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Spin ice systems represent a prime example of constrained spin systems and exhibit rich low-energy physics.
In this study, we explore how introducing a tunable anisotropic spin coupling to the conventional Ising spin
ice Hamiltonian on the breathing pyrochlore lattice affects the ground state properties of the system. Significant
changes are observed in the ground state structure, reflected in the spin structure factor and in a reduction of resid-
ual entropy at low temperatures. We theoretically uncover a rich phase diagram by varying the anisotropy and
demonstrate how this modification reduces the ground state degeneracy across different phases. Numerical sim-
ulations reveal that, at sufficiently low temperatures, the system either undergoes a crossover into a constrained
spin ice manifold, characterized by an entropy density that drops below the Pauling entropy of conventional
spin ice, or a phase transition into a symmetry-broken state, depending on the perturbations. Additionally, we
compute the spin structure factors for the anisotropic model and compare these results to analytical predictions
from a self-consistent Gaussian approximation, finding good agreement. This work develops the understanding
of spin ice in anisotropic limits, which may be experimentally realized by strain, providing, among others, key
signatures in entropy and specific heat.
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I. INTRODUCTION

Spin ice systems have been a prominent focus of con-
densed matter research since their discovery [1,2], due to their
exotic ground states [3] and the emergence of quasiparticle
excitations resembling magnetic monopoles [4,5]. These sys-
tems embody the interplay of geometric frustration and local
constraints, resulting in a macroscopically degenerate ground
state governed by the so-called “ice rule.” This rule dictates
the arrangement of spins on a tetrahedron in the pyrochlore
lattice, requiring that two spins point into the tetrahedron,
aligned along the local cubic [111] directions, and two spins
point out [2,6].

While the simple nearest-neighbor spin-ice model is
by now well understood [2,6–8], several questions arise
when comparing it to experiments. Experimental studies of
Dy2Ti2O7 have revealed, for instance, that thermally equi-
librated samples, cooled over long timescales, exhibit an
entropy drop below the celebrated Pauling entropy, a phe-
nomenon that remains under active investigation [9,10]. One
possible explanation is the formation of a quantum spin liquid,
where the true ground state would be a coherent superposition
of the classical configurations, thereby lifting the extensive
degeneracy [11–13]. Another explanation for the release of
residual entropy is based on further neighbor or long-range in-
teractions present in spin ice materials. These naturally change
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the degeneracy of the ground state and lead to an ordered state
at low energies [14–16]. An alternative approach to release
the residual entropy has been shown to be through strain engi-
neering. Through theoretical [17,18] and experimental studies
in spin ice thin films [19,20], it has been shown that spin ice
materials, when put under strain along certain lattice direc-
tions, the system’s physics will change at low temperatures,
degeneracies are lifted, and the third law of thermodynamics is
restored. Beyond the spin ice models on the pyrochlore lattice,
the breathing pyrochlore lattice—a structural variant of the
conventional pyrochlore lattice—has emerged as a promising
platform for studying novel phases of matter. In this lattice, al-
ternating tetrahedra of different sizes and bond strengths break
the inherent symmetry of the system, strongly influencing its
magnetic properties [21–23]. This structural feature has been
linked to novel phenomena, including fracton physics and the
potential realization of distinct quantum spin liquid phases
[24–26]. This leads to the question of how the anisotropic
interactions of a strained system would change the behavior
if we allowed for a distinction of the tetrahedral sublattices,
as is the case with a breathing pyrochlore lattice. While uni-
form perturbations, such as external magnetic fields, further
neighbor interactions, or global strain, have been extensively
explored [17,18,27–29], the effects of spatially dependent
modifications remain open.

In this work, we introduce an anisotropic perturbation:
a bond-dependent tuning parameter that effectively acts
as a sublattice-dependent strain along the [001] direction.
This parameter enables independent tuning of the inter-
action strengths on the two tetrahedral sublattices of the
breathing pyrochlore lattice, breaking the lattice symmetry
in a controlled and tunable manner. Strain engineering in
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spin-ice materials, such as Dy2Ti2O7 and Ho2Ti2O7, has
been experimentally realized in various studies [17,19,20,30].
However, these studies have primarily focused on uniform
strain. Here, we go beyond this by providing a comprehen-
sive theoretical analysis of sublattice-dependent strain on a
toy model based on the breathing pyrochlore lattice. Us-
ing Monte Carlo simulations, we explore the phases that
arise in the ground-state limit for different combinations of
strain parameters and analyze the system’s equilibrium prop-
erties. Interestingly, we find that in the ground state limit,
for different strains, the system effectively decouples into
lower-dimensional subsystems, changing the ground state de-
generacies. This dimensional reduction can be understood
in the framework of intermediate symmetries, where sym-
metry operations act on lower-dimensional subregions, such
as lines or planes, within a higher-dimensional system [31].
While global symmetries act on the whole system and local
(gauge) symmetries on single points in space, intermediate
symmetries apply uniformly to d-dimensional subspaces in
a D-dimensional system. These symmetries can lead to di-
mensional reduction through effective energetic decoupling of
subsystems [31–33].

From a different perspective, this decoupling mechanism
is inherently tied to frustration. In the unperturbed spin ice
model, all bonds are equally frustrated; introducing anisotropy
lifts frustration selectively, favoring certain local configura-
tions and decoupling the system into independent planes or
lines. A classical example of this mechanism is found in
the triangular lattice Ising antiferromagnet, where increasing
anisotropy along one lattice direction reduces frustration and
leads to decoupled one-dimensional Ising chains at T = 0
[34]. By contrast, in unfrustrated three-dimensional systems,
anisotropy typically leads only to a crossover in thermody-
namic behavior, not full decoupling, since finite coupling
persists between subsystems [35–37]. Thus, frustration plays
a crucial role in enabling genuine dimensional reduction in
our model. Our work provides a comprehensive understanding
of how lattice asymmetry can be leveraged to engineer the
ground state and thermodynamic properties of constrained
spin systems and generate dimensional reduction in a frus-
trated system.

This paper is structured as follows. First, we introduce the
model in Sec. II and describe the types of strain investigated.
In Sec. III, we derive the ground state degeneracies for the
different strain cases. We then analyze the finite-temperature
thermodynamics of the model in Sec. IV, using numerical
Monte Carlo simulations to study specific heat and entropy.
In Sec. V, we compare numerical calculations of the spin
structure factor with analytical results obtained in the large-N
limit. We provide an outlook in Sec. VI and relegate experi-
mental considerations, methodological details, and technical
derivations to the Appendices.

II. MODEL

We consider a pyrochlore lattice, shown in Fig. 1(a), with
interacting spins residing at the lattice sites shown in grey.
We assume the system is in the spin ice limit, induced by a
large crystal field anisotropy that constrains the spins to point
along the local cubic [111] direction [2,6]. In rare-earth py-

Omniplane

FIG. 1. Anisotropic breathing pyrochlore. (a) Unit cell of the
breathing pyrochlore lattice with the different tetrahedral sublattices
shown in two different colors. The strained bonds (thick tubes) lie in
the x, y plane of the unit cell. (b) Single tetrahedron with numbering
convention of the lattice sites. The strained tetrahedron is shown
with the corresponding interaction coefficients. (c) The strain δ lifts
the degeneracy of the six ground states of a single tetrahedron. For
δ < 0, a single tetrahedron has two ground states, while for δ > 0,
a single tetrahedron has four ground states. (d) Phase diagram with
six different phases depending on the sign of δA/B. The mid-point, for
δA = δB = 0, is the conventional isotropic spin ice model.

rochlore spin ice materials such as Dy2Ti2O7 and Ho2Ti2O7,
the magnetic interactions consist of two main contributions:
a short-range superexchange interaction Jnn, typically antifer-
romagnetic, and a long-range dipolar interaction Dnn, which
is ferromagnetic. Together, these define an effective nearest-
neighbor coupling Jeff = Jnn + Dnn, which is positive for the
materials mentioned and stabilizes the spin ice regime by en-
forcing the “2-in, 2-out” ice rule at intermediate temperatures
[14,38]. In this work, we adopt a minimal classical model
that retains only the nearest-neighbor exchange interaction,
effectively truncating dipolar interactions beyond first neigh-
bors. This simplification maps the system onto a classical
Ising problem with antiferromagnetic nearest-neighbor inter-
actions, which remains a good approximation at temperatures
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above the scale set by the bandwidth introduced by dipolar
terms [39,40]. We additionally assume a distinction between
the tetrahedral sublattices, in Fig. 1(a), shown in different
colors, which we will refer to as A and B sublattice. This
distinction is typically applicable to the breathing pyrochlore
lattice [21,25,41], where, for example, due to different atoms,
the size of the tetrahedra of the two sublattices is different. As
a consequence, our interaction constants can be individually
tuned on the sublattices. In our model, however, we want to
make an additional change to the commonly known spin-ice
problem: we will add an additional perturbation that increases
or decreases the interaction between two specific spin pairs,
{Sz

0, Sz
3} and {Sz

1, Sz
2}, by δA/B on both sublattices indepen-

dently and making it thereby anisotropic. This is shown in
Figs. 1(a) and 1(b).

A possible realization may be an anisotropic pressure-
induced strain on the lattice, where the pressure is applied
along the [001] direction for δ < 0 or onto the plane per-
pendicular to it for δ > 0, thereby reducing or increasing the
distance between the lattice sites and making the unit cell
tetragonal or orthorhombic. An example of a strained single
tetrahedron in [110] direction is shown in Fig. 1(b). Pressure-
induced strain and change of the behavior of spin ice materials
have been shown previously in single crystals and epitaxially
strained thin films [19,20,30,42,43]. For a detailed description
of possible experimental realizations, we refer to Appendix A.

Our interaction Hamiltonian on the two different sublat-
tices now looks as follows:

H =
∑

〈i, j〉∈A

Ji j
A Sz

i Sz
j +

∑
〈i, j〉∈B

Ji j
B Sz

i Sz
j, (1)

with the interaction coefficient Ji j
α = Jα + δα for bonds in the

x, y plane, or i j ∈ {03, 12}, and otherwise just Ji j
α = Jα for all

other bonds, as indicated in Fig. 1(b). The chosen numbering
of the spins on the tetrahedra is such that the spin pairs with
different interaction, {Sz

0, Sz
3} and {Sz

1, Sz
2}, are lying in direc-

tions [110] and [−110], or, the spins in the x, y plane of the
unit cell.

We now rewrite the Hamiltonian in terms of tetrahedral
monopole charges QA/B and partial tetrahedral charge q12

A/B

and q03
A/B, with their corresponding definition:

q03
A/B = (

Sz
0 + Sz

3

)
,

q12
A/B = (

Sz
1 + Sz

2

)
,

QA/B = (
Sz

0 + Sz
1 + Sz

2 + Sz
3

) = q03
A/B + q12

A/B, (2)

with which the Hamiltonian now reads

H = JA

2

∑
A

Q2
A + δA

2

∑
A

((
q03

A

)2 + (
q12

A

)2)

+ JB

2

∑
B

Q2
B + δB

2

∑
B

((
q03

B

)2 + (
q12

B

)2)

− 2(JA + δA)NA-tet − 2(JB + δB)NB-tet. (3)

Since we are working with Ising spins, and for computa-
tional purposes, we used |S| = 1. Depending on the length
of the spin, the last term of the equation will always read
− (Jα+δα )

2 Nα−tet4|S|2, where Nα−tet = 1
4 Nspin is the number of

tetrahedra in the system. From here on, we will neglect this
constant energy shift and set the last term in Eq. (3) to zero.
We can distinguish six different cases by tuning δA/B to be
either positive, negative, or zero. The convenient form of the
Hamiltonian in Eq. (3) makes the ground-state structure ap-
parent: since we assume JA/B > 0, a ground state must fulfill
QA/B = 0. However, depending on the sign of δA/B the energy
is minimized by either minimizing q2

A/B—corresponding to
qA/B = 0 – or maximizing the latter by qA/B = ±2.

