
PHYSICAL REVIEW B 113, 024427 (2026)

Comparative study of magnetic exchange parameters and magnon dispersions
in NiO and MnO from first principles

Flaviano José dos Santos ,1,2,3 Luca Binci ,4,5,6 Guido Menichetti ,7,8 Ruchika Mahajan ,9,10

Nicola Marzari ,1,6 and Iurii Timrov 1,*

1PSI Center for Scientific Computing, Theory, and Data, Paul Scherrer Institute, 5232 Villigen PSI, Switzerland
2National Centre for Computational Design and Discovery of Novel Materials (MARVEL), 5232 Villigen PSI, Switzerland
3Centro Brasileiro de Pesquisas Físicas (CBPF), Rua Dr. Xavier Sigaud 150, Urca, Rio de Janeiro - RJ 22290-180, Brazil

4Department of Materials Science & Engineering, University of California Berkeley, Berkeley, California 94720, USA
5Materials Sciences Division, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

6Theory and Simulation of Materials (THEOS),
and National Centre for Computational Design and Discovery of Novel Materials (MARVEL),

École Polytechnique Fédérale de Lausanne, CH-1015 Lausanne, Switzerland
7Dipartimento di Fisica dell’Universitá di Pisa, Largo Bruno Pontecorvo 3, I-56127 Pisa, Italy

8Istituto Italiano di Tecnologia, Graphene Labs, Via Morego 30, I-16163 Genova, Italy
9Department of Chemical Engineering, Stanford University, Stanford, California 94305, USA

10SUNCAT Center for Interface Science and Catalysis, SLAC National Accelerator Laboratory, Menlo Park, California 94025, USA

(Received 19 September 2025; revised 11 December 2025; accepted 5 January 2026; published 22 January 2026)

Spin-wave excitations are fundamental to understanding the behavior of magnetic materials and hold promise
for future information and communication technologies. Yet, modeling these accurately in transition-metal
compounds remains challenging, starting from the self-interaction errors affecting localized and partially filled
d orbitals in density-functional theory (DFT) with (semi)local functionals. In this work, we compare three
advanced first-principles approaches for computing magnetic exchange parameters and magnon dispersions in
NiO and MnO, all based on a common DFT + U ground state with ab initio Hubbard U values obtained from
density-functional perturbation theory. Two methods extract exchange parameters directly: one via total-energy
differences using the four-state mapping (�E ), and the other via the magnetic force theorem (MFT) using
infinitesimal spin rotations. Magnon dispersions are then obtained from a Heisenberg Hamiltonian through
linear spin-wave theory (LSWT). The third approach, time-dependent density-functional perturbation theory
with U (TDDFPT + U ), yields magnon dispersions directly from the dynamical spin susceptibility, with
exchange parameters fitted a posteriori, for comparison, via LSWT. Our results show that TDDFPT + U and
the Heisenberg model based on �E -derived parameters align well with experimental neutron scattering data,
whereas the MFT-based approach shows larger discrepancies, possibly due to some inherent approximations
and limitations of the particular implementation used. This study benchmarks the accuracy of state-of-the-art
first-principles techniques for spin-wave modeling and contributes to advancing reliable computational tools for
the study and design of magnetic materials.

DOI: 10.1103/gtxm-6vtg

I. INTRODUCTION

Magnetic materials play a pivotal role in a wide range of
modern technologies, from data storage and electronic devices
to renewable energy solutions. They hold further promises
in spintronics, magnonics, and quantum information [1,2].
Noteworthy classes of magnetic materials that have drawn
attention include high-temperature superconductors [3,4],
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multiferroics [5,6], two-dimensional (2D) magnetic materials
[7,8], magnetic topological materials [9,10], and, recently,
altermagnets [11–13]. Various experimental techniques, such
as inelastic neutron scattering, resonant inelastic x-ray scat-
tering, and spin-polarized electron energy loss spectroscopy
are employed to study these materials. Yet, theoretical mod-
els are essential for the interpretation of these experiments.
Spin model Hamiltonians, such as the Ising, XY, and Heisen-
berg models [14], are powerful tools for understanding the
microscopic origin of macroscopic properties and describ-
ing collective spin excitations and their coupling to phonons
[15] and plasmons [16]. The Heisenberg model typically in-
corporates the isotropic two-spin exchange interactions Ji j

between magnetic sites i and j. However, depending on the
material, additional terms and interactions, such as single-ion
anisotropy, Dzyaloshinskii-Moriya, and Kitaev interactions,
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can be included to account for relativistic effects like spin-
orbit coupling [17]. To enhance predictive accuracy and
better reproduce experimental results, further extensions to
the model, such as quantum renormalization factors [18,19] or
higher-order magnetic interactions like four-spin terms from
cyclic exchange [20,21], may become necessary.

Developing methods to reliably and accurately determine
the magnetic interaction parameters (MIPs) is still an ac-
tive research field. The experimental determination of MIPs
is generally achieved by fitting the measured spin-wave
(magnon) dispersions. However, the resulting Hamiltonian is
not uniquely defined because it depends on assumptions made
about the model, such as the number of couplings and the
type of interactions. In addition, even for the nearest-neighbor
isotropic exchange coupling, the values obtained from this
method can vary significantly. This variation arises not only
from differences in experimental techniques but also from the
fitting procedure itself, which depends on the number of Ji j

parameters considered and the inclusion of additional inter-
actions in the Heisenberg Hamiltonian. Alternatively, MIPs
can be computed directly from first principles using several
established methods [17,22], including the total-energy dif-
ferences (�E ) approach [23–29], the infinitesimal-rotations
method (IRM) based on the magnetic force theorem (MFT)
[30–32], and the spin-spiral method that fits spin-spiral energy
dispersions using the generalized Bloch theorem [33–35].
Once the Heisenberg Hamiltonian is parametrized using one
of these methods, magnon dispersions can be computed via
linear spin-wave theory (LSWT) [36,37]. These methods rely
on different approximations and are implemented with vari-
ous technical nuances in different electronic-structure codes.
Moreover, they are often applied on top of different descrip-
tions of the material’s ground state, leading to significant
discrepancies in the computed MIPs, as shown in numerous
studies (see, e.g., Refs. [24,25,38]). Therefore, a systematic
comparison of these approaches is essential, particularly when
applied to the ground state described using the same level of
theory. In this work, we focus on the �E and IRM methods,
which are described in greater detail in the following, and
contrast these with a direct calculation of the spin-spin suscep-
tibility as obtained from Hubbard-corrected time-dependent
density-functional perturbation theory (TDDFPT + U ) [39].

