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Nonlinear Hall effect in bilayer WTe2 induced by strong laser fields
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The study of the interplay between the geometric nature of Bloch electrons and transverse responses under
a strong field offers new opportunities for optoelectronic applications. Robust nonlinear anomalous Hall phe-
nomena can originate in inversion asymmetric crystals with avoided band crossings due to large Berry curvature
peaks. Here, we investigated the relationship between nonlinear Hall effects and nonlinear optical responses
of bilayer WTe2, ranging from perturbative to nonperturbative regimes. The high-harmonic generation (HHG)
spectra under a strong field clearly exhibit a plateau and energy cutoffs, i.e., an unambiguous signature of
nonperturbativeness, for both longitudinal and anomalous Hall (transverse) currents, with the latter being due
to the large interband Berry curvature. For the longitudinal harmonics, the intraband contributions increase with
intensity, resulting in a complex interplay between interband polarization and intraband motions. If we take
a comprehensive all-band perspective enabled by time-dependent density functional calculations and define
the intraband current as the diagonal part of the total current density matrix obtained through the projection
operation, the anomalous Hall responses are attributed to the interband processes, even in the nonperturbative
regime, though the decomposition into the intra- and interband components is arbitrary rather than physically
essential. Thus, Hall HHG can be crucial to understand the carrier dynamics. Our findings suggest that HHG
associated with the ultrafast strong-field-driven electron dynamics holds immense potential for exploring the
nonlinear high Hall responses in noncentrosymmetric semimetals.

DOI: 10.1103/h6bd-f8pf

I. INTRODUCTION

The transverse electric responses, commonly referred to
as the Hall effects, are at the center of various condensed-
matter research areas, including dissipationless topological
edge states, magnetic topology, spin-orbit-coupling effect,
and disorder scatterings [1–6]. Within the linear limits, elec-
tronic transverse responses originate from nonzero Berry
curvature and are subject to broken time-reversal symmetry
[7]. In the nonlinear domain, symmetry constraints change,
and structural inversion asymmetry can lead to nonlinear
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second-order anomalous Hall effects [8]. While the static
nonlinear Hall effects can be observed, experimental stud-
ies have focused primarily on the quantum doubling of
transverse frequencies in Weyl and Dirac semimetals [9,10].
The physical origin of this nonlinear transverse current is
attributed to the pronounced Berry curvature dipolar peaks in
the momentum space, which result from the Dirac-like band
dispersions.

Existing experimental efforts regarding nonlinear Hall
currents have mainly focused on low frequencies, where in-
terband transitions are avoided, and the conductivity of the
system rarely shows frequency dependence [11,12]. Simul-
taneously, theoretical investigations are predominantly based
on the geometric nature of Bloch electron and perturbation
theory emphasizing intraband contributions [13–15]. On the
other hand, high-harmonic generation (HHG) studies have
mainly focused on semiconductors [16] and Weyl semimetal
[17], tentatively suggesting that the anomalous transverse
even-order current responses arise from the intraband motion
and Berry curvature within the single-band picture. However,
interband coherence can also contribute to nonlinear anoma-
lous Hall currents, which intrinsically can be linked to the
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interband Berry curvature dipole or multipoles, depending
on the order of nonlinearity [13,18]. Previous studies based
on the two-band model have also discussed the impact of
time-reversal symmetry breaking, which results in odd-order
Hall harmonics, and the relationship between HHG and the
nature of Weyl nodes have been explored [19–22]. How-
ever, in the strong-field regime, interband resonance involving
bands away from the Fermi level becomes important and can-
not be adequately described by such simplified models [23].

Moreover, Dirac semimetals are predicted to exhibit fasci-
nating field-induced electron dynamics owing to their ultrafast
optical response and weak screening [24]. In the weak-
field (perturbative) regime, the electronic current response
and excitations can be elucidated by quantized-photon ex-
citations [25]. On the other hand, under a strong field,
the electron dynamics shift towards a light-field-driven
regime, where tunneling mechanisms dictate electron mo-
tions, rendering perturbative explanations inadequate. In
Dirac semimetals such as graphene, this regime involves in-
terband transitions coupled with intraband oscillations within
a Landau–Zener transition framework [26,27]. Therefore,
with the change in electric field strength, the nonlin-
ear phenomena can originate from various mechanisms,
including Bloch oscillations, intraband motions, and electron-
hole recombination. However, the contributions of different
processes to the higher-order Hall have not yet been in-
vestigated. Additionally, exploring the interplay between
longitudinal and transverse currents in different regimes is
crucial.

