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Exact electromagnetic multipole expansion using elementary current multipoles
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Multipole expansion plays an important role in the description of electromagnetic scatterers, allowing them
to be accurately characterized by a small set of expansion coefficients. However, to describe electromagnetic
excitations inside a scatterer, the current density in it should be decomposed into current multipoles, which
include nonradiating current configurations (anapoles) that are absent in the classical field-based expansion.
Unfortunately, the use of current multipoles has so far been limited by the absence of an exact and general
expression for the current multipole moments beyond their point-multipole approximation. Here, we derive such
an expression and present the exact mapping relations between the classical and current multipole moments.
We use our theory to calculate the scattering and extinction cross sections for large, wavelength-scale, optical
scatterers supporting multipole excitations up to the sixth order, showing perfect agreement with the Mie theory.
We also demonstrate the ability of current multipole expansion to describe anapole excitations beyond the
small-scatterer approximation, which allows us to derive the exact anapole condition and reveal the actual current
configurations and their contributions to scattering. Finally, we show that current multipoles enable a rigorous
and intuitive description of chiroptical effects in chiral photonic structures. Our theoretical framework is valid
for electromagnetic scatterers of arbitrary sizes and shapes without restrictions on the multipole orders, comple-
menting the existing theory of electromagnetic multipole expansion. The minimalistic and universal character
of current multipoles makes them a convenient tool for characterizing and designing diverse electromagnetic
scattering systems of arbitrary complexity.
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I. INTRODUCTION

The radiation and scattering of electromagnetic fields are
among the most fundamental phenomena in physics. Their
rigorous theoretical treatment is essential in many areas
of science and technology, from telecommunications [1] to
atmospheric science [2,3] and astrophysics [4]. Recently, scat-
tering theory has become particularly relevant for the rapidly
growing field of nanophotonics, in which the resonant optical
response of nanostructured media has created new paradigms
for optical field manipulation and enhanced light-matter in-
teractions [5,6]. For example, multipole excitations at Mie
resonances [7–11] have been extensively explored for the
realization of Kerker effect [12–14], toroidal and anapole
excitations [15–18], bound states in the continuum [19–21],
antireflection coatings [22], Huygens metasurfaces [23,24],
nanoscale lasers [25], metamaterials [26,27], structural colors
[28], nonlocal (collective) resonances [29–32], and enhanced
nonlinear optical effects [33,34].
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Theoretical description and design of the scattering prop-
erties of micro- and nanoscale objects can be done using
electromagnetic multipole expansion. It allows one to char-
acterize every finite-size scattering system with a relatively
small set of expansion coefficients corresponding to mu-
tually orthogonal electromagnetic fields of different-order
multipoles [35]. Since the original Mie theory [36] and the de-
velopment of rigorous mathematical foundations for the exact
Cartesian multipole expansion of retarded fields [37], multi-
pole expansion has been approached in many ways [38–50].
However, regardless of the approach, the classical field-based
expansion does not fully capture the actual current oscillations
within the system. For example, electromagnetic anapoles are
absent in this expansion, as they do not radiate into the far field
[51–54]. As a result, theoretical description of anapoles often
involves the so-called toroidal moments, which are artificially
separated parts of the actual multipole moments [11,47,55].
Since the conventional multipole expansion is based on the
radiated fields rather than their sources (i.e., oscillating cur-
rents), it is difficult to use it for engineering electromagnetic
scatterers based on higher-order multipoles, such as chiral
scatterers exhibiting strong circular dichroism [56–63].

To overcome these limitations, a complementary multipole
expansion has been proposed [40]. It expands the scattering
current density J(r) in the scatterer, defined as

J(r) = −iωε0[εr(r) − εs]E(r), (1)

in terms of the current multipoles. In the point-multipole ap-
proximation, the moments of these multipoles are introduced
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FIG. 1. Examples of current configurations in the excitations of
current multipoles of different orders l in the point-multipole approx-
imation: a current dipole (l = 1), quadrupole (l = 2), octupole (l =
3), hexadecapole (l = 4), and triacontadipole (l = 5), corresponding
to moments px , Qyx , Ozxy, Hxxyz, and Txxxyz, respectively. Each arrow
represents a single linear current element (see Ref. [40]). Current
multipoles of high orders, such as 4 and 5, are relatively common,
constituting classical multipoles of lower orders. In particular, cur-
rent hexadecapoles are constituents of classical electric quadrupoles
and magnetic octupoles, whereas current triacontadipoles appear
in classical electric octupoles and magnetic hexadecapoles [see
Eqs. (C1)–(C19)]. In numerical calculations presented in this work,
we consider classical multipoles up to the electric and magnetic hex-
acontatetrapoles (l = 6) which include current multipoles of orders
l up to 8. Note that in the used convention, the outermost current
element at positive coordinates is positive if the multipole moment is
positive.

by the following multipole tensor:

M (l )
point = i

(l − 1)! ω

∫ ∞

−∞
J(r)rl−1d3r, (2)

similarly to the moments of the primitive Cartesian multipoles
[64]. In the above equations, εr(r) is the position-dependent
relative electric permittivity and εs is its value in the sur-
rounding medium, l is the multipole order, and J(r)rl−1 is
the outer product of vector J(r) and l − 1 vectors r. The
current multipoles are not divided into electric and magnetic
multipoles and represent very simple configurations of linear
current elements (see Fig. 1), which facilitates their use in
designing individual and arrayed scatterers with prescribed
near-field characteristics [54,65–69].

Unfortunately, Eq. (2) is not valid beyond the long-
wavelength (point-multipole) approximation and cannot be
used to accurately evaluate the magnitudes of the multipole
moments and their contributions to the scattering and extinc-
tion cross sections for wavelength-scale and larger scatterers.
So far, the only method for obtaining the exact current mul-
tipole moments for such scatterers was to calculate them
from the exact moments of the classical electric and magnetic

TABLE I. Exact expressions for the current multipole moments
illustrated schematically in Fig. 1. The names of the multipoles
follow the same convention as in Refs. [70,71].

l Name Symbol Expression

1 Dipole px
i
ω

∫ ∞
−∞ j0(kr)Jx (r) d3r

2 Quadrupole Qyx
3i
ωk

∫ ∞
−∞ j1(kr)Jy(r) x

r d3r

3 Octupole Ozxy
15i

2ωk2

∫ ∞
−∞ j2(kr)Jz(r) xy

r2 d3r

4 Hexadecapole Hxxyz
35i

2ωk3

∫ ∞
−∞ j3(kr)Jx (r) xyz

r3 d3r

5 Triacontadipole Txxxyz
315i
8ωk4

∫ ∞
−∞ j4(kr)Jx (r) x2yz

r4 d3r

multipoles, i.e., from the multipole expansion coefficients
aE(l, m) and aM(l, m), where l and m are the expansion orders
[27,40,67–69]. However, because current multipoles include
nonradiating current configurations that are absent in the clas-
sical multipole expansion, the mapping from the classical to
current multipole moments is underdetermined, so that some
of the current multipole moments cannot be unambiguously
evaluated [67]. The lack of a complete theoretical framework
for the current multipole expansion has so far prevented re-
searchers from using the approach to its full potential, despite
its clear advantages that make it complementary to the classi-
cal multipole expansion.

Here, we derive the long-sought general expression for the
current multipole moments of any order l . The expression is
valid for scatterers of arbitrary sizes and shapes. The obtained
general current-multipole tensor reads

M (l )
exact = i

ω

(2l − 1)!!

(l − 1)!

