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Precision of an autonomous demon exploiting nonthermal resources and information
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Quantum-dot systems serve as nanoscale heat engines exploiting thermal fluctuations to perform a useful task.
Here we investigate a multiterminal triple-dot system, operating as a refrigerator that extracts heat from a cold
electronic contact. In contrast to standard heat engines, this system exploits a nonthermal resource. This has
the intriguing consequence that cooling can occur without extracting energy from the resource on average—a
seemingly demonic action—while, however, requiring the resource to fluctuate. Using full counting statistics
and stochastic trajectories, we analyze the performance of the device in terms of the cooling-power precision,
employing performance quantifiers motivated by the thermodynamic and kinetic uncertainty relations. We focus
on two regimes with large output power, which are based on two operational principles: exploiting information
on one hand and the nonthermal properties of the resource on the other. We show that these regimes significantly
differ in precision. In particular, the regime exploiting the nonthermal properties of the resource can have cooling-
power fluctuations that are suppressed with respect to the input fluctuations by an order of magnitude. We also
substantiate the interpretation of the two different working principles by analyzing cross-correlations between
input and output heat currents and information flow.

DOI: 10.1103/hnqk-6rcx

I. INTRODUCTION

The thermodynamics of nanoscale and quantum systems
has been at the focus of research in recent years [1] and
attracts increasing attention [2]. A relevant class of example
systems for solid-state implementations of thermodynamic
machines are nanoelectronic devices such as quantum dot se-
tups exploiting thermoelectric effects [3]. Several experiments
have demonstrated steady-state heat-to-work conversion in
two-terminal systems [4–10] and in multi-terminal systems
where the coupling to the heat source is mediated by ca-
pacitively coupled quantum dots [11–13] or bosonic degrees
of freedom [14–16]. Importantly, in nanoscale systems, the
resource of an engine does not necessarily have to be heat,
it could also be information, as exemplified by the Maxwell
demon [17–19]. The operation of the Maxwell demon or
similarly of the Szilard engine is “demonic” in the sense
that it produces power while not exchanging energy with
the resource, thereby seemingly violating the second law of
thermodynamics [20,21]. Recently, it has been shown that also
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engines fed by a nonthermal resource can be realized, having
a seemingly demonic behavior, too. We associate a non-
thermal resource with a distribution function that cannot be
characterized by uniquely defined temperature and chemical
potential. It has been shown that in such systems the average
energy exchange between resource and working substance can
vanish, while the system produces useful work, again seem-
ingly violating the second law of thermodynamics [22–26].
Nonthermal distributions have been recently used to achieve
enhanced thermoelectric efficiency in interacting edge chan-
nels [27]. One way of realizing a system which incorporates
features of both types of demons—the one exploiting informa-
tion and the one exploiting the nonthermal resource—is to use
capacitively coupled triple-dot systems [28–31]; see Fig. 1.

In order to function, the nonthermal demonic systems
require fluctuations in the input current, which hence only
vanishes on average [32]. At the same time, it has been shown
that—depending on the working principle, either information-
based or heat-based—the precision of the output can differ
significantly [31]. An in-depth analysis of the performance
regarding the precision of this demonic quantum-dot engine
is however missing.

In this paper, we fill this gap and broadly analyze the
operation and performance of the three-dot refrigerator ex-
ploiting a nonthermal resource shown in Fig. 1 using full
counting statistics [33]. This gives us access to the fluctu-
ations of particle- and energy currents, in particular of the
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FIG. 1. (a) A resource region formed by two capacitively cou-
pled quantum dots—each connected to one electronic reservoir, H or
C—acts on a single quantum dot, W—connected to two reservoirs
L and R—forming the working substance. A particle current JN can
thereby be induced between contacts R and L, while heat currents
JQ
α flow out of (or into) each of the four reservoirs. The system

works as a refrigerator when Pcool = JQ
R > 0. (b) The reservoirs

are kept at electrochemical potential μα and temperature Tα . Elec-
trons tunnel between the reservoirs and the single level at energy
εW + hUH + cUC in dot W or ε j + wUj in dots j = H, C, where
h, c, w ∈ {0, 1} are the occupations of dots H, C, and W. Tunneling
rates �H and �C are energy independent, while the tunneling rates,
�hc

α for dot W are energy dependent. We consider the ideal case
where �hc

α vanishes either when h = c = 0 and α = R, or when either
h = 1 or c = 1 and α = L (as indicated by the red crosses). For a
refrigerator configuration, we set TL > TR.

cooling power, but also to information-current fluctuations
and to the so-called activity of the device. In addition, we
calculate cross-correlations between currents in different ter-
minals and between different types of currents. Based on
these calculations we achieve three main insights. (1) The
cooling power fluctuations, as well as trade-off relations in-
volving them, have different magnitudes depending on the
operation principle of the device. In particular, we show how
the device behaves with respect to performance quantifiers
inspired by the thermodynamic and kinetic uncertainty rela-
tions [34–38]. (2) The amount of output fluctuations, namely,
cooling power fluctuations, compared to the amount of input
fluctuations, namely, the (required) fluctuations in the incom-
ing heat current, can be suppressed close to the maximum
in cooling power, when the system exploits the nonthermal
resource. (3) Finally, using cross-correlations between differ-
ent heat currents and even information flows, we substantiate
the interpretation of different working principles of the device
and clearly identify why they lead to different performances
concerning fluctuations. We support the interpretation of our
results with insights from a complementary analysis of the
system exploiting stochastic trajectories.

The remainder of this paper is organized as follows. We
present the model and the observables of interest in Sec. II,
where we also provide background on the full-counting statis-
tics approach used to evaluate these observables. Details about
stochastic trajectories, used as a comparison in this paper, are
presented in an extensive Appendix instead. We show results
on the average cooling power and the exploited resources in
Sec. III A, followed by the detailed analysis of the output

fluctuations in terms of trade-off based performance quan-
tifiers in Sec. III B, and the ratio between output and input
fluctuations in Sec. III C. We then analyze cross-correlations
and the resulting Pearson correlation coefficients in Sec. III D.
Finally, in Sec. IV we compare some of the above features
with those occurring in a system where the energy exchange
happens via particle exchange instead of the capacitive cou-
pling of the main system; see Fig. 1. Details about possible
violations of tradeoff relations, about the explicit implemen-
tation of the full counting statistics, as well as about the
stochastic trajectory analysis, can be found in the appendixes.
We furthermore point to a Supplemental Material [39], where
we present additional plots covering alternative observables
and further parameter regimes.

II. THEORETICAL APPROACH

In this section we introduce the model of the studied
triple-dot system. The upper part forms a nonthermal resource
region capacitively coupled to a working substance, where
the resource is used to achieve cooling via energy filtering.
While a generic nonthermal resource could serve as input, we
here, for simplicity, take a mixture of two thermal reservoirs
at different temperatures to emulate the nonthermal resource.
We also introduce the observables of interest and show how
to compute them using full counting statistics based on an
extended master equation approach.

A. Model

We consider a setup made of three capacitively coupled
quantum dots, as depicted in Fig. 1. The lower part of this
setting represents the working substance, which will here be
operated as a refrigerator; it consists of the lower quantum dot
W connected to two electronic contacts. The upper part consti-
tutes the nonthermal resource region, consisting of the upper
two dots H and C in contact with two further separate elec-
tronic contacts. Such a system has previously been considered
as a model for peculiar thermodynamic operations [28–31],
where a combination of information and nonthermal resource
properties leads to a seemingly demonic behavior.

For each dot, we consider a single level εi, with i =
H, W, C, and assume that the intradot Coulomb interaction is
larger than all other energy scales of the system. We therefore
exclude double occupation [40] in each dot and furthermore
neglect the spin of the electrons, as it could, for example, be
achieved in the presence of a magnetic field. The Hamiltonian
describing the three quantum dots is then

Ĥ =
∑

i=H,W,C

εin̂i + UHn̂Hn̂W + UCn̂Cn̂W + Un̂Hn̂C, (1)

where n̂i denotes the electron-number operator in dot i and
UH,UC,U are interdot interactions. Furthermore, we assume
that the interaction energy between the two upper dots, H and
C, is very large, U → ∞, so that double occupation of the
resource dots is excluded. This simplification is convenient
to separate the effects of their respective fluctuations on the
system dynamics, but the observed features persist even for
finite U ; see Ref. [28].
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Each dot of the resource region is tunnel-coupled to a sin-
gle terminal, that is a large fermionic reservoir, characterized
by a temperature Tα and chemical potential μα—these are
indicated by α = C, H. We choose to have TC < TH and there-
fore call the corresponding terminals the cold and hot resource
reservoirs. Note again that the nonthermal resource created
by this upper subsystem does not rely on being constructed
from thermal reservoirs. However, here we use this scheme for
convenience. The dot W, in the lower, working-substance part
of the setup, is tunnel-coupled to two terminals—these are
indicated by α = L, R, characterized by temperatures TL, TR,
and chemical potentials μL, μR, respectively. In the following,
we denote the average temperature of the working substance
reservoirs by T̄ = (TL + TR)/2. Without loss of generality,
we set the energy references such that μL = μC = μH = 0.
Furthermore, since we are interested in operating the work-
ing substance as a refrigerator, we consider a temperature
difference δT = TL − TR � 0, aiming at cooling down the
right reservoir, and set μR ≡ 0. With these parameters, the
four reservoirs are characterized by Fermi functions fα (E ) =
1/(1 + e(E−μα )/kBTα ).

The coupling between the quantum dots and the electronic
reservoirs is characterized by the tunnel-coupling strengths
�α . While we assume the tunnel couplings �C, �H of the
resource region to be constant, those of the working substance
depend on the energy at which the electrons tunnel. Since
this energy is fully determined by the occupations h, c = 0, 1
of the resource dots H and C, we denote these tunnel rates
�hc

L/R. In this work we consider the weak-coupling (sequential-
tunneling) regime, i.e., h̄�α � kBTα , and, in the following, we
use the convention h̄, kB ≡ 1.

B. Observables of interest

We are interested in the operation of the engine as a steady-
state refrigerator and aim to analyze the cooling power, the
efficiency, and, in particular, the precision. The observables of
interest are hence the steady-state heat currents

JQ
α = JE

α − μαJN
α (2)

defined by the energy currents, JE
α , and the particle currents,

JN
α . Since we have here chosen all electrochemical potentials

to be zero, the heat currents always equal the energy currents.
We define currents as being positive when flowing out of
the reservoir. In the stationary regime of interest here, for
the resource particle currents, we always have JN

C = JN
H = 0

since each resource dot is coupled to only one reservoir.
From charge and energy conservation, we additionally have
JN ≡ JN

R = −JN
L and

∑
α JE

α = 0.
In particular three (combinations of) heat currents are of

interest here. This is on one hand, the cooling power, which is
the task of the engine

0 � Pcool = JQ
R . (3)

On the other hand, the heat currents of the resource can be
combined in the meaningful combinations

JQ
in = JQ

C + JQ
H , (4)

JQ
trans = 1

2

(
JQ

H − JQ
C

)
. (5)

The heat current injected from the resource region into the
working substance is given by JQ

in . Without constraints on
the injected current, the setup would work as an absorption
refrigerator [41–44]. The action of the autonomous demon is
to achieve refrigeration under the condition that no heat is
injected into the working substance [31,45], i.e., we refer to
JQ

in ≡ 0 as the demon condition. We furthermore define the
heat current in the resource region as JQ

trans.
Besides heat, information is an important resource for re-

frigeration, in particular when the system operates under the
demon condition [31,46]. The mutual information between
the two subsystems is given by the difference between the von
Neumann entropy, S , of the total system compared to the ones
of the separate subsystems I = Sws + Sres − S . We quantify
the change in mutual information with the information current
JI from the working substance, corresponding to the rate
at which the resource region acquires information about the
working substance [47].

