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We compare two complementary theoretical approaches to compute and interpret Floquet sidebands in period-
ically driven quantum materials: a first-order perturbative approach (first-order perturbative Born approximation,
PB1) and time-dependent nonequilibrium Green’s functions (tdNEGF). Using graphene as a model Dirac system,
we disentangle in pump-probe setups Floquet-dressed initial states, Volkov-dressed final states (also known
as laser-assisted photoelectric effect), and their interference. We quantify how photoemission matrix elements,
polarization, incidence angle, and near-surface screening shape the momentum-resolved sideband intensity ob-
served in tr-ARPES. PB1 yields an analytical expression for the momentum-dependent sideband intensity and for
graphene it captures the correct symmetry trends, such as the magnitude of the intensities when considering the
interference between the Floquet and the Volkov states and photoemission matrix elements. tdNEGF reproduces
the full energy-momentum-resolved spectra, including hybridization gaps and spectral-weight redistribution.
We find qualitative agreement between PB1 and tdNEGF once matrix elements are included; quantitative
differences arise near hybridization regions and at specific angles where higher-order processes and self-energies
are essential. Thus, for systems with simple band structures and away from these regions, the two approaches
can be used in a complementary way.

DOI: 10.1103/h59r-hyc4

I. INTRODUCTION

The concept of Floquet engineering, using time-periodic
driving fields to create and manipulate novel states of matter,
has attracted wide attention across condensed matter physics
[1–12]. A broad range of experiments have reported signa-
tures of Floquet physics, including transport measurements
[13–15] and optical probes [16–18]. While these studies
demonstrate light-induced modifications of materials’ prop-
erties, they typically provide only indirect evidence for the
existence of Floquet-Bloch states since they do not resolve the
transient electronic band structure in energy and momentum
space. Time- and angle-resolved photoemission spectroscopy
(tr-ARPES) [19,20] offers the most direct window into Flo-
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quet physics by mapping the band structure of driven solids
with femtosecond resolution. Light-induced Floquet side-
bands have been observed in semiconductors, topological
insulators, and semimetals [18,21–31], but interpreting these
features requires care. The measured spectra contain over-
lapping contributions from Floquet-Bloch states inside the
crystal and Volkov-dressed final states (also known as the
laser-assisted photoelectric effect, LAPE [32–34]), as well as
their interference [18,25,26,28,35–37]. The three experimen-
tally relevant regimes of Floquet-Volkov physics in tr-ARPES
are as follows: (i) Only Floquet physics is important. This
case occurs when the driving field is predominantly con-
fined within the material and does not significantly dress
the outgoing photoelectrons in the vacuum. This can be
realized in suitable experimental geometries in which the
Volkov coupling is strongly reduced. In the Volkov picture,
the LAPE sideband amplitude is governed by the projec-
tion of the effective driving field outside the sample E onto
the final-state photoelectron momentum k f , i.e., by a fac-
tor proportional to E · k f [25,34–36]. Therefore, the Volkov
intensity is suppressed when the detected photoelectrons lie
in the nodal plane defined by E · k f = 0. For s-polarized
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light, the electric field is perpendicular to the plane of in-
cidence and has no surface-normal component; hence, for
photoelectrons detected in the scattering plane, this projec-
tion vanishes and the Volkov-LAPE contribution is strongly
suppressed. Representative examples include early observa-
tions of Floquet-Bloch bands in topological insulators [21].
This polarization-geometrical suppression has also been used
in recent tr-ARPES experiments on graphene to minimize
the Volkov channel [25,26,38]. (ii) Only Volkov physics is
important. This occurs primarily in a system where strong
electronic screening at the surface prevents the driving field
from penetrating significantly into the bulk. Because the field
is reflected at the surface, the interior Floquet-Bloch dressing
is suppressed, and the observed replicas originate almost en-
tirely from the dressing of the photoelectrons in the vacuum:
the Volkov states. Previous studies of tr-ARPES on Au(111)
have demonstrated that strong electronic screening leads to a
response dominated by Volkov-state dressing [35]. (iii) Both
Floquet-Bloch and Volkov contributions are important. In
many systems, both Floquet and Volkov dressing contribute
to the signal which leads to band replicas at the same final
energy and momentum. A prominent example is graphene,
where quantitative agreement between theory and experiment
is obtained only when Floquet, Volkov, and interference con-
tributions are all taken into account [25,26]. Furthermore,
recent work has demonstrated that, when the Volkov contri-
bution is suppressed by a negligible out-of-plane electric-field
component (near-normal incidence geometry) and stronger
driving fields are employed, hybridization gaps associated
with Floquet engineering become directly observable [38].

Distinguishing these mechanisms demands a detailed un-
derstanding of photoemission matrix elements, polarization,
incidence angle, and near-surface screening, supported by ro-
bust theoretical modeling.

In this work, we present a systematic benchmark of two
complementary theoretical approaches for computing and in-
terpreting Floquet sidebands in periodically driven quantum
materials. The first is a perturbative method (first-order per-
turbative Born approximation, PB1) introduced by Park [36],
which provides analytical amplitude maps and captures sym-
metry trends in the sideband intensities (see, e.g., [26,35]).
The second method employs time-dependent nonequilib-
rium Green’s functions (tdNEGF) [22,25,39–42], yielding
full energy- and momentum-resolved spectra that naturally
include higher-order processes, dynamical renormalization,
and finite lifetime effects. Using graphene as a prototypical
Dirac material [43,44], we identify the regimes in which PB1
provides a reliable description of the transient photoemission
response, and those where fully dynamical simulations (such
as tdNEGF) are required for quantitative comparison with
experiment.

The Floquet description of the time-periodic Hamiltonian
goes back to Shirley’s formulation of quasienergies and stro-
boscopic evolution [45]. On the Volkov side, laser-assisted
photoemission (LAPE) and dressed free-electron final states
have been developed in the context of strong-field physics
of atoms and molecules and were adapted to solids and sur-
faces [46,47]. In solids, Floquet and Volkov channels coexist
and interfere, a point emphasized theoretically and observed
experimentally [18,25,26,36]. Understanding this interference

is central to interpreting modern pump-probe tr-ARPES ex-
periments, as the relative phase and amplitude of the two
channels depend sensitively on the geometry, the polariza-
tion, and near-surface dielectric screening. The photoemission
matrix elements mostly shape the angular distribution of in-
tensity maps; hence, they must be handled consistently when
comparing theoretical approaches with each other and with
experiment [48–50]. In addition, equally important are the
electromagnetic boundary conditions at the sample surface.
We incorporate these using Fresnel reflection and trans-
mission coefficients for the incident pump, accounting for
refraction and field mixing between in-plane and out-of-plane
components [51–53]. However, idealized Fresnel optics may
not fully capture the microscopic screening and substrate-
dependent response of real samples such as graphene on
dielectric supports. The theoretical frameworks must ac-
count for possible field mixing or imperfect surface response.
To bridge this gap, we introduce phenomenological screen-
ing parameters that independently renormalize the effective
Volkov (vacuum) and Floquet (in-sample) field amplitudes
(also see Refs. [25,51]). The parameters adapt the effective
fields used in the calculations, allowing for sensitivity checks
against assumptions regarding substrate permittivity, provid-
ing a controlled framework for connecting idealized theory
with realistic experimental environments.

The remainder of the paper is organized as follows: In
Sec. II we discuss basic aspects of the periodically driven
system and the geometry of the setup considered in this pa-
per. In Sec. III, we introduce the theoretical background of
Floquet and Volkov states and describe the corresponding
interference channels relevant to pump-probe photoemission
for the PB1 in Sec. III A and for the tdNEGF in Sec. III B.
Section IV presents results from both approaches across vari-
ous geometry, polarization angles, and field-strength regimes,
as well as direct comparison to experimental tr-ARPES data
on graphene. We conclude with the discussion in Sec. V.
Further details on the matrix elements within the PB1 method
are discussed in Appendix A, and Appendix B discusses a
smoothening scheme used in some of the figures.