Two widely used flavors of the �E approach are preva-
lent in the literature. The first, and historically the earlier
method, involves determining MIPs by computing the total
energies of different spin configurations in supercells and then
solving a system of linear equations to extract MIPs from
the total-energy differences [23–25]. This approach requires
calculating the total energy for N + 1 spin configurations,
which differ by the flipping of spins of some sites with respect
to the ground state, with N being the number of distinct
MIPs. This method assumes that the exchange interactions
are independent of spin configurations, which might not hold
for all materials. Additionally, this approach provides quasi-
averaged values of the microscopic interactions [29], and the
self-consistency convergence can be challenging for some
spin configurations. The second method is the four-state map-
ping analysis (FSMA) [26–29]. In this approach, a supercell
is constructed and four spin states (↑↑, ↑↓, ↓↑, ↓↓) are
considered, each representing a different spin alignment of

the spin pair whose interaction needs to be determined. A
key advantage of the FSMA method is its ability to directly
compute the derivatives of exchange interactions, thereby
enabling the determination of spin-lattice coupling [27]. How-
ever, this method is very sensitive to the supercell size used
[40,41], and thus the convergence of the MIPs with respect to
the supercell size must be carefully verified.

The IRM is based on MFT and leads to the Liechtenstein-
Katsnelson-Antropov-Gubanov formula [30–32]. It involves
applying an infinitesimal spin rotation to the magnetic ground
state and approximating the total-energy change by the change
in single-particle energies. IRM assumes that magnetic mo-
ments are localized on atoms, and it can only be applied
when the system’s Hamiltonian is defined in a basis set of
localized orbitals. This method can be implemented using var-
ious strategies, such as the Korringa-Kohn-Rostoker (KKR)
Green’s function method [42,43], the tight-binding linear
muffin-tin orbital (LMTO) method [44,45], density-functional
theory (DFT) [46,47] with localized basis sets [48,49], or
DFT with plane-wave basis sets [50,51] with subsequent
Wannierization to construct a tight-binding Hamiltonian us-
ing maximally localized Wannier functions (MLWFs) [52,53].
This latter technique is attractive due to the widespread use of
plane-wave basis sets in electronic-structure codes. However,
a drawback is the high sensitivity of the resulting interaction
parameters to the quality of the atom centering of the ML-
WFs. Depending on the system, MLWFs may not be perfectly
centered on atoms, leading to significant variations in the
computed MIPs [49,51] and loss of symmetry. Furthermore,
MIPs can be highly sensitive to various technical details in the
IRM implementation [49,50,54,55]. Although IRM is widely
used for computing MIPs [24,56–58], its accuracy has been
recently questioned [54,55]. Hence, assessing the accuracy of
IRM relative to other methods is important.

An alternative approach to determining MIPs is to compute
magnon dispersion directly from the dynamical spin suscep-
tibility and fit it using the analytic expression from LSWT.
The dynamical spin susceptibility can be calculated using ei-
ther time-dependent density-functional theory (TDDFT) [59]
or many-body perturbation theory (MBPT) [60]. TDDFT is
typically used in the linear-response regime in the frequency
domain, assuming a small external magnetic perturbation.
Several techniques are available for this purpose, including the
Dyson [61–67], Sternheimer [68–70], and Liouville-Lanczos
[71] methods. To model ultrafast spin dynamics or strong
perturbations, real-time propagation within TDDFT is em-
ployed [72]. MBPT offers another route, based on solving
the Bethe-Salpeter equation on top of a DFT or GW ground
state [73–77]. While this approach is accurate, it is sig-
nificantly more computationally demanding than TDDFT,
especially when the latter uses the (computationally simple)
adiabatic local spin-density approximation (ALSDA) kernel.
However, ALSDA often fails to capture magnon excitations
accurately in insulating transition-metal and rare-earth com-
pounds. To address this limitation, more advanced TDDFT
exchange-correlation kernels have been developed. Among
them, ALSDA + U [39,70,78,79] has shown great promise.
In this method, the Hubbard U parameter, introduced within
the DFT + U framework [80–84], plays a critical role, as the
computed magnon energies are highly sensitive to its value. A
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particularly appealing strategy is the TDDFPT + U approach
of Ref. [39], which uses TDDFPT [71] in combination with
ab initio Hubbard U values. These U parameters are computed
self-consistently using linear-response theory [85], reformu-
lated within the framework of density-functional perturbation
theory (DFPT) [86–88]. This method has demonstrated high
accuracy across a wide range of materials [88–103], and holds
strong potential for accurately and efficiently describing mag-
netic excitations from first principles.

The exchange interactions in NiO and MnO have been
investigated from first-principles calculations in a number of
prior works [24,25,35,38,104–107]. These studies used differ-
ent exchange-correlation functionals and corrective methods
to describe the ground state, in particular, self-interaction
correction (SIC) methods [24,25], hybrid functionals [25],
and DFT + U with either empirical or ab initio U values
[35,38,104–107]. These approaches differ in how they correct
self-interaction errors, leading to variations in the resulting
electronic structure, e.g., band gaps, magnetic moments, and
charge densities. On top of these differing ground states, these
studies employed various methods to compute Ji j (e.g., MFT,
�E , or spin spiral), producing a spread of reported values
with no clear consensus on either their absolute magnitudes or
relative trends. Hence, comparisons of Ji j are complicated due
to the interplay of two factors: differences in the underlying
ground-state description and differences in the computational
approach used to determine the exchange parameters. More-
over, within the DFT + U framework, the strong sensitivity of
Ji j to the value of U further complicates comparisons between
studies that used different U values. Additionally, except for
the study in Ref. [35], most research on NiO and MnO has
focused on averaged isotropic exchange parameters Ji j , which
neglects the splitting of nearest neighbor Ji j due to the rhom-
bohedral distortion of the lattice. Moreover, no study has sys-
tematically compared MIPs from direct methods with those
determined indirectly through LSWT fitting of magnon dis-
persion computed via dynamical spin susceptibility, such as
using TDDFPT + U . Therefore, a comprehensive comparison
of Ji j values for transition-metal compounds, computed using
both direct and indirect methods on top of an identical ground
state and fully from first principles, is currently lacking.

In this study, we perform a systematic comparison of the
isotropic exchange interaction parameters Ji j and magnon
dispersions in NiO and MnO using three first-principles meth-
ods. The first two are direct methods: the �E method based
on FSMA [26–29], and the IRM based on MFT [30–32],
implemented using a plane-wave basis and Wannierization
[50,51]. The Ji j values obtained from both methods are then
used to compute magnon dispersions via LSWT. The third
approach is indirect: the TDDFPT + U method [39], based on
the Liouville-Lanczos formalism [71]. This method computes
the dynamical spin susceptibility from first principles, from
which the magnon dispersion is obtained directly and then
fitted using LSWT to extract the Ji j parameters. All three
methods are applied consistently on top of the same DFT + U
ground state, with the Hubbard U parameter computed ab
initio using DFPT [86–88]. The rhombohedral distortions of
NiO and MnO are accounted for through DFT + U struc-
tural optimizations. These distortions lead to a splitting of
the nearest-neighbor exchange interactions for parallel and

FIG. 1. Face-centered cubic conventional unit cell of NiO and
MnO with the AFII magnetic order. Transition-metal elements (Ni
in NiO, or Mn in MnO) and O atoms are shown in purple and gray,
respectively. Yellow and blue vertical thick arrows centered on atoms
indicate the direction of the spin. The ferromagnetic (111) planes
are depicted in transparent blue and yellow color. The Heisenberg
exchange interaction parameters J+

1 , J−
1 , and J2 are highlighted for

selected atoms, with thin red arrows showing the atom pairs involved
in these interactions. Rendered using VESTA [114].

antiparallel spin pairs due to magnetoelastic coupling. Our
results show that both the TDDFPT + U method and the
LSWT approach using Ji j values from the �E method yield
magnon dispersions in good agreement with inelastic neu-
tron scattering data. In particular, both approaches accurately
reproduce the finite magnon energy at the M point in the
Brillouin zone (BZ), especially for MnO. In contrast, the
LSWT results based on Ji j values from the MFT method ex-
hibit less accurate agreement with experiments, which may be
attributed to implementation-specific details of this approach
[49].