We are furthermore interested in fluctuations, SJQ
α JQ

α
, in

the heat currents as well as in correlations between them,
SJQ

α JQ
γ

. Also fluctuations in particle and information currents,
SJN JN and SJI JI , will be considered. We obtain them from
full counting statistics as explained in the following section.
The fluctuations and correlations yield information about the
operation of the engine, but in particular also quantify the
precision of the outcome.

To set bounds on trade-offs between cooling power,
its efficiency, and precision, we resort to the recently
studied thermodynamic [34,48,49] and kinetic uncertainty re-
lations [35,37]. First, we consider the performance quantifier
deriving from the thermodynamic uncertainty relation (TUR),

XTUR = 2P2
cool

SPcoolPcool�̇
� 1, (6)

containing the total entropy production rate �̇. The latter can
here be obtained by sums over heat currents weighted by tem-
peratures of the separate reservoirs [47], �̇ = −∑α JQ

α /Tα .1

In addition, we consider a performance quantifier deriving
from the kinetic uncertainty relation (KUR),

XKUR = P2
cool

SPcoolPcoolK
� 1, (7)

which contains the so-called activity K [33,35]. We will also
analyze a local version of the KUR,

X loc
KUR = P2

cool

SPcoolPcool SJN JN

, (8)

introduced in Ref. [50] for noninteracting systems within
scattering theory, where the local activity is associated to
particle-current fluctuations SJN JN . In coherent quantum trans-
port Eq. (8) was found to be bounded by one, either close
to equilibrium or in the tunneling regime, where the local
activity of a reservoir is well approximated by the particle

1The entropy production rate is given more generally by �̇ = dS
dt −∑

α JQ
α /Tα , but since we are considering the steady state, the von

Neumann entropy of the system remains constant, dS
dt = 0.
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current noise. Since the triple-dot device in this work be-
haves according to a classical Markov process, both bounds in
Eqs. (6) and (7) hold. Instead, due to the capacitive coupling
between the resource region and the working substance (out
of the initial scope of Ref. [50]), it is no longer guaranteed
that X loc

KUR � 1. Indeed, we find parameter regimes where this
bound is broken, as shown in Appendix A. However, the X loc

KUR
quantifier has the advantage of being fully expressed in terms
of transport observables. Similar uncertainty relations have
recently been discussed, such as the thermokinetic [37,51,52]
or clock uncertainty relation [53]. Their detailed analysis goes
beyond the scope of the present paper, but we show some
results for completeness in the Supplemental Material [39].

In order to investigate the type of demon-like operation
of the device, we furthermore compute the so-called Pearson
correlation coefficient [54], 2

�JJ ′ = SJJ ′√
SJJSJ ′J ′

, (9)

for correlations between heat currents into different terminals
and combinations between heat currents, such as JQ

in and JQ
trans

introduced in Eqs. (4) and (5).

C. Evaluation of observables from full counting statistics

We use steady-state full counting statistics [55–57] to com-
pute the particle, energy, and information currents and activity,
as well as current fluctuations [58]. Counting statistics of
charge can even be accessed experimentally: this is done
by time-resolved measurement of the current in capacitively
coupled quantum point contacts [59–63] or single-electron
transistors [17,64–66]. In Coulomb blockaded systems such
as the one considered here, one can associate a precise energy
to every particle exchange, and it is therefore in principle
possible to access the heat counting statistics with a charge
detector as well [67], as recently realized experimentally [68].

Average currents and their fluctuations are given by the
cumulants (indicated by 〈〈·〉〉) of the respective transport quan-
tity. Particle, information, and energy currents, as well as the
activity, are found as the time derivatives of the average values
(first-order cumulants):

JN = d〈〈N〉〉
dt

, JQ
α = JE

α = d〈〈Eα〉〉
dt

,

JI = d〈〈I〉〉
dt

, K ≡ JA = d〈〈A〉〉
dt

. (10)

We have denoted N the number of particles transferred into
dot W from reservoir R, Eα the energy transferred from
reservoir α = C, H, L, R, into the corresponding dot, I the in-
formation on the working substance acquired by the resource
region, and A the total number of hopping events in a given

2This definition is similar but not exactly equal to the Pearson
correlation coefficient from Ref. [54], which was defined in terms
of stochastic trajectories; see the discussion in Appendix C 7.

measuring time. The second-order cumulants yield

SJN JN = d〈〈N2〉〉
dt

, SJI JI = d〈〈I2〉〉
dt

,

SJQ
α JQ

γ
= d〈〈EαEγ 〉〉

dt
, SJI JQ

α
= d〈〈IEα〉〉

dt
, (11)

namely, the fluctuations, correlations between currents in dif-
ferent contacts, and correlations between different currents.

To compute these quantities, the cumulant-generating
functions need to be found. We start by defining counting
fields for the particles flowing out of the right reservoir, ξN ,
for the energy flowing out of reservoir α, ξE

α , for the total
amount of hopping events, ξA, and for the information ac-
quired by the resource, ξ I . In the regime of weak coupling,
where coherences between dot states do not play a role for the
transport quantities,3 one can then set up an extended master
equation including the counting fields [31,69,70]

∂t P(t, ξ) = W (ξ)P(t, ξ), (12)

with ξ = (ξN , ξE
C , ξE

H , ξE
L , ξE

R , ξA, ξ I ). Since we here consider
the limits of strong capacitive interactions on each dot and
between dots H and C, the vector P(t, ξ) contains the elements
P = (p000, p001, p010, p011, p100, p110)T, where the subindex
hwc denotes the states where the dots H, W, and C con-
tain, respectively, h,w, c = 0, 1 electrons. The kernel W (ξ)
is hence a 6 × 6 matrix which can be decomposed into
contributions from each terminal, W (ξ) = WC(ξE

C , ξA, ξ I ) +
WH(ξE

H , ξA, ξ I ) + WL(ξE
L , ξA) + WR(ξN , ξE

R , ξA). The full ex-
pressions of the kernel elements and their dependence on the
counting fields are given in Appendix B 1.

When setting all counting fields to zero, Eq. (12) yields a
standard master equation for the occupation probabilities of
the triple-dot system, ∂t P = W P [71]. We are interested in the
steady state of the setup, P̄, such that W P̄ = 0; see Ref. [31]
for an analytic solution of P̄.

Instead, when keeping all counting fields finite, we obtain
the cumulant-generating function F (ξ) = ln[G(t, ξ)], where
G(t, ξ) =∑hwc[P(t, ξ)]hwc is the moment-generating func-
tion. Then, the combined cumulants of the transferred particle
number, energy, hopping events, and information are obtained
by differentiating〈〈

�kEk′
α

〉〉 = (−i)k+k′(
∂k
ξ�∂k′

ξE
α
F (t, ξ)

)
ξ=0,〈〈

Ek
αEk′

γ

〉〉 = (−i)k+k′(
∂k
ξE
α
∂k′
ξE
γ
F (t, ξ)

)
ξ=0, (13)

with � = N, A, I . We are interested in the long-time limit in
order to study the steady state. In this case the cumulant-
generating function can be approximated by F (t, ξ) �
λ(ξ)t [70], where λ(ξ) is the eigenvalue of W (ξ) such that
λ(ξ) → 0, when ξ → 0, while all other eigenvalues have neg-
ative real parts in this limit. This is, of course, valid only if the
system dynamics have a unique steady state, P̄, which is the
case here.

3Coherences do not couple to probabilities in the weak-coupling
regime as long as there is no hopping between different quantum
dots and no spin precession occurring in the dynamics.
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One can then obtain the currents and second-order cu-
mulants (auto- and cross-correlations) by taking derivatives
of λ(ξ) with respect to the corresponding counting fields.
However, the diagonalization of the kernel quickly becomes
cumbersome with increasing system complexity. Here we are
interested in only the first two cumulants (mean currents
and their correlations), in which case a recursive method is
more appropriate and allows us to treat the problem analyti-
cally [72,73]. We start by taking the Laplace transform of the
moment-generating function in the long-time limit [69,70],

G(z, ξ) =
∑
hwc

[(z1 − W (ξ))−1P0]hwc, (14)

where P0 is the initial state. The initial state plays no role
in the stationary regime, so we can choose it as simple as
possible to ease the calculation. We therefore take P0 = P̄.
The eigenvalue λ(ξ) we want to compute is the pole z0 of G
close to ξ = 0. We therefore take the Taylor expansion of z0

around ξ = 0,

z0 =
∑

n,{mα}α,k,
∈N
cn,mC,mH,mL,mR,k,


× (iξN )n

n!

[∏
α

(
iξE

α

)mα

mα!

]
(iξA)k

k!

(iξ I )



!
, (15)

in Eq. (14), do the inverse Laplace transform and then de-
termine the coefficients cn,mC,mH,mL,mR,k,
 by proceeding order
by order. The coefficients cn,mC,mH,mL,mR,k,
 directly corre-
spond to the currents, fluctuations, and cross-correlations.
Explicitly, we have JN = c1,0,0,0,0,0,0, JQ

C = c0,1,0,0,0,0,0, K =
c0,0,0,0,0,1,0, JI = c0,0,0,0,0,0,1, SJN JN = c2,0,0,0,0,0,0, SJQ

C JQ
C

=
c0,2,0,0,0,0,0, SJQ

C JQ
H

= c0,1,1,0,0,0,0, and so on.

III. FLUCTUATIONS AND CORRELATIONS
OF A DEMONIC REFRIGERATOR

The task of the device depicted in Fig. 1 is to extract heat
from the colder of the two contacts in the working substance,
namely, contact R, while dumping heat into the hotter contact
L. This is done by exploiting the resource provided by the
upper part of the device. While at the trajectory level (see
also the sketch in Fig. 11) energy is exchanged between re-
source and working substance, this energy transfer averages
out under the demon condition, while entropy production in
the resource region and information flow between the two
subsystems persist.

The operation of the nonthermal engine depicted in Fig. 1
depends on a large set of parameters. Here we analyze in
detail different types of fluctuations and correlations of two
complementary settings. In particular, we focus on two sce-
narios of large cooling power, for optimal level positions
of the quantum dots C and W, as previously identified in
Ref. [31], while the level position of dot H is tuned to fulfill the
demon condition JQ

in = 0. We will introduce these scenarios in
the next section, Sec. III A. Like in Ref. [31], we assume in
the following an ideal tunnel-rate asymmetry in the working

FIG. 2. (a) Cooling power maximized over εC and εW, Pεmax
cool

(solid orange line) and the corresponding fluctuations in the cooling
power, SPcoolPcool (dashed blue line) as functions of UH (reproducing
the results from Ref. [31, Fig. 3]). (b) TUR and KUR performance
quantifiers, as defined in Eqs. (6)–(8), when optimizing for cooling
power. (c) Ratio of the cooling-power noise and input-current noise
when optimizing for cooling power. The vertical dotted black lines
indicate two specific parameter sets which will be called scenarios
(I) and (II); see also Table I. Parameters (in units of �C = �H = �):
TH = 16, TC = 4, T̄ = 8, δT = 2, UC = 12, �00

R = �01
L = �10

L = 0
and �00

L = �01
R = �10

R = 0.01. These parameters are of the order of
related experimental realizations [13].

substance4—namely, �00
R = �01

L = �10
L = 0, as indicated by

the red crosses in Fig. 1(b). Also, we always choose �R, �L �
�H, �C, corresponding to an ideal demon, which measures and
reacts rapidly.

