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Mapping the phase diagram of a frustrated magnet: Flat bands and diabolical locus

from irreducible representation collisions on the pyrochlore lattice
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We map the complete classical phase diagram of the spin Hamiltonian describing pyrochlore rare-earth
magnets with all symmetry-allowed nearest-neighbor bond-dependent anisotropic two-spin interactions. We
provide a simple derivation of the organization of spins into tensor degrees of freedom describing the multipole
moments of a tetrahedron, whose components correspond to irreducible representations (irreps) of the tetrahedral
symmetry group 7;. By parametrizing the Hamiltonian directly in terms of the energies of the individual
irreps, we perform an exhaustive search of all possible irrep degeneracies (collisions) which may host stable
classical spin liquids arising at classical multicritical points. We find four one-parameter families of models
along which three phases are degenerate, all four of which merge at the Heisenberg antiferromagnetic point
and its dual, and we give a complete three-dimensional picture of the phase diagram showing all of the phases
and their intersections. The appearance of two copies of a single irrep implies an extra degenerate locus which
pierces the phase boundaries at special points, yielding two additional isolated triple points. We demonstrate
that one-parameter families of Hamiltonians are characterized by a topological invariant describing how the
ground-state spin configuration winds when adiabatically transported around this degenerate locus, analogous
to a diabolical locus in quantum field theory. We provide a comprehensive catalog of all flat-band degeneracies
in the phase diagram and discuss the mechanisms that may allow for or impede the realization of a variety
of classical spin liquids described by tensor gauge fields exhibiting nodal line singularities and concomitant
multifold pinch points. Last, we provide a list of all cases where three irreps are degenerate above the ground
state, which may lead to interesting features in the spin wave spectrum within each ordered phase.
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I. INTRODUCTION

The experimental search for, and theoretical classification
of, exotic states of matter such as topological phases and
deconfined critical points, along with their associated spectra
of fractionalized excitations, is a central aim of modern con-
densed matter physics. A core focus is to understand systems
whose low-energy physics is not characterized by conven-
tional symmetry breaking with a “rigid” order parameter,
but instead exhibits emergent liquidlike characteristics due
to strong correlations. A central theme in this effort is that
novel physics emerges when multiple conventional ordering
channels compete with each other, becoming “intertwined”
and resulting in physics that is more than the sum of in-
dividual parts [1-9]. One class of systems that have made
significant advancements through constant exchange between
the experimental and theoretical fronts are frustrated magnets
[10,11]—specifically, magnetic insulators with antiferromag-
netic spin interactions frustrated by triangular motifs, such
as occurs on the triangular, kagome, and pyrochlore lattices.
The geometric origin of the frustration makes such lattices
highly favorable for supporting spin liquids—strongly corre-
lated paramagnetic states which exhibit emergent deconfined
gauge fields [12-18].

In three spatial dimensions the pyrochlore lattice is the
premier platform for frustrated magnetism, with multiple fam-
ilies of compounds for experimental study [19-24] and a solid
theoretical understanding of the microscopic physics [25]. It
hosts two of the most well-known and canonical examples
of spin liquids: the pyrochlore Heisenberg antiferromagnet
(HAFM) [26-28] and the pyrochlore Ising antiferromagnet,
more commonly known as spin ice [29,30]. Both of these are
known to be classical spin liquids, which in the former case
refers to the large-spin limit and in the latter refers to the
limit where transverse spin-flipping terms are not included
in the Hamiltonian.! These two models correspond to two

I'The latter is especially important because it is one of the only ex-
amples where we can derive perturbatively the quantum corrections

distinct limiting cases of the symmetry-allowed spin Hamilto-
nian: completely isotropic interactions versus the maximally
anisotropic limit where spins are constrained to point along
their local high-symmetry easy-axes.

Over time the broader problem of considering all
symmetry-allowed, bond-dependent, anisotropic spin inter-
actions has become necessary as a plethora of pyrochlore
materials have been synthesized and intensively studied [20].
Spatial anisotropies are generically present in these magnets
because the “spins” are actually crystal field doublets of 4 f
rare earth ions [40], for which strong spin-orbit coupling
makes the interactions sensitive to the local crystalline sym-
metries [25]. Such bond-dependent anisotropies intermediate
between the isotropic and easy-axis limits result in new types
of frustration which can yield interesting novel spin liquids
[41-43], most famously in the exactly solved Kitaev Hon-
eycomb model [44-46]. Indeed, within the phase diagram
of the microscopic pyrochlore pseudospin-1/2 Hamiltonian
with four symmetry-allowed nearest-neighbor spin couplings,
a number of classical spin liquids beyond the HAFM and spin
ice models have been discovered [47-51], including some
exhibiting emergent tensor gauge fields [49-51], which are
expected to describe fractonic spin liquids [52,53].

Despite many studies, however, a comprehensive picture
of the entire phase diagram and how the various models
studied fit together has not yet appeared. Given the maturity
of research on pyrochlore magnetism, recent advances in the
understanding of classical spin liquids [54-57], along with
many new avenues for experimental research [23,24,58], it
is warranted to give a complete account of the phase dia-
gram and the various places in it where spin liquidity exists
or may be present, how the variety of known examples fit
together, and how the tensorial nature of these spin liquids
arises. Whereas previous studies have looked at either two-
dimensional cross sections of the phase diagram [25,59-62] or
certain one-parameter models [47,50,63], it is highly desirable
to have a complete picture that plainly visualizes how such
cuts of the phase diagram fit together, along with how the
variety of spin liquids coincide with special degeneracies of
the phase diagram. Additionally, recent work in the study
of so-called “diabolical loci” [64] and “unnecessary critical
points” [65-68] has emphasized that phase diagrams may
contain nontrivial structures other than phase boundaries, and
it would be interesting to know whether such structures exist
in the phase diagrams of frustrated magnets. These are the
tasks we take up in this paper.

A summary of the layout and core results are as fol-
lows. In Sec. II we introduce the Hamiltonian and its various
parametrizations, where Fig. 1 illustrates the bond-dependent
nature of the anisotropic interactions. We then explain the
origin of the tensorial nature of pyrochlore spin liquids by

and map them to a lattice gauge theory owing to the special geometry
of the pyrochlore lattice [31-34], thus demonstrating the emergent
gauge fields at the level of the microscopic spin operators, rather than
as fluctuations about a mean field ground state [35]. The number of
references is far too great to list, see Ref. [29] for an overview and
Refs. [36-39] for more recent promising results for the realization of
quantum spin ice in Cerium-based pyrochlores.
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FIG. 1. (a) Illustration of the pyrochlore lattice of corner sharing
tetrahedra. (b) Each rare earth cation (red) sits in a cage of oxygen an-
ions (white) with local symmetry group D, . (c) A single tetrahedron
inscribed in a cube, with symmetry group 7;. The bond-dependent
anisotropy vectors which appear in the symmetry-allowed spin-spin
interactions in Eq. (2) are illustrated: the local threefold easy-axis
Z; at each corner of the tetrahedron is indicated by a red arrow; the
nearest-neighbor separation vector #;; (gray arrows) point along the
edges of the tetrahedron; the normal vectors 7;; (orange arrows) point
out of the cube at the midpoint of each tetrahedron edge; the DM
vectors D; ; (light blue arrows) then lie in the cube faces pointing
along the face diagonals orthogonal to the edges of the tetrahedron
(thin black lines). Since #;; = —F;, ﬁ,-j = —ﬁji; here we have made
a particular choice of #;;. The total interaction D,-j - (8; x §;) does
not depend on the order of i, j.

deriving the tensor multipole decomposition of a single tetra-
hedron (Table I) and exposing how it corresponds to an
analysis of the irreducible representations (irreps) of the tetra-
hedral symmetry group, where each of the four distinct irreps
corresponds to one ground-state phase illustrated in Fig. 3.
We pay particular attention to the “canting” of spins due
to the continuous mixing of two copies of the 7} irrep ap-
pearing in the symmetry decomposition, illustrated in Fig. 4.
In Sec. IV we then take up the issue of parametrizing the
Hamiltonian in a way that can be used to expose all of
the possible ground-state degeneracies, which we accomplish
by inverting the relation between the irrep energies and the
exchange parameters, which allows the irrep energies to be

TABLE 1. Twelve components of the four spins (magnetic
dipoles) on the corners of a single tetrahedron decompose into irre-
ducible representations of the tetrahedral symmetry group 7. Each
corresponds to a multipole moment of the tetrahedral spin config-
uration, where the SO(3) quadrupole moment is split into diagonal
and off-diagonal components due to reduction to a cubic symmetry
subgroup. Each irrep / has a corresponding set of local unit vectors
denoted (17}?)“, where a indexes the components of the irrep and
W indexes the four corners of the tetrahedron, defining the normal
modes and ground states. These are derived from the multipole
decomposition of a single tetrahedron, and correspond to the g = 0
eigenvectors of the interaction matrix. The vectors é* € {%, y,2} are
the Cartesian cubic axes along the [001] directions, while the Z,, lie
along local threefold easy-axes along the [111] directions, cf. Fig. 1.
Definitions of the vectors £, and y,, are given in Appendix A. The
matrices P® are act as a projector orthogonal to é* times a reflection
swapping the remaining two cubic axes.

Irrep/  Dim. W Components a Multipole
A, 1 2, - Monopole
E 2 (%, Yl Yo, Y3 Quadrupole
T 3 2z, x & aefxyz) Toroidal dipole
Ty 3 & o€ {x,yz} Dipole

T, 3 \/gP"‘ﬁu o € {x,y z} Quadrupole

tuned independently. This enables us to give the complete
classification of all of the multicritical loci where ground-
state irreps collide, i.e., different phases become degenerate
and thus compete and potentially intertwine to produce spin
liquids, as evidenced by the presence of flat bands in the
interaction matrix. In particular, we show that there is one
point in the phase diagram where all four phases become
degenerate—the maximally symmetric HAFM. It lies at the
meeting point of four triple lines, listed in Table III. We
provide a complete picture of the full phase diagram in Fig. 7,
which shows all of the phases, phase boundaries, and the four
triple lines which merge at the HAFM point. In the process we
uncover a locus along which the two copies of the repeated
Ty irrep are degenerate, and in Sec. V we show that this
special locus defines a topological invariant for one-parameter
families of models which encircle it, analogous to a diabolical
locus or conical intersection. Finally, in Sec. VI we give a full
catalog of all degenerate combinations which yield flat-band
degeneracies in Tables IV to VI, along with the spin structure
factors computed in the self-consistent Gaussian approxima-
tion in Figs. 10 and 11, and discuss the connection between
pinch lines and fourfold pinch points in tensor spin liquids,
illustrated in Fig. 13. We end in Sec. VII with a discussion
of all triple degeneracies that occur in excited states, shown in
Fig. 14, which give the phase diagram some further interesting
structure and may have interesting imprints on the excitations
above the ground state within each phase.

II. SYMMETRY CLASSIFICATION OF GROUND STATES

For rare earth pyrochlore magnetic insulators with the
familiar RyM,0; structure, the magnetic f-electron rare
earth (R) ions form a pyrochlore lattice of corner-sharing
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tetrahedra, shown in Fig. 1(a), with the transition metal (M)
ions forming a second interwoven pyrochlore lattice (not
shown) [19,20,25]. Each rare earth ion sits in the center of a
distorted cube of oxygen atoms shown in Fig. 1(b), which gen-
erate local crystal fields that split the electronic ground-state
degeneracy of the central ion. In most such compounds this re-
sults in a crystal field ground-state doublet typically protected
by a gap of order 100 K [40], and the full crystal field Hamilto-
nian can be projected into this doublet Hilbert space to obtain
an effective low-energy pseudospin-1/2 Hamiltonian. There
are three allowed types of doublets—Kramers effective-spin-
1/2; Kramers dipolar-octupolar; and non-Kramers [25,69].
For the effective spin-1/2 doublet the pseudospin operators
transform as ordinary dipoles, and its most general Hamilto-
nian is our main concern in this work. For the non-Kramers
doublet the local-z operators transform as dipoles while the
local-xy operators transform as quadrupoles, so they cannot
couple, but its Hamiltonian is just a restricted version of that
of the effective spin-1/2 Hamiltonian with one coupling set to
zero. The dipolar-octupolar case has a different Hamiltonian
which reduces to a simple XYZ-model, and we will not con-
sider it here.”

We consider the most general nearest-neighbor spin model
on the pyrochlore lattice,

H=- Z > oseagrst, (1a)

i,j a,pelxyz}

where the first sum is over sites i and j of the pyrochlore lattice
and «, B index the three components of a spin. The matrix
d contains all symmetry-allowed nearest-neighbor spin-spin
interactions, and we refer to it as the interaction matrix, re-
stricting to only nearest-neighbor interactions. The allowed
couplings can be deduced by symmetry by considering all
spatial symmetries which swap two spins at sites i and j, and
demanding that Z S*d “’3 Sﬂ be invariant.

A. Parametrizations of anisotropic interactions

The Hamiltonian can be parametrized either in a global or
a local basis, each of which can be useful to identify special
parameter points [25,61,71]. If we take «, B in Eq. (1a) to refer
to the global frame Cartesian components of a spin, with x, y,
and z axes along the cubic symmetry axes, then for two spins
in the x, y plane the interaction matrix has four independent
components,

VA A A
3f=n h —L| . (1b)
VAN A A

Since every nearest-neighbor bond is symmetry-equivalent,
there are four free parameters in the Hamiltonian.

These symmetry-allowed interactions can equivalently be
parametrized in a coordinate-free notation as (T denotes

2The dipolar-octupolar classical phase diagram can be
parametrized as the surface of a cube, with three copies of the
spin ice phase and three copies of the all-in-all-out phase on the six
faces [70].

transpose)

H =" [JneisSi - S; + JonSi[Fij#]S; + JxSilijaf]S,
(i)

+JouDi; - (Si x $p)] + S‘ADS 22 @)

where we refer to the four interactions as: isotropic
Heisenberg (Heis), pseudodipolar (PD), Kitaev-like (K),
Dzyaloshinskii-Moriya (DM), and we also include a single-
ion anisotropy (SIA).? The geometry of these bond-dependent
anisotropic interactions is illustrated in Fig. 1, which shows a
single tetrahedron of the pyrochlore lattice inscribed in a cube:
F;j oc r; — r; point from site i to site j (gray arrows), where r;
is the position of site #; f;; are the normal vectors to the cube
faces (orange arrows); and D; j = R;j X F;; are the DM vectors
(blue arrows). We call the third term Kitaev-like because it
involves only x, y, or z spin interactions on each edge—a z-z
interaction if r;; is in the x, y plane and the others by cyclic
permutation. The pseudodipolar term is so called because it
appears when truncating a dipole-dipole interaction at nearest
neighbor. In the single-ion anisotropy, Z; is the local easy-axis
direction.

In addition to the global frame, one can utilize a local
symmetry-adapted basis, with a separate frame defined for
each spin. The standard definitions take the local Z; along the
threefold easy-axis, §; along a twofold axis, and X; =y, X Z;
lying in a mirror plane. An explicit choice of local coordinates
is given in Appendix A. In terms of the local frame S, S7,
and S} components, defining Si = SF+iS), the Hamﬂtoman
is given by [25,71]

Jsia e
H =" D+ Y [VuSiSE — Ju(SFS; +S7ST)

i (i)
+ T (Vi SST 4+ v5S7S))

I (3 (8785 + S7ST) + He )| @

where y;; are cube roots of unity and ¢;; = —y;%. For non-
Kramers doublets, the Hamiltonian has J,+ = 0. The global
and local parametrizations correspond to a change of basis for
d, and are related by a linear map

_2 1 2 _a

3 3 3 3
Sz [ R Ji
J 6 6 3 3 7

il IR R | I P LY

ok 32 32 32 32 3
Jx | | | | Ja

3 "6 "6 T3

3While single-ion anisotropy is irrelevant for spin-1/2 operators, it
will be important for us to include since it is a symmetry-allowed
parameter required to match the number of parameters in the Hamil-
tonian with the number of irreducible representations of the point
symmetry group, thus allowing us to invert the relation between irrep
energies and exchange parameters in Sec. III.
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with inverse map

12 24 4

3 3 3 3
;1 14 4 s szz
2 3 3 3 A
/A il BNEPRREV RS | IV L
J 3 3 3 3 j
! 12 _yp 2|\

3 3 3 3

The relations between the three parametrizations Egs. (1b),
(2), and (3) are given in Appendix C. The local basis param-
eters in Eq. (3) will play a key role throughout this work, as
they expose a number of important symmetries and dualities.
In particular, the Hamiltonian has a duality by applying a &
rotation to each spin about its local Z; axis and changing the
sign of J,+. Furthermore, when J,+ = 0, there is an additional
duality applying a 7 /2 rotation to each spin about its local
axis and switching the sign of J ...

In this work we will set Jsja = 0, as is appropriate for
effective spin-1/2 systems where (Sf)2 is a constant multiple
of the identity. However, for the purpose of the symmetry
irreducible representation analysis we will employ, however,
it is important that we keep Jsia as a formal parameter. The
symmetry analysis does not know about the underlying spin
quantum number, only the vector transformation properties
of the spin operators. Since = single ion anisotropy us a
symmetry-allowed coupling, its inclusion matches the num-
ber of parameters in the Hamiltonian with the number of
tunable eigenvalues of the interaction matrix. This matching
is necessary to invert their relation and reparametrize the
phase diagram in terms of the eigenvalues, which is key to
our mapping of the phase diagram. One can consider turning
on single-ion anisotropy adiabatically starting from the phase
diagram we present here, which will drive the system toward
either the easy-plane or easy-axis configurations.

In this work we will treat the spins as classical fixed-
length vectors, with spin length normalized to unity, |S;|*> = 1.
There are two ways to justify this classical approximation.
The standard view is that it arises in the large-S limit of the
quantum model. An alternative perspective is that it is the
restriction of the quantum S = 1/2 problem to the variational
manifold of unentangled product states, whose local degrees
of freedom are SU(2) spin coherent states on the Bloch
sphere, CP' ~ §%. While these two perspectives give the same
interpretation—unentangled local dipole moments—the latter
can be generalized to different spin quantum number. In par-
ticular, the approach can be modified to higher spin quantum
number to account for multipolar degrees of freedom using
SU(2S + 1) coherent states [72—74], particularly relevant in
the case of spin-1 pyrochlores [75-77].

B. Band structure and degeneracies

The classical phase diagram of this Hamiltonian can be
mapped out by studying a single tetrahedron, because the
Hamiltonian decomposes into identical copies on each tetra-
hedron ¢,

1 4
H=3222 2 Sudiiste 5)

t pv=1op

where S, , is the spin on tetrahedron ¢ and sublattice . The
interaction matrix J is the same on every tetrahedron, and
the factor of 1/2 accounts for the double-counting of each
nearest-neighbor pair in the sum over p and v. Since the
Hamiltonian is the same on every tetrahedron, by studying
the ground states of a single tetrahedron the ground states of
the entire system can be determined by “Lego-brick-rules,”
i.e., by attaching tetrahedra together at their corners and
matching the corresponding spin [61].

Another way to say this is to note that each FCC primitive
unit cell contains four spins, and the possible uniform ground
states, i.e., those that repeat in every FCC unit cell, must have
the same spin configuration on every tetrahedron. Thus by
solving the single-tetrahedron ground states, one can construct
all the zero-wave-vector ground states for the entire lattice.
Because all of the interactions are internal to each tetrahedron,
it follows that every single-tetrahedron ground state gives a
uniform ground state for the entire system.

This can also be understood by diagonalizing the quadratic
form in Eq. (1a) via Fourier transform. Since J commutes
with the magnetic space group symmetries, it is translationally
invariant and thus block-diagonalized into 12 x 12 blocks
in the Fourier basis (corresponding to four three-component
spins per unit cell), each block labeled by a crystal momentum
wave vector ¢. Diagonalizing therefore yields 12 bands of
eigenvalues in reciprocal space, J,(q), where n =1, --- 12,
each corresponding to a normalized eigenvector v, , and a
corresponding normal mode

Sqn =D [VganliSE, ©6)

so that the Hamiltonian is diagonalized into a sum of decou-
pled quadratic modes

12
=3 Y b @Sl ™

q n=1

In principle, the minimum eigenvalue normal mode deter-
mines the ground state [78,79].* With only nearest-neighbor
interactions on the pyrochlore lattice, the minimum eigen-
value of the interaction matrix is always found at the Brillouin
zone center. This is a direct consequence of the corner-sharing
tetrahedral geometry: minimizing the energy of each tetrahe-
dron simultaneously minimizes the energy of the full lattice,
leaving no energetic incentive for spatially modulated order.
As a result, the nearest-neighbor model supports only g = 0
ordered phases (or disordered phases). By contrast, further-
neighbor interactions introduce additional g-dependence into
the interaction matrix, producing higher-harmonic modula-
tions of the bands that can shift the minimum to finite wave
vector and thereby stabilize g # O order.