II. COMPUTATIONAL DETAILS

All calculations are performed using QUANTUM

ESPRESSO (v7.2) [108–110]. Ground-state calculations are
conducted with the PW code [108] using local spin-density
approximation (LSDA) for the exchange-correlation
functional including the Hubbard U correction (LSDA + U )
[80,111]. We use norm-conserving scalar-relativistic
pseudopotentials [112] from the PSEUDODOJO library [113].
For all calculations (unless otherwise stated), the plane-wave
expansion of the Kohn-Sham wave functions is carried out
with an 80-Ry kinetic-energy cutoff, and a 320-Ry cutoff is
used for the charge density and potentials. The BZ is sampled
using a �-centered 12 × 12 × 12 k-points grid for the
four-atom rhombohedral unit cell, unless stated otherwise, and
type II antiferromagnetic (AFII) ordering is used (see Fig. 1).
Spin-orbit coupling is neglected. Geometry optimization
is performed using the Broyden-Fletcher-Goldfarb-Shanno

024427-3



FLAVIANO JOSÉ DOS SANTOS et al. PHYSICAL REVIEW B 113, 024427 (2026)

(BFGS) algorithm [115], using a higher kinetic-energy cutoff
of 90 Ry for the Kohn-Sham wave functions and 360 Ry for
the charge density and potentials, with convergence criteria
set to 10−8 Ry for total energy, 10−5 Ry/bohr for forces, and
0.01 Kbar for pressure. All calculations are performed using
the optimized LSDA + U structural parameters. For NiO,
the rhombohedral lattice parameter is a = 5.03 Å and the
rhombohedral angle is α = 33.65◦, while for MnO, a = 5.32
Å and α = 34.16◦. The resulting magnetic moments and
band-gap values can be found in Ref. [39].

The Hubbard U parameters are computed using DFPT
[86,88] [see Eq. (4) in the Supplemental Material (SM)
[116]] as implemented in the HP code [117], with Löwdin-
orthogonalized atomic orbitals for Hubbard projectors [118].
We employ uniform �-centered k- and q-points grids of size
8 × 8 × 8 and 4 × 4 × 4, respectively, for the four-atom AFII
unit cell, achieving an accuracy of approximately 0.01 eV
for the Hubbard parameters. The U parameters are computed
iteratively in a self-consistent manner, as outlined in Ref. [87],
and include Hubbard forces and stresses in LSDA + U struc-
tural optimizations [119]. The final computed values for U are
6.26 eV for the Ni(3d) and 4.29 eV for the Mn(3d) states in
NiO and MnO, respectively.

The magnon energies are computed using TDDFPT + U
[39], as implemented in a TURBOMAGNON code [120]. This
method is based on computing the dynamical spin susceptibil-
ity using the Liouville-Lanczos approach [71] [see Eqs. (21)
and (23) in the SM [116]]. We use adiabatic LSDA + U
(ALSDA + U ). The four-atom AFII unit cell is used and
the BZ is sampled with a �-centered 12 × 12 × 12 k-points
grid. The calculations employ the pseudo-Hermitian flavor of
the Lanczos recursive algorithm [15,121], which includes an
extrapolation technique for the Lanczos coefficients [122]. A
total of 8000 Lanczos iterations are performed to achieve con-
vergence in the TDDFPT + U calculations. The TDDFPT +
U exchange parameters are derived by fitting the TDDFPT +
U magnon dispersions using LSWT [see Eqs. (7)–(9) in the
SM [116]].

The exchange interaction parameters are computed using
MFT [see Eqs. (18) in the SM [116]] as implemented in the
TB2J code (v0.7.7.2) [51]. Calculations are performed with
the four-atom AFII unit cell. MLWFs are generated using
the WANNIER90 code (v3.1.0) [123], based on the LSDA + U
ground state. Specifically, we generate MLWFs for Mn(3d),
Mn(4s), and O(2p) states in MnO, as well as for Ni(3d),
Ni(4s), and O(2p) states in NiO, resulting in a total of 18
MLWFs out of 45 considered Kohn-Sham states for each
material. We confirm that the Wannier centers for the Mn(3d)
and Ni(3d) states are accurately centered on the atoms. For
the ground-state calculations, the MLWFs generation, and
the calculation of Ji j , the BZ is sampled using a �-centered
18 × 18 × 18 k-points grid. This sampling ensures that the
calculation of the Ji j parameters converges with an accuracy
of 0.01 meV.

To compute the exchange interaction parameters using the
�E method, we have developed a workflow within the AiiDA
package [124], which will be described in detail elsewhere.
We start with the AFII ground state in the LSDA + U frame-
work for the four-atom unit cell, and then construct supercells
of size 4 × 4 × 4. The BZ is sampled using a �-centered

4 × 4 × 4 k-points grid for NiO and a 3 × 3 × 3 k-points
grid for MnO. The plane-wave expansion of the Kohn-Sham
wave functions and charge density employs kinetic-energy
cutoffs of 80 and 320 Ry for NiO, while for MnO we used
100 and 400 Ry, respectively. This ensures the convergence
of the Ji j parameters with an accuracy of 0.01 meV for both
materials. In these supercells, we initialize the original AFII
configuration and then consider a target pair of spins in the
following configurations: ↑↑ (state 1), ↑↓ (state 2), ↓↑ (state
3), and ↓↓ (state 4). For each configuration, we compute
the total energy and then evaluate the exchange interaction
parameters [see Eq. (13) in the SM [116]]. This procedure
allows us to determine the exchange parameters Ji j depending
on the selected target pair of spins in the supercell.

The magnon dispersions based on LSWT, using the
exchange interaction parameters reported in Table I, are com-
puted with the SPINW code (v3.1) [125]. The fitting of all
magnon dispersions in Fig. 2 is performed using the minimal
model [see Eq. (2)] and the analytic LSWT expressions [see
Eqs. (7)–(9) in the SM [116]].

The data used to produce the results of this work is avail-
able in the Materials Cloud Archive [128].