∫ ∞

−∞
J(r)rl−1 jl−1(kr)

(kr)l−1
d3r, (3)

where (2l − 1)!! = (2l − 1) · (2l − 3) · · · · · 5 · 3 · 1 is the
double factorial, jl−1(kr) are the spherical Bessel functions
of the first kind, and k is the wave number in the surround-
ing medium. The derivation of this expression is presented
in Appendix A. Equation (3) allows the moments, i.e., the
elements M (l )(v̂, a, b) of the tensor M (l )

exact [see Eq. (A13)],
to be calculated directly and unambiguously from the scat-
tering current density distribution J(r) defined in Eq. (1).
Moreover, the moments can be used to assess the magni-
tude of the corresponding current density (see Appendix B
and Refs. [68,69]). Several examples of these moments are
presented in Table I. They are px = M (1)(x̂, 0, 0), Qyx =
M (2)(ŷ, 1, 0), Ozxy = M (3)(ẑ, 1, 1), Hxxyz = M (4)(x̂, 1, 1), and
Txxxyz = M (5)(x̂, 2, 1). The corresponding configurations of
linear current elements in the point-multipole approximation
are shown schematically in Fig. 1. The expressions in Table I
illustrate the fact that every current multipole moment corre-
sponds to a unique monomial containing a Cartesian vector
component of the scattering current density (Jx, Jy, Jz) and,
for l � 2, a product of normalized Cartesian coordinates x/r,
y/r, and z/r. These moments constitute exceptionally simple
Cartesian configurations of oscillating currents, which makes
them truly the elementary multipole moments. Importantly,
Eq. (3) avoids the mathematical complexity of the conven-
tional Cartesian multipole expansion into an infinite series of
mean-square radii and toroidal moments [41]. At the same
time, the current multipoles calculated using Eq. (3) are exact
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and applicable to scatterers of arbitrary sizes and shapes,
making them suitable for the analysis of diverse scattering
phenomena, such as electromagnetic anapoles and chiroptical
effects, which we demonstrate in the further sections.

II. NUMERICAL VALIDATION

To validate Eq. (3), we used it to numerically calculate
the multipole contributions to the scattering and absorption
cross sections for wavelength-scale scatterers across the vis-
ible and near-infrared spectral range. We did this by first
calculating the elements of tensor M (l )

exact and then using them
to calculate the multipole expansion coefficients aE(l, m) and
aM(l, m). Finally, we evaluated their contributions to the cross
sections in question.

The exact expressions for coefficients aE(l, m) and
aM(l, m) in terms of the generalized current multipole mo-
ments are derived in Ref. [72]. The moments of the two
expansions are just simple linear combinations of each other.
For example, the coefficients of the classical electric and mag-
netic dipole moments are written as

aE(1, 0) =
√

2C1 pz + 7
√

2

3
C3(3Oxxz + 3Oyyz

− Ozxx − Ozyy + 2Ozzz ), (4)

aE(1,±1) = C1(∓px + ipy) ∓ 7

3
C3[2Oxxx − Oxyy

− Oxzz + 3Oyxy + 3Ozxz ∓ i(3Oxxy

− Oyxx + 2Oyyy − Oyzz + 3Ozyz )], (5)

aM(1, 0) = 5
√

2iC2(−Qxy + Qyx ), (6)

aM(1,±1) = 5C2[−Qxz + Qzx ± i(Qyz − Qzy)], (7)

where C1 = −ik3/(6πεE0), C2 = −k4/(60πεE0), and C3 =
−ik5/(210πεE0), with E0 being the incident field amplitude
and ε = ε0εs. The mapping relations for a set of higher-order
multipoles are presented in Appendix C. Additionally, in
Ref. [72], we provide a PYTHON code to automatically derive
the mapping relations for an arbitrary order l .

After obtaining aE(l, m) and aM(l, m), the multipole con-
tributions to the normalized scattering and extinction cross
sections at each order l are given by

Qscat,E/M(l ) = π

k2S

l∑
m=−l

(2l + 1)|aE/M(l, m)|2, (8)

Qext,E(l ) = − π

k2S

∑
m=−1,+1

(2l + 1) Re[maE(l, m)], (9)

Qext,M(l ) = − π

k2S

∑
m=−1,+1

(2l + 1) Re[aM(l, m)], (10)

where S is the geometric cross section of the scatterer (S =
πR2 for a spherical nanoparticle of radius R). The correspond-
ing multipole contributions to the normalized absorption cross
section are then calculated as

Qabs,E/M(l ) = Qext,E/M(l ) − Qscat,E/M(l ). (11)

In the numerical calculations, J(r) defined in Eq. (1)
was obtained from the electric-field distribution calculated in

COMSOL MULTIPHYSICS [73] for a silicon sphere of diameter
600 nm (see Fig. 2) and a silver sphere of diameter 400 nm
(see Fig. 3). In both cases, we assumed the scatterers to be
embedded in poly(methyl methacrylate) (PMMA), which is
a dielectric material commonly used in nanofabrication. The
optical constants of Si, Ag, and PMMA were taken from
Refs. [74–77]. The scatterers were illuminated by a plane
wave linearly polarized along the x axis and propagating along
the z axis, which corresponds to the definition of the extinction
cross section given in Eqs. (9) and (10). In the calculation of
multipole moments, the coordinate system had its origin at
the center of the scatterer. Figures 2 and 3 show the calculated
cross sections. In the presented plots, the dots were obtained
using the current multipole moments computed numerically in
COMSOL MULTIPHYSICS with the aid of Eq. (3), together with
Eqs. (1), (4)–(11), (C1)–(C19), and Ref. [72], while the solid
lines were calculated directly using the Mie theory. The results
obtained with both approaches are seen to be in excellent
agreement.

In the considered examples, the scatterers are comparable
in size to the wavelength and cannot be treated as point scat-
terers. Using the multipole expansion in the long-wavelength
(small-scatterer) approximation for such scatterers is known
to produce significant errors [44]. Hence, the presented analy-
sis of wavelength-scale scatterers confirms the validity of our
theory beyond the long-wavelength approximation, demon-
strating its applicability to scatterers of an arbitrary size.

It is illuminating to note that Eqs. (4) and (5) for the
classical electric dipole moments contain the current dipole
and octupole moments, while Eqs. (6) and (7) for the classi-
cal magnetic dipole moments contain the current quadrupole
moments. In fact, every classical electric multipole moment
of order l can be expressed as a superposition of current
multipole moments of orders l and l + 2, while every classical
magnetic multipole moment can be written as a superposition
of current multipole moments of order l + 1. This shows that
the magnetic dipoles (or, more generally, magnetic multipoles
of order l) in the field-based expansion are, in fact, excita-
tions of the same order as the electric quadrupoles (or, more
generally, electric multipoles of order l + 1). Moreover, the
fact that every classical electric multipole moment of order
l contains a more complex current excitation of order l + 2
is partially associated with the emergence of the so-called
toroidal moments. The relevance of these findings for anapole
excitations is discussed in the next section.

III. ANAPOLES

In this section, we show that the current multipole expan-
sion not only enables a complementary understanding of the
anapole excitations, but also can be used to refine and gener-
alize the anapole condition. Let us start with the well-known
example of anapole excitations inside a dielectric nanodisk
[55,78]. We assume that the disk is made of silicon and
surrounded by vacuum. The diameter of the disk (in the xz
plane) is 600 nm and the thickness (along the y axis) is 60 nm.
The disk is illuminated by a plane wave, linearly polarized
along the z axis and propagating along the y axis. Just like in
the previous section, we study this system numerically using
COMSOL MULTIPHYSICS.
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FIG. 2. Numerical validation of the exact expression for the current multipole moments [Eq. (3)] using the optical response of a silicon
sphere of diameter 600 nm embedded in PMMA, for which we evaluate the multipole contributions to the (a),(b) normalized scattering cross
section Qscat and (c),(d) absorption cross section Qabs = Qext − Qscat defined in Eqs. (8)–(11). The dots correspond to the contributions of
aE(l, m) and aM(l, m) obtained by numerically calculating the current multipole moments M (l )

exact in COMSOL MULTIPHYSICS using Eqs. (1)
and (3) and converting them to the classical multipole moments using Eqs. (4)–(7), (C1)–(C19), and Ref. [72]. The solid lines are the cross
sections obtained from the Mie theory. The insets show the peaks of electric and magnetic triacontadipoles (l = 5) and hexacontatetrapoles
(l = 6). In the main plots, the curves for subsequent multipoles are vertically offset for clarity, and some of them are magnified by a constant
factor, as indicated. The results of numerical multipole expansion and Mie theory overlap perfectly (up to the numerical precision of COMSOL),
which validates the expressions presented in this work.