In the following, we analyze the precision of the cooling
power, the relation between input and output fluctuations,
and we further substantiate predictions from Ref. [31],
where the two different regimes of operation were identi-
fied as Maxwell-demon-like [46,54] and nonthermal-demon-
like [22,28].

A. Operation at optimized average cooling power

In Fig. 2 we show the optimized cooling power, namely,
the optimal heat current flowing out of the right contact of the
working substance, as a function of the ratio of the respective
capacitive interaction strengths between dot W in the working
substance and dots H and C in the resource region. The opti-
mization is done by tuning the level positions of dot C and W,
for each ratio of interaction strengths UH/UC, while adjusting
εH such that JQ

in = 0.

4Note that this is not a strict requirement for the refrigerator to
work, as discussed in Appendix B 2.
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TABLE I. Parameters of the cases considered in this work, in
units of �. In regimes (I) and (II), the cooling power Pcool is opti-
mized over εC for each pair of values (δT, εW) while εH is tuned to
fulfill the demon condition.

Scenario Scenario Regime Regime
Parameter (I) (II) (I) (II)

TC 4 4 4 4
TH 16 16 16 16
T̄ 8 8 8 8
δT 2 2 Variable Variable
μC, μH, μL, μR 0 0 0 0
�C, �H 1 1 1 1
�00

R , �01
L , �10

L 0 0 0 0
�00

L , �01
R , �10

R 0.01 0.01 0.01 0.01
UC 12 12 12 12
UH 47.22 8.64 47.22 8.64
εW 7.59 −9.88 Variable Variable
εC −7.08 1.24 Optimized Optimized
εH −4.96 −14.38 Demon cond. Demon cond.

Two parameter sets (see Table I for the numerical values)
are found in which the optimized cooling power reaches a
local maximum as function of UH/UC; see Fig. 2(a). One max-
imum is found for UH > UC which we will refer to as scenario
(I) and another, slightly lower maximum, for UH < UC, that
we will refer to as scenario (II) in the following. In Ref. [31],
these parameter regimes have been found to even have similar
efficiencies; see also Supplemental Material [39]. However,
the two regimes were identified as being based on two rather
different working principles: scenario (I) was found to exploit
information and the system can be considered an autonomous
Maxwell demon. In contrast, scenario (II) rather exploits the
nonthermal properties of the resource distribution. Impor-
tantly, these two working principles have been shown to go
along with very different fluctuation characteristics. Indeed,
tradeoff quantifiers involving the cooling power fluctuations
shown in Fig. 2 are of different order of magnitude for the
two scenarios. While scenario (I) has large cooling power
fluctuations at the parameter set where the average cooling
power has a maximum, the fluctuations in scenario (II) are
strongly suppressed at the corresponding maximum in the
cooling power.

We furthermore explore the behavior and performance of
the system around those points by varying the temperature
difference between the working substance reservoir, δT =
TL − TR, and the working substance dot energy, εW. We will
refer to these two cases as regimes (I) and (II), since they have
UH = U (I)

H and UH = U (II)
H respectively. However, in these two

regimes, the value of εC is chosen to optimize the cooling
power and εH is tuned to fulfill the demon condition JQ

in = 0;
see the last two columns of Table I. Note that the range of
values of δT we have chosen is such that TC < TR, namely, the
coldest temperature is in the resource region. Importantly, this
is not a necessary condition to achieve refrigeration under de-
mon conditions. We show in the Supplemental Material [39]
that, in regime (II), the reservoir being cooled down, namely,
reservoir R, can be the coldest—even colder than the cold
resource reservoir.

FIG. 3. (a) Average cooling power Pcool and (b) cooling power
noise SPcoolPcool as functions of εW and δT = TL − TR. We choose the
value of εC maximizing Pcool for each εW and δT , while εH is always
taken such that JQ

in = 0. The parameters have the values of scenarios
(I) and (II) (as given in Table I). The points corresponding to the
exact parameters of scenarios (I) and (II) from Fig. 2 are indicated
by a purple star. The solid white lines always indicate isolines of
Pcool.

In Fig. 3 we plot the cooling power Pcool and its fluc-
tuations SPcoolPcool , as functions of εW and δT = TL − TR in
regimes (I) and (II). White regions are always the ones where
the demon condition cannot be fulfilled. The points corre-
sponding to the exact parameters of scenarios (I) and (II),
as indicated by the dotted black lines in Fig. 2—that is
δT/� = 1, with �C = �H = �, and εW = ε

(I)
W , ε

(II)
W as given

in Table I—are marked by a purple star in the four panels of
Fig. 3 and in subsequent figures. Solid white lines indicate
isolines of Pcool in all density plots. Our choice of different
ranges for values of εW in the left column (εW/UC ∈ [0, 3])
and in the right column (εW/UC ∈ [−3, 0]) is motivated by the
sign of the cooling power. We are only interested in parameter
ranges where the device operates as a refrigerator, namely,
when Pcool > 0. We therefore do not focus on situations where
Pcool becomes negative, namely, when εW becomes negative
in regime (I) and when εW becomes positive in regime (II).
We see that the cooling power maxima are located at different
level positions, leading to the differences in the operation
identified for scenarios (I) and (II) in Ref. [31]. Furthermore,
as expected, the cooling power is largest for δT/T̄ → 0.

The fluctuations of the output cooling power are shown in
Fig. 3(b). Interestingly, the maximum of the cooling power
of regime (I) is located close to a maximum in the cool-
ing power fluctuations as function of εW. Indeed, the yellow
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region of large cooling power in the left panel of Fig. 3(a)
largely overlaps with the yellow region of large cooling-power
fluctuations in Fig. 3(b). The opposite is true for the maximum
cooling power of regime (II). Here the fluctuations have a
minimum as function of εW. Regions of large cooling-power
fluctuations, indicated by yellow regions in the right panel of
Fig. 3(b) overlap with regions of small cooling power in the
right panel of Fig. 3(a), shown in dark blue.5

In the following, we discuss the implications that this has
for the tradeoff quantifiers inspired by the thermodynamic and
kinetic uncertainty relations in the two regimes of operation
(I) and (II).

B. Trade-off relations for engine precision

The performance quantifiers XTUR, XKUR and X loc
KUR, as

defined in Eqs. (6), (7), and (8), are plotted in Fig. 2(b) for
the parameters optimizing Pcool. Both the TUR and KUR are
much larger for scenario (II) than for scenario (I) and the TUR
is even close to saturation in scenario (II). However, the local
KUR is always much farther from saturation (reaching values
up to �0.35) than the TUR (reaching values up to � 0.89).
See Supplemental Material [39] for more details about the
separate factors contributing to the performance quantifiers.

We now investigate these trade-off quantifiers more care-
fully in the parameter regimes around the ideal values of
scenarios (I) and (II) using the density plots shown in Fig. 4
for these two regimes. Here we plot the performance quan-
tifiers as functions of the temperature difference δT in the
working substance and of the level position of dot W. These
plots confirm the first results of Fig. 2(b) in that all factors X
have overall smaller values in regime (I) compared to regime
(II) by about an order of magnitude.

We find that the optimal cases with respect to the cooling
power lie close to maximum values of XTUR and X loc

KUR in
regime (II), while they lie in regions of low XTUR and X loc

KUR in
regime (I). This could, to some extent, be expected from the
coincidence of high cooling power and low noise in scenario
(II) and of high cooling power and high noise in scenario
(I), even though care has to be taken since the X s are not
determined by the fluctuations of Pcool alone.

This behavior is, however, slightly different for XKUR,
which is again maximal for scenario (II), but is also in the
vicinity of a maximum in scenario (I). That this happens
despite the fact that the cooling power fluctuations are not
suppressed can be understood in the following way. As seen
from Fig. 3, P2

cool decreases with εW much faster from its
maximum value than SPcoolPcool , and at the same time, the
activity K does not vary much with εW in scenario (I); see
Appendix A. The dependence of QKUR on εW is hence domi-
nated by P2

cool such that the maximum of QKUR approximately
coincides with the maximum of Pcool. Still, for scenario (I)
the maximum value for XKUR differs strongly from the value
of XKUR at maximum cooling power, as we discuss in the
context of Fig. 5. Also, note that we find the KUR to be far

5The heat current in the resource JQ
trans and the information currents

in these two regimes, as well as fluctuations between all of those
quantities are shown in the Supplemental Material [39].

FIG. 4. XTUR, XKUR and X loc
KUR as functions of εW and δT = TL −

TR. The points corresponding to the exact parameters of scenarios (I)
and (II) (see Table I) are indicated by a purple star. The solid white
lines indicate isolines of Pcool in all the plots; see Fig. 3(a).

from saturated in this setup for both regimes. Saturation of
the KUR would require uniform tunneling rates [74]. Here,
however, the rates �hwc = −[W ]hwc

hwc, where W is the kernel
of the master equation (12) in the absence of counting fields
(ξ = 0), differ strongly. Indeed, in all the configurations we
consider, there is always at least one dot energy level that is
negative, such that the empty state 000 decays fast to the state
where that dot is occupied. This second state has, conversely,
a lower decay rate because the occupation of the dot makes
it harder to put an electron into another dot, to which it is
capacitively coupled.

Interestingly, in regime (II), the TUR can be almost satu-
rated (with XTUR > 0.8) by tuning εW, even when increasing
the temperature difference between the left and right reser-
voirs; see right panel in Fig. 4(a). This, combined with the fact
that the KUR remains far from being saturated, indicates that
the device still operates in a “close to equilibrium” manner,
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FIG. 5. Lasso plots obtained by varying εC (as indicated by the
colormap), maximizing Pcool over εW with εH chosen such that JQ

in =
0. Furthermore, UH is taken as in scenarios (I) and (II) respectively,
and the other parameters are the same as in Fig. 2. The points
corresponding to the exact parameters of scenarios (I) and (II) are
indicated by a purple star. The blue crosses indicate the points at
which εC = −UC/2.

despite the non-negligible temperature differences between
the reservoirs.

It is furthermore insightful to investigate how the trade-off
relations evolve with changing the level position εC. Figure 5
shows lasso plots for XTUR, X loc

KUR, XKUR, and SPcoolPcool versus
Pcool for UH = U (I)

H and UH = U (II)
H respectively. Each point

of the curves is obtained by maximizing Pcool over εW for
a fixed value of εC.6 By varying εC, we cover the whole
range of accessible cooling powers. We again confirm that all
three trade-off factors are significantly better in the case where
UH = U (II)

H compared to UH = U (I)
H .