III. RESULTS

A. Magnetic order and Heisenberg Hamiltonians
for NiO and MnO

NiO and MnO are prototypical insulating transition-metal
monoxides, widely used to benchmark and compare computa-
tional methods for describing structural, electronic, magnetic,
and spectral properties. At high temperatures, both materials
crystallize in the rocksalt-type structure and adopt a para-
magnetic phase. Upon cooling below their respective Néel
temperatures, 524 K for NiO [129] and 120 K for MnO [130],
they undergo a transition to a type II antiferromagnetic (AFM)
phase. This magnetic ordering is accompanied by a small
rhombohedral distortion along the [111] direction of the face-
centered cubic (fcc) lattice. In the AFM phase, ferromagnetic
(111) planes are stacked antiferromagnetically along the [111]
direction, as illustrated in Fig. 1. To describe spin-wave exci-
tations in NiO and MnO using direct methods, we postulate a
Heisenberg Hamiltonian that includes only isotropic (but, in
principle, long range) two-spin exchange interactions:

Hspin =
∑

i, j

Ji jSi · S j, (1)

where i and j label magnetic atomic sites, Ji j denotes the
isotropic exchange interaction between spins at sites i and
j, while Si and S j are the corresponding spin operators.
In this work, we adopt the convention that the spin opera-
tors are not normalized to unity, but instead satisfy |Si| =
|S j | = S, where S is the spin quantum number. The Hamil-
tonian in Eq. (1) neglects additional magnetic interactions
such as the Dzyaloshinskii-Moriya, single-ion anisotropy, and
higher-order exchange terms. Furthermore, we note that each
interaction pair is counted twice in the summation, i.e., both
Ji j and Jji are included.

Due to the small rhombohedral distortion of the lattice
at low temperatures, certain exchange interactions become
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TABLE I. Magnetic exchange interaction parameters (in meV) for NiO and MnO using the convention for the Heisenberg Hamiltonian in
Eq. (1), as obtained using MFT and �E .

Material Method J+
1 J−

1 J2 J+
3 J−

3 J4 J5

NiO MFT −0.12 −0.16 13.88 0.01 0.00 0.09 0.03
�E −1.21 −0.95 12.57 −0.04 −0.04 0.49 0.01

MnO MFT 1.23 0.83 1.03 0.00 0.01 0.03 0.02
�E 0.47 0.36 0.59 0.00 0.00 0.05 0.01

inequivalent for parallel and antiparallel spin orientations. In
particular, the nearest-neighbor exchange interaction J1 splits
into two distinct parameters J−

1 and J+
1 , a notation introduced

by Lines and Jones [131], to distinguish between interactions
involving parallel and antiparallel spin pairs, respectively.
This splitting originates from magnetoelastic coupling in-
duced by the distortion. In the absence of such structural
distortions, these parameters are equal, i.e., J−

1 = J+
1 . In con-

trast, the next-nearest-neighbor exchange interaction J2 occurs
only between antiparallel spin pairs, and thus a single parame-
ter is sufficient to describe it. These exchange interactions are
illustrated in Fig. 1; interactions beyond the second-neighbor
shell are not shown. A detailed analysis of the physical origin
and behavior of exchange interactions in these systems can be
found, for example, in Refs. [24,25].

B. First-principles calculations of exchange parameters using
the direct MFT and �E methods

As discussed, we first compute magnetic exchange pa-
rameters using two direct first-principles approaches: MFT
and �E . Both methods are applied consistently on top of
the same DFT + U ground state, using identical Hubbard U
values obtained from DFPT. The inclusion of U is essen-
tial for NiO and MnO, as it corrects self-interaction errors
of (semi)local functionals and thus properly localizes the
d electrons. This consistent setup contrasts with previous
studies [25,35,38,105], where a single method was used to
compute exchange parameters but with varying ground-state
descriptions. By fixing the ground state using DFT + U , we

investigate the accuracy of each method (MFT and �E ) in
predicting the MIPs, similar to the strategy in Ref. [24] (which
employed the SIC method for the ground-state description).
Moreover, using first-principles U values removes ambiguity
in the choice of U , avoiding additional spread in the computed
MIPs.

Each of the methods considered yields individual exchange
parameters J , which must be computed for as many neigh-
bor shells as needed to ensure convergence of the magnon
dispersions. For both NiO and MnO, we find that includ-
ing exchange interactions up to the fifth nearest-neighbor
shell is necessary to achieve stable (i.e., positive-definite)
magnon dispersions with convergence within a few meV.
The corresponding values are listed in Table I. While most
previous studies [24,25,35,38,104–107] limit the analysis to
only J1 and J2 (often neglecting the splitting of J1), our re-
sults highlight the importance of computing further-neighbor
couplings to obtain stable and quantitatively accurate magnon
dispersions. We also find that the splitting between par-
allel and antiparallel spin interactions occurs not only for
the first nearest-neighbor shell (J1) but also for the third
nearest-neighbor shell (J3) when the MFT method is used. All
reported J values are expressed using spin quantum numbers
S = 1 for Ni2+ and S = 5

2 for Mn2+ [see Eq. (1)]. Alterna-
tive definitions, such as setting S equal to half the calculated
magnetic moment, exist in the literature, but suffer from ambi-
guity in the definition of the magnetic moment. Therefore, the
choice of S must be taken into account when comparing the
exchange parameters across different computational studies or
with experimentally fitted values, as will be discussed below.

FIG. 2. Magnon dispersions for (a) NiO and (b) MnO computed using LSWT with Heisenberg exchange parameters from MFT and �E
are shown as blue and red solid lines, respectively [see Table I and Eq. (1)]. The TDDFPT + U magnon dispersions are computed directly from
the dynamical spin susceptibility and are shown as green dots. Experimental magnon dispersions, shown as black dots, are taken from inelastic
neutron scattering measurements reported in Refs. [126,127]. The green and black dashed lines represent LSWT fits to the TDDFPT + U
and experimental data, respectively, based on the effective Heisenberg Hamiltonian of Eq. (2). All theoretical results are based on the same
DFT + U ground state.
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For NiO, both MFT and �E yield similar values for
the dominant antiferromagnetic exchange interaction J2, with
MFT predicting a value approximately 10% higher than that
from �E . Consistently with previous computational studies,
J2 is the largest exchange parameter. In contrast, J+

1 and J−
1 are

one to two orders of magnitude smaller and have opposite sign
to J2. However, their values differ significantly between meth-
ods: MFT predicts |J+

1 | < |J−
1 |, which favors the stabilization

of the observed antiferromagnetic spin structure. In contrast,
�E gives |J+

1 | > |J−
1 |, which destabilizes the magnon spec-

trum unless further-neighbor interactions are included. For the
third- to fifth-neighbor interactions, both methods predict very
small values. MFT yields negligible values, with only J4 being
about 1.5–2 times smaller than J+

1 and J−
1 . A similar trend

is observed in �E , where only J4 is sizable. Although these
couplings are minor compared to J2, they are essential in the
�E approach to stabilize magnons, while their impact in MFT
is minimal [see Fig. S1(a) in the SM [116]].

