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Cavity materials engineering, aiming to manipulate material properties by coupling to vacuum fluctuations
inside a cavity, is a rapidly advancing field. Despite significant progress, most studies to date have focused on
specific materials and cavity configurations. Here, through a comprehensive group-theoretical analysis, we es-
tablish general symmetry rules for cavity materials engineering with linearly polarized cavity photon modes. By
analyzing the symmetry of the Pauli-Fierz Hamiltonian within the long-wavelength approximation, we provide a

classification of the symmetry-breaking patterns induced by cavity modes for all crystallographic point groups.
The power of this framework is then demonstrated by quantum-electrodynamical density functional theory
calculations. In particular, we explain the distinct cavity-induced lifting of band degeneracies in cubic BaTiO; for
different cavity mode configurations, and the cavity-modified infrared and Raman spectra of monolayer MoS,
due to symmetry breaking. Our results highlight the central role of symmetry in cavity materials engineering and

provide general guidelines for future studies in this field.
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I. INTRODUCTION

Over the past decades, controlling material properties
through light-matter interaction has emerged as an active
field in condensed matter physics [1-4]. In particular, laser
pulses are widely used to drive intriguing nonequilibrium phe-
nomena such as light-induced superconductivity [5-7], phase
transitions [8—10], and Floquet states [11,12]. Although laser
pulses offer an effective route to modifying material proper-
ties, they generally access only transient nonequilibrium states
with short lifetimes [1,2] and can also cause heating [1], which
hinders their widespread use for long-lived materials control.

In contrast, cavity materials engineering aims to modify
material properties in equilibrium through structured vac-
uum fluctuations inside a cavity [3,13—16]. This approach
offers a promising route beyond the limitations of ultra-
fast control, enabling long-lived modifications of the ground
state without external energy pumping. Recent experiments
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have demonstrated that coupling materials to optical cavities
can significantly alter a broad range of properties, including
superconductivity [17,18], charge density waves [19], quan-
tum Hall effect [20,21], and chemical reaction rates [22,23].
On the theoretical side, based on quantum electrodynamics
(QED), a variety of theoretical approaches have been devel-
oped to describe light-matter interactions in optical cavities.
Few-state models, such as the quantum Rabi model [24],
Jaynes-Cummings model [25], Dicke model [26], and their
generalizations [27,28] provide fundamental insights into cav-
ity QED but are limited in describing the light-matter coupling
in complicated, realistic systems. At the other end, many-
body approaches such as QED density matrix renormalization
group [29], quantum Monte Carlo [30], configuration interac-
tion [31,32], and coupled cluster [33,34] methods are much
more accurate but suffer from poor scalability, which limits
their application. Compared with these approaches, quantum-
electrodynamical density functional theory (QEDFT) offers a
more favorable balance between accuracy and computational
cost, and provides a practical first-principles framework to
calculate light-matter interaction in complex molecules and
solid-state materials [15,35—42]. Recently, several approxi-
mations to the QEDFT exchange-correlation functional have
been developed, including the optimized effective potential
[36], photon many-body dispersion [42], and the photon ex-
change local density approximation (pxLDA) [39,43]. Within
the QEDFT framework, a variety of intriguing behaviors such
as enhancement of superconductivity [44,45], manipulation of
topological phases [46], and electronic structures [43,47] with
cavity modes have been proposed and investigated.

Published by the American Physical Society
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While experiments and numerical simulations are in-
dispensable for exploring light-matter interaction, a group-
theory-based symmetry analysis provides a complementary
route to establish a conceptually clear perspective. On the one
hand, it enables a categorization of possible phenomena prior
to heavy numerical computations or complex experiments. On
the other hand, it can be used to gain clear physical insight
into the mechanisms underlying observed results [48,49]. For
example, the energy-level degeneracies are related to the di-
mensions of the irreducible representations (irreps) of the
system’s symmetry group [48]. Likewise, characteristic peaks
in optical and vibrational spectra are largely determined by
selection rules. These features are naturally captured by group
theory, but are often much more difficult and computationally
demanding to extract from first-principles calculations. In re-
cent years, symmetry analysis has been successfully applied
to a variety of ultrafast phenomena [50-52]. In the field of
cavity QED, Jiang et al. [53,54] and Cheng et al. [55] showed
that the symmetry of a material can be transmitted to its
vicinity via quantum fluctuations and affect nearby molecules
or materials. Jayachandran et al. [56] interpreted cavity-
modified molecular reaction rates under vibrational strong
coupling through a phenomenological selection rule. Lin et al.
recently showed that a split-ring resonator can induce sponta-
neous symmetry breaking in a moiré superlattice [57]. Despite
these advances, most existing studies have focused on model
Hamiltonians for specific materials or molecules, while a
comprehensive and systematic group-theoretical framework
for cavity materials engineering from first principles is still
lacking.