For a single tetrahedron, with δα = δ = 0, there are 6
possible ground states on a single tetrahedron; all states that
follow the rule “two in - two out” and have QA/B = 0. In-
troducing the δ-term splits these 6 states into a group of 4
(qA/B = 0) and a group of 2 (qA/B = ±2) states. Which of
these is the ground state and which is the higher-lying state
depends on the sign of δ; see Fig. 1(c).

The sign of δ will also influence the total number of ground
states the whole system will have, as well as the possible mo-
bile excitations on top of this ground state. We will introduce
the nomenclature listed in Table I for the six cases inspired
by the type of order in the ground state. From now on, we
will assume δi < Ji. The phase diagram with the six different
phases arising from tuning δA and δB is shown in Fig. 1(d).

Our goal is to describe the thermodynamic properties of the
breathing spin ice in the different strain limits: their theoretical
ground state degeneracy and mobility of excitations on top of
the ground state, as well as experimental signatures, such as
the specific heat and entropy density at different temperatures.

III. GROUND-STATE DEGENERACY

The number of ground states on a single tetrahedron de-
creases for any δ �= 0. In isotropic spin ice, δ = 0, we only
distinguish between six ground states (“two in - two out”), 8
single-monopole states (“three in - one out” or vice versa),
and two double monopoles (“all in” or “all out”). For a single
tetrahedron, a total magnetization vector can be defined, Mi =∑

α Sz
i,αeα , where eα points along the local z axis of the spin

(α) position in the tetrahedron (i) (see Appendix C). All six
ground states of a single tetrahedron have a nonzero magneti-
zation vector; their magnetization vector will point parallel or
antiparallel to one of the three spatial dimensions (x, y, z). In-
troducing the δ-term energetically splits the six ground states
into four lower-lying and two higher-lying states, for δ > 0,
and two lower-lying and two higher-lying states for δ < 0, as
indicated in Fig. 1(c).

For δ > 0, the ground states have in common that the
partial charge q03/12 = 0, so the spin-pairs Sz

0 = −Sz
3 and Sz

1 =
−Sz

2 and their magnetization vector points along the Mi ‖ x̂ or
Mi ‖ ŷ direction, while for δ < 0, the partial charges q03 =
q12 = ±2 and the opposite, Sz

0 = Sz
3 and Sz

1 = Sz
2, holds, lead-

ing to Mi ‖ ẑ. In any case, however, the total spin sum QA/B =∑
i Sz

i = 0. From this, we can now build up the ground state
for the whole system, matching tetrahedra from the A and the
B sublattices. The number of ground states for all systems
will decrease compared to spin ice. Importantly, the magni-
tude of δA/B is irrelevant when only considering the ground
state degeneracy of the theoretical model. The magnitude will
become relevant in experiments as well as when considering
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TABLE I. Six limits of the strain parameters with the corresponding ground state degeneracy (GSD). The model is symmetric under the
exchange of indices A and B. Here, Lα is the number of unit cells in one spatial dimension α ∈ (x, y, z); N = 16 Lx Ly Lz is the total number of
spins in the lattice.

Name Parameter GSD

1. Isotropic δA = δB = 0 ∼(3/2)8LxLyLz

2. Planar Ice δA > 0 and δB = 0 (4/3)6LxLyLz

3. Omniplane δA < 0 and δB = 0 22Lx + 22Ly + 22Lz − 6
4. Line-Order δA, δB > 0 24·GCF(Lx ,Ly )·Lz

5. Plane-Paramagnetic δA > 0 and δB < 0 22·Lz

6. Ferromagnetic δA, δB < 0 2

thermodynamic properties. Also, the energetic order of possi-
ble excitations changes depending on δ, as listed in Table II.

In the following, we will analyze how introducing the δ-
terms alters the ground state degeneracy for the whole system.
We will first determine how many configurations are ground
states on a single tetrahedron of one species (A/B) in six
different limits and then see how this relates to constructing
a ground state on the whole lattice. Importantly, we will also
discuss the operator structure necessary to construct all possi-
ble ground states. This will then relate to the name chosen
for the different phases. Lastly, we will also mention the
mobility of excitations on top of the ground state. This will
make apparent a connection to fracton physics, characterized
by quasiparticle excitations being restricted in their mobility
[24,25,44–48].

A. Isotropic spin ice, δA = δB = 0

In the well-known case δA = δB = 0, the ground state of
each tetrahedron is sixfold degenerate. It is characterized by
a total spin-charge of Q = 0 on each tetrahedron. This is
the classical nearest-neighbor spin ice case. The number of
ground states for classical spin ice can be estimated analo-
gously to the estimation done by Pauling for water ice [49];
the total number of possible configurations 2N for all spins
times the fraction of allowed configurations for each tetrahe-
dron ( 6

16 )N/2 gives an estimate for the number of ground states
� = (3/2)N/2. Here, N is the number of spins in the system.
Equivalently, we will use Lα as the number of unit cells in
spatial direction α; each unit cell containing four tetrahedra of
the same sublattice [see Fig. 1(a)]. Since on each tetrahedron,
there are four spins, and we can rewrite � = (3/2)8LxLyLz .
Starting from any ground state configuration for spin ice, any
other configuration can be reached by forming a closed loop of
spins aligning head to tail (or “in” and “out” alternatingly) and

TABLE II. Energy of a single tetrahedron for the four different
types of excitations. Which of these states are ground states depends
on the sign of δ.

Total charge Partial charge Energy

Q = 0 q03 = q12 = 0 ε = 0
Q = 0 q03 = −q12 = ±2 ε = 4δ

Q = ±2 q03 = ±2 or q12 = ±2 ε = 2J + 2δ

Q = ±4 q03 = q12 = ±2 ε = 8J + 4δ

flipping them all. Since no anisotropies are at play here and
the system possesses the full lattice symmetry, we will refer
to this phase as isotropic spin ice. Flipping a single spin cre-
ates two monopole charges Q = ±1. In our nearest neighbor
model, single monopoles can move to neighboring tetrahedra
by flipping a single spin (of the three equally aligned) at zero
energy cost [4]. Here, the path of the monopoles, “three in
- one out” or opposite, is effectively only constrained by the
position of the “one” not equally aligned spin. The monopole
diffusion can be considered three-dimensional since there is
no actual favoring of certain alignments of spins. This picture
only changes when including additional energetic consider-
ations that lead to percolation into a fractal structure where
monopoles can move [50].

While the here-assumed nearest neighbor spin ice model
can explain many features and experimental signatures of
spin ice, the long-range, dipolar interactions between spins
are truncated beyond the nearest neighbors. Theoretical in-
vestigations have shown that when considering long-range
interaction, further ordering at very low temperatures occurs.
However, direct experimental observations have been proven
challenging due to the low temperatures required for these fea-
tures to be visible [14,15,51,52]. We will now show that in our
anisotropic model, the ground state degeneracy always drops,
even without considering the long-range dipolar interactions.

B. Planar ice, δA > 0, δB = 0

For δA > 0 and δB = 0, we distinguish between the A and
B sublattice. On the A sublattice, the total charge must be
QA = 0 and the partial charge q03/12

A = 0, while on the B sub-
lattice only the total charge must be QB = 0; the value of the
partial charge is not fixed. So, on the A tetrahedra, four ground
states are allowed, while on the B tetrahedra, all six spin-ice
ground states are allowed. At close inspection, one notices
that within single x, y planes of B tetrahedra, as indicated
in Fig. 2, the system actually maps exactly to the square ice
model (six vertex model or, equivalently, fully packed loop
model). For this reason, we will refer to this phase as planar
ice. The ground state degeneracy in the six vertex model on
the square lattice can be computed exactly [53] and is given
by � = ( 4

3 )
3
2 Nvert , where Nvert are the number of vertices. In our

system, the number of vertices is the number of B-tetrahedra
in the strained plane (2 Lx Ly). Since the ground states can
be chosen independently on each plane, and there are 2Lz

planes within the system, the ground state degeneracy scales
as ( 4

3 )6 Lx Ly Lz in the thermodynamic limit.
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FIG. 2. Tetrahedra-planes and spin-lines. (a) A plane of tetrahe-
dra of the same kind is shown. Here, A tetrahedra (blue) with equal
z coordinate, or an x, y plane, are depicted as an example. The A
tetrahedra and the connecting links on the B tetrahedra (lavender)
are shown in color. The two-dimensional projection onto the plane
is shown in black. Planes can be formed perpendicular to all spatial
directions by either A or B tetrahedra. (b) Two spin lines are shown
in color. The 03-line connects spins Sz

0 and Sz
3 in an x, y plane and the

12-line connects spins Sz
1 and Sz

2.

The mapping to the square ice model can be understood as
follows: for all A tetrahedra, fixing a single spin also fixes the
spin pair’s orientation. The term spin pair refers to the spin
partner in the x, y plane, so {Sz

1, Sz
2} and {Sz

0, Sz
3}. The opposite

spin pair is, therefore, completely independent. However, the
spin pair of one A tetrahedron is connected via a B tetrahedron
to the opposite spin pair on another A tetrahedron. In our
numbering, if we consider a spin pair {Sz

1, Sz
2}, then this is

connected via a B tetrahedron to the spins {Sz
0, Sz

3} of the A
tetrahedron above. So, we consider all B tetrahedra with the
same z coordinate as a decoupled plane in the system. This
can be seen equivalently as all {Sz

1, Sz
2} of A tetrahedra with

common z coordinates and all {Sz
0, Sz

3} of the A tetrahedron
above (z + 1), constituting a plane. Now we see that each
B-tetrahedron in the plane acts as a vertex, the connecting
{Sz

0, Sz
3} in the upper plane as the vertical links and the {Sz

1, Sz
2}

in the lower plane as the horizontal links of a square lattice.
An example of an x, y plane of tetrahedra is shown in Fig. 2(a).
In Fig. 2(a), an x, y plane of A tetrahedra is shown by the blue
colored tetrahedra and the lavender bonds correspond to the
B-tetrahedra bonds. In the planar ice case, individual planes
of B tetrahedra decouple, so the colors of the bonds must be
inverted. The blue tetrahedra in the figure now represent the B
tetrahedra and the lavender bonds represent the bonds of the
A tetrahedra. These A bonds form a square lattice and fix the

spins of the connecting B tetrahedra that now act as vertices
when projected onto the x, y plane.