We first analyze the case UH = U (I)
H , shown in the left

column of Fig. 5, for which the operation principle resem-
bles the one of a Maxwell demon, meaning that information
exchange between the working substance and the resource

6Note that this is not the same as in regimes (I) and (II), in which
we maximize Pcool over εC while varying εW.

region was found to be crucial [31]. We see that with increas-
ing εC the cooling power first increases until the maximum
cooling power (purple star) is achieved close to εC = −UC/2
(blue cross). Then the cooling power decreases again. This
is intuitively clear for a Maxwell demon’s operating mode
since the level position εC = −UC/2 of the dot attached to
the cold contact allows for a good detection of the occupa-
tion of dot W. Indeed, when εC significantly deviates from
this value, the difference between fC(εC) and fC(εC + UC) is
suppressed, and the autonomous measurement and feedback
mechanism associated with dot C and the cold resource reser-
voir on which the refrigeration relies stops working. Also,
the cooling power fluctuations, shown in the left panel of
Fig. 5(d), increase with increasing εC until a maximum value
at εC ≈ −UC/2 and then decrease again. Notably, they de-
crease faster when decreasing εC from close to −UC/2 than
when increasing it from εC ≈ −UC/2. This is because in the
former case dot C is occupied more often, which prevents
dot H from being occupied, thus decreasing the fluctuations
in the cooling power which would otherwise result from the
detrimental contribution of the hot resource reservoir [31].
Furthermore, SPcoolPcool decreases faster with εC than Pcool [see
the left panel of Fig. 5(d)], which is at the origin of the
increase in the three uncertainty relation quantifiers X when
decreasing εC.

When choosing UH = U (II)
H , the performances of the setup

are very different, as can be seen in the right column of Fig. 5.
This is in agreement with the previous conclusion that the
operating principle is not mainly information-based. In other
words, it does not solely rely on the cold resource reservoir,
but also the energy exchange with the hot resource reservoir
is beneficial in the regime of optimal cooling power. We
observe that not only the overall performance with respect
to the trade-off factors is better in this case, but also the
shape of the “lassos” is more intricate and they span a smaller
range of (X,Pcool ) pairs. This can be understood from the
fact that SPcoolPcool has a local minimum as function of εC

when Pcool has a global maximum. The reason for this is
that the exchange with both resource reservoirs is beneficial
for the cooling operation around εC ≈ 0, thereby reducing the
noise; see Sec. III C below. As a result of this local minimum
in SPcoolPcool the lasso plot of SPcoolPcool is bent and the two
branches of the lassos for the different factors X are close to
each other.

C. Output versus input noise

For the refrigerator considered here to work while oper-
ating under the demon condition, JQ

in = 0, fluctuations of the
resource are a requirement [32]. It is therefore important to
understand to what extent these input fluctuations impact the
precision of the output cooling power. In the linear-response
regime of a thermal two-terminal engine, it has been shown
that input fluctuations set a lower bound on the output fluctua-
tions [75]. This is different in the more complex multiterminal
setup with capacitively coupled subsystems studied here. We
show how the output cooling power fluctuations, SPcoolPcool ,
compare with the noise in the input heat current, SJQ

in JQ
in

, in
Fig. 6 for parameters in regimes (I) and (II).
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FIG. 6. Ratio of the cooling power noise and input noise as a
function of εW and δT = TL − TR. The points corresponding to the
exact parameters of scenarios (I) and (II) in Fig. 2 (see also Ref. [31])
are indicated by a purple star. The solid white lines indicate isolines
of Pcool; see Fig. 3(a).

The ratio between input and output noise is relatively uni-
form as a function of δT/T̄ and εW/UC in regime (I). Input
and output noise are always roughly of the same order of
magnitude, the output noise being slightly larger than the
input noise, in the same spirit as what was found for the
two-terminal case [75].

Also in the density plot of regime (II), input and output
fluctuations differ by at most an order of magnitude, and the
ratio has almost no dependence on the temperature difference.
However, the overall behavior is different and we observe
bigger differences in the ratio as function of εW. In particular,
the case of optimal cooling power is found in a regime, where
SPcoolPcool/SJQ

in JQ
in

has a minimum. At this minimum value, the
output fluctuations are reduced with respect to the input fluc-
tuations. This is an important insight for the operation of the
device. While fluctuations in the input are required in order
to make the refrigerator work (more details in the following
Sec. III D), this does not necessarily have a detrimental impact
on the precision of the output. Note that this feature even per-
sists when both resource reservoirs are hotter than reservoir R,
which is to be cooled down; see Supplemental Material [39].

To understand these behaviors, the stochastic cycle analy-
sis conducted in Ref. [31] is insightful; see also Ref. [76] for a
related configuration. We therefore briefly summarize it here
and refer to Appendix C for more details. The situation under
study is described by the master Eq. (12) (setting the counting
fields to zero), which corresponds to a Markovian stochas-
tic process between the occupation states hwc of the dots.
We now analyze trajectories in occupation-state space arising
from this stochastic process. Without loss of generality, we
choose the empty state 000 as a starting point and look at every
time the system goes back to this state, calling the sequence of
states of the three dots a stochastic cycle C. For any stochastic
cycle, C̃ denotes its time-reversed counterpart, namely, the
cycle where the jump sequence among dot states hwc happens
in reversed order. All relevant thermodynamic quantities, in
particular the heat Qα from reservoir α = C, H, L, R, can be
defined at the cycle level [31], and will be denoted by Qα (C)
in the following. Moreover, note that Qα (C̃) = −Qα (C).

There are three kinds of thermodynamically relevant cy-
cles [31]: CC involving only the cold resource reservoir, CH

involving only the hot resource reservoir, and CHC involv-
ing both of them (see Appendix C 1 and Ref. [31] for a
precise definition). Together with their time-reversed counter-
parts, they form an ensemble of cycles which can be used to
compute averages and fluctuations. In particular, the average
current JQ

α and noise SJQ
α JQ

α
, obtained from full counting statis-

tics [Eqs. (10) and (11)], can also be expressed based on the
stochastic cycle quantities as [77,78] (see Appendix C 3 for
the justification of the approximation)

JQ
α = 〈Qα〉C

t̄cycle
, SJQ

α JQ
α

� varC (Qα )

t̄cycle
, (16)

where 〈·〉C and varC (·) are, respectively, the average and vari-
ance over the stochastic cycles [see Eqs. (C6)], and t̄cycle is the
average duration of a cycle. As a consequence, SJQ

in JQ
in

is given
by the variance of QC(C) + QH(C) and SPcoolPcool is given by
the variance of QR(C).

Let us start with discussing regime (I), where the device
operates as a refrigerator for εW > 0. This means that the
amount of heat QR(CC) = εW + UC exchanged during a cycle
involving the cold resource reservoir, as well as the amount
of heat QR(CH) = εW + UH exchanged during a cycle involv-
ing the hot resource reservoir, are always positive and hence
beneficial for the cooling process. Yet what makes the cooling
process noisy is that it is always only one of them that is more
probable than its reversed cycle. The reversed cycles of CH and
CC, namely, C̃H and C̃C are however detrimental for cooling. As
a result, the cooling power has large fluctuations as analyzed
in Ref. [31].

This is different in regime (II), where εW is negative so
the sign of both QR(CC) = εW + UC and QR(CH) = εW + UH

change with εW. This is important because, conversely, the
entropy production �(C) does not,7 meaning that whether
C is more or less probable than its reversed C̃ is indepen-
dent of εW; see Appendix C 6. In particular, in the range
−UC < εW < −UH, QR(CC) and QR(CH) have the same sign
as their respective entropy productions, such that all the cycles
contributing to the cooling [QR(C) > 0] are more probable
than their detrimental counterparts C̃, which reduces the vari-
ance of QR(C). Outside of this area, only one of the cooling
cycles is less probable than its detrimental counterpart, which
increases the variance of QR(C). This explains why SPcoolPcool

exhibits a local minimum close to εW/UC = −1, the location
of the noise reduction stripe observed in Fig. 6.

Finally, we see in Fig. 2(c) that our findings about regimes
(I) and (II) apply more generally to the broader parameter
ranges UH > UC and UH < UC, where only the latter exhibits
a reduced noise in the cooling power compared to the noise
in the input heat flow. This implies that multiterminal devices
fed by nonthermal resources do not only have the advantage
to be able to perform useful thermodynamic tasks without
absorbing heat on average; they can also have advantages

7For a given cycle, the entropy production satisfies �(C) =
ln[π (C)/π (C̃)], where π (C) is the probability of occurrence of cycle
C and similarly for π (C̃) [79].
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� � �
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FIG. 7. Correlation coefficient � from the full counting statistics [Eq. (9)] for different pairs of currents as functions of εW and δT =
TL − TR: in regime (I) for the panels (a)–(i) and in regime (II) for panels (a′)–(i′). The points corresponding to the exact parameters of scenarios
(I) and (II) (see Table I) are indicated by a purple star. The solid white lines indicates isolines of Pcool in all the plots [see Fig. 3(a)]. The
horizontal dashed black line indicates εW = −UH while the dotted black one indicates εW = −UC.

with respect to precision, since there exist regimes where the
output noise is suppressed with respect to the input noise in
parameter regimes where the average output (here the cooling
power) is large.

D. Cross-correlations highlighting operation principles

Having studied the precision of the three-dot refrigerator,
we now use the analysis of cross-correlations to further inves-
tigate its working principles. Concretely, to analyze in more
detail how the operation of the refrigerator differs in regimes
(I) and (II), we study different Pearson correlation coefficients
[see Eq. (9)] given by cross-correlations between the key
currents in the device. In Fig. 7 we plot nine distinct Pearson
correlation coefficients8 as functions of εW and the temper-
ature difference δT : the correlation coefficients between the
cooling power, Pcool = JQ

R , and the input heat flow, the trans-
verse heat flow and the information current respectively, as
well as the six correlation coefficients between the heat flows
of all possible pairs of reservoirs C, H, L, R.

We start by analyzing the working principles of the two
scenarios (I) and (II) (and the parameter regimes in their
vicinity) based on correlations between the cooling power and
some resource currents of interest: the information current JI ,
the input heat current JQ

in (which vanishes on average), and

8The cross-correlations SJJ ′ , entering the numerator of the Pearson
coefficients, are shown in the Supplemental Material [39].

the transverse heat current in the resource region JQ
trans; see

Fig. 1(a). As expected, the correlations between the infor-
mation flow JI and the cooling power, shown in Figs. 7(a)
and 7(a′) differ significantly in the two regimes. In regime (I),
which was identified as being the Maxwell-demon-like oper-
ation mode, JI and Pcool are strongly anticorrelated. Instead,
in regime (II), which was identified as being the nonthermal-
demon-like operation mode, the sign and magnitude of the
correlations between JI and Pcool vary as a function of εW;
in particular, at the parameters of scenario (II) indicated
by the purple star, the correlations are strongly suppressed.
We find a similar correlation pattern between JQ

in and the
cooling power, Pcool, in Fig. 7(b), even though the average
input heat flow is zero, JQ

in = 0. There are always strong
(anti-)correlations between JQ

in and Pcool in regime (I), while
these correlations show large variations and a sign change in
regime (II), with the maximum cooling power achieved in sce-
nario (II) at a value of |�JQ

inPcool
| which is strongly suppressed;

see Fig. 7(b′).
Instead, in regime (II), the best refrigeration is obtained

when there are large, positive correlations with the trans-
verse heat flow in the resource region, JQ

trans, as evidenced by
Fig. 7(c′). This is consistent with the previous conclusion that
in scenario (II) the operating principle is nonthermal-demon-
like and that a type of heat drag is at play here [28,80]. In
regime (I), the correlations between Pcool and JQ

trans are instead
not significant; see Fig. 7(c).