II. PERIODIC DRIVING AND GEOMETRY OF THE SETUP

Throughout the paper, we treat systems of electrons on a
lattice, which do not interact with each other, and which are
periodically driven by the time-dependent vector potential of
incoming monochromatic laser pulses. The coupling between
the light field and the electrons is incorporated via the Peierls
substitution. For the PB1 approach, we compute the dynam-
ics of the quantum mechanical state under such an external
periodic drive by solving the time-dependent Schrödinger
equation (TDSE) with a time-periodic Hamiltonian,

ih̄
d

dt
|ψ (t )〉 = H(t )|ψ (t )〉 with H(t ) = H(t + T ). (1)

For simplicity, we work with pure states and formally work
at temperatures T = 0. For the tdNEGF approach, we directly
solve the equations of motion for the single-particle density
matrix, which also allows us to treat finite temperatures; this
approach will be explained in more detail in Sec. III B. Us-
ing Floquet’s theorem [54], one finds that the time evolution
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FIG. 1. Setup geometry and relevant vectors: (a) The scattering
plane is along the �-K1 direction. Both IR drive and EUV probe
impinge under θin. In this coordinate frame, the in-plane field is
parametrized as (Exy, θE ) and the momenta as (kxy, θk ); similarly
Ez and kz are out-of-plane components. The polarization is defined
by the angle φ. φ = 0◦ corresponds to p-polarized light, φ = 90◦

corresponds to s-polarized light, and φ parametrizes the polarization
direction with respect to the plane of incidence. (b) Sketch of the
(kx, ky ) plane parametrized around the K1 point using the vector kD.

operator for the dynamics in a time interval t ∈ [t0, t0 + T ]
can be written as U (t0 + T, t0) = e−iHF T/h̄, with HF Hermi-
tian and time independent; this ensures that U (t0 + T, t0) is
unitary. The eigenvalues are expressed in the form e−iεnT/h̄

where the εn are multivalued and defined by the integer
multiples of h̄ω, where ω = 2π/T . In direct analogy with
the quasimomentum that arises in systems possessing spatial
periodicity, the εn are referred to as “quasienergies.” For a
time-periodic Hamiltonian, solutions are known in the lit-
erature as “Floquet states” |ψ (t )〉 = e−iεn (t−t0 )/h̄ |un(t )〉, here
|un(t )〉 is the time-periodic Floquet mode, i.e., the eigenfunc-
tion of the one-period evolution operator with periodicity T .
They are the time-domain analog of Bloch states in spatially
periodic systems.

Interface effects

The geometry of the setup is displayed in Fig. 1. We take
the incident electric field to be monochromatic and real val-
ued,

E(t ) = Re[Exyze
−iωt ] = Exyz cos(ωt ), (2)

with amplitude

Exyz = E0

⎛
⎝cos θin cos φ

sin φ

sin θin cos φ

⎞
⎠, (3)

where E0 is the field magnitude, θin the incidence angle, and φ

the polarization angle. Let the interface lie in the (x, y) plane
with unit normal n̂ = ẑ, and the plane of incidence is chosen
as the (x, z) plane. The unit polarization vectors are denoted
as ŝ for the one perpendicular to the plane of incidence, and p̂
for the one in the plane of incidence, and are given by

ŝ = ŷ, p̂ j = (cos θ j, 0, κ j sin θ j ). (4)

Here j = {in, r, t} denote incident, reflected, and transmitted
waves; θ j is the corresponding propagation angle, and κin =
+1, κr = −1, κt = +1. The decomposition of the incident
field is therefore

Ein(t ) = E0[cos φ p̂in + sin φ ŝ] cos(ωt ). (5)

We use Snell’s law, n1 sin θin = n2 sin θt , to match the phase
across the interface, where n1 and n2 are the refractive indices
of the incident and transmitted media. The boundary condi-
tions at the interface define the Fresnel amplitude coefficients.
We denote by rs and rp the reflection coefficients for s- and
p-polarized fields, respectively (ratio of reflected to incident
field amplitudes), and by ts and tp the corresponding transmis-
sion coefficients (ratio of transmitted to incident amplitudes).
Explicitly,

rs = n1 cos θin − n2 cos θt

n1 cos θin + n2 cos θt
, ts = 2n1 cos θin

n1 cos θin + n2 cos θt
,

rp = n1 cos θt − n2 cos θin

n1 cos θt + n2 cos θin
, tp = 2n1 cos θin

n1 cos θt + n2 cos θin
.

(6)

The incident, reflected, and transmitted fields are

Ein = E0 cos(ωt )(cos φ p̂in + sin φ ŝ),

Er = E0 cos(ωt )(cos φ rp p̂r + sin φ rs ŝ),

Et = E0 cos(ωt )(cos φ tp p̂t + sin φ ts ŝ).

In Cartesian components,

Ein = E0 cos(ωt )(cos φ cos θin, sin φ, cos φ sin θin ),

Er = E0 cos(ωt )(cos φ rp cos θin, sin φ rs, − cos φ rp sin θin ),

Et = E0 cos(ωt )(cos φ tp cos θt , sin φ ts, cos φ tp sin θt ).

Figure 1 shows a sketch of our setup, where we relate
the geometry of the experimental setup to the hexagonal
two-dimensional (2D) Brillouin zone in k space. Figure 1(a)
illustrates the infrared (IR) pump and the extreme-ultraviolet
(EUV) probe-pulse setup for incidence along the �-K1 direc-
tion. The pump field impinges onto the surface at incidence
angle θin. The in-plane electric field in the xy plane is
parametrized as (Exy, θE ), while the momentum component
in this plane is parametrized as (kxy, θk ). Accordingly, Ez and
kz denote the out-of-plane z components. Figure 1(b) shows
the (kx, ky) plane in the vicinity of the K1 point, where in
this paper we analyze the corresponding angular intensity
distribution.

III. FLOQUET, VOLKOV, AND INTERFERENCE STATES

In a pump-probe setup, emitted photoelectrons may absorb
additional photons. This leads to the laser-assisted photoemis-
sion effect (LAPE) [25,26,35,36]. This phenomenon has been
studied in the literature [32–34,55,56], where it is understood
in terms of Volkov solutions for free electrons, commonly
referred to as Volkov states: a special case of Floquet states
applicable to unbound electrons. In both the Floquet and
Volkov scenarios, the periodic drive results in a set of replica
energy states, spaced by the photon energy of the driving field
[36]. These can be interpreted as “echoes” of the equilibrium
energy spectrum, shifted by integer multiples of the drive
frequency.

We employ the perturbative approach and the tdNEGF
approach in order to analyze the contributions to the spec-
tral function stemming from the Floquet and Volkov sector,
respectively, and their interference.
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A. Park’s ansatz with linearized bands (PB1)

In the following we highlight the main points of the ap-
proach presented by Park in Ref. [36], as needed for the
discussion in this paper.

We consider the interaction of an electron with a classical
light field; the time-dependent Hamiltonian is given as

H (t ) = 1

2m
(P − q A(t ))2, (7)

where P is the momentum operator of the electron, A(t ) is a
spatially uniform vector potential, and q is the electron charge.
The Volkov state is given as a solution for free electrons in an
electromagnetic field [46,57,58]:


V
P (r, t ) = 1

(2π h̄)3/2
e{i[P·r/h̄+�(t )]}, (8)

where

�(t ) = −1

h̄

∫ t

−∞
dt ′ εP(t ′), εP(t ′) = (P − qA(t ′))2

2m
. (9)

The electrical field of the monochromatic laser pulses is as-
sociated to the vector potential via E(t ) = −∂A(t )/∂t , where
E(t ) = Exyz, ph cos(ωpht ). By expanding ei�(t ), we obtain the
familiar h̄ω-spaced sidebands with Bessel weights that appear
in laser-assisted photoemission. The Volkov state is, hence,
given by [46,57,58]


V
P (r, t ) = e[ i

h̄ P·r−iωt]
+∞∑

j=−∞
(−i) jJ j (α) ei( jωpht ). (10)

Here, ωph is frequency of the driving field (photon frequency)
and ω = P2/2mh̄. We then define the Volkov parameter by
[26,35,36]

α = q να · Exyz, ph

h̄ω2
ph

. (11)

Here, q is the charge and να is the velocity of the photoelectron
[26,35,36], Exyz, ph is the driving field, and h̄ωph is the photon
energy. As follows from Eqs. (10) and (11), the intensity
amplitude of the first sideband due to the Volkov contribution
alone is

IVolkov
1 = J1(α)2. (12)

In addition, one can approximate the Bessel functions as
J1(x) ≈ x for the leading-order contribution so that in leading
order the intensity of the first sideband is given by IVolkov

1 =
α2.