The violet curve in Fig. 4 shows the calculated spectral de-
pendence of the enhancement of the volume-averaged electric
energy density inside the disk, 〈η〉 = |εr | 〈|E|2〉/E2

0 . We plot
it together with the total scattering cross section Qtot

scat (black
curve), which is obtained by integrating the radial component
of the Poynting vector of the scattered field over the surface
of a sphere enclosing the disk. In addition to Qtot

scat, the red
curve in Fig. 4 shows the contribution of the electric dipole
scattering, which is, in this case, dominated by the expansion
coefficient aE(1, 0). The spectrum of 〈η〉 has three pronounced

peaks that coincide with the dips in both Qtot
scat and QaE(1,0)

scat ,
indicating the excitation of anapoles suppressing the electric
dipole scattering with the dipole moment oriented along the
z axis. The insets in Fig. 4 reveal the electric-field intensity
distributions at the peaks of 〈η〉, allowing us to identify the
excitations as fundamental ( f = 307 THz) and higher-order
anapole excitations ( f = 434 and 530 THz).

Such electric dipole anapoles are typically analyzed by
expressing the electric dipole moment deduced from the far
field (pfar-field) as a sum of the electric dipole and toroidal
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FIG. 3. Numerical validation of the current multipole expansion using the optical response of a silver sphere of diameter 400 nm embedded
in PMMA. Similarly to Fig. 2, the solid lines represent the cross sections calculated using the Mie theory, while the dots correspond to the
cross sections obtained numerically in COMSOL MULTIPHYSICS using the current multipole expansion (Eqs. (1), (3), (4)–(7), (C1)–(C19), and
Ref. [72]). In the given example, the scattering cross section (Qscat) has significant contributions of (a) the electric multipoles of order l � 6
(up to hexacontatetrapoles) and (b) the magnetic multipoles of order l � 3 (up to octupoles), while (c) the absorption cross section (Qabs) is
dominated by the electric multipoles of l � 4. Similarly to Fig. 2, we find an excellent agreement between the numerical multipole expansion
and Mie theory.

electric dipole moments in the point-scatterer approximation
(ppoint and Tpoint). For a dipole moment oriented along the z
axis, the amplitude can be expressed as

pfar-field
z = 1√

2C1

apoint
E (1, 0) = ppoint

z + ikT point
z , (12)

where

ppoint
z = i

ω

∫ ∞

−∞
Jz(r)d3r (13)

and the toroidal electric dipole moment is

T point
z = k

10ω

∫ ∞

−∞
{[r · J(r)]z − 2r2Jz(r)}d3r. (14)

Note that ppoint
z does not depend on the choice of the origin

of the coordinate system, as opposed to T point
z . For exam-

ple, shifting the origin to increase r allows T point
z to become

arbitrarily large. By convention, the origin is chosen at the ge-
ometric center of the disk, in which case the anapole condition
is written as

ppoint
z + ikT point

z = 0. (15)

Under this condition, the electric dipole scattering due to
apoint

E (1, 0) disappears. Using Eqs. (12)–(14), this condition
can be written in terms of the point current multipole mo-
ments, defined in Eq. (2), as

ppoint
z + k2

15
Opoint

aE(1,0) = 0, (16)

where

Opoint
aE(1,0) = 15i

k
T point

z = 3Opoint
xxz + 3Opoint

yyz

− 3Opoint
zzz − 6Opoint

zxx − 6Opoint
zyy . (17)

This result is in agreement with Eq. (43) of Ref. [40] af-
ter setting aE(1, 0) to 0. It shows that in the point-scatterer
approximation, the toroidal dipole moment is equivalent to
a sum of current octupole moments. However, scatterers
supporting anapole excitations are typically large, at least
of the order of λ/2 [17,51,52,55,78]. Because of that, the
point-scatterer approximation breaks down for higher-order
anapoles. To illustrate this, let us consider the contributions
of ppoint

z and T point
z to the scattering cross section,

Qp
scat = 3π

k2S

∣∣√2C1 ppoint
z

∣∣2
, (18)

QT
scat = 3π

k2S

∣∣√2C1ikT point
z

∣∣2
, (19)

Qp+ikT
scat = 3π

k2S

∣∣√2C1
(
ppoint

z + ikT point
z

)∣∣2
. (20)

These quantities are shown as dotted, dashed, and solid pink
curves in the upper part of Fig. 4, respectively. Anapoles are
formed at frequencies at which Qp

scat = QT
scat and ppoint

z are out
of phase with ikT point

z (see the lower part of Fig. 4), leading
to cancellation of Qp+ikT

scat . However, this approximate analy-
sis overestimates the scattering suppression that is accurately
quantified by QaE(1,0)

scat . Indeed, the anapole dips in QaE(1,0)
scat (red)

appear to be much shallower than those in Qp+ikT
scat (pink).

Furthermore, at shorter wavelengths, the lineshapes of the two
spectra differ qualitatively. The observed discrepancy can be
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FIG. 4. Anapole excitations in a silicon nanodisk: conventional
analysis based on decomposition of the total electric dipole moment
into the electric dipole and electric toroidal dipole moments in the
point-scatterer approximation. In this example, we consider a disk
of diameter 600 nm and thickness 60 nm, surrounded by vacuum,
illuminated by a linearly polarized plane wave. The anapole exci-
tations are revealed by peaks in the spectrum of volume-averaged
electric energy density enhancement 〈η〉 (violet curve), coinciding
with the dips of the total scattering cross section Qtot

scat (black) and
the electric dipole scattering cross section QaE(1,0)

scat (red). The pink
curves in the upper plot show the contributions of ppoint

z , T point
z , and

ppoint
z + ikT point

z to the scattering cross section [dotted, dashed, and
solid curve, respectively; see Eqs. (12)–(14)], whereas the phases of
ppoint

z and −ikT point
z are shown in the lower plot (dotted and dashed,

respectively). The insets show the spatial distributions of η across the
xz plane inside the disk for each of the anapole excitations (at f =
307, 434, and 530 THz).

reduced by introducing higher-order toroidal moments [47],
correcting the magnitudes of the multipole moments in the
regime beyond the point-scatterer approximation. Here, we
use a different approach. Instead of adding extra terms to
Eqs. (13) and (14), we replace them with the following gener-
alized expressions (see Eq. (T2-1) in Ref. [44]):

pz = i

ω

∫ ∞

−∞
Jz(r) j0(kr)d3r, (21)

Tz = k

2ω

∫ ∞

−∞

{
3[r · J(r)]z − r2Jz(r)

} j2(kr)

(kr)2
d3r. (22)

Writing these expressions in terms of the exact current multi-
pole moments defined in Eq. (3) leads to the following exact
anapole condition:

pz + k2

15
OaE(1,0) = 0, (23)

where

OaE(1,0) = 15i

k
Tz = 3Oxxz + 3Oyyz + 2Ozzz − Ozxx − Ozyy.

(24)
This condition is the same as the one obtained from Eq. (4)
by setting the exact aE(1, 0) to 0. Note that both the general
pz and OaE(1,0) depend on the choice of the origin of the
coordinate system.