The g = 0 block of the interaction matrix commutes
with a 12-dimensional representation of the tetrahedral

“It may occur that one cannot use the corresponding eigenvectors
to construct a state satisfying the spin-length constraint |S;|> = 1 on
every site, in which case the ground state will necessarily include
contributions from some higher-energy normal modes. This does not
occur in the pyrochlore model we are considering here.
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FIG. 2. Tuning the symmetry-allowed couplings in a single tetrahedron allows for the tuning of the ¢ = 0 eigenvalues of the interaction
matrix, labeled by irreducible representations of the point group 7. (a) A phase is the locus of parameters where a single irrep has the lowest
energy. (b) A phase boundary is the locus where two irreps have the lowest energy. (c) A triple line is the locus where three irreps have the
lowest energy. (d) There is a point in the phase diagram where all four phases become degenerate, the Heisenberg antiferromagnet (HAFM).
Increasing the degeneracy of ¢ = 0 eigenvalues leads to increased degeneracies away from g = 0 in the form of flat lines, flat planes, and flat
bands, indicated in red. These flat degeneracies are tabulated in Tables IV to VI. A visualization of the Brillouin zone and the path followed in

this figure is given in Fig. 16.

symmetry group T; € O(3).> This representation decomposes
into a collection of irreducible representations (irreps), and
the dimensions of the irreps appearing in the decomposition
correspond to the degeneracies of the eigenvalues at ¢ = 0,
i.e., the symmetry protects a set of band touchings at the zone
center, which we discuss in detail in Sec. II C. Classical spin
liquids arise when there is at least one flat band at the bottom
of the spectrum [27,55,56,80,81], which will be discussed in
detail in Sec. VI. This generally occurs when multiple ground-
state irreps collide, with more irreps giving more degeneracy
and more potential flat bands.

This is illustrated in Fig. 2. There are five distinct eigen-
values of the interaction matrix at the I' point, each labeled
by an irreducible representation (irrep) of the point group 7
and discussed in detail in Sec. IIC, the degeneracy of the
bands at the zone center corresponding to the dimension of
the corresponding irrep. Figure 2(a) shows the band structure
at a generic point in the phase diagram, where all five eigen-
values are distinct, and a quadratic band minimum at ¢ = 0
(the T" point). Correspondingly, the system exhibits a unique
uniform ground state (up to symmetry). Figure 2(b) shows
the band structure at a point on a phase boundary between
two phases, where two different irreps are degenerate at zero
energy. This results in a flat line of zero-energy eigenval-
ues along the (hhh) high-symmetry line (I' — L, marked in
red). Figure 2(c) shows the band structure on a triple line
where three phases are degenerate, with three degenerate zero-
energy irreps, exhibiting completely flat bands throughout the

SIn full generality one could consider how the entire system
transforms under the full space group. Since we only consider
nearest-neighbor interactions within a unit cell, we restrict our at-
tention to the point group O, which is the symmetry of a single
primitive unit cell containing two tetrahedra. Furthermore, since
we do not consider inversion-breaking breathing anisotropy, we can
restrict our attention to the inversion-even subgroup 7; >~ O, /Z,, or
equivalently to the inversion-even (gerade) irreps of Oy,.

entire Brillouin zone. Last, Fig. 2(d) shows the band structure
at the maximally isotropic Heisenberg antiferromagnet point,
where four eigenvalues are degenerate at zero energy. As we
will show, at this special point all four phases meet, and the
system exhibits the maximum zero-energy degeneracy, with
six of 12 bands completely flat.

C. Irreducible representations and multipole decomposition

While the irreducible representation analysis has been
known and utilized to study the phase diagram [61,82], we
present here an intuitive derivation that directly relates it to the
multipole moments of a tetrahedron. Consider four spins on
the corners of a single tetrahedron, with a total of 12 compo-
nents Sfj. Under the action of Ty, the corners of the tetrahedron
are permuted while the spins rotate as angular momenta (i.e.,
pseudovectors). We thus have a 12-dimensional representation
of T;, where each g € T, is represented by a 12 x 12 matrix
p(g), such that after a rotation the spin components are given
by

[p(®)S15 =Y [p(2)1hsE. (8)
v,B

This is a tensor product representation of a four-dimensional
permutation representation and a three-dimensional pseu-
dovector representation, i.e., it can be decomposed as

(@15 = [T (@]wR(@I*, ©9)

where 7 (g) is a permutation matrix and R(g) is a pseudovector
rotation matrix, R(g) = det[R(g)]R(g) with R(g) an ordinary
rotation matrix.°

The fact that this is a tensor product representation al-
lows us to straightforwardly deduce the structure of the irrep

For example, a reflection acts on a polar vector as —1 (inversion)
times a 7 rotation in the reflection plane, while on a pseudovector
(axial vector) it acts only as a 7 rotation.
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decomposition and construct the corresponding invariant lin-
ear combinations of spin components. First, we note that
T, has five irreducible representations, which are commonly
denoted A, A,, E, Ti, and 75, and which we also denote
by 1, 1, 2, 3, and 3, respectively. The number indicates the
dimension of the irrep while the bar indicates that it picks
up an additional sign under inversions—1 is a scalar repre-
sentation, 1 is a pseudoscalar representation, 3 is a vector
representation, 3 is a pseudovector representation. In partic-
ular, the 77 or 3 irrep acts as pseudovector rotations, while the
T, or 3 irrep acts as vector rotations. Let 12 denote the full
12-dimensional reducible representation p, and let 4 denote
the permutation representation, then starting from Eq. (9) we
have

12=4Q®3
=163)3
=1®3)®(3B®3). (10)

Here we have utilized a simple fact: every permuta-
tion representation always contains into a single copy of
the trivial representation 1 plus a remainder. Furthermore,
the permutation representation is faithful, so the remainder
must be the faithful 3 irrep.” We can thus anticipate that
the 12-dimensional representation can be decomposed into
a three-component pseudovector which is invariant under
permuting the spins (1 ® 3), and the remaining nine spin
components can be grouped into a 3 x 3 tensor This tensor
will naturally decompose into its scalar trace, its three anti-
symmetric components, and its five symmetric components,®

12=300®3d5), (11)

Since T; only has irreps up to three dimensions, the § irrep
must decompose further into 2 @ 3 corresponding to the trace-
free diagonal and symmetric off-diagonal tensor components.
In sum, we have the final decomposition

12=301939233))
=T APLBEDTL)), (12)

where we have given two distinct labels to the two copies of
the T; (3) irrep. Each of the irreps corresponds to a ground
state of the tetrahedron. Each irrep I corresponds to a linear
combination of the four spins with the general form

1 na
mi=53 (#), Suw (13)
"

where a indexes the components of the irrep. Each corre-
sponds to a distinct set of ground states of the tetrahedron

"Faithful means that no two group elements map to the same matrix
in the representation.

8The trace corresponds to the 1 representation since one index
of the tensor picks up an extra sign under inversions. Similarly,
the antisymmetric part of a rank-2 tensor would normally act as a
pseudovector, but the extra sign turns it into a proper vector. We put
the bar on the 5 to indicate that this piece also gets the extra sign.

where the spins are aligned along the local vectors (fp‘,’)w
which are summarized in Table I.

1. Multipole decomposition

Here we give these irreps physical meaning as magnetic
multipole moments of the tetrahedron. Thinking of the four
spins as an array of dipoles, we construct the net dipole mo-
ment (rank-1) and the net rank-2 moment tensor as

Doy S¢ B o Y risy, (14)
iet iet
where r; is the position of the ith spin relative to the center of
the tetrahedron. These correspond to the 3 and (3 ® 3 terms
in the decomposition. The rank-2 moment decomposes into
its trace—the magnetic monopole moment (1); its antisym-
metric part—the magnetic toroidal dipole moment (3); and its
symmetric trace-free part—-the magnetic quadrupole moment
(5). For a system with full O(3) symmetry, the five-component
quadrupole tensor would be irreducible, but when restrict-
ing to the subgroup of cubic symmetries it decomposes into
5=2@3.
Ty dipole moment. The obvious normal mode is the net
magnetic dipole moment of a single tetrahedron, which we
normalize as

o o 1 o 1 s
D smT]H=§ZSM=§Ze Sy, (15)
Iz Iz

where we defined & as the unit vector pointing along the
global Cartesian axis « € {x,y, z}. We use the symbol D to
denote that this corresponds to the net moment of the tetrahe-
dron. This quantity is invariant under permutations of the four
sublattices, so corresponds to the factor (1 ® 3) in Eq. (10),
or 77 in Eq. (12). As a sum of spins it naturally transforms as
a pseudovector. This normal mode is saturated when the four
spins are collinear, corresponding to a set of ferromagnetic
ground states shown in Fig. 3(e).

The remaining degrees of freedom are packaged into the
rank-2 moment tensor transforming in the (3 ® 3) representa-
tion, which we normalize as

V3 V3
_ 5 af _ sa B
B = 5 EM 2,8, BY¥= 5 EM 2 g (16)

uP e

where we have replaced the displacement from the center of
the tetrahedron r; in Eq. (14) with their unit vector equivalents,
which are the same as the four easy-axis unit vectors Z,, (red
arrows in Fig. 1). The remaining normal modes are extracted
by decomposing this tensor into its trace, antisymmetric, and
symmetric components.

A, monopole moment. The simplest irrep is the psue-
doscalar A, irrep, extracted from the trace of B,

V3my, = ZB““ = ? Zﬁﬂ Sy (7
"

o

9Note that each m; is defined with a normalization factor so that
Eq. (13) is satisfied, which ensures that each is a linear combinations
of spins, Y . CSy» Where the coefficients ¢ form a unit-length 12-
component vector.
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Irrep | (@) Ay (b) E(y) (c) E(ys)

(d) T, (e Iy

Ground State

Multipole

322 -2

Xy

FIG. 3. Ground states of a single tetrahedron, each corresponding to an irrep of 7;. Below each configuration is shown the corresponding
magnetic multipole moment to which this irrep corresponds, along with labels of their symmetries (R, indicates a rotation, i.e., angular
momentum pseudovector), cf. Table I. Black arrows indicate cubic axes. The 7} and 7, irreps each have two additional components given by
the same configuration but along the other two Cartesian axes. Common names from left to right: (a) All-in-all-out (AIAO, A,), (b), (c) I's
(E, split into v, and 13 components), (d) Palmer-Chalker (PC, T), (e) Collinear ferromagnet (7}, ). The last configuration (f) may be called a
biaxial antiferromagnet (77, ), since it corresponds to a biaxial quadrupole configuration. Linear combinations of the two T; irreps are splayed
(or canted) ferromagnet (SFM) configurations, cf. Fig. 4. Here we show a choice of basis corresponding to a collinear ferromagnet and a
coplanar antiferromagnet, which were derived from the multipole decomposition of a tetrahedron. Colors for each irrep match colors used in

other figures in the rest of the paper.

This normal mode is saturated when the spins are “all-out”
or “all-in” along their local easy-axes. Such an all-in-all-out
configurations is shown in Fig. 3(a). This scalar changes sign
under inversion since the spins transform as angular momenta,
thus transforming as the A, irrep. It is natural to identify as the
magnetic monopole moment or “magnetic charge” of the spin
configuration, and indeed it behaves as such in real materials
[83].

T, toroidal dipole moment. Next we can extract the anti-
symmetric part,

3
VIS, 1= ZeaﬁyBﬁV - \/7_ Z(ﬁu xe¥)-S,.  (18)
By "

First, note that this contains no contributions from the easy-
axis components which are killed by the cross product, thus it
corresponds to a set of ground states with spins orthogonal to
their easy-axes. This normal mode is saturated when the spins
are coplanar and form a chiral configuration relative to one
of the Cartesian axes, known as the Palmer-Chalker ground
states [84]. There are six such ground states, corresponding to
two chiralities about each of the three Cartesian cubic axes,
one is shown in Fig. 3(d).

Ti1 Quadrupole Moment (off-diagonal). Last we have the
symmetric part of the tensor, the five-component quadrupole
moment, which separates under cubic symmetries into its
diagonal-trace-free and off-diagonal parts.'® The symmetric
off-diagonal components of the tensor can be extracted by

10This decomposition is widely known as e, @ 5, in the context of
the larger cubic point symmetry group O,.

defining

ol

o « 3 avBia
Vo = (e TP |BYE = 22 U e P st (19)
B.y nw By

the corresponding normal mode vectors lie in the Cartesian
plane orthogonal to the « axis with two pointing toward
the central axis and the other two pointing away, shown in
Fig. 3(f). To see this, note that for each « the matrix P* with
components Pg,, = |€BY | acts as (i) a projector orthogonal to
&% and (i) a reflection swapping the remaining two Cartesian
axes. It projects each 2, into one Cartesian plane, where they
all point away from the center of the tetrahedron, then two of
them on opposite corners are mirrored.

E Quadrupole Moment (diagonal). Finally, the diagonal-
trace-free part. This is the hardest to represent in a simple
geometric form, but it can be expressed as the three compo-
nents of B** — (1/3)TrB. By construction only two of the
components are linearly independent since summing over «
yields zero. However, there is a freedom to distribute the trace
subtraction over the three elements. It is useful therefore to de-
fine a three-component quantity which contains the diagonal
components, combining the A, and E irreps together,

Q¥ = B (20)
such that the trace is given by
Qp, =Bmy, :=TrB =(1,1,1)- Q. (21)

We can then separate the trace-free E components
by choosing two basis vectors orthogonal to (1,1,1),
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defining

1
ijz = ﬁmfz = «/g.f,‘l -Q with %, = %(1, 1, =2),
(22a)

1
Qp, =V3mYy =33,-Q with § = AR
(22b)

which are then packaged into the two-component £ normal

mode,
my = o] (23)
mpg’

The corresponding ordering vectors are harder to write down
than the previous ones, but they can be obtained by noting that
X1 and §; form an orthonormal basis with Z; on one corner of
the tetrahedron, which can be extended to an orthonormal ba-
sis {X,,,¥,,, 2.} on each of the four corners of the tetrahedron
using the fourfold improper rotation symmetry (ninety degree
rotations about a Cartesian axis followed by mirroring through
the orthogonal plane), given explicitly in Appendix A. These
correspond to the so-called ¥, and 13 configurations, shown
in Figs. 3(b) and 3(c), where in the v, configurations spins lie
in local mirror planes, while in the yr3 configurations spins lie
along a local twofold rotation axis.

2. Single tetrahedron irrep energies

Inverting these definitions, we can re-package the irrep nor-
mal modes mj into the vector and tensor degrees of freedom
as

"y,
D= |my, | (24a)
",
| V29 my A miomy — oy
B = ﬁ my, — mZT2 2 my, +my, |,
my, + m)T; my, —my, V2 Q8
(24b)
ma, + \/Limzfz + \/gmg3
0= L (24c)

75 [+t = fimE
ma, — N/ 2m}?

Thus we have demonstrated how the irreducible represen-
tation normal modes can be conveniently packaged into a
tensors which encode the tetrahedral multipole moments. We
can compute the energies of the different irreps, i.e., the g = 0
eigenvalues in Eq. (7), as'!

1 P A
U= 20 2 W) (25)

u>v af

""The prefactor normalizes the (1}7 ), When treated as a single 12-
component vector. Note that since these are defined as unit vectors
. . ~a
on each sublattice, it follows that Y [(¥,),> = 2.

For I # T, these are the components of the g = 0 eigen-
vectors of J on a single tetrahedron, and the J;/ are the
corresponding eigenvalues. Symmetry guarantees that eigen-
values corresponding to the same irrep I are degenerate, i.e.,
the Ji = J; are independent of a. These values are listed in
Table II. The single-tetrahedron Hamiltonian can be expressed
as

W= Y

1€{A2,E, D, Ty, T}

Jilmg|* + 203, 7, my, -mr,,  (26)

where we included a symmetry-allowed cross-term between
the two T irreps, which we treat in the next section. The tetra-
hedron energy can also be expressed in terms of the multipole
moments by using the following identities

|D* = |mr, |, (27a)

ITr[(B + BT = my, + lmg|® + Img,, |, (27b)
LTr[(B — BTV = —|my, |’ (27¢)
ITr[B) = my (27d)

1917 = mj, + lmg . (27e)

The last term is only allowed due to the reduction from SO(3)
to cubic rotational symmetries, which splits the energies of the
E and Ty, irreps. Note that we have the sum rule

Te[BB" ]+ [DP =D |lmy|* =) |S,I> = const.  (28)
1 "

The cubic symmetry-allowed coupling between the 77, and
Tij can be written as

> e | DUBrY. (29)
aBy

1
mrp, -mp, = ﬁ

We discuss decoupling the two 7 irreps in the next section.

D. T, mixing and canting angle

Since there are two 7; irreps they can have a symmetry-
allowed coupling in the Hamiltonian and can therefore mix.
The Ty and Ti, irrep order parameters derived from the
multipole decomposition we will refer to as the global T
irreps, since they involve the components of spins relative to
the global Cartesian axes. Their coupling in the Hamiltonian
is of the form

m T J m
H = Ty Tiy UIRGE T, 30
Tu®Ti. (mTu> <JT1‘T1L ‘ITu mr,, ( )
where the cross term is controlled by the global J; parameter
in Eq. (1b) and the single ion anisotropy,

V2
3

which prefer for spins to cant away from the global Cartesian

axes and toward the local threefold axes. The amount of

canting is determined by eliminating the coupling between
the two T irreps, which is achieved by defining rotated 7

JTIH'Tu = (Jsia + 3J3), 31
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TABLE II. Irrep energies, Eq. (25), and 7; couplings, Eq. (30), in terms of the global and local basis interaction parameters.

Irrep Local couplings Global couplings

]A2 JSIA + 3JZZ JSIA - 2]] + J2 - 2]} — 4.]4
Je —6J+ 2L +hL+J+2
I, 2y —Alsy —Jy + s — 2,

Jr, %(JSIA + 4Ty 48Tt +8V2) — J) %JSIA +25 +

Jry, 2(Jsia +Js 4 2ss —4V204 — J..) 2Jsia —Jr —J3+2J4
Jrym, _?(JSIA =2 = My +2V20 s — J2) _g(JSIA +3J3)

IT1 e Jsia — Jz; %(JSIA +2J1 =+ 25 +44,)
1, pana 2 + 4 e LAl + 0y =505+ 2J4)
JT].ice'Tl,planar —4Jx _%ﬁ(]l +h+J—J)
Jry %(211 +4Jis —J +Jsia) £ %\/(8«]7:(:)2 + Qe + 4 er + T — Jsia)? -

modes Z,,. This occurs precisely when J.4 = 0, i.e., when the local

mrp,\ [ cos¢ sing \ (my,
(m71:,> - <— sing cos qb) (mru>' (32)

These rotated 77 modes have a simple interpretation: each spin
cants in one of the mirror planes according to

mg, = (cos@® +sin@)(¥5, ) ) Su.  (33)

" A
('pﬂ(p)u

and similarly for Ti4. The critical angle ¢. for which the
cross-term between the two 77 irreps vanishes is given in terms
of the global irrep parameters by solving the equation

27,1,
‘ITu - ‘ITIH .
Note that ¢, is only defined modulo 7 /2, i.e., it does not
tell us whether the Ty irrep with angle ¢. or ¢. + 7 /2 has

lower energy. Diagonalizing the matrix in Eq. (30) yields the
energies of the decoupled 77 normal modes

tan(2¢.) = (34)

Jr, = %(JTlH +Jr, £ \'/(JT”I —Jn,)?+ 4JT”|-T1L2)» (35)

where the & indicates the higher or lower energy eigenvalue.
For solutions of Eq. (34) in the range ¢, € (—n /4, 7 /4),
if Jr, <Jr, then T1_ = T4, while the opposite inequality
implies Tl_ = T]¢(f_.

1. Easy-axis limit of Ty irreps

It is through canting and mixing the two T; irreps that
one connects the global irreps to the local symmetry-adapted
description in Eq. (3). Writing the canting angle equa-
tion Eq. (34) in terms of the local couplings,

T2J 4

2 +4dpy 4+ Jp + 168200 — Jsia
(36)

tan(2¢.) = 2v/2 —

exposes a special critical angle—when J,+ = 0 the canting
angle is given by

¢o = tan"'(23/2)/2 = cos ' (/2/3). (37)

At this special canting angle, the local vectors in Eq. (33)
are aligned along or orthogonal to the local threefold axis

z components of the spin are completely decoupled from the
local transverse components. We refer to the two correspond-
ing irreps as

Tl¢>0 = Tl,planar, quﬁ(’) = Tl,iC67 (38)

using the notation of Ref. [61]. The T} j.. irrep corresponds
to the ground states of spin ice, with two spins pointing “in”
and two spins pointing “out” of the tetrahedron. The Ti planar
irrep corresponds to ferromagnetic configurations with spins
in their local easy-planes. It is very useful to express the
canting angle relative to the [111] local easy-axes, rather than
the [001] global Cartesian axes, by defining

0. = ¢c — ¢o. (39)

From hereon we will refer to 6, as the canting angle, and
¢. will not be used. Relative to the [111] axis, the analog of
Eq. (34)is

2JT1AiCe'TI.pIanar - 8.+
JTl,lcc - JTLplanmr 2Ji + 4Ji:|: + JZZ - JSIA ’

(40)

tan(20,) =

The corresponding couplings are listed in Table II. From this
equation it is evident that switching the sign of J.1 corre-
sponds to switching the sign of 6..

This is all summarized in Fig. 4, which shows how the
spin configuration of the 7; irreps evolves as the canting angle
rotates. To each configuration there is a corresponding dual
configuration with the opposite sign of the canting angle,
corresponding to a m rotation of each spin about its local
easy-axis. For a given set of exchange parameters, one of
the two T irreps will have a lower energy; we denote the
corresponding angle by 67, , and the higher energy irrep has
angle 07,, = 61, + 7 /2. These angles are defined modulo 7,
since a 7 rotation returns to the same 7} irrep with the spin
directions reversed, i.e., the time-reversed state.