We parametrize our equations at the K1 point (see Fig. 1)
and use the field vector, following Eqs. (2) and (3) (see also
[25,26,35]). In this setup, the polarization angle φ = 0◦ (90◦)
corresponds to p- (s-) polarized light. The incidence angle
θin describes the transformation to the laboratory frame. The
Volkov parameter involves the electron velocity, for this we
use να = P/me with P = h̄k, where me is the electron mass.
This yields

να = h̄

me

⎛
⎝kx + kD cos θk

kD sin θk

kz

⎞
⎠, (13)

where kD = (kD cos θk, kD sin θk ) is the distance vector to
the K1 point, and kz is the out-of-plane component. We
now calculate α from Eq. (11). The photoelectron carries
a full three-dimensional momentum P, so that the three-
dimensional polarization of the driving field must be taken
into account. We therefore use the effective external field at
the surface (see Sec. II A) as a superposition of the incident
and the reflected components

Eeff,out = Ein + Er = Exyz, ph cos(ωpht )

= E0[cos φ cos θin(1 + rp) x̂ + sin φ (1 + rs) ŷ

+ cos φ sin θin(1 − rp) ẑ] cos(ωpht ). (14)

For the Volkov amplitude, we thus find

α = e

me ω2
ph

E0[cos φ cos θin(1 + rp)(kx + kD cos θk )

+ sin φ (1 + rs) kD sin θk + cos φ sin θin(1 − rp) kz].
(15)

The out-of-plane component is given by kz =√
2me

h̄2 (Epr − Eb − W ) − (k2
x + k2

y ), where Epr = h̄ωpr is

the probe photon energy, Eb is the binding energy of the state
of the electron experienced in the material, and W is the work
function in the context of tr-ARPES experiments.

Next, we compute the Floquet-only contribution. We now
focus on graphene, which is usually modeled as a system of
noninteracting electrons on a two-dimensional (2D) honey-
comb lattice. In the following, we first consider the linearized
Hamiltonian around the K points and work in coordinates
(kx, ky). As illustrated in Fig. 1, there are two possible con-
ventions for measuring the values of kx,y: (i) with respect to
the � point or (ii) with respect to one of the K points. In the
following, we focus on the K1 point, but we choose the origin
of the (kx, ky) coordinates to be in the � point.

The unperturbed, linearized Hamiltonian is then given by

H0 =
(

H+
0 0
0 H−

0

)
(16)

with

H±
0 = ±h̄vF

(
kxσx + kyσy

)
= ±h̄vF k̃

(
0 e−iθk

e+iθk 0

)
. (17)

The superscript ± denotes the valley isospin index, σx,y

are the corresponding Pauli matrices. For the K1 point, we

can write k̃ = |k − K1| =
√

k2
x + k2

y and θk = tan−1(ky/kx ),

where vF is the Fermi velocity. The spinors 
+
� = eik·rψ̂+

� (k),

−

� = eik·rψ̂−
� (k) are the four eigenstates of the Hamiltonian,


+
� = eik·rψ̂+

� (k) = eik·r 1√
2

⎛
⎜⎜⎝

1
+�eiθk

0
0

⎞
⎟⎟⎠,


−
� = eik·rψ̂−

� (k) = eik·r 1√
2

⎛
⎜⎜⎝

0
0
1

−�eiθk

⎞
⎟⎟⎠, (18)
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with � = ± denoting the band index, while ψ̂±
� is the spinor

vector. In its eigenbasis, we can write the Hamiltonian in the
diagonal form

H ξ
0 = ξ h̄vF k̃

(+1 0
0 −1

)
, (19)

where ξ = ± is the valley isospin.
Now, we will make our system time periodic by irradiating

it with monochromatic light, which will interact with the
electrons in the system. We use the definition of the electric
field given in Eq. (2), where the driving field is an IR pulse.
In minimal coupling, the momentum takes the form k −→
k − q A(t ), where q is the electron charge and the electric
field is related to the vector potential through E(t ) = − ∂A(t )

∂t .
We treat the time-dependent part of the Hamiltonian as a
perturbation and write

H (t ) = H±
0 + H ′(t ). (20)

The in-plane vector potential is defined as A(t ) =
(Ax(t ), Ay(t )), constructed from the effective in-plane electric
field

Eeff,xy = E0 cos(ωIRt )(cos φ tp cos θt x̂ + sin φ ts ŷ). (21)

This field is obtained from the vector potential

A(t ) =
(

Ax(t )
Ay(t )

)
= E0

ωIR

(
cos φ tp cos θt

sin φ ts

)
sin(ωIRt ). (22)

The quantities tp and ts are the Fresnel transmission co-
efficients for p- and s-polarized light, respectively, at the
vacuum-sample interface; they depend on incidence angle,
frequency, and the sample refractive index (concerning the
refractive index of a monolayer see Ref. [51]). The angle θt

is the angle at which the transmitted light leaves the sample,
and which is introduced formally via Snell’s law. We use the
effective refractive index as in [25] for n2(ω), so that Snell’s
law reads as n1 sin θin = n2(ω) sin θt , with n1 = 1 for vacuum
and n2(ω) the sample refractive index.

For the transmitted field interacting with the electrons in
the graphene layer, only the in-plane components are taken
into account. The perturbation term in Eq. (20) then takes the
form

H ′(t ) = −qvF

(
0 Ax(t ) − iAy(t )

Ax(t ) + iAy(t ) 0

)
. (23)

When representing the perturbation matrix H ′(t ) in the eigen-
basis of the unperturbed Hamiltonian H±

0 , we obtain

H ′(t ) =
(

A‖ iA⊥

−iA⊥ −A‖

)
. (24)

A‖ is the component of the vector potential parallel to k in the
(x, y) plane, A⊥ the one orthogonal to it. We find

A‖(t ) = β E0[tp cos θt cos φ cos θk + ts sin φ sin θk]︸ ︷︷ ︸
=: β‖

sin(ωIRt )

(25)

and

A⊥(t ) = β E0[tp cos θt cos φ sin θk − ts sin φ cos θk]︸ ︷︷ ︸
=:β⊥

sin(ωIRt ),

(26)

where we define β = −qv f /h̄ω2
IR. Hence, we can write

H ′(t ) = h̄ωIR[β‖ sin (ωIRt )σz] − h̄ωIR[β⊥ sin (ωIRt )σy].
(27)

We obtain

H (t ) = h̄[�νF k̃ + ωIRβ‖ sin(ωIRt )]σz

− h̄ωIR[β⊥ sin (ωIRt )]σy. (28)

We follow Ref. [36], where the diagonal part is used to treat
the Floquet sidebands, while the nondiagonal part describes
Rabi oscillations. In the following, we focus on the contri-
bution from the diagonal part. We obtain for the temporal
evolution of the pseudoeigenvectors


±
� (t ) = exp

[
− i

h̄

∫ t

0
dt ′ H��(t ′)

]

±

� (0), (29)

where H�� is the diagonal part of H (t ). We obtain


±
� (t ) = 
±

�e−iω0t+iβ‖ ∑
m

imJm(β‖)e−imωIRt , (30)

where 
±
� is the unperturbed eigenstate wave function and

ω0 = h̄νF k̃ is the unperturbed energy. We define the Floquet
coefficients bm ≡ Jm(β‖), where β‖ is the Floquet parameter
defined in Eq. (25). Similarly to Eq. (12), the intensity of the
first sideband due to Floquet driving of the electrons inside the
material is

IFloquet
1 = J1(β‖)2 ≈ |β‖|2. (31)

Next, we account for Floquet-Volkov interference by treat-
ing the transition from a Floquet state to a Volkov state
as the final state. Following Ref. [36], the transition ampli-
tude is calculated using Born approximation within first-order
time-dependent perturbation theory. The intensity of the first
sideband arising from the interference between the Volkov and
Floquet contributions can be written, similarly to Eqs. (12)
and (31), as

