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Using artificial dissipation to tame entanglement growth, we chart the emergence of diffusion in a generic
interacting lattice model for varying U(1) charge densities. We follow the crossover from ballistic to diffusive
transport above a scale set by the scattering length, finding the intuitive result that the diffusion constant scales
as D o 1/p at low densities p. Our numerical approach generalizes the Dissipation-Assisted Operator Evolution
algorithm: in the spirit of the Bogoliubov-Born-Green-Kirkwood-Yvon hierarchy, we effectively approximate
nonlocal operators by their ensemble averages, rather than discarding them entirely. This greatly reduces the
operator entanglement entropy, while still giving accurate predictions for diffusion constants across all density
scales. We further construct a minimal model for the transport crossover, yielding charge correlation functions
which agree well with our numerical data. Our results clarify the dominant contributions to hydrodynamic cor-
relation functions of conserved densities, and serve as a guide for generalizations to low-temperature transport.
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I. INTRODUCTION

The complexity of a many-body system can give rise to
emergent, universal behavior. A principal example is hydro-
dynamics, which is an effective theory for the transport of
conserved quantities at mesoscopic scales [1,2]. Consider,
for example, a clean system of interacting quantum parti-
cles. Between collisions, the particles travel ballistically and
coherently. But collisions are expected to randomize the par-
ticle motion (at sufficiently high particle/energy density) so
that diffusive hydrodynamics emerges at scales set by the
interparticle separation. Although this scenario includes fluids
with momentum conservation and Navier-Stokes hydrody-
namics, diffusion is also expected to generically emerge above
a crossover length scale in high-temperature nonintegrable
lattice systems, where momentum is not conserved and the
only hydrodynamic modes with local conserved densities are
energy and/or charge [3]. However, while this crossover pic-
ture is general and intuitive, it has not been verified in generic
quantum systems either theoretically or numerically, except in
special limits, e.g., in finely tuned integrable models [4-6].

This work remedies the situation. We develop a method
for simulating hydrodynamics accurately at a range of fill-
ings, and with it we are able to chart in detail the crossover
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between rapidly diffusing behavior at half filling and ballis-
tic/coherent transport at low filling. We are moreover able to
extract well-converged estimates for diffusion constants and
correlation functions across the entire range of fillings, and
verify the intuitive result that the diffusion constant D is set
by the inverse particle density at low filling, i.e., D o 1/p,
where p is the particle density. On the back of our data, we
construct a minimal model for spacetime correlation functions
which captures the crossover between ballistic and diffusive
behaviors, and agrees well with our numerical simulations.

Any feasible classical simulation of a many-body system
needs to make approximations, and our work is no excep-
tion. A key technical result of this work is a theoretical
understanding of how to approximate many-body dynamics
at different fillings. Our numerical method is an extension
of dissipation-assisted operator evolution (DAOE) [7-10]. As
we will explain, the original method approximates the true
dynamics at lower computational cost by ignoring certain con-
tributions to hydrodynamical correlators, namely those arising
due to high-n-point functions. The intuition is that discard-
ing high-n-point functions has little effect on hydrodynamics.
Recently, based on these ideas, various dissipation-assisted
methods have confirmed that diffusion emerges in lattice sys-
tems with a high energy/particle density, where quasiparticles
collide frequently and transport is incoherent [7—16]. Naively,
one might have thought these approaches work because trans-
port is incoherent in these regimes.

Our proposed approach demonstrates this is not the case:
dissipation-assisted methods can in fact capture the highly
quantum coherent transport below the ballistic-diffusive
crossover scale. Nonetheless, some modification is required.

Published by the American Physical Society
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FIG. 1. (a) Sketch of the artificial dissipation scheme DAOE,.

| (©) /teBD

It replaces high-weight operators by lower-weight ones, with their

contributions to hydrodynamic correlation functions approximated by a local ensemble average. (b) D o 1/p scaling of the spin diffusion
constant of the XX ladder, using the DAOE,, dissipator ﬁz*,w with cutoff length ¢, = 2 and dissipation strength y = 0.1, 0.15, 0.2 shown
in different colors. Unlike the old dissipator (see Fig. 2), this new dissipator results in the expected scaling D ~ 1/p when 1/p > 1. (¢)
Comparison of the time-dependent diffusion constant D(¢) obtained using naive TEBD vs DAOE,,, with i = 1, L = 201, and ). = 768. At
early times the methods agree, but after around r 2 6 truncation errors cause the TEBD estimate to become unstable, whereas DAOE,, produces
D(t) curves that are well converged as t — 00. (d) The half-cut von Neumann operator entanglement entropy S(z) of 3%(¢) time-evolved using
DAOE,,. For finite dissipation strength S(¢) reaches an O(1) peak before decaying to zero, thus allowing for a faithful description with modest
bond dimension. The staggering in the entropy is because we only apply the DAOE,, dissipator every five time steps.

First we explain why a naive application of the original
DAOE method fails at lower filling, leading to a premature
onset of diffusive scaling (Fig. 2). We also explain how
a simple modification of the procedure—replacing high-z-
point correlators by their disconnected components, rather
than throwing them away entirely—fixes the issue while still
reducing computational cost. In this sense, our generalized
approximation scheme is similar in spirit to the approximation
of the high-order correlations in the Bogoliubov-Born-Green-
Kirkwood-Yvon (BBGKY) hierarchy [17,18].

II. BACKGROUND

Our task is to find a method that works well at a range of
fillings. We do so by extending the original DAOE algorithm,
designed to capture transport at infinite temperature/half fill-
ing, which we now explain.

10'F ' * 1
A -== x1/p
e —e— DAOE,
Q 7 DAOE,,
100H7 ]
10! 102
1/p

FIG. 2. Comparison of the spin diffusion constant D of the XX
ladder against inverse density p(u) = %(l — tanh %), as calculated
using the old DAOE, dissipator, and our new DAOE, dissipator.
While the new dissipator gives the expected D o 1/p scaling, the
old dissipator does not correctly capture this behavior, instead giving
a D(p) curve which saturates as 1/p — oo. With y = 0.5, these data
used £, = 3 for DAOE, and £, = 2 for DAOE,,, hence the differing
results at half filling p = 1 (where DAOE,, reduces to DAOEy).

For concreteness, consider a system of hard-core interact-
ing bosons. This may be represented by a spin-% chain of
length L, with on-site particle density n = (1 4+ 0%)/2. All
operators can be written as a superposition of the 4% possible
tensor products of the four Pauli matrices o®="*>Z For a
given “Pauli string” 0% := ®% 0", we define its weight £,
to be the number of nonidentities in the product.

