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Spin and charge transport mediated by fractionalized excitations
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We study charge and spin transport in systems composed of itinerant electrons and localized magnetic
moments of a Kitaev quantum spin liquid (QSL) phase. For example, «-RuCl; either is intrinsically doped
or in proximity to graphene. Our analysis reveals distinct temperature-dependent transport behaviors due to
the QSL gap and the Majorana excitation spectrum, which are greatly enhanced when the velocities of itinerant
electrons and QSL excitations become comparable. These transport characteristics could potentially be employed
to reveal the fractionalized excitations of the spin liquid. Furthermore, the observed proportionality between spin
and charge relaxation rates identifies a novel realization of Elliott- Yafet relaxation mediated by the fractionalized

excitations of a quantum spin liquid.
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I. INTRODUCTION

Quantum spin liquids (QSL) can emerge as ground states
of frustrated quantum spin systems, where competing mag-
netic interactions prevent the establishment of long-range
order even at zero temperature [1-3]. Instead, the system
adopts a state characterized by long-range entanglement and
fractionalized (possibly non-Abelian) excitations interacting
with emergent gauge fields [4,5]. These properties make QSLs
particularly intriguing for both theoretical investigations and
potential applications in quantum computing and information
processing [6—8]. Despite their theoretical appeal, experimen-
tal realizations of QSLs remain scarce [9,10]. The sensitivity
of QSL states to microscopic parameters means that moderate
variations in material composition or external conditions can
drive the system out of the QSL phase, complicating the
search for materials that exhibit this exotic behavior.

Recent advancements have identified «-RuCl; as a promis-
ing candidate to realize a Kitaev honeycomb model [10-12].
This model [13] features bond-dependent Ising interactions
on a two-dimensional honeycomb lattice. Due to its exactly
solvable nature, the model’s ground and excited states can
be exactly characterized. In particular, the highly entangled
ground state features fractionalized excitations such as itiner-
ant Majorana fermions and localized visons [14]. The exotic
excitations of the Kitaev model have significant implications
for quantum computation, as they provide a platform for the
creation of topologically protected quantum bits. Theoretical
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studies have also shown that the Kitaev model supports a rich
phase diagram with various phases depending on the relative
strengths of the bond interactions, external perturbations [15]
and doping [16], some of which are believed to be QSLs of a
different kind.

Kitaev interactions in «-RuCl; are generated by the com-
plex interplay between strong spin-orbit coupling, crystal
field, and interference between super-exchange pathways
[17]. Experimental observations have shown that under
applied magnetic fields and pressure, «-RuCls displays sig-
natures consistent with a Kitaev QSL [18]. The van der Waals
nature of this material allows to consider the interaction with
an electronic system in its proximity, such as a graphene layer.

When placed directly in contact with graphene, charges are
transferred into «-RuCl;3. The charges injected in the material
interact with localized spins via a local spin-spin coupling.
This enables a complex interplay between charge and spin
transport mediated by the carriers injected in the material.
Even when no charge transfer is allowed between graphene
and «-RuCls, the transport of charge and spin are influenced
by the interaction between the spin of itinerant electrons and
the localized magnetic moments. This unique characteristic
could make quantum transport a promising route for on-chip
probing of exotic QSL excitations, thus improving our un-
derstanding of this complex quantum state and its potential
applications.

Motivated by this unique possibility offered by
a-RuCls/graphene heterostructures, in this paper we derive a
kinetic equation for electrons interacting with QSL spins and
determine the electric and spin responses of such systems.
We assume that QSL spinons and free electrons interact
via a local Kondo-like coupling between their spin degrees
of freedom. We assume a linear dispersion relation for the
electrons, having in mind applications to graphene-based
van der Waals heterostructures. We find that, when electrons
are not spin polarized, both the transport collision rate and
spin diffusion rate exhibit an activation behavior consistent
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with spin excitations being gapped. Both rates increase
approximately linearly with temperature 7', and tend to
saturate when kgT (kg is Boltzmann’s constant) becomes
larger than the bandwidth. When the electron’s Fermi velocity
is reduced, both collision rate markedly increase. When
electrons are partially spin-polarized, the transport time
remains nearly independent of spin polarization. Conversely,
the spin-flip collision rate becomes finite for any infinitesimal
spin polarization.

The paper is structured as follows: Section II provides a
theoretical background of the Kitaev model and the derivation
of the kinetic equation. Section III outlines the derivation of
the spin structure factor, which is the main physical quantity
entering the collision integral. Section IV discusses the results
and implications of our findings, with an emphasis on the
potential observable effects in experimental setups involving
a-RuCl; and graphene heterostructures.

II. KINETIC EQUATION AND COLLISION INTEGRAL

We consider electrons interacting with the localized mo-
ments of a Kitaev system via a Kondo-like coupling. The
Hamiltonian is H = Ho + Hx + V, where H, is the electron
Hamiltonian

Ho =) troCy ,Choo- €y
k,o

Here, cl’a(ck,,,) creates (annihilates) an electron of momen-
tum k and spin projection ¢ = {1, |}, whose energy is & .
The creation and annihilation operators satisfy the usual anti-
commutation relations {ck s, c;a,} = 8k p0s,0-

The Kitaev Hamiltonian describing the dynamics of spin-
1/2 quantum magnetic moments of the QSL is

— Yoy
Mg =—Jx Y _slst, )
(i.J)

where s; = (s7, sf, s?) are spin operators at the sites of a
honeycomb lattice and Jx is the Kitaev bond-dependent Ising-
like interaction between nearest neighbors, the sum runs over
nearest neighbors i and j in direction y and y € {x,y, z}
denotes the three bond orientations. For the sake of simplicity,
in Eq. (2) we have taken the case of isotropic interactions.
This model is believed to be a good approximation for the
physics of RuCl; at temperatures above ~7 K, below which
the material exhibits conventional order [11]. We use the value
of the coupling constant for RuCl; to be Jx ~ 1.8 meV, which
is within a wide range of estimates [14,19,20].
Finally, the Kondo-like interaction is

V=7 sis 3)

where J is the coupling constant arising from weak van der
Waals interlayer exchange [21,22] and s{ is electron spin
operator at site i:

¢ =] OoorCios 4

where o is a vector of Pauli matrices. We work perturba-
tively in Kondo coupling J. The dimensionless parameter
governing the perturbative expansion is « = p(u)J where

o = || /[27 (voh)?] is the Dirac density of states per spin and
valley, p is the chemical potential, vy is the Fermi velocity
of itinerant electrons (10° m/s in graphene). For a-RuCls-
graphene heterostructures o ~ 10™* — 107> for coupling J ~
2 — 10 meV [23].

The annihilation operator in real space is constructed from
Ck,o AS

1 —ik-R;
Cig =—= ) Crge " . Q)
TR

Here, R; is a vector in real space denoting the location of the
lattice site i, while N is total number of lattice sites. With this
definition, the interaction Hamiltonian can be rewritten

V=J Y (000 sp)cho (6)
kk o,0'

The transport properties of the system subject to the elec-
tric field E, can be found by solving the Boltzmann equation

(0 + v - Ve —€E - Vi) fu.o = (31 fi.o)colt- (N

To derive this, we need to consider the time evolution of
electron distribution function, which is given by

oo = (ch o (ks (1)) . ®)

Here, the average is taken over the canonical ensemble de-
scribed by the density matrix e #¥, ie., (A) = Trle PP A]
where B = 1/kgT is the inverse temperature. The collision
integral can be found from the time derivative of fi, in the
absence of driving fields, i.e.,

3 fie.o et = —i ([H. ¢}, (Deko®)]) . )

To proceed we use perturbation theory to the lowest nonvan-
ishing order, i.e., to second order in V. In this case, the time
evolution of creation and annihilation operators is governed
by the free Hamiltonian H:

Cho(t) = Cppe ' he!, (10)

and the collision integral is

t

(3sz,a)cou=/ dt' ([V (@), V(1) ¢} , (Dcis @11, (11)

—0Q

where V (t) = ¢/"0'Ve~i*o* i the Kondo-like Hamiltonian in
the interaction picture.

Since we consider only the lowest nonvanishing order in
the Kondo coupling, the average (...) in Eq. (11) is taken
over the noninteracting density matrix. This factorizes into
a product of the electrons and quantum spin liquid den-
sity matrices. Therefore, the expectation value can also be
factorized as

(c;acqgar ;chk,asgfq, (t )s;_k ")

= (C;acqgazc;xckﬂ ) (stq, (¢ )s;fk ")). (12)
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The details of the calculation are given in Appendix A. Here, we only present the final result, which reads

12 00
(atfk,a)coll = ; Z / dw(s(ek,a —Epr — 60)0;/,\0,{:, [fk,d(l - fp,k)(s}:_p(w)s;_k> - fp,k(l - fk,a)(sg_k(_a))s;:_pﬂ- (13)

pAy "

This collision integral depends on the spin structure factor
Flg.0)=), (sq (@)s” ;) which contains all the information
about the spin excitation of the quantum spin liquid. The next
section describes its derivation at finite temperature, correct-
ing some mistake existing in the literature.