I Interference
1 = J1(β‖ − α)2 ≈ |β‖ − α|2 ≡ |γ |2, (32)

where we have defined the interference parameter γ = β‖ −
α. In the perturbative framework adopted from Ref. [36], the
interference term arises from the coherent superposition of
the Floquet-dressed initial-state amplitude and the Volkov-
dressed final-state amplitude. We follow the convention from
Refs. [26,35,36] which leads to Eq. (32). Hence, one main
result in leading-order perturbation theory is that the intensity
of the sideband is determined by interference terms between
the Volkov and the Floquet contribution, and not only by the
bare parameters α and β‖. This will be crucial for the analysis
of the results throughout the paper. However, in order to be
able to directly compare to experimental results of tr-ARPES
measurements, one needs to also take into account matrix
elements of the photoemission process M [26,48]. Using
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Eq. (32), the intensity amplitude of the first sideband in PB1
is then given by [26,36,48]

I tr-ARPES
1 ∝ |M|2 × |γ |2. (33)

For a monolayer of graphene, the transition matrix element
is given by M = 〈ψk,free|H ′|ψ�,k〉, where |ψk,free〉 is the fi-
nal state of the photoelectron (vacuum state) and |ψ�,k〉 is
one of the graphene eigenstates with band index � = ±1.
The choice of transition matrix elements, following Ref. [48]
(see Appendix A for a derivation), depends on the polariza-
tion field and incidence geometry of the tr-ARPES setup.
In PB1 for monolayer graphene, the simplest choice is to
assume the final state is a plane wave with equal weights on
the two carbon sublattices, leading to |M|2 ∼ sin2(θk/2) or
|M|2 ∼ cos2(θk/2), depending on whether the photoemitted
electron was at energies below or above the Dirac point (see
Appendix A). As we will see in the next section, it is essential
to include these matrix elements for reproducing the dark
corridor consistently in both experiment and theory, thereby
enabling meaningful comparison.

B. tdNEGF

To simulate the tr-ARPES signal, we adopt a time-
dependent nonequilibrium Green’s function (tdNEGF) for-
malism. For simplicity we treat the electrons in graphene
as independent particles, ignoring any self-energy effects.
We can thus employ the generalized Kadanoff-Baym ansatz
(GKBA) to circumvent the explicit calculation of the two-
time Green’s functions. We first propagate the single-particle
density matrix in momentum space under the time-dependent
Hamiltonian,

d

dt
ρ(k, t ) = − i

h̄
[H (k, t ), ρ(k, t )]. (34)

Using the time-dependent density matrix ρ(k, t ), we com-
pute the time diagonal of the lesser Green’s function via the
relation G<(k, t, t ′) = i ρ(k, t ), while the off-diagonal time
dependence is, within the GKBA, obtained from the equa-
tion of motion [42,59]:

[ih̄ ∂t − H (k, t )]G<(k, t, t ′) = 0. (35)

We then compute the photoemission intensity via [22,25,39–
42,60]

I (k, E , τ ) = Im
∑
aa′

M∗
a (k, E )Ma′ (k, E )

∫ ∞

0
dt

∫ t

0
dt ′

× s(t, τ )s(t ′, τ ) ei(E−h̄ωpr )(t−t ′ ) e−i�(k,t,t ′ )

× G<
aa′ (k, t, t ′). (36)

Here, s(t, τ ) is the probe envelope at delay τ , Ma(k, E ) de-
notes the photoemission matrix elements with respect to band
a, E is the final state energy, h̄ωpr is the probe-photon energy,
and �(k, t, t ′) is the Volkov phase. Note that the effect of the
matrix elements can be switched off in Eq. (36) by setting their
values to one and then replace

∑
aa′ by the trace Tr[G<], as for

instance done in Ref. [40]. Note that in order to account for
finite-temperature broadening of the band structure, a finite-
temperature state at T ≈ 80 K is initialized when constructing
the occupations and the single-particle density matrix. This

only affects the occupations close to the Fermi energy. The
temperature broadening ∼kBT of the Fermi edge is, however,
much smaller than the energy resolution imposed by the dura-
tion of the probe pulse. There are no other broadening effects.
Furthermore, the photoemission matrix elements within the
tdNEGF approach are calculated with a similar method as
in Ref. [59]. This framework allows a controlled separation
of Floquet, Volkov (LAPE), and interference contributions:
(i) Floquet only: propagate with the pump-periodic Hamil-
tonian H (k, t ), but set � = 0; (ii) Volkov only: replace
H (k, t ) → H0(k) (no Floquet modulation); (iii) interference:
use the full expressions in Eq. (36). We compare the computed
first-order sideband intensity in the (kx, ky) plane.

IV. RESULTS

A. Intensity distribution in PB1 and tdNEGF

Unless stated otherwise, we use an incidence angle θin =
68◦, a polarization angle φ = 85◦, a driving pulse center fre-
quency h̄ωIR = 0.65 eV and a field strength of 4 MV/cm,
which corresponds to the experiments as in Ref. [25]. Fig-
ure 2 shows the first sideband intensity, for the PB1 using
Eq. (33) and for the tdNEGF using Eq. (36). For each ap-
proach, we display results with (ME) and without (no-ME)
photoemission matrix elements. The top, middle, and bottom
rows correspond to Floquet-Volkov (FV), Volkov (V), and
Floquet (F) contributions, respectively, in the (kx, ky) plane.
All intensities are normalized to unity. We follow the conven-
tion from Ref. [48] (see also [49]) for monolayer graphene and
use |M|2 ∼ sin2(θk/2) for intensities above the Dirac point in
PB1. We emphasize an important aspect of the perturbative
framework: PB1 yields the angular distribution of the intensity
in the (kx, ky) plane for a selected sideband. While this pro-
vides momentum-resolved information, it does not by itself
reconstruct the full nonequilibrium band structure. Rather,
it represents the momentum-dependent transition probability
associated with that sideband, and may exhibit anisotropies
reflecting the symmetry and driven dynamics of the system.

Figure 2(a) shows the intensities of the first Floquet side-
band when neglecting the matrix elements as a function of
(kx, ky) in the vicinity of the K1 point. The top panel shows
the results when considering the interference between the
Volkov and the Floquet channels, the other two panels are
for the Volkov-only and the Floquet-only contribution, re-
spectively. A dark-corridor–like suppression [61–64] is visible
in all maps. We also observe a clear up-down asymmetry
in the FV and V maps in momentum space, whereas the F
maps appear up-down symmetric; we will quantify this further
below. Figure 2(b) presents the case when including the matrix
elements, using the before-mentioned approximation |M|2 ∼
sin2(θk/2). The dark corridor shifts relative to Fig. 2(a), and
the overall intensity distribution becomes more asymmetric.
This demonstrates the direct impact of photoemission matrix
elements on the momentum-resolved intensity distribution.

We now turn to the tdNEGF results in Fig. 2. Figures 2(c)
and 2(d) display the momentum maps for the first sideband
in the (kx, ky) plane for the no-ME and ME cases, respec-
tively, using the same θin and φ as above. Unlike Figs. 2(a)
and 2(b), now the first Floquet sidebands are extracted from
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FIG. 2. First Floquet sideband intensity in the (kx, ky ) plane as obtained from the perturbative approach (PB1) and from the tdNEGF,
respectively. (a), (b) Show PB1 results; (c), (d) show tdNEGF results extracted from constant-energy cuts (E − EF = 0.63 eV) that isolate the
first sideband. Top, middle, and bottom rows correspond to Floquet-Volkov (FV), Volkov (V), and Floquet (F) contributions, respectively. (a),
(c) Are without photoemission matrix elements (no-ME); (b), (d) include matrix elements (ME). Parameters used θin = 68◦, φ = 85◦, and field
strength 4 MV/cm. All intensities are normalized to unity.