Due to its inherent spatial asymmetry and weaker charge-
carrier screening, the bilayer T′-WTe2 semimetal offers a
promising platform for investigating Dirac electron dynamics
[19,28,29]. Furthermore, the observations of the nonlinear
Hall effect in bilayer T′-WTe2 [8], driven by its strong Berry
curvature dipole, presents a unique opportunity to inves-
tigate the interaction between strong fields and transverse
responses. Based on time-dependent density functional the-
ory (TDDFT) calculations, we show that the high-harmonic
spectra clearly exhibit a plateau for both longitudinal and
anomalous Hall (transverse) components, which is an unam-
biguous evidence of a nonperturbative response. Furthermore,
the effect of intensity and frequency dependence, including
cutoff inter/intraband effects on Hall dynamics, is discussed in
detail. We also study the role of distinctive excitation mecha-
nisms, i.e., tunneling, the interplay of intraband and interband,
and single/multiphoton absorption, on the high-order anoma-
lous Hall (transverse) current concerning the Dirac points.
Remarkably, the results display a paradigm shift in carrier
dynamics from purely interband to increasing intraband con-
tributions as the field strength increases. Our analyses show
that, even in the nonperturbative regime, the physical origin
of Hall harmonics stems from interband processes, as ob-
served from our comprehensive all-band perspective. While
this may initially appear distinct, it is fundamentally consis-
tent with previously reported interpretations from single-band
perspectives. Thus, our study reveals the intricate inter-
play between ultrafast carrier dynamics and nonlinear Hall
responses.

II. THEORETICAL FORMALISM
AND COMPUTATIONAL DETAILS

The TDDFT calculations are performed within the frame-
work of SALMON (scalable ab-initio light-matter simulator
for optics and nanoscience) [30–32]. The time-dependent
Kohn-Sham (TDKS) equation for the Kohn-Sham orbital
ψ (r, t ) in velocity gauge is described as [24]

ih̄
∂

∂t
ψi(r, t ) =

[
1

2m

(
−ih̄∇ + 1

c
A(t )

)2

− eV (r, t ) + υion(t ) + υXC (r, t )

]
ψi(r, t ), (1)

where A(t ) is the vector potential, and V (r, t ) is a scalar poten-
tial that contains the Hartree potential and the local part of the
ionic potential. The υion and the υXC are the nonlocal part of
ionic pseudopotential and the exchange-correlation potential,
respectively.

The electric current density J (t ) is calculated by solving
Eq. (1) in the time domain [33]. The macroscopic electric
current density J (t ), which is the spatial average of the mi-
croscopic electronic current density over the unit-cell volume
is given as follows:

J (t ) = −e

m

∫
�

dr

�

∑
i

ψi(r, t )∗
(
−ih̄∇ + e

c
A(t )

)
ψi(r, t )

+ δJ (t ), (2)

where � is the volume of the unit cell while δJ (t ) is the
current caused by the nonlocality of the pseudopotential
[34,35]. J (t ) expresses the macroscopic current density in
three-dimensional space. However, note that the thickness is
regarded as infinitesimally small for two-dimensional (2D)
materials in the macroscopic sense that the 2D current density
can be defined as J2D(t ) by integrating over the z direction
(perpendicular to the layer) and averaging over the xy plane
(plane of the 2D material):

J2D(t ) =
∫ ∞

−∞
dz

∫
�

dxdy

�
J3D(x, y, z, t ), (3)

where � is the 2D unit-cell area of the 2D material.
The excited electron population is defined as

ρk(t ) =
∑
occ

∣∣∣∣∣
∫

�

d3r
∑

c

ψ∗
v,k (r, t ) ψGS

c,k+ e
h̄c A(t )(r)

∣∣∣∣∣
2

, (4)

where v and c are the indices for the valence and conduction
bands, respectively, and ψGS

k (r) = ψk (r, t = 0) is the Bloch
orbital at the ground state. To split the intraband current com-
ponent, the Kohn-Sham orbital is projected onto the adiabatic
Houston basis ϕi(k + A(t )), which is the eigenstate of time-
dependent Hamiltonian, as

