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Resonating valence bond pairing energy in graphene by quantum Monte Carlo
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Whether short-range electron pairing can be stabilized in graphene remains a central question because pristine
graphene is a semimetal with vanishing density of states at the Dirac point. We show that geometry alone can
enhance short-range pairing correlations in confined graphene. Using real-space quantum Monte Carlo with
correlated trial wavefunctions, we control a simple geometric knob, the commensurability of the simulation
cell with the Dirac points, which creates or removes a small, single-particle gap in finite graphene samples.
Diffusion quantum Monte Carlo reveals a clear dichotomy, when this geometry-induced gap is present, a
resonance-valence-bond(RVB)-like state is energetically favored. Whereas when the spectrum is gapless and
cell includes the Dirac points, no RVB energy gain is found. The effect persists in large cells at fixed geometry,
establishing that confinement and commensurability can tip the energetic balance toward singlet pairing, while
pristine bulk graphene shows no intrinsic RVB instability. These results identify a practical, geometry-controlled
route to amplify pairing tendencies in nanoscale graphene devices and provide many-body benchmarks for
interpreting finite-cell ab initio calculations. Our results also suggest design principles, via shape, aspect ratio,
or mild superlattice modulations, to engineer stronger electronic correlations in carbon-based nanoelectronics.
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Many-body electron correlations in pristine graphene [1-4]
are central to its most distinctive two-dimensional (2D) prop-
erties. The long-range Coulomb interaction is only marginally
screened, leading to logarithmic renormalization of the Dirac
Fermi velocity, breaking down the Fermi liquid picture, re-
duced quasiparticle weight, and scale-dependent effective
coupling [5-7]. The electrons near the Fermi level follow the
Lorentz invariant theory, where the kinetic energy is a linear
function of the momentum given by K = vg|p| [3] where vg
is the Fermi-Dirac velocity and the property of a material.
This linear behavior has a profound effect that causes the
ratio of Coulomb to kinetic energy « to become independent
of the electronic density, o o< 1/evr where € is also a ma-
terial property. This is opposite to the Fermi liquid where
the density parameter r; represents the weakly or strongly
correlated regimes when it is small or large, respectively [8,9].
Since the electronic density of states vanishes at the Dirac
point, graphene is not a metal, but at the same time it is
not an insulator either because it does not have a gap in the
spectrum [10-15]. From an electron correlation point of view,
the presence of the Dirac point makes the graphene a unique
system. Another outcome of K o p in graphene compared to
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most systems with K oc p? is related to the quantization of
energy in confined electrons [16]. If K o p?, the quantized
energy levels of electrons, which are confined to an area of
size a, are proportional to space as Agy o< 1/a?, where as in
graphene due to K « p, Ae  1/a. Hence, the size depen-
dence of single particle energy states, which are described
by plane waves and energy bands in periodic systems and
determined by integration over the Brillouin zone, in small
graphene sample size is different from those in the infinite
system size limit. Hence, in a nanoscale system size, crystal
momentum is not a good quantum number, causing the bands
touching at the Dirac point to become discrete levels. Also,
since the Coulomb energy scales as 1/a, the Coulomb effects
are stronger in nanoscale graphene samples. Taken together,
these unconventional behaviors imply that correlation-driven
phenomena in graphene such as spin-liquid state [17,18], su-
perconductivity [5], and electron pairing in general, are size
dependent. Controlling electronic correlations in graphene
based systems typically relies on doping, strain, and band-
structure engineering such as flat bands [7,11,19-21]. Here
we highlight a simpler and broadly applicable lever which
is geometry. This work focuses on geometry-controlled am-
plification of electronic correlations in graphene by using the
resonating valence bond (RVB) based pairing energy as an op-
erational metric. Our results demonstrate that confinement and
commensurability can enhance short-range electronic correla-
tions in graphene purely through geometry, without invoking
intrinsic mass terms, phonons, or flat bands.