constant-energy cuts from the spectra of the driven graphene,
leading to the ringlike patterns in momentum space [25,59]. In
Fig. 2(c), the FV maps exhibit an up-down asymmetry whose
sense is opposite to that of PB1 in Fig. 2(a) (no-ME). The
characteristic dark corridor is barely visible or absent. The
V and F maps appear essentially up-down symmetric within
visual resolution; we assess the asymmetries via angular li-
neouts further below. Including ME in tdNEGF, Fig. 2(d),
reinstates a dark-corridor–like suppression (also visible in V)
and yields FV intensities with an asymmetry opposite to the
no-ME case. Comparison of Figs. 2(b) and 2(d) now reveals
that both approaches, when including the matrix elements,
provide qualitatively very similar results, including the dark
regions and the direction of the asymmetries. This is inter-
esting since the FV results without considering the matrix
elements lead to opposite predictions of both approaches. In
addition, while in PB1 the matrix elements enter simply as
a multiplicative factor in the analytical expressions for I1,
the situation in tdNEGF is more involved. In graphene, in
particular, the bands are slightly renormalized along the kx

direction, which modifies the relative phases of the contribu-
tions from the A and B sublattices. For this reason, we do not
expect the same intensity trends when comparing the F, V, and
FV channels with and without ME to each other, but rather
each situation has to be computed independently. However,
upon including the ME, both PB1 and tdNEGF yield the
same qualitative intensity distribution in the F, V, and FV
channel, respectively. This indicates that generically for the
investigation of Floquet sidebands also for other materials it is

crucial to include the matrix elements. Luckily, for graphene
a minimal modeling of the matrix elements as discussed in
Ref. [48] appears to suffice, but for other materials it might
be important to provide a material-specific estimation of the
photoemission matrix elements.

Next, we will compare PB1 and tdNEGF more directly
by analyzing angular lineouts to quantify asymmetries of the
signals and differences between the two approaches.

Angular intensity distribution

The inset in Fig. 3(e) illustrates how the intensity as a
function of azimuthal angle θ is obtained by summing over
intensities within narrow angular sectors (bins in θ direction).
For both methods, we employ a sliding angular binning proce-
dure in momentum space. An angular bin of width θ = 20◦ is
defined, and its starting angle is incremented in steps of 2.5◦.
At each increment, we sum over all (kx, ky) points shown in
the plots, whose angle lies within the current bin. If not stated
otherwise, this procedure is used for all azimuthal angular
intensity distributions presented in this work.

Figure 3 shows the so-obtained angular dependence of the
first-sideband intensity for the FV, V, and F contributions,
respectively, corresponding to the momentum maps in Fig. 2,
for both no-ME and ME cases. For a consistent comparison,
each curve is normalized to its own maximum since, on gen-
eral grounds, we cannot expect that both methods obtain the
same amplitudes of the signals. Note that, if not mentioned
otherwise, for the sake of clarity and direct comparison, we
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FIG. 3. Azimuthal (θ ) dependence of the first sideband intensity
for Floquet-Volkov (FV), Volkov (V), and Floquet (F) contributions,
corresponding to the momentum maps in Fig. 2. The blue lines
represent tdNEGF results, and the red lines the PB1 results. Each
curve is normalized to its own maximum. Left panel: results without
photoemission matrix elements (no-ME). Right panel: results includ-
ing matrix elements (ME). The inset in (e) illustrates the way the
azimuthal data is obtained.

display the raw data in the lineouts obtained from the bins
without further smoothening or other postprocessing, which
leads to the visible noise in the plots. However, we expect this
noise to be reduced when using a finer k grid.

In Fig. 3(a) (FV, no-ME), both approaches exhibit a clear
asymmetry around θ = π , but with opposite sense: tdNEGF
yields higher intensity for θ > π , whereas PB1 is larger for
θ < π . Figures 3(b) and 3(c) show the results for V and F
for the no-ME case. While in detail the results from both
methods differ, in their overall behavior, we find the same
directional asymmetry in the intensity distribution. Including
the matrix elements (right panel) modifies these trends. In
Fig. 3(d) (FV, ME), the asymmetry reverses relative to the td-
NEGF no-ME case in Fig. 3(a). Overall, with the ME, results
in Figs. 3(d)–3(f) show good qualitative agreement between
PB1 and tdNEGF. A notable exception appears in Fig. 3(f)
(F, ME): tdNEGF predicts a finite intensity at θ = π , while
PB1 yields a vanishing signal there. This difference is con-
sequential because the experimentally accessible observable
for F and V is a quantum-path-integrated signal [25]. As seen
in Fig. 3(e) (V, ME), both methods give vanishing intensity
near θ = π . Consequently, in the FV channel, the interference
enforces intensity (θ = π ) to 0 within PB1, whereas tdNEGF
retains a finite value originating entirely from the F contri-
bution. This distinction could provide an experimental handle
on Floquet effects and sideband formation. It indicates that
a simple ME choice such as |M|2 ∼ sin2(θk/2) is generally
insufficient for realistic situations.

B. Direct comparison with experiment

In order to better model the experimental situation, we
adapt the driving field to incorporate the strength at the sur-
face and within the sample for the monolayer graphene setup
studied in this paper. We follow Ref. [25] and use as effective
field acting on the photoelectron

Eeff,out = fV (Ein + Er ), (37)

while the effective driving field for electrons inside the
graphene monolayer is interpolated as

Eeff,xy = fF (Ein + Er ) + (1 − fF )Et, (38)

where fV denotes the screening parameter for the Volkov con-
tribution and fF the screening at the monolayer. Ideally, one
would expect a perfect surface, i.e., ( fV , fF ) = (1.0, 0.0);
atomically thin graphene can, however, not be treated as a hard
vacuum-matter interface. We use the scaling factors ( fV , fF )
to approximately account for the uncertainty of the effective
fields, anchoring to experimental observations. Good agree-
ment with dielectric screening on the atomic length scale is
obtained for fV = 0.5 [51]. This gives us

α = fV
e E0

me ω2
ph

[cos φ cos θin(1 + rp)(kx + kD cos θk )

+ sin φ (1 + rs) kD sin θk + cos φ sin θin(1 − rp) kz]

(39)

and

β‖ = fF βE0[cos φ cos θin(1 + rp) cos θk

+ sin φ (1 + rs) sin θk]

+ (1 − fF ) βE0[tp cos φ cos θt cos θk + ts sin φ sin θk].

(40)

To assess the usefulness of the theoretical approaches, we
compare in the following the photoemission intensity results
obtained from the two approaches with tr-ARPES data on
driven graphene from Ref. [25]. As discussed in detail in
Refs. [25,26], these comparisons underscore that both Floquet
and Volkov contributions, and their mutual path interference,
are essential for reproducing the measured tr-ARPES signal.

Figure 4 shows the angular distribution of the intensity of
the first sideband for two different values of the polarization
of the driving field: nearlyp-polarized (φ = 10◦) and nearly
s-polarized (φ = 76◦). For all cases, we choose parameters
θin = 68◦, fF = fV = 0.5, and in the theoretical results the
ME are included. The bottom and middle panels show the
Floquet (F) and Volkov (V) components from PB1 and td-
NEGF, respectively. In the top panels of Fig. 4, we directly
compare the results of both theoretical approaches to the ones
obtained in the experiment. First, we compare the left column
for the near p-polarized φ = 10◦ case in Fig. 4. In Fig. 4(c),
we observe a slight mismatch between the two theoretical
approaches in the angular dependence of the intensity distri-
bution in the Floquet channel. However, in Fig. 4(b) in the
Volkov channel, the results are very similar to each other,
noticeably around θ ∼ π . The intensity distribution deviates
slightly when going further away from π , but the overall qual-
itative behavior remains the same. In Fig. 4(a), we show the
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FIG. 4. Comparison between theoretical photoemission intensi-
ties obtained by tdNEGF and PB1, respectively, and experimental
tr-ARPES data for monolayer graphene as published in Ref. [25].
The plots show the angular dependence of the normalized photoe-
mission intensity for the first sideband, shown for two different
values of the polarization of the incident light: near p-polarized light
(φ = 10◦, left column) and near s-polarized light (φ = 76◦, right
column). Black crosses represent the experimental data, the blue
lines represent tdNEGF results, and the red lines the PB1 results.
Theoretical results include contributions from Floquet-Volkov (FV)
in (a) and (d), Volkov only (b) and (e), and Floquet data in (c) and
(f). Parameters are θin = 68◦, ( fF , fV ) = (0.5, 0.5), and ME are
included.

interference results are directly compared to the experimental
data from Ref. [25]. Both theoretical approaches reproduce
well the experimental data, in particular around θ = π .