III. SPIN STRUCTURE FACTOR

Before showing the calculation of the spin structure factor
we briefly review the exact solution of the Kitaev model,
which passes through the fractionalization of spins into
fermionic excitations, as we discuss below.

A. Kitaev model of ¢-RuCl;

Following Kitaev [13], we introduce the four Majorana
fermions ¢; and b%’ (y = x,, z) at each lattice site i, such that

st =iblc;. (14)

This Majorana operators satisfy the anticommutation relations
{Ci, Cj} = 25,"]', {bz/, b;]} = 25,"1'51/"7 and {C,‘, b;]} = 0. Written
in terms of Majorana operators, the Kitaev Hamiltonian be-
comes

Mg =il Y ulicic;. (15)

i)y

All u}; = ib] b’} commute with the Hamiltonian and are there-
fore constants of motion. Working with common eigenstates
of Hg and ul?’j, we can replace all operators uly] with their
eigenvalues, which are equal to £1 by construction. The map
(14) artificially enlarges the Hilbert space of the theory. This
redundancy can be taken care of by projecting the states on the
physical subspace. The projection operator is defined as D; =
—is}s}s5 = bibbic; and physical states satisfy D; [phys) =
|phys) for all j.

The bond operators ”;VJ play a role of an effective “mag-
netic” Z, vector potential. The potential generates Z, “mag-
netic fluxes” piercing through plaquettes: ¢, = H(L ivep "‘,V,
where “(i, j)¥ € p” denotes all bonds belonging to the pla-
quette p. Therefore, once we substitute the eigenvalues of uly]
into (15) we get a Hamiltonian for free fermionic particles,
ci, propagating on top of magnetic fluxes threading the hon-
eycomb plaquettes. The ground state is found in the portion
of the Hilbert space corresponding to setting all uz’] =—1,
effectively leaving no magnetic fluxes in the system.

B. Correlation function

The spin structure factor F(q, w) is related to the imagi-
nary part of the spin-spin response function x(q, ) via the
fluctuation-dissipation theorem:

F(q, w) = (np(w) + 1) Z Im x” (g, w), (16)
14

(

where ng(w) = [exp(Bw) — 1]7! is the Bose-Einstein distri-
bution function and 8 = (kgT)~'. Therefore, the problem of
calculating F(q, w) is reduced to calculating the imaginary-
time-ordered function

x(x) = — (Ts! (z)s) = tu[e PHTs! (v)sT]. 17)

Here we only summarize the calculation of this function
and refer the reader to Appendix C for more details. The idea
is to apply the Kitaev’s mapping (14) to the response function
(17) and evaluate the latter on the ground-state flux sector. The
problem maps into that of finding the Green’s function of the
¢ fermions in the presence of a localized impurity

x(x) = e PR Tei(t)e 85, (1, 0)], (18)

where the impurity scattering matrix is

1%
Siy (11, 1) = Texp 2iJK/ d7' Y c(tha() |. (19)

o (i.),

To proceed we use the so-called adiabatic approximation [19],
rewriting Eq. (C2) as

(Tci(T)e;Siy (B, 0))
(TS:,(B,0))

The factor G}’j’”(r) = (Tci(t)c;Siy (B, 0)) / (TS, (B, 0)) can
be calculated exactly by resumming a series of connected
Feynman diagrams and is in fact the connected Green’s func-
tion of the ¢ fermions in the presence of the impurity potential.

The question of applicability of the adiabatic approxi-
mation, Eq. (20), has been discussed in Ref. [15]. Since
the calculation is effectively mapped onto a single-impurity
problem, the main question is whether an orthogonality catas-
trophe [24] occurs. This turns out not to be the case since
the Kitaev QSL dispersion is linear at the neutrality point
[13]. The orthogonality catastrophe is avoided because the
density of state vanishes at the neutrality point. In Ref. [15]
it was shown that the overlap between the ground state in the
presence of a flux pair, |Mg), and the unperturbed one, |Mj), is
| (Mp|My) | & 0.77 in the thermodynamic limit. This indicates
that the adiabatic approximation is sufficiently accurate to
capture the main features of the problem. The second factor
in Eq. (20) can be approximated as [19]

(TS, (7, 0)) ~ e 27, 21

x5(T) = (TSiy(z.0)).  (20)

where A is the minimum energy of spin excitations [13,15].
To interpret our results, we outline the energy scale hierar-
chy. The Kondo coupling is the smallest scale at J ~ 1 meV,
while the Kitaev coupling Jx =~ 1.8-5 meV (with vison gap
A = 0.26Jx ~ 0.468 meV). The electron chemical potential
W is tunable between 0—200 meV via doping, while the band-
width of the linear part of electrons’ dispersion in graphene
is the largest scale and equals W ~ 2-3 eV [15,25]. The tem-
perature kg7 ranges from sub-meV to ~25 meV (~300 K),
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spanning the range from below the QSL gap and up to a part
of the bandwidth W. Since J <« Jg, perturbation theory is
applicable. The order of energy scales also explains features
like the activation threshold in Figs.2and 3 at T ~ A (~5 K),
i.e., the onset of flux excitations, and the linear-in-T growth
above the QSL bandwidth (~Jx ~ 20 K). For lower vy (e.g.,
doped «-RuCl; bands), all rates scale as v, 2 enhancing the
impact of the electron-spin coupling [as in Fig. 2(b)].

However, one has to be careful about the overall statistics
of the response function (17). Notice that (17) carries bosonic
statistics as it is made of two commuting operators. Mean-
while, the connected Green’s function ij(t) is fermionic and
the approximated S-matrix (21) has no well-defined statistics
at all. Yet, we have to preserve the right periodicity of the
response function in imaginary time.

To do so, we assume Eq. (21) is true for T > 0 and impose

the antiperiodicity condition
(TSiy(t = B,0)) = — (TS, (,0)), O<t<B, (22)

so that the overall response function (17) remains periodic.
One of the possible ways to write down the S-matrix consis-
tent with the antiperiodicity requirement is
0(—1)
+ — )
A + e

(23)

oo

_ 1482 —iexT 6(r)
(TS; (7,0)) = 5 Z ¢ (A — ie;

€=—0C

where ¢, are fermionic Matsubara frequencies.
We combine Majorana c-fermions from two sublattices
to form a complex fermion f, = (¢, 4 +icyp)/2 and f =

J

(¢r.a — icr p)/2. The Green’s function for c-fermions can then
be calculated in terms of connected Green’s functions for
f-fermions

(TS (S, (B))
(TS, (B)) '

orr,t,v')=— (24)

We note the dependence of QY (r, 7, ') on bond direction y
stemming from the S-matrix definition Eq. (19) and from the
definition of f-fermions, which contain implicit information
about bond directions as they are constructed with c-fermions
from different sublattices.

Resummation of all Feynman diagrams gives in frequency
space [19]

07 (r, )

Y —
Q(rw) =17 407 r )’

(25)

where QZ.O(r, w) is the bare Green’s function obtained by
setting S,(B8) = 1 in Eq. (24). That is, it can be obtained by
Fourier transforming QZO(r, 7, 7)) = (TH(0)f (7).

Next, we calculate QZO(r, w) and see that it actually
does not depend on positibn r. Therefore, in what follows,
we omit the r dependence from both bare and connected
Green’s functions. After this, we analytically continue the
obtained response function yx to real frequencies and finally
get the imaginary part of the response function in momentum-
frequency space

Im x7 (@, k) = (1 + e "){[(1p (0 = A) = np(=A) Im Q7 (0 — A) = (np (=0 — A) = np(=A)) Im QY (0 — A)]
X (14 cos(k -d")) + [(np (@ — A) = np(=A) Im QY (= + A) — (np(—w — A) — np(=A) Im Q7 (0 + A)]

x (1 —cos(k-d”))},

where d” are positions of three nearest neighbors of atom
of type A in directions y = {x,y, z} and we recall that A is
the energy cost of exciting a pair of fluxes in neighboring
plaquettes. Equation (26) corrects the expression given in
Ref. [19] ensuring the correct periodicity properties of its
Fourier transform.

The expression (26) is explicitly antisymmetric in w:
Im x¥(w, k) = —Im x¥(—w, k) as expected from the an-
alytic properties of a response function. Note also, that
Im x¥(w, k) = Im x¥(w, —k) is even under momentum in-
version. These properties will prove useful in what comes
next.