The RVB theory [22-25] was originally proposed by
Pauling to describe the electronic structure of aromatic
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FIG. 1. (a) A spin-singlet dimer configuration (blue color) on graphene lattice. The resonating valence bond (RVB) state is composed of a
superposition of such configurations. Three sp? orbitals form the o band containing three localized electrons, while the bonding among the p,
orbitals of different lattice sites generate a valence band (v band) having one electron. The antibonding configuration generates the conduction
7* band. VMC energy as a function of the number of optimization steps computed using JSD and JAGP wave functions for finite-gap system
with number of atoms in simulation cell N,, = 80 (b) and zero-gap system with N,, = 72 (c).

molecules [24]. Within this framework, the bonding in
graphene arises from a superposition of multiple valence bond
configurations, reflecting the delocalized nature of its 7 elec-
trons (Fig. 1). Anderson applied the RVB concept to construct
anondegenerate ground state for a spin-half antiferromagnetic
configuration on a triangular lattice [22,26]. A valence bond is
defined as a spin-singlet state given by (S;, S;) = (|S4,Sy,) —
1S1:8¢,))/ V2. An RVB state is a tensor product of the valence
bond states:

|PrvB) = Z iy i+ )

i jiinjn

(Sil’Sjl) (Sin’Sjrl))’ (1)

where (S;,,S;,)---(S;,,S;,) are singlet configurations over
the lattice, and «(;,j,..;,j,) are variational parameters ob-
tained by minimization of the ground state energy of a given
Hamiltonian. The many-body wave function (WF) of the
system is a summation over all possible configurations of
dividing the lattice into dimers. The number of o, j ..., j,)
variational parameters is considerably large, causing difficul-
ties for practical application of the above RVB WF. Noting
that the Bardeen-Cooper-Schrieffer (BCS) conventional su-
perconducting state is formed of spin-singlet Cooper pairs
of electrons with opposite momentum, it was suggested that
a practical RVB WF can be formed from BCS WF using
a Gutzwiller projection P, |Prve) = Px|WBcs), in which
Py = I;(njy — n;, l)z, with n; denotes the particle density
on site i, and |Wpcs) = exp(zi’j ﬁ,jCZ¢C;,¢)|0> where the
pairing function in real space f; ; = f;; depends on relative
distance R; — R;. In fact, P, eliminates all WF components
with doubly occupied sites from the BCS WF and constrains
the charge degrees of freedom. Therefore, the RVB WF is
insulating with no density fluctuations. For a disordered anti-
ferromagnetic system, it was suggested that the valence bond
dimers in the RVB WF are dominated by short range pairs
[22], meaning f; ; # O only for nearest-neighbor (NN) sites,
which results in a spin-liquid state without long-range spin
order [27].

Quantum Monte Carlo calculations of correlated electrons
on a graphene lattice predict a short-ranged RVB quantum
spin-liquid state, which proposes the possibility of uncon-
ventional superconductivity via doping with d + id pairing
symmetry [17,18,20]. The stability of a spin-liquid state
in the Hubbard model on the graphene lattice close to an

antiferromagnetic Mott insulator [17] could be similar to some
organic antiferromagnet with a possible spin-liquid ground
state [28,29]. The application of RVB theory is not limited
to the strongly correlated regime near the Mott transition or
the spin-liquid model, but it can be expanded to describe
the electronic structure and pairing mechanism in strongly
correlated real systems [30,31].

In this work, we investigate RVB correlations in
monolayer graphene using real-space variational and dif-
fusion quantum Monte Carlo (VMC and DMC) with
correlated Jastrow—Slater-determinant (JSD) and Jastrow—
antisymmetrized-geminal-power (JAGP) trial wavefunctions
[32] which are discussed in detail in the Supplemental
Material [33]. We compare total energies computed using
VMC [31,34,35] and DMC [34,36-39], two well-established
stochastic methods for many-body electronic structure calcu-
lations. In the VMC approach, the total energy is calculated
as the expectation value of the Hamiltonian with respect
to a chosen trial WF, which is optimized to minimize the
variational energy. DMC improves upon this by using a
stochastic projection method to evolve the trial WF in imag-
inary time, effectively filtering out excited-state components
and projecting onto the ground-state wave function, within
the fixed-node approximation [40,41]. In rectangular simu-
lation cells that break C3 symmetry and used in this study,
the discrete k mesh can be incommensurate with the Dirac
points K and K’, producing a commensurability-induced gap
E, < 1/L, in single-particle spectra. When L, = 3n+/3 d with
carbon—carbon bond length d, the mesh includes K and E, —
0, otherwise a finite E, appears. We define the RVB pair-
ing energy as the total-energy difference §p = Ejagp — Esp
[31,42,43] evaluated in identical cells. VMC systematically
favors JAGP for both commensurate (gapless) and incom-
mensurate (finite-Eg) cells. In contrast, DMC shows no RVB
energy gain when K is included (E, = 0), while finite E,
stabilizes JAGP at fixed twist. Along an incommensurate,
fixed-twist sequence cells that exclude K, an extrapolation of
dp versus inverse of system size yields §p ~ —0.4(1) mHa
per atom. A negative value of §p indicates that the JAGP WF
captures the effective attraction between opposite spin elec-
trons. The JAGP advantage correlates with E, and diminishes
as E, — 0, indicating a geometry-controlled enhancement of
RVB correlations in confined twist-selected samples rather
than an intrinsic bulk instability of pristine graphene. We
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discuss the difference between the calculated pairing energy
and superconductivity pairing mechanism. More details on the
WFs used and the technical implementation are provided in
the previous works [31,42-50].