In this work, we analyze the symmetry of the full
Pauli-Fierz (PF) Hamiltonian within the long-wavelength ap-
proximation, the effective photon-free (pf) QED Hamiltonian,
and the pxLDA QEDFT functional. This allows us to estab-
lish a complete characterization of the symmetry reductions
induced by cavity modes polarized along characteristic di-
rections for all 32 crystallographic point groups (PGs). We
demonstrate the power of this framework by explaining the
distinct electronic structure modifications obtained in QEDFT
calculations of cubic BaTiOs for different cavity mode po-
larization directions. Furthermore, we show that coupling
monolayer MoS; to a linearly polarized cavity mode gives rise
to new infrared (IR) and Raman spectral features.

The paper is organized as follows. In Sec. ITA, we
introduce the full PF Hamiltonian, the pf QED Hamilto-
nian, and the pxLDA functional. Section IIB presents the
group-theoretical analysis and the resulting symmetry-broken
subgroups. In Secs. III A and IIIB, we demonstrate this
framework by QEDFT calculations of the cavity-altered band
structure of BaTiO3 and vibrational spectra of MoS,. Finally,
in Sec. IV, we discuss several promising directions stemming
from cavity-induced symmetry breaking and in Sec. V we
summarize our results.

II. METHODOLOGY
A. Pauli-Fierz Hamiltonian and photon-free QEDFT

In this section, we briefly introduce the PF Hamiltonian,
the pf QED Hamiltonian and the pxLDA QEDFT functional.

For this purpose, we start from the PF Hamiltonian of nonrel-
ativistic QED in the Coulomb gauge [15,38]:

where v(r;) and w(r;, r;) denote the external potential and
the electron-electron Coulomb interaction; N, and M, denote
the number of electrons in the unit cell and the number of
photon modes; A, 4, and &' denote the vector potential, photon
annihilation, and photon creation operator, respectively. In the
long-wavelength approximation, the vector potential takes the
form

—cZA ear<a + ). @)

Here, A4, w,, and €, denote the coupling strength, frequency,
and polarization direction of photon mode «, respectively.
Note that Eq. (1) assumes that the photon frequency is far off
resonance with the nuclear vibrations, so that the conventional
Born-Oppenheimer (BO) approximation remains valid and
the photonic and electronic degrees of freedom can be treated
together [43]. In the opposite regime, the photon modes
should be treated on the same footing as the nuclear degrees
of freedom, leading to the so-called cavity BO approximation
[40,58,59]. The diamagnetic term A2 in Eq. (1) can then be
absorbed into the photon degrees of freedom by a Bogoliubov
transformation [38,39], resulting in an equivalent Hamiltonian
written in terms of dressed photon modes as

= __ ZVZ + Zv(r,) + = Z w(r;, r;)

t#/

1 il 1
R+ a5 ). 3
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Here, the vector potential A is defined in terms of dressed
photon modes:

_CZA €,

For orthogonal photon modes, one has o = Ay, & = €4,
and & = @? +N,A2. The operator Il denotes the total
electron momentum, i.e., Il = —i szv V= ZIJV p;. Strictly
speaking, the complete basis for representing Eq. (3) is the
tensor product of the matter Hilbert space and the Fock
space of dressed photons, i.e., H.® Hpn, wWhere Hp, =
span{|0), [1), [2), ---}.

We now analyze the symmetry of the PF Hamiltonian. For
a spatially homogeneous single-cavity mode, Eq. (3) can be
rearranged as

(a + ). “

H=H,+aa'a+ X"+ a), (5)
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where

X = ¢ M ©)

and a constant energy shift has been omitted. Let U, denote
a symmetry operation of the bare electronic Hamiltonian H,,
represented in real space by the orthogonal matrix R,. Since
ngUg‘1 = R,p, the electronic light-matter coupling trans-
forms as

€ R

>

= TR? I = Xere. (7

As a result, for a single-cavity mode, if Rg% is not parallel to

€, the symmetry operation transforms the light-matter interac-

tion into one associated with a different cavity polarization. In
this case, U, is broken by the cavity coupling.