For pointlike scatterers, the exact anapole condition con-
verges to the approximate one given in Eq. (16). Indeed, the
spherical Bessel functions in Eqs. (21) and (22) can, under
the small-argument condition, be approximated as j0(kr) ≈
1 − (kr)2/6 and j2(kr) ≈ (kr)2/15. The dipole moment in
Eq. (23) can then be written in terms of the point-scatterer
moments as

pz ≈ ppoint
z − k2

3

(
Opoint

zxx + Opoint
zyy + Opoint

zzz

)
, (25)

while the exact octupole moments simply become equal to
the point-scatterer ones, i.e., Oαβγ ≈ Opoint

αβγ . Inserting these
expressions into Eq. (23) leads to Eq. (16).

The obtained exact anapole condition allows us to iden-
tify the actual current configurations (i.e., current multipole
moments) that are responsible for the formation of anapoles.
We test this approach numerically by calculating the contri-
butions of different multipole moments to the scattering cross
section of the disk. We start by analyzing the contributions
of the classical multipole moments using Eq. (8). They cor-
respond to orthogonal scattered fields and therefore can be
summed together. The non-negligible contributions are shown
in Fig. 5. The scattering spectrum is essentially dominated
by the contributions of aE(1, 0) (electric dipole; red) and
aM(2,±2) (magnetic quadrupole; violet). Their sum (gray)
overlaps almost perfectly with Qtot

scat (black) in the studied
spectral range. In fact, the parasitic scattering that reduces the
visibility of the anapole signatures in the total scattering spec-
trum mainly results from the magnetic quadrupole excitation
represented by aM(2,±2).

Next, we analyze the contributions of the current multipole
moments to the electric dipole scattering cross section QaE(1,0)

scat .
In general, it involves six moments, but only four of them are
significant in the studied case: pz, Oxxz, Ozzz, and Ozxx. Each
contribution is evaluated using Eqs. (4) and (8) by setting all
other moments to 0. For example, for Oxxz, we write

QaE(1,0)
scat (Oxxz ) = 3π

k2S
|7

√
2C3Oxxz|2. (26)

The scattered fields produced by the current multipole mo-
ments are not orthogonal and, therefore, their scattering
contributions are not additive. To calculate a joint contri-
bution of several selected current multipole moments, they
must be combined within the corresponding mapping relation.
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FIG. 5. Selected contributions of classical multipole moments
aE/M(l,±m) to the scattering cross section of a silicon nanodisk (the
same as in Fig. 4). Other contributions are significantly smaller or
vanish due to symmetry.

For example, the joint contribution of the moments in
question is

QaE(1,0)
scat (pz, Oxxz, Ozzz, Ozxx )

= 6π

k2S

∣∣∣∣C1

[
pz + k2

15
(3Oxxz + 2Ozzz − Ozxx )

]∣∣∣∣
2

. (27)

The above cross section is shown as a red curve in Fig. 6 and
it is essentially identical to QaE(1,0)

scat shown in Fig. 5, which
means that the other terms in Eq. (4) (Oyyz and Ozyy) can
indeed be neglected. Interestingly, the isolated contribution
of pz (orange curve in Fig. 6) closely follows the curve of
QaE(1,0)

scat , including the anapole dips. The dips coincide with the
peaks in the scattering contribution of the current octupoles
(green), whereas the total octupole moment 3Oxxz + 2Ozzz −
Ozxx, which is responsible for that scattering, is out of phase
with pz (see the lower part of Fig. 6). This leads to a slight
improvement in the suppression of QaE(1,0)

scat (i.e., deeper dips in
the red curve compared to those in the orange curve), which
can be attributed to a destructive interference analogous to
that of ppoint

z and T point
z . Despite this, Fig. 6 clearly shows that

the electric dipole scattering cross section due to the current
octupole moments (green) is much smaller than that of pz

(orange). This means that the exact anapole condition defined
by Eq. (23) is not fulfilled, making the interference between
the dipole and octupole contributions inefficient. What we
see is that the anapole dips appear directly in pz and their
existence does not depend on any destructive interference
with octupole or toroidal moments. The scattering suppression
could be improved by modifying the scatterer geometry and/or

FIG. 6. Contributions of current multipole moments pz, Oxxz,
Ozzz, and Ozxx to the electric dipole scattering cross section aE(1, 0)
of a silicon nanodisk. The lower plot shows the phases of pz and
−(3Oxxz + 2Ozzz − Ozxx ).

the illumination conditions to enhance the influence of the
octupole/toroidal moments on electric dipole scattering. In
fact, the geometry of a thin disk is fundamentally not suitable
for supporting perfectly dark anapole excitations because it is
essentially extended only in two dimensions, which prevents
cancellation of scattering simultaneously in all directions (see
the discussion on the magnetic quadrupole radiation in the
next paragraph). The full cancellation would also require the
moments Oyyz and Ozyy to be excited, which is impossible in
such a thin disk geometry.

Although the contributions of the current octupole mo-
ments to the electric dipole scattering are relatively small,
they are responsible for the significant magnetic quadrupole
scattering observed in Fig. 5 [see Eq. (C10)]. Figure 7
shows the joint contribution of Oxxz and Ozxx to the magnetic
quadrupole scattering due to aM(2,±2) (violet curve, iden-
tical to QaM(2,±2)

scat in Fig. 5) with the dominant influence of
Ozxx (solid pink). In the electric octupole scattering (green
curve), the octupole moments (blue curves) tend to interfere
destructively, rendering this type of scattering inefficient.

Figures 6 and 7 show that the contributions of the same
current multipole to the scattering through different classical
multipole moments have identical spectral shapes, differing
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FIG. 7. Contributions of current octupole moments Oxxz, Ozzz,
and Ozxx to the magnetic quadrupole and electric octupole scattering
cross sections of a silicon nanodisk.

only by a constant factor [see, for example, QaE(1,0)
scat (Ozxx ),

QaM(2,±2)
scat (Ozxx ), and QaE(3,0)

scat (Ozxx ) + QaE(3,±2)
scat (Ozxx ) in Figs. 6

and 7]. Therefore, it is possible to evaluate the contribution of
each current multipole moment to the total scattering cross
section. We present such overall contributions in Fig. 8(a)
for pz, Oxxz, Ozzz, and Ozxx. The fractions of optical power
scattered into different radiation patterns (electric dipole,
magnetic quadrupole, etc.) by current multipole moments
are, in fact, universal constants, independent of the scatterer
and the excitation conditions (provided that the moments are
nonzero). Their values for pz, Oxxz, Ozzz, and Ozxx are summa-
rized in Table II.

The spatial distributions of J in Fig. 8(b) reveal the pres-
ence of multipole excitations beyond octupoles, especially in
the higher-order anapoles. However, the scattering contribu-
tions of higher-order multipoles are found to be negligible,
which means that they play no essential role in the formation
of anapole dips in Qtot

scat. In summary, our analysis shows that
the scattering properties of the studied system are almost
entirely determined by the current multipoles illustrated in

TABLE II. Fractions of optical power scattered into a specific
multipole radiation pattern by current multipole moments pz, Oxxz,
Ozzz, and Ozxx .

Radiation pattern pz Oxxz Ozzz Ozxx

aE(1, 0) 1 7/40 7/25 7/160
aM(2, ±2) 0 7/24 0 21/32
aE(3, 0) 0 1/5 18/25 9/80
aE(3,±2) 0 1/3 0 3/16

FIG. 8. (a) Contributions of current multipole moments pz, Oxxz,
Ozzz, and Ozxx to the total scattering cross section (Qtot

scat) of a sili-
con nanodisk. (b) Spatial distribution of iJ (black arrows) and iJz

(blue-white-red color scale) across the xz slice of the disk at the
three subsequent anapole excitations. Both J and Jz are multiplied
by the imaginary unit i, which makes them in-phase with the current
multipole moments. (c) Illustration of the current multipole moments
pz, Oxxz, Ozzz, and Ozxx , which have the most significant contributions
to Qtot

scat.