IV. LINEAR RESPONSE

We start with rewriting the collision integral (13) using
all the obtained results so far and expanding the distribution
function around its equilibrium value f;, = f,?ﬁ + Sfkos
where f,?ﬁ = [1 4 exp (B(ex.o — w))]~" is the Fermi distribu-
tion function. Plugging this into Eq. (13) and keeping only

(26)

(

terms linear in 6 f we get

. J2 00
@cfieolitn ="— D f dwd(exs — eps — )0}, 07,
o0

phy "
x Im (1= fl )1 = £, ) (np(@) + 1)
y [ 8feo  Ofpa np(w) ]
(1= fio)? (A= fp)?nplw)+1
27)

We assume the system is isotropic. In the steady state, the
linearized Boltzmann equation becomes

9 0
—eE - vy fk’a
ad

= @i )i (28)
From here on we can study both electric and spin currents.
Since, the case of (partially) spin-polarized electrons is quite
complicated, we start with the spin-unpolarized case to build
an intuition and crosscheck the results we will obtain for spin
current on the more general case.
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FIG. 1. Schematics of the setup. A Kitaev QSL material (e.g.,
a-RuCl;, red honeycomb lattice) is deposited on a substrate (light
orange) and placed in proximity to a metallic (e.g., graphene)
layer (grey honeycomb lattice). Direct contact can induce charge
transfer and doping of the QSL [21,26]. Ferromagnetic and/or high-
spin-orbit electrodes can be used to inject and detect charge and
spin currents/density accumulations (blue blocks at the edges). The
golden arrow shows the direction of electric field for all cases under
consideration.

A. Spin-unpolarized case I: Transport time

Here we calculate the transport time for electrons when
they interact with the excitation of the QSL. As any other
bosonic quasiparticle (e.g., phonons), spinons provide a
source of (electric) current relaxation. The setup we have in
mind is schematically shown in Fig. 1: A Kitaev QSL (e.g.,
an «-RuCl; monolayer) is placed in proximity to a metal-
lic system (e.g., a graphene layer). Proximity can result in
doping of the QSL [26-28]. Electric contacts inject currents
into either the metallic system or (if doped) into the QSL.
Our simplifying assumption is that both systems have the
same linear energy dispersion [23], albeit with different Fermi
velocities (the latter being much smaller for the QSL due to
the flatness of the band structure [26-28]). This assumption is
not restrictive as most of the conduction occurs close to the
Fermi energy, where bands can be linearized. The transport
time can be compared with the measured one. The latter is
obtained, knowing the effective mass and charge density, from
measurements of the electrical resistivity according to the
usual Drude formula.

To get the transport we sum over the spin indices in
Egs. (27) and (28). To proceed, we are going to use the relax-
ation time approximation introducing the transport relaxation
time 7, as follows:

aro )
CE 0 e 29)
deg T

where we assumed the transport time to be independent of en-
ergy. The goal here is to relate 7y, as a function of temperature
and carrier concentration, to the collision integral (27).

We parametrize the angle between electric field E and elec-
tron’s velocity vy as ¢. To determine t; we invert Eq. (29)
and express the deviation of the distribution function from

equilibrium, in terms of the relaxation time

0

0
8 fr = TweE vy cos ¢y e (30)
aé‘k

and plug it back in the microscopically derived collision
integral (27). We then multiply both sides of the kinetic equa-
tion by vy cos ¢ and integrate over k. The details of these
calculations, as well as definitions of functions f(w) and g(w),
are given in Appendix D. The resulting transport collision
rate is

T = s
t 2nTD
< (fe = £ ns(@)(np(@) + 1)
x [g(@) + f(@)Jo(kd)Jo(pd) — J (kd)Jy (pd))],
31)

fdkdpda)kpB(sk —&p — W)

where J,(x) is the Bessel function of the first kind of or-
dernand D = 27)~! fkaf,?/aakdk = —(Znﬂv%)’l In[1 +
exp(B)].

Figure 2(a) shows the scattering rate 7, in units of J as
a function of temperature and various chemical potential. In
this plot, the electron Fermi velocity is vg = 10° m/s as for
graphene’s massless Dirac fermions. For small chemical po-
tentials, the scattering rate grows linearly with temperature.
This is expected since kg7 is the only relevant energy scale
in the problem. This universal linear asymptotic behavior is
always recovered for high-enough temperatures, when these
exceed the chemical potential.

Increasing the chemical potential, the overall collision rate
grows. More importantly, it is nearly zero below the tem-
perature of the order of the quantum-spin-liquid gap. This
low-temperature activation behavior is arguably the most
prominent effect of the QSL on electronic transport, and in-
dicates the gapped nature of flux excitations and hints to the
deconfinement of fractionalized excitations [29-31]. We note
that in this range of temperatures the use of the flux-free
structure factor is well justified.

The collision rate rises sharply above the flux creation gap
up to temperatures of order of QSL bandwidth, followed by a
small dip, to then resume the linear-in-temperature behavior.
The overall change in qualitative behavior, combined with
the broad plateaux observed could be used as a signature of
frationalized excitations and immobile fluxes in the quantum
spin liquid.

In Fig. 2(b) we show the same quantity for lower Fermi
velocity vg = 10° m/s. The scattering rate is two order of mag-
nitude larger, consistent with it scaling with Fermi velocity as
v;z, as expected from inspecting Eq. (31). Therefore, materi-
als with a lower Fermi velocity hold higher potential for the
experimental observation of quantum-spin-liquid footprints in
transport measurements. This also suggests that dilute charges
transferred into the «-RuCl; by, e.g., proximity to graphene to
dope the very flat d-bands of the material [27], could expe-
rience extremely high collision rates. Numerical calculations
based on realistic band structures of @-RuCl; would be needed
to quantify the size of the effect. Such calculations are beyond
the scope of the present work.
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FIG. 2. (a) The normalized collision rate (t,.J)~!, defined in
Eq. (31), in the spin-unpolarized case as a function of temperature
T for different values of chemical potential . A sharp increase of
the collision rate is observed at temperature close to the quantum-
spin-liquid gap energy. (b) Same as panel (a) but for a Fermi velocity
ten times smaller. The collision rate becomes two orders of magni-
tudes larger. The insets magnifies the region near kT = A, which is
denoted as a dashed vertical line.

B. Spin-unpolarized case II: Spin diffusion

In this section we consider diffusive propagation of spin
along the sample. The experimental setup we have in mind is
again similar to that shown in Fig. 1. However, in this case
we assume electrodes to be ferromagnetic or heavy-element
metals characterized by a strong spin-orbit coupling. In both
cases, passing a current in one of the electrodes generates
a spin-density accumulation in the metallic channel, which
can be in turn detected by the second electrode. In the case
of ferromagnetic electrodes detection occurs by changing the
orientation of magnetization in the injector and detector elec-
trodes in a spin-valve [32,33] type of configuration. Passing
currents in electrodes characterized by strong spin-orbit cou-
pling results in the generation of a transverse spin current and
therefore in the accumulation of spin density in the channel
via the spin-Hall effect [34,35]. The inverse spin-Hall effect
can then be used to detect the spin density reaching a far
away electrode by converting it into a transverse voltage drop
[36]. Hybrid configurations can also be built by combining,
e.g., ferromagnetic injectors and inverse-spin-Hall detectors.
To keep the calculation clean, we assume the spin accumu-

lation is generated in the metallic channel, which is therefore
separated from the QSL by a small spacer (e.g., an hBN layer).
In this way, only electrons contribute to spin diffusion. This
allows a clean extraction of the crucial parameter controlling
spin diffusion, the spin diffusion time 74 (or the spin dif-
fusion length, obtained by multiplying tg by the electron
Fermi velocity).

To perform the calculation, we assume that at an edge of
a sample there is an imbalance between spin up and spin
down particles constituting the electric current. This imbal-
ance smears away as the current flows along the sample as the
spin-spin interaction tends to randomize the spins. We model
this with the following Boltzmann equation:

8 ko fo‘ fo‘
V. fio + €E - Vifro = e e — i . (32)
Tir Tdiff

where the full distribution function f;, is approximated as
fio X f2 4 8fks, & =t ifo =|,and & =] if o =1.

The local equilibrium distribution is f;, = f (e — €5 (r))
where f° is Fermi-Dirac distribution function and the Fermi
energy is e£ (r) = ¢ + o8¢’ (r). We abuse notation by treat-
ing o as =1 for up and down spins respectively when
multiplying it by something else, and as o = {1, |} when
it serves as an index. The diffusion time g represents the
characteristic timescale for relaxation of spin imbalance in the
system. We express the perturbation § fy, as

0
afktr = —Ty (vk : Vr +eE - vk_>flgr' (33)
38k
We also expand the local equilibrium function as

fkcf

o =f)—oser (r) (34)

and plug it into Eq. (33). After deﬁmng the spin-dependent
electrochemical potential i, = &F + e + o8eF (r) we get

0

d
af Vg Vildg. (35)

Now let us plug fi, = f,?a + 8 fro into the Boltzmann equa-
tion and sum both parts of it over k to get

afka = Ty

Vi = s, (36)

VTdiff

where Sy =y — py = 28¢" (r) and we have introduced the
effective kinematic viscosity v = ,v2 /4.

To determine the diffusion time 74 We again linearize the
collision integral and rewrite the kinetic equation to linear
order in the perturbations

afl? lin
(tu(vk - V,) 2o + €E - vk)—k (0 fro )™ 37

After summing both sides of the equation above over k and o
we get

1_2—‘]2/00d /dkdk_pg( )
Taiff = 2DkaT |- o ® p(2n)2 Sk —Ep— O
X (8(@) + f(@)okd)o(pd ) (1 = £,)(n + 1).
(38)
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FIG. 3. Diffusion rate Eq. (38) as function of temperature T
for different values of chemical potential . The black vertical line
represents the energy of a flux excitation. The inset magnifies the
region near kzT = A, which is denoted with a dashed vertical line.

