = T2 A,\'VT+Z Z I,
Bfo 1€SE M eSo
V[e T - Vi (A41)

Expanding the spatial derivatives and keeping the leading
second-order contribution gives

]\A - VT + Z ZMS\)/” 312J77A/,

reSo 1.J

1
oMy + = -
1M T Yall ks T02

(A42)

with 11350, = e, & T T
Equation (A42) is the analog of the hydrodynamic reduc-
tion in Appendix A3, but restricted to the retained slow block.
We now reconstruct the collective heat flux from the slow odd
modes,
FRGOE é > K@), (A43)

LESoO
Introducing dual vectors Bx satisfying Bw A, = 8, and
multiplying Eq. (A42) by V~'A,, one obtains a closed con-
stitutive equation for j© of the form

(14+1t99)] —tODPOTS = _ S . yT.  (A44)

Here, t© and < denote the effective relaxation time and
conductivity tensor associated with the retained slow block,
and the second-order spatial operator is

(8)7S) — (S) 2 (S)
D™ = Z ZMAA’H iy -
aaeSo 17

(A45)

This recovers the hydrodynamic reduction when So con-
sists of the three hydrodynamic modes. More generally, it
describes a collective subspace of arbitrary finite dimension,
embedded within a broader transport spectrum that is treated
separately by the streaming sector.

We next consider the complementary fast sector, consisting
of the modes not retained in the collective subset. For these
modes, we adopt the paired-coupling approximation intro-
duced in Appendix A4: each odd-parity mode 7, is coupled
predominantly to a single even-parity partner 6,, while inter-
mode mixing within the fast sector is neglected. The reduced
equations are therefore

| - N
——— A, - VT — HAA . V@)L, (A46a)

0 =
M+ Yam koT?

36, + €16, = —T1,, - V., (A46b)

where now A € F labels the fast paired modes.

As in the attenuated-streaming limit, we assume that the
odd- and even-parity members of a given fast pair relax on
comparable time scales,

n =y ~el!, b=1 . (A47)

235204-20



UNIFIED STATISTICAL THEORY OF HEAT ...

PHYSICAL REVIEW B 113, 235204 (2026)

Multiplying Egs. (A46a) and (A46b) by 1, then gives
1

ks T3

(14096, = 0, - V.

(1 + 7.9 A, - VT — ;- V6, (Ad8a)

(A48b)

To eliminate the even-parity variable, we apply the operator
(I 4+ 1,0;) to Eq. (A48a) and substitute Eq. (A48b). This
yields

(1408 m — (& - VP = — (1+1.38)A; - VT.

ks Ty,
(A49)

Because the differential operators commute, the left-hand side
factorizes as

(1408 +6 - VYA + 18 — 0, -V

(1+1.8,)A, - VT. (A50)

- kB T02 )/)L

We reconstruct the modal heat flux as f,\ =yl Kl s
with the corresponding conductivity tensor ¥ ; = A; ®
A, /(Vkg Tozy)\). This yields the streaming-sector constitutive
relation in the form of Eq. (25).

As shown in Appendix A4, the factorized structure ad-
mits a directional decomposition, Eqs. (A30), in which fx =
Jrt + Jr—. These two first-order equations describe transport
along the characteristics +0, /13, with exponential attenuation
on the timescale t;. The total fast-sector flux is therefore
FPOF 1) =3, cp(as + Jao), which is the form used in the
main text.

Both sectors admit kernel representations. The collective
sector yields a Gaussian-type hydrodynamic kernel,

<®

/S -
<) e/t < |87 |2

PH ™ 7® (47-[M(S)t)3/2 eXp _4M(S)t)®(t)’ (AS1)

while the streaming sector yields

<>
<> K
Z%=> :—2 et /0 (8O (SF — Ty1) + 8D (ST + Bur)]

T
rEF
x O(t). (A52)
The hybrid kernel is therefore
<~ <~ <~
Zues= Z o+ Z Y, (A53)

which provides a controlled interpolation between collective
hydrodynamic transport and quasiballistic streaming in sys-
tems with broad spectral distributions.