ψi(t ) ≈
∑

i′
〈ϕi′ |ψi(t )〉 ϕi′ ≡

∑
i′

Ci′i(t ) ϕi′ , (5)
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FIG. 1. The details of the crystal symmetry and higher-order response of bilayer WTe2, (a) from left to right, crystal structure with mirror
plane Mx , the band structure including SOC and the Berry curvature (calculated by OPENMX [42]) indicating the peaks related to the Dirac
fermion points. High harmonic spectra at (b) h̄ω = 0.2 eV and (c) h̄ω = 0.4 eV. We multiply J (t ) with the envelope function of cos4 to clarify
the harmonics order by suppressing the remaining current after the pulse. The inset in (b) shows the harmonic spectra in an expanded frequency
range at 1011 W/cm2. The arrows in the panels indicate the cutoff. The cutoff in a harmonic spectrum is judged according to the position where
the harmonic efficiency decreases after a plateau.

where i′ runs on both occupied and unoccupied orbitals. After
getting the complete set of ϕi′ , including valence and conduc-
tion bands, the intraband currents can be calculated as

Jintra (t ) = −e

m

∫
�

dr

�

∑
i′i

|Ci′i(t )|2Re ϕi′
∗

×
(
−ih̄∇ + e

c
A(t )

)
ϕi′ + δJintra (t ) , (6)

where δJintra (t ) is the intraband contribution from the pseu-
dopotential. The interband current is calculated as

Jinter (t ) = J (t ) − Jintra (t ). (7)

We consider inversion asymmetric AB-stacked bilayer
T′-WTe2. Figure 1(a) illustrates the crystal structure. We use
a rectangular unit cell with the experimental lattice constant
[36,37] of a = 3.483 and b = 6.265 Å, and the interlayer
distance is set as 3.4 Å. A slab approximation is used for the z
axis with a distance of 15 Å between the atomic bilayers in the
z direction. For electron-ion interaction, we employ the norm-
conserving pseudopotential [38] for W and Te atoms. The
adiabatic local density approximation with Perdew-Zunger
functional [39] is used for the exchange and correlation. The
spin-orbit coupling (SOC) is implemented in a noncollinear
mode [40,41]. We use the vector potential of the following
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wave form:

A(i)(t ) = −cEmax

ω
f (t )cos

{
ω

(
t − TP

2

)}
, (8)

where ω is the average frequency, Emax is the maximum am-
plitude of the electric field, and TP is the pulse duration. We
use the linearly polarized laser field along the x direction with
a time profile of cos4 envelope, the f (t ) is the pulse envelope
function given as

f (t ) =
{

cos4
(
π

t−TP/2
TP

)
0 � t � TP

0 otherwise
. (9)

The pulse length is set to six optical cycles, and to see the
delayed response, the total computation time is set to ∼ 1.5
times the pulse length. In our calculations, we optimized
spatial grid sizes and k points to ensure convergence. The
converged real-space grid spacing for the x and y directions
is ∼ 0.20 Å. Since electronic excitations predominantly oc-
cur around the pair of Dirac-like points in the k space, we
employ a nonuniform k mesh that is denser in those regions
and coarser sampling in others. For details, refer to the Sup-
plemental Material, Fig. S1 [43]. This approach improves
accuracy without significantly increasing computational costs.
Specifically, we use a nonuniform optimized k mesh consist-
ing of 523 k points, while the time evolution is simulated with
a time step of 8.27 × 10 −4 fs.

III. RESULTS AND DISCUSSION

Figure 1(a) presents the crystal and electronic band
structure of bilayer WTe2, highlighting two sets of mirror
symmetric Dirac-like points associated with large Berry cur-
vature labeled as Q1(2) and Q′

1(2). Symmetry analysis reveals
that the combination of mirror (Mx ) and time-reversal sym-
metry (T) effectively acts as space-time inversion symmetric
along the x direction. However, under broken inversion sym-
metry along the kx direction, the Berry curvature becomes
antisymmetric in momentum space, acting as a Berry curva-
ture dipole [44]. As a result of the interplay of symmetry and
Berry curvature [45], the bilayer WTe2 exhibits an even-order
transverse response solely under a light polarized along the
Berry curvature dipole [8], which is the focus of this study.
Multiple higher-order responses can be explicitly analyzed
in the frequency space. Therefore, we conduct a comprehen-
sive analysis of the HHG spectra calculated as the modulus
square |F [J (t )]|2 of the Fourier transform of the current J (t ).
Figure 1(b) illustrates the HHG spectra for longitudinal and
Hall response at h̄ω = 0.2 eV. A clear distinction between
odd-order (ω, 3ω, 5ω, …) and even-order harmonics (0ω,
2ω, 4ω, …) for the longitudinal and transverse (Hall) spectra,
respectively, is observed. Berry curvature plays a dominant
role in determining the direction and magnitude of the trans-
verse response. Other effects like band curvature and the Berry
connection tend to cancel out due to the symmetries of band
dispersion in the transverse direction [46,47]. At intensities
ranging from 108 to 109 W/cm2, the HHG spectrum exhibits
a typical perturbative behavior characterized by a monotonous
decrease in efficiency with increasing harmonic order. With
the increase of intensity to 1010 W/cm2, the HHG spectra