It is also possible to make the same Pauling estimate for
this case, where we now consider that there are ( 12

27 )N/4 ground
state configurations on an A-B tetrahedron pair. This gives an
estimate for the ground state degeneracy of � = (3/2)N/4,
which is slightly smaller than the exact value. In a single
plane, flipping a closed loop of spins aligned head to tail
will, again, generate all possible ground state configurations.
Importantly, on the A tetrahedra, however, the spin pairs must
always be flipped together; only on the B tetrahedra can we
freely choose a spin partner. This corresponds exactly to the
loop update in the planar six-vertex model. When we now
consider a single partial charge excitation q03/12

A located at
an A tetrahedron in a certain plane, then we can see that
these are bound to stay within the same plane. The partial
charge can be moved by flipping the non-spin pairs on the
A tetrahedron, where the charge is located, and then creating
a big loop of spins aligned head-to-tail on B tetrahedra, and
flipping corresponding spin-pairs on A tetrahedra. Lastly, to
close the loop, a non-spin-pair on an A tetrahedron in the same
plane must be flipped, creating a partial charge. Monopole-
excitations QA/B = ±2 are also bound to the two-dimensional
plane they are created in and to the tetrahedral sublattice. On
the A tetrahedra, they are always accompanied by a partial
charge. Monopole excitations can be moved to another tetra-
hedron of the same kind by second-order processes, crossing
A tetrahedra only by the corresponding spin pair.

In summary, we have a system where the planes decouple
in the ground state limit, and in each plane, the same con-
straints appear as in the six-vertex model. The ground state
degeneracy, however, still grows exponentially with system
size. Excitations are energetically bound to the same two-
dimensional plane.

C. Omniplane, δA < 0, δB = 0

In the case δA < 0 and δB = 0, we also distinguish between
the A and B sublattice. On the A sublattice, the total charge
must be QA = 0 and the partial charge q03

A = −q12
A = ±2,

while on the B sublattice only the total charge must be QB =
0; the value of the partial charge is not fixed. This means that
two ground states are possible on the A-sublattice tetrahedra,
the ones with magnetization vector parallel or antiparallel
with the global z axis, while on the B-sublattice tetrahedra,
all six ground states are allowed. Starting from a ground
state configuration, we can now generate all possible ground
states by flipping all spins on A tetrahedra in a common plane
since flipping a plane of A tetrahedra means also flipping two
spins connected by a B tetrahedron, which ensures we still
stay in a ground state configuration. An example of such a
plane is shown in Fig. 2(a). Since any plane of connected
A tetrahedra could be flipped, we will refer to this phase as
omniplane phase. In each spatial direction α ∈ {x, y, z} there
are 2Lα individual planes of A tetrahedra. Along each spatial
direction, we can flip up to 2Lα planes at the same time. We
can choose

(2Lα

i

)
possible ways to flip i planes of A tetrahedra.

If we count all the possible flips, we will, however, count six
states twice. To account for this double-counting, we do not
consider the initial and fully flipped state in all countings. So
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in total, there are
∑

α=x,y,z

∑2Lα−1
i=1

(2Lα

i

) = ∑
α=x,y,z(22Lα − 2)

total ground states for this system. A more detailed description
of the double counting and the projection of the ground states
is given in Appendix B.

A plane perpendicular to the x or the y direction is flippable
only if the A tetrahedra in this plane are ferromagnetically
aligned; all A tetrahedra in this plane must be in the same
configuration. If this were not the case, flipping the plane
would create a double monopole in adjacent B tetrahedra. On
the other hand, a plane perpendicular to the z direction is only
flippable if the A tetrahedra in this plane are antiferromagnet-
ically aligned. A flip in any plane creates a line of defects
in the two perpendicular planes. Partial charge excitations
and monopole excitations are dynamically immobile, as any
crossing of an A tetrahedron necessarily increases the energy
of the system by 4|δA|.

In summary, we have a system where the intersecting
planes partially decouple, and the ground state degeneracy
grows exponentially with the linear system size or the number
of planes in a spatial direction. Individual excitations on top
of the ground state are fully immobile.

D. Line order, δA, δB > 0

In the case δA, δB > 0, both the total charge and also the
partial charges are QA/B = q03/12

A/B = 0. This means there are
four possible ground states on each tetrahedron. Fixing a
single spin on a tetrahedron means the other spin pair is
also fixed. Since this holds on both sublattices, if a single
spin is fixed—let’s say an Sz

0 at position (x, y, z)—also the
neighboring spins (Sz

3 on both connecting tetrahedra) are fixed.
By this principle, fixing a single spin fixes the orientation of
all spins on a line—here, all spins Sz

0/3 in the x, y direction
connecting the initially chosen spin. A visual representation of
the spin lines is shown in Fig. 2(b). This is the reason we refer
to this phase as line-order. All ground states can be created by
flipping all spins in a spin line.

If we have a lattice of size {Lx, Ly, Lz}, with Lα being
the number of unit cells in direction α, then the number of
decoupled spin lines is given by the greatest common factor
(GCF) of Lx and Ly multiplied by four times the height Lz of
the system. The first factor, GCF(Lx, Ly), counting the number
of spin-lines in a single x, y plane, stems from the periodic
boundary conditions, connecting spin-lines in a specific way.
If we were to work with open boundary conditions, the num-
ber of spin lines in a single plane would be significantly
higher. The factor 4 is needed because in a single unit cell,
we can find four decoupled spin-lines. So finally, we note
that each spin-line can have two configurations independently,
which gives a ground state degeneracy of 24 GCF(Lx,Ly ) Lz . We
can create four partial charges at the corners of a closed loop
within a tetrahedral plane. At the four corners, the loop must
pass through the tetrahedra by not flipping the corresponding
spin pair and creating a partial charge. The partial charges
can not be moved independently, but only at the corner of
this loop, acting therefore as membrane operators [48,54]. On
the other hand, flipping a single spin creates two monopole
charges Q = ±2. Since they can only appear in combination
with a partial charge, the monopoles can only travel along the
one-dimensional spin-pair line they are created on, resembling

therefore lineons [48,54]. Crossing a tetrahedron in any other
direction creates additional partial charges and thus increases
the energy.

In summary, we have a system with a ground state degen-
eracy, which grows with the cross-section (perpendicular to
the spin-pair plane) of the system or the number of spin lines
parallel to the x, y plane. Along the lines of spins that lie
in the strain plane, the spins are aligned head to tail. Partial
charge excitations are mobile in a two-dimensional plane at
the corner of membrane operators, and monopole excitations
are only mobile along the one-dimensional spin-pair lines.

E. Plane paramagnetic, δA > 0, δB < 0

In the case δA > 0, δB < 0, we assume different signs for
the two different sublattices. On both sublattices the total
charge must be QA/B = 0; on the A sublattice, the partial
charge q03/12

A = 0, while on the B sublattice the partial charge
q03

B = −q12
B = ±2. Here, four ground states are possible on

the A-sublattice tetrahedra, and on the B-sublattice tetrahedra,
two are allowed. The magnetization vector of the B tetrahedra
points along the global z direction. If one spin is fixed on a B-
sublattice tetrahedron, all spins on the whole tetrahedron are
fixed, while on the A sublattice, fixing one spin fixes only the
opposite spin pair. Similarly to before, if we fix a single spin,
we will now completely fix the neighboring B tetrahedron and
the opposite spin pair on the A tetrahedron. Carrying this on
leads to fixing a whole x, y plane of B tetrahedra by fixing
a single spin on this plane. Since within planes, spins are
ordered, but between planes, there is no correlation, we refer
to this phase as plane-paramagnetic. Within a single plane, the
magnetization vectors of the B tetrahedra are antiferromag-
netically aligned. Here, a plane is given by all B-tetrahedra
with the same z coordinates, or equivalently, all the Sz

0/3 of
the A tetrahedra above, as well as the Sz

1/2 of the A tetrahedra
below. A visual representation of such a plane is shown in
Fig. 2(a), where the blue tetrahedra represent the B tetrahedra
and the lavender bonds represent the bonds on the connecting
A tetrahedra. Since each plane can change between the two
configurations independently, the ground state degeneracy is
22 Lz , where Lz is the number of unit cells in the z direc-
tion. In each unit cell, there are two such planes. Naturally,
all ground-state configurations can be generated by flipping
planes individually.

It is, however, important to note that with periodic bound-
ary conditions, the number of tetrahedra of the same kind in
the x and y directions must be even, as otherwise, no ground
state can be found. On a single line of connecting spin pairs,
the pairs on the A tetrahedra must be oppositely aligned, while
on the B tetrahedra, they must be equally aligned. So, for
a system of l = 4 A tetrahedra in one direction, a possible
configuration might be (+ − − + + − −+), where we started
with an A tetrahedron. The last B tetrahedron closes over the
boundary (+ · · · +). For l = 3, no such configuration can be
found, as (+ − − + +−) does not give a ground state for
the last B tetrahedron connected over the boundary (+ · · · −).
Since we are working with the convention of a single unit
cell already containing an even number of tetrahedra of the
same kind, we will not encounter this problem. Partial charge
and monopole excitations on top of the ground state are
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dynamically immobile as crossing any B tetrahedron neces-
sarily increases the energy by 4|δB|.

In summary, we have a system with decoupled planes, each
with two possible configurations. Within a plane, neighboring
B tetrahedra are antiferromagnetically aligned. Individual ex-
citations on top of the ground state are immobile by energetic
constraints.

F. Ferromagnetic, δA, δB < 0

In the case δA, δB < 0, the total charge is QA/B = 0 and the
partial charges are q03

A/B = −q12
A/B = ±2. On each tetrahedron,

there are two possible ground states—the ones with magneti-
zation vector parallel or antiparallel to the global z axis. By
fixing a single spin on a single tetrahedron, however, we will
fix all the spins in the lattice, as the tetrahedra are corner-
sharing. So, in this case, the total ground state degeneracy is
only 2. The spin configuration on all tetrahedra of the same
kind is equal. However, the magnetization vector of tetrahedra
of different kinds will still point in the same direction, either
into +ẑ or −ẑ. This means that this limiting case can be seen
as a ferromagnet, where the ground state spontaneously breaks
the symmetry of the Hamiltonian, as pointed out in Ref. [17].
The ground state of the system is the fully polarized state,
where the local magnetization vector of all tetrahedra points
in the same direction. For this reason, we refer to this phase
as ferromagnetic. Also in this case, partial charge excitations
and monopole excitations are immobile, since crossing any
tetrahedron necessarily increases the energy of the system
by 4|δ|.

In summary, here we have a system with a double-
degenerate ferromagnetic ground state. We can change the
ground state by flipping all the spins of the system simulta-
neously. Here, the Z2 symmetry of the Hamiltonian is broken
spontaneously.

IV. THERMODYNAMIC PROPERTIES

For any finite value of δA/B, the full model’s ground state
degeneracy is reduced compared to the isotropic spin ice case.
We can see that, depending on the respective sign of the
two distortions, the ground state degeneracy can either scale
exponentially with the full system volume (as in the planar
ice case)—or with just a lower-dimensional cut of the system.
When considering how to generate all possible ground state
configurations within a single phase, we see that in all cases,
lower-dimensional cuts of the system decouple and can be
changed individually.