If 1nstead RT € || €, there are two possibilities. For Rge =g,

the interaction term is invariant and therefore (U, ® I)H (U, ®

I)-! = H. For R;Z = —&, the transformation requires ad-
ditional consideration. In this case, the electronic coupling
changes sign, UXeU, ' = —Xe. The full PF Hamiltonian is

therefore not invariant under U, ® I. However, introducing
the photon-parity operator By, = exp(ima’a), which satis-
fies Bpn(a" + &@)B,| = —(a" + &), we find that the combined
operation D, = U, ® By, leaves the full PF Hamiltonian in-
variant, D,H Dg’l = H. Importantly, although the symmetry
of the full electron-photon system is then the joint symmetry
Dy, the corresponding symmetry U, is retained in the re-
duced electronic subsystem. To demonstrate this, consider the
reduced electronic density matrix p, = Trpnp, where Trpy de-
notes the partial trace over the photon degrees of freedom and
p 1is the equilibrium density matrix of the coupled electron-
photon system. For a nondegenerate equilibrium ground state
of the coupled system in a dark cavity or more generally for a
state that preserves the joint symmetry, one has Dg,ng_' = p.
It then follows that

UgpeUy ' = Trpn[UgpU, ]

= Trph[Ung_l ,ngUg"]

= Trpn[Byy pBpn] = Trpnp = pe. (8)

Therefore, for a spatially homogeneous single-cavity mode,
a crystal symmetry operation U, remains a symmetry of the
electronic subsystem whenever RgTZ = +é&. Conversely, oper-
ations that rotate the cavity polarization axis into a different
direction are broken. We emphasize that this symmetry anal-
ysis assumes a symmetry-preserving state. A phase-selected
coherent photon state, such as that associated with a laser,
generally does not preserve D, symmetry and may therefore
exhibit different symmetry-breaking behavior.

In the high-frequency limit, i.e., when the dressed pho-
ton frequency is much larger than the relevant electronic
transition frequencies, different photon sectors become off
resonant. The PF Hamiltonian can then be down-folded
onto the zero photon sector, effectively eliminating the ex-
plicit photonic degrees of freedom by a Schrieffer-Wolff

transformation [60,61]:

Y2

XE
Hetr = H, — — + — [Xe, [He, Xe]

20 2
1 -

= 53 X [He, [He, X} + 0@7H. 9)
w

Nonvanishing corrections to the electronic Hamiltonian arise
from even-order virtual processes in which a virtual photon
is created and subsequently annihilated. Clearly, Eq. (9) in-
herits the symmetry constraints of the full PF Hamiltonian.
In the full PF Hamiltonian, the sign change of X; is com-
pensated by photon parity. After eliminating the photons, the
same symmetry is manifest in the quadratic interaction X2
in the down-folded electronic Hamiltonian. If we take the
leading-order correction in Eq. (9), the PF Hamiltonian of a
time-independent system reduces to

= —— ZVZ + Z )+ = Zw(ru rj)

l#/

X
S

t\)|§’

(H &) (10)
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This reduced Hamiltonian is often referred to as the effective
pf QED Hamiltonian [38]. From the above expression, the
effective light-matter interaction term for a cavity mode « is
proportional to

PEC (- &, an

Inspired by the Kohn-Sham framework of density func-
tional theory (DFT), one can likewise construct an auxiliary
noninteracting system that reproduces the exact electron
density of the pf QED Hamiltonian Eq. (10), which incorpo-
rates the vacuum light-matter interaction. The corresponding
electron-photon exchange-correlation potential can be con-
structed, for example, from the local-force equation [62,63].
Following this approach, Lu et al. [39] recently developed a
local-density approximation to the electron-photon exchange
potential, denoted as vpypa. In this framework, the pxLDA
potential is obtained by solving the Poisson equation

2 2,\2
VoA = = Y o {r V)Z[Z(Vr)} } (12)

o E(

where d is the dimensionality of the system, V; is the corre-
sponding unit cell volume, and p(r) is the electron density. By
transforming Eq. (12) into k space, we obtain

UpxLDA (k) =

27202 (k- &)?
_Z@g(zvd)w o gk, (13)

where g[p](K) is the Fourier transform of p¥4(r). Since k>
and g[p](k) are invariant under the point-group symmetry
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operations of the material, the symmetry reduction induced
by a single-cavity photon mode « is governed by

Upxioa (k) ~ (k - €)% (14)