exhibit a plateau—a decisive characteristic of a nonpertur-
bative regime—with a cutoff around 13th and 14th order
(∼ 2.6 eV) for odd and even responses, respectively. The
energy cutoff of harmonic yield has also been discussed in
a previous model-based Weyl semimetal study [48]. At an
intensity of 1011 W/cm2, the HHG spectra show high-energy
harmonics without any clear plateau for both longitudinal and
Hall harmonics. Such HHG can be considered analogous to
plasma harmonics in the gas phase under strong-field condi-
tions [49,50]. In the case of h̄ω = 0.4 eV [Fig. 1(c)] we find
a similar trend, while the response appears to be perturbative
even at 1010 W/cm2. On the other hand, harmonic generation
shows nonperturbative behavior with the cutoff around ∼11th
order. In both cases of applied frequency, as the intensity
increases, the longitudinal and Hall (transverse) harmonic
spectra undergo simultaneous transitions from perturbative to
nonperturbative regimes and have similar cutoff energies.

The relationship between the cutoff energy and the driv-
ing laser wavelength remains a topic of active debate. While
some studies suggest a wavelength-independent cutoff posi-
tion [23,51,52], others propose a linear dependence [53–55].
Our study supports the latter. Since the relation between
vector potential amplitude A0 and electric field amplitude
E0 is A0 ∼ E0

ω
, where ω denotes the driving frequency, If

we assume the linear relationship, the A0 for the 0.4-eV
case at 1011 W/cm2 is expected to be (

√
10/2) times that

of the 0.2 eV at 1010 W/cm2, i.e., the energy cutoff should
be ∼4.1 eV. The linear relationship is evident in the HHG
spectra, where the cutoff in Fig. 1(c) (blue lines) is at 4.4 eV,
closely aligning with the above-mentioned estimation.

Figure 2 shows the integrated harmonic yields as a func-
tion of intensity for the longitudinal and Hall responses.
Within the perturbative regime, the intensity scaling for the
nth harmonic should closely follow the power law In

L [56].
At h̄ω = 0.2 eV within the perturbation regime for inten-
sity 108 − 109 W/cm2, the slight deviation from the expected
power law potentially indicates nonlinearity associated with
saturable absorption [57]. In the nonperturbative regime, an
intensity interval of 109–1010 W/cm2 shows further devia-
tion, and beyond 1010 W/cm2 we find a complete deviation
from the power law, which is consistent with the appearance
of the plateau [Fig. 1(b) and the inset of Fig. 2(a)]. With
h̄ω = 0.4 eV [Fig. 2(b)], the deviation from the power law
is less prominent than in the 0.2-eV case, which coincides
with the slower appearance of the plateau [Fig. 1(c) and
the inset of Fig. 2(b)], indicating that the perturbative be-
havior persists to higher intensities for higher frequencies.
Similar power-law divergences have been reported in previ-
ous HHG studies on semimetals and semiconductors under
intense fields [16,17,50,57]. Additionally, within the pertur-
bation regime, the transverse even-order response induced
by the Berry curvature exhibits a yield comparable to the
corresponding odd-order longitudinal response. However, in
the nonperturbative regime, the even-order Hall harmonics are
systematically weaker than the neighboring odd-order lon-
gitudinal harmonics. These results contrast with a previous
report [17], where comparable even- and odd-order responses
have been reported, and its origin has been attributed to in-
traband motions and the Berry curvature. Figure 2 also shows
the zero-order component, which is part of the second-order
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FIG. 2. Logarithmic plot of the integrated harmonic yield of the 0th, 2nd–5th as a function of the intensity, (a) h̄ω = 0.2 eV and (b) h̄ω =
0.4 eV. The dashed lines indicate the power-law fit, and solid lines with symbols show the calculated results. The inset shows the yields of
harmonic order at all intensities. The integrated HHG yield is calculated by integrating the spectral power in a window of two harmonic orders
around each harmonic peak, since there are only odd and even harmonics in longitudinal and transverse directions, respectively.