Equations (36) and (38) are derived in Appendix F.

Figure 3 demonstrates the temperature dependence of dif-
fusion time for different values of 1. One may notice visual
similarity between diffusion and transport times, namely 7, &~
0.17g4 for all temperatures. This happens when the QSL
bandwidth is much smaller than that of external electrons.
In this case the QSL degrees of freedom act like magnetic
impurities and the two transport times are now similar. In
the limit T « u < vp/d (vg/d =~ W, where W is graphene’s
bandwidth) we find 7 /T4 = 772, This constant ratio re-
sembles the Elliott-Yafet (EY) mechanism of spin relaxation
[37,38]. We stress that, while the latter is traditionally associ-
ated with phonon or impurity scattering, here an EY-like spin
relaxation arises from the interaction with fractionalized QSL
excitations.

C. Spin transport in a spin-polarized conductor

One can directly generate spin currents in the system if
bands are (partially) spin-polarized. The setup we have in
mind, with reference always to Fig. 1, is one in which the
bands of the metallic channel are spin-split because of, e.g.,
exchange coupling, either intrinsic or proximity-induced. This
is the case of, e.g., graphene in proximity to a magnetic
insulator. Such van der Waals heterostructures can induce
a magnetic exchange splitting in the graphene channel of
approximately §¢ &~ 10 meV, matching the energy scales con-
sidered in our model [38].

Alternatively, graphene may be replaced by a different
material, for example, a magnetic transition metal dichalco-
genide [39-41] featuring itinerant electrons exchange-coupled
to local magnetic moments. An intriguing possibility is con-
sidering a metallic layer that undergoes a phase transition
from spin-unpolarized to spin-split bands. As we show in what
follows, this would reveal a sharp transition in the spin-flip
time defined below. The details of experiments are beyond the
scope of the present work, which focuses on the fundamental
aspects of the problem.

In this setup, when an electric field is applied, partially spin
polarized currents, i.e., unequal spin-up and -down currents,

FIG. 4. Schematic illustration of spin-dependent dispersion in a
spin-polarized conductor. The bands are shifted symmetrically with
respect to the zero-field point.

are produced [see Eq. (42) below]. Unbalanced spin-up and
-down currents can be detected by ferromagnetic electrodes
by tuning the direction of magnetization.

We assume the spin-up and -down bands to be shifted by §e
(see Fig. 4),i.e.. &,y = €x,, + d¢. Thus, linearizing the energy
dispersion around the Fermi level, the spin-up and -down
bands, e 1) = volk| & /2, are symmetrically shifted with
respect to zero energy. The chemical potential ¢, measured
from the same zero energy level, is the same for both bands.

In this case, spin-flip processes with the emission of ex-
citations of the quantum spin liquid occur with a typical
relaxation time g, which we now determine as a function
of temperature and chemical potential. The physics behind
7y is quite different from those governing 7. In fact, 7
describes the relaxation of deviations in occupation numbers
toward the equilibrium state. Thus, it aims at minimizing both
fluctuations §fi4 and §fr, independently. On the contrary,
7y tends to equalize deviations from equilibrium for spin-
up and -down particles, which are in principle independent.
Essentially, a fluctuation in occupation for one species of
spins drives deviations in the occupation function for the other
species, such that the difference 68 f;, — 6 fi4 is minimized.
To incorporate this physics, we will therefore approximate
the system of kinetic equations for distribution functions of
spin-up and down particles as

fer  Sfiy  Sfiy — 8fky
—eE - Vs denr | e Ty ’
A tr s
afy 8 Sfi, — 8
—¢E v b = — oo Ok =0k (39
aé‘k,i Tir Tsf

Here, E - vy 1() = Evg cos ¢, meaning the Fermi velocity is
assumed to be the same for both spin-up and -down particles.
Inverting these equations, we can express perturbations of
the distribution functions § fi4(,) in terms of the electric field
and of the two relaxation times, 7, and ty. The resulting
expressions are then plugged into Eqgs. (27) and (28), and
a self-consistency condition for the relaxation times is then
derived.

To find such condition, we multiply both sides of the two
kinetic equations resulting from Eq. (28) by v cos ¢ and
integrate over k. It is easy to see that the left-hand side is
proportional to 9,1, = 0n, /9.
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FIG. 5. (a) The solid lines are normalized collision rate (7,J)~!,
Eq. (41), for different spin separations ¢ as a function of temperature
T for a Fermi velocity ve = 10° m/s. The dashed line is the transport
time in the spin degenerate case Eq. (31) for the same value of
chemical potential © = 100 meV. (b) Same as panel (a), but for a
reduced Fermi velocity vg = 10° m/s. Arrows indicate direction of
curve evolution as we change §e¢.

After some algebra, the kinetic equations can be recast in
the following form:

eEvgd,ny = Aty + Btyy, eEvyd,n, = Cty + D1, (40)

where the coefficients A, B, C, and D are given in the Ap-
pendix G alongside the derivation of these formulas. Once
these coefficients have been determined, the collision rates
7, " and 7' can be calculated as

o AD — BC
" eEvg(Ddyny — Coyny)’
AD — BC
Ty = (41)

eEvy(Adun, — Bo,ny)
Using Eq. (39), spin-up and -down currents are calculated as

d’k EE 1y

X X8 y = —
-]a vk,a fk 2 1+K2

= | Gy (8,n2 + kd,nd),

(42)

where we have introduced quantity « = 1 + 7/ 7.

The spin polarization has only a negligible effect on the
transport relaxation time, as shown in Figs. 5(a) and 5(b).
These show 71, as a function of temperature for a fixed

12

ve = 10% m/s; p = 100 meV

10

6€ =0.01 meV
o€ = 10 meV

(Prse)"=10°

—— 0€ = 95 meV

0 5 10 15 20 25
T (meV)

FIG. 6. Normalized collision rate (zyJ)™!, given in Eq. (41), for
different spin separations d¢ as a function of temperature 7', and for
a Fermi velocity vg = 10° m/s. Arrow indicates direction of curve
evolution as we change §e¢.

chemical potential and various spin polarizations (from nearly
unpolarized to almost completely polarized), for the two
Fermi velocities used in Figs. 2(a) and 2(b), respectively. This
insensitivity of the transport time is to be expected, since the
transport time relaxes independently fluctuations in the distri-
butions of spin-up and -down electrons toward equilibrium.
The spin-flip collision rate undergoes a much sharper rise
between the completely unpolarized state ¢ =0 and any
polarized state. In fact, in the completely unpolarized case
ISFI = 0, and it jumps to a finite value, nearly independent of
spin polarization, as shown in Fig. 6, when §¢ becomes finite,
no matter how small. One should keep in mind that 7 does
not describe the relaxation of the spin polarization, but of spin
currents injected into the system. These are proportional to
fluctuations generated on fop of the spin polarization, which
depend on the applied electric field but are largely indepen-
dent of §¢. However, for 74 to become finite it is essential to
have a spin polarization, no matter how small, to begin with.

V. CONCLUSIONS AND OUTLOOK

In this work, we have developed a kinetic theory to describe
charge and spin transport in heterostructures composed of
QSLs and itinerant electron systems, exemplified by o-RuCl;
and graphene. By incorporating a Kondo-like interaction be-
tween the spin degrees of freedom, we derived a Boltzmann
equation and analyzed its collision integral. We studied three
different situations.

Firstly, we considered a completely spin-unpolarized state
in which a current is generated by the application of an
electric field. We studied how the transport collision rate due
to electron-spinon interactions depends on temperature. We
found that it is suppressed at low temperatures and it exhibits
an activation behavior, consistent with the existence of a gap
for spin excitations. Above this threshold, it increases linearly
with temperature, and saturate only when this exceeds the
bandwidth energy (divided by the Boltzmann constant kg).
The activation threshold and saturation point (which can be
experimentally identified by taking the derivative d rtr_' /dT)
can be used to estimate the Kitaev coupling. Furthermore, we
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found that it strongly depends on the carriers’ Fermi veloc-
ity, vp. When this is reduced, the more frequent interaction
between electrons and spins results in a strong increase of the
collision rate proportional to vg 2,

Secondly, we studied spin diffusion in a spin-unpolarized
system where a nonequilibrium spin-imbalanced carrier pop-
ulation is created. The spin accumulation can be generated
from strong spin—orbit—coupled electrodes via the spin-Hall
effect [34,35] or, alternatively, from magnetized electrodes
subjected to a temperature gradient via the spin Seebeck ef-
fect [42]. We obtained an expression for the spin diffusion
rate, which exhibits a similar activation behavior and depends
almost linearly with the carriers’ chemical potential, consis-
tent with a scaling proportional to the carriers’ density of
states.