The connected charge density correlation function can be
written as Cj;(t) = (Uf(t)|0j)8 in the spin language. It plays
a prominent role in hydrodynamics and encodes the diffusion
constant. Here, (A|B)y := tr[ATB]/tr[1] is the infinite temper-
ature thermal inner product. By Trotterizing the Heisenberg
time evolution, we may express the correlator as a Feynman
sum of paths P through the space of Pauli strings Cj;(t) =
> p Wp, where Wp is a Feynman path amplitude. The paths
obey boundary conditions P(t = 0) = o, P(t) = oj, and so
start and end at a pair of low-weight operators. The idea
underlying DAOE is that paths that involve high-weight Pauli
strings may be discarded to good approximation. Heuristi-
cally, this is because there are exponentially more high-weight
operators than low-weight operators, so under ergodic dy-
namics operators are more likely to continue to grow, rather
than to shrink back down to a small operator such as o7 (this
argument can be made more precise [8]). This motivates the
introduction of artificial dissipation, which suppresses high-
weight operators in order to reduce the operator entanglement,
while minimizing the impact on hydrodynamics. The reduc-
tion in entanglement entropy reduces the bond dimension
necessary to faithfully capture the time-evolved operator as a
tensor network (in 1D), enabling simulations to longer times
than would be possible without the dissipation. In more detail,
we define the “DAOE” dissipation superoperator Dy_ ,, by its
action on Pauli strings:

o, if by < Ly,

Dy, yl0%] := L_y(eu—e*)aa @

otherwise.

This exponentially suppresses all operators c“ whose weight
£, is above some chosen cutoff ¢,.. Here, y is a free parameter
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controlling the strength of the dissipation. If we treat the
time-evolved operator as a matrix product state (MPS) in a
doubled Hilbert space, then it turns out that the dissipator
Dy,., can be implemented in a finite system using a matrix
product operator (MPO) of bond dimension £, + 1 [7]. In
practice we propose to apply the dissipator periodically with
period Atz as follows. Write |g(¢)) for the vectorization of an
operator ¢(t), and £ := [H, -] for the Liouvillian superoper-
ator. Then the DAOE( modified time evolution in the time
window t € [NAt, (N + 1)At) (for N € N) is defined by

lq(t)) := =N (D, e AN |(0)). )

III. FAILURE OF THE DAOE, DISSIPATOR
AT LOW FILLING

DAOE, performs well in the regime of infinite temperature
and half filling, yielding ~1% accurate estimates of the diffu-
sion constant for various models [7]. Now consider the limit of
infinite temperature but finite particle density; for notational
simplicity, we relabel B — w throughout. In the limit p >
1, the equilibrium particle density p = %(1 —tanh §) ~ e7*
is very small. The diffusion constant scales as D ~ vipng,
where v ~ O(1) is the typical particle velocity scale and
Imip ~ O(1/p) is the mean free path, leading to the expected
scaling D < 1/p at low densities. However, as we will now
show, applying DAOE, dissipation at low filling leads to a
finite diffusion constant even as 1/p — oo (see Fig. 2).

The relevant operator inner product for computing equilib-
rium correlation functions is

(A|B), == tr[ATp\/*Bp)/]. A3)

where p,, = e~ /2% /tr[e~ /2% ] is the equilibrium density
matrix. To understand the failure of DAOE, at low fillings,
we expand p,, in the parameter n := (0°),, = — tanh(u/2), so
that the u # 0 correlation function can be expressed as a sum
of u = 0 correlators,

Clr.0) = (of|o5 ), => n*(o} AR () IR C)
k=0

where Z& =3 _ ofof---0f. Now weimagine in-
cluding a round of DAOE,, dissipation in the time evolution.
Z (k)ag is a (k 4+ 1)-body operator, and the entropic arguments
that originally motivated DAOE, suggest that, when k is
large, there is only a small Feynman amplitude for [Z®a](7)
to shrink down to a few-body operator [7,8,19-22]. There-
fore, performing DAOE, dissipation with a finite cutoff £,
has the effect of approximately truncating this expansion at
k ~ O(L,). We expect that the remaining u = 0 correlators
are generically diffusive at any finite order k, so their sum
should remain diffusive, leading to a finite diffusion constant
even as u — oo (Fig. 2). This finite-order truncation is likely
a particularly poor approximation at low fillings, since the
higher-order terms become less and less suppressed as || —
1. This explains why the DAOE, dissipator erroneously gives
diffusive behavior at low fillings, where the dynamics should
instead be ballistic. In Appendix C we numerically check this
argument, finding close quantitative agreement at late times
between C(r, t) as computed using the full DAOE, evolution

at finite dissipation strength y and ¢, = 3, and the right-hand
side of Eq. (4) truncated at k = 3.

IV. ANEW APPROXIMATION SCHEME

The argument above suggests that Pauli strings consisting
solely of o¢ or 1 identity operators (or “Z-strings”) become
important at low filling, and that DAOE, fails because it
throws away their important contributions to correlation func-
tions. The same observation can be stated in terms of the
thermal product in Eq. (3): unlike in the u = 0 case, long
Z strings can have nonvanishing inner products with short Z
strings. Indeed, these overlaps can be large at extreme fillings;
for example, if «, @’ are two Z strings, then |(a"‘|a°"),k| =
||+, which tends to 1 as || — oo. Therefore there are
significant contributions to the correlator (aiz(t)|aj)ﬂ from
terms in the Pauli-string expansion of o7(t) = ), du(t)o®
corresponding to high-weight Z strings. DAOE, incurs sig-
nificant errors by suppressing these contributions.

Fortunately, there is a simple fix which retains contribu-
tions from long Z strings. The idea is to redefine our notion
of the “weight” of an operator, taking into account the in-
ner product Eq. (3). First, we define an orthonormal on-site
operator basis with respect to Eq. (3) by Gram-Schmidt or-
thonormalizing {1, %"},

'=1, &°=cul0°—(0%),D), &=
Here, ¢, = cosh(u/2), and (0%),, = — tanh(u/2) is the equi-
librium expectation value of o°. We can consider operator
strings in this new basis, 7% = ® 5%, and we redefine the
“operator weight” to be the number of terms which are not
6" appearing in this product. We remark that the nature of
this dissipation is reminiscent of the BBGKY approximation
[17,18], in the sense that “discarding” the operator 6% > 0
amounts to replacing o* with its ensemble expectation value
(0%),,. Thus, while the new dissipator still acts nontrivially
on long Z strings, it is able to approximately capture their
contributions to correlation functions by pushing their weight
on to shorter Z strings (see Appendix B), whereas the old
DAOE, dissipator would discard them entirely.

Dissipating operators which are high weight with respect
to this new definition can be performed by a straightforward
modification of the DAOE, dissipator. We simply perform a
change of basis before and after applying the DAOE, dissipa-
tor, so that the action of this “DAOE,,” dissipator on a Pauli
string o

o™, (5)

254*,},[0"] = M,LDe*,y[M,:]Ga]» (6)

where M, is the (nonunitary) matrix changing from the basis
{6, 5%} to the basis {0, o*7}. Since this change of basis
is on site, Dy, ,, has the same bond dimension £, + 1 as Dy, ,,.