Next, in the right column of Fig. 4 we show the results
for the near s-polarized case with φ = 76◦. In Fig. 4(f) the
intensity distribution in the Floquet channel as obtained by
both theoretical approaches shows a similar asymmetry with
respect to θ = π . However, PB1 shows no intensity around
θ ≈ π , while the tdNEGF results clearly show a finite inten-
sity at this point. This indicates mixing of the bands, which
can be captured by tdNEGF formalism, but not by the simple
perturbative PB1 approach. However, Fig. 4(e) shows that in
the Volkov channel both methods again provide very similar
results, which in addition are similar to the results in the case
of φ = 10◦ polarization. Again, we get the best agreement
between both approaches for θ ∼ π . In Fig. 4(d), we again
compare the theoretical results to the experimental results
of Ref. [25]. While the overall agreement is very good, in
particular at θ ∼ π we notice that the intensity measured in
experiment is notably higher than the one obtained by both
theoretical approaches. However, the tdNEGF shows a trend
towards the stronger signal, which stems from the finite inten-
sities in the Floquet channel. This raises the question whether
in the s-polarized case a finite intensity in experimental data

at θ ∼ π is already indicative for Floquet sidebands. However,
the PB1 results, which have no contribution from the Floquet
sector, have also a finite, but smaller intensity, so that such a
finding does not suffice to unambiguously confirm the pres-
ence of a Floquet sideband. Instead, a detailed understanding
of the angular distribution of the intensities is needed, as
discussed in Refs. [25,26].

In this section we saw that qualitatively, both approaches
reproduce the experimental findings on the angular modu-
lations of the intensity distribution and capture the general
trends of the interference between Floquet and Volkov final
states. Quantitative differences between each other, and to the
experimental results, however, remain, and are polarization
dependent. The tdNEGF approach more accurately captures
the overall line shape, particularly the asymmetry and the in-
tensity variation across θ in the vicinity of θ = π in the nearly
s-polarized case. The differences between the two theoretical
approaches can further increase when considering higher-
order processes, self-energy effects, and spectral broadening
that are naturally captured in the tdNEGF formalism, but
which are absent in simple perturbative treatments like PB1.
Next, we check how both methods perform when changing
different parameters at hand.

C. Sensitivity to parameters

1. Screening approximation

We compute the first-sideband intensity with both ap-
proaches for different choices of screening parameters fV and
fF , which were introduced in Eqs. (37) and (38). As further
discussed in Sec. IV B, in this modeling the driving field is
adapted to account for surface and vacuum responses, and
in the idealized case of a perfect surface one has ( fV , fF ) =
(1.0, 0.0). In the following, we fix the incidence angle θin =
68◦, the polarization angle φ = 85◦, and include ME in both
theoretical approaches.

Figure 5 shows the direct impact of different choices of
the screening parameters. The top row shows the tdNEGF
results, while the bottom row shows the PB1 results. The
numerical values of the values of the screening parameters
( fF , fV ) are encoded by the color bar. The plots show results
for a “perfect surface” ( fF , fV ) = (0.0, 1.0) (black lines) and
the effect of varying the values up to (0.7,0.3) (dark red lines).
All curves are normalized to unity. Overall, the intensity pro-
files are rather robust with respect to changing the screening
parameters, with the most visible changes occurring in the
FV results. In the tdNEGF results of Fig. 5(a), moving away
from the perfect-surface limit, i.e., allowing field components
to mix, enhances the intensity for θ > π . Even at the perfect-
surface setting, there remains finite weight near θ = 3π/2; the
subsequent enhancement is therefore naturally attributed to a
stronger Volkov contribution.

The PB1 results, shown in Fig. 5(d) for FV with the
same color scheme, exhibit a related trend: as mixing in-
creases, a secondary peak near θ = 3π/2 appears, whereas
near the perfect-surface limit (or weak screening), this peak
is suppressed. Noticeably, we observe suppression of the in-
tensity at 2π as going away from perfect-surface limit. For
stronger screening, e.g., ( fF , fV ) = (0.7, 0.3), both methods
yield qualitatively similar angular distributions, strong inten-
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FIG. 5. Sensitivity of the first sideband angular intensity to screening. Top: tdNEGF; bottom: PB1. Matrix elements are included
throughout. The incidence and polarization are fixed to θin = 68◦ and φ = 85◦. Screening pairs ( fF , fV ), defined in Sec. IV B [Eqs. (37)
and (38)], are varied from the “perfect-surface” limit (0.0,1.0) (black) to (0.7,0.3) (dark red) and encoded by the color bar; all curves are
normalized to unity.

sity around θ = π/2 and weak intensity around θ = 3π/2,
while differing quantitatively in the ratio of the peak ampli-
tudes.

2. Polarization-angle dependence

We now examine how the first-sideband intensity varies
with the polarization angle φ. Our focus is the evolution of
the up-down asymmetry for polarization angles smaller and
larger than φ = 90◦ as in Ref. [25], but here we will also
compare intensities to each other for different polarization
angles. Figure 6 shows results obtained with PB1 for the
momentum-resolved maps in the (kx, ky) plane for the same
parameters as in Ref. [25] with fixed θin = 68◦, screening
parameters fF = fV = 0.5, including ME, and for φ = 75◦,
90◦, and 105◦. However, we now fix the normalization of
the amplitudes row-wise in the figure, so that one can see
how the intensity in the F, V, and FV channels, respectively,
evolves upon changing φ. In the FV case, φ = 75◦ produces
a clear up-down asymmetry with enhanced intensity in the
lower-right quadrant of the (kx, ky) plane. At φ = 90◦ the
distribution becomes nearly symmetric and the intensities are
strongly suppressed everywhere, while at φ = 105◦ the sense
of the asymmetry flips relative to φ = 75◦, while the magni-
tudes of the intensities are comparable. The V-only case shows
a symmetric profile overall, with a strong suppression (nearly
vanishing intensity) at φ = 90◦. The F-only case mirrors the
FV trend: asymmetric for φ = 75◦ and 105◦ with opposite
sense, and approximately symmetric at φ = 90◦. In Fig. 7
we show the same as in Fig. 6, but as obtained by tdNEGF. We
observe similar behavior: in the FV case, at φ = 75◦ the distri-
bution exhibits an up-down asymmetry; at φ = 90◦ it becomes
nearly symmetric, but the intensities are strongly suppressed;

and at φ = 105◦ the sense of the asymmetry reverses relative
to that at φ = 75◦, while the magnitudes of the intensities are
comparable. These observations are consistent with Ref. [25],
where both experiment and tdNEGF show an asymmetry flip
upon crossing φ = 90◦ and a strong suppression of the Volkov

FIG. 6. Polarization-angle dependence of the first sideband in-
tensity within PB1. Momentum-resolved maps in the (kx, ky ) plane
are shown for φ = 75◦, 90◦, and 105◦ (columns), with θin = 68◦,
fF = fV = 0.5, and photoemission matrix elements included (ME).
Rows correspond to Floquet-Volkov (FV, top), Volkov (V, middle),
and Floquet (F, bottom) contributions.
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FIG. 7. Polarization-angle dependence of the first sideband in-
tensity obtained with tdNEGF. Rows correspond to Floquet-Volkov
(FV, top), Volkov (V, middle), and Floquet (F, bottom) contribu-
tions. Momentum-resolved maps in the (kx, ky ) plane are shown for
φ = 75◦, 90◦, and 105◦ (columns), with θin = 68◦, fF = fV = 0.5,
and photoemission matrix elements included (ME).

channel near φ = 90◦. Thus, both methods reproduce the
qualitative polarization dependence observed in tr-ARPES.
This is further quantified in Fig. 8, which displays the intensity
distributions in the FV case as a function of azimuthal angle
θ . The φ = 75◦ and 105◦ data exhibit opposite asymmetries
about θ = π , whereas the φ = 90◦ curve is nearly symmetric,
but has substantially smaller intensity.