optical response and therefore follows the same symme-
try constraints. Notably, the zero-order component deviates
from power-law behavior as observed in the second-order
harmonic. Within the framework of perturbation theory, the
zero-order component can arise from mechanisms such as
shift currents and optical rectification, with shift currents
likely dominating for frequencies above the band gap [58,59].
Although the shift current is not the primary focus of this
work, the presence of a net direct current, often referred to
as the linear photogalvanic effect (LPGE), holds significant
promise for applications in photovoltaic and optoelectronic
devices. It is important to note that the LPGE is fundamentally
distinct from the injection current associated with the circular
photogalvanic effect (CPGE) by the absorption of circularly
polarized photons [60,61].

Let us now examine the inter- and intraband contributions
to elucidate the origin of longitudinal and Hall responses in
the present case and the difference from the previous study
[17], since the nonperturbative higher-order response in solids
arises in general from the combination of intraband and inter-
band contributions to the nonlinear current [51,62–66]. Band
dispersion influences intraband contributions, while interband
contribution is due to induced polarization between valence
and conduction bands. To separate the two contributions,
we project time-dependent Kohn-Sham orbitals onto instan-
taneous eigenstates of the time-dependent Hamiltonian, as
detailed in Ref. [67]. Figures 3(a) and 3(b) compare the inter-
and intraband contributions to longitudinal currents for 0.2
and 0.4 eV, respectively. Our results show that the intraband
contribution to longitudinal current is minimal at weak in-
tensities (I � 109 W/cm2, not shown). However, the strength
of the intraband current becomes comparable to the inter-
band with increasing intensity (I � 1010 W/cm2), indicating
that an intensity-dependent interplay between the inter- and
intraband contributions forms harmonic spectra. This obser-
vation is in contrast to previous reports for graphene under
strong THz or midinfrared fields [50,68], where the intra-
band current is dominant. Due to the larger vector potential

(at the same intensity), the intraband contributions are more
significant at h̄ω = 0.2 eV. The phase of intraband current
does not change across the varying intensities. On the other
hand, a notable variation in the phase of interband currents
with the driving intensity is observed, suggesting a signifi-
cant change in resonant excitation mechanisms. This evolving
phase difference between inter- and intraband currents leads
to a complex interplay between interband polarization and
nonlinear motion in the energy bands, giving rise to the net
total current.

Figures 3(c) and 3(d) show the intra- and interband HHG
spectra, obtained as the modulus squared of the Fourier
transform of the intra- and interband currents, respectively.
The intraband contribution experiences a decline after the
first order, with the interband polarization taking precedence.
However, near the plateau region the two contributions be-
come comparable, indicating that the plateau is formed due
to interference between inter- and intraharmonics in both
0.2- and 0.4-eV cases. The interband transition mainly arises
through multiphoton resonance. However, the intraband mo-
tions, followed by the interband excitations, can further
excite the electron in the conduction band. Such excitation
in turn can generate high-energy harmonic spectra through
electron-hole recombinations. Such mechanisms are particu-
larly stronger with the highly dispersive bands, where a small
change in momentum (Q + A(t )) can induce larger excitations
and high-energy harmonics. The presence of substantial intra-
band contribution at the first order and near the plateau region
may arise from two reasons. Firstly, according to the Bloch
acceleration theorem, the h̄ω drives intraband motion, and car-
riers traverse in reciprocal space along the Q + A(t ) trajectory
from the Dirac-like point. As a result, their velocities rapidly
switch between approximately ±υ f [56,69,70], contributing
significantly to the intraband harmonic spectrum. Secondly,
the anharmonic dispersion of Dirac-like bands can also lead
to a significant intraband contribution [71]. At a strong in-
tensity of 1011 W/cm2 for h̄ω = 0.2 eV, the HHG spectra
exhibit distinct characteristics, displaying a noisy spectrum
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FIG. 3. Contribution of inter and intraband current to longitudinal current, (a) 0.2 eV and (b) 0.4 eV. Decompositions of the corresponding
HHG into inter- and intraband, (c) 0.2 eV and (d) 0.4 eV.

with strong spectral contributions across all energies. This
can be attributed to the presence of numerous electron-hole
recombination channels [23].