Finally, we consider the interplay between charge and spin
transport in a partially spin-polarized conducting system cou-
pled to the Kitaev QSL. We found that the transport time is
weakly dependent on spin polarization. Conversely, the spin-
flip collision rate jumps from zero to finite, as soon as the
system exhibits an infinitesimal spin polarization. However,
it remains practically constant for higher degrees of polariza-
tion. We also found that, for the chosen parameters, the two
collision rates are roughly proportional to each other rtr_' ~
215;'. The constant ratio between the transport and spin-flip
collision rates resembles the Elliott-Yafet mechanism of spin
relaxation [37,38]. Unlike the conventional EY relaxation,
which is driven by phonons or impurities, this QSL-mediated
channel represents a new contribution to spin relaxation which
is mediated by fractionalized excitations.

In passing, we note that we corrected the expression for the
spin structure factor of the Kitaev model existing in literature
[19].

The transport rates we calculated in this work can
be compared with those obtained from measurements of
graphene/a-RuCl; heterostructures (Fig. 1). The transport
time 1, controls the Drude conductivity o = gezvg,o(u)rtr /2
(where g is degeneracy factor) or equivalently the longitu-
dinal resistance [43,44]. The activation behavior of 7, ' at
ksT ~ A signals the interaction with gapped spin excitations,
a consequence of the flux gap. The spin diffusion length can
be obtained from the spin-Hall magnetoresistance or from
spin-valve effect [45]. Finally, the spin-flip time ty governs
spin currents Eq. (42), which jump from zero to a finite value
in the partially polarized case. We expect this to be detectable
in metallic systems that are either ferromagnets undergoing
an ordering phase transition [46—48], or are exchange-
coupled to one. Other mechanisms, for example, magnetic

J

impurities or spin drag due to Coulomb interactions [49] could
compete with this effect. However, while impurity scatter-
ing is expected to be nearly independent of temperature, the
electron-spin coupling grows strongly (exponentially) with
T around the flux gap T ~ A/kg. Furthermore, rates due to
scattering against QSL excitations grow with carrier density.
On the contrary, the spin drag due to Coulomb interactions is
expected to go as [50] (T /u)? when > kT, and therefore
to be suppressed by increasing the carrier density. Therefore,
the impact of scattering against QSL excitations could be iso-
lated by studying the resistivity as a function of temperature
and electron doping.

In Appendix H we also show that a magnetic field slightly
suppresses collision rates. The largest effect is observed at
a temperature close to the QSL gap, T &~ A/kg. As the
magnetic field is increased, the thermal activation of the scat-
tering rate shifts toward higher temperatures. This effect is a
consequence of the flux gap increasing monotonically with
magnetic field [19].

We stress that our results show that the excitations of a
Kitaev QSL can be probed in transport experiments performed
on graphene/RuCl; heterostructures. In particular, they can be
used to extract parameters of the system, i.e., as the gap of
vison excitations and the bandwidth of matter fermions, both
related to the Kitaev coupling. Deviations from the pure QSL
behavior due to beyond-Kitaev coupling, whose theoretical
description are beyond the scope of this work, can be similarly
analyzed.
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APPENDIX A: DERIVATION OF THE COLLISION INTEGRAL EQ. (13)

We start from the expression for the collision integral

0 fro =/ dt’ ([V (@), [V(t"), ay, ()aks (DO]1) -
0

(AD)

In the second order of perturbation theory the time evolution of creation and annihilation operators is given by az, = e~ 'qy,,.

Therefore, the inner commutator

[V(l‘,), a]::,ak(r] =7 Z [a;r)\eis,,u’apl)h/e—isp/)\/[’(O_)ML/SK(p _ p/’ l‘/), a]jo-ak(r]»

pp' AN

(A2)
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[a;r)hap’)\” a]jgako'] = ;Aap’k’(8k/06kp’ - 8A06kp)a (A3)
/ i(py—Exo It / k< p
W) Gl =1 Y [a;kakae ot (0,55 (p — k. t') — (A i a)] (Ad)
p

where the symbol (’;Zg ) stands for the same expression in parenthesis with the symbol, but with all momenta p exchanged for

k, all momenta k exchanged for p, all spin indices o exchanged for A and all spin indices A exchanged for o.
Then the right-hand side of Eq. (A1) takes the form

@ fiodoon =17 Y / dr [aqaaq o€ (0)0 55 (q — ¢ 1), a3 e PR ()68  (p— k1 1)

pr qqad’
k<p
(2] a9

Rewriting the commutator explicitly, Eq. (A5) becomes

B fro ooy = J* Z Z / dt’ ¢/ Cae=Eqe T iEp —Eko )t aga,afk,<a;aaq/ar ;\akas;’_q,(t)s;_k(t’)
pr qqac’ ¥ T
k<p
— alfxakaa;aaq/ars;_k(t/)sgf MOR < . (A6)

Ao

We then split the expectation values in products of averages for spin operators and creation operators. Equation (A6) then gives

@ fro oo = J* Z Z / dt’ ¢ Fae =g ViFiEp —Eio ) U;’a,a{)\/[(a;aaq/w ko )(s)_p (D)sh_ (1)

qq'ae
— @ o g5 (15 (1)) — (’; g )} (A7)

We us the Wick’s theorem for creation operators and obtain
(@ gar) = 858 foas (A8)
(agadp,) = 822 (1 = fya). (A9)
(g @ ko) = fead5d (1 — fp)8%% 4 frab22 fr 8T (A10)

We plug this into Eq. (A7) to get

@ fiodoon =17 Y / e R R g [(fkarsak“ (L= [0 + fauSig for 859 sy (D)sh_ (1))

PA qqad’

— (g (U= fio)857 + faaOsgl [ 8ep sk (@ )sy_ i (0)) — (k <P )} (A11)

Ao

It is evident that the terms f,,O,zS"“" fpxé‘”\ will cancel each other when we take into account the term (i‘:g ) and use the Kronecker

s to fix the momenta and spin 1ndlces. As shown in Ref. [19], we can restrict ourselves to the case of diagonal spin-spin
correlations (s;_k(t’)sz_q, t)) =68, (s;_k(t’)s;_ (D). Therefore, Eq. (A11) becomes

Bt oy = 12 Z/ di' )06 o [ fio (1= for)lsy_p0)sh_ (1)) = for (1 = fio)sh_ sy, ()] — <k 91’).

_ Ao
pAy

(A12)
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Since we are interested in the transition rate, we now change the integration variable to & =t —t’, send t — oo and use time
translation invariance of the correlation functions to rewrite Eq. (A12) explicitly as

@i dean =7 Y [ dge o=l ol ol [ fro (1= fp)lsi_pE)sh_i) = for (1 = fiosh_ (=E)sp_,)]

pAy ST

oo
-7y / dge "B ol [ (1= fioss_ Esh_,) = fio (1 = fyp)lsk_,(—=E)sh )] (A13)
poy %
The top and bottom lines only differ by the sign upon changing £ — —£ in the second line. Thus, we can finally rewrite Eq. (A1)
as

oo
O feodean =22 Y / g™ 067, 67 [ fra (1= fru)sh_E)sh_) = Fon (1 = feosh_o(=E)s_,)]- (A14)
phy T
Introducing the Fourier transform of the correlation function,

[e¢]

1 )
(5 (€15} 4 0)) = 5 / L ()] )do,

—00

We arrive at the following expression for the collision integral Eq. (A1):

JZ o)
@i deon = = 3 f dw(eks — £ — 07,07, [fio (1= f)ls]_ (@) ) = fn(1 = fio)ls)_p(~a)s]_ )] (AL5)
pry >

S}’

Next, we evoke the fluctuation-dissipation theorem, which connects the correlation function (s,’:_p(a)) p_k) to the imaginary part

of the spin-spin response function Im X,l » (w), to get

J2 00
B, fro Deoll = — Z foo dwd(eke — epp. — 0)0), 07 [ fio (1 — fpu)(np(w) + 1) Im X,i/_p(w) — fpr(1 = fio )np(w)Im X;,/_k(w)]-

pAy "

(A16)

From Ref. [19], the response function Im X;’_k(w) depends on momentum according to cos[(p — k) - d”]. This allows us to
obtain the result from the main text, Eq. (13).