Now, we will investigate how the reduced ground state
degeneracy influences thermodynamic signatures. We focus
on the specific heat CV = 〈E2〉−〈E〉2

T 2 and the entropy. By inte-
gration of the specific heat, the entropy can be calculated as a
function of temperature. It is given by

S(T ) = S∞ −
∫ ∞

T
dT ′CV (T ′)

T ′ , (4)

where S∞ = N log(2) is the infinite temperature entropy stem-
ming from the 2N possible spin orientations. These measures
are indicative of the system’s equilibration properties. Numer-
ical data are obtained via Monte Carlo simulations, where

updates are performed through attempted single spin-flips as
well as worm loop updates and cluster updates to accelerate
equilibration. Worm loop updates consist of finding a closed
loop of spins aligned head to tail and flipping all spins part
of the loop [55–57]. The closed loop cannot create or de-
stroy monopoles, but can create and move partial charges.
The flip is then accepted with the METROPOLIS probability
of min[1, exp (−�E/T )]. Since, for the anisotropic systems,
the acceptance probability of a random worm loop is drasti-
cally reduced when entering into the restricted ground state
manifold, additional cluster updates are employed. These
cluster updates are specifically tailored to the ground state-
generating operator structure. A detailed description is given
in Appendix F. The system is first equilibrated at a specific
temperature before measurements are taken. A measurement
series at a specific temperature is completed when Nsweeps =
Nspin 103 update-attempts are accepted. All further details
of the numerical data are given in Appendix E. The data
presented in Fig. 3 are obtained for Lx = Ly = Lz = 4, corre-
sponding to Nspin = 1024 or Lx × Ly × Lz = 64 face-centered
cubic (fcc) unit cells.

We will discuss specific heat and entropy for the isotropic
spin ice case, δA/B = 0, as well as five specific points in the
phase diagram. We will touch on the generalization to all
cases at the end of the section. To compare the characteris-
tics of the five different cases, we fix the values of δA, δB =
δ {+1, 0,−1}. We will also assume that the exchange inter-
action on both sublattices is equally set to JA = JB = 1, and
δi < Ji, such that the exchange interaction is still the dominant
interaction. The latter means the order of excitations on top
of the ground state is fixed such that a monopole excitation
(Q = ±2) is energetically more costly than a partial-charge
change (�qαβ = ±2). The data presented in Fig. 3 are for
δ = 0.05.

A. Isotropic case

At high temperatures, spin ice is in a trivially disordered
state as thermal fluctuations dominate. Here, the system is
in a paramagnetic regime, and no correlations in the spin
orientations can be found. Upon cooling, however, the sys-
tem enters into the spin ice manifold. Here, each tetrahedron
tends towards satisfying the “two in - two out” rule to lo-
cally minimize the energy. This crossover can be found,
according to extensive numerical and experimental studies
[1,3,38,58–60] at around Tc ≈ J . Above this crossover,
thermal fluctuations easily introduce new monopoles. This
crossover can be experimentally observed by a Schottky-like
peak in the specific heat. With simple considerations for a
single tetrahedron, neglecting double monopoles, we can con-
firm this estimate for the point of this crossover: there are
six possibilities for a ground state on a tetrahedron, while
there are eight configurations with a single monopole. Cal-
culating the maximum of the specific heat obtained by the
derivative of Z = 6 + 8 e−2βJ gives Tc ≈ 0.802J . Following
Eq. (4), also, the entropy at a specific temperature can be
computed. It can be observed that for temperatures below
this crossover regime, the entropy density approaches a fi-
nite value of sres = S/(kBN ) ≈ 1

2 ln( 3
2 ), the Pauling residual

entropy [49]. This has been reported in experiments as well,
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Omniplane

Omniplane

FIG. 3. Specific heat and entropy density of anisotropic spin ice.
(a) While the isotropic case shows only one bump in the specific
heat, all anisotropic cases show a second bump at a lower temper-
ature. (b) Zoom in on the second bump in the specific heat. The
temperature scale is linear and rescaled by δ. (c) Entropy density
for all anisotropic cases. The entropy density of isotropic spin ice
approaches the Pauling residual entropy value 1

2 ln ( 3
2 ), while for all

other anisotropic cases, the entropy density is lowered. For planar
ice the entropy density approaches the finite value 3

8 ln ( 4
3 ) and for

the line-order case the entropy density approaches 1
4L ln(2). In the

symmetry-broken phases, the entropy density drops to zero below the
transition. All data are obtained for Lx = Ly = Lz = 4 face-centered
cubic (fcc) unit cells, corresponding to Nspin = 1024.

for example, in Dy2Ti2O7 [3], indicating the large degeneracy
of ground states. In Fig. 3, the isotropic spin ice is the grey
curve that follows the expected behavior well.

B. Anisotropic cases

The specific heat and entropy in the temperature regime
from T = 0.08J − 15.0J for the five different anisotropic

phases are shown in Fig. 3. For all of our analyzed cases, we
can observe that the specific heat follows the behavior of spin
ice until the crossover at T ≈ J . This can be understood as all
the systems having similar behavior at high temperatures: a
paramagnetic regime where thermal fluctuations govern the
system. At around the first crossover, the behavior of the
isotropic and the anisotropic systems still matches. Here, the
system crosses over from a paramagnetic regime to a regime
where spins on a tetrahedron follow the ice rule. However,
below this point, the behavior of the different phases is very
different. In fact, we can observe either a second crossover
(in the planar ice phase), indicated by a second bump in the
specific heat, or a phase transition toward an ordered phase,
indicated by a divergence in the specific heat. This allows us
to make a distinction between the symmetry-broken phases
and the non-symmetry-broken phases. For all systems, we can
observe that the entropy density is lower than the Pauling esti-
mate. Next, we analyze the five different phases in more detail
and distinguish between the non-symmetry-broken phases and
the symmetry-broken phases at finite temperatures.

1. Non-symmetry-broken phases

We can identify two phases that do not spontaneously break
the global Z2 symmetry or any intermediate symmetry of the
Hamiltonian at any finite temperature: the planar ice and the
line-order phase.

For the planar ice case, we consider only δA > 0. Here,
a second wide peak in the specific heat can be found at
around TδA ≈ 2δA that indicates the crossover into the re-
stricted ground state manifold. We can also observe that the
residual entropy density does not approach the value indica-
tive of spin ice, sres = 1

2 ln( 3
2 ) = 0.203, but a lower value

is reached. In accordance with the ground state degeneracy,
the value sres = 3

8 ln( 4
3 ) = 0.108 is approached. Here, even

though the entropy density is lowered, the residual entropy
density is still finite.

For the line-order case, we observe a broad peak in the spe-
cific heat that shifts to lower temperatures as the system size
increases. This behavior is consistent with an effective dimen-
sional reduction and a mapping to a one-dimensional Ising
chain with antiferromagnetic interactions at low temperatures.
As expected, akin to a 1D Ising system, no finite-temperature
phase transition occurs [61]; however, at T = 0, the ground
state is indeed symmetry broken. We expect the specific heat
of the model to show a Shottky-like peak around Tδ ≈ 0.8 · 2δ

in the thermodynamic limit.
If the δ parameters on the two sublattices were differ-

ent, δA �= δB > 0, then we will observe a first peak around
TδA ≈ 2δA and a second peak around TδB ≈ 2δB. If the two
are equal, the peaks approximately stack in their common
crossover regime. We can again see the entropy density drop
below the Pauling estimate, approaching zero for increasing
system sizes as sres = 1

4·LxLy
ln (2GCF(Lx,Ly ) ).

2. Symmetry-broken phases

If on any sublattice the strain-parameter δA/δB < 0, a phase
transition into a symmetry-broken state will occur at a fi-
nite temperature. The phase transition presents itself as a
divergence in the specific heat. Due to finite-size effects, the
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divergence will appear as a narrow peak with a finite height in
Fig. 3.

In the omniplane case, δA < 0, δB = 0, the spins on the A
tetrahedra will order in such a manner that the local mag-
netization vector of the tetrahedron is M ‖ ẑ. We can now
distinguish between three types of ground states: the A tetra-
hedra will either order antiferromagnetically in all individual
planes perpendicular to the z direction, or they will order fer-
romagnetically in all individual planes perpendicular to the x
or y direction. This is shown graphically in Appendix B. In all
cases, the Z2 symmetry in the respective plane is broken, and
therefore, a phase transition will appear. The critical temper-
ature is Tc ≈ 4δ

ln (6) . A discussion on the critical temperature is
given in Appendix B. Due to the phase transition, the entropy
drops sharply below the critical temperature. Since numerical
integration of the finite-sized peak can lead to large inaccura-
cies, the drop is only indicated by a dotted continuation of the
data points.

In the plane-paramegntic case, δA > 0 and δB < 0, the local
magnetization vector of all B tetrahedra are Mi ‖ ẑ. Within
single x, y planes of B tetrahedra, the B tetrahedra form a
square lattice. Due to the order of the spin-pairs on A tetrahe-
dra, the B tetrahedra will order antiferromagnetically within
the planes and break the planes Z2 symmetry. This transition
to antiferromagnetic order in the decoupled planes will occur
at a critical temperature of Tc = 4δ

ln (1+√
2)

[62], the same crit-
ical temperature expected in a square aniferromagnetic Ising
model. At the critical point, the specific heat is expected to
diverge, and a steep drop in entropy is visible. The drop is,
again, indicated by the dotted continuation of the data points.

For the ferromagnetic case, where δA = δB < 0, it has
been shown that a transition akin to the one found in
hydrogen-bonded ferroelectrics known as the KDP (potas-
sium dihydrogen phosphate) model [63,64] takes place,
ordering the system ferromagnetically. Here, a sharp diver-
gence of the specific heat, as well as a sharp dip in the entropy,
is visible [17,18]. We can calculate the exact critical tempera-
ture by considering the energy cost of a string excitation and
the entropy of this excitation [28]. Let us consider a ground
state of the system. All the spins are equally aligned on all
tetrahedra, such that the global magnetization vector of all
tetrahedra points in the same direction. A string excitation,
now, consists of flipping a row of spins in the z direction
and thereby increasing the energy. Since we are introducing
a partial charge in four tetrahedra per unit cell, for Lz unit
cells in z direction, the energy for such an excitation is �U =
4δ · 4Lz = 16δLz. Because there are two possible ways for a
string to enter each tetrahedron, and we flip 4Lz tetrahedra,
the entropic gain of a string excitation is �S = ln(24Lz ). So
the difference in free energy for a string excitation is

�F = �U − �S = 4Lz(4δ − T ln(2)). (5)

This gives us a critical temperature of Tc,δ = 4δ
ln(2) , agreeing

with our numerical data. For the case, δA �= δB, the system
will first order into the omniplane order at TδA ≈ δA where we
assume |δA| > |δB| before it will order ferromagnetically at
TδB ≈ δB.