III. IRREP PARAMETRIZATION OF THE MODEL SPACE

In the remainder of this paper we will elucidate the struc-
ture of the full classical phase diagram of the nearest-neighbor
spin-1/2 model on the pyrochlore lattice, focusing especially
on the locations of the phase boundaries and the triple and
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FIG. 4. The mixing of the two 7 irreps induces canting of the
spins. The canting angle relative to the local easy-axes 6., which
decouples the two T irreps, is defined modulo 7 /2 [cf. Eq. (40)].
Defining 67, as the canting angle of the lower-energy 7; irrep,
then 7, = 0, + /2 is the canting angle of the higher-energy T;
irrep, and these two angles are defined modulo 7. There are some
special canting angles which we note here: 7] ;.. corresponds to spins
aligned in two-in-two-out fashion along the easy-axes, whose partner
T planar is ferromagnetic with spins orthogonal to the easy-axes. Ty
is the collinear spin configuration along the global Cartesian axes
Or, = cos_](l/«/g)), whose partner 77, has all spins lying in a
plane, cf. Figs. 3(e) and 3(f). Each angle 6 has a dual angle —6
indicated by the dashed lines, corresponding to rotating all spins by
7 about their local easy-axes, which is the dual irrep when the sign
of J. is flipped. Note also that sending 6 — 6 + 7 corresponds to
flipping all spins.

quadruple points where three or four phases become degener-
ate, respectively. The irrep eigenvalues are given in Table II.
For a given set of parameters, the classical ground state is
given by finding which irrep takes the minimum eigenvalue
and aligning the spins along the associated ordering vectors
in Eq. (13). For classical fixed-length vector spins this is the
minimal energy state, and away from phase boundaries this
should be an accurate product state ansatz for the quantum
ground state. As we will see in detail, there are effectively
four phases, one for each irrep if we don’t distinguish between
the two T; irreps. Each phase is the locus of parameter space
within which one irrep has the lowest energy and the others are
separated by a gap. To map the phase diagram it is crucial to
identify the locus of parameters along which multiple ground
states are degenerate, i.e., phase boundaries, triple points, and
quadruple points.

A. Irrep parametrization and J,. duality

Our strategy is to parametrize the phase diagram not in
terms of the basis-dependent spin-spin couplings, but rather

in terms of the basis-independent irrep energies J;. To achieve
this, we first invert the relations in Table II to obtain the
couplings as functions of the irrep eigenvalues. The resulting
equations are

1
I, = E[3JA2 —2Jg —3J, = 3(r, +Jr_)].  “la
J
Jy = _FE’ (41b)
1
Jiy = —E(]E + 3JT2), (41C)
1
Vesl = /= 2]k + 307, + 307, ) (2 + 37, + 37,
(41d)
1
Jsia = ~[Ja, + 20 + 305, +3(Jn_ +J7,)]. (41e)

4

For any model with a given sign of /.., there is another model
with the opposite sign of J,; with the same irrep energies,
because only its square appears in the irrep energies Jr,, in
Table II.

This corresponds to a duality transformation of the Hamil-
tonian: applying a m rotation of each spin about its local Z;
axis sends S?E — —Sl.i, changing the sign of the S?S* term in
Eq. (3) while leaving the rest of the terms invariant. This sign
change can then be canceled by changing the sign of J_. Fur-
thermore, such a rotation maps each irrep back to itself: A, is
clearly invariant under this transformation; for the easy-plane
E and T, configurations this sends a spin configuration to its
time-reversed configuration; and 77 configurations are turned
into other 7} configurations. As such, reversing the sign of J 4
relates two Hamiltonians in the same phase. This is clear from
Table II since the energies of the irreps are unchanged.

It is convenient to parametrize the splitting between the two
T) irreps,

JTIi = JT1 :|:J5Tl with JBT. 2 0, (42)
to write Eq. (41d) in the form
2 2
|| = ﬁ\/ (37s1,)" — (2Jp + 377, + 377" (43)

In this form we can see the close relation between J,1
and the splitting of the two T7j irreps. In particular, there is
a constraint on the possible eigenvalues,

3Jsty, = |2Jg + 3Jp + 37,

, (44)

so that J,4 is real. It is evident that if the two 7} irreps are
degenerate (Js7; = 0) then J.4+ must be zero, saturating the
inequality. Equation 43 suggests that it is convenient to define
a dimensionless parameter

(2Jg +3J7, + 3J7,)
3Jst,

a = sign(J.+) , (45)

so that

J.
Vet = 21—, (46)
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such that the inequality Eq. (44) is equivalent to |«| < 1. The
sign prefactor in Eq. (45) has been chosen because it allows
us to interpret the canting formula Eq. (40) geometrically—it
simplifies to

= tan(cos ' ()), 47

1 — 2
tan(26,) = Y- %
o

from which we obtain the convenient formula

1 o + 1
0, = zcos_l(a)=cos_1( %) mod /2. (48)

B. Parameter space versus model space

Any real choice of the five symmetry-allowed nearest-
neighbor spin-spin coupling parameters in Eqgs. (2) or (3),
each a real number, defines an interaction matrix J and thus
a Hamiltonian. We call this R five-dimensional space the
parameter space (R* if we set Jsia = 0). Within this space
is a special point where all couplings are zero, corresponding
to the trivial Hamiltonian H = 0. Many of the remaining
nontrivial parameter sets are physically equivalent up to an
overall energy scale. Ideally one would like to parametrize the
space of Hamiltonians modulo such rescalings, which we call
the model space.

One way to parametrize the model space is to simply take
a unit sphere in the parameter space, e.g., using the local
couplings in Eq. (3) (setting Jsja = 0)

J2+Ji IR+l = 1. (49)

Of course one could alternatively take the unit sphere in the
basis J; - - - J4 in Eq. (1a), or those in Eq. (2). The unit spheres
in these spaces do not coincide, however, since the transforma-
tion relating these bases of the parameter space, Eqs. (4a) and
(4b), are not orthogonal. The parameter space does not have
a canonical metric to measure distances between parameter
sets or to define orthogonality, so such a choice of sphere is
arbitrary. In any case such a choice does not yield a useful
parametrization of the space of models. In this section we
provide a parametrization by directly manipulating the irrep
energies.

In full generality, a model is an equivalence class of pa-
rameters, where two parameter sets are equivalent if the band
structure of the interaction matrix J eigenvalues [i.e., the J,(q)
in Eq. (7)] differ by either a shift or a re-scaling, i.e., a
changing of the total bandwidth of the band structure of J
without changing the band structure. For nearest-neighbor in-
teractions the band structure of J is completely determined by
the g = 0 eigenvalues, i.e., the irrep eigenvalues J;. Therefore,
a set of irrep eigenvalues determines an interaction matrix J,
with the caveats that (i) each allowed set of irrep eigenvalues
corresponds to a pair of models with opposite signs of J4,
and (ii) the inequality Eq. (44) must be satisfied for J,1 to
be real. Consider then the five-dimensional space of real irrep
eigenvalues J;. We define an equivalence relation under affine
rescalings

I~ if T =al+b (50)

for some real numbers a and b with a > 0. An equivalence
class [J;] defines a model, and the space of equivalence classes
is the model space, which has the topology of a three-sphere.

C. Parametrizing the model space with Jg;, = 0

To explore the model space, we require a parametrization
which selects a single representative of each equivalence class
of parameter sets, i.e., one which effectively fixes a and b in
Eq. (50). To do so, we first choose an arbitrary energy scale J;
and measure each irrep energy relative to it, defining

Jr=J+ A (5D

To fix b, we restrict the allowed parameter sets A; to those for
which min(A;) = 0. In other words, we fix the energy scale
to be Jy = min(Jy), i.e., the ground-state energy. To fix a we
have to fix the overall scale. Here many choices are possible,
but the most obvious is to set max(A;) = 1. In other words,
we fix the total bandwidth of J to be unity, which is sensible
because it is the natural energy scale in the Hamiltonian.

We note with this choice of scale, the L norm on the space
of real eigenvalues induces a dimensionless metric on the
model space, which can (in principle) be used to define how
far apart two models are from each other. While the parameter
space does not have a canonical metric, this would be the
natural candidate for a “useful” metric—it measures how far
apart two parameter sets are while holding the total bandwidth
constant, i.e., modulo overall rescaling of the Hamiltonian.
This may be a useful definition for quantitatively assessing
how close a compound is to a phase boundary or a spin liquid
[86].

For the purposes of this paper, we will set Jsja = 0, as
is physically appropriate for spin-1/2 systems. This leads to
helpful simplifications, but the analysis could be extended
to include nonzero Jsia. Setting Eq. (41e) equal to zero and
solving for Jy, we obtain

Jo=—5[An, + 208 +3A7 +3(A7_ + Ar.)]. (52)
Substituting back into the remaining four equations, we obtain

JZZ = %[IIAAZ — 2AE - 3AT2 - 3(AT]7 + ATH)]s

(53a)
Jo = 5[As, — 1085 +3A7, +3(A7 + Ag,)],

(53b)

Jit = 3 (A, — Ap — 6A7, +3(A7_ + Ar,)),  (530)

s = %\/(%m)2 —[2A4, =285 —3Ap, +3A4,]
(53d)

where in Eq. (53d) we have defined for convenience the equiv-
alent of Eq. (42), the average and the splitting between the two
T; irreps, Aq,. = Aq, £ Agyy, or inversely

ATI = %(ATH + ATF), ASTI = %(ATH — ATI,) 2 0.
(54

The full model space is parametrized by tuning the A; subject
to the constraints that

(1) minA; =0,

(2) max A; =1,
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(3) An+ 2 Ar,

(4) J,1 isreal, i.e., Eq. (44) is satisfied.

The model space is three-dimensional, since at a generic
point with one A; set to zero and one set to unity there
are three free parameters to vary. A phase is then the three-
dimensional locus of parameters where one of the A, is zero,
and the rest are positive with the max fixed to unity. While
there are five A; parameters, we will see there are only four
distinct phases because the two 7} irreps mix continuously.
Phase boundaries are two-dimensional and occur when two
A; are zero while the remainder are positive. Triple points
are one-dimensional lines along which three A; are zero, and
the remaining one is allowed to vary. Last, it is possible to
have a quadruple point, an isolated point where four phases
are degenerate.

Note that while the model space has 0 < A; < 1, we will
also allow the A; to vary outside this range to parametrize
collections of models with interesting properties (i.e., irrep
degeneracies) and to identify special points in the phase dia-
gram (cf. Fig. 5). Such parameter sets can always be re-scaled
uniquely back to the model space.

IV. MAPPING THE PHASE DIAGRAM

The parametrization of Eq. (53) allows us to efficiently
explore the parameter space in a way that makes the phase
boundaries and special subspaces manifest, while decoupling
the rescaling dimension. We will visualize the phase diagram
by stereographically projecting the three-sphere Eq. (49) into
three-dimensional space using the mapping

s Sty So, J1) = (X, Y, Z)

J, J J.
= (=, = =) (55)
1—Je 1—Js 1 —-Us

In particular, this three-sphere has a two-sphere subspace on
which J,. = 0, dividing into into two hemispheres. Since the
phases are dual under changing the sign of J.., the phase
diagram in these two hemispheres is reflected through the
J.+ = 0 “equator,” i.e., the “northern” and “southern” hemi-
spheres of the phase diagram are mirror images of each other.
For completeness, the inverse mapping of Eq. (55) is given by

(X,Y,Z) > (2X,2Y,2Z,R* — 1), (56)

R +1
where R? = X2 + Y2 + 72

A. Quadruple points: Heisenberg antiferromagnet

To map the structure of the phase diagram, we begin with
the highest-degeneracy fourfold degenerate quadruple points.
These can be searched for manually by setting all but one
Aj to zero in Eq. (53) and checking whether solutions exist
with real J,1. This immediately rules out the possibility of
fourfold degeneracies with only A,, E, or T, gapped. This
leaves only one possibility: Az, > 0 and all others are zero.
This corresponds to the HAFM point, with Hamiltonian

A
:1+ ZS, ‘Sj = EO + ATH Z }l’l’lTlH
(ij) !

SNGT))

Hyarm =

which has J,+ > 0. The HAFM has a massively degen-
erate classical ground-state manifold characterized by the
zero-net-moment constraint mr, = 0 on every tetrahedron,
corresponding to the large degeneracy of the irreps. This is
a prototypical example of a classical spin liquid, and has been
extensively studied [26-28,81,87-91]. Since every model de-
termined by a set of eigenvalues with J.+ # 0 has a dual
with the opposite sign of J,1, there is a second fourfold-
degenerate point in the phase diagram which we will refer
to as HAFMyy, [25]. The Hamiltonian at this point can be
written as

2 (58)

HHAFMduul = E() + ATH_ E Immual
t

where the gapped Tl“i‘”“l spin configuration, as well as the zero-
energy T, are shown in Fig. 4.

B. Triple lines and points

Starting from the HAFM points where all four phases are
degenerate, Ay, = Ap = Ay, = A7, =0, one can lift the
degeneracy of one of the four phases, thus tuning along a line
where three phases are degenerate. The resulting parameter
sets for these four triply degenerate lines are given in Table III.
For the ones where the gapped irrep is I’ € {A,, E, T»}, the
line can be parametrized by the ratio Ap /Ay, . The fourth
line where both 7 irreps are gapped is better parametrized by
the average and splitting of the two T; irreps, Eq. (54).

The point Ay = 0 corresponds to the two HAFM points,
from which one can tune Ay /Agz, > 0 continuously until it
reaches a maximum allowed value at which J,. = 0. Each
line then continues by reversing the sign of J,. and tuning
Ay /Ar, back to zero, ending at the other HAFM point. Fig-
ure 5 shows the evolution of (a) the local exchange couplings,
(b) the global exchange couplings, (c) the irrep energies, and
(d) the canting angle along these lines. The right side of
each plot with blue background is the region where the triply
degenerate irreps are the ground state. The left side, with red
background, has the triply degenerate irreps in the excited
states, and is discussed further in Sec. VIL.

There are three other possible combinations of three de-
generate ground-state irreps in which Az, = Ay, = 0 along
with one other irrep. According to Eq. (43) this is only possi-
ble when J,+ = 0. Two such cases are possible, when Ag = 0
or Ag, = 0, corresponding to isolated triple points in the phase
diagram. The third case with A4, = 0 has no solutions. This
exhausts all possibilities for three irreps to be degenerate in
the ground state.

C. J.+ = 0 plane

Since the model space is a three-sphere, the J,1. = 0 locus
may be thought of as the “equator,” with the topology of a two-
sphere. It divides the three-sphere into northern and southern
hemispheres which are dual to each other under changing the
sign of J,+ and performing a 7 spin rotation about the local
axes. Within the J,+ = 0 plane this spin-rotation duality is
promoted to a symmetry. Furthermore, within this subspace
there is an additional duality: performing a 7 /2 rotation of
each spin about the local Z; sends Sii — :FiS[i, which can be
compensated by switching the sign of Jr. [25]. Unlike the
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FIG. 5. Variation of (a) irrep energies, (b) local couplings, (c) global couplings, and (d) canting angle on the four triply degenerate lines
in the phase diagram listed in Table III, characterized by tuning one of the irreps I’ € {A,, E, T5, T;} while keeping the other three degenerate.
Columns are colored according to the irrep colors used in Figs. 6 to 8 and 14. (a) Irrep eigenvalues J;, with the triply degenerate eigenvalues
denoted by a thick blue line and the tuned eigenvalue denoted by a red line. (b) Local couplings for the parametrization of the Hamiltonian
Eq. (3) computed from Eq. (53). For I’ = A, (first column) we have scaled J,, by a factor of 2. (c) Global couplings in Eq. (1b), with J,. < 0
indicated by dashed lines. (d) Evolution of the canting angles 07, (yellow) and 0, (green). Special angles are labeled according to Fig. 4, and
J.+ < Oindicated by the dashed lines. The intersections of three phases, where three ground states are degenerate, occurs for Ay /Az, > 0 and
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TABLE III. List of fourfold and threefold degenerate models. There are two parameter combinations (up to an overall scale) yielding
fourfold degeneracy, both of which have T;; gapped: the Heisenberg antiferromagnet (HAFM) (with /., > 0), and its J..-dual (with J.;» < 0),
denoted HAFMg,,. By gapping one of the four degenerate irreps, we obtain four lines (up to a scale) along which three phases meet, which
go from the HAFM, to J,+ = 0, then return with the opposite sign of /., to the HAFMy,,;. For the last line we used the 7; splitting parameters
defined in Eq. (54). The remaining three combinations of three degenerate irreps have both 7} irreps degenerate, which is only possible when
J;+ = 0. Two of these combinations are possible, corresponding to isolated triple points (up to a scale) which do not lie on one of the four
triple lines. There is one other possible combination of three degenerate and two gapped irreps, but it does not admit any solutions with real
J.+, because A; is the charge irrep for Tj;., and their ground states are mutually incompatible (cf. Sec. VID). We have given references for
cases where examples have appeared previously in the literature (cf. Sec. VIB). Flat-band degeneracies for all cases in this table are listed in
Table VI. Note that reversing the signs of all couplings produces another set of models with triple degeneracies higher in the interaction matrix

spectrum, cf. Fig. 14.

Degenerate irreps ~ Tuned irreps Parametrization Range Refs.

APEDL T Ty =—5An, Jr=5Aq, Jir = 5Ag, il = 617An+ - [26,27]
A

E®TL®T_ A @ T, J. = 3 (1144, — 3A7,,) Jr = 5(As, +347,) -3< Arﬁ <3 [49]

Jix = %(AAZ + 3AT1+)

AL OT . E®T, J. = —% (20 +3A7,,)

Jir = 5 (—Ar +3A7,)
AGE®T L®T, Je = —15(An + Ar,,)

Jex = 33 (An, —247,)
ABGESDT, - ® Ty Jzzz_éATl Ji:llizATl
T ® Tiice ® T pinr E®A Jo= 30, Jr=—gAy
E®Tiice ® T pinr LeA Jee = 1 A4, Jr = 5 A4,
A2 @ Tl,ice @ Tl,plnr E @ T2

Vex| = %\/(3ATI+ - 2AA2)(2AA2 + 6AT1+)

<2 L3 48]

Aty

Jr = 5(—10Ag +3A7,,) -

sl = (680, —280) (37, +2)

Ar,

Jr =5 (An + Ag,) —1<ﬁ<2 [85]
Vet = le\/(ZATH - ATz)(ATH + ATZ)
2 A
Jow = ¢Ar il = 5/ (3Asr) — A}, —3< A— <3
Jii =0 Jzi =0 AE = AAZ [47]

Ji=0 Ap=32A,  [51]

—_ _ 1
Jir = — 50, 5

duality switching the sign of /.4 discussed in Sec. III A, which
relates two parameter sets in the same phase, reversing the
sign of Jyy relates different phases since it changes the irrep
energies in Table II. Referring to the ground states in Figs. 3
and 4, the J1. duality switches > <> ¥3 and T <> T planar-
This duality ensures that the phase boundaries will be sym-
metric across Jy+ = 0 within the J,.- = 0 subspace, and it is
promoted to a symmetry when J11 = J,1 = 0.

Within the J.+ = 0 subspace, the relevant couplings are
J.z» Ji, and Jiy, meaning that there is no direct coupling
between the local easy-axis and easy-plane spin components.
The ground states are therefore either easy-axis Ising or-
ders (ferro- or antiferromagnetic), or easy-plane XYorders.
The Ising ferromagnetic order occurs for dominant J,, < 0
and corresponds to the A, all-in-all-out order. The Ising an-
tiferromagnetic state occurs in the opposite limit J,; > 0,
corresponding to the 7jj. ground states. For dominant
J+ > 0 the E irrep is the ground state. Further selection of
the energetically degenerate v, and 3 configurations occurs
due to order-by-disorder induced by asymmetric fluctuations
about the ground state, discussed further in Sec. VI. Last,
large J11 > 0 selects the T, order, while large Joi1 < 0 se-
lects the T planar configurations. Since J; = 0 is a degenerate
case where the Hamiltonian becomes a pure XYmodel, it is

standard to use J; as the energy scale, considering two sepa-
rate cases depending on the sign of J,,, while varying the ratios
J1/|Jz;| and Jiy /|J..|. This yields the two phase diagrams in
Figs. 6(a) and 6(b).