We benchmarked this new DAOE,, dissipator by studying
spin transport in the XX ladder,

@L-1/2

J
H:Z Z Z 04 r+1a+ara r+la)
r=—(L—-1)/2a=1,2
J (L=1)/2
T Z (071075 +07,07,), %)
r=—(L—1)/2
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FIG. 3. (a) Momentum space density-density connected corre-
lation function C(k, ) = (67(1)|57),, with a comparison between
numerical data from DAOE, (dots), and the memory matrix pre-
diction (lines), given in Egs. (9) and (10). Here, u = 1.4, L = 201,
., =2,y =0.2, and xn. = 768, and the diffusion constant is D ~
3.1. We take the fit parameter for the memory matrix decay rate to
be = 2.5, and also show the worse fit with @ = 0 for illustration.
(b) Comparison of the real-space density-density correlation function
C(x,t) at t = 10 with the free-particle solution J} (¢ )2, where Jy 18
a Bessel function. For a fixed 7, as 1/p — oo the correlator becomes
better described by the free solution, indicating the ballistic transport
below the crossover scale ~1/p. Here, L = 121, £, =2, y = 0.5,
and Ypma = 512.

where a = 1, 2 labels the legs of the ladder, and we set J = 1
and take L odd. This model conserves both energy and total
0%, and is nonintegrable due to the ladder coupling, leading to
diffusive spin transport [23—-26]. We compute the spin diffu-
sion constant D = lim,_,o, D(t) using D(t) = 9, ), %C(r, 1),
where C(r, t) = (o7 (t)|o} )ft is the connected correlation func-
tion for of = (o}, + 0;,)/2, normalized to >, Crt)=1
At low particle densities p = %(1 —tanh §) < 1, one expects
that D o< 1/p, which signals the onset of ballistic transport
on length scales smaller than the typical interparticle spacing
1/p [27]. Whereas this was not present with the old DAOE,
dissipator (cf. Fig. 2), we can see from Fig. 1 that the DAOE,,
dissipator recovers the expected D o 1/p scaling. For a more
detailed check, in Fig. 3(b) we show the connected correlator
C(r, t) for different densities p. This shows increasingly good
agreement with the expected single-particle solution J((t)* as
1/p — o0, again reflecting ballistic transport on scales below
1/p.

We are able to get converged estimates of diffusion
constants D down to y = 0.1 and up to 1/p = 5; this is
increasingly challenging as 1/p increases because D(¢) sat-
urates on an O(1/p) time scale. The need for these long time
scales can cause standard methods such as the time-evolving
block decimation algorithm (TEBD) to break down before

giving converged estimates for D (see the inset to Fig. 1).
The advantage of using DAOE,, is that it allows for a numer-
ically controlled calculation down to some finite y, since the
artificial dissipation limits the operator entanglement growth
[see Fig. 1(d)]. Assuming D depends smoothly on y, one
can then extrapolate to ¥y — 0 in order to estimate the true
diffusion constant. In Appendix D we show this extrapolation
for ¢, = 2, 3, with both cutoffs giving y — 0 extrapolations
that agree to within < 10%.

V. MODELING THE CROSSOVER

Inspired by the success of our numerical method in captur-
ing the ballistic-to-diffusive crossover of charge correlations
above an O(1/p) scale, we construct a simplified analytical
model which qualitatively captures the same behavior. With
full details given in Appendix A, here we give a summary.
We use the memory matrix formalism [1], which requires
that we identify a space of “slow” operators; operators not
in the slow space are called “fast.” Since we are interested in
density-density correlation functions (&7 (¢)|5;), we include
c* in the slow space. We also choose to include in the slow
space all weight £ = 1, 2 operators that could possibly appear
in &7 (t) while respecting the symmetries of the XX ladder,
and consign all £ > 3 operators to the fast space in order to
simplify the calculation.

In order to close the equations of motion for the slow oper-
ators, we need to postulate a form for the correlation functions
of fast operators, which are expected to decay rapidly. We will
assume this in a very strong sense, making the uncontrolled
approximation

(frale P52 fi o) & A8upd(t), ®)

where fi 4, fr.» denote momentum space fast operators with
“flavor indices” a, b whose explicit form is unimportant here,
Q is the projector onto the fast space, and A is a constant. With
this approximation made, we perform a standard memory
matrix computation, finding the appearance of a dissipation
rate I' = Ac;z which relates to the diffusion constant as D =
(2I")~!. Thus the main free parameter in our model, A, is fixed
by the value of the diffusion constant. Since T' ~ Ae™ ", if A
has only weak (polynomial) dependence on pu, then D grows
exponentially with p, as expected.

Within this approximation for the fast space dynamics,
we find that the desired density-density correlation function
C(k,t) := (67(t)|6]), decomposes into two parts, C(k,t) =
Ci(k,t) + Cy(k, t), each coming from different poles in the
Green’s function. C; is given by

C (k t) = /” dq 2,87]2 Sin(q)e*r‘t+2iﬂ1005q
N ) 2n T2+ 2Bsing — (1 — y2)2ifcosq’
)

where n := —tanh(u/2) and B := —nsin(k/2). This is the
term which gives rise to ballistic physics. Indeed, in the |u| —
oo limit, Cy reduces to Cy (k, t) = Jy(2¢ sin(k/2)), where Jy(z)
is a Bessel function, which is precisely the free-particle coher-
ent behavior expected in the extremely dilute regime.
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C, results in the diffusive behavior, and is given by

_pae [T+ 1 =)z I(| =] < 1
Cz(k,t):z“‘iae r+ A~ 1zl 25| < ),
VT2 —4p2(2n2 = 1)
(10)

where z+ = [1/(2 — n»)][-T + /T2 —482(2p=2 — 1)] and
7 is an indicator function. As k — 0, 8 ~ —nk/2 and we
recover the familiar diffusive scaling C,(k, t) ~ exp(—Dk?*t)
with D = (2I')~'. This scaling holds in the momentum regime
|k] < |nT| ~ e~ ~ p, i.e., on length scales larger than the
typical interparticle spacing 1/p.

Thus far, the only free parameter in our model, A, was fixed
by the diffusion constant via D = 2I')~!' = (ZAC;Z)“. This
effectively captures the late time, k — 0 behavior. However,
it is plausible that the decay rate of fast operators fi , de-
pends on k, and it is important to account for this to better
quantitatively capture the finite k correlation function. Aiming
to strike a balance between accuracy and predictive power,
we slightly refine the approximation in Eq. (8) and introduce
some weak k dependence into A by Taylor expanding

k
A(k) ~ Lo + a sin® T (11)

where now )¢ is fixed by the diffusion constant via D =
(2)»00;2)_1 ,and « is a free parameter. The expansion parame-
ter is sin(k/2) because we are on the lattice. Figure 3(a) shows
a comparison between the memory matrix prediction Egs. (9)
and (10), and numerical data from DAOE,, with good quan-
titative agreement at small to moderate k. Note that the single
fit parameter «, here set to o = 2.5, is time independent, so
it is nontrivial that we can match the numerical data over
different timescales. To illustrate the necessity of «, Fig. 3(a)
also includes the memory matrix prediction but with o« = 0,
where the fit with the numerical data is noticeably worse.
In general, we could likely improve the agreement at larger
k by including more Taylor terms in Eq. (11), but even this
low-order expansion gives reasonable results.