For MnO, the dominant exchange interactions are J+
1 , J−

1 ,
and J2, all having similar magnitudes and the same (positive)
sign within each method, unlike in NiO. However, MFT and
�E predict different trends: MFT gives |J+

1 | > |J2| > |J−
1 |,

while �E yields |J2| > |J+
1 | > |J−

1 |. The inclusion of these
three parameters alone is sufficient to stabilize magnons in
both approaches. However, their absolute values are consis-
tently larger in MFT than in �E by roughly a factor of 2,
leading to similarly scaled differences in magnon energies
[see Fig. S1(b) in the SM [116]]. Third to fifth nearest-
neighbor interactions are one to two orders of magnitude
smaller than J+

1 , J−
1 , and J2. Despite their small magnitude,

including these further-neighbor interactions is necessary to
achieve convergence of the magnon dispersion. Omitting them
leads to energy deviations of up to 4 meV for certain magnon
momenta, corresponding to errors of about 15%. Thus, while
these interactions are not essential for magnon stability (as
they are in NiO) they are important for the quantitative com-
parison with the experimental data.

C. Magnon dispersions

We now compare the three computational approaches con-
sidered, to predict magnon dispersions in NiO and MnO. The
first two are based on LSWT using Heisenberg exchange
parameters J obtained from MFT and �E , as discussed in
the previous section. The third approach computes magnon
dispersions directly via TDDFPT + U by evaluating the dy-
namical spin susceptibility [39]. A brief overview of each
method is provided in Sec. S3 of the SM [116]. All methods
are applied consistently on top of the same DFT + U ground
state, enabling a direct comparison focused on the physical ap-
proximations inherent to each method in describing magnetic
excitations. The computed magnon spectra are benchmarked
against inelastic neutron scattering data from Refs. [126,127].

The primitive magnetic unit cell of NiO and MnO con-
tains two antiferromagnetically aligned magnetic ions due
to the AFII spin configuration. In the absence of magnetic
anisotropy, this leads to two degenerate magnon modes.
However, weak magnetocrystalline anisotropies (arising from
spin-orbit coupling) lift this degeneracy near the � point,
resulting in a small magnon gap at � of less than 5 meV

in both materials [126,127,131]. Although this gap is small
in NiO and more pronounced in MnO, relative to the
maximum magnon energies in each material, we follow com-
mon practice in the literature and neglect magnetocrystalline
anisotropy, treating the magnon gap at � as zero. This sim-
plification is justified because our primary aim is to compare
the accuracy of different computational methods in predicting
magnon dispersions across the full BZ, rather than focusing
on fine features near the � point.

Figure 2 shows the magnon dispersions computed using the
three methods along the �-M and �-X directions in the BZ for
rhombohedrally distorted NiO and MnO. TDDFPT + U and
LSWT based on �E -derived exchange parameters both repro-
duce the experimental data well, capturing the overall trends
and curvatures of the magnon bands. The maximum magnon
energies are overestimated on average by about 15 meV
(14%) for NiO and 3 meV (17%) for MnO. Between the two
methods, LSWT with �E -derived parameters shows better
agreement with experiment than TDDFPT + U . This good
agreement of both methods with experiments is remarkable
given that both methods are fully first principles and rely
exclusively on ab initio Hubbard U values, without any em-
pirical fitting. In contrast, LSWT using MFT-derived J values,
while qualitatively reproducing the general features of the dis-
persion, significantly overestimates the magnon energies. The
deviations reach 46 meV (40%) for NiO and 25 meV (139%)
for MnO. Such a large deviation of magnon energies from
MFT, especially for MnO, is quite striking when compared
to the other two methods.

A key feature of the magnon dispersion in NiO and MnO is
the finite magnon energy at the M point in the BZ. This feature
arises only when the rhombohedral lattice distortion is taken
into account [35,39], which splits the nearest-neighbor (and
some further-neighbor) exchange interaction into two distinct
parameters J+

1 and J−
1 . If the distortion is neglected, then

J+
1 = J−

1 , and the magnon energy at M becomes zero. In our
calculations, which include the rhombohedral distortion, all
three methods correctly predict a finite magnon energy at M.
However, the values obtained from TDDFPT + U and LSWT
based on �E -derived exchange parameters agree much better
with experiment than those from LSWT based on MFT-
derived parameters. This magnon energy at M is relatively
small in NiO compared to its maximum magnon energy,
but significantly larger in MnO. This difference reflects the
relative magnitudes of the exchange interactions: in NiO, J2

dominates and exceeds J+
1 and J−

1 by one to two orders of
magnitude, whereas in MnO, all three parameters are of simi-
lar magnitude (see Table I).

D. Fitting effective exchange parameters of the minimal
Heisenberg model

Inelastic neutron scattering data for NiO and MnO
[126,127] are typically analyzed using LSWT based on the
Heisenberg Hamiltonian with a fixed number of MIPs. These
MIPs are fitted to the experimental data and then used to char-
acterize the magnetic exchange interactions in these materials.
The number of MIPs is chosen to ensure a good fit to the
experimental magnon dispersion, while keeping the model as
simple as possible. As we showed previously, from a com-
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putational standpoint, accurate convergence of the magnon
dispersion in NiO and MnO requires including exchange
interactions up to the fifth nearest-neighbor shell (see Ta-
ble I). However, fitting experimental data with such a large
number of parameters is challenging due to limited resolution
and uncertainties in the measurements, and because distant
interactions are small in magnitude. Therefore, experimental
studies typically use a reduced model, fitting only the nearest-
and next-nearest-neighbor interactions, as described by the
simplified Heisenberg Hamiltonian [126,127]:

Hspin =
n.n.p∑

i, j

J −
1 Si · S j +

n.n.a∑

i, j

J +
1 Si · S j +

n.n.n.∑

i, j

J2 Si · S j .

(2)

Here, J −
1 and J +

1 are effective nearest-neighbor exchange pa-
rameters for the parallel (n.n.p) and antiparallel (n.n.a) spins,
respectively, that differ due to rhombohedral lattice distor-
tions, while J2 is the effective next-nearest-neighbor (n.n.n.)
exchange parameter. These effective parameters differ from
the exchange parameters J−

1 , J+
1 , and J2 in Eq. (1) because

the former ones are renormalized to account for the absence
of third to fifth nearest-neighbor interactions in the simpli-
fied model of Eq. (2). That is, the effect of these neglected
interactions is effectively absorbed into the first two shells.
To clearly differentiate these fitting parameters J from the
exchange couplings J computed using MFT or �E , we use a
different font style in our notation.

To fit all magnon dispersion curves in Fig. 2 using the
minimal model of Eq. (2) and the respective analytical LSWT
expression (see Sec. S3 in the SM [116]), we employ a non-
linear least-squares procedure. Importantly, we perform the
fitting independently rather than relying on the fitted values
reported in Refs. [126,127], for two main reasons. First, the
original works included a single-ion anisotropy term arising
from magnetocrystalline effects, which we neglect in Eq. (2).
We verified that this term only slightly renormalizes J −

1 , J +
1 ,

and J2 (at most by a few percent), and therefore we omit it
to ensure a consistent comparison focused solely on the first
and second nearest-neighbor exchange interactions. Second,
we adopt spin quantum numbers S = 1 for Ni2+ and S = 5

2 for
Mn2+, while Ref. [127] used S = 2.445 for Mn2+. Although
this is a minor difference, we use nominal spin values to
ensure maximal consistency with our computational models
and to enable an accurate comparison of the fitted exchange
parameters. Finally, for NiO, the magnon energy at the M
point in Fig. 2 is essential for a reliable fit due to the limited
number of experimental points along the �-M path in the BZ.
We use the value 4.54 meV, consistent with Ref. [126], which
was based on infrared measurements from Refs. [132,133].