APPENDIX B: FULL SPATIOTEMPORAL KERNELS
1. Unified constitutive relation

The iterative expansion [Eq. (A18)] can be resummed into
the unified spatiotemporal constitutive relation [Eq. (30)]. Us-
ing the Taylor expansion [Eq. (15)], the single-time kernels

< L <
Z " appearing in Eq. (A18) are related to the full kernel Z

through spatial moments,
?(n|+112+n3)(1—; t;ny, ny, n3)

= / d’R (Z)(?,ﬁ,t)(5x)”‘(8y)"2(81)”3. (B1)
A%

This moment relation provides the bridge between the iter-
ative gradient expansion and the unified constitutive kernel.
For an inhomogeneous phonon gas, the constitutive structure
emerges directly from the Zwanzig-projected phBTE: elimi-
nating the fast microscopic degrees of freedom yields a causal,
non-Markovian relation whose temporal memory and spatial
nonlocality are encoded in well-defined convolution kernels
determined by phonon dispersions, scattering rates, and mode
couplings.

2. Time-domain vs frequency-domain representations

The time-domain constitutive relation may be expressed
equivalently in the frequency domain as

3 L < - . o>
J(F w) = —/ d*R 7 (7,R,w) - VT (R, w), (B2)
A%
with

~ o0
7 w) = / dt j(7, 1) e, (B3a)
0

o0
VIR, w) = / dt VT (R, 1), (B3b)
0

<>

p R s L .
7Z (F,R, w) =/ dt 7 (F,R,t)e"". (B3c)
0

Equations (30) and (B2) are mathematically equivalent.

While frequency-domain response functions are natural
for externally driven electronic or optical transport, heat
conduction is driven by internally generated thermodynamic
gradients. The evolution of the temperature field therefore re-
flects intrinsic relaxation dynamics, making the time-domain
formulation especially transparent for dissipation processes
and transient thermal measurements.

3. Controlled asymptotic limits

The lowest-order term, n; = ny = n3 = 0, yields the local—
transient limit,

Z OF130,0,0)= Z 11 1) = / PRZ R0,
\%
(B4a)
<>
o0 Z ->,t/
8,T(?,t)—/ ar v | 200 Grg oyl o
0 p(F)c(7)
(B4b)

This regime retains temporal memory while neglecting spatial
nonlocality.

When temperature variations evolve slowly relative to in-
trinsic relaxation times, temporal memory becomes negligible
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and the time-integrated spatial kernel fully characterizes non-
local diffusion,

(?zn(ﬁl?):f dt 7 F.R.1), (B5a)
0
Z mF R
a,T(7,t)—/d3Rv. LT GTR, 1) | = 0.
\% p(F)c(7)
(B5b)

This is the Zwanzig-diffusion limit.

Spatial kernel descriptions of heat conduction have ap-
peared previously in phenomenological studies, but typically
as empirical fitting forms restricted to homogeneous media.
By contrast, the present spatial diffusion kernel is derived
directly from the Zwanzig projection-operator formalism and
therefore admits a clear microscopic interpretation. For me-
dia with smoothly varying properties, the same framework
naturally accommodates nanostructures, confined geometries,
and graded materials through explicit position dependence of
the kernel. Sharp material interfaces, where phonon modes
change abruptly, require additional treatment via the Dyson-
type construction developed in Sec. IIT A2.

Higher-order spatial nonlocality may equivalently be char-
acterized by generalized conductivity tensors defined as the
spatial moments of the kernel,

<—> -
i M) (B g, ng)

- / dSR/ T Z . R.0)(6x)" (5y)" (32", (B6)
\% 0

which quantify progressively higher-order departures from
locality.

When both the spatial range and memory time are small
relative to macroscopic scales, the formulation reduces to
classical Fourier diffusion,

e ¢} <> >
‘?(7):] d313f it 2GRy, Bi=—)
A\ 0 p(F)e(?)
(B7a)
T 1)—V -[D (F)-VT(F 1)] = 0. (B7b)

Classical diffusion is therefore recovered as a double asymp-
totic limit of the full spatiotemporal kernel description.

In summary, the kernel formulation provides a unified
description of transient, nonlocal, and classical heat conduc-
tion under the fundamental assumption that a temperature
field exists. Fully ballistic transport without local equilibration
lies outside this thermodynamic closure and must instead be
treated kinetically.