Fig. 8(c). An interesting conclusion is that the current oc-
tupole moments (which are the building blocks of the toroidal
electric dipole moment) do not contribute significantly to the
formation of anapoles in disk-shaped scatterers, but they, in
fact, produce parasitic magnetic quadrupole scattering that
makes the anapole dips in Qtot

scat much shallower.
The exact anapole condition in Eq. (23) can be generalized

to multipole scattering of an arbitrary order l by setting the
relevant classical multipole expansion coefficients aE/M(l, m)
to 0. For electric multipole scattering, the exact anapole con-
dition can be written as

M (l )
aE(l,m) + clM

(l+2)
aE(l,m) = 0, (28)
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where M (l )
aE(l,m) and M (l+2)

aE(l,m) are the sums of the current multi-
pole moments of orders l and l + 2, respectively, contributing
to the l-order electric multipole scattering described by
coefficient aE(l, m), while cl is the relevant ratio of the co-
efficients in the corresponding mapping relation (involving
a ratio between Cl and Cl+2). Equation (28) resembles the
conventional anapole condition, with M (l+2)

aE(l,m) playing the role
of a toroidal multipole moment, i.e., the moment with a more
complex current configuration that produces the same radi-
ation pattern as the multipole moment M (l )

aE(l,m). This analogy
does not hold for magnetic multipole scattering, in which case
the anapole condition imposes a relation only between current
multipole moments of the same order (l + 1). In general, the
exact anapole condition for the magnetic multipole scattering
can be written as

M (l+1)
aM(l,m) = 0. (29)

For example, in the case of magnetic dipole scattering associ-
ated with aM(1, 0), the anapole condition is

Qxy − Qyx = 0, (30)

and it involves only current quadrupoles [see Eq. (6)]. Note,
however, that fulfilling this condition inherently leads to a
nonzero contribution to the electric quadrupole scattering as-
sociated with aE(2,±2), which contains the sum Qxy + Qyx.
This situation is similar to the studied example of a nanodisk,
in which current octupoles produced significant magnetic
quadrupole scattering despite relatively weak electric dipole
and electric octupole scattering.

In the above examples, we have mainly focused on the
contributions of the current multipole moments to the scat-
tering cross section. However, these moments can also be
used to assess the magnitude of the corresponding current
density and the resulting local field enhancement [68,69]. In
Appendix B, we establish a direct connection between the
current multipoles and the current density at the surface of a
scatterer. Rigorous analysis of this approach requires separate
attention and, therefore, we leave it for a future work. Never-
theless, the approach can be used to jointly analyze the current
configurations produced by the current multipole moments of
different orders, which we demonstrate in the next section.

IV. CHIRALITY

Higher-order multipoles play an important role in the chi-
roptical response of nanostructures [45,56–63], which is of
great interest for applications such as chiral molecular sensing
[79–81]. However, the analysis of chiroptical effects is often
limited to dipolar interactions (coupling and interference of
electric and magnetic dipoles) [82–85] and lacks direct and
rigorous insight into the complex configurations of excited
currents and their contributions to scattering. In this section,
we show that the current multipole expansion is perfectly
suited for such analysis, offering an intuitive description of
chiroptical effects.

Knowing that plasmonic scatterers of helical shape can
exhibit giant circular dichroism [86,87], we select a helical
gold nanostructure as an example chiral scatterer to be ana-
lyzed using the current multipole expansion. The considered

nanostructure is made of four gold rods, each 180 nm long and
60 nm wide/thick. They are attached to each other to form a
left-handed helix [see the inset to Fig. 9(a)]. The edges and
corners of the rods are rounded with a radius of curvature
equal to 20 nm. The structure is embedded in PMMA (just like
the scatterers in Sec. II). The origin of the coordinate system
used in the multipole expansion is positioned at the center of
mass of the structure (coinciding with the geometrical center).
Figure 9(a) shows the spectra of the scattering cross section of
the structure for different polarizations of the incident light.
While the cross sections are nearly identical for the x- and
y-polarized light (green and orange curves), they show a sig-
nificant difference for the right- and left-handed circularly
polarized fields (R and L, red and blue curves, respectively).
This difference, called the differential scattering cross section
(
Qtot

scat), is plotted in Fig. 9(b) (black curve). At the long-
wavelength peak ( f = 225 THz), 
Qtot

scat is dominated by the
electric dipole contribution (pink curve), while at the second
peak ( f = 320 THz), 
Qtot

scat is additionally enhanced by the
electric quadrupole and magnetic dipole excitations (orange
and violet curves, respectively).

The actual current excitations that contribute to 
Qtot
scat

are revealed in Figs. 9(c)–9(f). We find that the chiroptical
response is primarily governed by just six current multipole
moments: px, py, Qxy, Qyx, Qxz, and Qyz. The excitation of
the px − ipy configuration is responsible for the enhanced
scattering at f = 225 THz under the L polarization, whereas
the excitation of px + ipy under the R polarization increases
the scattering at f = 320 THz. Note that both px and py are
complex quantities and, therefore, the expression px ± ipy

does not necessarily correspond to a spinning dipole. In fact,
as can be seen in Table III, at f = 225 THz, the L-polarized
field excites the px and py moments that are comparable
in magnitude and phase shifted by approximately π , which
corresponds to a vector that oscillates along a fixed line, at
around −45◦, rather than rotates. The scattered field is there-
fore linearly polarized. This demonstrates the capability of
chiral photonic structures to convert the polarization of optical
fields–in this case, circularly polarized light becomes linearly
polarized when scattered, exhibiting the cancellation of the
spin angular momentum.

The contributions of the px ± ipy configurations are nearly
identical to those of the classical expansion coefficients
aE(1,±1) [see Fig. 9(c)], which indicates that the current-
octupole contributions [see Eq. (5)] are in this case relatively
small. Similarly, Fig. 9(d) shows that the combined contribu-
tion of the classical electric quadrupole and magnetic dipole
moments (dashed green curve) is close to the combined con-
tribution of four current quadrupole moments: Qxy, Qyx, Qxz,
and Qyz (solid green curve). The two curves in Fig. 9(d) would
match almost perfectly upon adding the moments Qzx and Qzy

to the list. Further analysis shows that the scattering of the
R-polarized field at f = 320 THz is additionally enhanced
by the excitation of two specific current-quadrupole config-
urations, which are Qxy + Qyx and Qxz + iQyz [see Figs. 9(e)
and 9(f), respectively], which contribute to the scattered
power through the classical multipole expansion coefficients
aM(1,−1), aE(2,−1), and aE(2,±2) [see Eqs. (7), (C2), and
(C3)]. In contrast, Qxy − Qyx and Qxz − iQyz are excited much
less efficiently regardless of the excitation wavelength and
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FIG. 9. Scattering of light by a helical gold nanostructure. (a) Spectra of the scattering cross section of the structure calculated for different
polarizations of the incident light (X, Y: linearly polarized along the x and y directions, respectively; R, L: circularly polarized, right- and
left-handed, respectively). The inset in the upper left corner shows the modeled helical geometry and its dimensions. The agreement between
the cross-section values obtained by direct integration of the scattered power (dots) and by applying the current multipole expansion (solid
lines) provides an additional numerical validation of the current multipole expansion for highly asymmetric scatterers. The multipole expansion
involves the classical electric and magnetic multipoles of l � 3 (current multipoles of l � 5). (b) Total differential scattering cross section