Figures 4(a) and 4(b) present the spectrograms for the
HHG shown in Fig. 1, specifically for the cases where the
HHG plateau and energy cutoff are observed. It shows a subtle
temporal shift between longitudinal and Hall harmonic spec-
tra. The longitudinal harmonics (upper panels) in Fig. 4(a),
up to the 13th order, are primarily generated during the pulse,
suggesting a significant intraband contribution. This behavior
is consistent with the inter/intraband current contributions
shown in Fig. 3. On the other hand, in the transverse direc-
tion, all harmonic emissions show a time delay, indicating

the generation and recombination of electrons and holes. In
addition, the harmonic emission persists beyond the pulse
duration, demonstrating that the Hall harmonics entirely arise
from interband polarization. Figure 4(b) depicts similar be-
havior for longitudinal harmonics at 0.4 eV with an intensity
of I = 1011 W/cm2. However, a slight variation can be ob-
served in the Hall HHG spectrogram, suggesting a frequency
dependence for Hall harmonics. The calculated results show
the absence of the intraband contributions to Hall harmonics.
Therefore, the origin of the Hall harmonics can be associated
with the large interband Berry curvature of the Dirac-like
semimetal [29]. Figures 4(c) and 4(d) display inter- and in-
traband contributions to Hall harmonics at 0.2 and 0.4 eV,
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FIG. 4. Time-frequency analysis of the HHG process, (a) 0.2 eV-1010 W/cm2 and (b) 0.4 eV-1011 W/cm2. We used a window of 50 fs to
perform the Gabor transformation. The black curve is the profile of the applied vector potential A(t ) of the laser pulse. Decompositions of
harmonic spectra into inter- and intraband contributions, (c) 0.2 eV and (d) 0.4 eV for anomalous Hall harmonics at maximum intensity of
1011 W/cm2.

with a maximum intensity of 1011 W/cm2. Contrary to the
longitudinal response, the intraband contributions are smaller
than the interband ones by orders of magnitude even in the
nonperturbative regime, which indicates that the Hall harmon-
ics are almost entirely due to the interband contributions.

Previous work on the monolayer of MoS2 [16] and Weyl
semimetal β−WP2 [17] has reported that the perpendicu-
lar even harmonics are associated with intraband current
in the presence of the Berry curvature. These studies used
semiclassical equations of motion within the independent
particle approximation, incorporating the Berry curvature
term to explain the anomalous Hall current. However, in
many electron systems under the adiabatic approximation,
Berry curvature of band index n can defined as �n

μν (R) =

i
∑

n′n
〈n|∂H/∂Rμ|n′〉 〈n′|∂H/∂Rν |n〉−(ν↔μ)

(εn−εn′ )2 (νμ represent the Carte-
sian coordinates), which is fundamentally a projection oper-
ation arising from residual coupling between bands [72–76].
However, under the dipole approximation, the semiconductor
Bloch equation (SBE) can provide analytical insight. By care-
fully disentangling different current density components, we
identify the origin of Berry-curvature-induced Hall currents
(see Supplemental Material, Sec. S3 [43]). The analytical
solution shows that the Berry curvature term can only be
obtained from the expansion of the interband (off-diagonal)
current density. Although the total current as an observable
is gauge invariant, the decomposition into different contri-
butions is not unique and depends on the chosen framework
[75]. Nonetheless, our analysis shows that, regardless of the
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chosen gauge (length, velocity, or Houston basis), the Berry
curvature term (perpendicular to the field) is an inherent part
of the interband current, which is also true for our method
where we define the intraband current by Eq. (6). We also
extend the current expression for the case where interband
dynamics are negligibly small, effectively reducing the sys-
tem to a single band. This framework assumes that a small
fraction of electrons tunnel from the valence to the conduction
band, leaving only one band significantly populated. Under
this approximation, only the diagonal component of the de-
composed current survives (see Supplemental Material, Sec.
S3(D) [43]). Notably, this diagonal current corresponds to the
semiclassical equation of motion for carriers within a single
band, where the Berry curvature term is considered as an
intraband contribution. Since the Berry curvature term is as-
signed to interband and intraband contributions in multiband
and single-band cases, respectively, it is important to empha-
size that this assignment is arbitrary rather than a physically
essential distinction. We also conducted an SBE study on our
system (Supplemental Material, Sec. S4 [43]) and TDDFT
study on MoS2 (see Supplemental Material, Sec. S5 [43]).
One can deduce two main conclusions from this discussion:
First, it is important to comprehend that single-band models
and multiband schemes (such as TDDFT and SBE) offer
distinct yet complementary perspectives. While they might at
first seem to lead to contradictory conclusions, they are, in
fact, compatible. Secondly, since the Berry curvature effects
are inherently linked to interband coherence, further analysis,
including the separation of intra- and interband contributions
to longitudinal currents along with the excitation mechanism,
will be necessary to get a more complete picture of the system.