The fitting curves to the experimental and TDDFPT + U
magnon dispersions are shown in Fig. 2, while the corre-
sponding fits of the LSWT-derived magnon dispersions using
the J1-J5 exchange parameters from MFT and �E (listed
in Table I) are presented in Sec. S2 of the SM [116]. As
seen in Fig. 2, the TDDFPT + U data are fitted with high
accuracy. The fit to the experimental data is also satisfactory,
considering the substantial spread in the measurements caused
by the limited resolution of inelastic neutron scattering. Sim-

ilarly, the fitted curves show excellent agreement with the
LSWT dispersions based on the MFT and �E parameters
(see Sec. S2 of the SM [116]). This confirms that the minimal
Heisenberg model in Eq. (2) is sufficient to reproduce all the
features of the magnon dispersions in NiO and MnO with high
accuracy. In the following, we compare the fitted exchange
parameters J −

1 , J +
1 , and J2 with those computed from first

principles using the MFT and �E methods, namely, J−
1 , J+

1 ,
and J2.

Figure 3 summarizes the effective exchange parameters
J −

1 , J +
1 , and J2 for NiO, obtained by fitting the magnon

dispersions from TDDFPT + U and LSWT-derived ones us-
ing the J1-J5 values from MFT and �E , and compare them
to those fitted to experimental data [126,127]. The MFT-fitted
parameters deviate most from experiment, while the �E -fitted
parameters are in closest agreement. TDDFPT + U -fitted pa-
rameters yield intermediate accuracy, slightly less accurate
than the �E -fitted values. Despite differences in accuracy,
all methods consistently reproduce the trend |J +

1 | < |J −
1 | �

|J2|. Notably, the trend |J +
1 | < |J −

1 | is crucial for ensuring
positive definiteness of the magnon spectrum in the minimal
Heisenberg model (2). We recall that this trend is reversed in
the raw �E data for NiO (see Table I), leading to a magnon
instability near the M point [see Fig. S1(a) in the SM [116]].
The comparison of the fitted effective (J ) and computed (J)
parameters reveals systematic renormalizations: The average
deviation �(J +

1 − J+
1 ) is 14% and �(J −

1 − J−
1 ) is 10% for

both MFT and �E , while �(J2 − J2) is 2% for MFT and 14%
for �E . These differences underscore how excluding third to
fifth nearest-neighbor terms and absorbing their effects into
renormalized J −

1 , J +
1 , and J2 in the minimal model influ-

ences the resulting magnon dispersion in NiO.
Figure 4 shows the effective fitted exchange parameters

J −
1 , J +

1 , and J2 for MnO. As in NiO, MFT-fitted values
deviate most from experiment, �E -fitted values show the
best agreement, and TDDFPT + U yields intermediate accu-
racy. However, unlike NiO, the fitted parameter trends differ
across methods: MFT and �E give |J +

1 | > |J2| > |J −
1 |,

while TDDFPT + U gives |J2| > |J +
1 | > |J −

1 |. Only the
TDDFPT + U trend matches the experimental trend. More-
over, the MFT-fitted trend matches the trend for computed
J values using MFT, while the �E -fitted trend differs from
its corresponding trend for computed J values using �E .
Unlike in NiO, these variations in trends for MnO do not
affect magnon stability. The comparison of effective (J ) and
computed (J) parameters reveals renormalization effects in
MnO that differ in magnitude from those observed in NiO.
More specifically, for MnO, the average �(J +

1 − J+
1 ) is 5%

for MFT and �E , which is three times smaller than in NiO;
the average �(J −

1 − J−
1 ) is also 5% for both methods, which

is two times smaller than in NiO; �(J2 − J2) is 6% for
MFT and 22% for �E , which is two to three times larger
than in NiO. These differences highlight the strong material
dependence of the exchange parameter renormalization in the
minimal Heisenberg model.

It is useful to comment on the trend observed in the
renormalization of exchange parameters when the magnon
dispersions derived from the full set of ab initio couplings are
fitted using the minimal Heisenberg model. For both NiO and
MnO, the effective fitted parameters are generally smaller than
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FIG. 3. Effective exchange parameters for NiO within the minimal Heisenberg model [Eq. (2)]: (a) J +
1 , (b) J −

1 , and (c) J2, all in meV,
extracted by fitting magnon dispersions using the analytical LSWT expression (see Sec. S3 in the SM [116]) for four data sets: (i) LSWT
dispersions with MFT-derived J1-J5 values, (ii) LSWT dispersions with �E -derived J1-J5 values, (iii) TDDFPT + U magnon dispersions from
the dynamical spin susceptibility, (iv) experimental data from Ref. [126]. Theoretical results are shown as histograms, while experimental
values are indicated by horizontal dashed lines. All theoretical results are based on the same DFT + U ground state.

the computed ones, which reflects how the longer-range inter-
actions (when omitted explicitly) are effectively absorbed into
the nearest- and next-nearest-neighbor terms. Their signs and
relative magnitudes influence the curvature and overall dis-
persion in such a way that the minimal model reproduces the
correct magnon energies only by adjusting (renormalizing) the
retained couplings. Whether similar trends hold more broadly
remains an open question and will require further systematic
studies across different classes of magnetic materials.

IV. DISCUSSION

The findings of this study naturally raise important ques-
tions: Why do LSWT with �E -derived exchange parameters
and TDDFPT + U give the best match with experiment?
And why does MFT perform worst? In the following, we
briefly analyze the fundamental differences between these
approaches to shed light on these points.

The key features of TDDFPT + U can be summarized
as follows: (i) Direct calculation of magnon dispersions:
TDDFPT + U computes magnon spectra without relying
on a low-energy model, such as the Heisenberg Hamil-
tonian in combination with LSWT. It includes magnetic
pairwise exchange interactions to infinite order; i.e., inher-
ently accounting for all neighbor interactions (e.g., J3, J4,
J5, and beyond) without any truncation. (ii) Fully dynami-
cal formalism: Unlike static methods such as MFT and �E ,
TDDFPT + U operates in the frequency domain by solving
time-dependent linear-response equations. This allows direct
access to the dynamical spin susceptibility, including Hubbard
U corrections [39], thereby extending the DFT + U frame-
work to excited states. In contrast, dynamics in MFT and �E
enters only through LSWT applied to a static spin Hamilto-
nian. (iii) Coupled spin-charge response: TDDFPT + U treats
the linear response of both charge and magnetization den-
sities on equal footing, naturally including their coupling.