In summary, in all cases, the specific heat has a sec-
ond signature below the first crossover at T ≈ J . If on any

sublattice there is a negative strain parameter, δi < 0, we
expect a phase transition at a finite temperature into a
symmetry-broken phase. The symmetry breaking will, how-
ever, occur only in dimensionally reduced subsystems if one
of the strain parameters is non-negative. Here, the order pa-
rameter is defined on a dimensionally reduced support—a
two-dimensional plane—and the symmetry that is broken is
the intermediate symmetry of the plane [31–33]. This also
leads to a vanishing entropy density. If both strain parameters
are positive, one-dimensional lines will effectively decouple,
leading to antiferromagnetic order on lines at zero tempera-
ture. Similar behavior has been observed in the anisotropic
antiferromagnetic triangular lattice Ising model, where strong
coupling along one lattice direction leads to effective di-
mensional reduction and frustrated inter-chain interactions.
Despite the two-dimensional connectivity, the system may ex-
hibit behavior akin to weakly coupled one-dimensional chains
without a finite-temperature phase transition [65]. If only one
strain parameter is nonzero and positive, a crossover into a
regime where the two-dimensional planes decouple with an
extensive ground state degeneracy occurs. Within planes, the
planar ice constraint holds. This is the only phase where the
entropy density stays finite even for an infinite system size.

Lastly, it is important to note that since the second ordering
or transition into the restricted ice manifold takes place around
roughly Tδ ≈ |δi| to 6|δi|, the dip in the entropy can only be
visible at temperatures in this regime. For small values of δ,
there is, in fact, a large temperature regime where the entropy
seems to perfectly approach the spin ice estimate even for the
anisotropic systems.

Here, we assume the systems to be at equilibrium. To
reach thermal equilibrium in numerical simulations, tech-
niques such as cluster updates or worm loop updates are
employed to overcome large energy barriers. In fact, we can
observe that the acceptance rate for single spin-flips is re-
duced significantly below the first crossover into the spin
ice regime at T ≈ J (see Appendix F). For isotropic spin
ice, the worm algorithm has been proven useful to overcome
the long waiting times to overcome the energy barriers and
equilibrate spin ice systems [15,55–57]. The acceptance rate
for worm loop updates is exactly one below the crossover into
the spin ice manifold for the isotropic case. However, for the
anisotropic systems, even the acceptance rate for the worm
algorithm reduces close to the crossover into the respective
restricted manifold. This renders equilibrating the anisotropic
systems numerically very hard, as updates are correlated with
extremely long waiting times that increase with increasing
system size. It is, however, important to point out that these
are higher-order processes that will also take extremely long
in an experimental setup. It is expected that cooling the system
too quickly will hide these features, and the system might then
seem to behave akin to spin ice [9].

V. SPIN STRUCTURE FACTOR

Neutron scattering experiments for spin ice materials un-
cover particular features of the ground-states [38,39,66,67].
Since the ground state structure changes in the anisotropic
models, the static spin structure factor is expected to look
different. In polarized neutron scattering experiments, one
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Omniplane

FIG. 4. Normalized spin structure factor in Spin-Flip (SF) channel. Columns show the same system, and rows have the same cut in the
Brillouin zone. (Columns) (1) Isotropic, (2) Plane Ice, (3) Omniplane, (4) Line-Order, (5) Plane-Paramagnetic, and (6) Ferromagnetic. (Rows)
(1) [hhl], (2) [hl0], and (3) [h0l]. Every panel shows Monte Carlo (MC) data on the top and self-consistent Gaussian approximation (SCGA)
on the bottom. The Monte Carlo data are obtained by sampling in the degenerate ground-state sector for systems with Lx = Ly = Lz = 10 fcc
unit cells, corresponding to Nspin = 16000. The intensities are normalized across a single system between 0 and 1 in a.u..

can distinguish between the spin-flip (SF) channel and the
non-spin-flip (NSF) channel. The SF channel is sensitive to
the spin component orthogonal to the neutron polarization,
which induces a flipping of the neutron moment, while the
NSF channel is sensitive to the spin components parallel to
the neutron polarization.

In a scattering event with neutron polarization parallel to
ẑsc, one can define the orthonormal basis vectors for each
scattering wave vector q ⊥ ẑsc as x̂sc ≡ q̂ and ŷsc ≡ ẑsc × x̂sc.
The spin vector is defined as Ŝz

i,α = Sz
i,α · êi, where α is the

index referring to the four sites in the face-centered cubic
(fcc) unit cell, while i is the spin index, referring to the site
on a single tetrahedron. The unit vectors êi are the local basis
vectors pointing into the center of a single tetrahedron, as
defined in Appendix C.

Now, the respective spin structure factor channels are pro-
portional to the following:

SSF(q) =
∑
i, j

(ẑi · ŷsc)〈S∗
i (q)S j (q)〉(ẑ j · ŷsc) (6)

and

SNSF(q) =
∑
i, j

(ẑi · ẑsc)〈S∗
i (q)S j (q)〉(ẑ j · ẑsc). (7)

Here, we neglected to consider the electric form factor of the
magnetic ions, as it is a numerical prefactor that is not relevant
to our calculations [68,69].

In polarized neutron scattering experiments, with ẑsc ‖
[11̄0], the spin ice material Ho2Ti2O7 and Dy2Ti2O7 show
particular pinch points in the [hhl] plane in the SF channel,
indicative of the dipolar form of the spin correlations in three
dimensions, while in the NSF channel no particular features
can be seen [2,66]. Now, we want to understand how this
structure factor will differ in the anisotropic phases compared
to isotropic spin ice. Numerically, the spin structure factor can
be obtained by sampling states via a Monte Carlo procedure or
by an analytical self-consistent Gaussian approximation. We
will employ both techniques and show the correspondence of
the data in Fig. 4.

A. Monte Carlo sampling

We collect states by Monte Carlo sampling a system of
size L = 10 (corresponding to Nspins = 16000 spins) and com-
pute the neutron scattering response. For T → 0 states can
be directly computed by sampling within the ground state
manifold. To this end, sampling algorithms that allow us to
generate all possible ground states of an anisotropic phase
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are employed. These sampling algorithms have a transition
probability of 1 when starting from a state within the ground
state manifold and are described in detail in Appendix F.

For the isotropic spin ice case, we sample the ground states
with a worm algorithm, where we find a closed loop of spins
aligned head to tail and flip them all. Starting with a ground
state configuration, this will always bring us back to a ground
state. In the planar ice case, a similar algorithm can be em-
ployed; however, here, the loops only lie in the ice planes - or
the plane spanned by a layer of B tetrahedra with the same z
coordinates. In the omniplane case, we randomly choose an
axis and flip a random plane of A tetrahedra perpendicular
to this axis. We check that after the flip, the state is still in
the ground state manifold; otherwise, discard the state. For
the line-order case, we can again start with a ground state
and sample other ground states by randomly flipping lines of
connected spin pairs spanning over the system’s boundaries.
Similarly, in the plane-paramagnetic case, ground states can
be sampled by randomly flipping planes of B tetrahedra with
equal z coordinates. The ferromagnetic case contains only
two ground states that can be easily constructed numerically
for any system size by putting the same ground state on all
tetrahedra.

B. Self-consistent Gaussian approximation

It has been confirmed by comparison to Monte Carlo
data that the correlations of spins at low temperatures of
the nearest-neighbor isotropic spin ice Hamiltonian are ac-
curately described by the approximation of an N-component
spin [39,70–73] and stay correct even when including further-
neighboring terms or long-range interactions [67,74]. With the
help of a self-consistent Gaussian approximation (SCGA), the
spin-spin correlations, or the spin structure factor, can also be
computed analytically in the limit of N → ∞ [67]

Sαβ (q) = [λδα,β + βJαβ (q)]−1, (8)

where the Lagrange multiplier λ fixes the spin length 〈S2
α〉 = 1

via
〈
S2

α

〉 = 1

4L3

∑
q∈BZ

Tr[λI + β Ĵ (q)]−1. (9)

Here, L is the linear system size, and we insert the Fourier
transform of our interaction Hamiltonian, specified in Ap-
pendix D. The Lagrange multiplier λ can be interpreted as
the thermal occupation value of the lowest energy mode [69]
and will drop to zero if there is a phase transition in SCGA
[67,69]. An analysis of the Lagrange multiplier in the different
δ-regimes can be found in Appendix D and is consistent with
the findings of Sec. IV.

The scattering result in the SF channel in the SCGA is
computed by inserting the correlator Eq. (8) into Eq. (6). To
resolve this at different temperatures, we first need to solve
for λ in (9) at the necessary inverse temperature β. We can
also compare the result from the SCGA to numerical data,
where we sample ground states for each system according to
the ground state rule. In the SCGA, we compute the corre-
lations at a temperature well below the crossover (T � 1J)
to accurately reproduce correlations close to or at the ground
state.

C. Results

The normalized SF channel of the neutron scattering
cross section for the six different phases at or close to the
ground state is shown in Fig. 4. The intensity is normalized
for each system, [SSF(q) − min(SSF(q)))/(max(SSF(q)) −
min(SSF(q))], such that the signatures will lie between 0 and
1. We can see that for any limit of δA, δB, the spin structure
factor computed numerically shows no significant difference
from the result obtained by the SCGA when the temperature
is set close to the transition temperature. It is important to
note that the signatures on the antidiagonal in the [hl0] cut
are due to the neutron polarization being almost parallel to the
scattering wave vector and not a signature of the underlying
spin configuration.

In the isotropic case, we can see the characteristic pinch-
point singularities in the SF channel data. These points in
the scattering data result from the spin correlations being of
dipolar form, Cαβ (r) ∝ 1

r5 (r2δαβ − 3rαrβ ), which lead to a

structure factor Sαβ ∝ (δαβ − kαkβ

k2 ) [39,66,75]. Pinch points
are accompanied by “bow-tie” correlations around point sin-
gularities located at the high symmetry points of the extended
Brillouin zone of the pyrochlore lattice at positions (111),
(200), (220), and (222) as well as symmetry-related points.

In the planar ice phase, the pinch points with bow-tie
patterns are no longer present in the [hhl] and [h0l] plane.
Only in the [hl0] cut do pinch points still exist with a bow-tie
pattern. This is understood from the cut being exactly parallel
to the ice plane. Here, in the plane, correlations are still of
dipolar form, with Cαβ (r) ∝ 1

r4 (r2δαβ − 3rαrβ ), for r in the
[hl0] plane. This will lead to a structure factor of the form
Sαβ ∝ (δαβ − kαkβ

k2 ) [75] in the plane, due to the square ice
constraint in the ground state. The location of the pinch points
in square ice are located at the high symmetry points of the
square lattice, (±1, 0), (0,±1), and (±1,±1). This translates
to pinch points in the [hl0] cut at (±100), (0 ± 10), and
(±1 ± 10) and symmetry equivalent points in the extended
Brilloin zone. Since single planes are not correlated, other cuts
in the lattice do not show this behavior.

In the omniplane case, spins order in particular patterns
within the different tetrahedra-planes of the lattice. A single
A tetrahedra has a local magnetization vector that is either
parallel or antiparallel to the z axis. These tetrahedra will align
predominantly antiferromagnetically along planes perpendic-
ular to the z direction and predominantly ferromagnetically
for planes perpendicular to the x and y directions. A detailed
description and graphical representation of this can be found
in Appendix B.