Qtot

scat (black curve), defined as the difference between the scattering cross sections under the excitation by L- and R-polarized light (as
schematically illustrated in the top inset), and the contributions to it of the classical multipoles (pink, orange, and violet curves). The bottom
inset illustrates the currents of the moments px , py, Qxz, and Qyz (real part of the currents at a global phase ϕ = π/3 and 2π/3), forming
a rotating helical configuration that gives rise to the strong scattering of the R-polarized light at f = 320 THz. (c) Contributions to 
Qtot

scat,
denoted as 
Qscat, of the current dipole configurations px ± ipy (solid red and blue lines) compared to the contributions of the classical
multipole expansion coefficients aE(1,±1) (dashed lines). (d) Combined 
Qscat of the classical magnetic dipole and electric quadrupole
moments (dashed green) compared to the combined contribution of four current quadrupole moments Qxy, Qyx , Qxz, and Qyz (solid green).
(e) 
Qscat of the current quadrupole configurations Qxy ± Qyx (solid red and blue) compared to 
Qscat of aE(2, ±2) and aM(1, 0) (dashed).
(f) 
Qscat of the current quadrupole configurations Qxz ± iQyz (solid red and blue) compared to the combined 
Qscat of aE(2,±1) and
aM(1, ±1) (dashed). The slight discrepancies between the dashed and solid curves in (d)–(f) result mainly from excluding the current
quadrupoles Qzx and Qzy from the consideration.
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TABLE III. Current dipole moments px and py excited by the L-
and R-polarized light at f = 225 THz.

Polarization Moment Amplitude (10−30 Cm) Phase

L px 0.45 −0.69π

L py 0.59 0.26π

R px 0.50 −0.27π

R py 0.16 0.98π

polarization. This is a direct consequence of the asymmetric
shape of the scatterer, which breaks the symmetry between
the classical multipole expansion coefficients aE/M(l,+m) and
aE/M(l,−m), leading to different excitations of the current
multipole moments included in these coefficients. Table IV
provides direct insight into the underlying mechanism, pre-
senting the amplitudes and phases of the current multipole
moments excited at f = 320 THz by the L- and R-polarized
light. Using the approach introduced in Appendix B, we find
the relative current densities in the structure corresponding to
the dipole and quadrupole excitations (the dipolar current is
proportional to the dipole moment, while the quadrupolar one
to the quadrupole moment divided by the effective radial size
of the structure in the corresponding direction; for example,
the moment Qxz is divided by 120 nm since the total size of
the structure in the z direction is 240 nm). The analysis shows
that the currents of px, py, Qxz, and Qyz form a rotating right-
handed helical configuration. This configuration is illustrated
in the bottom inset to Fig. 9(b). Since such a chiral configu-
ration cannot be efficiently excited by the opposite circular
polarization, it is responsible for the strongest chiroptical
response in the studied system. In addition, the R-polarized
incident field gives rise to strong quadrupolar currents Qxy

and Qyx, which are approximately in phase and do not rotate.
This is another manifestation of circular-to-linear polarization
conversion, similar to that observed for the dipolar currents at
f = 225 THz.

TABLE IV. Current dipole moments (px and py) and current
quadrupole moments divided by the appropriate size parameters
(Qxy/Y , Qyx/X , Qxz/Z , and Qyz/Z , where X = Y = 90 nm and Z =
120 nm; see Appendix B) excited by the L- and R-polarized light at
f = 320 THz.

Polarization Moment Amplitude (10−30 Cm) Phase

L px 0.02 −0.83π

L py 0.12 −0.25π

L Qxy/Y 0.07 0.21π

L Qyx/X 0.11 0.23π

L Qxz/Z 0.07 0.23π

L Qyz/Z 0.08 0.10π

R px 0.20 −0.67π

R py 0.26 −0.95π

R Qxy/Y 0.33 −0.17π

R Qyx/X 0.27 −0.25π

R Qxz/Z 0.26 −0.08π

R Qyz/Z 0.18 −0.35π

In addition to studying chiroptical effects, the considered
helical nanostructure can be used to validate the current mul-
tipole expansion for a highly asymmetric scatterer that cannot
be described analytically, supplementing the analytical bench-
marks in Sec. II. Figure 9(a) shows perfect agreement between
the scattering cross sections obtained from direct integration
of the scattered power (dots) and the scattering cross sec-
tions calculated using the current multipole expansion (solid
lines).

V. CONCLUSIONS

In summary, we have introduced an expression for the
general and exact current multipole tensor [see Eq. (3)], en-
abling rigorous analysis of localized current configurations in
electromagnetic scatterers. The expressions for current mul-
tipole moments also remain very simple for large multipole
orders (see Table I). Unlike the classical field-based multi-
poles, current multipoles are not divided into electric and
magnetic types, which reflects their universal nature. Despite
their simple and intuitive form, they can be used to quantita-
tively determine the multipole contributions to the scattering
and extinction cross sections for scatterers of arbitrary sizes
and shapes. We have verified our expression numerically for
wavelength-scale spherical scatterers supporting higher-order
multipole excitations and found excellent agreement with the
Mie theory. Furthermore, we demonstrated the usefulness of
our approach in describing nonradiating current configura-
tions in the well-known example of a dielectric nanodisk
supporting anapole excitations. In particular, our analysis re-
veals the true nature of the so-called toroidal dipole moment,
showing that it is composed of current octupole moments, be-
ing responsible for parasitic magnetic quadrupole scattering in
a thin disk geometry. The current multipole expansion allowed
us to derive the exact anapole condition and to generalize it
to multipole scattering of an arbitrary order, opening new av-
enues in the design of anapoles and other nonradiating states
of light. Finally, we used the current multipole expansion to
analyze the chiroptical response of an example helical gold
nanostructure, clearly identifying the current configurations
that have dominant contributions to the observed circular
dichroism.

An important extension of the approaches presented in this
work is their application to periodic lattices of scatterers. In
fact, both classical and current multipole moments can be
calculated using the scattering current density within one unit
cell of the lattice (see, e.g., Refs. [32] and [40]). One can then
quantify the contributions of multipole moments to the ob-
servable optical properties, such as transmittance, reflectance,
and absorptance. This requires coherent summation of the
multipole radiation patterns produced by each scatterer in the
lattice. While such a summation may be relatively simple in
certain cases (e.g., for scattering in the normal direction; see
Refs. [27,88,89]), it is generally a mathematically demanding
task. Another approach is to calculate the optical response
of the lattice from the response of a single scatterer, taking
into account the lattice coupling effects [90–92]. In any case,
the mapping relations derived in this work enable the current
multipole expansion to be incorporated with the existing theo-
retical frameworks for periodic lattices based on the classical
multipole expansion.
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Overall, our approach simplifies the analysis of multipole
excitations and the design of arbitrarily sized individual and
arrayed electromagnetic scatterers, which can be useful in
many areas of optics and photonics, including optical antennas
and metamaterials.
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APPENDIX A: DERIVATION OF EQUATION (3)

To expand the scattering current density J(r) defined in
Eq. (1), one can use the identity

J(r) =
∫ ∞

−∞
J(r′)δ(r′ − r)d3r′, (A1)

where δ(r′ − r) is the three-dimensional Dirac delta function.
Expanding the delta function into a Taylor series about r′ = 0,
we obtain

J(r) = iω
∞∑

l=1

∑
v̂=x̂,ŷ,ẑ

l−1∑
a=0

l−a−1∑
b=0

M (l )(v̂, a, b)v̂

× (−1)l (l − 1)!

a!b!(l − a − b − 1)!

da

dxa

db

dyb

dl−a−b−1

dzl−a−b−1
δ(r),

(A2)

where x̂, ŷ, and ẑ are the unit vectors along the corresponding
Cartesian coordinate axes and M (l )(v̂, a, b) are the elements
of the multipole tensor M (l ) given in Eq. (2). These elements
can be written as