The longitudinal and Hall current responses are intricately
tied to the dynamics of the excited carriers. Let us now delve
into the role of excitation at different field strengths. Fig-
ure 5(a) presents the normalized excitation energy and the
excited electron density at h̄ω = 0.2 eV. The excitation energy
is evaluated as the difference between the energy density
integrated over the unit cell at the end of the pulse and that
in the initial ground state. The excitation energy depends
almost linearly on intensity up to 1010 W/cm2. However, at
1011 W/cm2, we observe a significant nonlinear increase, in-
dicating a shift in the excitation mechanism [later explained
in Fig. 5(d)]. The sublinear intensity dependence of excited
carriers is attributed to saturable absorption, which also ac-
counts for the slight deviation from the power law between
108 and W/cm2 in Fig. 2. The projected excitation at 108

and 1010 W/cm2 is depicted in Figs. 5(b) and 5(c), respec-
tively. Single-photon absorption is prominent at 108 W/cm2

[Fig. 5(b)], while it changes to two-photon absorption as the
intensity increases to 109 W/cm2 (not shown). As evident
from the lower panel of Fig. 5(b), single-electron excita-
tions are predominantly localized around the Q1(2)/Q′

1(2)
Dirac points where the Berry curvature exhibits sharp peaks
(see Fig. 1). This underscores the critical role of the Berry
curvature dipole in driving the strong second-order Hall
response, which exceeds the third-order response in the per-
turbative regime. Under more intense fields (�1010 W/cm2),
low-energy states become saturated through single-photon ex-
citation [<60 fs in Fig. 5(c)], and subsequently, high-energy
states are involved through multiphoton excitation. It is im-

portant to consider the energy gain of charge carriers through
intraband motions driven by vector potential. Our calculations
indicate that the harmonics resulting from this contribution
can reach up to ∼2.4 eV. As shown in the Supplemental
Material, Fig. S2 [43], the excitation occupation shows sizable
peaks ranging from −1.98 eV in the valence band to ∼2.22
eV in the conduction band. Therefore, the cutoff harmonics
can be associated with the interband transition within this
range. Due to the engagement of intraband motions and mul-
tiphoton excitations, excited electrons are no longer confined
to Q1(2)/Q′

1(2) Dirac points but encompass a wider region
of the Brillouin zone (BZ). The hotspot of the population
emerges off-resonant, situated between one/multiphoton ab-
sorption resonances, which explains the noisy spectrum at
strong intensity [Fig. 3(c)]. The excitation energies along with
the Keldysh parameter (γ ) are plotted in Fig. 5(d). The γ

serves as a commonly used metric for determining the excita-
tion regime: γ 
 1 (γ � 1) corresponds to the multiphoton
(tunneling) regime. It should be noted that the Keldysh theory
was originally developed for quasistatic fields compared to
the electronic timescale (h̄ω << Eg), which may not directly
apply to our case. However, the γ along with the computed
values of (Eex/Nex)/h̄ω, can offer valuable insights into the
excitation regime. In the case of 0.2 eV, the excitation mecha-
nism undergoes a rapid transition from single/multiphoton to
tunneling as intensity increases, which is also corroborated the
γ values. In contrast, for 0.4 eV, single-photon absorption pre-
vails up to ∼1010 W/cm2, and the γ > 0.5 values also support
the multiphoton regime [77]. These results demonstrate that
the excitation process under the 0.2-eV field exhibits stronger
nonlinearity compared to the 0.4-eV field.