The study of the correlations can even be broken down to
separate heat currents in the four contacts of working sub-
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stance and resource and related to processes occurring at the
trajectory level, thereby further highlighting the working prin-
ciples of the two regimes. The results for this are shown in the
lower two rows of Fig. 7; more details about the connection to
the stochastic cycle analysis are provided in Appendix D.

Analyzing the cross-correlations between the left and right
heat currents in the working substance, we see in Fig. 7(d) that
JQ

L and JQ
R are strongly anticorrelated in regime (I), which is a

signature of an information-based Maxwell-demon operating
mode [45,54]. In scenario (I), only one of the three dominating
cycles (the three cycles with positive entropy production),
namely, CC, cools down R. It functions by extracting heat from
R and dumping it into L and C. In the two other dominating
cycles, namely, C̃H and C̃HC, R receives heat from H and or L.
This results in the strong anticorrelation between JQ

L and JQ
R

[Fig. 7(d)]: whenever heat is transported into or out of L, the
opposite is true for R. This, however, forces R to serve as a
heat dump for H to fulfill the demon condition yielding a less
precise cooling power than in scenario (II).

In regime (II) [Fig. 7(d′)], �JQ
L JQ

R
varies significantly and

even changes sign as a function of εW, meaning that the
refrigeration in that case is not based on the creation of direct
cross-correlations between JQ

L and JQ
R . At the position of the

purple star corresponding to scenario (II), �JQ
L JQ

R
is suppressed

to �JQ
L JQ

R
� −0.41. This happens despite having JQ

L = −JQ
R

for the average current due to the demon condition, and it
confirms that the operating principle is hence nonthermal-
demon-like [28,31] relying nontrivially on heat exchanges
with the hot and cold resource reservoirs. From the stochastic
cycle analysis, one learns that in all three dominating cycles,
heat is transferred from R into another reservoir by using
additional energy supplied by a third reservoir. Whenever H
is involved in one of these cycles, it serves as the energy
supplier, and whenever C is involved, it receives heat. As a
consequence JQ

R is correlated with JQ
H and anticorrelated with

JQ
C ; see Figs. 7(e′) and 7(f′). The situation for L is different,

as it serves both as the energy supplier and the heat receiver
in different cycles. This results in the vanishing correlations
between JQ

L and JQ
R in scenario (II) as seen in Fig. 7(d′), i.e.,

whenever heat is extracted from R, L could either receive
heat, extract heat, or be bypassed. At the same time, all of
the dominating cycles cool down R, allowing for the precise
cooling power observed in Fig. 3.

Finally, we aim to get further insights into the sign changes
occurring in the correlation coefficients in regime (II). We
therefore use the generalization of Eq. (16) to the cross-
correlation between currents JQ

α and JQ
γ ,

SJQ
α JQ

γ
� covC (Qα, Qγ )

t̄cycle
= 〈QαQγ 〉C

t̄cycle
− JQ

α JQ
γ t̄cycle; (17)

see Appendix C 3 for the justification of the approximation.
In the considered range of values of εW and δT , the heat
exchanges on the cycle level, QC(C), QH(C) and QL(C), do
not change sign, and neither do the average heat currents
JQ

H , JQ
R > 0 and JQ

C , JQ
L < 0. As a consequence, �JQ

C JQ
H

, �JQ
H JQ

L
,

and �JQ
C JQ

L
do not change sign in Figs. 7(g′), 7(h′), and 7(i′).

However, QR(CC) = εW + UC and QR(CH) = εW + UH do
change sign with εW in the parameter range of interest. Also,

the probabilities of occurrence of the cycles—and therefore
the respective weights of QR(CC), QR(CH) and QR(CHC) =
UH − UC < 0 in the cycle average—depend on both εW and
δT . Analyzing Figs. 7(b′), 7(d′), and 7(e′), we find that
�JQ

inPcool
, �JQ

L JQ
R

, and �JQ
H JQ

R
always change sign at εW � −UH

(indicated by a black dashed line), which is the value at which
QR(CH) = εW + UH changes sign. This means that the hot
cycles CH, C̃H are the dominant contributions in the corre-
sponding cross-correlations. By contrast, �JIPcool

changes sign
at εW � −UC [see the black dotted line in Fig. 7(a′)], meaning
that the dominant contribution to the cross-correlation comes
instead from the cold cycles CC, C̃C. This is consistent with
the findings that only the refrigeration via the cold resource
reservoir is powered by information in scenario (II) [31]. 9

IV. COMPARISON WITH A NONINTERACTING SETUP

In this work, we have analyzed a quantum-dot based
“demonic” refrigerator exploiting a nonthermal resource
(obtained here by mixing two thermal ones). A similar non-
thermal demon has been proposed in a quantum Hall bar in
Ref. [22] and further characterized in Refs. [25,32]. Here we
point out some crucial similarities and differences between
the dot-based refrigerator of this work and the quantum-Hall-
based refrigerator; see Fig. 8(a).

The quantum-Hall-based refrigerator is described in the
framework of scattering theory, thereby neglecting Coulomb
interactions beyond the mean-field level. Not relying on inter-
actions, a first conceptual difference is hence that this device
excludes the possibility of autonomous feedback, ruling out
any information-based Maxwell-demon-like behavior.

The system of Fig. 8(a) is modeled as follows: in the
resource region, a transmission function τres(E ) mixes the
two thermal distributions from reservoirs D1 and D2, which
are given by Fermi functions. In the working substance,
an energy-dependent transmission function τws(E ) is needed
for a “demonic” operation, namely, to have a negative local
entropy production [25]. Finally, a possible interface transmis-
sion is present, which is, however, unimportant for the features
we are interested in, and is therefore set to τint (E ) = 1. The
full scattering matrix describing the system is reported in
Appendix E.

A further conceptual difference with the dot-based de-
vice is that the setup in Fig. 8(a) allows particles to be
exchanged between resource and working substance, hence
the demon condition requires two equations: on average,
we require no energy and particle exchange between the
working substance and the resource, namely, JN

in = JE
in = 0.

These conditions are fulfilled by fixing the chemical poten-
tials μ1,2 of reservoirs D1,2, which are both measured with
respect to the energy reference μL = μR = 0. Importantly,
the setup of Fig. 8(a) is such that the demon conditions are
not affected by the choice of the features of the working

9Although less visible, �JQ
C JQ

R
and �JQ

transPcool
also change sign. These

sign changes are the result of a more complex interplay between the
sign changes of QR(C) and the variation of the cycle rates with εW

and δT .
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FIG. 8. (a) Noninteracting setup: four electronic reservoirs D1,
D2, L, R are connected by a scattering region with chiral quantum
Hall channels. Scattering processes are encoded by transmission
functions τi(E ) that could be implemented by quantum point con-
tacts (see main text). (b) Cooling power and noise in the cooling
power as functions of εws. (c) Performance quantifiers XTUR and X loc

KUR

as functions of εws. (d) Pearson correlation coefficients �JQ
L JQ

R
and

�JQ
inPcool

as functions of εws. The temperatures are T1 = T2 = 1.2T̄ ,

TL,R = T̄ ± δT/2, δT = 0.1T̄ , while the onset εres of the resource
transmission function τres(E ) = �(E − εres ) is optimized to maxi-
mize the cooling power.

substance, encoded in the transmission τws(E ). There are sev-
eral possible choices for the transmission functions. As in the
previous study [32], we focus on sharp step functions τi(E ) =
�(E − εi ), with i = res, ws, since they are known to generate
high output powers in similar thermoelectric devices [81,82].
Such transmissions can be implemented by quantum point
contacts.

In Figs. 8(b)–8(d), we present the main quantities of in-
terest, summarizing the behavior of the device, namely, the
cooling power, its fluctuations, the KUR- and TUR-based
figures of merit, and two Pearson correlation coefficients.
Building on the results from Ref. [32], we choose a parameter
regime where the temperatures T1 and T2 in the resource are
equal and larger than the base temperature T̄ in the working
substance, namely, T1 = T2 = 1.2T̄ , with TL,R = T̄ ± δT/2.
The nonthermal character of the resource arises from a differ-
ence in electrochemical potentials μ1 
= μ2 between the two

mixed resource contacts, the values of which are fixed by the
two demon conditions.

Regarding the onsets of the transmission functions εws and
εres, we adopt a similar strategy as for the dot-based setup: for
each value of εws, we optimize εres to achieve the maximum
cooling power, Pεmax

cool . We express the latter as a fraction of
Pendry’s bound JPendry = πT 2

R /12, representing the maximum
heat current that can be extracted from the reservoir to be
cooled down [83].

We notice that, also in this system, the cooling power Pεmax
cool

has two maxima as a function of εws, one of them occurring at
the resonance condition εws = εres. Which of the two maxima
is the largest depends on the temperature difference δT [32].
Here, unlike in the dot-based demon, the fluctuations at the
cooling power maxima are rather similar. Another significant
difference is that the TUR and local KUR figures of merit
are here much farther from saturation than in both scenarios
identified in Fig. 2. In the TUR case, this is due to the large
entropy production in the resource region (driven by a signifi-
cant chemical potential bias), which is necessary to achieve a
large cooling power in the working substance. The low value
of X loc

KUR can instead likely be attributed to the rather small
temperature biases, as the KUR is typically closest to satu-
ration far from equilibrium. Finally, the Pearson correlation
coefficients are always negative, as required by free fermionic
transport [84]. Unlike in the dot-based refrigerator, the heat
currents JQ

L and JQ
R are never perfectly anticorrelated, and a

minimum value of �JQ
L JQ

R
≈ −0.5 is achieved. Additionally,

a large correlation between JQ
in and Pcool can be observed,

but it remains far from perfect at the cooling power maxima.
These seem to be the common features of demons exploiting
nonthermal resources [see Figs. 7(b′) and 7(d′)], confirming
that the working principle is not that of an information-based
Maxwell demon. Understanding more precisely the working
principles at play in all parameter regimes in this noninteract-
ing setup would require further investigation, which is beyond
the scope of this work.

V. CONCLUSION

We analyzed the fluctuations of a quantum-dot-based “re-
frigerator,” which is able to extract heat from a cold electronic
reservoir in the “working substance” of the device. The
working principle of this refrigerator is special in the sense
that it does not extract any energy on average from the
resource region—hence seemingly operating like a demon.
Performing a useful engine task (here cooling) while avoid-
ing average energy transfer to the working substance can
be of interest since it might reduce heating of the working
substance.

The demonic action of this device can be identified as
relying mostly on information exchange with the resource
or on the nonthermal properties of the resource. Using full
counting statistics combined with insights from stochastic
trajectories, we characterized these two working principles
based on the cross-correlations between different heat and in-
formation currents in the device. We furthermore showed that
the information-based operation is typically noisier than the
nonthermal operation. This is evident from their characteriza-
tion in terms of tradeoff relations based on the thermodynamic
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and kinetic uncertainty relations, but also in how their cooling
power fluctuations relate to the input fluctuations. Indeed,
in the nonthermal operation mode, the output noise can be
suppressed compared to the input noise. We also pointed
out differences and similarities of the studied quantum-dot
refrigerator with respect to similar seemingly demonic devices
realized in noninteracting coherent conductors.