M (l )(v̂, a, b) = i

(l − 1)! ω

∫ ∞

−∞
Jv (r)xaybzl−a−b−1d3r,

(A3)

where Jv (r) is the v component of vector J(r). Equation (A3)
coincides with Eq. (2) and is valid only if the size of the
scatterer, L, satisfies the condition kL 
 1. Using the identity

dn

dxn
δ(x) = n!(−1)n

xn
δ(x), (A4)

one can rewrite Eq. (A2) in the form

J(r) = −iω
∞∑

l=1

∑
v̂=x̂,ŷ,ẑ

l−1∑
a=0

l−a−1∑
b=0

M (l )(v̂, a, b)v̂

× (l − 1)!

xaybzl−a−b−1
δ(r), (A5)

which is in agreement with Eq. (A3). The right-hand side of
this expression is a sum of the current densities associated
with the multipole moments. These current densities are

J (l )
v̂,a,b(r) = −iωM (l )(v̂, a, b)

(l − 1)!

xaybzl−a−b−1
δ(r). (A6)

A similar multipole expansion can be written for the vector
potential A(r). Note that in contrast to the electric and mag-
netic fields, the field of the vector potential is produced by
electromagnetic anapoles as well. In the Lorenz gauge, the
vector potential generated by a localized scattering current
density obeys the Helmholtz equation,

(∇2 + k2)A(r) = −μJ(r), (A7)

where k and μ are the wave number and magnetic per-
meability in the surrounding medium. The solution of this
equation can be written as the following integral:

A(r) = μ

∫ ∞

−∞
J(r′)G(r′ − r)d3r′, (A8)

where G(r′ − r) = eik|r′−r|/4π |r′ − r| is the Green’s function
for a point source at a coordinate r′ that is proportional
to the spherical Hankel function of the first kind and ze-
roth order, h(1)

0 (k|r′ − r|). Using the identity G(r′ − r) =
(ik/4π )h(1)

0 (k|r′ − r|) and expanding the Green’s function in
Eq. (A8) into a Taylor series about r′ = 0, we obtain

A(r) = k3

4πεω

∞∑
l=1

∑
v̂=x̂,ŷ,ẑ

l−1∑
a=0

l−a−1∑
b=0

M (l )(v̂, a, b)v̂

× (−1)l−1(l − 1)

a!b![l − (a + b + 1)]

da

dxa

db

dyb

dl−a−b−1

dzl−a−b−1
h(1)

0 (kr),

(A9)

which is valid for kL 
 1 and is the same as Eq. (32) in
Ref. [40].

Equation (A8) is general and can be used to find the exact
expressions for the current multipole moments by expanding
G(r′ − r) in terms of spherical harmonics Yi, j (θ, φ). This
leads to the following result [35]:

A(r) = iμ
∞∑

l=1

∑
v̂=x̂,ŷ,ẑ

l−1∑
m=−l+1

klh(1)
l−1(kr)

× Yl−1,m(θ, φ)M̃ (l )(v̂, m)v̂, (A10)

where r, θ , and φ are the spherical coordinates, and the coef-
ficients M̃ (l )(v̂, m) are given by

M̃ (l )(v̂, m) =
∫ ∞

−∞
Jv (r)

jl−1(kr)

kl−1
Y ∗

l−1,m(θ, φ)d3r. (A11)

These coefficients are the current multipole moments in
the expansion of A(r). They possess mutually orthogonal
current distributions and can be used as a basis for ex-
pansion of arbitrary localized current densities. Let us find
several lowest-order moments M̃ (l )(v̂, m) with the spher-
ical harmonics in their expressions written in Cartesian
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coordinates,

M̃ (1)(v̂, 0) = 1

2

√
1

π

∫ ∞

−∞
Jv (r) j0(kr)d3r,

M̃ (2)(v̂, 0) = 1

2

√
3

π

∫ ∞

−∞
Jv (r)z

j1(kr)

kr
d3r,

M̃ (2)(v̂,±1) = ∓1

2

√
3

2π

∫ ∞

−∞
Jv (r)(x ± iy)

j1(kr)

kr
d3r,

M̃ (3)(v̂, 0) = 1

4

√
5

π

∫ ∞

−∞
Jv (r)(3z2 − r2)

j2(kr)

(kr)2
d3r,

M̃ (3)(v̂,±1) = ∓1

2

√
15

2π

∫ ∞

−∞
Jv (r)(xz ± iyz)

j2(kr)

(kr)2
d3r.

(A12)

It can be seen that each moment M̃ (l )(v̂, m) is a simple linear
combination of the following normalized moments:

M (l )(v̂, a, b) = i

ω

(2l − 1)!!

(l − 1)!

∫ ∞

−∞
Jv (r)

× xaybzl−a−b−1 jl−1(kr)

(kr)l−1
d3r. (A13)

These moments form the general scattering-current multi-
pole tensor defined in Eq. (3). In the limit of kr 
 1,
jl−1(kr)/(kr)l−1 approaches 1/(2l − 1)!! [35], and Eq. (A13)
converges to Eq. (A3). Correspondingly, Eq. (3) converges to
Eq. (2).

APPENDIX B: CURRENT DENSITY ASSOCIATED
WITH CURRENT MULTIPOLES

For a pointlike scatterer, Eq. (A6) connects the current
multipole moments with the associated scattering current den-
sities. For a realistic scatterer that is much smaller than the
wavelength, the current density in a dipole excitation is nearly
uniform. Hence, the volume-averaged current density can be
equated to the current density itself, and we have

J (1)
v̂,0,0(r) = −iωpvδ(r) = −iωpv

1

V
, (B1)

where V is the volume of the scatterer. Then, to keep the rel-
ative strengths of the multipolar current densities unchanged,
we replace δ(r) with 1/V also for other orders l in Eq. (A6).

Furthermore, in the considered model, the current density is
required to produce the actual field only outside the scatterer,
and the field and current density inside the scatterer can be ar-
bitrary. Therefore, we expect the calculated current density to
correspond to the realistic current density only on the surface
of the scatterer. If the radial sizes of the scatterer along the
x, y, and z directions are X,Y , and Z , respectively (such that
the volume of the scatterer is V ≈ 8XY Z), the approximate
expression for the multipole current density on the surface can
be written as

J (l )(v̂, a, b) ≈ − i

8

ω(l − 1)!

X a+1Y b+1Zl−a−b
M (l )(v̂, a, b). (B2)

This equation allows assessing the surface current density and
the corresponding near-field enhancement associated with a
given multipole moment. The phase of J (l )(v̂, a, b) is equal to
that of the outermost current element in the given multipole at
positive x, y, and z.

The generalized surface current density associated with
each multipole moment can be written in the same form as
Eq. (B2), but with V = 8XY Z being replaced with

I = (2l − 1)!!
∫

V

jl−1(kr)

(kr)l−1
d3r. (B3)

Here, the integration is performed over the volume of the
scatterer. This gives the following result:

J (l )(v̂, a, b) ≈ − i

I

ω(l − 1)!

X aY bZl−a−b−1
M (l )(v̂, a, b). (B4)

If the scatterer is much smaller than the wavelength, I is equal
to V , which makes Eq. (B4) identical to Eq. (B2).