VI. CONCLUSION

We introduced a numerical algorithm which enables the
simulation of charge transport over the range of densities and
timescales needed to resolve a crossover between ballistic and
diffusive behavior. Our method is a generalization of DAOE,,
and somewhat related to the BBGKY hierarchy. We also de-
rived a minimal analytical model which correctly captures the
O(1/p) scaling of the crossover length scale, and agrees well
with our numerics at small momenta.

Our generalization of DAOE, was prompted by consider-
ing which operator histories give dominant contributions to
hydrodynamic correlation functions, and in particular how
this changes with the chemical potential, keeping the tem-
perature infinite. However, for generic systems, transport at
T = oo is diffusive. It would therefore be exciting to general-
ize these ideas to lower temperatures, allowing for the study
of more exotic transport.

Another question relates to the classical computa-
tional complexity of transport simulations using DAOE,,.
For =0, Ref. [8] argued that DAOE, requires only

exp{O[log*(1/€)]} memory to estimate a diffusion constant
to precision €, a superpolynomial improvement over the
exp{O[poly(1/€)]} scaling for brute-force time evolution.
Does using DAOE,, entail the same saving for p # 0 trans-
port?
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APPENDIX A: DETAILS OF THE MEMORY
MATRIX CALCULATION

In this appendix we give more details of the memory matrix
calculation we used to model the crossover between ballistic
and diffusive transport as a function of the chemical potential
. The memory matrix formalism requires that we identify a
space of slow variables, which we denote by Ogow = span{a;}.
Let P denote the projector on to the slow space, and Q =
1 — P its complement. Assume without loss of generality
that (a;|a;) = §;;. Defining C;;(t) = [a;(¢)|a;] and the Laplace
transform C;;(z) = [y~ € C;;(t)dt, we find [1]

1
Cilp)=|—— | , Al
i) [z]l—Sl+i2]ij Al

where

Q;; = (ai|L]ay), (A2)

i
%= a|LOQ————0L]a; ), A3
j (a| 05752 |a,) (A3)
where £ = [H, -] is the Liouvillian. So far everything is exact.

To make progress, it is past this point that approximations
are made. A typical approximation is to assume that X(z)
is regular in z, which is akin to assuming that correlations
in the fast space die off quickly in time. We will make an
approximation of this form below.
Our goal is to model density-density connected correla-

tion functions (o7 (t)|og);, = (67(t) — (o) ulog — (0%) ) =

‘2(az(t)|8(§)u Thus we will include ¢* as one of our slow
Varlables But to obtain useful results, we will need to include
further variables too. 6 is a one-body observable. The next
simplest operators to include are two-body operators. Using
the Xg0p = [, o7 , global symmetry of the Hamiltonian, and
the fact that az = (0 + arz)/Z is 1 < 2 swap symmetric,
it is stralghtforward to verify that all the one- and two-body
operators that could possibly appear in &7 (¢) are of the form

1

aray = m[s;,kvsr+A,v S, US;ZA v
where ¢, = cosh(y,/2) n = —tanh(px/2), v can take the val-
ues v = %1, and s&, is a linear combination of the & operators
[cf. Eq. (5)] given by

—4dc,ndaol], (A4)

+ .~ ~+
Sr,v T Ur,l + var,Z

(A5)

The operator a, A, includes an insertion of s* at position r,
and an insertion of s~ a distance A away. In the case A = 0,
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we have a,a—0, = «/555 regardless of v, so we only keep
ara=0.+ in our basis and discard a,A —0,— to avoid double
counting the operator. Note that s,’ — vsE, under a 1 < 2
swap operation. Note too that a, , are all antisymmetric
under X0 and unit normalized with respect to the thermal
inner product Eq. (3). Our slow space is then

Oslow == Span[{ar,0,+}r ) {ar,A,v}r,A>0,v]- (A6)

Next we will give the equations of motion of the slow oper-
ators, for which purpose it is easier to work in momentum
space, with @ a, =Y., e Kr+2/2q, , .. Then the equa-
tions of motion d,ax A, = iL(ax a.,) are determined by

Llako,+) = —vila1,+ + ax1,-), (A7)
L(ar1v) = vilago.+ + nak2) + ¢, ferws (A8)
L(ar.az20) = ven(@xagiy — @a-10) + ¢, fian, (A9)

where vy :=isin(k/2), and f; A, are sums of fast operators
(in the image of Q) with density-independent norms. Note
however that these operators are accompanied by factors of
1/ cosh(u/2) which is small at extreme fillings (i.e., when
|| is large). Thus our slow operators leak out into the fast
space, but the rate at which they do so is suppressed at extreme
fillings. We otherwise do not need the explicit forms of the f
operators in what proceeds.

1. Fast space approximation

¥ and €2 are large matrices acting on the slow space labeled
by the compound index i = (A, v). Let us adopt the conven-
tion that the zeroth element of this basis is g o +. In that case
note that, because QLay o = 0, we have Xy = X, ; for any
value of the index j. The nonvanishing elements of X will

J

Y= , Q
r
where the blocks €24 are given by
0O -1 0
1 0 -1

Qe=nuly (A15)

Let A = — iX, and define Py = |0){0|, Qp = 1 — Py as the
projectors on to axo = |0) and its complement in the slow
space. Using a standard manipulation based on Dyson’s iden-
tity [1], we have

1
Z1—-A

1
} = 1 : (A16)
00 2= (0l1AQ0 7535, QoAl0)

look like
Eavpa) =¢, (kavl Q Q|ka’v) (A10)
o0 . .
=c.’ / e (fi.awle @5 fipr o )dt.
0
(A11)

We expect, although we cannot control this approximation,
that the above correlation function decays quickly in time
regardless of filling. This will ensure that X is regular in z,
and also that the primary u dependence of X comes from the
1 /ci factor outside of the integrand. Locality of the dynamics
moreover suggests that £ 1) (a’,») decays in |[A — A’|. Mo-
tivated by these considerations, we will make the aggressive
approximation that

(Feanle Q9 fi prv) A A8an8ud(t),

where A is a constant that doesn’t strongly depend on the
density. As a result, we approximate

(A12)

Zavany X Tdas08aaduy, (A13)

where we defined I" = kc;z. We will soon see that, within this
approximation, the diffusion constant is given by D = (2I")~!.