APPENDIX C: DERIVATION OF THE GENERALIZED
GREEN-KUBO FORMULA

In this appendix, we derive the spatiotemporal heat-

conduction kernel <i>(7’, R, t) as a space-projected heat-flux
correlation function within nonequilibrium statistical me-
chanics. The derivation is based on the Zwanzig projection-
operator formalism for irreversible processes [45-47] together
with Robertson’s nonlinear extension for spatially inhomoge-
neous systems [52,53].

Zubarev’s nonequilibrium statistical operator (NSO)
method [57] yields equivalent constitutive relations for tran-
sient and nonlocal heat conduction when formulated with
the same relevant variables and conservation laws. Both
Robertson’s projection framework and Zubarev’s NSO con-
struction build nonequilibrium states from a local-equilibrium
reference supplemented by causal corrections, implemented
through projection operators in Robertson’s case and retarded
source terms in Zubarev’s formulation. When applied consis-
tently, both approaches produce identical flux-force relations.

1. Projected dynamics in the local thermal equilibrium limit

Let f(t) denote the phase-space probability density op-
erator evolving under the Liouville equation, o, f =—il f ,
where £ is the Liouvillian operator. A projection oper-
ator P separates relevant and irrelevant components of
the dynamics, defining the relevant probability density
operator fR(F, H="7P f (", t). Projecting the Liouville equa-
tion onto the P subspace and imposing the retarded condition
3f(t — —o0) =0 yields a closed equation of motion for

fr [45],

t
& +iPLP)fr(t) = — / dsK(t —s) fz(s),  (C1)
with the memory kernel operator,
R(t)=PLOe LR OLP, (C2)

encoding the statistical influence of the irrelevant variables.
For heat transport, we select the local energy-density op-
erator /(7) as the relevant observable. Microscopic energy
conservation, 9,i(F, 1) + V.j(#,t) = 0, implies that the mi-
croscopic heat flux emerges directly from projected dynamics
of h(7),
V. i(7) = ilh@). (C3)
Following Robertson’s nonlinear extension to spatially
inhomogeneous systems, we introduce a time-dependent pro-
Jection operator P(#) associated with a relevant distribution
Jr(). The key physical approximation is the local thermal
equilibrium (LTE) assumption, under which the nonequi-
librium ensemble is represented by a generalized canonical

form,
. L h@)
fkm—exp[—@(r)—/dr kBT(?’t)}, ()

where the temperature field T'(7,t) is determined self-
consistently. In the homogeneous limit 7'(7,t) — Tp, this
reduces to the equilibrium distribution f,, = e~ 7*/®s%) /7, _
with the Hamiltonian H = [ d7 (7).

Combining the time-dependent projection operator with
the generalized canonical distribution yields an integro-
differential equation for the expectation value of the local
energy density,e(7, t) = (h(#)),,

t
8,@(?,t):/ dt’/ dRK 7, t;R, 1) [ksT(R,1)]™", (C5)
—00 14
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where (- - - ); denotes averaging with respect to fz(r) and the
kernel is given by

K@, t:R, 1)) = (ilhP) T ¢, 1) [1 = PO [iLAER))),.

(Co)
Here, 7 (1, 1) is the orthogonal propagator defined by
T, 1) =T, )1 -Pa)iL, (er)
and
_ 1
A= f d¢ fgOA fr™ @) = (A),. (C8)
0

Equations (C5) and (C6) show that transport in spatially
inhomogeneous systems is intrinsically nonlocal in space and
retarded in time, with both effects encoded in K (7, t;ﬁ, .
Using Eq. (C3), Eq. (C5) can be rewritten in constitutive form,

- L [! <~ _ _
R —de/ dt' 7 (F,t:R, ') - VTR, 1), (C9)
\%4 —00

where j(7,1) = (j(?»t and

<> . 2 A A, R o
L (F,t;R, 1) = (AT 1)1 —=PE)jR)):-

ks T}
(C10)

2. Linear response
Equation (C9) is formally exact within the LTE assump-
tion. To connect this result with conventional Green—Kubo
expressions, we linearize about global equilibrium. In this
limit,

fr(@®) = fu [1 - f dR 8T (R, t)(h(R) — (h(R))., )],

ke T2
(C11)

and the orthogonal propagator reduces to equilibrium time
evolution. Under this approximation,

G@H @ T 1)1 — PN R ~ (JF.0) ® JR.1))eq,
(C12)

where (---)., denotes averaging with respect to feq. The
spatiotemporal kernel then reduces to the generalized Green—
Kubo form [Eq. (37)], providing a direct microscopic
interpretation of the kernel as a space-resolved heat-flux time-
correlation function.