1. Line of Ty degeneracy

Within these two diagrams one can clearly distinguish six
triple points where three phases are degenerate, corresponding
to the four lines and two special points that we identified in
Table III. The two special points occur when both 7 irreps are
degenerate, at the ends of the line separating the 77 pianar and
T ice regions of the phase diagram. As we saw from Eq. (43),
the degeneracy of the two T irreps is only possible when
J.+ = 0, and meaning that there is no phase boundary between
two distinct 77 phases when J,1 # 0, i.e., there is only a single
T, phase. It is therefore interesting to identify the locus on
which the two T irreps are degenerate, i.e., all canting angles
in Fig. 4 are degenerate, which is contained within the /., = 0
subspace. From Table II (setting Jsja = 0) this occurs when
the square root which splits to the two 7; energies is zero, i.e.,
when

Wi +4Jis +J.=0 and J.o=0. (59)

Ag,, > 0 (blue region on the right side of each plot, cf. Fig. 7). For Ay < 0 the irrep /' is the ground state but the other three are degenerate at
higher energy [red region on the left side of each plot, cf. Fig. 14(a)]. Each of these triple lines forms a closed circle in the phase diagram [cf.
Fig. 14(a)]. The triple line I’ = T;_ (last column) intersects the Heisenberg ferromagnet (HFM) and its J,..-dual, indicated by a black vertical
line (cf. Figs. 8 and 14).
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(a) 2

Tl ,planar

-15-1.0-05 00 05 1.0 L5
Je [z

FIG. 6. Phase diagram restricted to /... = 0. (a) Fixing J,; < 0 and varying J and J_., three triple-points are indicated by black dots. The
blue line indicates the locus on which the two T irreps are degenerate defined by Eq. (59), i.e., along this line all canting angles in Fig. 4
are degenerate. (b) Fixing J., > 0, again showing three triple points. The degenerate 7; line (blue) separates the T pjaner from the 7j .. ground
states, though they are continuously connected (i.e., in the same phase) out of the J.. = 0 phase. The intersection of this line with the phase
boundary between the 77 and either 7, or E phases yields the isolated triple points. (c) The two phase diagrams at left can be joined together
by considering a unit two-sphere in the three-dimensional parameter space of J.., J1, and J. ., shown here. The T} ;.. phase is on the back of
the sphere. To visualize the entire surface of the sphere we perform a stereographic projection (illustrated in (d) inset) onto the flat plane. Here
we show a disk corresponding to J. < 0.53. The excluded region corresponding to the northern cap of the sphere, see inset (d), is always in

the E phase.

The solutions of this equation can be parametrized by a
single angle ¢ as

J 2 cos(¥) — 4sin(F)
ini — N@) 5 511(1)(19) ’ (60)
Jy —cos(¥) — 8sin()

where N(¥) > 0 is an arbitrary overall rescaling of the energy.
These solutions are shown by the blue line in Figs. 6(a) and
6(b). Along this line all canted 7} configurations in Fig. 4
are degenerate. Indeed, part of this line forms the boundary
between the Tj e (pink) and Ti pjanar (red) portions of the
phase diagram, clearly shown in Fig. 6(b).

2. Stereographic projection

To unify Figs. 6(a) and 6(b) into a single two-dimensional
phase diagram, we consider the unit sphere in the space
spanned by Jii, J.., and Ji. This is the “equator” of the
three-sphere defined by Eq. (49). This two-sphere is shown
in Fig. 6(c), with the phases colored the same as in Figs. 6(a)
and 6(b). In this figure the T jc. region is on the back of the
sphere and not visible. To visualize the entire surface of the
sphere, we use the stereographic map defined by Eq. (55) to
project the surface of the sphere onto a plane, as illustrated in
Fig. 6(d). We have chosen the azimuthal axis to be the J.. axis,
which becomes the radial direction on the projected surface.
The top of the sphere is in the E phase, so that after projecting
onto a plane all of the phase boundaries appear near the origin,
surrounded by the large-J1. E phase, which extends to infinity.

D. Big picture: Full phase diagram

We now have all the pieces to put together the full phase
diagram using the stereographic projection Eq. (55) from the
three-sphere to three-dimensional euclidean space. Using the
projected J,+ = 0 plane from Fig. 6 as our baseline, turning on
J.+ takes us into the third (vertical) dimension. First, Figs. 7(a)
and 7(b) adds to the J.+ = 0 plane the four triple lines, along
each of which three irreps are degenerate and one is gapped.
They are labeled and colored according to which irrep is
gapped along that line with Fig. 7(a) showing an edge-one
perspective and Fig. 7(b) showing a top-down view. All four
meet at the two HAFM points above and below the plane,
with the region above (below) this plane corresponding to J,+
positive (negative). The HAFM sits above the plane while its
dual sits below the plane.

To visualize the phase boundaries in this three-dimensional
space in a static two-dimensional image, it is convenient to
deform the phase diagram to “straighten out” the four triple
lines. We thus provide the topologically equivalent and sim-
pler to visualize picture shown in Fig. 7(c). By choosing the
“point at infinity” to be deep in the E phase, all of the phase
boundaries are located near the origin, and the exterior region
is all in the E phase. We could have chosen the point at infinity
to be deep within any of the four phases, and obtained a
qualitatively similar phase diagram with the other three phases
located near the origin. We have colored the phase boundaries
surrounding the A, phase yellow, those surrounding the 75
phase blue, and those surrounding the 77 phase red. Gridlines
on the phase boundaries are added as guides to the eye to
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HAFMdual

FIG. 7. Full phase diagram, including the four threefold degenerate lines which run from the HAFM to the HAFMy,, models, crossing
through the plane with J.. = 0. (a) Stereographically projected triple lines listed in Table III, which pass through the J,.» = 0 plane (These
lines can be parametrized as in Eq. (76), then normalized to the unit sphere Eq. (49), then mapped via Eq. (55)). Phases in the plane are colored
the same as in Fig. 6, and the triply degenerate lines are colored according to which of the four irreps is gapped along with 7;... Above (below)
the plane corresponds to J,. positive (negative). (b) A top-down view of (a), with the J,;, =0, J =0, and Jo. = O lines indicated. (c) A
“cartoon” version of the projection where we have “straightened out” the lines and phase boundaries to emphasize the topology of the phase
diagram. The J,+ = 0 plane is shown along with the four triple lines as in (a) and (b), along with the phase boundaries. Each phase has three
boundaries, one with each of the other phases. The exterior region of the diagram is in the E phase. The A, and 7, phases are enclosed by the
yellow and blue phase boundaries, respectively. When turning on J... # 0 there is only a single contiguous 7; phase, indicated by the red phase
boundary. The J,. > 0 portion of the 71 @ E phase boundary is not shown to expose the interior region of the 7; phase and its phase boundaries
with the A, and 7, phases. An undistorted version of the phase boundaries according to the stereographic projection Eq. (55) is shown in

Fig. 8.

emphasize the three-dimensionality of the surfaces, but do
not have any special meaning. We have excluded the J,1 > 0
phase boundary between the 7; phase and the E phase to
show the interior region of the 77 phase and expose its phase
boundaries with the A, and 7, phases along with their triple
line. Each of the four phases is enclosed by three phase bound-
aries where it touches one of the other phases. The J,. > 0
region of each phase is topologically equivalent to a tetrahe-
dron, and the same for the J,1 < O region, thus each phase
has the topology of two tetrahedra glued along a triangular
face. Figure 7 constitutes a primary result of this work: a
complete picture of the pyrochlore phase diagram showing all
of the phases, phase boundaries, triple lines, and quadruple
points.

V. TOPOLOGICAL CANTING CYCLES
AND DIABOLICAL LOCUS

In this section we investigate the locus on which the two
T, irreps are degenerate, defined by Eq. (59). Whereas the

energetic crossing of two different irreps in the ground state
implies a phase transition, there is only one 7} phase in which
the canting angle varies continuously, so the crossing of the T}
irreps is not a phase transition. This is a type of level repulsion:
To make the square root zero in the last row of Table II, we
have to tune two separate parameter sets to be zero. Thus this
locus is analogous to a conical intersection or diabolical point
in the spectrum of a quantum system [92], but in the space
of parameters, known in quantum field theory as a diabolical
locus [64]. In Fig. 7 one can see that the locus where the
two T irreps are degenerate (blue arc in the J,» = 0 plane)
“pierces” each of the 71 & T, and T} @ E phase boundaries
once, giving rise to the two isolated triple points in the phase
diagram. It passes within the 7; phase as a special line of
degeneracy along which all canting angles are degenerate in
the ground state, but it does not form a phase boundary. We
have indicated with a small black loop a path surrounding
the line of 7; degeneracy entirely contained within the T}
phase. Moving along such a loop, one T; irrep is the unique
ground state and the other is gapped, while the canting angle
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varies continuously. In other words the eigenvectors of the
interaction matrix rotate in the 7; subspace, going around the
cycle shown in Fig. 4. Starting from a point with 71_ = T} jce
(01, = 0) and T4 = T planar» going halfway around the loop
the canting angle continuously rotates by m /4 until the two
T, irreps have swapped, then continuing around the ground
state returns to 7. but with all spins reversed, i.e., a
rotation in Fig. 4. Going around the loop twice returns to
the original ground state. Thus there is a topological winding
number associated to paths in parameter space which enclose
this locus, and we can identify it as a source of a sort of Berry
curvature [92].

A. Two families of Hamiltonians

To investigate the canting behavior in more detail, as well
as to illustrate the utility of having a complete phase diagram,
we consider two particular one-parameter models—one which
has constant canting angle and one on which the canting angle
winds—and show how they fit in and are related in the phase
diagram. Figure 8 shows the same phase diagram as Figs. 7(a)
and 7(b), but with the “true” phase boundaries computed from
the stereographic projection, rather than the deformed version
shown in Fig. 7(c). Note in particular that the 77 phase appears
larger than the A, and T, phases—while the 77 and 7, phases
are symmetric in the J.+ = 0 plane, as seen in Fig. 7(b),
turning on J,1 # 0 promotes the 7; phase (which is the ground
state in the large-|J,4 | limit).

The first family is what we will call the Heisenberg-plus-
J.+ model, by tuning both Jy.s from Eq. (2) and J,1 from
Eq. (3). Up to an overall scale, this is a one-parameter family
of Hamiltonians, which can be parametrized as Jyejs = cos ¥
and J,+ = sin¢. This family is interesting because it corre-
sponds to the triple line with A,, E and T, degenerate, while
both 7 irreps are tuned—the last triple line in Table III and
the last column in Fig. 5. It is shown by the red circle in
Fig. 8, which passes through both the Heisenberg ferromagnet
(HFM) and HAFM points, along with both of their duals. Part
of this line lies on the triple intersection of the A,, E, and
T, phases, while the remainder passes through the 77 phase.
Since this family encloses the line where both 7} irreps are
degenerate, the canting angle winds by 7 as we go around it
while the two 7} irrep energies never cross, as seen in the last
column of Figs. 5(c) and 5(d).

The second family is the Heisenberg-plus-Dzyloshinskii-
Moriya (H 4+ DM) line [63,93-95], with Hamiltonian

Huis = Y [neisSi - S+ JomDij - Si x Sj1, - (61)
(ij)

which was recently studied in detail in Ref. [63]. This is a
one-parameter family of models up to a scale, which can be
parametrized by Jyeis = cos ¥ and Jpy = sin . This family
is experimentally interesting because the DM interaction may
be the leading anisotropic correction to the Heisenberg in-
teraction in transition-metal pyrochlore insulators [63]. The
resulting family is shown by the green circle in Fig. 8. Starting
from the HAFM, it enters the A, phase, passes through the
A, @ T phase boundary into the 7} phase, meets the HFM
point, then meets the isolated triple point on the 7} @ E
phase boundary (studied in more detail in Ref. [51] where it

G Sym-R2U(1)

HAFMgual

HEM Z
Y X

FIG. 8. Here we show the “true” three-dimensional stereograph-
ically projected phase diagram from Figs. 7(a) and 7(b) with the
actual phase boundaries indicated, whereas Fig. 7(c) showed a de-
formed version that emphasized the topology. The inset (top right)
shows the same from the back side. Here we have colored the triple
lines black, along with the intersections of the phase boundaries with
the J,+ = 0 plane. The red circle is the Heisenberg-plus-J,+ family,
which corresponds to the triple line along which A,, E, and 7, are
degenerate (last column of Fig. 5), which contains the Heisenberg
antiferromagnet (HAFM), the Heisenberg ferromagnet (HFM), and
both of their J,.-duals. The green circle is the Heisenberg-plus-
Dzyloshinskii-Moriya (H + DM) family [50,63,96], which passes
through the HAFM, the HFM, the “DQQ” isolated triple point and
its ferromagnetic counterpart. Because this family has J; = 0, it lies
on a surface of constant canting where the 7; irreps decompose
as Ty @ Ti,. This surface can be parametrized as a sphere in the
Ji1-J>-Js4 space, corresponding to o = 1/3 in Fig. 9. Along an arc
from the DQQ point to the HAFM the H + DM model runs along
the intersection of this constant-canting surface and the £ @ T, phase
boundary (red) where the ground-state irreps are £ @ 77, which form
a symmetric trace-free tensor, which was studied in Ref. [50].

was dubbed the dipolar-quadrupolar-quadrupolar or “DQQ”
point), then runs along the 7} @ E phase boundary until it
meets the HAFM again. This family is particularly interest-
ing because it has J; = 0, meaning that the canting angle is
constant and the 7 irreps decouple into 7 and 7;, . The two
T; irreps cross each other at J,. = 0, where the family inter-
sections the one-dimensional locus where the two T irreps
are degenerate (blue line in Fig. §). On the side with J,. > 0
we have Ag,, < Ar , while on the side with J.» < 0 we have
ATIH > ATI 1.

B. Surfaces of constant canting

Since the condition for the decoupling into 77 and 7, to
occur is that J3 = 0, the one-dimensional H + DM family can
be extended to a two-dimensional family on which the canting
angle is constant, by additionally tuning the J, coupling in
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Eq. (1b) [or the Kitaev-like coupling in Eq. (2)]. This family
can be parametrized by the unit sphere in the J,-J,-J4 parame-
ter space, meaning that it is a two-sphere in the phase diagram
which intersects the circular 7;-degenerate locus (only part of
which is shown in Figs. 7 and 8 by the blue arc). On the J,1
positive (negative) side of this sphere the lower-energy 7] irrep
is Ty (T1p).

For any canting angle 6 there is a corresponding two-
sphere on which the canting angle is constant, given by the
intersection of the three-sphere Eq. (49) and the linear sub-
space satisfying Eq. (40), written as

tan(20)(2Jx + 4Jy + J..) — 8.2 = 0. (62)

Thus the entire three-sphere phase diagram is foliated into
two-sphere subspaces which intersect each other on the locus
where the two 7 irreps are degenerate defined by Eq. (59).
Along any path on such a surface that crosses this line the
energies of the two T} irreps cross each other. In particular, the
J.+ = 0 two-sphere in Fig. 6 is the constant-canting surface
with & = 0, and the blue line divides it into two halves on
which T7_ is either T jce O T1 planar-

This foliation of the phase diagram is illustrated in Fig. 9.
We use the convenient parameter « € [—1, 1] defined in
Eq. (45) to parametrize the canting angle as in Eq. (48).
Note that @ = 1/3 corresponds to the decomposition 77 ®
Ti1 (occurring when J; = 0), and |«| = 1 corresponds to
T ice ® T1 planar (0ccurring when J.+ = 0). Figure 9(a) shows a
collection of constant-canting two-spheres for different values
of «, each of which is only partially shown to make the
foliation structure visible. These surfaces are the “leaves” of
the foliation. Since the leaves at « = %1 coincide, ¢ may
be regarded as a periodic parameter. Note that all of these
constant-canting surfaces intersect along the circle where the
two T; irreps become degenerate, indicated in blue. Indeed
the equations defining this locus, Eq. (59), can be equivalently
written as

J3 =0 and Jz:t = 0, (63)

which defines the intersection of the |¢| = 1 and ¢ = 1/3 sur-
faces. Furthermore, this locus divides each constant-canting
two-sphere into two regions, on each of which one of the
two T; irreps has the lower energy. Figure 9(b) shows a cross
section of Fig. 9(a), with various constant-canting surfaces
indicated, again demonstrating how the phase diagram is foli-
ated.

C. “Diabolical” loci from duplicate irreps

This foliation also reveals an unexpected topological fea-
ture of the 7; phase. Although the ground state evolves
continuously along any path within the phase, loops that link
the 7}-degenerate locus are not topologically trivial. Consider
adiabatically varying the Hamiltonian parameters around a
closed loop that links the 77-degenerate locus while remaining
within the 77 phase, such as the path y shown in Fig. 7(c).
Along this loop the ground state is continuously transported
through the family of 77 states shown in Fig. 4. Rather than
returning to its initial spin configuration after one circuit,
the canting angle 67, advances by only m, as illustrated in
the inset of Fig. 7(b). Consequently, the system returns to

the time-reversed configuration (i.e., with all spins reversed),
and only after a second circuit is the original spin configura-
tion recovered.

This topological winding upon adiabatic transport around a
singular locus is reminiscent of what is referred to in quantum
field theory as a diabolical locus [64], also referred to as a
locus of “unnecessary criticality” [65-68,97]. A diabolic lo-
cus is a manifold in parameters space along which the ground
state is gapless, contained inside a single gapped phase, rather
than on a phase boundary. They can be characterized by
higher Berry phase topological invariants in the space of cou-
plings, which classify generalized Thouless pumping cycles
that transport symmetry charges across a system [98—100].
By a bulk-boundary correspondence they generally imply the
existence of boundary phase transitions in the phase diagram
[100,101].

The T7;-degenerate locus shares some analogous, albeit
fully classical, behaviors. First, it is “critical” in the sense
of having an enhanced ground-state degeneracy, in partic-
ular with an accidental U(1) symmetry of the ground-state
manifold. Second, as explained above it acts as a source of
topological winding of the canting angle, somewhat analo-
gous to the charge pumping action of diabolical loci. Third,
the phenomenon occurs here due to a level repulsion between
two eigenvalues of the interaction matrix with the same ir-
reducible character, thanks to their symmetry-allowed mixing
term in Eq. (30). Whereas tuning to a phase boundary requires
tuning only a single parameter, making the two T; irreps
degenerate, i.e., setting Jr,, = Jy,_ in Table II, requires tuning
two independent parameters, making the locus one dimension
lower than a phase boundary. Such a level repulsion is also at
the root of quantum diabolical loci [64]. While those studied
examples generally have the critical surface either completely
contained inside a single phase or terminating within the
phase, here we have a locus which bridges between two phase
boundaries.

This phenomenon should be quite common in the phase di-
agrams of quadratic corner-sharing-cluster Hamiltonians (i.e.,
those on line graph lattices [28]), and we sketch here the basic
idea. Performing a symmetry decomposition for all the spins
in a cluster into irreducible representations will result in d
distinct irreps I, each with multiplicity n;. The total number of
symmetry-allowed tuning parameters D should be equal to the
total number of distinct copies of irreps, D = Z;l=1 ny, mean-
ing that the model space is topologically a (D — 1)-sphere.
There should be a single (D — 1)-dimensional phase for each
distinct irrep appearing in the decomposition—if n; > 1 then
all duplicates of an irrep are allowed to couple and can be
continuously rotated into each other, resulting in a single
continuous phase. For n; copies of an irrep one must perform
an SO(ny) rotation in the irrep eigenspace to decouple them,
meaning that there will be n;(n; — 1)/2 “canting angles”
parametrizing elements of SO(7;). Note that, because the irrep
eigenvectors are only defined up to an overall sign, we actually
only need an element PSO(n;) >~ SO(n;)/Z,. At a generic
point in the phase one copy of the irrep has the lowest energy,
and the canting angles vary continuously as the parameters are
tuned. One then expects critical loci within the phase where
multiple copies of the irrep are degenerate. There must be
(D — 2)-dimensional loci along which two copies of the irrep
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are degenerate—that is, a phase boundary is a codimension-1
surface while a degenerate irrep locus is codimension-2. We
expect there to be one such codimension-2 locus for each of
the n;(n; — 1)/2 pairs of copies of the irrep. Each such locus
is singular in the sense that there is a topological winding
number for closed one-dimensional paths in parameter space
which link with it. These loci may further intersect each other
in lower-dimensional regions (see for example [74]).

In the case of the pyrochlore studied here with zero single
ion anisotropy we have D =4, d; = 1, and n; = 2, mean-
ing that a one-parameter family of Hamiltonians carries a
m1(PSO(2)) >~ Z winding number which counts how many
times 260, winds around the 7;-degenerate locus. We can in
principle define a Berry connection in the parameter space
whose holonomy measures the winding, such as

ad
au (06 <¢0,H,,a|ﬁ|w0,ﬂ,,a>s (64)
n

where |V 7, ) is one of the ¢ = 0 eigenvector of the inter-
action matrix corresponding to the lowest-energy 7 irrep (the
result is independent of «), and J,, indicates the p’th coupling
parameter.'? Outside the T; phase the line of degeneracy and
the topological invariant associated to one-dimensional fami-
lies of Hamiltonians is well-defined, even though the 7; irreps
are not in the ground state. We note that in Ref. [74] we have
reported more complex instances of diabolical loci in a model
with two irreps which appear twice and one which appears
three times. We leave further study of such topological wind-
ing cycles in the phase diagrams of classical spin models for
future study.

VI. FLAT BANDS AND SPIN LIQUIDS FROM
GROUND-STATE IRREP COLLISIONS

We now turn to tabulating the flat-band degeneracies which
arise at the collision points of multiple irreps, i.e., which
appear by tuning degenerate band touchings at ¢ = 0. Having
zero-energy flat bands (measured relative to the minimum
eigenvalues of J) is a prerequisite for a classical spin lig-
uid with Heisenberg spins, and almost always a prerequisite
for Ising spins as well.!> The presence of flat bands at zero
energy implies that any spin configuration constructed from
the eigenvectors of those flat bands is a ground state, gen-
erally meaning that the system has a massive ground-state
manifold. This ground-state manifold is characterized by the
local constraint on every tetrahedron that the spin configu-
ration has no overlap with the gapped irreps. This may be
formulated as an emergent Gauss law for an emergent tensor

121t is notable that a one-parameter family of Hamiltonians entirely
contained in the 7; phase which links the diabolical locus must
cross through the 7). surface where the system is a deconfined
spin liquid. It is unclear if there is any direct relation between the
existence of the canting cycle and the existence of a classical spin
liquid on a surface which terminates on the diabolical locus.