In a unit cell, there are six possible spin configurations.
Two of which are fully ferromagnetic, leading to sharp
Bragg peaks in the Brillouin zone center at (000). The other
four have all the A tetrahedra in either the x, z- or the y, z
plane ferromagnetically aligned, while in all other planes,
the A tetrahedra are antiferromagnetically aligned. For these
four states, however, two adjacent ferromagnetic layers have
opposite polarizations. This is necessary to get the antiferro-
magnetic alignment in the other layers. When we now project
the two ferromagnetic layers of a unit cell down onto the
plane, the two oppositely polarized planes form an antiferro-
magnetic square lattice. For this order, characteristic Bragg

165110-11



ISBRANDT, POLLMANN, AND KNAP PHYSICAL REVIEW B 112, 165110 (2025)

peaks at the four corners of the square lattice can be observed.
On the other hand, projecting the antiferromagnetic layers of a
unit cell onto the plane gives a square lattice with stripe order.
For a square lattice with horizontal or vertical stripe order,
Bragg peaks at (0,±1) or (±1, 0) appear.

Any plane flip in the system will introduce line defects
in the square lattice and thereby broaden the sharp Bragg
peaks along the flipping direction. This explains the square
grid structure in the [h0l] plane; the AFM square lattice peaks
are broadened by introducing line defects. In the [hl0] plane,
on the other hand, the stripe order peaks at (±1 ± 10) are
broadened due to the introduction of line defects and form
the cross-patterns. A detailed explanation with schematic fig-
ures can be found in Appendix B.

In the line-order case, spins will order along spin-lines in
the x, y plane. The pinch-point singularities of the isotropic
model are no longer visible, but line-like patterns can be
observed in the different cuts within the system. The spin lines
run perpendicular to the [hhl] cut and the [h0l] cut, giving rise
to a vertically striped pattern. The [hl0] cut is parallel to the
spin lines; here, we can see a cross pattern being formed.

In the plane-paramagnetic case, spins form decoupled
planes, where within planes, the local magnetization vector
of the B tetrahedra align antiferromagnetically. This order
in the x, y planes is visible as Bragg peaks in the [hl0] cut,
where the B tetrahedra form a square lattice. In a square lattice
with AFM order, we expect Bragg-peaks to form at (±1,±1);
however, the square lattice formed by the B tetrahedra of a unit
cell is rotated by π/2 compared to the x, y projection of the fcc
unit cell. This leads to the peaks at the expected locations of
(±100) and (0 ± 10) as well as symmetry equivalent positions
in the extended Brillouin zone. The uncorrelated planes can be
inferred by the vertical lines in the [h0l] cut.

In the ferromagnetic case, the symmetry of the system is
spontaneously broken, and the spins order ferromagnetically.
For ferromagnetic order in the fcc lattice, Bragg peaks become
visible at all points [hkl] where either all h, k, l are even, or
all h, k, l are odd. So here, Bragg peaks are visible at (000),
(200), (220), (222), (111), and all symmetry equivalent points.

In all anisotropic cases, we can see that the neutron scat-
tering data in the SF channel at low temperatures will deviate
significantly from the expected result of the isotropic model.
Pinch-point singularities are only visible in the planar ice
phase within the ice plane, as dipolar correlations are still
present here. In all other phases, a certain order appears for the
specific cuts. The cut in the [0hl] plane will look equivalent to
the [h0l] cut.

While these signatures will be visible at low temperatures,
very close to the ground state, remnants of the change in
correlations will also be visible at higher temperatures. We
show how the neutron scattering response resulting from the
SCGA changes between isotropic spin ice and the anisotropic
systems for decreasing temperatures with the example of the
line-order case in Fig. 5. Here, the colorscale is chosen uni-
formly across all temperatures and both systems for better
comparison. We can observe that at high temperatures, for
T � 1J , the scattering data will be indistinguishable between
the isotropic and the anisotropic cases. However, significant
differences can be observed below the spin-ice crossover,
where the anisotropic systems gradually enter their respective

FIG. 5. SCGA spin structure factor in the spin-flip (SF) channel
at different temperatures. While for high temperatures (T � 1) the
signatures for the isotropic (left) and anisotropic (right) systems
agree, when the temperature is lowered (top to bottom), the features
look significantly different. The line-order regime is evaluated with
δA = δB = 0.05 and the [hhl] cut in the Brillouin zone is shown. The
scale is chosen uniformly across all temperatures and both systems.

ground-state manifold and the aforementioned signatures be-
come visible. Measuring the structure factor as a function of
temperature thus directly unveils the anisotropic couplings of
the model Eq. (1).

VI. SUMMARY AND OUTLOOK

In this work, we explored how anisotropic perturbations in
the nearest-neighbor spin ice Hamiltonian affect the ground
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state structure and equilibrium properties of the spin sys-
tem on the breathing pyrochlore lattice. By tuning the strain
parameter, δA/B, independently on the two tetrahedral sub-
lattices, we demonstrated that the ground state degeneracy
exhibits a sign-dependent change, leading to an additional
five distinct phases. In all cases, the degeneracy is reduced;
strikingly, in only one of the five anisotropic phases, the de-
generacy grows exponentially with the full system volume,
while in the other scenarios, the ground state degeneracy
scales with a lower-dimensional cut of the system. Addi-
tionally, we analyzed the mobility of excitations on top of
the ground state. We found that any negative δ rendered ex-
citations immobile, while a positive δ made their mobility
restricted to lower-dimensional submannifolds. These behav-
iors mirror key features of fracton systems, where excitations
are immobile or exhibit constrained dynamics due to conser-
vation laws or energetic barriers. In our case, the excitations
are energetically restricted to planes or lines, or are com-
pletely frozen, making them fractonlike in nature.

We also investigated the equilibrium properties of the sys-
tem via the specific heat and entropy. Our results show that the
anisotropic perturbation will either lead to a phase transition
into a symmetry-broken phase at a critical temperature (omni-
plane, plane paramagnetic, and ferromagnetic phase), a phase
transition at zero temperature (line-order), or a crossover into
a phase with decoupled planes (planar ice). In all cases but
one, the planar ice phase, the residual entropy density ap-
proaches zero for increasing system sizes. The static spin
structure factors of the anisotropic systems display significant
deviations from the conventional spin ice case, showing only
dipolar correlations in the planar ice phase.

Our analysis introduces a new perspective on frustrated
magnetic systems, particularly in the context of strain en-
gineering. While strain effects in spin ice systems have
been previously studied [17,19,20,30], introducing sublattice-
dependent anisotropy enriches this field by opening a
qualitatively different route to dimensional reduction. A well-
known example of such reduction is the kagome ice state,
realized under an external magnetic field along the global
[111] direction [76–80]. In that case, spins aligned with the
field are pinned while the remaining spins fluctuate within de-
coupled two-dimensional kagome planes. By contrast, in our
model, the reduction arises not from field-induced polariza-
tion but from frustration-lifting via sublattice-dependent bond
anisotropy, providing an alternative mechanism for emergent
lower-dimensional dynamics in spin ice.

Looking forward, several intriguing questions arise from
our findings. Since the ground-state degeneracy is signifi-
cantly reduced in some cases, an important question concerns
the mechanisms by which equilibrium is achieved. Further-
more, the timescales on which equilibrium is approached are
to be investigated. Additionally, we analyzed the mobility
of excitations on top of the ground states, which made a
connection to fractons apparent [24,25,44–48]. This raises
the question of how these energetic constraints and subdi-
mensional mobility influence the relaxation dynamics of the
system.

Finally, in this study, we restricted our analysis to the
nearest-neighbor Ising Hamiltonian on the pyrochlore lat-
tice, neglecting the long-range dipolar interactions that are

intrinsic to real spin ice materials [14,15,51,52]. These long-
range interactions are known to induce a transition into
a long-range ordered state at temperatures around Tc ≈
0.07Dnn, where Dnn is the nearest-neighbor dipolar interaction
strength [14,15]. The dipolar spin ice model exhibits a set of
twelve symmetry-related ground states, each characterized by
a sixteen-site magnetic unit cell.

While our anisotropic model neglects these long-range
terms, it still selects a smaller subset of states from the spin
ice manifold, effectively reducing the degeneracy. Interest-
ingly, we find that the ground-state construction rules of the
anisotropic model generate states that, in most cases, are also
ground states of the dipolar model; except in the ferromag-
netic regime (δA, δB < 0), where full alignment conflicts with
the long-range dipolar correlations. This indicates that there
exists a class of configurations that are simultaneously ground
states of both the classical spin ice model with long-range
interactions and the anisotropic nearest-neighbor model with
bond-dependent couplings.

This overlap suggests that introducing sublattice-resolved
strain, even in the presence of dipolar interactions, could
help lift the twelvefold degeneracy of the dipolar model and
potentially enhance the ordering temperature, providing a
promising route toward controlled stabilization of specific
spin ice ground states.
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APPENDIX A: EXPERIMENTAL CONSIDERATIONS

We now discuss possible realizations of the presented toy
model. The system Hamiltonian (3) is based on the classical
spin ice model. Due to large crystal field anisotropies, the
spins are constrained to point along the local 〈111〉 direc-
tions connecting each corner point of the tetrahedron to its
center. This reduces the full spin Hamiltonian to an Ising-
like interaction between the spins on each tetrahedron [1,2].
Importantly, we consider a minimal model containing only
the nearest-neighbor exchange interaction. In rare-earth spin
ice compounds such as Dy2Ti2O7 and Ho2Ti2O7, magnetic
interactions include both a short-range antiferromagnetic ex-
change Jnn and a long-range ferromagnetic dipolar term Dnn.
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These combine into an effective nearest-neighbor coupling
Jeff = Jnn + Dnn, which stabilizes the spin ice regime at inter-
mediate temperatures. However, in our theoretical approach,
we adopt a minimal description by retaining only the nearest-
neighbor interactions and neglecting long-range dipolar terms
beyond first neighbors. This approximation captures the cor-
rect thermodynamics at higher temperatures but omits the
low-temperature ordering transition seen in full dipolar spin
ice, which occurs around Tc ≈ 0.077Dnn [14]. Despite this
simplification, the minimal model remains a valuable tool for
exploring the role of anisotropy and frustration in modifying
the spin ice ground-state manifold.

In this minimal model, the ground-state condition is that
the net spin sum on each tetrahedron vanishes. However, this
simple ground-state behavior in spin ice can change under
the influence of strain, pressure, or when an external field is
applied [17,19,42,43,82]. Pressure along certain crystal axes
may reduce the distance between the crystal sites along this
direction, causing the ionic wave function to overlap and the
exchange interaction between the neighbors to change [82],
such that Hstrain = ∑

〈i j〉 Ji jS
z
i Sz

j . While the precise relation-
ship between strain and the individual contributions Jnn and
Dnn is material dependent and beyond the scope of our mini-
mal model, it is known that dipolar interactions (D ∼ r−3) are
significantly less sensitive to lattice distortions than exchange
interactions (J ∼ r−q, with q � 3) [83,84]. Therefore strain
primarily modulates the exchange term.

Experimental support for this assumption comes from stud-
ies on single crystals of Dy2Ti2O7, where uniaxial pressure
along the [110] direction was shown to lift the sixfold de-
generacy of spin ice, splitting it into a lower-energy set of
four and a higher-energy set of two configurations [42]. This
observation is consistent with the phenomenology captured by
our model.