The normalized excitation energy and the excited electrons
for h̄ω = 0.4 eV in Fig. 5(e) exhibit similar behavior to that
observed in the 0.2-eV case. Figure 5(f) clearly demonstrates
multiband single-photon excitation at 108 W/cm2. This oc-
curs due to the equivalence of photon energy (0.4 eV) with
the energy gap between different bands, enabling resonant
absorption. We note that these excitations manifest themselves
in two distinct forms: transitions from thvalence-band maxi-
mume (VB1) to higher-energy conduction bands (CB2), and
transitions from lower-energy valence bands (VB2/3) to the
conduction-band minimum (CB1). The excited population for
an intensity of 108 W/cm2 at the end of the pulse indicates
that interband excitations remain concentrated in the vicinity
of the Dirac point, as depicted in Fig. 5(f). The energy gain
of charge carriers through intraband motions can contribute
up to ∼4.0 eV, which also matches with the cutoff energy.
The analysis of excited carrier occupation can be seen in the
Supplemental Material, Fig. S2 [43]. Additionally, at the max-
imum intensity of 1011 W/cm2, the off-resonant excitation
spreads across the BZ [see Fig. 5(g)], indicating substantial
intraband motion.

In the end, it is important to address a few key points.
Berry curvature plays a critical role in the observed high-order
Hall harmonic responses under broken inversion symmetry.
Specifically, the second-order harmonic can be linked to the
Berry curvature dipole, and higher-order contributions can be
connected to Berry curvature multipoles within perturbative
limits [78]. However, the nonperturbative responses under
strong fields as described in our study, where high-order Hall
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FIG. 5. The change in excitation mechanism with field strength. (a) Excitations at h̄ω = 0.2 eV, the solid lines show excitation energy, and
dashed lines are for excited electrons. (b) The temporal evolution of charge excitations projected on the initial field-free Kohn-Sham orbitals
with band structure at line X-� shown by brown solid lines (upper panel), and the distribution of k-resolved electron populations of CB1 at the
end of the pulse (down panels) for intensity of 108 W/cm2. (c) Same as (b) but for 1010 W/cm2 intensity. The black arrows indicate the vector
potential amplitude at specific intensities. The dashed curves indicate instances where the energy difference between two bands aligns with the
photon energy nh̄ω (h̄ω = 0.2 eV), where n = 1, 2, and 3. (d) Change in photon excitation energy and Keldysh parameter (γ ). The solid and
dashed lines represent (Eex/Nex )/h̄ω and Keldysh parameter, respectively. (e)–(g) are for h̄ω = 0.4 eV, (e) excitations as described for (a), the
temporal evolution of excitations (upper panes), and k-resolved population (down panels) at (f) 108 W/cm2 and (g) 1011 W/cm2.

harmonics feature plateaus and cutoffs, go beyond the scope
of the perturbative theory of Berry curvature dipole. Since
our study highlights the importance of interband coherences
and higher-energy band involvement far from Dirac points
necessitate the use of advanced techniques like first-principles
approaches (e.g., TDSE with TDDFT), simplified approaches,
such as tight-binding models using minimal-band frameworks
cannot fully capture the complex dynamics of the nonper-
turbative regime. Thus, extending single-band (one-electron)
models to multiband (multielectron) frameworks is essential
for identifying interband and intraband contributions and their
roles in harmonic generation.

IV. CONCLUSION

The strong-field optical response of the time-reversal pair
of coupled Dirac fermions in bilayer WTe2 is explored by

using TDDFT. The calculated results show changes in car-
rier dynamics with varying applied field strength, unveiling
intriguing dynamics in two distinct regimes. In the weaker
field regime, the even-order Hall harmonics induced by the
Berry curvature show yields comparable to corresponding
odd-order longitudinal responses. The interband resonant ex-
citations dominate the longitudinal high harmonic responses.
The excitation mechanism changes from single-photon ab-
sorption at low intensities to multiphoton absorption as the
available states near the Dirac-like points become saturated.
The intraband contributions to the longitudinal currents in-
crease with intensity, highlighting an intensity-dependent
interplay between interband and intraband contributions. At
higher frequencies, the effect of multiband excitation be-
comes prominent due to the availability of electrons for
resonant excitation. However, the nonlinear behaviors, in-
cluding tunneling and multiphoton excitations, slow with
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increasing frequency. Interestingly, when adopting an all-band
perspective enabled by TDDFT, the anomalous Hall responses
are found to be almost entirely attributed to the interband
processes in both perturbative and nonperturbative regimes,
highlighting the importance of frequency dependence and in-
terband transitions in nonlinear Hall responses. Overall, the
results show the importance of interband mechanisms for both
longitudinal and Hall HHG. Our comprehensive investigation
paves the way for a deeper understanding of nonlinear phe-
nomena in Weyl-like materials.
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