APPENDIX B: LINEARIZATION OF THE COLLISION INTEGRAL IN THE SPIN POLARIZED CASE
We linearize the collision integral Eq. (13) by expanding the distribution function as fi, = f,?a + 8 fros» Where f,?g =[1+
P =1 ]=1 is Fermi distribution. The collision integral (A16) can be rewritten in a more convenient way:

JZ oo
(atfka)coll = ; Z /OO dwd(eke — Epr — w)U;/AO.)i/a Im X/ilp(w)(l - fk(r)(l - fI’)‘)(nB(w) +D

Ay
« [ Jeio  fm np(w) i| ®B1)
(I = fro) (L= fpa)np(@) +1
The product of distribution functions can be simplified to give
fka‘ fpk nB(a)) ]
1 — fio)(1 — 1 —
(1= o)L = Jp)(ra() & )[(1—fka) (0 — fy) np(@) + 1
8 fio $fp.  np(w) 8 fio 8 fpr ng(w)
=(1-=7£2)(1-=7° 1 — p = (TD), _ p
(1= fio) (1 = f) (np(@) + 1) (1- f,?a)z (1- f;?x)z 1p(@) (T D)o, (1- f’g’)z (1- f;?x)z np(@) + 1
(B2)

where in the last line we have introduced a shorthand for the prefactor (7'D),; = (1 — f,?a)(l - 1?,\)(”3(“’) + 1) where
momentum k always comes with spin index ¢ and momentum p always comes with index A. The linearized collision integral
Eq. (B1) is then rewritten as

. J? 00 S fro )
O =2 3 [ e = ey - )0, of, Tl @)T D) | N S )

(B3)
piy = (L=7%) (1= ) @+
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For o =1, after summing over y and A Eq. (B3) gives

- J? o 8 fiy 8fpy ng(w)
(3 fup o == Z/ dwd(exy — epy — @)(Im xi_p (@) + Im x;_ (0))(TD)y, 7~ 3
T e (1- fI?T) (1- f1?¢) np(@) + 1
+ z 3 / ” dwd(exy — epr — @) Im xi_ (@) (T D)y S Ofm _ns@) (B4)
14 k—p 2 2
e (= (=g (@)
Conversely, for 0 =] Eq. (B3) gives
- J? ®© 8 fry 3/t ng(w)
@ fi)in == Z/ dwd(ex, — epr — @)(Im x;_, (@) + Im X,{_p(a)))(TD)H > — -
T e (1- f1?¢) (1- f1?¢) np(@) + 1
L2 Z/w do8(er, — 69, — ) Im xi (@)(TD),, | —2Teb___ _Olpl __1(@) (BS)
14 k—p 2 2
T (=) (=) w1
APPENDIX C: BOSE SUMMATION FOR THE RESPONSE FUNCTION EQ. (C2)
We start with the response function given in Eq. (C2)
p :
Kt = [ ey (o) (el
0
where w, are bosonic Matsubara frequencies. The imaginary-time domain response function is given by [19]
X (1) = [Q17 (1,7, 0) = 0ot Q7 (1,0, )8 (r — 1" = 87,) (TS(z,0)) . (C2)

Here we expressed the response function x?” in terms of connected Green’s functions (GF) Qg"” for f-fermions Eq. (24). For
T > 0, as in Ref. [19] we can estimate the S-matrix as

(TS(r,0)) =e 27, 17>0.

We note that Q17 (r, 7, 0) is by definition a GF for fermionic operators. As such, it has to satisfy the antiperiodicity condition.
Therefore, we take the Fourier transform using the fermionic Matsubara frequencies ¢, :

[ch-’y(rv T, O) - naﬂa/Qi’y(”, isn/)] = ﬁ_l Ze—isn/T[Qi,V(r, T, O) - nana’QLl-’y(r’ —iEn/)]. (C3)

The response function (C1) is bosonic and therefore periodic in imaginary time, hence the S-matrix expectation value has to be
antiperiodic, meaning

(TS(t — B,0)) =—(TS8(7,0)), forO<7t<§pB. (C4)

We will call g(t) = (T'S(z, 0)) for shorthand. Antiperiodicity again implies that the Fourier transform of g(t) must contain only
fermionic (odd) frequencies &,

1 .
gr)=—Y e g, (C5)
BT
where g, are Fourier coefficients which are given in terms of the function g(¢) in the region t > 0, i.e.,
L 1+ e P8
g = / OTY(T)dT = ————.
0 A — L&

The Fourier representation (C5) allows us to easily obtain g(t) for negative 7:

it 14 BA
0: — g-! —igrT , C6
t>0: g)=4 Sk:Z_ooe A (C6)
o0
1 4e kA
_ 0: _ — -1 +l£kf—. C7
T<0: g-1)=4 gk;of e (C7)
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We relabel ¢, — —e¢; in Eq. (C7) to combine the formulas above in the full S-matrix expression

o0

_ 14 e 82 —iggT 6() (=)
(TS(r,0)) = 5 Z ¢ (A — igg + A +i8k>. >

gr=—00

To lighten our notation, for the time being we are dropping the coordinate r in the arguments, as well as the overall § function
8(r —r' — 38! ). Thus, we rewrite Eq. (C3) as

(017 (7,0) = nana QL7 (0, )] = B~ Y e " [0(1)(QL (i€w) — Natta O (—i€w))

+0(=1)(QL7 (—i€w) = Naw Q7 (i€n))]. (&)
The full response function Eq. (C2), according to Eq. (C8), is then
1 4e P2 ey i 0c” (i€y) = Mamar Qe (i) Oc” (—iew) = nane Qe (ien)
Y , — —l€,T ,—IET 9 9 _ . ClO
Yo (D) =g Ze ‘ ( © A—ie, o) A + i (1o
Now we take the Fourier transform of Eq. (C10) and get
|
X (i) = = / dre ™y} (1) (C11)
2J-p
_ L4 ePen—e=e) O (i) — Nt Qe” (—i€w)
B 2182 erey i(wy — €v — &) A — g
- 1, . Ly,
+ l+e pa Z /ﬂ d1 e @n—ew =80T pilon—€y —er)p O y(_len’) — N Mo Qe y(lfn’) (C12)
2ﬁ2 frey 0 A + iSk
e Q0c” (iew) — nana Qe (—i€w)
Y — 0wy — €y —
2pr 2 P~ —en) A — iy

Ek, €yl

— Ly . 1, .
P [ pnan @700 a0 )
2p? 0

e A+ igg
14 e P4 . 1 1
= Y (i€y) — 0V (—ie,y . C13
28 Z (QC (i€w) = Natla Q" (—i€ ))<A —iwy + i€y + A+iw, + ien,> (€13)

€y

Here, we used the Heaviside 6 functions to split the integral over t into two parts, and shifted t — t + 8 to get from Eqgs.
(C11)—~(C12). Then, we used that e’#*» = 1, ¢P% = —1 and ¢/#* = —1) to simplify the expressions. Finally, we have changed
the order of summation €¢,, — —¢, to get from Eqgs. (C12)—(C13).

We convert the sum over fermionic frequencies in Eq. (C13) into a contour integral and obtain

14+e P2 [ dz 1 1
Y (iwp) = ———— P — LY(2) = nyne QY (— Cl4
Ko (i) = —— fzmnﬂz)[Qc (&) = e 0 € Z>](A_,~wn+zu+iwn+z)’ 19

where the integration contour is shown in Fig. 7.
We can split the integral in Eq. (C14) into a sum of two simple poles and two integrals over branch cuts, i.e., along the lines
above and below Rez = 0:

1+e P2
2
—np(—iw, — MO (—iwy, — A) — Nane Q)7 (i, + A)]

x) (iw,) = {—npiw, — MO (iwy — A) — nene QL (—iw, + A)]

+ foo e e +i0)[ QN7 (€' +i0) — anw QL (—€' — i0)] 1 + 1
oo 2mi ¢ o A—iw,+€ A+iw,+é€

1 1
"‘f‘
—iw, +€ A+4iw, +€

- / L e = )01 (€ — i0) = e QLY (—€' + i0>]( A

3w > (C15)
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Im (z) Im (z) 1
iw, — A iw, — A b
% » YTA
E
: 3
Re tz) py Re tz)
® * Yaid
—lw, — A —lw, — A
: 3

Im (z) 1

iw, — A

A
AlY
AlY
AlY
AlY

Re (2) * Re'(z)

t

—iw, — A —iw, — A

FIG. 7. Deformation of the integration contour.

We notice the imaginary parts occurring in the last two lines of Eq. (C15) can be related by the Schwarz reflection principle
Im[Q(2)] = — Im[Q(Z)]. From the Eq. (C15) we get

. 1484 ) ) ) :
KXo (i0n) = T{ —np(=M)[0F7 (iwy — A) — Nanar QL (—iw, + A) + O (—iwy — A) — 0ane Q7 (i, + A)]
+ /Oo e (Nl [0 (€' + i0) + Nune Q1 (=€’ + i0)] ! n ! (C16)
np(eNIm | QY (e/ +i o O (—€' + i . .
oo TT r ¢ Nelle e A—iw,+€¢  A+iw,+¢€

We analytically continue the response function in Eq. (C16) to real frequencies, iw, — @ + in, where 7 is positive infinitesimally
small, and obtain

y 1+ e PA Ly . Ly .
Koo (@) = ——— —np (=M (@ — A+ in) — une QLY (—w + A —in)
+OT (~0 — A= in) = a0 Q7 (0 + A + )]
+/de/ (€)Im [Q}7 (€' + in) + 1ana Q7 (—€' + in)] 1 + 1 (C17)
—np(e V(e +1i N QY (—€' +1i - - .
oo TT r ¢ D Tl 7 A—w+e —in A+w+e+in
Next we take the imaginary part of this expression, and we get
y 14+ e_ﬁA 1 . 1 .
Im x,, (0) = - —np(=A)Im [Q)Y (0 — A+ in) + Nane Q7 (—w + A + in)

— QM (—w— A +in) — e O (0 + A +in)]

+ / dfw(a)lm (O (€) + name O (—€)](T8(A —  + €') — 78(A +‘”+E/))} .

o0
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14+e k2 | |
= T{Im [0V (© — A) 4+ nanw QY (—w + A)|(np(w — A) — np(—A))

—Im [0} (=@ — A) + 1anw Q17 (@ + M) ] (1p (=0 — A) — np(=A))}. (C19)
Now we restore all the dropped spatial dependence and the § function to get
Imy), (r.r,0) =11+ P*)8(r—r -8 ) {Im[Q)7 (r,0 — A) + nune QL (r, —® + A)|(np(w — A) — np(—A))
—Im [Q} (r, =@ — A) + Nt Q7 (r, @ + A) | (np(—w — A) — np (= A))}. (C20)

This function is also explicitly antisymmetric in , i.e., Im Xo’t’a,(r, r,—w)=—Imy ;’a, (r, 7, w), as expected from an imaginary
part of a response function.
It can be shown [19] that Q}V (r,w) = Qg’y (w) is independent of the coordinate r. We will use this fact in further calculations.