By combining full counting statistics and trajectory anal-
ysis, our work provides insights into which processes of
nanoscale engines are particularly affected by noise, and it
indicates routes to improve the precision of nanoscale engines
without requiring (large amounts of) average heat transfer.
In the future, it could be interesting to study more generic
types of nonthermal resources, as well as the impact of higher
occupation numbers of the triple-dot system on the noise
properties.
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APPENDIX A: BREAKING THE LOCAL KUR

The TUR and KUR bounds are always satisfied in the
dot-base refrigerator of this work, as it behaves according to
a classical Markov process. This is not the case for the local
KUR bound. Indeed, the performance quantifier X loc

KUR, defined
in Eq. (8), is based on a local version of the KUR [50] for
noninteracting systems that is valid either close to equilib-
rium or in the tunneling regime. This bound can, however, be
broken either due to interference effects in coherent quantum
transport in the strong coupling regime (see Ref. [50]) or
due to interactions between particles, which is outside of the
validity range of the local KUR developed in Ref. [50]. Given
the strong capacitive couplings between the dots in the system
studied here, we do not expect the inequality X loc

KUR � 1 to
hold.

Figure 4 shows that in regime (II) the maximum in Pcool

almost coincides with the maxima in XTUR and XKUR while
this is not the case for regime (I). Focusing on the local
KUR, we instead find that its maxima occur when Pcool < 0
in regime (I), namely, when no refrigeration takes place, as
shown in Fig. 9(a). Furthermore, we point out the fact that
in this case, the local KUR can be broken, as highlighted

FIG. 9. X loc
KUR [Eq. (8)], Pcool, K and SJN JN in the (εC, εW)-plane

with εH such that JQ
in = 0. All other parameters are chosen as in

(a) scenario (I) and (b) scenario (II); see Table I. The white lines
are isolines of Pcool, and the solid red line highlights the area where
X loc

KUR > 1 in panel (a).

by the red line in Fig. 9(a). This is, however, in a parameter
range where the device is not performing a useful task since
Pcool < 0. No breaking of the local KUR has been observed
in regime (II); see Fig. 9(b). We also note that there is not
a single set of parameter values that maximizes XTUR and
XKUR as XTUR tends to become constant for high enough εC

(compared to UC) and XKUR tends to become constant for low
enough εC.

The breaking of the local KUR observed here is related to
the presence of interactions that can suppress the fluctuations
through correlations, such that SJN JN � KR where KR is the
local activity of the right reservoir (namely, the activity with
respect to hopping events involving the right reservoir). This
causes the local KUR to break in two ways: first, activity in
other parts of the network can increase precision in the cooling
power without increasing the local activity. This means that
the total activity would be needed to bound the cooling-power
noise. Second, the local KUR of Eq. (8) uses particle current
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noise to approximate the local activity, something which can
only work if SJN JN � KR. Again, interactions are responsible
for suppressing noise such that one can obtain SJN JN � KR.
Indeed, as displayed in Fig. 9, the activity and particle-current
noise display rather different behavior, and it is clear that the
violation of the local KUR occurs in a region where the SJN JN

is small while the total activity is large.
There are multiple potential sources in a transport set-

ting, which can cause correlations that can both increase or
decrease noise, e.g., (effective) interactions or interference ef-
fects. However, in a classical Markovian system if all particle
transfers are independent of each other, the total number of
transfers into a reservoir is Skellam distributed [87]. This,
in turn, means that the noise of a particle current into/out
of a reservoir is equal to its local activity, which implies
that a local KUR will be a valid bound. For the system
studied here, it is the Coulomb interaction which causes the

deviation from Skellam statistics; this is not necessarily the
case in coherent quantum transport, where correlations be-
tween transfers can instead originate from, e.g., the Pauli
blocking, even in the absence of interactions. A more detailed
analysis of the impact of interactions on the local KUR in
general is beyond the scope of this paper and will be presented
elsewhere.

APPENDIX B: DETAILS ABOUT
THE THEORETICAL MODEL

1. Full kernel for the full counting statistics

Here we give the full expression for the different terms
of the extended kernel W (ξ) of the generalized master equa-
tion (12) used to compute the full counting statistics:

WC(ξ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−�0+
C �0−

C ei[ξA−ε0
CξE

C −I0
Cξ I ] 0 0 0 0

�0+
C ei[ξA+ε0

CξE
C +I0

Cξ I ] −�0−
C 0 0 0 0

0 0 −�1+
C �1−

C ei[ξA−ε1
CξE

C −I1
Cξ I ] 0 0

0 0 �1+
C ei[ξA+ε1

CξE
C +I1

Cξ I ] −�1−
C 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

WH(ξ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−�0+
H 0 0 0 �0−

H ei[ξA−ε0
HξE

H −I0
Hξ I ] 0

0 0 0 0 0 0

0 0 −�1+
H 0 0 �1−

H ei[ξA−ε1
HξE

H −iI1
Hξ I ]

0 0 0 0 0 0

�0+
H ei[ξA+ε0

HξE
H +I0

Hξ I ] 0 0 0 −�0−
H 0

0 0 �1+
H ei[ξA+ε1

HξE
H +I1

Hξ I ] 0 0 −�1−
H

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

WL(ξ) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−�00+
L 0 �00−

L ei[ξA−ε00
W ξE

L ] 0 0 0

0 −�01+
L 0 �01−

L ei[ξA−ε01
W ξE

L ] 0 0

�00+
L ei[ξA+ε00

W ξE
L ] 0 −�00−

L 0 0 0

0 �01+
L ei[ξA+ε01

W ξE
L ] 0 −�01−

L 0 0

0 0 0 0 −�10+
L �10−

L ei[ξA−ε10
W ξE

L ]

0 0 0 0 �10+
L ei[ξA+ε10

W ξE
L ] −�10−

L

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

WR(ξ) = 2

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

−�00+
R 0 �00−

R ei[ξA−ξN −ε00
W ξE

R ] 0 0 0

0 −�01+
R 0 �01−

R ei[ξA−ξN −iε01
W ξE

R ] 0 0

�00+
R ei[ξA+ξN +iε00

W ξE
R ] 0 −�00−

R 0 0 0

0 �01+
R ei[ξA+ξN +ε01

W ξE
R ] 0 −�01−

R 0 0

0 0 0 0 −�10+
R �10−

R ei[ξA−ξN −ε01
W ξE

R ]

0 0 0 0 �10+
R ei[ξA+ξN +ε10

W ξE
R ] −�10−

R

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

.

(B1)

We have defined

�w±
C/H = �C/H fC/H

(± εw
C/H

)
, �hc±

L/R = �hc
L/R fL/R

(± εhc
W

)
, (B2)

and

εw
C/H = εC/H + wUC/H, εhc

W = εW + cUC + hUH, Iw
C = − ln

[
p̄(w|00)

p̄(w|01)

]
, Iw

H = − ln

[
p̄(w|00)

p̄(w|10)

]
. (B3)
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FIG. 10. Impact of the tunneling asymmetry. (a) Cooling power
maximized over εC and εW while εH is chosen such that JQ

in =
0, Pεmax

cool , (b) the corresponding power fluctuations, SPcoolPcool , and
(c) performance quantifier XTUR as functions of the tunneling asym-
metry � [Eq. (B4)]. The solid lines were obtained with the same
value of UH as in scenario (I) and the dashed lines with the value
from scenario (II). To vary �, the value of the tunnel rates �00

L =
�01

R = �10
R was kept fixed, while the value of �00

R = �01
L = �10

L was
decreased down to zero. All the other parameters are the same as in
Fig. 2. Only the points with Pεmax

cool > 0 are plotted.

Here Iw
C and Iw

H correspond to the information acquired
by the resource region during the transitions 0w0 → 0w1
and 0w0 → 1w0, respectively [31,88,89], and p̄(w|hc) =
p̄hwc/( p̄h0c + p̄h1c) is the probability of having w = 0, 1 elec-
trons in dot W knowing that dots H and C contain h and c
electrons, respectively.

2. Influence of the tunneling asymmetry

In the main text and in Ref. [31], we consider the ideal
situation of maximal tunneling asymmetry, where �00

R , �01
L ,

and �10
L are fully suppressed. Here we study the impact of

a nonideal tunneling asymmetry on the performance of the
refrigerator. For simplicity, we continue assuming that �00

L =
�01

R = �10
R and �00

R = �01
L = �10

L and define the tunneling
asymmetry [28]

� = �00
L �10

R − �10
L �00

R(
�00

L + �00
R

)(
�10

L + �10
R

) = �00
L �01

R − �01
L �00

R(
�00

L + �00
R

)(
�01

L + �01
R

) ,
(B4)

such that the ideal case corresponds to � = 1.
Figure 10 shows that, as expected, the performances de-

grade when the tunneling asymmetry decreases—the maximal
cooling power Pεmax

cool decreases, the fluctuations SPcoolPcool in-
crease, and XTUR decreases—but refrigeration is nevertheless
possible on a large range of nonideal values of �. We also
see that Pεmax

cool and XTUR decreases much faster for UH > UC

[solid lines, same parameters as in scenario (I) in the limit

FIG. 11. Sketch of the possible stochastic cycles, adapted from
Fig. 2 of Ref. [31].

� → 1] than for UC > UH [dashed lines, same parameters as
in scenario (II) in the limit � → 1]. Therefore, the latter case,
in addition to its much higher precision, would also be more
robust to experimental imperfections. In Fig. 10(c) we only
plotted XTUR but the other performance quantifiers, XKUR and
X loc

KUR, exhibit similar behaviors.

APPENDIX C: STOCHASTIC CYCLE ANALYSIS AND ITS
LINK TO FULL COUNTING STATISTICS

In this appendix, we briefly present the stochastic trajectory
analysis of the setup as established in Ref. [31] and link it to
the average currents and noises computed with the full count-
ing statistics approach detailed in Sec. II C and Refs. [77,78].
We then use the framework of stochastic trajectories to gain
further understanding of the fluctuations occurring in regimes
(I) and (II).

1. Definitions of cycle-related quantities

The analysis of stochastic trajectories occurring in the
state-space of the triple-dot system, as sketched in Fig. 11,
can be reduced to an analysis of cycles starting at state 000
and ending at state 000. From a thermodynamic perspective,
there are seven kinds of stochastic cycles (i.e., associated
with distinct values of the thermodynamic quantities) [31]:
self-retracing sequences C0 (resulting in no net exchanged
heat, information, entropy, etc), cycles involving only the
cold resource reservoir CC and C̃C, cycles involving only the
hot resource reservoir CH and C̃H, and, finally, cycles involv-
ing both resource reservoirs CHC and C̃HC. We have denoted
C̃ the cycle corresponding to the reversed jump sequence
compared to cycle C. In the following, we will denote B =
{C0, CC, CH, CHC, C̃C, C̃H, C̃HC} this ensemble of cycles. The
jump sequences (after removing any self-retracing part) of CC,
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TABLE II. Thermodynamic quantities at the cycle level [31].
We have denoted �βαγ = 1/Tα − 1/Tγ , with α, γ = C, H, L, R.
The values for the reversed cycles are given by Qα (C̃) = −Qα (C),
�(C̃) = −�(C).