While in bulk spin ice one typically expects small pertur-
bations, recent experiments on thin-film systems suggest that
even sizable modifications of the nearest-neighbor coupling
might indeed be achievable. Growing spin-ice compound thin
films on a substrate with a different lattice constant can hereby
lead to epitaxial strain of the lattice. Depending on the growth
direction of the spin ice compound on the growing substrate,
the thin film can be strained in different directions [19,20,30].
In epitaxially strained thin films of Dy2Ti2O7, the strain ef-
fects have been estimated to shift Jnn by 0.05–0.5 K [19], and
the degeneracy of the six low-energy spin ice configurations
has been estimated to split via the strain up to 0.55 K [20],
corresponding to 4δ in our model. This suggests the parameter
range chosen in our simulations of Sec. IV (δ = 0.05J) is
within an experimentally realistic range.

While these results were obtained in uniform pyrochlore
systems, our work also extended to the breathing pyrochlore
lattice, where bond strengths can differ between the two
tetrahedral sublattices. In a potential breathing pyrochlore
material, it is conceivable that pressure applied along specific
crystal directions could compress the two types of tetrahedra
differently. The compression generally depends on the inter-
action strength between the sites within a crystal [85]. In the
breathing pyrochlore, it is known that the interaction strength
differs between sublattices, which motivates our assumption
of different compression on the individual sublattices. In our

investigated toy model, we assume the interaction between
the spin pairs {Sz

0, Sz
3} and {Sz

1, Sz
2} to differ when pressure

is applied along [001] or on the plane perpendicular to this
direction. Another possible route to achieve the staggered
strain on the different tetrahedral sublattices could involve
using epitaxially strained thin films grown on a breathing
pyrochlore substrate. If the lattice mismatch between film
and substrate differs between the two types of tetrahedra,
this might, in principle, induce strain of opposite sign on the
two sublattices. While this approach would require significant
material engineering, it offers a potential path toward realizing
the asymmetry in δ considered in our model Hamiltonian.

To summarize, realizing the anisotropic breathing spin
ice model experimentally would require a (breathing) py-
rochlore lattice in which the interactions on both sublattices
match those of the Hamiltonian (3). Achieving the desired
anisotropic bond dependence may be experimentally fea-
sible through several routes, including sublattice-selective
compression of single crystal breathiong pyrochlores via
application of directional pressure, or epitaxial strain engi-
neering using lattice-mismatched substrates.

APPENDIX B: OMNIPLANE PROJECTIONS
AND TRANSITION TEMPERATURES

When δA < 0 and δB = 0, then a ground state for the sys-
tem is given by all configurations that have QA = 0 and the
partial charge q03

A = −q12
A = ±2, while on the B sublattice

only the total charge must be QB = 0; the value of the partial
charge is not fixed. We find that this constraints leads to three
types of ground state constructions: (a) in a plane perpendicu-
lar to the z direction the A tetrahedra are antiferromagnetically
aligned, (b) in a plane perpendicular to the y direction the
A tetrahedra are ferromagnetically aligned, or (c) in a plane
perpendicular to the x direction the A tetrahedra are ferromag-
netically aligned. This structure is shown in Figs. 6(c)–6(e)
as projected onto the respective plane. Fulfilling requirement
(a) means that in z directions the alignment of planes is inde-
pendent, but within x, y planes, the tetrahedra are correlated.
The counting of the total number of states is straightforward:
we start from a configuration (a), (b), or (c) and count in
how many different ways we can flip planes perpendicular to
the specified direction. In direction α ∈ {x, y, z} there are 2Lα

individual planes of A tetrahedra. Therefore there are
(2Lα

i

)
possible ways to flip i planes of A tetrahedra. Counting all
possibilities would give us the total number of configurations
� = ∑

α=x,y,z

∑2Lα

i=1

(2Lα

i

) = ∑
α=x,y,z 22Lα . However, here, six

states are counted twice as explained below:
There are only two states that at the same time ful-

fill requirement (a) and requirement (b): when in a plane
perpendicular to the z direction, the A tetrahedra are antifer-
romagnetically aligned and the magnetization of neighboring
planes is alternating. One of these states is shown in Fig. 6(f)
with the respective projection onto the plane. There are only
two states that at the same time fulfill requirement (a) and
requirement (c): when in a plane perpendicular to the x di-
rection, the A tetrahedra are ferromagnetically aligned and
the magnetization of neighboring planes is alternating. One of
these states is shown in Fig. 6(g) with the respective projection
onto the plane. There are only two states that at the same time
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FIG. 6. Omniplane ground state projections onto different planes. (a) The projection of a single conventional unit cell of the pyrochlore
lattice onto the x, y plane shows the four layers of tetrahedra as projected onto the plane. (b) The two ground-state configurations of an
A tetrahedron have a global magnetization vector pointing parallel or antiparallel to the global z direction. This is shown by the projected
tetrahedron-square having color blue or red. [(c)–(e)] Projection of the unit cell in a ground-state configuration onto different planes. Each
layer of A tetrahedra forms a square lattice, tilted by 45◦ with respect to the unit cell. For the different ground-states in different planes, the
resulting square lattice has A tetrahedra being antiferromagnetically (x, y plane) or ferromagnetically (x, z and y, z planes) aligned. [(f)–(h)]
The three states that simultaneously fulfill two of the ground-state criteria in two perpendicular planes. The projection of the unit cell forms
a square lattice with a stripe-pattern, an alternating-pattern, or a uniform pattern. On the right-hand side, the position of two A tetrahedra
in different unit-cell projections is shown. (i) Flipping a plane of A tetrahedra in the y, z plane generates another ground state, but creates a
line defect in the uniform pattern of the x, y plane. (j) Flipping flips in an octagon-loop shape within a single tetrahedra plane, creates partial
defects at the sides of the octagon. Grouping together octagons creates partial defects at the outermost border. (k) In the omniplane phase the
flipping-loops can also connect different planes.

fulfill requirement (b) and requirement (c): when in a plane
perpendicular to the y direction, the A tetrahedra are ferro-
magnetically aligned and all the planes’ magnetizations are
equally aligned. One of these states is shown in Fig. 6(h) with
the respective projection onto the plane. This, in total, gives
six states that are counted twice when considering all possible
configurations that can be generated by the plane flips. To
account for this double counting, we subtract those states once
from our calculations to reach � = ∑

α=x,y,z

∑2Lα−1
i=1

(2Lα

i

) =∑
α=x,y,z(22Lα − 2).
To understand the spin structure factor (SSF) shown in

Fig. 4, we can imagine starting from any of the six overlapping
ground states. The projections onto the three planes (x, y,

x, z, and y, z) of the overlapping ground states are shown
in Figs. 6(f)–6(h). In the x, y plane, we either have a hor-
izontally or a vertically striped pattern on a square lattice.
This would lead to Bragg peaks at (0,±1) or (±1, 0) in
the square lattice. In the x, z plane and the y, z plane, we
either have ferromagnetic or antiferromagnetic alignment on
a square lattice Brillouin zone. This would lead to a Bragg
peak at (0,0) or (±1,±1) in the square lattice Brillouin zone.
Flipping any plane of a tetrahedron starting from any of these
states will introduce a line of defects into the square lattice
projection in the plane perpendicular to the flipped plane.
This is shown with the example of Fig. 6(i). The line defects
lead to a broadening of the Bragg peaks along the line-defect
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direction. This leads to an elongated peak at (±1, 0, 0) and
(0,±1, 0) from the stripe order in the [hl0] (or x, y) plane.
On the other hand, the Bragg peak from the ferromagnetic
order at (0,0,0) is elongated horizontally, and the Bragg peaks
from the antiferromagnetic order at (±1, 0,±1) are elongated
vertically. This created the appearance of a square grid.

To estimate the critical temperature of the omniplane and
plane-paramagnetic phase, we employed a Peierls-type argu-
ment [86] based on the energy cost and entropy of defect
loops.

We can first analyze the argument in the plane-
paramagnetic phase. When the planes decouple, the B tetra-
hedra form an antiferromagnetic square lattice. By forming
octagon-shaped loops between four neighboring B tetrahedra
in a single plane, we can create four partial changes in the B
tetrahedra touched by the octagon, each with an energy differ-
ence of �E = 4δ. An octagon loop connecting four tetrahedra
in a common plane is shown in Fig. 6(j). This is the equivalent
of thinking about flipping a single spin (in the middle of
the octagon) in the square lattice and creating four frustrated
bonds (the four defects on the B tetrahedra). Linking together
octagons creates L defects at the outermost boundary of the
updated area with perimeter L. The possibilities to construct
an updated area with perimeter L may be named μ. From this,
we get

�F = �E − T �S = L · 4δ − T · L ln μ.

An upper bound for μ can be found to be μ < 3 [87], easily
seen if considering the possibilities of continuing a path on
a square lattice without backtracking. This leads to a criti-
cal temperature of Tc = 4δ

ln μ
. From Onsager’s solution of the

square lattice Ising model [62] it is known, that μsquare =
1 + √

2. Since there are, however, two possibilities to create
this dual square lattice by the midpoints of the octagon loops,
we expect the exact value for the entropy to be S = 2 μL and
therefore the critical temperature Tc = 4δ

ln (1+√
2)+ ln 2

L

, tending

towards the Onsager solution for larger system sizes.
In the omniplane phase, we can apply a similar principle

to the aforementioned derivation. However, here we have the
option to extend the loop also out of a single correlated plane.
Connecting two planes with a loop is shown in Fig. 6(k). The
A tetrahedra are (anti)ferromagnetically aligned in planes per-
pendicular to one of the three spatial directions. The octagon
loops within these correlated planes, again, generate four de-
fects at the corners (each with energy difference �E = 4δB).
We can, however, also extend this loop into planes above
or below by flipping an appropriate oppositely aligned spin
on a crossing B tetrahedron. This increases the number of
possible paths available for a loop and gives an approximate
upper bound for μ � 6. This leads to the critical temperature
Tc � 4δ

ln 6 . For the ferromagnetic case, the explanation is given
in the text.

APPENDIX C: LOCAL SPIN BASIS

Our interaction Hamiltonian (3) resides on the breathing
pyrochlore lattice. The unit cell of the pyrochlore lattice
corresponds to a face-centered cubic (fcc) lattice with an A
tetrahedron at each lattice point. The four fcc lattice sites are

denoted by Ri and are located at positions

R0 = (100), R1 = (
1 1

2
1
2

)
,

R2 = (
1
2

1
2 0

)
, R3 = (

1
2 0 1

2

)
. (C1)

At each fcc lattice site, an A tetrahedron resides, where the
four spins are located at positions ri:

r0 = 1
4 (100), r1 = 1

4 (001),

r2 = 1
4 (111), r3 = 1

4 (010). (C2)

The position of a spin Sz
i,α in the lattice is given by Ri,α =

Ri + rα , where i is the site index, and α is the spin index.
The distance between two spins is then defined as Riα, jβ =
Riα − R jβ . We use the local spin basis, Ŝz

i,α = Sz
i,α · eα , where

each spin residing at position α in a tetrahedron located at site
i of the fcc unit cell, is either aligned or anti-aligned with eα .
The unit vector eα vectors pointing from the center of a single
tetrahedron into one of the four corner points:

e0 = (−1, 1, 1)/
√

3,

e1 = (1, 1,−1)/
√

3,

e2 = (−1,−1,−1)/
√

3,

e3 = (1,−1, 1)/
√

3. (C3)

The Hamiltonian can now be written as

H =
∑

〈(iα, jβ )〉
Jiα, jβSz

i,αSz
j,β

=
∑

〈α,β〉,i= j

Jiα,iβSz
i,αSz

i,β +
∑

〈α,β〉,i �= j

Jiα, jβSz
i,αSz

j,β , (C4)

where we distinguish between bonds within A tetrahe-
dra (

∑
〈α,β〉,i= j) and bonds that constitute B tetrahedra

(
∑

〈α,β〉,i �= j). Here, the interaction matrix is

Jiα,iβ = JA

⎛
⎜⎜⎝

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

⎞
⎟⎟⎠ + δA

⎛
⎜⎜⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞
⎟⎟⎠ + c̄I,

Jiα, jβ = JB

⎛
⎜⎜⎝

0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

⎞
⎟⎟⎠δ(|Riα, jβ | − rnn)

+ δB

⎛
⎜⎜⎝

0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

⎞
⎟⎟⎠δ(|Riα, jβ | − rnn) + c̄I, (C5)

where rnn =
√

2
4 is the nearest neighbor distance.