APPENDIX C: CLASSICAL MULTIPOLE MOMENTS
AS LINEAR SUPERPOSITIONS OF CURRENT

MULTIPOLE MOMENTS

Exact expressions for aE(l, m) and aM(l, m) with l � 2 in
terms of current multipole moments up to triacontadipoles
are given in Eqs. (C1)–(C19), supplementing the expressions
for the electric and magnetic dipoles given in Eqs. (4)–(7).
The factors C1-C3 in the expressions are defined below
Eq. (7) and the two new factors are C4 = −k6/(350πεE0) and
C5 = −ik7/(4410πεE0). The expressions for any order l can
be derived automatically, following instructions provided in
Ref. [72],

aE(2, 0) = −
√

6C2 (Qxx + Qyy − 2Qzz ) −
√

6C4 (Hxxxx + Hxxyy − 4Hxxzz

+ Hyxxy + Hyyyy − 4Hyyzz + 3Hzxxz + 3Hzyyz − 2Hzzzz ), (C1)

aE(2,±1) = ∓ 3C2(Qxz + Qzx ) + 3iC2(Qyz + Qzy) ∓ 2C4 (4Hxxxz − Hxyyz − Hxzzz + 5Hyxyz − Hzxxx − Hzxyy + 4Hzxzz )

− 2iC4(4Hyyyz − Hyxxz − Hyzzz + 5Hxxyz − Hzxxy − Hzyyy + 4Hzyzz ), (C2)

aE(2,±2) = 3C2[Qxx − Qyy ∓ i(Qxy + Qyx )] + C4 (3Hxxxx − 7Hxxyy − 2Hxxzz + 7Hyxxy − 3Hyyyy + 2Hyyzz + 5Hzxxz − 5Hzyyz )

∓ 2iC4(4Hxxxy − Hxyyy − Hxyzz − Hyxxx + 4Hyxyy − Hyxzz + 5Hzxyz ), (C3)

aE(3, 0) = 2
√

3C3 (2Oxxz + 2Oyyz + Ozxx + Ozyy − 2Ozzz ) + 2
√

3C5 (15Txxxxz + 15Txxyyz − 20Txxzzz

+ 15Tyxxyz + 15Tyyyyz − 20Tyyzzz − 3Tzxxxx − 6Tzxxyy + 24Tzxxzz − 3Tzyyyy + 24Tzyyzz − 8Tzzzzz ), (C4)
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aE(3,±1) = ∓ C3(3Oxxx + Oxyy − 4Oxzz + 2Oyxy − 8Ozxz ) + iC3(3Oyyy + Oyxx − 4Oyzz + 2Oxxy − 8Ozyz )

∓3C5 (4Txxxxx + 3Txxxyy + 5Tyxyyy − Txyyyy + 4Txzzzz + 3Txyyzz + 5Tyxxxy − 27Txxxzz − 30Tyxyzz + 15Tzxxxz

+ 15Tzxyyz − 20Tzxzzz ) + 3iC5 (4Tyyyyy + 3Tyxxyy + 5Txxyyy − Tyxxxx + 4Tyzzzz + 3Tyxxzz + 5Txxxxy

− 27Tyyyzz − 30Txxyzz + 15Tzxxyz + 15Tzyyyz − 20Tzyzzz ), (C5)

aE(3,±2) =
√

10C3 [ −2Oxxz + 2Oyyz − Ozxx + Ozyy ± 2i(Oxyz + Oyxz + Ozxy) ]

− 3
√

10C5 (5Txxxxz − 9Txxyyz − 2Txxzzz + 9Tyxxyz − 5Tyyyyz + 2Tyyzzz − Tzxxxx + 6Tzxxzz + Tzyyyy − 6Tzyyzz )

± 6
√

10 i C5 (6Txxxyz − Txyyyz − Txyzzz − Tyxxxz + 6Tyxyyz − Tyxzzz − Tzxxxy − Tzxyyy + 6Tzxyzz ), (C6)

aE(3,±3) =
√

15C3[±(Oxxx − Oxyy − 2Oyxy) − i(2Oxxy + Oyxx − Oyyy)] ±
√

15C5 (4Txxxxx − 21Txxxyy − 15Tyxyyy

+ 13Tyxxxy + 3Txyyyy + 3Txyyzz − 3Txxxzz + 6Tyxyzz + 7Tzxxxz − 21Tzxyyz ) +
√

15 i C5 (4Tyyyyy − 21Tyxxyy

−15Txxxxy + 13Txxyyy + 3Tyxxxx + 3Tyxxzz − 3Tyyyzz + 6Txxyzz + 7Tzyyyz − 21Tzxxyz ) ], (C7)

aM(2, 0) = 7
√

6 i C3(Oxyz − Oyxz ), (C8)

aM(2,±1) = −7C3 [ Oxyy − Oxzz − Oyxy + Ozxz ± i(Oxxy − Oyxx + Oyzz − Ozyz ) ], (C9)

aM(2,±2) = 7C3[∓(Oxxz − Oyyz − Ozxx + Ozyy) + i(Oxyz + Oyxz − 2Ozxy)], (C10)

aM(3, 0) = 5

2

√
3 i C4 (−Hxxxy − Hxyyy + 4Hxyzz + Hyxxx + Hyxyy − 4Hyxzz ), (C11)

aM(3,±1) = −5

4
C4[ Hxxxz + 11Hxyyz − 4Hxzzz − 10Hyxyz − Hzxxx − Hzxyy + 4Hzxzz

∓ i(Hyyyz + 11Hyxxz − 4Hyzzz − 10Hxxyz − Hzyyy − Hzxxy + 4Hzyzz )], (C12)

aM(3,±2) = 5

4

√
10C4 [ ±(2Hxxyy − 2Hxxzz − 2Hyxxy + 2Hyyzz + 2Hzxxz − 2Hzyyz )

+ i(Hxxxy − Hxyyy + 2Hxyzz − Hyxxx + Hyxyy + 2Hyxzz − 4Hzxyz )], (C13)

aM(3,±3) = 5

4

√
15C4 [ Hxxxz − Hxyyz − 2Hyxyz − Hzxxx + 3Hzxyy

± i(Hyyyz − Hyxxz − 2Hxxyz − Hzyyy + 3Hzxxy)], (C14)

aM(4, 0) = 14
√

5 i C5 (3Txxxyz + 3Txyyyz − 4Txyzzz − 3Tyxxxz − 3Tyxyyz + 4Tyxzzz ), (C15)

aM(4,±1) = −7C5 [ 3Txxxyy − 3Txxxzz + 3Txyyyy − 21Txyyzz + 4Txzzzz − 3Tyxxxy − 3Tyxyyy + 18Tyxyzz + 3Tzxxxz + 3Tzxyyz − 4Tzxzzz

∓ i (3Tyxxyy − 3Txxxxy + 3Tyxxxx − 21Tyxxzz + 4Tyzzzz − 3Txxyyy − 3Tyyyzz + 18Txxyzz + 3Tzxxyz + 3Tzyyyz − 4Tzyzzz )]

(C16)

aM(4,±2) = −7
√

2C5 [ ± (Txxxxz + 15Txxyyz − 6Txxzzz − 15Tyxxyz − Tyyyyz + 6Tyyzzz − Tzxxxx + 6Tzxxzz + Tzyyyy − 6Tzyyzz )

+ 2i (3Txxxyz − 4Txyyyz + 3Txyzzz − 4Tyxxxz + 3Tyxyyz + 3Tyxzzz + Tzxxxy + Tzxyyy − 6Tzxyzz )], (C17)

aM(4,±3) = 7
√

7C5 [ 3Txxxyy − 3Tyxxxy − Txyyyy + Tyxyyy + 3Txyyzz − 3Txxxzz + 6Tyxyzz + 3Tzxxxz − 9Tzxyyz

± i (3Tyxxyy − 3Txxyyy − Tyxxxx + Txxxxy + 3Tyxxzz − 3Tyyyzz + 6Txxyzz + 3Tzyyyz − 9Tzxxyz )], (C18)

aM(4,±4) = −7
√

14C5 [ ∓(Txxxxz − 3Txxyyz − 3Tyxxyz + Tyyyyz − Tzxxxx + 6Tzxxyy − Tzyyyy )

+ i (3Txxxyz − Txyyyz + Tyxxxz − 3Tyxyyz − 4Tzxxxy + 4Tzxyyy )]. (C19)
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