We construct a rectangular primitive cell consisting of four
carbon atoms, defined by the lattice vectors a = 2/3d % and
b =3d §, where d = 1.42 A denotes the nearest-neighbor
(NN) C distance [33]. This rectangular cell is twice the size
of the conventional hexagonal graphene primitive cell, which
contains two atoms and has lattice vectors a =d X and b =
—% X+ @ ¥. Importantly, the a directions of both cells are
aligned, which allows a straightforward comparison. Direct
comparison between 4-atom rectangular and 2-atom hexago-
nal unit cells and their Brillouin zones (BZ) are presented in
the Supplemental Material [33]. The simulation supercells are
constructed by tiling the rectangular primitive cell into n x m
arrays, where n and m are integers satisfying 2 < n, m < 6,
resulting in simulation cells with atom counts ranging from 16
to 80. These rectangular supercells do not preserve the sixfold
rotational (77 /3) symmetry of the infinite graphene lattice. We
restrict ourselves to real-valued wave functions obtained at the
I' point, which are appropriate for time-reversal symmetric
systems without intrinsic chiral or magnetic order [51].

We found that WF optimization plays a critical role in
accurately capturing the pairing energy. We began by system-
atically optimizing the JSD WF, first optimizing the Jastrow
coefficients and two-body correlation terms, followed by the
optimization of the Jastrow Gaussian exponents. At this stage,
we obtained the standard form of the WF commonly used
in QMC simulations, where the Jastrow factor is fully opti-
mized and the Slater determinant is taken from a mean-field
approach, DFT in our case. We then proceeded with a full
energy optimization of both the Jastrow and Slater determi-
nant components using the linear method [52], followed by
an improvement with the SR technique [53]. The resulting
energy of the JSD wave function is shown in Fig. 1. The
optimized exponents of Jastrow and determinant parts of the
JSD WF were then used to build and convert the JAGP WF
where the number of MOs is increased to represent a product
of independent HF WFs of the C atom [43,44]. The additional
MOs were reinitialized by performing an additional DFT sim-
ulation. We then reoptimized all the variational parameters by
taking the above steps to determine the JAGP WEF. We carried
out all these steps for the simulation cells used in this work
and compared the JAGP energy with JSD. Out of thousands
of optimization iterations, we show the last few hundred steps
in which the JAGP and JSD energies are competitive [33].
Figure 1 illustrates the VMC energy as a function of the
number of optimization steps obtained using JSD and JAGP
WFs for two system sizes of N, = 80 and N, = 72 atoms
in the simulation cell. The single-particle DFT band structure
calculations [33] yield a finite gap with value of E, = 2.05eV
for N, = 80 and zero gap for N, = 72 systems. Both plots
demonstrate the energy gain by optimizing the AGP pairing
determinant. As it is discussed in the following, although
the VMC-JAGP is lower than VMC-JSD, the DMC energies
predict a different trend.

The VMC and DMC energies in the thermodynamic limit
were obtained by linearly extrapolating the QMC energies as
a function of 1/N, where N is the number of atoms in the
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FIG. 2. (a) VMC and DMC energies for finite gap (Ins) and zero
gap (Met) systems obtained with JSD and JAGP WFs as a function of
system size. (b) VMC and DMC pairing energies for finite gap (Ins)
and zero gap (Met) systems obtained with JSD and JAGP WFs as a
function of system size. The error bars are smaller than data points
size.