Cycle QC QH QL QR �

CC −UC 0 −εW εW+UC �βCRUC−�βRLεW

CH 0 −UH −εW εW+UH −�βRHUH−�βRLεW

CHC UC −UH 0 UH−UC −�βCRUC−�βRHUH

CH, and CHC are given by

γ 4
CC

= �0+
C �01+

R �1−
C �00−

L ,

γ 4
CH

= �0+
H �10+

R �1−
H �00−

L ,

γ 6
CHC

= �0+
H �10+

R �1−
H �1+

C �01−
R �0−

C , (C1)

where the superscript on the left-hand side indicates the
number of jumps. The probability π (C) of cycle C ∈
{CC, C̃C, CH, C̃H, CHC, C̃HC} is given by

π (C) = rC t̄cycle, (C2)

where t̄cycle is the average cycle time (including fluctuations)

t̄cycle = 1

p̄000
(
�0+

C + �0+
H + �00+

L

) , (C3)

and rC the cycle rate, with

rCC = γ 2
Hγ 4

CC

γ 5
, rCH = γ 2

Cγ 4
CH

γ 5
, rCHC = γ 6

CHC

γ 5
,

rC̃C
=

γ 2
Hγ 4

C̃C

γ 5
, rC̃H

=
γ 2

Cγ 4
C̃H

γ 5
, rC̃HC

=
γ 6
C̃HC

γ 5
, (C4)

and

γ 2
C = �0−

C �1−
C + �0−

C �01−
R + �1−

C �01+
R ,

γ 2
H = �0−

H �1−
H + �0−

H �10−
R + �1−

H �10+
R . (C5)

For details about the normalization factor γ 5, see Ref. [31].
Any of the thermodynamic quantities of interest given in
Sec. II C can be defined at the cycle level [31], such that �(C)
denotes the net amount of quantity � exchanged during cycle
C, where � = N, A, I, Eα, Qα . For instance, during the cold
cycle CC, an amount of heat QR(CC) = εW + UC is transferred
from the right reservoir into dot W; see also Table II.

2. Relation between full counting statistics and stochastic cycles

Let us consider a thermodynamic quantity of interest � =
N, A, I, Eα, Qα , associated with the average current J� and
noise SJ�J� , which can be obtained from full counting statis-
tics [Eqs. (10) and (11)]. The average current and noise can
also be expressed based on stochastic cycle quantities [77,78]

J� = 〈�〉C
t̄cycle

, (C6a)

SJ�J� = varC (�)

t̄cycle
+ �t2

cycle

t̄cycle
(J�)

2 − 2
covC (�, τcycle)

t̄cycle
J�.

(C6b)

Here we have defined the cycle average, variance, and covari-
ance

〈�〉C =
∑
C∈B

π (C)�(C),

varC (�) = 〈�2〉C − 〈�〉2
C,

covC (�,�) = 〈� �〉C − 〈�〉C〈�〉C, (C7)

where � is a second stochastic quantity related to the cy-
cle of interest. The average and variance of the duration
tcycle of a stochastic cycle are given by t̄cycle and �t2

cycle,
and τcycle is the duration of a cycle without counting the
initial idle time spent by the system in 000. The cycle-time
related quantities �t2

cycle and covC (�, τcycle) can be com-
puted analytically using full counting statistics, as explained
in Ref. [78]. Note that t̄cycle = 〈τcycle〉C + (�0+

C + �0+
H +

�00+
L )−1 and �t2

cycle = varC (τcycle) + (�0+
C + �0+

H + �00+
L )−2,

where the second terms correspond to the average and vari-
ance of the time the system spends in state 000.

Interestingly, we find that Eq. (C6b) even generalizes to
covariances as

SJ�J� = covC (�,�)

t̄cycle
+ �t2

cycle

t̄cycle
J�J�

− J� covC (�, τcycle)

t̄cycle
− J� covC (�, τcycle)

t̄cycle
. (C8)

This is a generalization of the results from Ref. [78] and the
proof and further analysis of this result, which are beyond the
scope of this article, will be published elsewhere.

We show in Fig. 12 that the average currents, current noises
and cross-correlations estimated by averaging over numer-
ically generated stochastic cycles using Eqs. (C6a), (C6b),
and (C8) are in excellent agreement with the analytical ex-
pressions of the same quantities, obtained from full counting
statistics, as explained in Sec. II C. The dataset, 65 000 trajec-
tories for scenario (I) and 25 000 trajectories for scenario (II),
is available at Ref. [86] (see also Appendix C 5 discussing the
connection between trajectories and cycles).

At the demon condition, JQ
in = 0, the expressions of some

of the heat current noises and cross-correlations simplify. In
particular, from Eq. (C6b), we see that the noise in the input
heat flow becomes

SJQ
in JQ

in
= varC (QH + QC)

t̄cycle

=
∑

C=CC,CH,CHC

(QH(C) + QC(C))2(rC + rC̃ ), (C9)

namely, Eq. (16) becomes exact. Additionally, simplifying
the analytical expression of SJQ

inPcool
obtained from the full

counting statistics, we find

SJQ
inPcool

= covC (QH + QC, QR)

t̄cycle

−
[
UC

αH

γ 2
H

(
rCC − rC̃C

)+ UH
αC

γ 2
C

(
rCH − rC̃H

)]
Pcool,

(C10)
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FIG. 12. (a) Average currents, (b) noises, and (c) cross-
correlations computed with full counting statistics (bars; see
Sec. II C), and from the numerically generated trajectories (black
crosses), using Eqs. (C6) and (C8), in scenarios (I) and (II). The
labels on the x axis indicate the reservoirs α and γ , except I which
indicates that the green bars are for the information current JI . The
color of the bars is a guide to the eye to help identify the correspond-
ing reservoirs. The parameters are given in Table I.

with

αC = �0−
C + �1−

C + �01−
R + �01+

R ,

αH = �0−
H + �1−

H + �10−
R + �10+

R . (C11)

Note that αC is the sum of the escape rates from 001 and 011
while αH is the sum of the escape rates from 100 and 110. The
second term in Eq. (C10) corresponds to the cycle duration
correlations in Eq. (C8), −PcoolcovC (QH + QC, τcycle)/t̄cycle.

3. Approximation of the noise

While Eq. (C6a) directly coincides with Eq. (16), Eq. (C6b)
shows that the current fluctuations are not directly equal to
the variance of the corresponding stochastic thermodynamic
quantity (first term in the equation). There are additional
terms related to the variance of the duration of the cycle
and the correlations between the cycle duration and the ex-

FIG. 13. Comparison between the full noise expression
[Eq. (11)] (solid lines) and the approximation from Eq. (C12)
(dashed lines) for (a) SJQ

C JQ
C

and SJQ
H JQ

H
and (b) SPcoolPcool = SJQ

R JQ
R

and
SJQ

L JQ
L

.

changed thermodynamic quantity (the second and third terms,
respectively). However, we show in this appendix that, in the
parameter regimes considered in this work, the approxima-
tion for the noise considering the first term only, as done in
Eq. (16), is well justified. Namely, the heat current noise is
mostly due to the variance of the heat in the stochastic cycles.

In Fig. 13 we compare the full noise expression [Eq. (11)
or (C8)] to the approximation

S≈
J�J� = covC (�,�)

t̄cycle
, (C12)

which neglects correlations with the cycle durations [see also
Supplemental Material [39] for more quantitative results in
regimes (I) and (II)]. We see that for the parameter regimes
under consideration here, this approximation gives a good
estimate of the noise and can therefore be used to interpret
the behavior of the setup in regimes (I) and (II). We can
however see a slight mismatch between S and S≈, especially
in Fig. 13(a) close to UH = UC, due to the cycle time correla-
tions; see Eq. (C8).

4. Tight coupling between some of the currents

Even when the demon condition is not fulfilled, we find
tight couplings between some of the currents, meaning that
for two quantities of interest � and �, J� = aJ� and SJ�J� =
a2SJ�J� where a can be expressed in terms of the system
parameters (energies, temperatures, and tunnel rates). Using
the expressions of the current and noise from Eqs. (C6a)
and (C6b), we see that such a tight coupling exists if ∀ C ∈ B,
�(C) = a�(C). In that case, we get from Eq. (C8) that any
cross-correlation of J� with another current J ′ is given by
SJ�J ′ = aSJ�J ′ .

A straightforward example is between the heat current
from the left reservoir and the particle current. Indeed, the
energy transport from dot W to the left reservoir happens at
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a single energy since �01
L = �10

L = 0, such that

JQ
L = −εWJN , SJQ

L JQ
L

= ε2
WSJN JN . (C13)

Another example is the entropy currents Js
C and Js

H with the
respective heat currents JQ

C and JQ
H . These entropy currents

(defined in Refs. [31,47]) correspond to the separate contribu-
tions from transitions in the cold and hot resource reservoirs
to the information acquisition by the demon, with JI = −Js

C −
Js

H, and can be computed by replacing the counting field
ξ I by −ξ s

C in WC(ξ) and −ξ s
H in WH(ξ); see Appendix B 1.

Associated with the entropy currents Js
C,H is a cycle-related

quantity sC,H(C) (again, defined in Refs. [31,47]). Given that
sC/H and QC/H are related to transitions with a single re-
source reservoir, they are proportional to each other, with
sC/H(C) = sC/H(CC/H )

QC/H(CC/H ) QC/H(C), ∀ C ∈ B. Note, however, that

since sC(CC )
QC(CC ) 
= sH(CH )

QH(CH ) in general, JI = −Js
C − Js

H and JQ
in =

JQ
C + JQ

H are not tightly coupled.

5. Link between trajectories and cycles

In Eq. (16) and in Appendix C 2, average values, variances,
and covariances are taken with respect to stochastic cycles.
Here we make the link between these quantities and the
stochastic trajectories γ of fixed duration t , which is what is
typically generated by numerical simulations [86]. More con-
cretely, since we are interested in the steady state, we want to
express limt→∞ 1

t 〈�(γ )〉γ and limt→∞ 1
t 〈�(γ )�(γ )〉γ where

〈·〉γ denotes the average over trajectories.
First, we can express the quantity of interest � along a

trajectory as

�(γ ) =
∑
C∈B

�(C)MC (γ ), (C14)

where MC (γ ) is the number of occurrences of a cycle equiv-
alent to C when removing any self-retracing sequence along
the trajectory γ . We are here neglecting contributions from
the small initial and final portions of γ , which are not part of
a closed cycle. This is justified since we are considering the
long-time limit [31]. The occurrence of a cycle C in the tra-
jectory can be seen as a multinomial process. For long enough
trajectories—such that the total number of cycles along any
trajectory can be well approximated by Mcycle, the closest
integer to t/t̄cycle—finding MC cycles in a trajectory is like
the probability of having MC successes for Mcycle trials with a
success probability π (C) at each trial. Indeed, the process is
Markovian so the next cycle is independent from the previous
one. For each trial, we have in total seven mutually exclusive
outcomes: C0, CC, CH, CHC, C̃C, C̃H, C̃HC. As a consequence,

〈MC (γ )〉γ = π (C)Mcycle = rCt,

covγ (MC, MC′ ) = 〈MC (γ )MC′ (γ )〉γ − 〈MC (γ )〉γ 〈MC′ (γ )〉γ
= Mcycleπ (C)[δCC′ − π (C ′)]

= rCt[δCC′ − rC′ t̄cycle]. (C15)

This gives the average current

J� = lim
t→∞

1

t
〈�(γ )〉γ = 〈�〉C

t̄cycle
, (C16)

as in Eq. (C6a), but also the covariances

lim
t→∞

covγ (�,�)

t

= 1

t
[〈�(γ )�(γ )〉γ − 〈�(γ )〉γ 〈�(γ )〉γ ]

= lim
t→∞

1

t

∑
C,C′∈B

�(C)�(C ′)[〈MC (γ )MC′ (γ )〉γ

− 〈MC (γ 〉〈MC′ (γ )〉γ ]

=
∑
C

�(C)�(C)rC −
∑
C,C′

�(C)�(C ′)rCrC′ t̄cycle

=
∑
C

�(C)�(C)rC − J�J�t̄cycle

= covC (�,�)

t̄cycle
. (C17)

6. Output versus input noise dependence in εW

Here we provide more detailed insights concerning the ra-
tio between input fluctuations and cooling-power fluctuations
as discussed in Sec. III C. In Figs. 14(a) and 14(d), we show
the numerator and denominator of the ratio SPcoolPcool/SJQ

in JQ
in

as function of εW for δT/� = 0.05, in regimes (I) and (II)
respectively, that is along a vertical slice of each panel
of Fig. 6. Figures 14(b) and 14(e) display the heat QR(C)
extracted from the right reservoir for each kind of cycle
and Figs. 14(c) and 14(f) the entropy production �(C) =
−∑α Qα (C)/Tα [31].