2. Green’s function
To obtain the Green’s function we need to cal-
culate  [ako(z)|ako] = i[z]1 — R+ iZ]aol, having  now
made the approximation for our fast space dynam-

ics. In the fixed k-sector operator basis ordered
{aro, ak1.+> ko 45+, ak1,— Ak2.—, ...}, the  structure
of the ¥ and 2 matrices are

0 Vg 0 cee Uk 0

0 Q.

: , (Al14)

0 Q_

where we used (0|A|0) = 0. From the block structure, we can
see that QpA|0) = —vi(ak,1.+ + ax.1,—). Also, after applying
the projectors, QpAQy is now block-diagonal, with the only
nonzero entries given in 2, and therefore there is no longer
any coupling between the + and — sectors. As a result, we

have (akﬁl,i|m|ak,l’¢) =0, and because 2, = Q_ we

1 1
have (ay1.+171=gug, |9k.1+) = (@1~ 7=g5ag; |ak.1.-)- We
can hence invert the £ blocks separately with the same result,
so that the Green’s function can be expressed as

i

axo(@lary) = —————, Al7
(ak,0(2)lax,0) T2, (A7)

where the matrix M is given by
=(@+iDL—nue Y (In+1)(n| —He).  (AlB)

n=1
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Fortunately it is relatively easy to find the inverse. Note that
we can transform this into a hopping problem via a simple

on-site transformation of the form M’ = i *Mi*, so that
=G@+iD1+B) (n+Dinl+He),  (A19)
n>1
where B = inv; (note B is real). We have [(M')"!]; =
M~y

This is currently a problem on the semi-infinite chain with
sites 1,2,.... We will express the solution for this semi-
infinite chain in terms of the solutions for an infinite chain. Let
T = Z:ifoo |[n + 1)(n| denote the right-translation operator
on the infinite chain. For reasons that will become clear, let us
consider a hopping Hamiltonian M on the infinite chain, but
with the coupling between sites 0 and 1 removed:

M:=z14+B(T +T"")—B(0)(1|+H.c.).
—

=v

(A20)

Since the two semi-infinite halves of the chain are identical
and disconnected, we have

M) =M Yo = My, (A21)

M "o =M )1 =0.

Define the states |+) = (|0) & |1))/+/2,and let G = M~ and
G = [z1 4+ B(T + T~")]7!. Using the previous two equations,
we get

(A22)

M iy =G4y = (+IGl+)
= (+](Gv)"'G|+), (A23)
n=0

where we used M = G~! — v and expanded [G'—v] =
[1-Gv]™'G=[1+Gv+ (Gv)’+---]G.

J

i

Let Ry, denote the operator that reflects about the bond 01.
G is reflection symmetric, so [G, Ryg;] = 0, while Ry |£) =
+|+). Together this implies Gy = G_; = 0. Then, using
v = B(+){+| —|—){—]), one can show by induction that
(+1(Gv)'G|+) = G’fjr1 B". Summing the geometric series, we
get

Gy
1-BG.y’

so we have succeeded in expressing the Green’s function on
the semi-infinite chain in terms of a Green’s function on the
infinite chain. Expanding the |4) state, G is given by

(A25)

MYy = (A24)

Giy = $(Goo + Go + Gio + Giy).

Since G now involves the simple inversion of a translationally
symmetric operator, we can insert a complete set of momen-
tum eigenstates and use |1) = T'|0) to obtain

7 14cosqg dg
G = [ SN g
_x 2+ 2Bcosq2m
This can be evaluated using residue calculus; defining
—z+,/z2 —4p?
us(z) 1= —ﬁ (A27)
2p
we get
u(2)
G 5 lue @) < 1,
_ G _uﬂ(z) * (A28)
1= BG4 (2) —5 o @I <1
Note that u,u_ =1, so we are either in one of these

cases, or the integral is undefined. We obtain the final result
for the Green’s function by restoring z +— z +il" in G4,

so that (67 (2)|07), = 2(0k0+(2)|ak0+)u — oo

20 g6 o
giving the final result

(Gi@157), =

b2 (—zmil o/ GHD R —dn? sin (k/2))
i

lus(z +iD)| < 1,
(A29)

42 (—z—iF—«/(z+iF)2—4n2 sinz(k/Z)) ’

invg. One can check from this solution that as k — 0 and z — 0, the Green’s function
2! as claimed.

where we used v,y = isin(k/2) and § =
has a diffusive pole, (67(2)|57), ~ i/(z + iDk?), with D =

lu_(z+ilh)| < 1,

3. Real time correlation function

In this section we obtain the real time k-space correlation function by performing the inverse Laplace transform of the result
for (67 (2)|07),, = C(z) obtained in the previous section. We start by reexpressing the Green’s function as a contour integral.
Noting that it can be written as i/(z + 287 >tmin ), Where up;, is the smaller in magnitude of u4(z + iI"), we can write

ce) % du i |: 1 n
2) = — .
=1 2mi 2+ 2Bn"2u | u — uy(z +il)

z+il +2Bu

u—u_(z+il)

4BLT + (1 — n*)z]

1 1 -z
es(u —up(z+1il) T uz+in) " 2,377_2)}
(A30)

du i
- 7%4_1 2miz+ 20 2u [u[z FiC+Bu+ub]

In order to avoid the spurious contribution from the pole
of 1/(z+ 2Bn"%u), we have subtracted off a constant in

n?(n? —2)z2 — 2iln%z 4+ 4p2

i|. (A31)

(

the square brackets to set the residue to zero. The ad-
vantage of this contour integral formulation is that the
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denominators are now all simple rational functions of z,
so we can perform the inverse Laplace transform, C(t) =
(1/2m) f_ooo::l’y e~ (C(z)dz, using residue calculus. The value
of y is taken large enough that all poles of C(z) lie below the
integration contour, and for ¢ > 0 we evaluate the integral by
closing the contour in the lower-half plane. There are three

relevant poles: one at z = —il" — B(u+ u~"), and a pair at

2= ! ST JT2 Z 482002 — 1))

(A32)

We will split the correlation function as C(¢) = C(t) + C»(¢),
corresponding to the contribution from the pole at z = —il" —
B(u+ u~'), and the joint contrbution from z., respectively.
Note that the same subtraction that previously set the residue
to zero of the pole in the u integral at z + 281~ 2u = 0 now

J

1

Cyk,t) =
2(k, 1) Py

where 7 is an indicator function. The values of the indicator
functions are set by the momentum through the parameter § =
tanh(pt/2) sin(k/2). We define the auxiliary function

gp:Jl—Q—n%QﬂYﬁﬁ&ﬂ) (A35)

Then for small momenta, meaning sinz(k/ 2) < (n’ /2)2, we
have

1 2, 1 I't
Cz(k,f)=2_—nz(cﬂ + 8 )eXP _2_772(1_gk) .
(A36)

As k — 0, one obtains the diffusive form exp(—Dkzt) with
D = (2I')~!. Note that this small momentum regime is expo-
nentially small in w, given the scaling D ~ exp[O(u)]. For
larger momenta, sin’(k/2) > (nI"/2)?, one instead has

2 = I't
Cyk,t) = ¢ ¢ cosh 8k
22| 2— 2

1 . gkrt
+g, sinh (2 — '72>i|.

This discontinuity in C, at sin’(k/2) = (nT'/2)* is com-
pensated by a discontinuity in Cj, such that C(k,t) is a
smooth function of k. There is a further change at even larger
momenta, sin®(k/2) > 2Jn2 (I'/2)?, where g; becomes imag-
inary; in this region the expression for C, is obtained using
cosh(ix) = cos(x) and sinh(ix) = i sin(x).