simulation cell (Fig. 2). Calculations were performed using
both JSD and JAGP WFs for systems with finite and vanishing
energy gaps. Our results show that, in the thermodynamic
limit, the VMC and DMC energies of the finite-gap E; # 0
system are lower than those of the zero-gap E, = 0 system for
both types of WFs, indicating enhanced stability of the gapped
phase. Figure 2(b) shows the pairing energy p for E, # 0 and
E, = 0 systems as a function of system size. The VMC-|3p| at
the thermodynamic limit is larger than DMC for both systems
with E, # 0 and E, = 0. The DMC-§p at the thermodynamic
limit, which is more accurate than VMC, clearly shows no
stability of RVB pairing for the E, = 0 system. Our DMC
results do not show any energetic stabilization of the JAGP
WEF relative to JSD for the simulation cell size with the lattice
parameter along the x axis a* = 3nay withn = 1, 2 and ag the
primitive lattice parameter. For structures characterized by the
lattice parameter a*, the magnitude of the pairing measure |5p|
obtained from both VMC and DMC is smaller than for the
other geometries examined. Moreover, DMC yields §p > 0
for the a* geometries, indicating the absence of RVB-driven
pairing. To assess the influence of the fitting form on §p, we
fit the size dependence as §p(N) = p(00) 4+ ¢ N*, with ¢ and
a as fit parameters, where §p(N) is the pairing energy for
system size N. We find that the DMC conclusion that §p < 0
for finite-gap systems and §p > 0 for E, = 0 is insensitive to
the choice of « [33].

In the a* = 3nay geometries, the folded k vectors contain
the k = (%, 0, 0) point in primitive reciprocal-lattice units, at
which valence and conduction bands touch on the Fermi level.
The DFT occupations spectra [54-56] reveal that only at this
k point the degenerate bands just below and above Ep carry
~0.5 occupancy, signaling a semimetallic configuration. In
contrast, for the other studied geometries, the energy band oc-
cupations at every K point are integer, 1 below Er and 0 above,
resulting in a finite gap phase. To investigate this further, we
computed DFT band structures for a series of k-point meshes,
grouping them by whether the number of divisions along k,
was a multiple of three N, = 3n or not N, # 3n, with integer
n (Fig. 3). We find that meshes with N, # 3n exhibit a finite
gap near the Fermi level, whereas N, = 3 yields a vanishing
gap at the Dirac point. This observation is independent of k,,
as it can be observed from band structures in Fig. 3.
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FIG. 3. Single particle energy band as a function of momen-
tum computed by DFT. The valence and conduction band along
reo,o0—Xx (%, 0) obtained for different k meshes. The horizontal
and vertical lines at £ =0 and k = % represent the Fermi energy
and Dirac point, respectively. (a) and (b) show bands for nonzero
E, # 0 and zero gap E, = 0 systems for which the RVB pairing
energy is obtained by VMC and DMC. (c) and (d) show bands for
larger system sizes with nonzero and zero gaps. Comparing the bands
obtained by k mesh 13 x 13 and 12 x 13 demonstrate that vanishing
gap only depends on k.. (e) and (f) show bands near the Dirac
point obtained using k meshes of 100 x 100 with E, = 0.093 eV and

99 x 99 with E, = 0.

The ground state DMC energy depends on the nodal sur-
face of the trial WF. The nodal surface of the WFs used in
our DMC simulations is determined by the occupied subspace
of single-particle orbitals and any unitary rotation within that
subspace leaves the node unchanged. Including the Jastrow
correlation function in the WF does not also affect the nodal
surface. Appearance of a gap near the Fermi energy in one-
particle spectra separates the occupied subspace from the
unoccupied. The degenerate occupied Dirac-cone states on
the Fermi energy changes the nodal surface of the WF and
consequently introduces a difference between DMC-JSD and
DMC-JAGP energies. The key point is that a vanishing gap
and strictly linear single-particle dispersion E (k) occur only
when the k mesh samples the Dirac point exactly meaning that
the Brillouin zone coordinates containing recurring decimal
1/3 fractions. For meshes with N, # 3n in reciprocal space,
or equivalently, real-space periodicities with a* # 3n ay, the
Dirac point is not sampled, the ideal linear E (k) is perturbed,

and a gap opens near the Fermi level. For incommensurate
grids with N, ¢ 3Z where K is not sampled, the geometry-
induced gap E, decreases as the system size grows, as
E, ¢ 1/L, < 1/N,, and is therefore arbitrarily small but
positive at any finite size. It becomes zero only in the com-
mensurate case N, = 3n equivalently, when the real-space
period satisfies the corresponding commensurability condi-
tion or in the limit L, — oco. This can be observed from
Figs. 3(e) and 3(f) showing the bands near the Dirac point
for k meshes of 100 x 100, with ~0.1eV gap, and 99 x 99
with zero gap, respectively. Note that the gap value here is
taken from DFT, which is well known to misestimate band
gaps [33]. The precise magnitude, and even the character, of
the gap should be determined with many-body approaches.