We notice that in both regimes SJQ
in JQ

in
= SPcoolPcool at εW = 0.

This can also be proven analytically using Eqs. (C6). At
the demon condition, JQ

in = 0, we have Pcool = −JQ
L which

vanishes at εW = 0 since QL(C) = 0 for all cycles at that
point (see Table II). As a result of the vanishing average
currents, Eq. (C12) is no longer an approximation, but the
exact expression for SJQ

in JQ
in

and SPcoolPcool , and at εW, [QC(C) +
QH(C)]2 = QR(C)2 for all cycles (see Table II), such that the
ratio SPcoolPcool/SJQ

in JQ
in

equals 1.
In regime (I), the refrigeration occurs for εW > 0. There-

fore, based on the expressions in Table II, [QC(C) +
QH(C)]2 < QR(C)2 for all cycles, such that SJQ

in JQ
in

< S≈
PcoolPcool

[Eqs. (C9) and (C12)]. Since we have seen in Appendix C 3
that S≈

PcoolPcool
gives a very good approximation of the noise

in the cooling power, we can state that SPcoolPcool/SJQ
in JQ

in
� 1 in

regime (I), and therefore the output is always noisier than the
input.

We now focus on regime (II). While SJQ
in JQ

in
overall in-

creases with εW, SPcoolPcool has a more complex behavior with
a significant dip close to εW/UC = −1. This is exactly the
parameter range of the noise-reduction “stripe” observed in
Fig. 6. The suppressed ratio between output and input noise
is hence related to a distinct suppression of the cooling-power
fluctuations. In the following, we analyze the behavior of the
trajectories contributing to this feature.

We have shaded in gray in Figs. 14(d)–14(f) the range of
values of εW, −UC < εW < −UH for which both QR(CC) and
QR(CH) have the same sign as the related entropy produc-
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FIG. 14. (a), (d) Current noises SPcoolPcool and SJQ
in JQ

in
(left axis)

and cooling power Pcool (right axis) as functions of εW in regimes (I)
and (II) (see Table I) for δT/� = 0.05. (b), (e) Corresponding heat
QR extracted from the right reservoir (the reservoir in the working
substance to be cooled) during cycles CC, CH, and CHC. (c), (f)
Corresponding entropy production � during cycles CC, CH, and CHC

(close to constant as function of εW). The gray-shaded area in panels
(d)–(f) indicates the range of values of εW where QR(CC) is positive
while QR(CH) is negative.

tion, respectively �(CC) and �(CH). In this range, the heat
extracted from the colder right reservoir, QR(CC), during cycle
CC is positive (hence beneficial for the cooling process) and
�(CC) is positive as well, making this cycle more probable
than its reversed (nonbeneficial) counterpart. At the same
time, QR(CH) is negative, but the occurrence of CH is sup-
pressed since the related entropy production is also negative.
This leads to suppressed fluctuations of the cooling power.
Outside of this area, one of the cooling cycles is less probable
than its detrimental counterpart, which increases the variance
of QR(C). Note that while QR(C) can change sign when εW

increases (for C = CC, CH), �(C) does not. Indeed, QR(CHC)
and �(CHC) are independent of εW while �(CC) and �(CH)
(see expressions in Table II) are still close to constant. As

TL � TR, the term depending on εW is small compared to
the interaction contribution, and therefore �(CC) is always
positive and �(CH) is always negative, as shown in Fig. 14(f).
Finally, comparing SJQ

in JQ
in

and SPcoolPcool , we get

SPcoolPcool − SJQ
in JQ

in
� S≈

PcoolPcool
− SJQ

in JQ
in

� εW(εW + 2UC)
(
rCC + rC̃C

)
+ εW(εW + 2UH)

(
rCH + rC̃H

)
. (C18)

Since in regime (II) the dominant process (in term of cycle
rate) is the one involving only the hot resource reservoir [31]
(see also Supplemental Material [39]), the main contribu-
tion to SPcoolPcool − SJQ

in JQ
in

is εW(εW + 2UH)(rCH + rC̃H
) which

is negative for −2UH < εW < 0. In Fig. 14(d), the curves for
SJQ

in JQ
in

and SPcoolPcool indeed cross in the vicinity of −2UH/UC =
−1.44.

7. Pearson correlation coefficient

Our definition of the Pearson correlation coefficient in
Eq. (9) is similar, but not exactly equal, to the Pearson cor-
relation coefficient defined in Ref. [54]. Indeed, in Ref. [54],
the Pearson correlation coefficient is defined from stochastic
quantities, namely, as

RJQ
L JQ

R
= covγ (QL, QR)√

varγ (QL)varγ (QR)
(C19)

for stochastic trajectories γ of a given duration t .
We are interested in the steady state (and therefore in

trajectories with t → ∞) such that, using the results from
Appendix C 5, we write

RJ�J� = covC (�,�)√
varC (�)varC (�)

, (C20)

for two currents J� and J�. From Eqs. (C6b) and (C8), we
see that �J�J� and RJ�J� are not exactly equal. However,
from the discussion in Appendix C 3, we expect them to
be approximately equal for the parameter regimes we are
interested in, and we show that this is indeed the case by
plotting RJQ

L JQ
R

, RJQ
inPcool

and RJQ
transPcool

in the Supplemental
Material [39]. Note that the coefficient � defined in Eq. (9)
can be computed from current-noise measurements, while R
would require measuring stochastic thermodynamic quantities
along a very large number of trajectories. This means that �

would be easier to obtain experimentally.

APPENDIX D: WORKING PRINCIPLES OF
SCENARIOS (I) AND (II)

Here we provide more details about the working principles
behind scenarios (I) and (II) based on the correlations ob-
served between the heat currents out of the different contacts,
quantified by the Pearson coefficients presented in Fig. 7. To
do this, we display the positive and negative Pearson coef-
ficients for the pairs of heat currents as orange and purple
beams in the sketch of the device of Fig. 15. To begin, we
note that a positive Pearson coefficient between two currents
indicates that the two heat flows tend to have the same sign at
a fluctuating level, whereas a negative coefficient implies the
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FIG. 15. Sketch of the four reservoirs H, C, L, and R forming the
demon and working substance, respectively, along with the cross-
correlations between the heat currents out of the contacts, based on
Fig. 7. Heat currents out of the reservoirs are represented by the black
arrows, and their cross-correlations are represented by the orange and
purple beams connecting the different arrows corresponding to the
pair of currents having a positive or negative Pearson coefficient. The
insets show the direction of the nonzero heat transfer for the cycles
with positive entropy productions (that is more probable than their
reversed counterparts) in each scenario.

opposite. If the Pearson coefficient takes the extreme values
{1,−1}, the correlation or anticorrelation is perfect.

For scenario (I), Fig. 15 indicates that the heat current out
of reservoir R is anticorrelated with those out of H, C, and L.
This behavior can be explained by studying the cycles with
positive entropy production since these are the ones dominat-
ing the dynamics. In scenario (I), CC is the only such cycle,
which cools down R. It functions by letting heat flow from
R into L and C. By contrast the cycles C̃H and C̃HC work by
letting heat flow from H and L into R, or from H into C and

R. As a consequence, the heat flows out of L and R usually
have opposite signs, explaining why �JQ

L JQ
R

≈ −1. Moreover,

the anticorrelation between JQ
H and JQ

R stems from the fact
that R serves as a heat dump for H to satisfy the demon
condition. This is counterproductive to the goal of cooling
down of R, resulting in the substantial noise in the cooling
power of scenario (I).

We observe rather different correlations in scenario (II),
and from Fig. 7, we learn that JQ

R is positively correlated
with JQ

H and anticorrelated with JQ
C . Here the three dominating

cycles can be viewed as refrigeration cycles where heat is ex-
tracted from R into another reservoir by supplying additional
energy from a third reservoir. In particular, L serves as both
the energy supplier in CC and as the reservoir receiving the
heat in C̃H. This explains the vanishing correlations between
JQ

L and JQ
R in scenario (II), whenever heat is extracted from

R, heat could flow into L, out of L, or bypass L. On the other
hand, since H only serves as the energy supplier, and C as
the heat receiver whenever they are involved in one of the
dominating cycles, they display stronger negative and posi-
tive correlations with JQ

R , respectively. This working principle
allows L to serve as a heat dump, maintaining the demon
conditions, and for all of the dominating cycles to cool down R
in scenario (II). This is the reason for the more precise cooling
power in scenario (II) compared to scenario (I).

APPENDIX E: SCATTERING MATRIX
OF THE NONINTERACTING SETUP

For completeness, we report here the full scattering matrix
S (E ) that completely describes the transport properties of
the noninteracting setup considered in Sec. IV, namely, the
currents J�

α , and the corresponding fluctuations SJ�
α J�

β
, with

α, β ∈ {L, R, 1, 2} [cf. Fig. 8(a)], and � ∈ {N, Q}. Up to ir-
relevant phase factors in the scattering matrix, we have

S (E ) =

⎛
⎜⎜⎜⎜⎜⎝

−√
1−τws(E ) −√

τws(E )[1−τint (E )] −√
τws(E )τint (E )[1−τres(E )]

√
τint (E )τres(E )τws(E )

√
τws(E ) −√

[1−τint (E )][1−τws(E )] −√
τint (E )[1−τws(E )][1−τres(E )]

√
τint (E )τres(E )[1−τws(E )]

0
√

τint (E ) −√
[1−τres(E )][1−τint (E )]

√
τres(E )[1−τint (E )]

0 0
√

τres(E )
√

1−τres(E )

⎞
⎟⎟⎟⎟⎟⎠,

(E1)

J�
α = 1

h

∫
dE x�

α

∑
β

|Sαβ |2( fα − fβ ), (E2)

SJ�
α J�

β
= 2

h

∫
dE x�

α x�
β

⎧⎨
⎩δαβ

∑
γ

|Sαγ |2(Fαγ + Fγα ) − Fαα|Sβα|2 − Fββ |Sαβ |2
⎫⎬
⎭

− 2

h

∫
dE x�

α x�
β Re

⎧⎨
⎩
⎡
⎣∑

γ

( fα − fγ )S ∗
αγ Sβγ

⎤
⎦
⎡
⎣∑

γ

( fβ − fγ )Sαγ S ∗
βγ

⎤
⎦
⎫⎬
⎭, (E3)

where we have defined xN
α = 1, xQ

α = E − μα , and Fαβ = fα (1 − fβ ). Note that the scattering matrix is written in the {L, R, 2, 1}
basis and the energy dependence of the functions has been omitted in the integrands.
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