13The primary counterexample that we know of is the Ising antifer-
romagnet on the triangular lattice, which does not have flat bands but
nonetheless has power-law decaying correlations at low temperature
[102,103].

TABLE IV. Flat degeneracies within each phase (cf. Fig. 3). For
the 77 phase additional degeneracies occur when J.. = 0. 7, and
T planar have flat lines along the (hhh) directions, while T j.. hosts
two flat bands corresponding to the spin ice ground states. Note that
the sum of numbers in each row equals the dimension of the irrep in
the first column—the number of zero modes at the I" (g = 0) point.

Flat Flat Flat Quadratic
Phase bands planes lines points
A, 0 0 0 IxT
E 0 0 0 2xT
T, 0 0 1 x (hhh) 2xT
Ti 0 0 0 3xT
T planar 0 0 1 x (hhh) 2xT
Tl.ice 2 0 0 1xT

gauge field [28,55,56], and the resulting phase is a classical
deconfined liquid, a sort of condensate of a massive number
of ground-state configurations. Excitations are violations of
the Gauss law coming from exciting locally the gapped irreps,
and behave as charges of the emergent gauge theory.

This can be seen at the level of the band structure, where
the excitations correspond to a set of quadratically dispersing
bands which touch the flat bands at the zone center.'* It is also
possible for the quadratic band touchings to be not only at a
point but along an extended line, or possibly along a plane.
Even in the cases without zero-energy flat bands, zero-energy
flat planes or flat lines can occur. In this section we consider
all possible flat-band degeneracies of the nearest-neighbor py-
rochlore Hamiltonian by considering different combinations
of irrep degeneracies. We have tabulated all such cases as
follows: Table IV lists flat degeneracies within each phases,
Table V lists them for the phase boundaries, and Table VI
lists them for the triply degenerate lines and points. In this
section we discuss how these enhanced degeneracies may or
may not give rise to spin liquids.

A. Ground-state selection versus spin liquidity

Having a set of flat bands suggests a massive ground-state
degeneracy and classical spin liquidity, but it does not guaran-
tee the presence of a classical spin liquid, owing to the hard
spin length constraint. The pyrochlore phase diagram hosts a
plethora of interesting flat bands, but it is unlikely that these
will all realize stable spin liquids. Heuristically, there is com-
mon folklore that the fewer the number of flat bands (relative
to the total number of bands) the more likely the system is
to fail to realize a spin liquid. Since we now have at hand a
large family of models hosting a variety of flat degeneracies
listed in Tables V and VI it is worthwhile to distinguish the
mechanisms that may preempt classical spin liquidity and lead
to more traditional ground-state selections which are likely to
play a role in the pyrochlore phase diagram.

“Models with further-neighbor interactions may realize cases
where the quadratic band touchings occur away from the zone-center
[54], but these do not occur in the nearest-neighbor model considered
here.
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TABLE V. Flat degeneracies on the phase boundaries. Rows
highlighted in gray indicate that the flat degeneracies are more than
the sum of parts in Table IV. The E & T, boundary carries two
flat bands, while the E @ 7} and T, & T} phase boundaries carry
nontrivial flat bands when T} = T jjanar-

Phase Flat Flat Flat Quadratic
boundary bands planes lines points
ABE 0 0 0 3xT
AT 0 0 1 x (hhh) 3xT
AT 0 0 1 x (hhh) 3xT
E®T, 2 0 1 x (hhh) 2xT
E®T 0 0 2 x (hhh) 3xT
E® T jce 2 0 0 3xT
E & T planar 2 0 1 x (hhh) 2xTI
LeT 0 1 x {hhl} 2 X (hhh) 3xT
L®Thice 2 0 1 x (hhh) 3xT
T2 ® Tl,planar 4 0 0 2x T
Tl.ice ® Tl.planar 2 0 1 x (hhh) 3xTI

Classical spin configurations can be viewed as living inside
the linear space V = R3i for Ny, oc L* spins with three
spin components each, where L is the linear dimension of
the system.!®> The physical classical spin configuration space
is a nonlinear subspace defined by |S;|*> = 1 for every spin,
denoted .#, which is topologically a product of two-spheres.
The interaction matrix defines a quadratic form on ¥, which
then induces an energy function H : .# — R, the classical
Hamiltonian, on the nonlinear physical configuration space
M. Let F denote the null space of the interaction matrix
(spanned by the zero-energy eigenvectors, assuming the min-
imum eigenvalue is set to zero). The ground-state manifold ¢
of the system is determined by the intersection

G=INM. (65)

Of course, actually determining the structure of this ground-
state manifold is generally a hard problem [78,79].'¢

5For example, the FCC primitive cell contains four spins, and we
can construct an L x L x L periodic system with N, = 413 spins.

161t may happen that the intersection is empty, &4 = @. Then the
true ground-state manifold is the locus in .# where H takes its
minimum value, which is greater than the minimum eigenvalue of the
interaction matrix. Examples with Ising spins are easy to construct,
where ./ is a discrete space—a product of zero-spheres, correspond-
ing to the corners of a hypercube. In particular this happens in all
Hamiltonians of the form H =) _(>_,_, ¢ y* with an odd number
of spins per cluster c, since the constraint »_, . S7 =0 cannot be
satisfied. This happens in the nearest-neighbor Ising antiferromag-
net on the kagome [104] and triangular [102] lattices. We are not
aware of any examples where this occurs with continuous spins—
for corner-sharing cluster Hamiltonians this would mean that some
ground states on a single cluster cannot be constructed from a single
irrep.

TABLE VI. Flat-band degeneracies on the triply degenerate
cases listed in Table III and depicted in Fig. 7. The HAFM points
have the highest degeneracy, which is partially lifted along the four
triply degenerate lines. Note that combining easy-axis with easy-
plane irreps always results in a trivial stacking of degeneracies,
indicated with parentheses on nonhighlighted lines.

Triple Flat Flat Flat Quadratic
line bands planes lines points
AMAGESL BT 6 0 0 3xT
EoLeT 4 0 1 x (hhh) 3xT
ADLeT 2 0 2 x (hhh) 3xT
A2 @ (T2 @ Tl.plnr) 4 0 0 3xTI
APESDT 0 1 x {hhl} 2 x (hhh) 3x I
A2 2] (E @ Tl,plnr) 2 0 1 x (hhh) 3xT
ADSEDT) 2 0 1 x (hhh) 3xT
Tl.ice D (TZ ® Tl.plnr) 6 0 0 3xT
Tl,ice @ (E @ Tl.plnr) 4 0 1 x (hhh) 3xT

1. Symmetry breaking

The most common situation is that % is one-, two-, or
three-dimensional, corresponding to one ¢ = 0 irrep having
the lowest energy. In that case ¢ usually consists of a discrete
set of states related by the discrete space group symmetries,
of which one is spontaneously chosen below a critical temper-
ature, breaking the symmetry. All spin wave excitations are
then gapped as the ground state is a stable minimum of the
Hamiltonian. We can expand this function to quadratic order
in small perturbations around a point in ¢ by parametrizing
A locally in a small patch. For each spin S; define a local
orthonormal basis {¥;, J;, Z;} such that in the ground state all
spins point along Z;. Then small deviations away from this
configuration can be parametrized by S¥ and Sf along with the
constraint

Si = \/ 1— — (). (66)
Taylor expanding the Hamiltonian to quadratic order,

H=E+Y Y. s”&c,jsjuro[(s‘*)] (67)

ij a,be{y)

we obtain the Hessian F(. If the ground-state manifold is
discrete, then the Hessian has all positive eigenvalues. A con-
venient formula for the Hessian is to let Pg be the rectangular
matrix that projects into the space spanned by the ¥; and y;
spin components, then

¥ = P5dPg + ho, (68)

where we have defined the matrix
ol = [ =323,z |6, 9% (69)

The first term in Eq. (68) measures the energy cost coming
from the transverse (to the ordering axis) deformation of the
spin configuration, while the second term defined in Eq. (69)

084416-21



KRISTIAN TYN KAI CHUNG

PHYSICAL REVIEW B 114, 084416 (2026)

measures the energy cost of reducing the longitudinal compo-
nent (along the ordering axis) of the spin configuration.

2. Order by disorder

An exception occurs in the pyrochlore E phase (dim .# =
2), Figs. 3(b) and 3(c), which spontaneously breaks SO(2)
spin rotation symmetry without breaking lattice symmetries.
The ground-state manifold is a one-dimensional circle, & ~
S!, parameterized by continuous rotation of spins about the
local easy-axis. In this case, a set of discrete ground states,
either ¢, or v in Figs. 3(a) and 3(b), are selected at fi-
nite temperature due to the asymmetry of small fluctuations
about different points in ¢ [25,26,59-61,105-107], which
is a standard example of order-by-disorder [108]. While the
ground-state manifold does not break lattice symmetries, the
spectrum of the Hessian is sensitive to the fact that different
points on ¢ are symmetry-inequivalent—the ground state has
an accidental SO(2) symmetry that is not a symmetry of the
Hamiltonian. Thus the energy costs of small deformations
away from different points on G are inequivalent. The v, and
Y3 configurations have higher symmetry than generic points
on ¢, with spins lying either in mirror planes (y,) or along
7 rotation axes (13), and are selected due to enhanced finite-
temperature fluctuations. Thus the E phase is actually further
split into two phases—when J,. = 0, J11 > 0 selects ¥, and
Ji+ < 0 selects 3, while the J,. # 0 shape of the phase
boundaries is significantly more complicated [25,59,61].

While this XY selection due to accidental SO(2) degeneracy
has been well-known for a long time, it was only recently
realized that the same mechanism occurs in the collinear
ferromagnet ground state [96]. This has an accidental SO(3)
symmetry in the ground state, from which high-symmetry
[001], [110], and [111] directions are spontaneously cho-
sen at finite temperature. The authors of Ref. [96] studied
the Heisenberg-plus-DM model (cf. Fig. 8), but it would be
very interesting to extend their results to the entire 77 @ 771
constant-canting surface (@ = 1/3 in Fig. 9) in the 7} phase.
For J_+ > 0 the ground state is a collinear ferromagnet, while
for J,» < O the ground state is made of linear combinations
of the 7;, configurations from Fig. 3(f), which also has an
accidental SO(3) symmetry. Furthermore, the J,1.-dual of this
constant-canting surface (0« = —1/3) will also exhibit an ac-
cidental SO(3) symmetry in the 7} phase.

Assuming one can parametrize all of ¢, this sort of order
by disorder can be diagnosed from the Hessian spectrum at
different points in ¢. The system generally selects points
with the softest fluctuations out of ¢ (fluctuations within ¢
always cost zero energy). This is equivalent to performing a
low-temperature expansion of the free energy, which induces
an entropic potential landscape on the ground-state manifold
[61,96].

3. Order by singularity

Note that despite the standard terminology “ground-state
manifold,” ¢4 need not be a manifold in the mathematical
sense. For example, the XY antiferromagnet on a single tetra-
hedron has a ground-state space ¢ consisting of three tori
which touch pairwise along three circles [109]. The dimension
dim¥ of the ground-state subspace is well-defined locally,

but there are singular subspaces where ¥ intersects itself
where the dimension is ill-defined. References [109-111]
have proposed that these singular points generate “order-by-
singularity,” i.e., despite the degeneracy of the ground-state
manifold the system selects the singular points on ¢. Heuris-
tically, one may view this mechanism as a sort of “inverse
gimbal lock,” where the system gets stuck near singular points
where it has enhanced degrees of freedom.

If ¢ is continuous, then one expects there to be gapless
modes in the spin wave spectrum about any point in ¢, and
these should be enhanced at the intersection points. Refer-
ence [63] found that this mechanism selects the 3 states
when E and 77, are degenerate (cf. Fig. 8), because the
ground-state manifold locally has the form of two circles
which intersect at the 13 configuration. The result is that the
spin wave spectrum about the 3 state has two gapless modes,
whereas at a generic point in ¢ it only has one. Similarly,
Ref. [61] studied the E & T, phase boundary and found that
singularities in the ground-state manifold select the i, state.
See also Footnote?’ .

4. Subextensive flat bands

It can occur that the dimension of .% is large but subex-
tensive, e.g., when the interaction matrix has zero-energy flat
lines or flat planes. This is actually quite a common feature
throughout the pyrochlore phase, as tabulated in Tables IV—
VI. For example, the entire 7, phase along with the 77 planar
portion of the 7T} phase exhibit flat lines along (hhh). Fur-
thermore, the A, @ E @ T triple line and the 77 @ T, phase
boundary exhibit flat planes in the high-symmetry {hhl} re-
ciprocal space planes.

Due to the subextensive degeneracy, 4 can be at most
a subextensive ground-state manifold. We believe it is most
likely that ¢ will be a discrete space, however. For example,
models with a T or T pjanar ground state host flat lines, but
we know that these phases do not host ¢ # 0 ground states,
i.e., .7 and . only intersect in the ¢ = 0 subspace.'” How-
ever, Ref. [48] has reported that the 77 @ T, phase boundary
exhibits a spin nematic ground state rather than either 7; or T
order, which may be a common occurrence when flat planes
are present.

One example where ¢ is connected and has subextensive
dimension are spiral spin liquids [113—117]. These are models
where the subextensive flat bands form a closed surface in
the Brillouin zone with nontrivial homotopy. In some models
[114] it is known that each point on the zero-energy flat band
corresponds to a ground state, so ¢ has the same dimension
as the zero-energy locus. These generally require fine-tuned
further-neighbor interactions that bring bands down at wave
vectors away from the zone center or boundaries [118].
However, we note that it is difficult to differentiate the effects
of order-by-disorder and order-by-singularity, and they likely
often occur in tandem, i.e., the effective entropic potential

"The flat lines can, however, have significant impacts on the
nature of the finite-temperature ordering transition, because the cor-
responding flat modes will have to be included in a Ginzburg-Landau
description of the phase transition [86,112].
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which selects a ground state exhibits minima at the singular
points.

5. Extensive flat bands and spin liquids

If the interaction matrix has ng, > 0 zero-energy flat
bands out of n total bands,'® then .Z is a (nga/Nior)Nspin-
dimensional linear subspace of ¥ spanned by the flat band
eigenvectors, opening the possibility that the (local) dimen-
sion of ¢ is extensive. Having extensive zero-energy flat
modes does not necessarily guarantee that ¢ is extensive,
however. There is general folklore that if the number of flat
bands is too low (compared to the total number of bands)
the system will order rather than realize a stable spin liquid,
though a proof that there is a lower bound on the required
number is lacking. As a rough rule of thumb, we can use
an elementary formula from linear algebra: the intersection
of a d-dimensional and d’-dimensional linear subspace in
a D-dimensional vector space has dimension d +d’ — D."
“Blindly” applying this formula, we have

dim¥ = dim(¥ N.#) ~ dim .¥ + dim 4 — dim 7.
(70)

We use a ~ to emphasize that the formula does not strictly
apply because .7 is not a linear subspace. Since .# is a prod-
uct of two-spheres it has dimension dim .#Z = (2/3)dim ¥,
which implies that for ¢ to have dimension greater than zero
we should have

dim.Z > dim ¥ /3 (dm¥ > 0). (71)

This suggests that at least a third of the bands should be flat to
have a continuous ground-state degeneracy. This is, of course,
not a proof, since . is a nonlinear subspace, and we expect
many counter examples exist.”’ Nevertheless, we believe that
it should serve well as a general rule of thumb for a crossover
between stability and instability of classical spin liquids.

There are a few possible scenarios which can then in prin-
ciple distinguish:

(1) The intersection is zero-dimensional, dim%¥ = 0.
Then ¥ is a discrete space, and at each point in ¢ the Hessian
is positive-definite. A generic spin configuration is orthogonal
to .. We can distinguish the following cases:?!

(a) The number of discrete ground states, |77¢(%)|, is of
order one. The system orders.

18Note that n,, is three times the number of spins per primitive unit
cell, ny = 12 for the pyrochlore lattice.

19We thank Tim Henke for pointing this out to us.

200ne straightforward possibility is that not all bands “participate”
in the spin-liquid ground state, in which case we should count the
ratio only in terms of those that do participate. For example, in the
spin ice region of the phase diagram there are only two flat bands of
12, suggesting a ratio 1/6 < 1/3; however, since J.. = 0 the local-
xy degrees of freedom are decoupled from the local-z, and we can
separate the band structure into four z bands and eight xy bands; only
the z bands contribute to the ground state, thus the actual relevant
ratiois 1/2 > 1/3.

2'We use the notation 7o(X) is the zeroth homotopy group of X,
and |7p(X)| is the number of disconnected components of X .

(b) The ground-state entropy is subextensive, such that
log |0(¥4)| oc L* with 0 < k < 3. The system may po-
tentially undergo dimensional reduction without ordering
[61].

(c) The ground-state entropy is extensive, such that
log |m0(4)| oc L*. We further differentiate:

(i) The ground state is a trivial paramagnet;

(i1) the ground state is a symmetry-broken [119,120]
or fragmented [121,122] spin liquid;

(iii) the ground state is a symmetric spin liquid, as
in the 7j jc. region of the pyrochlore phase diagram.

(2) The intersection is subextensive, i.e., dim ¥ o L* with
0 < k < 3. Then ¢ is parametrized locally by a subextensive
number of continuous compact parameters. It may have one
or more connected components. A generic spin configuration
has a subextensive projection into .%.

(3) The intersection is extensive, dim¥ o< L, and is
parametrized locally by an extensive number of parameters.
It may have one or more connected components. A generic
spin configuration has nonzero overlap with % of order
(dim %)/L>. We can further distinguish the following possi-
bilities:

(a) The system exhibits symmetry breaking, either

(i) order-by-singularity selects a ground state;
(ii) order-by-disorder selects a ground state;
(iii) nematic but liquidlike order [47,48].
(b) The system exhibits no symmetry breaking, either
(1) aliquid-to-liquid crossover [51];
(ii) the ground state is a fully symmetric spin liquid,

e.g., the pyrochlore HAFM [26,28].

Case 1(a) is likely a common occurrence whenever the
number of flat bands is less than a third of the total number of
bands, following the rule of thumb. Case 1(b) and case 2 both
imply there is an obstruction to consistently “gluing together”
single-tetrahedron ground states in a corner-sharing fashion
to build ground states of the entire system, i.e., what Ref. [61]
calls the “Lego-brick” construction. In case 2 ¢ is connected,
but we expect that the subextensive dimension will result in
either order-by-singularity or order-by-disorder ground-state
selection. Unfortunately we do not known any explicit exam-
ples where this case occurs. Last, case 3(a) has an extensive
ground-state manifold yet a symmetry broken ground state is
selected. We are not aware of examples of possibilities (i) or
(ii), but believe one of these may occur on the Ag > 0 line,
where Ref. [48] recently reported selection of the A, all-in-all-
out configurations when J 1 is small. We discuss this further in
Sec. VIC 1.

If the system avoids these ordering mechanisms, then this
leaves cases 1(c) and 3(b). Case 1(c)(i), a trivial paramagnetic
ground state, can occur for example in an antiferromagnetic
Potts model with a sufficiently large number of states, where
the system is trivially disordered to zero temperature [123].
Case 1(c)(ii) means that the system exhibits an extensive but
unsaturated ordered moment, while continuing to fluctuate as
a spin liquid to zero temperature. Case 3(b)(i) was recently
reported in Ref. [51] which we discuss briefly in the next sec-
tion. Finally, cases 1(c)(iii) and 3(b)(ii) correspond to discrete
and continuous symmetric spin liquids, respectively, many
examples of which are known.
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FIG. 9. Illustration of how the phase diagram is foliated into surfaces of constant canting angle, which are spheres that intersect along the
locus where the two T; irreps are degenerate. Here we parametrize the canting angle using the parameter o € [—1, 1] using Eq. (48). (a) The
three-dimensional stereographically projected phase diagram from Figs. 7(a) and 7(b), along with the full circular locus of 77 degeneracy (blue
circle). For various canting angles we show a portion of the corresponding surface of constant canting (cf. the color legend below). Each such
surface is a sphere, which we have cut open for visualization. All of these surfaces intersect on the degenerate 7} locus, where all canting angles
have the same energy. Note that the « = 1/3 surface corresponds to Ty @ T, decoupling, while |a| = 1 corresponds t0 T jce © Ti planar» Whose
corresponding sphere is the J,+ = 0 plane. (b) A two-dimensional cross-section of (a) which intersects the degenerate 7; locus at two points
(blue circles with white borders). Within the 7} phase the ground-state canting angle 67, evolves continuously (pink-to-red gradient). A black
loop with arrowhead labeled y indicates a path in the parameter space that encloses the degenerate 7; locus within the 7; phase. This loop can
be compared with the one labeled y in Fig. 7. Adiabatically tuning the system along this path, the ground state evolves halfway around Fig. 4.
The inset demonstrates the evolution of the canting angle along this path, starting at 7} ;.. and ending at —7; j... Two cycles are required to

return to the same state.