(A37)

APPENDIX B: OPERATOR WEIGHT DISTRIBUTION

In this appendix we build intuition about the action of the
DAOE,, dissipator by considering its effect on the operator
weight distribution. This is relevant for understanding the
effect of the dissipation on the operator entanglement entropys;
since there are only (?)31 independent spin-% operators of
weight /, if the operator distribution is biased towards small

—izyty; 12 i+
el

also sets the residue to zero of the pole in the z integral with
the same condition z + 287 2u = 0, so we do not need to
worry about its contribution.

The pole at z = —iI" — B(u + u~") gives rise to the ballis-
tic term in the correlation function, given by

C (k t) —I't /” dq 2[3172 Sil’l(q)eZi,BfCOSq
,t)=e -1 ' |

1 g 2w —T'n? +2Bsing—(1—n%)2iBcosq
(A33)

To see that this corresponds to ballistic physics, note that, in
the || — oo limit, we have I' — 0 and n*> — 1, in which
case this reduces to the integral expression for the single-
particle solution Cj(k,t) = Jo(2t sin(k/2)), where Jy(z) =
7 $4¢i7°54 s a Bessel function.

The other contribution C,(k, ¢) from the poles z. gives rise
to diffusion; its general expression is

< 1):| (A34)

[

[ by DAOE,,, it is reasonable to expect that one should be able
to describe it faithfully using less memory than without the
application of DAOE,,. We will consider the operator weight
in both the original Pauli basis and the new & basis defined in
Eq. (5) of the main text. The former is relevant for the operator
entanglement entropy, since traditionally the Schmidt decom-
position is performed with respect to the Hilbert-Schmidt
product, for which the original Paulis form an orthonormal
operator basis.

Given an operator O, its component on weight-/ & strings
is defined as

2802

<1)—e4ﬂyr+(y—%kJIQ

wi(p) = Y |E*0),I%

oloe|=l

(BI)

where 0% = ®% 6%, o; € {0,x,y,2z}, and |a| = |{i: o; #
0}|. The original Pauli weight corresponds to u = 0. Since
the & strings form an orthonormal basis with respect to the
thermal inner product, we have Zszo wi(n) = (0]0),.

1. Random phase Pauli strings

As the operator O(t) evolves in time, it will develop an
overlap with Pauli strings of higher weight. For an analytically
tractable example, we consider an operator which is a product
of random single-site Pauli operators,

0 o QL (L +¢™Z; + "X, + &™), (B2)

where Z; = o7, etc., and the phases 6, ; are independent and
identically distributed (i.i.d.) random variables drawn from the
uniform distribution on [0, 27r]. We chose a fixed operator
basis because the Heisenberg picture operator dynamics is in-
dependent of 11, with only the operator inner product changing
with w. One potentially important ingredient missing from
this simple example is the effect of conservation laws: if
o, is conserved then at long times we expect the operator
dynamics to be dominated by the conserved modes, so that
o* would likely have a larger weight in the decomposition of
a time-evolved operator than o*~. Nonetheless, we can learn

165150-8



PROBING HYDRODYNAMIC CROSSOVERS WITH ... PHYSICAL REVIEW B 113, 165150 (2026)

some basic lessons from this simple model. In terms of the new operator basis, we have

(B3)

® 1 _ tetG )]1 + Cflele 'Z + 671/2 i0;, t)( + C71/2 19,\Y
0= )
VI —tei|? 4 =2 4 2¢7!

where again Z = Ef , etc., t = tanh(u/2), ¢ = cosh(p/2), and we have now included the normalization factor (with respect to
the thermal inner product). Averaging over the random phases, the averaged overlap with weight / operators is then
L1
1T — 12 :

o (L 3 (e (2 ok I ”'
wi() = I |1 — el 2 + ¢=2 + 2¢-! T k c P 11 —te®2+c242c1)"

The prefactor to the sum comes from choosing the / sites for the nonidentity operators, while the sum over k comes from
choosing how many of these nonidentities will be Z operators. For the uniform distribution, the averages can be computed using

(B4)

aresidue calculation, giving

1
(|1 —te:|2 4 ¢c72 4 2c!

[1 —tei:|2
|1 —te®:|2 4 ¢c=2 + 2c¢!

and so, after performing the sum over k, we get a binomial
distribution

— L L1 !
wi (1) = (1>[1 — (W] p(u)’, B7)

where the probability p(u) to have a nonidentity on a given
site is
p(p) := sinh(u/4)[cosech(it) + cosech(w/2)]. (B8)

As pn — 0 we have p(,u) — 3/4 as expected. The average
operator weight (s(u) Z, ol wz(u) is then given by

{s(w)) = p(w)L.

The linear scaling with L is a consequence of the fact that we
are averaging over products of random single-site Paulis.

(B9)

2. Effect of DAOE,, on operator weight distribution

We now consider the effect of performing one round of
DAOE,, on the operator weight distribution of an operator
which is initially a random phase Pauli string. For simplic-
ity we consider y = oo, and fix ¢, = 3. We average the
results over 1000 random phase Pauli strings. For each sam-
ple, we perform DAOE,,, put the dissipated operator back
into canonical form (so it is normalized with respect to the
Hilbert-Schmidt product), and calculate the components on
different weights. With the operator represented as an MPS
in a doubled Hilbert space, the component on weight / op-
erators can be extracted using a “weight [ superoperator”
represented by an MPO of bond dimension [/ + 2. We will
first describe this for the standard Pauli basis, with the gen-
eralization to the & Pauli basis being straightforward. As
with the MPO for the DAOE superoperator, we label the
local basis states by n = 1, X, Y, Z, and then write the local
MPO tensor Wa';,”' as a matrix acting on the virtual indices
a,b=0,1,...,1+1. The nonzero entries are Wil =3,
and WX* =WYY = Wi% =65,.,_;. We contract this MPO
with the vectors v, = (1,0, 0, ...) on the left boundary and

) = 1 — sinh(u/4)[cosech(it) + cosech(u/2)],

) _ lcosh(M/Z) (B5)

~ 4cosh(u/4)’

(B6)

(

vr =(0,0,...,0,1,0) on the right, where the 1 in vy is at
index b = [, so that only the weight / component of an oper-
ator gives a nonzero contribution. The component of operator
O on weight [ Paulis is then given by the expectation value of
this MPO superoperator with respect to the MPS representing
0. To instead calculate the weight with respect to the & basis,
we simply perform an on-site basis transformation between
the standard Pauli basis and the & basis before and after
applying the weight superoperator, as we did when applying
the DAOE, dissipator.