1. Summation over « and &’ in Eq. (C20)

We sum the response function (C20) over the indices o, @' = A, B, which denote the site to which an operator belongs. Below
we explicitly define quantities, which depend on the atom’s site within a unit cell

SXA = 51);3 =0,

5 =18, —d, (c21)
8pu = —d,,
@ = gy o @(1, —ﬁ), = @G, £>, (C22)
* 3 Y 3 2 2 ‘ 3 22
m=1. ng=-1, (C23)

where ax ~ 0.3 nm [51] is the lattice spacing.

The fact that the only r dependence is in the § function allows us to find a simple expression for Im x in momentum space.
We can take Fourier transform of Eq. (C20) with respect to spatial coordinates and rewrite it in a reduced form featuring the
structure of sublattice indices:

M Ypo (@, k) = e *% (AX + 1470 Y) + BZ + nana W)}, (C24)

where A = 3(1 + e 2)(np(@ — A) —np(=A)), B=3(1+e ) np(—0 = A) = np(=A), X =Im Q" (@ —A), ¥ =
MmO (—w+ A),Z=ImQO (—w— A),and W = Im Q17 (w + A).
Now we perform the summation over «, «’ in Eq. (C24):

Im x(w, k) = Z Im xoo (0, k) = e *¥AX +Y) + BZ + W)} + e *¥{AX —Y) + B(Z — W)}

+e A —Y) + BZ — W)} + e F W AX +Y) + BZ + W)} = (AKX +Y) + B(Z + W)}
+e A —Y)+BZ - W)} + e T AX —Y)+BEZ W)} + {AX +Y)+B(Z +W))
= (AX + BZ)2 + e % 4+ &%) + (AY + BW)(2 — e ¥4 — F )
= 2(AX + BZ)(1 + cos(k - d”)) + 2(AY +BW)(1 — cos(k -d")). (C25)
Restoring the original functions we get
Im x (0, k) = (1 + e PH{[(r (@ = A) = np(=A) Im Qp(@ — A) = (np(—w — A) = np(=A) Im O, (o — A)]
x (1 +cos(k -d”)) + [(np(w — A) — np(—=A)Im Ql(—w + A) — (np(—w — A) — np(—=A))
x Im Q}(w + A)](1 — cos(k - d”))}. (C26)

We note that the imaginary part of the response function is explicitly symmetric in momentum Im x (w, k) = Im x (w, —k).

APPENDIX D: SPIN UNPOLARIZED COLLISION RATE
The right-hand side of the kinetic equation (29) may be simplified to the following form:

) /‘ d*kd? pdw
Qm)t

1 [ d%k

afo
wp ) @™ 08 Py
I

E.
(D

S(ex — p — w)(fy — [y )ns(@)(np(w) + D[v; — 02]2 Im x(w, k — p) =
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We note that the imaginary part of the response function (C26) has a simple angular dependence. It is a sum of two terms, one
of which is a constant and the other goes as cos[(k — p) - d”]. The only remaining angular dependence in the collision integral
is due to the factor [v; — v’(]2 = 2(cos ¢ — cos ¢p)2 We can average over the directions y = {x, y, z} and obtain

{cos[(k —p) -d"]) = Zcos [k —p)-d”]. (D2)

We can rewrite the left-hand side of the kinetic equation (D1) as

d*kd?pd
I / T’;")m — &y — ) (£ — (@) (np(w) + 1) (D3)
x (cos g — cos ¢p)* (g()1 + f(w) (cos[(k — p)-d" 1)), (D4)

where we have introduced
gw) =1+ e ) np(@—A) —np(—=M)]Im [QL(w — A) + QL (—w + A)]
—[np(—w — A) = np(—=A)]Im [Q}(w + A) + Qi (—w — A)]}, (DS)

f@) =1+ e P)np(w—A)—np(—=A)]Im[Q}(w — A) — QX (—w + A)]
—[np(—w — A) —np(=A)]Im [Q}(—w — A) — Ql(w + A)]}. (D6)

It can be shown that it is sufficient to evaluate the following angular integrals

I = fo - dgf )f” (cos g — cos Pp)* = (2711)2, (D7)
L(p) = /O ” dg’f;”’ cos[kd cos ¢y — pd cos ¢,] cos® ¢, = (2711)2 Jo(kd)(Jll()Z d) _ Jz(pd)>, (D8)
Lk) = /0 - dg"% cos[kd cos ¢y — pd cos ¢p] cos® ¢y = 7 Jo(pd)<1‘]i/;d) —~ Jz(kd)>, (D9)
L= /0 - dg’f)‘f” cos[kd cos ¢ — pd cos p,1(—2 cos ¢y cos ¢) = — (22 5 Ji(kd)J,(pd). (D10)
The net result is
((cos dg — cos ¢, cos[(k — p) -d”]) = #(Jo(kd)lo(pd) — Ji(kd)J1(pd)). (D1D)

The left-hand side of Eq. (D1) is then
JZ

dkd pdwkpd (e — £, — ©)(fy — f5)np(@)(ng(@) + DIg(w) + f(@)(Jo(kd)o(pd) — Jy(kd)Jy(pd))].  (D12)

Finally, the kinetic equation (D1) is then

In[1 + €] = / dkdpdwkpd(ex — £y — o)(fy — f,)np(@)(ng(@) + 1)

x [g(w) + f(@)(Jo(kd)Jo(pd) — Ji(kd)]\(pd))]. (D13)

_ b4
T (JvoB)?

APPENDIX E: HIGH CHEMICAL POTENTIAL (81 » 1) APPROXIMATION

First, we start with looking for approximations for the left-hand side (LHS), Eq. (D12), and right-hand side (RHS), Eq. (D13),
of the kinetic equation under the conditions x >> B~ and 1 > wy. Here, u is the electron chemical potential, 8~! = kT and
wp is the maximum energy of itinerant Majorana fermions, defined as Im x (@ > wp) = 0.

Equation (D13) then gives

Bu>1 1%
——— In[1 + . El
47 ﬂ2 afl+ et = drtp EL
In the LHS, Eq. (D12), we approximate the Fermi distribution functions with Heaviside step-functions
B>l
f= 1 == 0(u — &) =01 — &p). (E2)
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After using the § function to integrate over p, the right-hand side of Eq. (D13) gives

21)2 o'} w) w w
] / dk/ dolf(n — vok) — O( + w — vok)]k<k - v—)ng(w)(ng(a)) +1)F (k, k——, a))
0 —wy 0

Vo

—w

) o @o e (¢ e £—w
y / de/ dol0(i — &) — 0 + 0 — )] @)@ + DF( 2572 ), E3)
0 —wy Vo Vo Vo

where we changed integration variable to ¢ = vok. The 6 functions in Eq. (E3) cut the integration interval to ¢ € [u + w, u].
Since 1 > o we will approximate the integral in Eq. (E3) with its mean value

. 2 € ¢ 2
dee’F| —, —, 0 | ® uF (i, u, 0)(—w). (E4)
nto Vo Vo
Overall, the kinetic equation, Eq. (D13) now is
3 JAu?
=T [ doona@)m@) + DF(u, 1.0), (E3)
4t vy Jwp
where
F(u, ., @) = g(o) + f(@)[Jo(ud /vo)* — i (1ud /vo)*]. (E6)
It is easy to check that the function F (i, u, ) = —F (i, 4, —w) is antisymmetric in w. Therefore,
J2M2 w) JZ,LL2 wp
- / devony(@)(m(@) + DF (i, 1 @) = =25 / dwwny(@)np@) + DF (. i1, o). E7)
0 —wy 0 0

Another observation is that d = ax/~/3 and the corresponding energy scale for this problem is A = vy/d ~ 2 eV which is of
the order of the linear part of graphene’s bandwidth. This means that at low energies © < 300 meV the combination

Jo(ped Jv0)* = Ji(pud Jvo)* ~ 1

is just unity and will be omitted in further calculations. Thus, we get for the kinetic equation Eq. (D13)

m 2]2M2 o
I - Qrwg? fo dwwng(®)(np(w) + 1)(gw) + f(w)). (E8)
The collision rate in this approximation is
1 2 @0
— = E dwwng(®)(np(w) + 1)(gw) + f(w)). (E9)
©J rrvo T