B. History of identified pyrochlore spin liquids

Previous studies have looked at a variety of spin-liquid
models on the pyrochlore lattice emerging at the triple-
intersection of phases. The earliest recognized was the
HAFM, which has long been a canonical example of a classi-
cal spin liquid [26-28,81,88-90]. Referring to the first row
of Table VI, it has six flat bands with three quadratically
dispersing bands touching at ¢ = 0. At low temperature each
tetrahedron is constrained to have zero net spin, i.e., Ty is
gapped [cf. Eq. (57)]. The low-temperature T — O spin-spin
correlations (7 being temperature) (S;S;) are 1/ r* power-law
decaying [27,28]. Their Fourier transform, the spin structure
factor,

S(q) = é Z(Sisj)eiiq-(rjiri)v (72)
ij

exhibits characteristic “pinch-point” correlations, i.e., a diffu-
sive profile with bow-tie singularities located at zone centers
due to the long-range correlations arising from a local con-
straint [27,28,90]. The HAFM structure factor is shown in the
right-most column of Fig. 10. As we have discussed through-
out this paper, there is an additional dual HAFM point with

negative J,1, whose physics is exactly the same and whose
ground states are in bijection with those of the HAFM by a =
rotation about the local easy-axis. The corresponding structure
factor is shown in the left-most column of Fig. 10. Similarly,
the T ice ground state, occurring only when J,1 = 0, is the
spin ice spin liquid, with spins aligned along their easy-axes
satisfying the two-in-two-out ice rules in the ground state
[30,124], whose structure factor is shown in Fig. 11(h). As
mentioned in the introduction, these are the two limiting cases
of completely isotropic and completely Ising spins, respec-
tively. They both inherit their frustration from the flat bands
of the pyrochlore lattice adjacency matrix, with Hamiltonians
expressed as

Hyapm ZAijSi -8, Hs ZAiijSf, (73)

ij ij

where A;; is the adjacency matrix of the pyrochlore lattice,
A;; = +1 for nearest neighbors and zero otherwise. This ma-
trix has two flat bands at the base of its spectrum.

It was not until 2016 that a new spin liquid would be
identified with nontrivial anisotropies intermediate between
the HAFM and spin ice limits. It was identified with the
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(hhi)
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FIG. 10. Evolution of the zero-temperature SCGA structure factors (Appendix D), computed from the projector to the flat bands, for two
of the four threefold degenerate lines—FE & 1> & T (top two rows) and A, & T» @ T} (bottom two rows)—in the cubic (kk0) and (hhl) planes
of reciprocal space. At the right end is the structure factor for the HAFM, while at the left end is the structure factor of the HAFMg,,, while
the middle column is the J,. = 0 case. All cases show flat lines along (hhh), visible in the (hhl) plane, and fourfold pinch points, visible in the
(hk0) plane. Note that the color scale starts from the minimum intensity and goes to the maximum intensity of the flat band; higher intensities
from the singular band touching lines and points appear white. The A4, > O triple line was first discussed in Ref. [49], but only one point on
the line—the “pinch-line spin liquid” (PLSL), corresponding to J3 < 0 and all other couplings zero—was studied. The J,. = 0 point on this
triple line is the J..-dual (denoted with an asterisk) of the “DQQ” model from Ref. [51]. The A > O triple line was recently studied in detail
in Ref. [48].

(a) Ay ® (E®Ty) (b) A2 @ (E® T planar) | (€) Thice ® (T2 ® Th planar) | (d) Thjco ® (B @ T planar) (e) E® T,
2.66 5.34

)
Py 1
= 0
= 1

5

2 1 0 1 2

<
=
= _ _

2 1 0 1 2

2 1 0 1 2 2 1 2 1 0 1 2

FIG. 11. Spin structure factor for flat band cases not on the two lines shown in Fig. 10. (a) On the A7 > 0 line there are two flat bands with
pinch-line singularities. Because the ground state does not involve a 7} irrep, the ground-state physics is independent of position along this line,
and the structure factor does not evolve along it. (b) The Az, > 0 line does not have flat bands (only flat planes) except when J.. = 0. Note that
in both cases (a) and (b) the A, phase is accidentally degenerate and does not contribute to the flat bands. (c) The isolated pseudo-HAFM triple
point [47] contains decoupled contributions from 7 ;.. and the easy-plane 7; and 75 irreps. (d) The isolated “DQQ” triple point [51] contains
decoupled contributions from the 7; i.. and the easy-plane 77 and E irreps. (e) The easy-plane E and 7, irreps combine to form nontrivial flat
bands on this phase boundary. (f) The easy-plane E and 7; irreps combine to form nontrivial flat bands on this phase boundary in the J,+ =0
plane. (g) The easy-plane 7, and 7; irreps combine to form nontrivial flat bands on this phase boundary in the J,. = 0 plane. This region was
studied in Ref. [47] and found to be a nematic spin liquid. (h) The structure factor in the nearest-neighbor spin ice (NNSI) surface in the 7}
phase. Note that (a) is equivalent to (e) plus extra intensity at zone center due to the extra decoupled A, irrep; (b) is equivalent to (f) for the
same reason; (c) is equivalent to (g) plus (h); and (d) is equivalent to (f) plus (h).
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model J3 < 0 and J; =J, =J4s =0 in terms of the global
basis parameters in Eq. (1b), and dubbed the “pinch-line spin
liquid” (PLSL) [49]. In fact, Ref. [49] discussed this model
as a particular example of a family of models characterized
by gapping A, and Ti4, i.e., the Ay, > 0 line in Fig. 7,
though the authors did not parametrize the entirely family.
The interest new feature of this model was that it exhibits
pinch-line singularities rather than pinch points, i.e., singu-
lar correlations everywhere along the high-symmetry (hhh)
line in reciprocal space. It corresponds to the second row of
Table VI, hosting four flat bands and a singe flat line along
the high-symmetry (hhh) lines in reciprocal space plus three
quadratically dispersing bands at the zone center. From the
rest of the table it is clear that pinch lines are actually not
unique to this model or this triple line—indeed they appear at
all the triple intersections of phases.

In 2017 the “pseudo”-HAFM (pHAFM) point was pointed
out in Ref. [47], which was studying the XXZ family (i.e.,
with J14 = J,o = 0). The pHAFM is just the HAFM in the
local basis, i.e., the isotropic limit of the XXZ family when
Jy = —J;;/2, J;; > 0. The physics of this model is identical
to the HAFM, since they are mapped to each other by a local
on-site mapping of each spin from its local frame to the global
frame. We have marked it in Fig. 7, it is the isolated triple
point occurring on the 7, @ 7} phase boundary where it is
pierced by the 7j-degenerate locus. It has degenerate irreps
Tz D Tl,ice (S5) Tl,planar in Table VI.

Reference [47] also studied the T3 & T, planar line, which is
also contained in the XXZ family. This is the intersection of the
Ti & T, phase boundary with the J,.. = 0 plane, starting at the
pHAFM and extending to the A, phase. According to Table V
it hosts four flat bands with two quadratically dispersing bands
at the zone center. This line contains a special point: the
antiferromagnetic XY model,

Hyy oc Y Ai(SFS; +878h), (74)

ij

which was originally studied in [26], where it was found to
undergo an order-by-disorder transition at low temperature.
However, the ground state may still be viewed as a type of spin
liquid—the global U(1) symmetry is spontaneously broken,
but once a direction in the local XYplanes is chosen the system
retains a two-in-two-out ice-type degeneracy. Schematically,
the ground-state manifold is %xy = %c. x U(1), with the U(1)
degeneracy spontaneously broken. Reference [47] found this
behavior persists along the entire 7> @ T planar line when weak
J,, interactions are turned on: the system exhibits a finite-
temperature spin-liquid regime (dubbed “SL ), with a phase
transition to a nematic phase at low temperature with broken
U(1) symmetry (dubbed “SN ).

In 2020 another nontrivial spin liquid was then found, the
so-called “rank-2 U(1)” spin liquid [50]. This was inspired
by a surge of interest in gauge theories with a symmetric
rank-2 tensor electric fields, which are prototypical fractonic
theories [52,53,125-127] whose excitations have highly con-
strained mobility due to local conservation of dipole and
quadrupole moments. Reference [49] first showed how to
organize the irreps into a tensor, and Ref. [50] exploited
this structure by recognizing that a low-energy symmetric

trace-free tensor field could be obtained by gapping the A,
(trace component) and 7, (antisymmetric components) on
each tetrahedron, along with the vector 7. This leaves only
Ti;. ® E in the ground state, which together form the de-
sired symmetric trace-free tensor on each tetrahedron—the
quadrupole moment. This occurs along a one-dimensional
locus in the 7; @ E phase boundary along which J; = 0, so
that the decoupled 7; irreps are Ty and 7;,. This line is
precisely traced by restricting the Hamiltonian Eq. (2) to only
Heisenberg and DM interactions, which is shown in Fig. 8
by the green circle (the inset shows how this family runs
along the 77 @ E phase boundary). However, just being on this
phase boundary is insufficient degeneracy for flat bands (c.f
Table V), and the system selects the E phase ground states
[63]. Reference [50] remedied this ordering by introducing
breathing anisotropy to construct the Hamiltonian

Hyouy = ) H S ) " HPA™Y, (75)

teA teB

where the first term selects the E & T; ; ground states on the A
tetrahedra and the second term selects the (E @ T 1) DA &
T, ground states on the B tetrahedra. This relaxes some of the
constraints on the B tetrahedra by allowing more fluctuating
degrees of freedom in the ground state, and gives the correct
number of flat bands and long-wavelength Gauss law. The
rank-2 U(1) spin liquid is then obtained at finite temperatures,
though the system still orders at sufficiently low temperature
[128].

In 2023 Ref. [51] studied another spin liquid, which
was called the “dipolar-quadrupolar-quadrupolar” (“DQQ”)
model. This is the second isolated triple point other than the
pHAFM, sitting at the intersection of the 77 & E phase bound-
ary and the 7;-degenerate line in Fig. 7, i.e., with degenerate
irreps E @ T ice ® 11 planar in Table VI. This model was found
to exhibit a classical liquid-to-liquid crossover, where the spin
ice states are entropically selected from the ground-state man-
ifold at very low temperatures. It also has a J11-dual model,
which is the point on the Ay, > 0 line at J.+ = 0.

Recently, Ref. [48] studied the line with Ag > 0, and
found that for small J, it exhibits a ground-state selection of
A, order, while for larger J,1 (closer to the HAFM) it exhibits
a nematic ordering similar to that on the 75 ® T pjanar line. It
was also reported that the nematic symmetry breaking occurs
ubiquitously on the 77 @ T, phase boundary, which may be a
consequence of flat planes (rather than flat bands), cf. Table V.

Finally, Ref. [129], which appeared concurrently with this
work, performed an exhaustive search of all degenerate com-
binations of irreps and determined the corresponding Gauss
laws and stability for pyrochlore spin liquids. They identify
the HAFMg,, model and show that the A4, > O line is a
stable spin-liquid family, but otherwise have found that there
are no additional stable classical spin liquids with nearest-
neighbor interactions.

Before moving on, we note that further-neighbor interac-
tions can stabilize entirely novel spin liquids, in particular
the author has shown in Ref. [119] the existence of a 2-form
U(1) classical spin liquid with Ising spins on the pyrochlore
lattice, by generalizing the zero-divergence constraint of spin
ice to a zero-curl constraint. Its isotropic extension general-
izes the HAFM spin liquid, and the possibility of anisotropic
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generalization of 2-form U(1) spin liquids remains an open
possibility.

C. Irrep collisions and catalog of pyrochlore flat bands

With the full structure of the phase diagram now plainly ex-
posed in Fig. 7, we can systematically account for all possible
collisions (degenerate combinations) of ground-state irreps,
how they relate to each other in the phase diagram, and how
they generate flat bands. Starting with the triple lines, these
can be parametrized by a single parameter x € [—1, 1], such

that
. . Al/ AI!
sign(J,+) = sign(x) and = max (1 — |x),
ATH AT1+
(76)

where the maximum is given by the right-hand side of the
inequalities in Table III. Note that for I’ = 71_ the line is
parametrized in Table III according to the splitting of the T}
energies, but for the A7, > 0 portion it can be parametrized
as in Eq. (76) with 0 < Ay, /Ag, < 1/2. For all four lines
this parametrization yields the HAFM at x =1 and the
HAFMy,, at x = —1. The flat-band degeneracies on these
lines are listed in Table VI.

For each of the lines we have computed the zero-
temperature spin structure factor,””> Eq. (72), in the self-
consistent Gaussian approximation (SCGA) [90,130,131] in
the limit of zero temperature, which is proportional to the
projector Pz to the flat band subspace (cf. Appendix D),

Mo oo
S(q)T—ﬂfr = 3ntﬂt Z Z[Pﬂ(q) v
at oy

The touching of the dispersive bands with the flat bands
give rise to characteristic pinch singularities in these struc-
ture factors. Figure 10 shows the evolution of the structure
factor along the A4, > 0 and Ag > O lines, both exhibiting
a combination of pinch lines and pinch points. The triple
line with Az, > 0 has no dependence on the canting angle
because both T irreps are gapped along this line, meaning
that the structure factor is the same everywhere on this line,
shown in Fig. 11(a). The last triple line, with Az, > O has
no flat bands, only flat planes, except when J,. = 0, shown
in Fig. 11(b). The remaining two triple points, the pHAFM
and “DQQ” models, are shown in Figs. 11(c) and 11(d).
Various phase boundaries also exhibit flat-band degeneracies,
which are shown in Figs. 11(e)-11(g). Last, the structure
factors for spin ice, i.e., the Tj jce ground state, are shown in
Fig. 11(h).

(SCGA). an

1. Trivially stacked band touchings and easy-axis selection

Simply tuning additional irreps to be degenerate does not
necessarily enhance the flat-band degeneracies, meaning that

22While it would be more experimentally relevant to present neu-
tron scattering cross sections, these would require a choice of g
tensor which relates the pseudospin to the magnetic moment of the
ion, which is a material-dependent quantity that must be determined
on a case-by-case basis. The spin structure factor corresponds to an
isotropic g tensor.

the long-wavelength band structure at these points is just a
trivial “stacking” of the band structure of the separate ir-
reps, i.e., an accidental degeneracy. We should therefore ask
which combinations of irreps enhance the degeneracies be-
yond the individual components. Another way to state this is
that, when different irreps are made degenerate, their com-
bined orthonormalized eigenvectors can wind topologically
around the reciprocal space loci where the flat bands touch
the dispersive bands, characterized by a set of topological in-
variants [55-57]; when we add an additional irrep degeneracy,
do these topological invariants change? If so, then the new
irrep eigenvectors became “intertwined” with the old ones,
and correspondingly there are new degeneracies in the flat
band spectrum. To study this systematically, we provide the
degeneracies within each phase in Table IV, and on each phase
boundary in Table V.

We begin by looking at the easy-axis irreps A, and 7 jc,
checking the two irrep combinations in Table V against the
corresponding degeneracies in Table IV. These cases are not
highlighted because they do not exhibit intertwinement: they
do not contain any additional degeneracies beyond their in-
dividual components. For example, the degeneracies on the
Ay & T, phase boundary are simply the sum of the degen-
eracies of A, plus those of 75, and similarly for A, & E and
the three combinations involving 7j jc.. Tuning these irreps to
become degenerate does not lead to any intertwining, they are
trivially stacked and the eigenvectors do not mix. In the cases
with T} jc. the reason is clear: these combinations involve an
easy-axis and easy-plane irrep with J,. = 0, meaning that the
easy-axis and easy-plane components are not coupled in the
Hamiltonian and cannot mix. The cases with A, are similar,
with a stacked easy-axis and easy-plane irrep, and such stack-
ing remains trivial when J,1 # 0. This pattern continues in the
triple degeneracies listed in Table VI: stacking an easy-axis
irrep with easy-plane irreps is always trivial.

We can also see the trivial stacking in the correspond-
ing structure factors shown in Fig. 11. For example, the
Ay, @ E & T, line in Table VI has the same flat degeneracies
of the E @& T, phase boundary in Table V plus one extra
zone-center quadratic band touching coming from the A;
irrep. Correspondingly, the SCGA structure factor for this
line shown in Fig. 11(a) is exactly the same as that of the
E & T, phase boundary in Fig. 11(e) (plus some extra zone-
center intensity from the A, degeneracy not visible in the
figure). The same occurs for the Ay @ E @ T planar cOmbina-
tion in Fig. 11(b) compared to the E @ T} planar cOmbination
in Fig. 11(f). Similarly, the two combinations with T} jc,
Figs. 11(b) and 11(c), are equivalent to adding the same
combination without 77 jce, Figs. 11(g) and 11(f), respectively,
with the 7 j. structure factor in Fig. 11(h).

Such trivial stacking does not necessarily rule out inter-
esting physics arising due to the enhanced degeneracy. For
example, the E @ T planar @ T1,ice triple point [cf. Fig. 11(d)]
was studied in detail in Ref. [51] (dubbed the “DQQ” model),
and exhibits a finite-temperature liquid-to-liquid crossover.
At higher temperatures it develops correlations matching the
SCGA, while at very low temperature it selects the spin ice
manifold without undergoing a phase transition. The reason
is because the degeneracy with the easy-plane configurations
implies that if the spins are aligned along the easy-axis their
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transverse fluctuations are greatly enhanced, meaning that
the Hessian about the easy-axis configurations will contain
gapless easy-plane modes on each tetrahedron. The Hessian
for a spin ice state has an extensive number of zero modes,
while for a generic ground state it does not [51].

We believe that this mechanism should be universal: se-
lection of the easy-axis configurations will be preferred for
all cases in which the ground-state irreps split into decou-
pled easy-axis and easy-plane components. From Eq. (68) it
clear that if Z; are along the easy-axis then the Hessian will
inherit all of the zero-energy easy-plane normal modes of
the interaction matrix. In particular, this implies that cases
that are trivially stacked with A, will select the all-in-all-out
ground state, an example of order-by-singularity. In this sense,
the liquid-to-liquid crossover of the DQQ model studied in
Ref. [51] is an example of a selection of the ice manifold
due to singularities in the ground-state manifold, a “easy-axis-
spin-liquid-by-singularity.”

2. Intertwined flat bands

However, combinations of two easy-plane irreps always
yields an enhanced degeneracy, highlighted gray in Table V.
For example, 7> @ T planar has four flat bands despite neither
the T, phase nor the Tj planar Tegion of the 77 phase having
any flat bands. This implies that the combined orthonormal-
ized irrep eigenvectors have a nontrivial winding around the
zone center. We refer to such cases as “intertwined” flat
bands, which are more than the sum of their parts. The com-
plete list of phase boundaries with intertwined extensive flat
bands are precisely the three combinations of the easy-plane
ground states: E ® 15, E @ T planar, and 7> @ Ti planar- The
three boundaries of the 7; phase generically contain inter-
twined but subextensive flat bands: A, @ T} and E & T| have
intertwined flat lines while 7, @ T has intertwined flat planes.
Finally, moving to the triple lines and points in Table VI, the
Az, > 0 has no intrinsically new flat bands, it is a trivial
stacking of the E @ T, phase boundary flat bands with the A,
irrep. The Az, > O triple line has no flat bands but has inter-
twined flat planes. The remaining two triple lines, Ay, > 0
and Ar > 0, both have intertwined flat bands, and the HAFM
points have intertwined flat bands.

D. Charge-flux relations between irreps, band
touchings, and Gauss laws

We have now looked at the possible degenerate combina-
tions of irreps listed in Tables V and VI and seen that many
of them yield flat bands, which are prerequisite to spin-liquid
ground states. At the level of the SCGA, all of these flat band
models are spin liquids with a well-defined long-wavelength
theory characterized by a field satisfying a Gauss law con-
straint [28,55,56]. In direct space, the flat band eigenvectors
can in principle be used to construct compact localized de-
formations of ground-state spin configurations which preserve
the local constraint that all excited irreps are suppressed [132].
We now look to unpack further the underlying mechanism by
which the degenerate irreps become intertwined to produce
these flat bands and Gauss laws. The irreps are not entirely
independent of each other, instead some act as fluxes and

others act as charges of the emergent gauge theory describing
these spin liquids.”?

1. Easy-axis irreps

Consider first the limit of the pure-J,, Hamiltonian with
all other couplings zero. This corresponds to the maximally
anisotropic limit where all spins lie along their easy-axes,
with corresponding irrep decomposition Ay @ T} jce. All other
irreps, corresponding to easy-plane modes, do not appear
in the Hamiltonian, their energies are J; = 0. Those absent
easy-plane irreps cannot be the ground state, therefore we
must have that Jy, <0 and J7,,, > 0 or vice-versa. To see
how these irreps are coupled, it is instructive to write the
Hamiltonian in this limit in terms of the pyrochlore adjacency
matrix,

J. .
Hj = % ZAiijsj (local z)
ij

g (78)

= const. + Jy, Z |ma,
t

where A;; = +1 if i and j are nearest-neighbor sites and zero
otherwise. On a single tetrahedron, this has the form

o 1 1 1
1 0 1 1

A,‘j = | Lo 1 (i,j€t), (79)
1 1 1 0

which has a single eigenvalue +3 corresponding to the A;
irrep and a triply degenerate eigenvalue —1 corresponding to
the T} jc. itrep, whose associated eigenvectors are

Ay (+1,+1,+1,+1), (80)
(+1,+1, -1, -1),
(+1, =1, +1, —=1), 81)
(=L +1,+1,-1).

Tl Jice -

Notice that the three T .. eigenvectors differ from the A,
eigenvector by reversing two spins. Correspondingly the A,
ground states are all-in-all-out, Fig. 12(b), while the 7} jc.
ground states are two-in—two-out, Fig. 12(a). If we think of
each S7 as representing a flux going in or out of the tetrahe-
dron,?* then two-in—two-out states may be viewed as having
“zero divergence,” while the all-in-all-out states have maximal
divergence. Thus if we associate the 7j . eigenmodes to
zero-divergence fluxes, the A, eigenmode is the corresponding
charge which sources a nonzero divergence. This illustrates
the charge-flux interrelation of these two irreps, which un-
derlies the emergent gauge theory description of spin ice
[27,30,83,124]. Another way to see this is that there is a sum

23From the gauge theory perspective, the “fluxes” we are discussing
correspond to the electric field, not magnetic (gauge) fluxes.