We show the results of this procedure in Fig. 4 for a system
of size L = 32. In Fig. 4(a) we show the averaged weight
wy () on operators of different weights /, before and after ap-
plying DAOE,,. Since we are using y = oo, after performing
DAOE,, the maximum operator length is strictly / = £, = 3.
The “before DAOE,” results are given by (?)3’44 for the
o basis and by Eq. (B7) for the & basis, while the “after
DAOE,,” results are calculated using the weight superoperator
MPO. Since the system size L = 32 is much larger than the
cutoff £, = 3, before DAOE,, the component on small opera-
tors with [ < £, is fairly negligible, but after DAOE,, all the
operator weight is redistributed on to these small operators. In
the & basis, most of the weight after DAOE,, is concentrated
near [ = £, = 3 simply because there are many more possible
| = 3 operators than / < 3 operators.

Transforming back to the original ¢ basis, the weight
from these [ = 3 operators is partly redistributed to / < 3
operators (with respect to the o basis), effectively because
the 0% operator contains an identity term. In more detail,
apart from overall normalizations by factors of cosh(u/2),
the main difference between the original Pauli basis and the &
Pauli basis is in the new o® operator, 6° = ¢, (c° — (%), 1),
which now contains an identity term. One consequence of this
is that the average operator weight, (s(u)) = Zl —o lwi (),
is always lower in the original Pauli basis than in the
new basis, , (s(u=0)) < (s(u)) For example, if we
consider an operator string 6,0; ok which has weight 3 in
the o basis, expanding out the operator in the Pauli basis,
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o before DAOE,,
== before DAOE,

—4— o after DAOE,
& after DAOE,,

(a)

LOF— : — :
= =0 =1
F§05— 1 ]
3
0.0 | e—— .<===-f\\=i‘£,’f-
1.OF— T — T —

(b) 35— . . :
3.0r /—\ i
2.5F 1
—2.0 b
E
A
~15 b
1.0 1
= Annealed prediction
0.5 ——$— o after DAOE, 7
7 after DAOE,
0-0 —5.0 —2.5 0.0 2.5 5.0
I

FIG. 4. Effect of DAOE,, on the operator weight distribution of random phase Pauli strings. We apply DAOE,, with y = oo and ¢, = 3,
and average over 1000 operator samples in a system of size L = 32. (a) Averaged weight w;(x¢) on operators of different weights /, before and
after applying DAOE,,. The “before DAOE,,” results are given by (?)3’ 4~L for the o basis and by Eq. (B7) for the & basis. The “after DAOE,,”

results are calculated using the weight superoperator MPO described in the text. (b) The average operator weight {s(u)) in the o and & bases.
We see that the average weight in the o basis is less than or equal to that in the & basis, such that, for the purposes of operator entanglement,
DAOE, can be thought of as performing (1 = 0)DAOE with a u-dependent effect cutoff £, . (1) less than or equal to the true £,.

576757 = ¢ (0% — (0%, 1)i(0% — (0%),1);(0 — {6%), D,
we see that it becomes a superposition of operators with
=0 weight of less than or equal to 3, so its average
n =0 weight is less than 3 provided the coefficient (%),
is nonzero. Accordingly, in Fig. 4(b) we show the average
operator weight (s(i1)) in the o and & bases. As expected, we
see that the average weight in the o basis is less than or equal
to that in the & basis, such that, for the purposes of operator
entanglement, DAOE,, can be thought of as performing
(u = 0)DAOE with a u-dependent effective cutoff €, eg (i)
less than or equal to the true £,. From Fig. 4(b), we see that
£ ofr (1) becomes increasingly smaller than the true €, as |u|
increases.

In terms of the & basis, the average weight after
DAOE,, is close to | = £, = 3, again simply because there
are many more [/ = 3 operators than / < 3 operators. We
also show the prediction from the ‘“annealed average”
o lwiGe)/ Yoy wi(w) where we separately average the

0.8

mean weight and the mean normalization, and w;(w) is given
by Eq. (B7); in the numerics we instead normalize the operator
before averaging over samples. The annealed average comes
reasonably close to the quenched average from the numerics,
with the agreement better at smaller .

APPENDIX C: FAILURE OF THE DAOE, DISSIPATOR
AT LOW FILLING

In this appendix we substantiate the argument given in the
main text for why the original DAOE,, dissipator does not give
the correct scaling for the diffusion constant as || — oo. In
the text surrounding Eq. (4), we argued that, at least for y =
oo, only keeping Pauli strings up to any finite cutoff £, would
result in a finite diffusion constant even as || — oo, whereas
we expect that D(u) ~ e!*! should diverge exponentially. To
check this argument away from the y = oo limit, we show
in Fig. 5 a comparison between the correlation function com-

0.6

0.4 — LHS 0.6 0.75
-- RHS 04 __LHS 056
0.2 — y=05 -- RHS — y=05 - Ili'—ljlss y=05
o el — y=1 0.2 — y=1 0.25 — y=1
(a): u=0.5 — | (b): u=2 S (c): u=6 — o
0.0 0.00
00 25 50 7.5 100 125 150 175 20.0 00 25 50 7.5 100 125 150 17.5 20.0 00 25 50 75 100 125 150 175 20.0

Time

Time Time

FIG. 5. A comparison between the LHS and RHS of Eq. (4), demonstrating how the DAOE, dissipator can result in diffusion even when
we expect nondiffusive transport. These figures show how the agreement between the numerically exact DAOE evolution and the 1 expansion

becomes better at small p. All figures use £, = 3 and xm.x = 128.
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FIG. 6. Convergence of the estimated diffusion constants as the
dissipation strength y — 0, for different cutoff lengths ¢*. The
dashed lines show quadratic fits for £* = 2 and linear fits for £* = 3,
which agree as y — 0 to within ~10%.

puted using the full DAOE, evolution at finite y [left-hand
side (LHS)], and the approximation from Eq. (4) [right-hand
side (RHS)]. While there are some significant deviations at
early times, for later times the agreement is remarkably close.

The agreement generally improves for smaller ¢ and larger y,
as expected.

APPENDIX D: CONVERGENCE OF THE DIFFUSION
CONSTANT

By introducing artificial dissipation, we are able to per-
form controlled simulations of the operator dynamics for long
times using modest bond dimension, allowing us to extract
a diffusion constant D(¢,, y) which depends on the DAOE
cutoff length ¢, and dissipation strength y. Ultimately we
are interested in the diffusion constant of the original model,
which can be recovered in either of two limits: £, — o0, or
y — 0. In Fig. 6 we show an extrapolation of the diffusion
constant of the XX ladder as y — 0 for a range of different
densities p. We find that as y — 0 the extrapolations for
£, = 2 and £, = 3 are consistent to within approximately 10%
in the worst case, indicating that we can estimate the true
diffusion constant to a relatively good precision. To get preci-
sion € from standard time evolution techniques such as TEBD
without artificial dissipation would require memory resources
of roughly x ~ exp[O(1/€?)], assuming a simulation time
of O(1/€?) and the operator entanglement entropy growing
linearly in time [8]. In practice this is prohibitively large for
the timescales required to get converged estimates of diffusion
constants in this model at low fillings, so our usage of artificial
dissipation was crucial to reach convergence.