FIG. 4. Effective exchange parameters for MnO within the minimal Heisenberg model [Eq. (2)]: (a) J +
1 , (b) J −

1 , and (c) J2, all in meV,
extracted by fitting magnon dispersions using the analytical LSWT expression (see Sec. S3 in the SM [116]) for four data sets: (i) LSWT
dispersions with MFT-derived J1-J5 values, (ii) LSWT dispersions with �E -derived J1-J5 values, (iii) TDDFPT + U magnon dispersions from
the dynamical spin susceptibility, (iv) experimental data from Ref. [127]. Theoretical results are shown as histograms, while experimental
values are indicated by horizontal dashed lines. All theoretical results are based on the same DFT + U ground state.
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This avoids the adiabatic decoupling assumption inherent in
MFT and �E , resulting in a more consistent description
of magnetic excitations. Given these advantages, one might
expect TDDFPT + U to yield the most accurate magnon
dispersions. Yet, we find that LSWT with �E -derived ex-
change parameters provides slightly better agreement with
experimental data. This observation highlights the need for
further benchmarking these methods across a broader range
of materials to better understand their relative strengths and
limitations, but also serves as a reminder of the limitations
of the employed energy functionals (hence, the slightly better
agreement might be accidental). In particular, using more
advanced functionals, such as the extended Hubbard func-
tionals (DFT + U + V ) [134], which are especially relevant
for systems with significant covalent interactions [90–95,135],
or the orbital-resolved DFT + U formulation [99,136], could
change this trend. Specifically, TDDFPT + U + V or orbital-
resolved TDDFPT + U might ultimately outperform LSWT
with �E -derived parameters based on DFT + U + V or
orbital-resolved DFT + U , respectively.

We now turn to a more detailed discussion of the �E
and MFT methods. Starting with the �E approach: Since
it computes exchange parameters from total-energy differ-
ences between magnetic configurations, accurately resolving
very small differences, such as the subtle splitting between
nearest-neighbor couplings caused by weak rhombohedral
distortion (e.g., |J +

1 − J −
1 | ∼ 0.01 meV in NiO), requires

stringent numerical convergence of DFT + U calculations
for large supercells. Although the total energies involved are
several orders of magnitude larger than these differences,
modern numerical algorithms can achieve the necessary pre-
cision. This is analogous, e.g., to the reliable calculation
of phonon frequencies using frozen-phonon methods based
on supercells and finite differences [137]. However, achiev-
ing high-precision convergence in large supercells can be
challenging for some systems and computationally demand-
ing, especially as system sizes grow. Regarding this point,
our results for NiO and MnO clearly indicate that includ-
ing exchange interactions up to the fifth nearest neighbor
is essential for converged and stable magnon dispersions.
However, performing �E calculations for such long-range
couplings requires very large supercells containing several
hundred atoms, and the associated computational cost scales
cubically with system size. This challenge becomes even more
significant in materials where long-range and anisotropically
split interactions play a key role, such as altermagnets [12,13].
In these systems, the anisotropic splitting of distant exchange
shells must be resolved, for instance, the 7th nearest-neighbor
exchange splitting in MnF2 [138] or even the 10th nearest-
neighbor interactions in MnTe [139]. Converging such distant
exchange interactions requires very large supercells and high
numerical cost, which can make the �E approach increas-
ingly difficult to apply. Despite these challenges, we find
that the �E method performs remarkably well in NiO and
MnO, accurately reproducing both exchange parameters and
magnon dispersions, provided that the Heisenberg model in-
cludes a sufficient number of neighboring shells to ensure
convergence.

In contrast, the MFT method produces the least accurate
results in our study. One of the key differences between the

�E and TDDFPT + U methods on one hand, and MFT on
the other, lies in their treatment of the screening of charge
and magnetization densities. Both the �E and TDDFPT + U
approaches explicitly incorporate electronic screening effects,
whereas MFT neglects them. Specifically, the �E method,
as a finite-difference scheme, accounts for screening via self-
consistent electronic ground-state minimizations of different
spin configurations [26–29]. The TDDFPT + U method eval-
uates the dynamical response of charge and magnetization
densities fully self-consistently to linear order in the external
magnetic perturbation [39,71]. In contrast, MFT is a non-self-
consistent approach that approximates the screened perturbing
potential by the bare external potential, thereby ignoring elec-
tronic screening effects [50,51]. In this context, we note the
recent work of Ref. [140], which compared self-consistent and
non-self-consistent formulations of the spin-spiral method.
It was shown that neglecting self-consistency leads to sub-
stantial deviations in MIPs and magnon energies relative to
TDDFT benchmark data for elemental 3d metallic ferro-
magnets (Fe, Co, and Ni) and selected Heusler compounds.
These findings are in line with our observations that the MFT
results diverge markedly from those obtained using the self-
consistent �E and TDDFPT + U approaches. Therefore, if
MFT were extended to include variations of the Kohn-Sham
potential induced by infinitesimal spin rotations, its accuracy
might approach that of the �E and TDDFPT + U methods.
However, it is important to note that the observed deviations
of MFT are material dependent, particularly on the magni-
tude of the magnetic moments of TM ions and the degree of
electron localization versus itinerancy [140]. Hence, a more
systematic investigation across a larger and more diverse set
of materials is needed to fully assess the accuracy of the MFT
method.

In addition, the lowest accuracy of MFT could be attributed
in part to the specific implementation employed, via the TB2J

code [51], which introduces some approximations. As previ-
ously discussed, MIPs obtained via MFT are highly sensitive
to technical details of the implementation [49,50,54,55]. In
particular, Ref. [49] points out concerns stemming from spe-
cific algorithmic choices (we refer the reader to Sec. VII
of Ref. [49] for a detailed discussion). A full analysis of
these issues lies beyond the scope of our work, as it would
require a deeper examination of the theoretical foundations
of MFT. Moreover, recent studies [54,55] highlight that the
choice of variables used to represent spin rotations can sub-
stantially affect the resulting MIPs, which is another source of
variability in MFT-based calculations. Furthermore, as noted
earlier, the accuracy of MFT implemented in TB2J for plane-
wave-based codes is extremely sensitive to the quality of the
Wannierization, particularly the atom centering of the result-
ing Wannier functions. Hence, to further assess the accuracy
of MFT, alternative Wannierization strategies could be ex-
plored, such as symmetry-adapted Wannier functions [123] or
even approaches that avoid Wannier functions altogether, as
in the recently proposed method of Ref. [141]. Finally, using
alternative MFT implementations, for instance based on KKR
[42,43] or LMTO [44,45], could provide further insights into
the accuracy and reliability of the MFT method. However,
a major challenge is that these approaches rely on different
DFT codes and use distinct levels of theory for the ground-
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state description, which differ from ours and complicate the
direct comparison of computed MIPs and magnon dispersions
[24,105].

V. CONCLUSIONS

Accurate modeling of magnetic excitations in transition-
metal compounds remains a challenge for DFT-based ap-
proaches. In this work, we employed a consistent DFT + U
ground state for all calculations, with the Hubbard U pa-
rameter computed from first principles via DFPT [86]. This
eliminates ambiguities related to empirical U choices and
allows a focused evaluation of each method’s accuracy in
computing MIPs and magnon dispersions based on their un-
derlying physical approximations.