APPENDIX F: DERIVATION OF SPIN DIFFUSION
We begin with plugging the perturbed distribution function f, = f,?a + 8 fio into the Boltzmann equation (32)

30 3o 3o 208eF 90
e e v = My = = vy, + oy
Ek 38k 38k

. (F1)
Taitf 0k

Summation of both sides over k and o gives equation (36). From the latter, to determine the diffusion time 74 We again linearize
the collision integral given by

(01 fio Jeont = Z / dwd(eko — epr — )0, 07, Im X () fio (1 = fra)(np(@) + 1) = fru(1 = fioIng(w)].  (F2)

p?»y

We make the following transformation:

Jio (1 = fp)(np(@) + 1) = fpr(1 = fioInp(w) = [1 — 86,\] fk (1= £) s+ 1), (F3)

to obtain which we used energy conservation. It is clear that the term in square brackets on the right-hand side of Eq. (F3) gives
zero when o = X and 2 when o # A. In Eq. (F3), $u satisfies the diffusion equation Eq. (36), i.e., s = vzairV>8u. The kinetic
equation up to linear terms in perturbations is then

fk

(ol - VPuo) 25 = (0 fio iy = 2 Z f dwd(eky — £pp — @)a), 00, Tm x (0)(1 — m fk(l—fO)(nB+1).

pM/

(F4)

115115-17



ALEXEY ERMAKOV AND ALESSANDRO PRINCIPI PHYSICAL REVIEW B 113, 115115 (2026)

We sum Eq. (F4) over k and get

thtr k Bfk oduJ? [ d*kd*p . , 0 0
o) [t = T [ do [ TS e~ ey = o)(Im )+ Im g @)A1~ £) 4 1),

(F5)

We will call D = [dk 2’; 2’;" Now we subtract from the equation for spin-up particles (o =1) the equation for spin-down

particles (o =) and obtain

vDV3§u = 8pu

= d*kd’p x y 0 0
/ dw/ S(ek — o)(Im x_, (@) + Im xk_p(a)))fk (1=1) s+ 1). (F6)

kT Q)

We then utilize the representation for the imaginary part of the response function given in Eq. (D5), i.e.,
Im (@) = g(@) + f(w) cos[(k — p) -d"], (F7)

to perform angular integration in the RHS of Eq. (F6), which gives

2 dond
./0 3;1 )4;_,, Im % (@) = g@) + f(@)o(kd)Jo(pd), 9

where we assumed y to be either x or y. The angular average of the response function is the same in these two directions. Finally,
we substitute §i0 = vgir V28 into Eq. (F6) to get the final expression for diffusive time

ol 2J? > kp 0 0
Tt = T / do f dkdp 5 S58(ek = & = 0)(g(@) + @Mk Io(p)f (1= f7) (5 + 1. (F9)

APPENDIX G: SYSTEM OF COUPLED KINETIC EQUATIONS

In Eq. (39) we chose the relaxation time approximation to be represented by two timescales, the transport relaxation time 7
and spin-flip one 7. This gives the set of equations

afm Ofiy Sfir =SSy afu Ofiy Sfuy — 8y

—eE - —eE - vy, (G1)
" e aSkT Tir Tst a &k Tir Tst
To solve them, we now introduce linear combinations of distribution functions
=R+ = - (G2)
8fir =08fkr +8fky,  Sfke = 8fkr — 8frys (G3)
1 1
3fiy = 5(5fk+ +8fi-), Ofey = 5(ka+ = 3 fi-)- (G4)
In terms of this new variables the equations (G1) decouple and we have
af ) af 8fi
eE-vkﬁz— fier eE-vkiz—z fi | (G5)
ou T ou Tst

Therefore, we find the expressions for § fx(—). Now our task is to plug the inverse transformations (G2) and (G3) into the
microscopically derived collision integrals (B4) and (B5) and explicitly express Tx;l and t&l. Equation (B4) becomes

2 () | 5 i . . .
J;Z/ dwd(exy — ep, — @) (Im xi_p(@) + Im x;_,(@))(T D)y 3@ fir +8fi)  3Gfpr —8fp)  np(w)

(=) =gy ]
72 o . 3G fer +8fi)  3Gfor +8fp-) np()
+ = ; /40 dwd(exy — epp — @) Im xi_ (@) (T D)y (1- f’?T)z - (1- f;)T)Z np(w)+ 1 | (0

This expression, together with the LHS of the kinetic equation (G5), is to be multiplied by cos ¢ and integrated over d’k. To
lighten the notation, we introduce the measure

]2 2 d¢ 2 d¢ 00 00
/ dio: = 3~ i —(27'[,;2 /0 (27r1;2 [ ) dw /0 (dkd pYkp cos id(exs — £y, — ©). (G7)
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The kinetic equation for the up-spin distribution function can then be written as

dkdx ) fy / . ) 8 fir Sfpr  np()
Evok —=d I + I TD —
G Ek e = [ Ay ) I NP | (s = o e 41
0 fr+ S fp+ np(w)

+ d I z TD -
f pap Im g, (@)(T D)1y ( _f&)z (1—70,)" ne(@) +1

) , 5 5fre nplw)
+ f dpr (Im (@) + Tm 3 (@)(TD)y, oy o e+

B 8 fr— _ S fp- ng(w)
+ [ dugs imig_ @)Dy T T @] (G8)

where the first two lines of the RHS are altogether proportional to t,; and the third and fourth combined are proportional to 7.
We can write this equation as

3 9
eEvg 2 — A1, + Bry. eEvo— = Cr, + Dry. (G9)
o ou

where we have introduced

—cos gy fy,  —C0sPpdy 19+ np(w)
A= /d/LN(Im Xi—p(@) + Im X,f_p(a)))(TD)N 5 — 5
(1= ) (1= fp) ol +1
—cos i, fO.  —cosPpduf  np(w)
+ / dpyy Im 1 (@)(T D)y 2 vl (G10)
(1- 1) (1=fp)" "o
1 /‘ cosuduf) cosdpdufy np(w)
B=> [ duy, (Imx_p(@) + Im 1, (@))(TD)yy ; >
: (=) (=) mer
1 cos drd, fO cosPpdufl np(w)
+ 5 [ durimx_ )Ty Lt e ©11)
(=) (=f)
! — COoS ¢kaﬂf,?+ — Cos ¢p, 19+ ng(w)
C= /dﬂw(lm Xi—p(@) + Im i’ (0))(T D) 5~ P
(1 _fI?L) (1 _f£¢) n(@) +1
—cosd, fO.  —cosPpuf np(w)
+ [ disyim g @)Dy e e e | @12)
(1=1) (=) "
1 / ! cos iy fy.  COShpd, 197 ng(w)
D=—= d,uH(Im X,f_p(a)) + Im X,i_p(a)))(TD)H 5 >
2 (=) (=g e
1 cos gkdyufy.  CoSPpdufy  np(w)
(=r) (=p5) "
This allows us to write the explicit solution for the relaxation times
— eEU() Dal’l(n _Ban(w T = eEvo Aan()l _Cal’loT (G14)
T AD—BC\" au an )0 " T AD—BC\" au an )
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FIG. 8. (a) The solid lines are normalized collision rate (tJ?)~!, Eq. (41), for different values of external magnetic field as a function of
temperature T for a Fermi velocity vg = 10° m/s. The chemical potential is & = 0 eV. (b) Same as panel (a) but for ; = 200 meV.

APPENDIX H: EFFECT OF MAGNETIC FIELD ON TRANSPORT

The Kitaev spin Hamiltonian [13] in an applied magnetic field is

Hm = —JK Z SZ?/S}/ + Zh - 8.
(L.J)y i

(HI)

This effective model describes magnetic moments located at the Ru sites of o-RuCls for temperatures above 7 K [17,30]. This
model can only be exactly solved for & = 0 [13]. However, for small applied magnetic fields (h < Jx) the sector of low-energy

excitations can be described by an effective Hamiltonian

_ % ror
Hg——JKZsisj—ngisjsk,
(i, J) ((i,k))

(H2)

where g = hohyh;/ A? and ({i, k)) is a pair of next-to-nearest neighbors such that j is the only site connected to both i and k.
We calculate numerically the Green’s functions Im O (») in presence of applied magnetic field as discussed in Ref. [19]. The
response function Im x (k, @) depends on the magnetic field via Im Ql”’(a)) and A which is also calculated numerically for

different values of magnetic field [19], expressed as a dimensionless parameter g/Jx. We use these quantities to calculate the
transport time .

The transport rates are presented on Fig. 8 for different dopings. We report very low effect of magnetic field on spin-

unpolarized charge currents. The highest ratio

Ttr(g/-]K ZO) ~
Tw(g/Jxk = 0.3)

3.6

is achieved for © = 200 meV at kg7 = A(g/Jx = 0). The relative difference becomes smaller at both high temperatures (kg7 >

A(g/Jx = 0)) and small ones (kg7 <K A(g/Jx = 0)).
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