[1] D. Forster, Hydrodynamic Fluctuations, Broken Symmetry, and
Correlation Functions (CRC Press, Boca Raton, FL, 2019),

[2] H. Liu and P. Glorioso, Lectures on non-equilibrium effective
field theories and fluctuating hydrodynamics, in Proceedings
of Theoretical Advanced Study Institute Summer School 2017
“Physics at the Fundamental Frontier” (TASI2017) (SISSA
Medialab, Trieste, 2018), Vol. 305, p. 008.

[3] S. Mukerjee, V. Oganesyan, and D. Huse, Statistical theory of
transport by strongly interacting lattice fermions, Phys. Rev. B
73, 035113 (2006).

[4] S. Gopalakrishnan and R. Vasseur, Kinetic theory of spin dif-
fusion and superdiffusion in XXZ spin chains, Phys. Rev. Lett.
122, 127202 (2019).

[5] J. De Nardis, D. Bernard, and B. Doyon, Diffusion in general-
ized hydrodynamics and quasiparticle scattering, SciPost Phys.
6, 049 (2019).

[6] C. Karrasch, D. M. Kennes, and J. E. Moore, Transport
properties of the one-dimensional Hubbard model at finite tem-
perature, Phys. Rev. B 90, 155104 (2014).

[71 T. Rakovszky, C. W. von Keyserlingk, and F. Pollmann,
Dissipation-assisted operator evolution method for capturing
hydrodynamic transport, Phys. Rev. B 105, 075131 (2022).

[8] C. von Keyserlingk, F. Pollmann, and T. Rakovszky, Operator
backflow and the classical simulation of quantum transport,
Phys. Rev. B 105, 245101 (2022).

[9] J. Lloyd, T. Rakovszky, F. Pollmann, and C. von Keyserlingk,
Ballistic to diffusive crossover in a weakly interacting Fermi
gas, Phys. Rev. B 109, 205108 (2024).

[10] E.-J. Kuo, B. Ware, P. Lunts, M. Hafezi, and C. D. White,
Energy diffusion in weakly interacting chains with fermionic
dissipation assisted operator evolution, Phys. Rev. B 110,
075149 (2024).

[11] C. D. White, M. Zaletel, R. S. K. Mong, and G. Refael,
Quantum dynamics of thermalizing systems, Phys. Rev. B 97,
035127 (2018).

[12] T. K. Kvorning, L. Herviou, and J. H. Bardarson, Time-
evolution of local information: Thermalization dynamics of
local observables, SciPost Phys. 13, 080 (2022).

[13] C. Artiaco, C. Fleckenstein, D. Aceituno Chavez, T. K.
Kvorning, and J. H. Bardarson, Efficient large-scale many-body
quantum dynamics via local-information time evolution, PRX
Quantum 5, 020352 (2024).

[14] S. Yi-Thomas, B. Ware, J. D. Sau, and C. D. White, Comparing
numerical methods for hydrodynamics in a one-dimensional
lattice model, Phys. Rev. B 110, 134308 (2024).

[15] M. Frias-Pérez, L. Tagliacozzo, and M. C. Bafiuls, Convert-
ing long-range entanglement into mixture: Tensor-network
approach to local equilibration, Phys. Rev. Lett. 132, 100402
(2024).

[16] D. E. Parker, X. Cao, A. Avdoshkin, T. Scaffidi, and E. Altman,
A universal operator growth hypothesis, Phys. Rev. X 9, 041017
(2019).

[17] N. N. Bogolyubov, Lectures on Quantum Statistics (CRC Press,
Boca Raton, FL, 1970).

[18] M. Kardar, Statistical Physics of Particles (Cambridge Univer-
sity Press, Cambridge, UK, 2007).

165150-11


https://doi.org/10.22323/1.305.0008
https://doi.org/10.1103/PhysRevB.73.035113
https://doi.org/10.1103/PhysRevLett.122.127202
https://doi.org/10.21468/SciPostPhys.6.4.049
https://doi.org/10.1103/PhysRevB.90.155104
https://doi.org/10.1103/PhysRevB.105.075131
https://doi.org/10.1103/PhysRevB.105.245101
https://doi.org/10.1103/PhysRevB.109.205108
https://doi.org/10.1103/PhysRevB.110.075149
https://doi.org/10.1103/PhysRevB.97.035127
https://doi.org/10.21468/SciPostPhys.13.4.080
https://doi.org/10.1103/PRXQuantum.5.020352
https://doi.org/10.1103/PhysRevB.110.134308
https://doi.org/10.1103/PhysRevLett.132.100402
https://doi.org/10.1103/PhysRevX.9.041017

N. S. SRIVATSA et al.

PHYSICAL REVIEW B 113, 165150 (2026)

[19] A. Nahum, S. Vijay, and J. Haah, Operator spreading in random
unitary circuits, Phys. Rev. X 8, 021014 (2018).

[20] V. Khemani, A. Vishwanath, and D. A. Huse, Operator spread-
ing and the emergence of dissipative hydrodynamics under
unitary evolution with conservation laws, Phys. Rev. X 8,
031057 (2018).

[21] C. W. von Keyserlingk, T. Rakovszky, F. Pollmann, and S. L.
Sondhi, Operator hydrodynamics, OTOCs, and entanglement
growth in systems without conservation laws, Phys. Rev. X 8,
021013 (2018).

[22] T. Rakovszky, F. Pollmann, and C. W. von Keyserlingk, Dif-
fusive hydrodynamics of out-of-time-ordered correlators with
charge conservation, Phys. Rev. X 8, 031058 (2018).

[23] R. Steinigeweg, F. Heidrich-Meisner, J. Gemmer, K.
Michielsen, and H. De Raedt, Scaling of diffusion constants in
the spin—% XX ladder, Phys. Rev. B 90, 094417 (2014).

[24] C. Karrasch, D. M. Kennes, and F. Heidrich-Meisner, Spin and
thermal conductivity of quantum spin chains and ladders, Phys.
Rev. B 91, 115130 (2015).

[25] B. Kloss, Y. B. Lev, and D. Reichman, Time-dependent varia-
tional principle in matrix-product state manifolds: Pitfalls and
potential, Phys. Rev. B 97, 024307 (2018).

[26] M. Znidari¢, Coexistence of diffusive and ballistic transport in
a simple spin ladder, Phys. Rev. Lett. 110, 070602 (2013).

[27] S. Sachdev, Quantum Phase Transitions, 2nd ed. (Cambridge
University Press, Cambridge, UK, 2011).

165150-12


https://doi.org/10.1103/PhysRevX.8.021014
https://doi.org/10.1103/PhysRevX.8.031057
https://doi.org/10.1103/PhysRevX.8.021013
https://doi.org/10.1103/PhysRevX.8.031058
https://doi.org/10.1103/PhysRevB.90.094417
https://doi.org/10.1103/PhysRevB.91.115130
https://doi.org/10.1103/PhysRevB.97.024307
https://doi.org/10.1103/PhysRevLett.110.070602