APPENDIX D: SELF-CONSISTENT
GAUSSIAN APPROXIMATION

The self-consistent Gaussian approximation is based on
the softening of the hard spin constraint |Si| = S2 to a soft
one with 〈Si〉 = S2 [39,67,70–73]. This constraint is enforced
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energetically with a Lagrange multiplier λ, such that

βH̃ =
∑

〈i, j〉∈A,B

(
Ji j

A,B + λδi j
)
Sz

i Sz
j . (D1)

The spin length is now energetically fixed self-consistently
through

〈
S2

α

〉 = 1

4L3

∑
q∈BZ

Tr[λI + β Ĵ (q)]−1. (D2)

To calculate this and the structure factor in the SCGA,
we need to perform the Fourier transform of the Hamiltonian
(C4). This gives

H ′ =
∑
q∈BZ

∑
α,β

Jαβ (q)Sz
α (q)Sz

β (−q), (D3)

where Jαβ (q) is the Fourier transform of the interaction matrix
(C5). This is now defined as

Jαβ (q) = 1

N

∑
Riα, jβ

Jiα, jβe−iq·Riα, jβ . (D4)

Inserting the definition of Jiα,iβ (C5) and the coordinates for
Riα, jβ for i = j and i �= j gives the interaction matrix in (D5).

Jαβ (q) = c̃ · I4 + ·

⎛
⎜⎜⎝

0 c01 c02 c03

c01 0 c12 c13

c13 c12 0 c23

c03 c13 c23 0

⎞
⎟⎟⎠, (D5)

where the coefficients are

c01 = JAe−i(qx−qz ) + JBe+i(qx−qz ),

c02 = JAe−i(−qy−qz ) + JBe+i(−qy−qz )),

c03 = (JA + δA)e−i(qx−qy ) + (JB + δB)e+i(qx−qy ),

c12 = (JA + δA)e−i(−qx−qy ) + (JB + δB)e+i(−qx−qy ),

c13 = JAe−i(−qy+qz ) + JBe+i(−qy+qz ),

c23 = JAe−i(qx+qz ) + JBe+i(qx+qz ), (D6)

and cαβ is the complex conjugate of cαβ .
Note that c̃ in Eq. (D5) marks a constant energy shift

that can be chosen freely. Here, we choose c̃ such that the
minimum eigenvalue of J (q) is zero. This also makes sure
that the Lagrange multiplier λ only takes values between one
and zero, making a physical interpretation possible.

Since with a basis transformation, Eq. (D1) can be written
as

βH̃ =
∑
q,n

(βεn(q) + λ)|σn(q)|2, (D7)

where εn(q) are the eigenvalues of J (q) and σn(q) are the
“normal modes” of the system [69]. With this, λ−1 can be
interpreted as the thermal occupation value for the lowest
energy mode, since

〈|σn(q)|2〉 = 1

λ + βεn(q)
. (D8)

With our convention of c̃, we have set the energy of the lowest
energy mode exactly equal to zero, such that the thermal
occupation value of this mode is exactly λ−1.
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FIG. 7. Lagrange multiplier for the SCGA. Lagrange-multiplier
that fixed the spin constraint in the self-consistent Gaussian approx-
imation. For isotropic spin ice, λ → 1

2 as T → 0. For planar ice,
λ → 1

4 as T → 0. For the line-order phase, λ → 0 as T → 0, sug-
gesting long-range order at T = 0. For the three remaining phases,
the sudden drop of λ → 0 at a finite temperature indicates a finite-
temperature phase transition.

We can now discuss some limiting cases for λ. At high
temperatures, β → 0, all energy modes are equally singly
occupied and λ = 1. For the isotropic nearest neighbor spin
ice, as β → ∞, the lowest two energy modes become flat and
fully degenerate and λ → 1

2 . This tells us that the high-energy
modes depopulate, and the degenerate low-energy modes are
doubly occupied. For the planar ice, as β → ∞, only one
lowest energy mode becomes flat and λ → 1

4 . If a normal
mode becomes critical at any temperature, then λ−1 → ∞ or
λ → 0. This indicates a phase transition with long-range order
in the SCGA.

The Lagrange multiplier for the six phases is shown in
Fig. 7. We can observe the expected behavior as T → 0 for
isotropic spin ice (λ → 1

2 ) and for planar ice (λ → 1
4 ). For

the line-order phase, we can observe how λ monotonically
decreases as T approaches 0. This suggests a transition to
long-range order to appear only at T = 0, similarly to what
is expected in a one-dimensional Ising chain [88]. By con-
trast, the Lagrange multiplier of the omniplane phase, the
plane-paramagnetic phase, and the ferromagnetic phase seem
to have a sudden drop to zero at a finite temperature. It
is important to note, however, that λ can only really reach
zero at a finite temperature for L → ∞. While for the plane-
paramegnetic phase and the ferromagnetic phase, the drop
in λ appears sudden and steep, λ of the omniplanar phase
approaches small values more gradually. A finite-size scaling
analysis of λ in the omniplanar phase, however, still points to-
wards a finite-temperature phase transition within the SCGA.
This supports the numerical findings in Sec. IV B, indicating
a finite-temperature phase transition in the three phases with
any δi < 0.

APPENDIX E: MONTE CARLO SIMULATION

All numerical data presented in this work were obtained
using Monte Carlo simulations. Specifically, the data shown
in Fig. 3 were generated for a system of size Lx × Ly × Lz =
64 face-centered cubic (fcc) unit cells, with each unit cell
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FIG. 8. Acceptance rates. Comparison of the acceptance rate (Pacc) for different update schemes.

containing 16 spins, resulting in a total of Nspin = 1024 spins.
Periodic boundary conditions were applied in all three spatial
directions (x, y, and z) to minimize boundary effects.

During each Monte Carlo time step, six types of up-
dates were employed to enhance equilibration: single spin
flips, worm loop updates, and other cluster-updates (see
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Worm and SSF

All updates

FIG. 9. Comparison between update schemes. Specific heat data
for line-order phase with δA = δB = 0.05 and L = 2 obtained by only
using worm loop updates and single spin flips (SSF) or all update
schemes. The curves perfectly overlap in the whole temperature
regime.

Appendix F). For each measurement temperature, the sys-
tem was evolved until Nsweeps = Nspin 103 accepted updates
(including spin flips and worm loops) were performed. Mea-
surements were taken at equilibrium.

To generate data across different temperatures, the system
was progressively cooled in 10 steps from the last measure-
ment temperature. At each temperature step, the system was
equilibrated before proceeding to the next step. Finally, at
the next measurement-temperature, an additional equilibra-
tion phase was conducted.

Here again, the next sweep measurement was performed.

APPENDIX F: CLUSTER UPDATE SCHEMES

For isotropic nearest-neighbor spin ice, in numerical simu-
lations, typically updates are given by single spin flips as well
as worm loop updates [55–57]. Since at low temperatures,
spin freezing makes equilibration times with only single-spin
flips extremely long, the worm loop algorithm finds update
moves at a zero energy cost [14]. The ground state degen-
eracy of all anisotropic systems is, however, greatly reduced
compared to the isotropic spin ice case. This also leads to an
increase in equilibration time in numerical simulations when
only employing the two aforementioned update schemes. The
problem lies in the acceptance rate of the attempted updates.
A measurement series at a particular temperature is only
completed if a prefixed number of spin updates are accepted.
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For isotropic spin ice below the crossover, where the system
is in a ground state configuration, all attempted worm loop
updates are accepted. However, this acceptance rate drops
significantly for all anisotropic systems. Now, to achieve the
same number of accepted updates, either the number of at-
tempted updates must be increased significantly, or a new type
of update with a higher acceptance rate must be proposed. The
latter is oped for to produce the data in Fig. 3 and the particular
update schemes are discussed here.

Single spin flip. A single spin is randomly se-
lected and flipped with the METROPOLIS probability
min[1, exp(−�E/T )], where �E is the change in energy
associated with the spin flip.

The additional update schemes rely on the operator struc-
ture to generate all ground states of the anisotropic phases.
As discussed in the main text, the worm loop relies on the fact
that the ground state constraint in isotropic spin ice consists of
two spins pointing into a tetrahedron and two spins pointing
out. Finding any closed loop of spins pointing “in” and “out”
alternately will always conserve the ground state constraint,
and a flip will lead to another ground state.

Worm loop update. A closed loop of spins aligned head-to-
tail is identified, starting from a randomly chosen spin. The
spins within the loop are flipped collectively with the same
METROPOLIS probability. The loop construction ensures that
no monopoles are created, annihilated, or moved during the
update, although partial charges may be created or annihi-
lated.

A line flip consists of randomly choosing a line of spin
pairs (either {Sz

0, Sz
3} or {Sz

1, Sz
2}, see Fig. 2) and flipping it.

Detailed balance is fulfilled, as the probability of choosing
any line is Wchoice(i → j) = 1

Nlines
, where Nlines is the number

of such spin lines in the lattice and therefore independent
of the current configuration. The acceptance probability of
flipping the line is given by the METROPOLIS criterion A(i →
j) = min[1, e−β(Ej−Ei )].

A double spin flip consists of choosing randomly a spin and
any adjacent spin and attempting to flip them both. The accep-
tance probability is given by the METROPOLIS probability.

A 2d worm loop consists of forming a closed loop in a
single x, y plane of B tetrahedra. This means on A tetrahedra,
spins can only be flipped as spin pairs {Sz

0, Sz
3} or {Sz

1, Sz
2},

while on the B tetrahedra the choice is free.
A plane flip consists of flipping a plane of either A or B

tetrahedra with a common coordinate. This can be a plane
perpendicular to any special direction.

In Fig. 8, the acceptance rates for the different update
schemes are shown. It is evident that the acceptance rate for
single or double spin flip drops much below 10−8 for temper-
atures below the first crossover. The four new update schemes
help to increase the mean acceptance rate for all phases above
10−2.

The underlying ordering processes are not changed by the
introduction of the new cluster-update schemes, but rather,
achieving the result numerically is merely accelerated. This
is shown exemplarily in Fig. 9 for a system size of Lx ×
Ly × Lz = 8, where the data obtained by only using the worm
loop updates and single spin flips, and all six cluster update
schemes detailed above are shown. The two curves overlap
fully.
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