2More precisely, these fluxes should be thought of as being along
the edges of the parent diamond lattice.
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FIG. 12. Illustration of the flux-charge relation between irreps.
Each three-component vector irrep acts as a flux, and its correspond-
ing charge is obtained by reversing two spins. In the long-wavelength
limit, gapping one of the charges will force the corresponding flux
to have zero divergence. (a)—(f) In the easy-axis/easy-plane limit
J.+ = Jiyx = 0, the local x, y, z components are decoupled into three
independent charge-flux combinations: (a), (b) The T ;. irrep cor-
respond to two-in-two-out states with zero lattice divergence, while
the A, irrep corresponds to all-in-all-out states with maximal lattice
divergence [27,81,90]; (c), (d) Flipping two spins from the 7} pianar
irrep results in the a i, configurational; (e), (f) Flipping two spins
from a 7, configuration results in a y3 configuration. (g) In the
isotropic limit the global x, y, z components decouple, the three Ty
irrep components D act as the charges, and the fluxes correspond
to the columns of B. (h), (i) Illustration of how gapping the charges
yields a zero-divergence constraint on the fluxes at the level of bands.
(h) In the limit where the A tetrahedra are decoupled (zero coupling
on the B tetrahedra) the irreps label a set of flat bands, one for
the charge and three for the flux, shown on the left. (i) Turning
on the coupling between tetrahedra, the necessity that the charge
is zero on the B tetrahedra restricts the allowed configurations on
the surrounding A tetrahedra, resulting in the longitudinal (along
q) component of the coarse-grained flux becoming dispersive. The
transverse (orthogonal to §) components remain flat.

rule relating these irreps,

> (s9)% (82)

i

2 2 _
|mA2’ + ’mTl,ice -

If all spins lie along the easy-axis in the ground state, then the
right-hand side is a positive constant and either the A, or 7} jce
is maximized, implying the other is minimized. Therefore it
is not possible to have both the T; ;. and A, eigenmodes
degenerate in the ground state, because raising the energy of
one lowers the energy of the other and vice-versa. We see this
in Fig. 7, and also in the fact that the last triple combination in
Table III has no solution.

This flux-charge relation has a dramatic consequence in
the long-wavelength expansion of the Hamiltonian. The band
structure of the interaction matrix _# has a single and triple
degeneracy at the zone center corresponding to the ¢ = 0
single-tetrahedron irrep eigenmodes. Away from the zone
center these bands disperse and need not remain degenerate.
The single-tetrahedron modes my, and my, ,, vary from tetra-
hedron to tetrahedron, thus we can give a long-wavelength
description in which the single-tetrahedron modes become
coarse-grained fields—A, becomes a scalar field Q and T} jce
a vector field B. Enforcing that Q = 0 then further forces the
divergence of B to be zero [28,81,90] due to the relation of
the A, and Tj . irreps. That is, the coarse-grained low-energy
theory satisfies the Gauss law constraint

On,=0=q-B;,, ., =0 (V-By,.=0). (83

To see where this extra constraint arises from, consider the
fact that the pyrochlore lattice can be divided into two sets
of tetrahedra, “A” and “B,” such that an A tetrahedron is
surrounded by four B tetrahedra and vice-versa [see Fig. 1(a)].
If we turn off the couplings on the B tetrahedra, then the
bands of the interaction matrix would be dispersionless (flat)
with degeneracies determined by the single-tetrahedron ir-
reps, Fig. 12(h), corresponding to completely decoupled A
tetrahedra which only have to satisfy their local constraint
but can otherwise be in arbitrary ground states. Turning on
the B tetrahedra couplings, we realize that we cannot choose
the A tetrahedra ground states completely arbitrarily, be-
cause we have to ensure that the B tetrahedra are also in
a ground state. Thus some of the flat bands from the de-
coupled limit must be lifted in energy, but in such a way
that the ¢ = 0 degeneracy is preserved. The result is a set
of flat bands plus a set of quadratically dispersing bands
which touch at the zone center, Fig. 12(i). The details of
this band touching, i.e., which eigenvectors become disper-
sive and which do not, correspond to the long-wavelength
Gauss law for the fluxes when the corresponding charges are
gapped: the longitudinal components of the flux field (those
that became dispersive) are suppressed, while the transverse
modes (those forming the residual flat bands) remain free to
fluctuate.?

ZNote that this “atomic limit” argument only works because the
tetrahedra centers form a bipartite lattice [28], for the nonbipartite
case it is possible that the flat bands become completely gapped
[133].
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In the opposite case, where the charge irrep has the
lowest energy and the flux irrep is gapped, then the con-
straint on the scalar charge field must be a zero-gradient
constraint, VQ = 0. Taking Fig. 12(i) and flipping it upside-
down (reversing the signs of the couplings) results in a band
structure with a unique minimum and a quadratic dispersion,
corresponding to a long-wavelength expansion of the form

la1*101*.

2. Easy-plane irreps

We can extend the easy-axis A,-Tj jce relation to the easy-
plane irreps E, 1>, and T} pjanar. Consider the isotropic easy-
plane XY model in Eq. (74), written as

Hyy = —J: Y Ayj(S}S}+5)S})  (local x, y),

ij

= const. — Jg Z Img|?. (84)
t

It follows from the first line that the local x and y modes
are decoupled, and the corresponding eigenvectors are again
given by Eq. (81), one for the x components and one for the
y. From the second line it is clear that the pair of charge
modes must correspond to the pair of E modes, leaving
the three-dimensional 75 and T pianar itreps for the two flux
modes. Indeed it is easy to see that reversing two spins in
a T planar State yields a i, configuration [Figs. 12(c) and
12(d)], while reversing two spins in a 7, state yields a 3
configurations [Figs. 12(e) and 12(f)]. Indeed they satisfy the
sum rule

=X+ ()] 69

i

2
+ |mTl .planar

2
img|* + |my,

so raising the energy of the charge E irrep with J. < 0 lowers
the energy of the two fluxes, which should both satisfy a zero-
divergence condition in the long-wavelength coarse-grained
limit.?

Qy, =0y, =0=¢Br,,,=q B, =0. (86)

While this might suggest that the ground state behaves as
two decoupled copies of a Coulomb phase, there is a U(1)
symmetry which rotates the two fluxes into each other. This
symmetry is spontaneously broken [26,47], thus the low-
energy theory is effectively that of a single Coulomb phase
plus a Goldstone mode, a “nematic spin liquid” [47].

3. Easy-axis plus easy-plane

Combining the analysis for the pure-J,, and pure-J.. mod-
els to the XXZ model, we note that the fine-tuned point
when J; = —2J; > 0 corresponds to the isolated T i @
T} planar @ T> triple point, where the ground state is described
by three Gauss laws, Egs. (83) and (86), which is precisely

26Due to the symmetry of the lattice we cannot split the energy of
the v, and ;3 charges since they are two components of a single
irreducible representation.

the pHAFM. The Hamiltonian can be expressed using the
three-component diagonal components of the multipole tensor
defined in Eq. (24c¢), as

Houarm = JE /4, Z 19,1, (87)
t

where Jp = Jy, at this point. For Jg 4, > 0 the ground state is
described by a trio of divergence-free vector fields, Egs. (83)
and (86), with an (unbroken) SO(3) symmetry rotating be-
tween them. For Jg,, < O the ground state becomes the
pseudoferromagnet (pHFM), which is a special point on the
A, @ E phase boundary with a spontaneously broken global
SO(3) symmetry, see Sec. VII.

However, there is the Ay @ 1> @ T} planar triple point when
J;; < 0. However, as discussed above (Sec. VIC 1), this is one
example of a trivially stacked band degeneracy. It does not
yield a more complicated Gauss law. Instead it combines the
two Gauss laws Eq. (86) with the constraint VQ,4, = 0, and
these irrep fields do not intertwine. The result is that the 7, &
T1 planar and A, behaviors compete and, as argued above, the
easy-axis order wins [48].

4. Isotropic limit

Next consider the isotropic case, i.e., the Heisenberg
model, which we can write as a sum of three (classically)
decoupled Hamiltonians

JHeis
HJHeis = HT Z (glObal X, ya Z)5

> AGSES;
ae{x,y,z} ij

= const. + Jp, Z 1D, %, (88)
t

where D, is the net dipole moment of a tetrahedron
[Eqg. (24a)]. We can immediately infer that the three charges
are the three components of the net-moment 77 irrep and the
ground state should be described by a trio of divergence-free
vector fields, one for each spin component, with an SO(3)
symmetry rotating between them. The z component of the
charge is shown in the first panel of Fig. 12(g), corresponding
to a collinear state. The three corresponding flux components
are obtained by flipping two spins, shown in the last three
panels of Fig. 12. Because the canting angle is nonzero, the
fluxes are mixtures of irreps—the x and y components are
mixtures of 77, and 7, while the z component is a mix of A,
and the 1, component of the E irrep. Notably, however, these
flux components corresponding precisely to the last column
of the multipole tensor B, Eq. (24b). Indeed each column
of the tensor corresponds to one of the three vector fluxes,
and we can define B = (B,, By, B;). In fact these are pre-
cisely the coarse-grained fluxes which were first defined and
used in Refs. [81,90], combined into a single rank-2 tensor.
Each of these fluxes satisfies a coarse-grained zero-divergence
constraint at low temperature when Jyeis > 0,

D=0=q-Bg=0 (B=x,y02), (89)
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which can also be expressed as a single rank-2 tensor Gauss
law,

9, B** =0, (90)

where all nine components of B are allowed to fluctuate.
This describes three degenerate sets of two flat bands and
a quadratic band touching, and the low-energy spin liquid
behaves as three copies of a Coulomb phase with an SO(3)
symmetry rotating between them [28,81].

5. Anisotropy, tensor Gauss laws, and pinch lines

So far we have discussed the easy-axis, easy-plane, and
Heisenberg limits. Each of these is “isotropic,” in the sense
that the Hamiltonian decouples into independent x, y, z com-
ponents, each related by the adjacency matrix, and the
corresponding Gauss laws follow from the adjacency matrix
band structure. The result is a set of decoupled Coulomb
phases with a symmetry rotating between them. We can then
consider perturbing from these limits with bond-dependent
anisotropies to tune toward the wide variety of other flat
band cases presented in Tables V and VI. This will yield
new types of spin liquids which are not described by simple
divergence-free vector fields, instead the coarse-grained fields
are multipole tensor fields. Generally, the long-wavelength
theory must be in terms of the coarse-grained version of the
vector D and the tensor B, which will satisfy certain con-
straints on their components.

For example, starting from the easy-plane limit, Eq. (84),
adding J1+ # O splits the energies of the 75 and Tj planar irreps.
This makes it possible to tune the E irrep to be degenerate with
either the 7j pianar OF T irrep, something which is not possible
for A; and T jc., because Eq. (85) involves three irreps, any
two of which can be made degenerate.?’ Referring to Table V,
on the 7, @ E phase boundary the band structure has two flat
bands, a threefold quadratic band touching at zone center, and
flat nodal lines along the high-symmetry (hhh) directions.?®
The coarse-grained fields will have the form of the tensor B,
Eq. (24b), but with m,, = m7, =0, i.e., the long-wavelength
field theory is of a trace-free tensor with diagonal and anti-
symmetric components. The Gauss law is then given by the
tensor expression Eq. (90), but with the additional constraints
that the trace and symmetric tensor components must be zero.
The existence of the flat lines is not obvious from inspecting
the Gauss law, as they arise from the additional constraints on
the tensor components.

Another important example is the rank-2 U(1) spin lig-
uid reported in Ref. [50]. In retrospect, we can easily see
why the model they consider has a Gauss law described
by a rank-2 symmetric trace free tensor—the ground-state

Interestingly, the charge-flux relation between the easy-plane
modes nicely explains why near the Tj yjar phase boundary the 3
state is selected via order by disorder, and similarly near the 7, phase
boundary , is selected [25]. For example, near the 7, @ E phase
boundary, ML, e is minimized, which stiffens the 13 fluctuations
and makes the v, mode fluctuations softer, driving the order-by-
disorder selection.

2The same holds for T planar DY the J1. duality when J.. = 0.

irreps on each tetrahedron are E® Ty ; (J3 =0), which
are precisely the components of the quadrupole moment
(Sec. IIC). This naturally gives the right tensor structure
for the low-energy long-wavelength expansion. The sys-
tem remains over-constrained, without flat bands, but adding
breathing anisotropy to relax the constraints on the B tetrahe-
dra yields the desired band structure.?® This idea was applied
by the author in Ref. [74] to construct a rank-3 U(1) spin liquid
by putting irreps corresponding to an octupole moment into
the ground state.

Howeyver, starting from the isotropic Heisenberg point and
inducing spin canting with the J3 interaction (mixing of
the two 7; irreps), for example moving along the Ay, > 0
line, will cause the vector and symmetric-off-diagonal ten-
sor components to mix due to canting. This results in more
complex constrained tensor Gauss laws, which generically
exhibit nodal lines touching the flat bands [48,49,51]. Refer-
ence [129], which appeared concurrently with this work, gives
a detailed prescription for how to derive the inter-tetrahedron
constraints and tensor Gauss laws and has done so for all
degenerate irrep combinations in the pyrochlore lattice. It
remains unclear at this point how to fully account for the emer-
gence of these more complicated tensor Gauss laws directly
from the multipole tensors.

E. Pinch lines, multifold pinch points, and fractons

We close with a brief discussion about the relation between
pinch lines, multifold pinch points, and fractons. Fourfold
pinch points arise from the Gauss law of a rank-2 symmetry
tensor gauge theory, which describes fracton topological or-
der [50,52,53,126,127]. There are two basic types: the scalar
charge theory has Gauss law 0,0gE.s = p = 0, where E,g is
the rank-2 tensor electric field; the vector charge theory has
Gauss law 9,Eqp = pg = 0. In a spin liquid the scalar Gauss
law would arise due to a quartic band touching in the spectrum
of the interaction matrix, corresponding to a long-wavelength
expansion of the form (g,qsEqp)*, which does occur in the
model we consider here. All of the Gauss laws occurring for
the spin liquids occurring in the pyrochlore model considered
here are vector charge theories with quadratic dispersions.
None of them are of the symmetric tensor type, instead they
generally have more complicated Gauss law which mix sym-
metric tensor fields, antisymmetric tensor fields, and vector
fields together [129]. As can be seen in Figs. 10 and 11, we
have a plethora of fourfold pinch points arising from these
complex Gauss laws. Here we wish to emphasize, that all of
these fourfold pinch points arise from nodal (pinch) lines,
rather than from the quadratic band touching of a rank-2
symmetric tensor gauge theory.

2 Another way to say this is that with breathing anisotropy all irreps
are doubled into even (gerade) and odd (ungerade) copies, with the
even copies controlling the band structure at the zone center and
the odd copies controlling the band structure at the zone boundary.
Putting couplings on the B tetrahedron to be those of the HAFM, i.e.,
bringing the A, and T, irreps to the ground state on the B tetrahedra,
brings down some of the bands at the zone boundary to be degenerate
with those at the zone center, resulting in flat bands.
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FIG. 13. Three-dimensional structure of a fourfold pinch point.
Here we have plotted the ¢ = 0 pinch points from the Ag > 0 line
with x = 0.1, but all fourfold pinch points visible the in the various
structure factors have the same qualitative structure. (a) equal-
intensity contours of the structure factor for a cube centered at the
zone center with —0.1 < &, k, [ < 0.1. Three pinch-line singularities
run along the (hhh) directions of reciprocal space, i.e., the diagonals
of a cube (red lines), meeting at the zone center. (b) Cutting through
this in a cubic plane such as (h0!) reveals a fourfold pinch structure.
Slicing away from the zone center the pinch lines are visible as
threefold pinch point singularities. Cutting it along a cube diagonal
plane like (hhl) reveals the pinch lines, cf. Figs. 10 and 11 (not shown
here). (c) Cutting along a plane orthogonal to (hhh) through the zone
center shows a sixfold pinch. Cutting orthogonal to the (hhh) line
away from the zone center shows threefold pinches.

The full three-dimensional structure of the pinch singular-
ity at the zone center is shown in Fig. 13, which is qualitatively
identical for all the fourfold pinches observable in Figs. 10 and
11. The nodal lines run along the three cube diagonals, colored
red in Fig. 13(a), and intersect at the zone center. Figure 13(a)
shows equal-intensity contours of the structure factor, which
is singular along the pinch lines and goes to a minimum along
the cubic (h00) axes. Slicing through this in a cubic plane
such as (40!), illustrated in Fig. 13(b), reveals a fourfold pinch
point at the zone center, while cutting along such a cubic plane

away from the zone center reveals four pinch points where
this plane intersects the pinch lines. However, cutting along
a plane orthogonal to the (hhh) pinch lines reveals a sixfold
pinch pattern at the zone center, or a threefold pinch pattern
away from the zone center, as illustrated in Fig. 13(c) The
threefold pattern arises due to high intensity on the three cube
edges which merge together along the cube diagonals, which
can be seen in Fig. 13(a).

Thus the fourfold pinch points of these spin liquids seen in
Figs. 10 and 11 actually reflect the cutting of these nodal lines
in high-symmetry planes. They are distinct from those origi-
nally envisaged in the symmetric tensor gauge theory, which
would arise at rotationally symmetric quadratic or quadratic
band touching point [50,52,53]. It is important to ask the ques-
tion of whether these multifold pinch points and their parent
nodal lines are indications that these are fracton spin liquids
or not. The presence of nodal lines in three-dimensions is
indicative that the system satisfies a Gauss law in every plane
orthogonal to the nodal line direction in direct space [134].
This is strongly suggestive of fractonic behavior, as most
fracton field theories are built on a foliated space by coupling
gauge theories in neighboring leaves of the foliation [135].
Nodal lines spin liquids are clearly much more common than
rotationally symmetric tensor spin liquids, which is sensible
since the nodal lines break rotation symmetry and are only al-
lowed in a crystalline environment. Crystalline environments
have a natural foliation structure, so it would not be surprising
if nodal line spin liquids are indeed fractonic. Unfortunately,
the classical spin liquids discussed here are defined as statisti-
cal mechanical systems of continuous spins, and do not have
well-defined quantized excitations which can exhibit fractonic
behavior such as restricted mobility [52]. A clearer answer to
the relation between nodal lines, multifold pinch points, and
fractons in classical spin liquids will require the study of such
spin liquids with Ising spins, i.e., fractonic analogs of classical
spin ice, with well-defined quantized quasiparticle excitations
(see Ref. [136] for an example).

F. Quantum spin liquids

In the future it will be interesting to study degenerate in-
tersections of phases in more detail, and to determine whether
any of them gives rise to a stable quantum spin liquid. Un-
fortunately in three dimensions there are few tools available
to determine this. The only example where we have a mean-
ingful level of analytical control is quantum spin ice, i.e.,
perturbing around the classical spin-liquid point J,, > 0 with
all other couplings zero. There, we can perform a direct map-
ping from the spin Hamiltonian to a U(1) lattice gauge theory
Hamiltonian [31], where the S} operators map to electric field
operators and the spin raising and lowering operators Sl.i map
to electric field raising and lowering operations exp(=%iA),
where A is the lattice vector potential. This is only possible
because the transverse fluctuations can be treated perturba-
tively on top of a classical Ising limit. This method—treating
the classical ground-state manifold as electric field eigenstates
and spin-flipping terms as Wilson string operators—cannot
be applied to study, say, the quantum HAFM, because the
isotropic nature of the classical ground state means there is
no preferred way to split spin operators into longitudinal and
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FIG. 14. (a) J.» > 0 phase diagram showing all four triple lines from Table III including the Ay < O portions where the triple degeneracy
occurs in the irreps above the ground state (red region on the left of the plots in Fig. 5). Colors are the same as Figs. 7 and 8. Each is a
circle which winds around the line of “diabolical” 7} locus (blue line), and all four intersect at the two HAFM points. Points where these lines

intersect the J.. = 0 plane (left and right ends of plots in Fig. 5) are labeled (I’

)°%, where & denotes the sign of Ay: + indicates this irrep

is gapped and — indicates it is the ground state. (b) The “ferro” versions of the three triple lines and two isolated triple points, with reversed
signs of all couplings H — —H. The Heisenberg-plus-J.+ family (red circle, cf. Fig. 8) with both A7, # 0 maps to itself, while the other
three are mapped to new lines with triple degeneracies above the ground state. All four intersect at the two HFM points. The intersections
with J.; = 0 are indicated with a minus sign compared to the same labels in (a). Note that HFM = —HAFM, pHFM = —pHAFM, and

Tlo_ = — 7‘10+ .

transverse components. Indeed the ground state of the quan-
tum HAFM has been debated extensively, with the general
view being that it exhibits some form of order, symmetry
breaking, or dimensional reduction [91,131,137-140]. Simi-
larly, the various tensor spin liquids arising from flat bands in
the model discussed in this paper do not have a perturbative
limit—all three spin components are used in the definition of
the electric field, and all three also act as raising and lower-
ing operators for each other—though there is some evidence
that these quantum models do have some fractonic properties
[141].