First, we showed that direct methods for extracting ex-
change parameters require careful convergence tests with
respect to the interaction range in the Heisenberg Hamiltonian
(1). For both NiO and MnO, we found that including ex-
change interactions up to the fifth nearest neighbor is needed
when using the MFT or �E methods; otherwise, unphysical
features such as magnon instabilities may arise (see, e.g.,
the �E -derived magnon dispersion of NiO in Fig. S1 in the
SM [116]). Additionally, we demonstrated the importance
of including the rhombohedral lattice distortion, which splits
the nearest-neighbor interaction into two distinct parameters
J+

1 and J−
1 , due to magnetoelastic coupling. This splitting is

crucial for reproducing the finite magnon energy at the M
point in the BZ.

Next, we computed magnon dispersions using LSWT
based on first-principles J parameters. Among all methods,
LSWT based on MFT-derived parameters showed the poorest
agreement with experimental inelastic neutron scattering data
for both NiO and MnO. In contrast, LSWT with �E -derived
exchange parameters and TDDFPT + U both yield good
agreement with the measured magnon dispersions, with the
former providing the best overall accuracy. To further analyze
these differences, we employed a minimal Heisenberg model
containing only three effective exchange parameters: J +

1 ,
J −

1 , and J2, obtained by fitting to the previously computed
magnon dispersions as well as to experimental data. We found
that �E -fitted effective parameters match the experimental
values most closely, while MFT-fitted values show the largest
deviations. TDDFPT + U -fitted parameters are slightly less
accurate than �E -fitted ones, but crucially, they reproduce
the correct trends among J +

1 , J −
1 , and J2, consistent with

experiment for both materials.
Our comparative study provides a valuable contribution

to the ongoing efforts aimed at assessing the accuracy of
first-principles methods for describing magnetic interactions
in transition-metal compounds. While our analysis focused on
two prototypical systems, NiO and MnO, a broader bench-
marking across a wider range of materials, with varying
crystal structures and chemistries, is essential to draw more
general conclusions. Each method considered in this work,
�E , MFT, and TDDFPT + U , has its own strengths and lim-
itations in terms of accuracy, robustness, and computational
cost. The �E and MFT approaches are less computationally
expensive than TDDFPT + U , making them more suitable for

large or complex systems; however, their accuracy depends on
the number of exchange parameters included (see Fig. S1 in
the SM [116]) and, in the case of MFT, on the implementation
details. In contrast, TDDFPT + U , while significantly more
expensive in terms of computational resources, offers an ac-
curate and physically consistent framework that does not rely
on an arbitrary selection of exchange parameters in the under-
lying model. Moreover, the computational complexity of the
three methods, briefly summarized in Sec. S3 of the SM [116],
differs significantly: The �E method relies on a series of stan-
dard self-consistent DFT + U supercell calculations in which
selected magnetic moments are flipped relative to the ground
state; the MFT approach is a perturbative method based on the
Green’s function formalism and, in certain implementations,
additionally requires Wannierization; TDDFPT + U involves
the explicit solution of linear-response equations, which sub-
stantially increases both the computational time and memory
requirements. Moreover, extending TDDFPT to more ad-
vanced functionals (e.g., DFT + U + V or hybrid functionals)
is theoretically and technically more involved. Therefore,
while a single method can provide useful insights, predictive
modeling of magnetic excitations benefits significantly from
the use of multiple approaches. Whenever feasible, using mul-
tiple computational approaches provides a more reliable and
comprehensive understanding, particularly when interpret-
ing or guiding experimental investigations. Looking ahead,
the continuous development and systematic benchmarking of
these methods across diverse material classes will be crucial
to advancing our ability to predict and understand magnetic
excitations from first principles with high confidence.
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initio calculation of magnetic exchange interactions using the
spin-spiral method in VASP: Self-consistent versus magnetic
force theorem approaches, arXiv:2510.11603.

[141] T. Skovhus, V. R. Pavizhakumari, and T. Olsen, Implementa-
tion of the magnetic force theorem for large-scale calculations
of magnon bands: Application to yttrium iron garnet, Phys.
Rev. B 112, 205127 (2025).

[142] C. Tablero, Representations of the occupation number matrix
on the LDA/GGA + U method, J. Phys.: Condens. Matter 20,
325205 (2008).

[143] A. Carta, I. Timrov, P. Mlkvik, A. Hampel, and C. Ederer,
Explicit demonstration of the equivalence between DFT + U

and the Hartree-Fock limit of DFT+DMFT, Phys. Rev. Res.
7, 013289 (2025).

[144] B. Amadon, F. Jollet, and M. Torrent, γ And β cerium:
LDA+U calculations of ground-state parameters, Phys. Rev.
B 77, 155104 (2008).

[145] K. Nawa, T. Akiyama, T. Ito, K. Nakamura, T. Oguchi, and M.
Weinert, Scaled effective on-site Coulomb interaction in the
DFT + U method for correlated materials, Phys. Rev. B 97,
035117 (2018).

[146] Y.-C. Wang, Z.-H. Chen, and H. Jiang, The local projection
in the density functional theory plus U approach: A critical
assessment, J. Chem. Phys. 144, 144106 (2016).

[147] T. Holstein and H. Primakoff, Field dependence of the intrinsic
domain magnetization of a ferromagnet, Phys. Rev. 58, 1098
(1940).

[148] O. Halpern and M. Johnson, On the magnetic scattering of
neutrons, Phys. Rev. 55, 898 (1939).

[149] M. Blume, Polarization effects in the magnetic elastic scatter-
ing of slow neutrons, Phys. Rev. 130, 1670 (1963).

[150] Y. Saad, Iterative Methods for Sparse Linear Systems, 2nd ed.
(SIAM, Philadelphia, 2003).

[151] B. Walker, A. M. Saitta, R. Gebauer, and S. Baroni, Efficient
approach to time-dependent density-functional perturbation
theory for optical spectroscopy, Phys. Rev. Lett. 96, 113001
(2006).

[152] B. Walker and R. Gebauer, Ultrasoft pseudopotentials in
time-dependent density-functional theory, J. Chem. Phys. 127,
164106 (2007).

024427-15

https://doi.org/10.1021/acs.jctc.5c01406
https://doi.org/10.1021/acs.jctc.5c01406
https://doi.org/10.1103/RevModPhys.73.515
https://doi.org/10.1103/PhysRevLett.134.226702
https://doi.org/10.1103/PhysRevLett.133.156702
https://arxiv.org/abs/2510.11603
https://doi.org/10.1103/nsfz-gpzn
https://doi.org/10.1088/0953-8984/20/32/325205
https://doi.org/10.1103/PhysRevResearch.7.013289
https://doi.org/10.1103/PhysRevB.77.155104
https://doi.org/10.1103/PhysRevB.97.035117
https://doi.org/10.1063/1.4945608
https://doi.org/10.1103/PhysRev.58.1098
https://doi.org/10.1103/PhysRev.55.898
https://doi.org/10.1103/PhysRev.130.1670
https://doi.org/10.1103/PhysRevLett.96.113001
https://doi.org/10.1063/1.2786999