Structurally, Eqs. (C9) and (37) are identical to the
spatiotemporal constitutive relations derived in the Zwanzig-
projected phonon Boltzmann formulation developed in the
main text. The distinction lies in the level of microscopic
specification: for phonon gases, the kernel can be expressed
explicitly in terms of phonon mode properties and scatter-
ing operators, whereas Robertson’s formulation defines the
kernel formally for arbitrary interacting many-body systems.
This establishes Robertson’s theory as a universal statistical-
mechanical foundation for material-specific spatiotemporal
kernels and provides the general microscopic basis for the
kernel formalism employed throughout this work.

3. Bond-centered heat-flux operator

‘We now construct the spatially resolved heat-flux operator
entering the generalized Green—Kubo relation [Eq. (37)] and
use it to derive the spatial conductivity kernel for disordered
harmonic solids. The derivation proceeds in two steps: we first
obtain a bond-centered representation of the local heat flux
following Hardy [54], and then evaluate the corresponding
space-projected heat-flux correlation function.

The microscopic conductive heat-flux density can be
written as [54]

L Iy 1 Lo
i

x A(F—R;) Eij +H.c, (C13)

where ﬁi_j = ﬁi — ﬁj, and A(F — Ei) is a localization
function satisfying [ d7 A(F — R)=1. The operator
Eij = (ih)~'[p?/2m;, V;]  represents pairwise  energy
transfer. The differential series can be resummed using
the  identity fol déeft =Y "2 A"/(n+1)!,  giving
J# =1 R By [y dg RV AF — R) +He.  Using
the translation identity %V f(¥) = f(¥ 4+ d), we obtain
A — Ri+ERyj) = AT — [(1 = §)R; + R 1.

Defining the Hermitian bond operator and projection func-
tion, Wy = (8 +8)) and wFR.R)) = [, d& AF —
[(1 —&)R; + &R i1), the local heat flux takes the bond-
centered form [Eq. (38)], ip which each term contributes a flux
directed along the bond R;;, distributed over the interatomic
segment by the weight w. Spatial integration recovers the
bulk current fbulk =y-! Zi ; w;; - (ﬁ i— R}), independent of
the localization function.

4. Spatial kernel for disordered harmonic lattices

We now use the bond-centered flux operator [Eq. (38)] to
evaluate the space-projected heat-flux correlation function in
the harmonic limit in a disordered solid. This yields a spatial
conductivity kernel that reduces, in the Zwanzig diffusion
limit, to the Allen—Feldman description of thermal transport
in disordered solids [44]. For a harmonic lattice, the bond
operator becomes

Wii(t) = Slid; - By - iiy — iy - By - ] (C14)

leading to ‘7(?, l) = — le ﬁlj U)(?, ﬁiv ﬁj) \IJU([) Expanding

in normal modes, il; = m; 12 > EES)QX, gives the bilinear
form j(¥#,t) = Zm, Jss () (QsQy — Os0y). In second quan-
tization and retaining number-conserving terms, j(¥,t) =
3 S (F)alay e @—eor,

The spatial conductivity kernel is defined as

Z (7. R) = /dz(j‘(?,z)@j‘(ﬁ,o». (C15)
0

kpT?
Evaluating the harmonic correlation function yields
<~ = C S o o
ZwF Ry =m) =3 8w ® SR 8(w; — wr).
s S s'#s

(C16)
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This expression shows that thermal transport is governed
by resonant coupling between nearly degenerate vibrational
modes, with the § function enforcing the frequency-matching
condition central to Allen—Feldman theory.

The bulk conductivity follows from spatial integra-

tion, & =V~ [dFdR Z ;p(.R), giving
<> <> S ,RS.,
2y, GDyand Dy=nY,, %5(@? — wy). Thus,

<~
K AF =

the Allen—Feldman result emerges as the spatially integrated
limit of the nonlocal kernel. The present formulation retains
the full spatial structure of mode coupling, providing a real-
space generalization of harmonic thermal transport. Finally,
while the spatial decomposition depends on the projection
function w(?;ﬁi,ﬁj), the integrated conductivity is gauge
invariant and coincides with the conventional Allen—Feldman
result.
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