It will, in the long term, be interesting to determine whether
the various degenerate loci in the pyrochlore phase diagram
host quantum spin liquids. In particular, it will be inter-
esting to understand the quantum ground states along the
four triply degenerate lines and how they merge together at
the quantum HAFM point. Previous studies have classified
various types of quantum spin-liquid mean-field ground-
state wave functions compatible with the symmetries of the
pyrochlore lattice [8,142—145]. Reference [8] emphasized
how these are closely related to the competition of various
intertwined irrep orders. Beyond mean field analysis, numer-
ical methods are required. Unfortunately Quantum Monte
Carlo algorithms are not generic enough to explore the en-
tire phase diagram efficiently, and other powerful techniques
like DMRG have extremely limited applicability in three
dimensions. Relatively recently, pseudofermion functional

renormalization schemes have been developed which work
well in three dimensions—see Ref. [146] for a review—and
applied to the pyrochlore lattice [63,77,91,147-150]. These
methods can detect certain ordering instabilities and predict
two-point correlation function, but involve uncontrolled ap-
proximations and so must be used in combinations with other
numerical and analytical methods to approach the question
of whether the quantum ground state avoids ordering and
becomes a spin liquid.

VII. TRIPLE DEGENERACIES IN EXCITED STATES

While we have discussed so far the cataloging of cases
which have large degeneracies in the ground state and the
resulting zero-energy flat bands, these high degeneracies can
still be present even when they are not at zero energy. Such
excited state degeneracies do not come into play in the
ground-state determination but may leave interesting imprints
on the excitations above the ground state, e.g., in the spin wave
(magnon) spectrum. As such, we close by briefly discussing
the loci in the phase diagram where triple irrep collisions
occur above zero energy. The effects of these enhanced de-
generacies on the excitation spectrum within each phase will
be an interesting topic for future study.

As mentioned previously, the triply degenerate lines
parametrized in Table III can be continued to negative A, and
form complete circles in the phase diagram, as is shown in
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Fig. 5. All four such lines wind nontrivially around the degen-
erate 77 locus. They are shown in Fig. 14(a) in the /.1 > O half
of the phase diagram, along with the two triple points. All four
cycles intersect at the two fourfold-degenerate HAFM points.
Each line, labeled by a single irrep I’ which is tuned while
the others are kept degenerate, intersects the J,. = 0 plane
at two points, one where Ay > 0 and one where A, < 0,
which we have marked and labeled as (I')’* depending on
the sign of Ap. The Ag < 0 line is not shown in its entirety
as the stereographic projection maps the E%~ point far from
the origin. The (I’)°~ points are in a sense “centers” of their
respective phases: they are the points where all three neighbor-
ing phases have equal and maximal gap, implying that these
points are equidistant from all three phase boundaries. This
can be seen in Fig. 5(c), where these points correspond to the
left-most limit of each plot: the triply degenerate irreps have
J;r =0 at these points while Ay < 0 reaches its minimum
value. The line where both 7; irreps are tuned, corresponding
to the Heisenberg-plus-J,. model discussed in Sec. V A, is
slightly different. It cannot be parametrized by A7 /Ay,
because both go negative on part of the path, so we have
parametrized it instead by the splitting of the two 7 irreps.
This line passes through two special points in the 77 phase,
namely the Heisenberg ferromagnet and its dual. These may
respectively be thought of as two different “centers” of the T}
phase, because in Fig. 8 one can see that the 7} phase appears
to be the union of two roughly spherical lobes centered on
these two points.

These are not all of the triply degenerate cases, however,
only the ones that are obtained from the fourfold degenerate
HAFM by lifting the degeneracy of one irrep. The remaining
ones are obtained by flipping the signs of all the couplings,
i.e., changing the sign of the Hamiltonian H — —H. This
produces another set of triple lines which all intersect at the
HFM, shown in Fig. 14(b) along with two additional triple
points, the pseudo-HFM and the ferromagnetic version of
the DQQ (also appearing in Fig. 8). We have indicated the
locations of the intersections of these lines with the J.+ =0
plane, labeled the same as in Fig. 14(a) but with a minus
sign to indicate these are the “ferro” counterparts. The I’ = T
line (red), corresponding to the Heisenberg-plus-J,; model,
is special because this family of Hamiltonians is mapped to
itself under H — —H. Since this line connects the HAFM and
HFM points, it connects all of the triply degenerate models
together.

VIII. CONCLUSION

In this paper we have considered in detail the struc-
ture of the classical phase diagram of rare-earth pyrochlore
magnetic insulators with nearest-neighbor anisotropic inter-
actions, described by the Hamiltonian Egs. (2) and (3) with
zero single-ion anisotropy.

In Sec. II we gave an intuitive derivation of the organization
of spins into tensor order parameters, corresponding to the
multipole moments of a single tetrahedron. We directly related
the various tensor components to irreducible representations
(irreps) of the tetrahedral symmetry group 7y, listed in Table I,
each of which corresponds to a ground state shown in Fig. 3.
The presence of two copies of the 7} irrep results in the canting

cycle shown in Fig. 4. We described how different irreps are
coupled together, where the three-component vector irreps
serve as “fluxes” with corresponding “charges” given by the
three components of A, @ E: raising the energy of a charge
lowers the energy of its corresponding fluxes and vice-versa,
and gapping a charge forces a zero-divergence condition on
the corresponding flux.

In Sec. III we parametrized the model space—the space of
equivalence classes of models differing by affine rescalings,
topologically a three-sphere—in terms of the relative irrep
energies. This allowed us to perform an exhaustive search
of all possible ground-state degeneracies, which uncovered
four triply degenerate lines where three phases meet, listed
in Table III, all of which meet at the Heisenberg antiferro-
magnet point and its J,1-dual, where all four phases become
degenerate. Two isolated triple points also occur when
J.x =0.

In Sec. IV we visualized the structure of the phase diagram
by using a stereographic projection from the unit three-sphere
in the space of the four local couplings to R>. Since the
phase diagram is reflection-symmetric about /., = 0, we first
mapped this stereographically in Fig. 6, which yields the
phase diagram of non-Kramers pyrochlore magnets (for which
J.2 = 0). We then mapped the phase diagram for J.. # 0
(allowed for Kramers doublets) in Fig. 7, which exposes all
of the phase boundaries, the four triply degenerate lines, and
shows how they merge at the two fourfold degenerate HAFM
points. We also noted the locus along which the two 7 irreps
are degenerate, which is a circle lying in the J,1 = 0 plane.
This locus pierces the 7 @ T, and T} @ E phase boundaries,
giving rise to the two isolated triple points in the phase dia-
gram.

In Sec. V we discussed the Tj-degenerate locus in more
detail. Going around any path in parameter space that links
it the canting angle winds by m. In Fig. 9 we showed how
the phase diagram is foliated into two-spheres on which the
canting angle is constant, all of which intersection along the
Ti-degenerate locus. This is analogous to “diabolical loci”
which gives the phase diagram a topological structure not
evident from energetic considerations alone. Adiabatically
transporting the system around this locus within the 7; phase
will cause the spins to perform a half-rotation around the
canting cycle illustrated in Fig. 4. There is a topological in-
variant associated to one-parameter families of Hamiltonians
which identifies how many times they wind around the locus.
We briefly described a general framework for such loci in
frustrated magnets made of corner-sharing clusters in terms
of homotopy groups of PSO(n).

In Sec. VI we considered how the enhanced degeneracies
obtained by collision of ground-state irreps at classical multi-
critical points can give rise to flat bands, and how these may
lead to spin liquids. We provided a general discussion of the
connection between flat bands and spin liquids, and discussed
various ground-state selection mechanisms that may co-opt
the formation of a stable classical spin liquid. We provided an
overview of known spin liquids on the pyrochlore lattice ob-
tained from the anisotropic Hamiltonian, and in Tables IV-VI
provided a catalog of all flat-band degeneracies in the phase
diagram, and identified which combinations of irreps yield
flat-band degeneracies which are more than the sum of their
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parts (i.e., intertwined) versus trivially stacked. In Figs. 10 and
11 we provided reference structure factors computed in the
self-consistent Gaussian approximation for various interesting
flat band cases, and described the relation between fourfold
pinch points and pinch lines observed ubiquitously in these
models: Fig. 13 demonstrates the three-dimensional structure
of the pinched correlations at the intersection of pinch lines,
which when cut produce fourfold pinch points.

Last, in Sec. VII we identified all loci in the phase diagram
where three irreps are degenerate above the ground state,
including both the continuation of the triple phase degenera-
cies into each phase along with their ferrocounterparts which
all intersect at the Heisenberg ferromagnetic points. This is
summarized in Fig. 14.

Beyond the issue of whether any of the flat band cases
we have cataloged host stable quantum spin liquids, in the
future it will be of interest to extend the analysis here to
study the broader phase diagram of breathing pyrochlores,
which can have different couplings on the two symmetry-
inequivalent sets of tetrahedra and may host additional spin
liquids [23,144,151]. Furthermore, there may be surprising
physics to be gleaned within the ordered phases of the
pyrochlore in the spectrum of (magnon) excitations, as evi-
denced by the extended 7;-degenerate locus and the various
lines of high degeneracy in the band structure above zero
energy. Last, it will be interesting to study in more detail the
canting cycle in the pyrochlore and other frustrated magnets,
to explore its potential connections to diabolical loci, symme-
try pumps, and boundary symmetry breaking, and whether it
has experimentally observable consequences.

Beyond the pyrochlore Hamiltonian considered here, the
methods used in this paper are applicable to other models.
For example, in Ref. [74] we have applied the same meth-
ods to study the equivalent of Eq. (3) with spins (dipole
operators) replaced by quadrupoles, which increases the num-
ber of degrees of freedom, and for which one can similarly
identify diabolical loci and spin liquids arising from the col-
lision of irreps. In general, flat band classical spin liquids
arise in Hamiltonians which enforce local constraints, some-
times called ‘“constrainer Hamiltonians” [28,54-56]. In the
pyrochlore model considered here, the local constraint is that
ground states have zero overlap with the gapped irreps on
each tetrahedron. In general constrainer Hamiltonians, the
local constraints involve a constellation of dipole operators—
spins—and it is natural that different constraints correspond
to extinction of certain multipole moments of the spin distri-
bution, and correspondingly to the collision of ground-state
irreps. It will be interesting to extend this to further-
neighbor interactions and other lattices, and to eventually
perform a complete symmetry classification of constrainer
Hamiltonians.
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APPENDIX A: COORDINATE CONVENTIONS

Although not crucial for the results presented in this paper,
for completeness we provide a set of coordinates for the local
bases and parametrizations discussed throughout the paper.
Defining the cubic axes of the pyrochlore crystal structure to
be along the three Cartesian axes &, &y, &;, the FCC primitive
vectors can be given by

e, +e,
2 9

&, +e.
2 9

e +é
as = dp 7

(AD)

a; = dp a; = do

where qg is the cubic conventional cell lattice constant. The
four FCC sublattice vectors, corresponding to the four corners
of a tetrahedron, can then be given by

=0, cx=a/2, c3=ay/2, cy=a3/2. (A2)

The centers of the tetrahedra form a bipartite diamond lattice
with sublattice positions

4
1
6i=ﬂ:4—1 ZCM, (A3)

n=I1

where we use u to index the FCC sublattices of the pyrochlore
lattice. The four sublattice easy-axis vectors can be then be
specified by normalizing the displacement vector from the
center of a tetrahedron to each corner,

c,— 86
By = |c:_—61| (A4)
Using the notation
[abc] = ae, + bé, + ce; (AS5)
along with @ = —a, we can provide bases for the local frames
at each corner of the tetrahedron (up to normalization),
R o [112] 2 o [112] %3 o< [112] &4 o [112]
1 o< [110]  §, o< [110]  $5 o< [110] $, o< [110] (A6)
2y oc [111] 2 oc [111] 23 o [111] 24 o [111].

These are shown in Fig. 15. The £,, vectors have been chosen
to lie in mirror planes, while the y, vectors lie along a C;
rotation axis. With these convention, referring to Figs. 3 and
4, Y5 has all spins along X,,; 3 has all spins along y,,, 7> has
two spins along $,, and two along —§ ,; T} planar has two spins
along %, and two along —X,; A, has all spins along Z,; and
Ti ice has two spins along 2, and two along —Z,,.

APPENDIX B: FOURIER TRANSFORMS

Due to translation invariance the interaction matrix in
Eq. (1a) is diagonal in the Fourier basis. We take the system
to consist of L? unit cells with periodic boundaries, in which
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N —
‘
- =4

) \
P

FIG. 15. (a) Single tetrahedron inscribed in a cube showing the
local orthonormal basis vectors defined in Eqs. (A4) and (A6). Red
vectors are Z,, along the local threefold easy-axis. Yellow vectors are
the %, which lie in mirror planes. Green vectors are the $, which
lie along local C, axes which exchange neighboring tetrahedra. Note
that the v, (13) configurations in Fig. 3 correspond to all spin lying
along £, (9,)- Black arrows through the tetrahedron center denote
the cubic [001] directions.

case

1 ) y
336 (q.9) = E Z Z‘]Ifj_ﬁell]ﬂeﬂq i

iep jev
=8, Z‘]lf’]{/seiq'(ff*".f) (iep)
jev

= 80.4750 (@), (B1)

where the sums are restricted to sites in a single sublattice. For
nearest-neighbor interactions it is useful to define a modified
adjacency matrix of the pyrochlore lattice,

1 i, j are nearest neighbors,
0 otherwise,
whose Fourier transform is
Au(q) = (2 = 8y)coslg - (e, — €))]. (B3)

The Fourier transformed nearest-neighbor interaction matrix
is then

b =138 A (@), (B4)
where the 12 x 12 matrix J' l‘ff is given in Eq. (C2). The on-site
term in Eq. (B2) is added to allow for the on-site single-ion
anisotropy interaction, which is double counted in the un-

restricted double sum in Eq. (la). For reciprocal space we
use Miller indices relative to the cubic conventional unit cell,

FIG. 16. First Brillouin zone of the FCC lattice, with high-
symmetry points and lines marked. The orange surface indicates
the (hk0) plane and the blue surface indicates the (hhl) plane. The
red path corresponds to the line cuts shown in Fig. 2. The labels
correspond to reciprocal space Miller indices, Eq. (BS): I' = {000},

X={001}, L={i1  Kk=(330LU=(311}, W =321}

denoted with round brackets

2
g =" (he, + ke, + 12.) = (hkl). (B5)
ap -

Figure 16 shows the first Brillouin zone of the FCC lattice
with high-symmetry points, lines, and planes marked.

APPENDIX C: MAPPING BETWEEN
PARAMETRIZATIONS

The number of free parameters in the interaction matrix J
in Eq. (1a) is restricted by symmetry. A given space group G
acts on the spin configuration S by permutation of the site
index i and pseudovector rotation of the spin components in-
dex «. For nearest-neighbor interactions in the (nonbreathing)
pyrochlore lattice, the interaction matrix is the same on every
tetrahedron, so the symmetry constraints can be obtained from
just looking at the symmetry group of the tetrahedron, 7y,
with action defined by the representation p in Eq. (9). The
allowed spin-spin couplings can be deduced from the fact that
the Hamiltonian on a tetrahedron reduces to a sum over the
irrep order parameters squared, or more generally by solving
the equations
and J=J".

[d.p(®]=0 VgeG (CDH

1. Global frame J;-J,

With the conventions in Appendix A, the symmetry-
allowed matrix elements in Eq. (la) for a single tetrahe-
dron, denoted H‘Zﬁ where w, v index sublattices (tetrahedron
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corners), take the form

d d d Ji T B Js T3 bh I U
d d d J3 J .74 Js Uy .74 i S
d d d Ji Ty ) Ji Ji Jo 0
S LU d d d b Iy Iy Ji Jy T
Z 3 Z 1 J. 4 d d 3 .74 J 1 .73 ]4 Jz 74
Jo Ji ) d _E d Jo T3 J3 Jio ©2)
A /R A b Ty Uy d d d Ji Jz s ’
Jo L Iy Jo N T3 d d d J3 4 U
J 3 J4 J 1 .74 j3 J 1 d E d J4 .74 Jz
bhoJy T4 i T3 /R PR A d d d
Joo N Jo h A J3 N T4 d d d
Jy BN .73 .74 Ji .74 Js N d d d
where for compactness we have used a bar to indicate a negative, Js = —Jy and d = —d, and defined d = 3Jg5 [cf. Eq. 2)].

Equation (1a) showed only the matrix elements for © = 1 and v = 2.

2. Global frame coordinate-free

In Eq. (2) we provided another version of the Hamiltonian with various named interactions: Heisenberg, pseudodipolar,
Kitaev-like, and Dzyaloshinskii-Moriya (DM). Their definitions are provided by Fig. 1. They are directly related to the global-
basis parameters J; through Jy. It suffices to compare the interaction matrix J,‘i‘f in Eq. (C2) for a single pair pu # v. With the
conventions for the vectors given in Fig. 1 and Appendix A, we have the identification for sublattices w = 1 and v = 2:

Ji 3 =y Jueis + Jpp/2 Jrp/2 Jom/ V2
]3 ]1 —.14 = JPD/2 JHeis + JPD/2 JDM/\/E . (C3)
Ji 4 J2 —JDM/\/E —JDM/ﬁ JHeis +Jk

3. Local frame

To obtain the local basis Eq. (3), let R,, denote the SO(3) matrices rotating from the global Cartesian basis {&y, &,, &} to the
local basis on each sublattice defined by Eqgs. (A4) and (A6), and let Q denote the nonunitary transformation

1 i 0
O=|1 —i Of:(S.5,.5)—(5.5,.5). (C4)
0 0 1

let R denote the block-diagonal matrix diag(R;, Ry, R3, R4) and let @ denote the block-diagonal matrix diag(Q, Q, Q, Q). Then
the local couplings in Eq. (3) are obtained by transforming Eq. (C2) as*

Jocal = (@) R Jgiopat R'C@ 7, (C5)

where + denotes the conjugate transpose. Note that the complex phase factors appearing in Eq. (3) depend on the convention for
the local bases. With the choice of basis from Appendix A, they are

0 0 0 1 1 1 1 -0 o 1 ©* —w

0 0 0 1 1 1 w? 1 —w | —w 1 w?

0 0 0 1 1 1 -0  w? 1 ? —w 1

1 1 1 0 0 0 1 0w —w| 1 - o

1 1 1 0 0 0 —w 1 »* | »? 1 —w

1 1 1 0 0 0 ot —w 1 -0 o 1

1 —o o 1 o> —w]| 0 0 0 1 1 1 ’ (C6)
w? 1 —w | —w 1 w? 0 0 0 1 1 1
-0 o 1 ®* - 1 0 0 0 1 1 1

1 ®w  —w 1 -0 o 1 1 1 0 0 0
—w 1 o* | @? 1 —w 1 1 1 0 0 0
w* - 1 -0 o 1 1 1 1 0 0 0

30Note that we are taking the Hamiltonian to be defined by the complex sesquilinear inner product, H = S* - J - §/2. Because of this, the
g y p q p

Sf Sj’ terms appears as diagonal components in Jjo.,, While the Sf S;r terms appear as off-diagonal components. Note further that Jjoc, and

Jeioba do not have the same eigenvalues as @ is not unitary.
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where w = (—1)'/3 = /3, The relation between the global
and local coupling parameters are given in Eqgs. (4a) and (4b).

APPENDIX D: SCGA STRUCTURE FACTORS

In the SCGA, the spin length constraint is relaxed to a
Gaussian distribution whose variance is enforced by a La-
grange multiplier A. Given a quadratic spin Hamiltonian H
of the form Eq. (1a), we define the SCGA Hamiltonian

Hscoa =H+T Y MiISil*, (D1)
where T is temperature. The partition function is then simply
a multivariate Gaussian integral,

Zscoa = /ndsf‘

By B
xexp | =Y " SH(nibijdap +B83L)SE |, (D2)
ij op o
A
where B = 1/T is the inverse temperature and § is the Kro-
necker delta. Correlation functions are then simply given by

(sest) =G = (1A + AL (D3)

The Lagrange multipliers are solved for self-consistently via
the constraint

L= (IS:%) =Y (1A + Ba1 . (D4)

Since every site is symmetry-equivalent in the pyrochlore
lattice, the Lagrange multipliers are all the same, A; = A, and
the self-consistency condition can be solved by averaging over
all sites,

1= Tr[Al + I,

(D5)
N, spins

where 1 is the 12L3-dimensional identity matrix. We assume
that the minimum eigenvalue of J has been shifted to zero,
let .# denote the kernel of J, and let Ny = dim.%# denote
the number of zero eigenvalues of J (if not, then let v de-
note the minimum eigenvalue and redefine J — J — vl and
A — A + Bvl). In the limit of high temperature § — 0 the
solution is A = 3 (the number of spin components). In the low-
temperature limit 8 — oo all positive eigenvalues of J are
suppressed in the inverse, and the solution is A = Noy/Ngpins- If
Np is subextensive, then Ny /Ngpins — 0 in the thermodynamic
limit Ngins — 00, meaning that A vanishes at some critical
temperature 7, indicating a phase transition as the stiffness
of the zero-energy modes vanishes, and a breakdown of the
SCGA below T,. If the number of zero eigenvalues is exten-
sive, i.e., J has zero-energy flat bands, with Ny = 3Ngyins f
for 0 < f = nga/nor < 1, then the solution is A = 3f. The
zero-temperature correlation functions are then given by the
projector P to the kernel of g,

li ! P

Tlg%)g - g 7

We use this formula to calculate the structure factor plots in
Figs. 10 and 11.
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