Our results indicate that selecting certain longitudinal di-
mensions for a rectangular graphene sheet opens a finite,
size-dependent energy gap and, in turn, yields an attractive
RVB-like pairing energy. In this regime, the finite cell’s BZ
does not sample the Dirac point exactly. Instead it captures
nearby k points where the gap appears. To illustrate, we per-
formed DFT simulations for two system sizes of 676 with
lattice parameters a = 3.197 and b = 5.538 nm, and 624
with lattice parameters a = 2.951 and b = 5.538 nm, and C
atoms corresponding to k meshes of 13 x 13 and 12 x 13,
respectively, with band structures shown in Figs. 3(c) and
3(d). DFT further indicates that the 676-atom system size is
insulating with a gap of E, = 0.69 eV, whereas the 624-atom
system size remains gapless with a degeneracy at the Fermi
level [33]. Guided by our QMC results, we therefore expect
RVB pairing to be stabilized in the 676-atom system, con-
sistent with the emergence of a strongly correlated state. A
small gap appearing in a graphene sample reduces low-energy
density of states (DOS), therefore disfavoring weak-coupling
pairing and consequently changing the balance between s or d
wave states and screening. Our results indicate that a strongly
correlated state in a geometrical driven finite gap graphene
sheet can be stabilized through RVB mechanisms. Breaking
the linear behavior of E (k) and opening a gap near the Fermi
energy can introduce other properties which require further
studies. For instance, a small gap replaces massless, chiral
Dirac fermions by massive ones, turning on Berry curvature
and valley physics, and possibly suppressing Klein tunneling
[5,6] which are depend on the nature of the gap.

The extrapolated DMC §p values are taken in the
fixed-twist thermodynamic limit N — oo while keeping the
geometry induced gap E, fixed either E, > O when the k mesh
misses K or E, =0 when it includes K. This corresponds
to large, twist-selected samples whose low-energy spectrum
is set by geometry, not to the twist-averaged bulk. Although
twist-averaged energies were not calculated, based on Dirac
scaling we predict that the twist-averaged pairing energy
would destabilize in the bulk limit. Graphene is very unique
in this sense that conduction and valence bands only touch
at the Dirac points. There is no Fermi crossing. Performing
twist averaging for DMC energies using 10-20 twists yields
an energy very close to that of a gapped system because most
twists belong to a nonzero gap system. This can also be ob-
served from the relatively good linear behavior of the energy
of metallic systems versus 1/N [Fig. 2(a)], since they are not
really metallic, according to the band-theory definition, but
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semimetallic. True semimetallic behavior can be restored only
with a very large number of twists, which is very challenging
for DMC calculations at large N.

Similar commensurability physics can appear in different
devices. For instance, in armchair nanoribbons and strips, the
subband structure depends on width modulo three, yielding
E, =0or E, > 0 with Eg oc 1/W [57,58]. Also, in rectangu-
lar cavities and gate-defined constrictions, the standing-wave
quantization along the short direction produces E, ~ fivg /L
for typical aspect ratios [59,60]. Moreover in patterned-gate or
weak superlattice devices, a rectangular mini-Brillouin zone
can exclude K or K’ generating E, > 0 that scales down with
device size [61,62].

A finite limiting value of DMC-§p in the fixed-twist sense
means that short-range singlet correlations encoded by the
JAGP nodal structure remain energetically advantageous for
that geometry. Importantly, this quantity is not necessarily
a superconducting condensation energy and not evidence of
a spin-liquid phase. It is a measure of how much a more
flexible local-pairing ansitz lowers the ground-state energy
under a particular spectral quantization. Superconductivity
requires off-diagonal long-range order in the two-body den-
sity matrix, a finite phase stiffness and superfluid weight,
and broken global U(1) symmetry, which were not in-
cluded in our DMC simulations. The JAGP can variationally

lower the energy by capturing short-range singlet correla-
tions, even in a normal state, without implying long-range
order. Consistent with this, the JAGP advantage tracks the
shell gap and vanishes as E, — 0, meaning it is ampli-
fied by geometric quantization that suppresses low-energy
Dirac excitations but does not signal a bulk broken-symmetry
phase.

In summary, our results show that geometry can tilt the
energetic balance toward local singlet pairing. This identi-
fies a design knob for nanoscale graphene, shapes, aspect
ratios, or mild superlattice modulations that produce a small
single-particle gap can amplify short-range pairing tendencies
and lower the many-body energy with RVB-like correla-
tions. This is relevant for engineered devices, proximitized
heterostructures, or platforms exploring correlation-enhanced
phenomena.
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