FIG. 8. Azimuthal (θ ) lineouts for the FV contribution corre-
sponding to the top row of Fig. 6 in the top panel and results from
Fig. 7 in the bottom panel. Curves for φ = 75◦, 90◦, and 105◦ are
normalized as in Figs. 6 and 7; parameters are θin = 68◦, fF = fV =
0.5, and ME included.

FIG. 9. Incidence-angle dependence of the azimuthal intensity
dependence of the first sideband. Left column: tdNEGF; right col-
umn: PB1. Rows correspond to the contributions of FV in (a) and (d),
V in (b) and (e), and F in (c) and (f). Curves show θin = 10◦ (blue),
30◦ (green), 45◦ (red), and 68◦ (purple) at fixed polarization φ = 85◦

with fF = fV = 0.5 and matrix elements (ME) included; each curve
is normalized to its maximum.

3. Incidence-angle dependence

We now fix the polarization angle φ = 85◦ and
study the behavior at different incidence angles θin =
10◦, 30◦, 45◦, 68◦. For the sake of better readability, we
normalize all curves to their respective maxima. Figure 9
shows the results for screening fF = fV = 0.5, and including
ME. Figures 9(a)–9(c) display tdNEGF results for FV, V, and
F, respectively; Figs. 9(d)–9(f) show the corresponding PB1
results. Near normal incidence (θin = 10◦, 30◦), both tdNEGF
and PB1 exhibit noticeable sensitivity on θin in the FV and
V channels, whereas the F channel remains essentially
unchanged. For larger incidence angles (θin = 45◦, 68◦),
these trends become largely insensitive to θin within plotting
resolution. However, the PB1 results in the FV channel show
an additional peak at θ ≈ 3π/2 that is pronounced at small
θin and suppressed at larger θin, while tdNEGF [Fig. 9(a)]
displays a finite peak at θ ≈ 3π/2 for all incidence angles
shown here. In contrast, PB1 shows for the larger incidence
angles an increase of intensity at θ ≈ 2π , which is absent in
the tdNEGF results. Hence, again there is overall agreement
of both methods, but the perturbative PB1 approach seems
to incorrectly capture some of the features at large incidence
angles.

D. Energy gaps

In Fig. 10 we discuss the energy dependence of the in-
tensity distributions. This is done by presenting intensity
distributions as a function of azimuthal angle θ , but constant
energy, at different values of the energy. We focus on the FV
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FIG. 10. FV-channel intensity at fixed incidence and polarization angles θin = 68◦, φ = 85◦, fF = fV = 0.5, and with photoemission
matrix elements (ME). The data shown are postprocessed using the Gaussian-weighted fitting procedure discussed in Appendix B for bin
size of θ = 10◦. (a) PB1 intensities are from Eq. (33): the angular profiles are independent of the binding energy (Eb), so lineouts at different
(Eb) overlap; the color bar in (d) lists the (Eb) values used. (b)–(d) tdNEGF intensities from Eq. (36) at increasing field strengths (4, 9, and 14
MV/cm). The color bar in (d) maps the constant-energy cuts to the colors of the corresponding angular lineouts. (e) Driven graphene spectrum
indicating in light blue the hybridization region sampled by the cuts. (f) Intensity distributions at fixed energies taken from (e) at 0.49 and
0.36 eV; arrows indicate the hybridization region. All the intensities are normalized to one.

channel and again fix the parameters to the ones of Ref. [25],
i.e., θin = 68◦, fF = fV = 0.5, and we use φ = 85◦ with ME.

For a better visualization of the angular variation of the
intensity at the expected gap location, we smoothen the raw
data for the angular distributions: here, we use bins of size
θ = 10◦ in width and then increment the starting angle in
steps of 2.5◦. This is similar to the procedure in Sec. IV A 1.
However, for the sake of a clearer visualization, we now
subsequently process the data using a Gaussian-weighted fit-
ting procedure explained in Appendix B. This allows us to
extract smooth angular lineouts. In the following, we use
these fitted distributions to qualitatively assess the variation of
the intensity at the gap and to facilitate a direct comparison.
Details of the binning procedure, the fitting methodology, and
representative examples of the raw and fitted data discussed in
this section are provided in Appendix B and Fig. 15.

Within PB1, the sideband intensity computed from Eq. (33)
depends solely on the selected sideband (here the first one)
and not on the value of the energy [see Fig. 10(a)]. This lack
of dispersion or hybridization reflects the fact that PB1 retains
the transition probability into a given sideband but does not
reconstruct the full nonequilibrium band structure.

By contrast, Figs. 10(b)–10(d) show tdNEGF results
from Eq. (36) for increasing field strengths (4, 9, and
14 MV/cm, respectively), which incorporate the band struc-
ture. In Fig. 10(e) we show the graphene spectrum for the
parameters as in Fig. 10(d), and in Fig. 10(f) we show the mo-
mentum maps for energy cuts at 0.49 and 0.36 eV taken from
Fig. 10(e). Here, we mark in light blue the region of interest in
the driven graphene spectrum; the energy E is measured in eV,
and EF is the Fermi energy. We chose this region since here we
can observe Floquet-induced band mixing and gap openings
(hybridization) [65,66]. The different lines in Figs. 10(b)–
10(d) correspond to energies 0.2 eV � E � 0.49 eV, which
all lie within this region of interest, as indicated by the color
bar in Fig. 10(d).

At field strength of 4 MV/cm [Fig. 10(b)] we observe
only weak variations particularly upon changing E around
θ = 3π/2, which is the region where the opening of the gap
is expected [hybridization region, indicated by the vertical
light-blue region in Figs. 10(b)–10(d), this corresponds to the
expected gap location indicated in the momentum maps in
Fig. 10(f)].

Next, as the field strength increases to 9 and 14 MV/cm,
Figs. 10(c) and 10(d), respectively, the energy dependence
becomes pronounced: within the hybridization region the in-
tensity is suppressed, reducing to ∼30% of the original peak
value at 14 MV/cm. This is due to the gap opening. Note that,
even though the resolution does not suffice to directly observe
the gap, this suppression of the intensity is an indicator for its
presence and can serve as a guide for experiments. In Fig. 11
we present the dependence of the results of Fig. 10(b) when
varying the incidence angle. We choose this case to further
analyze the gap when changing the incidence angle since
Fig. 10(b) has very weak indications of a gap and we want to
see if this can be further enhanced. As shown in Fig. 11(a),
for θin = 10◦ (near normal incidence) the intensity mainly
varies in the region around θ = 3π/2, consistent with the
expected gap location, and is suppressed relative to the peak
value. Note that, in contrast to the results of Fig. 10(b), which
are at θin = 68◦, a significant suppression of the intensity is
obtained. Moving away from normal incidence [Figs. 11(b)
and 11(c) for θin = 30◦ and 45◦, respectively] the suppression
of the intensity in the expected gap region is much smaller,
and at θin = 68◦ [Fig. 10(b)], only weak variations remain.
This trend indicates that moving away from normal incidence
enhances the Volkov effect, thereby increasing the intensity
within the expected hybridization (gap) region, which leads to
the vanishing of the gaps. This is further discussed in Fig. 12
where we show the tdNEGF results for the band structure
in the FV case when varying the field strength and the in-
cidence angle. We fix the polarization angle at φ = 85◦ and
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FIG. 11. FV-channel intensity at fixed parameters matching
Fig. 10(b) (field strength 4 MV/cm), ME included, fF = fV = 0.5
while varying the incidence angle θin. The data shown are postpro-
cessed using the Gaussian-weighted fitting procedure discussed in
Appendix B for bin size of θ = 10◦. (a) Near normal incidence,
θin = 10◦, the angular profile shows a suppression around θ = 3π/2,
consistent with the expected hybridization (gap) region. (b), (c) As
θin increases to 30◦ and 45◦, the intensity within the expected gap
region rises. Horizontal lines are a guide to the eye for showing the
intensity variation.

the weights to ( fF , fV ) = (0.5, 0.5) as before. The top row of
Fig. 12 displays results for a field strength of 4 MV/cm, and
the bottom row for 9 MV/cm. Figures 12(a)–12(d) correspond
to incidence angles θin = 10◦, 30◦, 45◦, and 68◦, respectively.
In both field regimes, angles near normal incidence (θin = 10◦
and 30◦) exhibit a pronounced suppression of the intensity
within the expected hybridization (gap) region; at 9 MV/cm
and θin = 10◦ the gap-region intensity nearly vanishes. In con-
trast, for oblique incidence (θin = 45◦ and 68◦) we find finite
intensity in the gap region, comparable to the peak intensity
elsewhere. As expected, the apparent gap size increases with
field strength when comparing the 4 and 9 MV/cm results,
and for fixed θin when comparing top and bottom panels.

Note that the residual intensity at the gap does not vanish,
which we attribute to finite broadening in energy resolution,
which is due to the energy uncertainty resulting from the short
pulse duration, numerical broadening, as well as the finite sys-
tem size used in the simulations. Nevertheless, we do find in
our tdNEGF results a significant suppression of the intensities
in the hybridization region for small incidence angles or at
high field strength and expect that this trend should also be
visible in experiments.

V. DISCUSSION AND OUTLOOK

In this paper, we compared the results of the PB1 approach
to tdNEGF simulations for the first Floquet sideband inten-
sities by directly computing them for monolayer graphene.
In both methods one can systematically analyze the effect of
Floquet-dressed initial states, Volkov states (LAPE), and their
interference. The interference between Volkov and Floquet
states leads for both methods to results that, when including
matrix elements, reproduce the main features of the experi-
mental findings, in particular the asymmetries of the intensity

distributions as a function of (kx, ky ), which indicate the re-
alization of a Floquet sideband as discussed in Refs. [25,26].
However, while the PB1 approach is able to reproduce qualita-
tively well the intensity distribution as a function of azimuthal
angle, it is not capable of making predictions at different
energies, or to describe details of the structure of the Floquet
sidebands. In particular in hybridization regions, near avoided
crossings, and at high field strengths significant quantitative
differences to the tdNEGF results arise. This is due to the more
precise treatment of the band structure and of the photoemis-
sion intensities within the tdNEGF approach.

Our results show that, at least for systems with simple
band structures such as monolayer graphene, the PB1 and
the tdNEGF approaches can be used in a complementary
manner. In a first step, one can use the computationally less
expensive PB1 method to explore trends, e.g., to identify
interference regimes and optimize experimental parameters.
In the next step of the modeling, one needs to incorporate
realistic Fresnel coefficients, photoemission matrix elements,
and screening parameters of the material at hand. The so-
obtained results can be used to guide the more precise, but also
more computationally expensive simulations using tdNEGF.
For typical situations, when interactions are not too strong
[59] (prominently electron-electron scattering, or coupling to
phonons), we expect both methods to be able to reproduce the
main features of experimental findings. However, for strongly
correlated systems, where due to the interactions the single-
particle spectral functions possess a continuum of excitations
instead of a band structure, it can be important to apply other
numerical methods, such as matrix product states [67,68] for
the investigation of Floquet sidebands [69].

In summary, the tdNEGF should be used instead of the PB1
method whenever strong-field effects, band hybridization, or
multiphoton transitions are central. It also becomes indis-
pensable for quantitative comparisons involving linewidths or
dissipation. Further system parameters and self-energies can
be included [59], which will allow the study of Floquet states
in a variety of quantum materials [3].
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FIG. 12. Floquet-Volkov (FV) interference in graphene: dependence of the driven band structure on the incidence angle. We fix
φ = 85◦ and ( fF , fV ) = (0.5, 0.5). The top row shows results for 4 MV/cm and the bottom row for 9 MV/cm. (a)–(d) Correspond to
θin = 10◦, 30◦, 45◦, 68◦, respectively. The field-strength comparison (4 vs 9 MV/cm) further shows larger apparent gaps at higher fields,
complementing Figs. 10 and 11.

APPENDIX A: MATRIX ELEMENT DEPENDENCE IN PB1

We summarize in the following how to estimate the matrix
elements for monolayer graphene within the PB1 framework
(see Ref. [48]). We emphasize the dependence on the in-plane
momentum angle θ̃k, the eigenstates of the low-energy Dirac
Hamiltonian, and the effect of light polarization on the tr-
ARPES intensity (see Ref. [48] for a detailed discussion).

From the Peierls substitution, the light-matter interaction
takes the form

H int = C (Axσx + Ayσy), C = (constant prefactor), (A1)

where Ax,y are the Cartesian components of the vector poten-
tial. The final state of photoelectron is taken to be a plane wave
with equal weights on the two carbon sublattices,

| fk〉 = 1√
2

(
1
1

)
. (A2)

For x-polarized light we set A = (Ax, 0), yielding

Mx-pol
sk = 〈 fk| H int |ψsk〉 = CAx 〈 fk| σx |ψsk〉 . (A3)

Here, s = + denotes a state above the Dirac point and s = −
a state below the Dirac point; |ψsk〉 is an eigenstate of the
undriven Hamiltonian (16). Following Ref. [48] and setting
the hopping amplitude to 1, the result is∣∣Mx-pol

sk

∣∣2 = |e−iθk/2 − (s) e+iθk/2|2
= 2[1 − (s) cos θk]. (A4)

(a) Case 1: s = +. Here, we choose an electron, which is
photoemitted from a state above the Dirac point, and one
obtains ∣∣Mx-pol

+k

∣∣2 ∝ (1 − cos θk )

= sin2

(
θk

2

)
. (A5)
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FIG. 13. Momentum-resolved intensity distributions plotted in
the (kx, ky ) plane with PB1 for polarization angle φ = 85◦, θin = 68◦,
( fF , fV ) = (0.5, 0.5) and different choices of matrix elements. In (a),
results are shown with no matrix element (no-ME), in (b) results are
shown with matrix element sin θk/2 [ME-sin, see Eq. (A5)], and in
(c), results are shown with matrix element cos θk/2 [ME-cos, see
Eq. (A6)]. The top row displays the Floquet-Volkov interference
(FV), the middle row the Volkov contribution (V), and the bottom
row the Floquet contribution (F).

(b) Case 2: s = −. Here, we choose an electron, which
is photoemitted from a state below the Dirac point, and one
obtains ∣∣Mx-pol

−k

∣∣2 ∝ (1 + cos θk )

= cos2

(
θk

2

)
. (A6)

Figure 13 shows the direct effect of the choice of the matrix
element for the PB1 results. We observe that the choice of the
matrix element decides the orientation of the dark corridor.
This is further illustrated by the azimuthal intensity depen-
dence plots in Fig. 14.

APPENDIX B: GAUSSIAN-WEIGHTED DATA FITTING

Curve smoothing is performed using a Gaussian-weighted
moving average, which replaces each data point with a
weighted average of its neighboring points [71,72]. Given
a discrete signal yn of length N , the smoothed signal ỹn is
defined as

ỹn =
R∑

k=−R

wk y(n−k) mod N , (B1)

where R is the kernel radius and the weights wk are given by
a normalized discrete Gaussian,

wk =
exp

(
− k2

2σ 2

)
∑R

j=−R exp
(
− j2

2σ 2

) . (B2)

Here, σ controls the width of the Gaussian and therefore the
degree of smoothing. The modulo operation enforces periodic

FIG. 14. Dependence of the azimuthal θ intensity distribution on
matrix elements in PB1. Lineouts are taken from Fig. 13. The inset
in (b) illustrates the way the azimuthal data is obtained.

FIG. 15. Azimuthal (θ ) lineouts for the data shown in Fig. 10 for
tdNEGF (4 MV/cm) in (a) and for PB1 in (b). Blue circles denote
the raw data obtained after binning with a θ bin size of 10◦ and
summing the intensities within each bin. The orange solid lines show
the corresponding Gaussian-weighted fits.
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(wraparound) boundary conditions. For the discrete data set,
we use R = 8 (i.e., 2σ ); in this way, we perform a Gaussian-
weighted average at each point, similar to a running average.
In Fig. 15, we show the raw data and the corresponding
Gaussian-weighted fits for the angular cuts presented in the

main text Fig. 10, for the 9-MV/cm tdNEGF case and for the
PB1 case. We use a θ bin size of 10◦ and sum the intensities
within each bin. The resulting angular distributions are then
fitted using the Gaussian-weighted fitting procedure described
above.
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