Note that in a fully self-consistent calculation including cavity
modes, g[p](k) adapts and inherits the reduced symmetry of
the coupled system. However, that reduced symmetry is de-
termined by the kernel (k - &,)?. Although g[0](K) can reflect
the symmetry breaking introduced by the cavity, it cannot
further lower the symmetry beyond what is imposed by the
kernel. This result is fully consistent with the symmetry of
the pf QED Hamiltonian Eq. (11) as well as the full PF
Hamiltonian discussed above. Such agreement is expected,
since the pxLDA functional provides a density-functional ap-
proximation to the underlying pf QED Hamiltonian. A similar
quadratic dependence on the cavity modes also appears in
QED Hartree-Fock theory [61], which is also based on the
pf QED Hamiltonian. From Egs. (10) and (12), the strength
of the cavity-induced effect in the pf QED framework is de-
termined by the prefactor A% /@?. For a Fabry-Pérot cavity, the
bare coupling strength A is determined by the mode volume

Vinode Via A = /47 Neel1 /Vinode [43]. For a single-cavity mode,
one obtains

5»2 47TNcell
— = . (15)
»? wzvmode + 47 NeentNe

Therefore, achieving a larger A% /@’ generally requires a small
Vinode» 1.€., a strongly confined cavity field, a lower cavity
photon frequency w, and a smaller number of electrons per
unit cell N,.

The effect of a cavity on electronic states within the pf
QED framework admits a natural geometric interpretation.
As shown in Eq. (10), the cavity light-matter interaction con-
tributes an effective quadratic correction to the kinetic term.
This can be equivalently interpreted as a modification of the
canonical momentum metric £ if we collect all terms related
to the electron momentum in the Hamiltonian as

g 2 1
—5 2 Vi- D () = SPTP. (16)
i=1 4 @

where P = (p1, p2, ...,pNE)T is the 3N,-dimensional vec-
tor consisting of all electronic momenta, and the superscript
T denotes transposition. This form shows that photonic
fluctuations in a linearly polarized dark cavity effectively
renormalize the metric experienced by the electrons. Equiv-
alently, this can also be viewed as renormalizing the electron
mass along the photon polarization direction €, as discussed
in the literature [38,41,64,65].

B. Symmetry-broken subgroups

In the last section, we demonstrated that the electronic
subsystem of the nondegenerate ground state of the full
PF Hamiltonian, the pf QED Hamiltonian, and the pxLDA
functional obey the same symmetry-breaking rules. In the
remainder of this paper, we will carry out further symmetry
analysis using Eq. (11) as a representative, without loss of
generality. In comparison with Eq. (11), the light-matter cou-
pling to a given classical electromagnetic field in the velocity

gauge takes the form:
A% = L1 A, (17)
mc

where g and m are the charge and mass of the electron, and
A(z) is the externally prescribed vector potential. For a field
polarized along €, the corresponding linear coupling is gov-
erned by IT - €. By contrast, the leading effective interaction
induced by vacuum fluctuations in the pf QED Hamiltonian is
quadratic in the electronic momentum:

A~ (1.8, (18)
H' ~ (11 - ¢). (19)

This distinction arises from the different treatments of the
electromagnetic field. In an equilibrium dark cavity, the pho-
ton field is a dynamical quantum degree of freedom, and
the light-matter coupling preserves the joint electron-photon
symmetries, as demonstrated in Sec. I A. Upon eliminating
the photonic degrees of freedom in the high-frequency limit,
the leading correction to the electronic Hamiltonian arises
from second-order virtual-photon processes and is therefore
quadratic in the light-matter coupling operator. In contrast, a
prescribed classical field with a fixed phase acts as an external
perturbation and generally introduces a linear momentum-
dependent interaction.

From a symmetry perspective, one of the key distinctions
between these two light-matter coupling Hamiltonians is that
the interaction in a dark cavity cannot break inversion sym-
metry (P), whereas an external drive can. For the pf QED
interaction term one has:

PAP'PT ="

e

= \2 _ pfpf
26)2(_1-['6“) =H;. (20)

By contrast, a classical electromagnetic field introduces a
linear coupling term, which can break P. Similarly, linearly
polarized cavity modes do not break time-reversal symmetry
(T), and therefore preserve P7 symmetry as well. More
generally, I—?,p ! preserves all symmetry operations that leave
(f[ - &,)? invariant, and breaks those that do not. Based on this
principle, we summarize the crystal symmetry operations that
are preserved or broken by a linearly polarized cavity mode
in Table I. For instance, a cavity mode polarized along the x
direction, i.e., € = (1, 0, 0), induces a coupling term

A ~ 12, 1)

Consequently, any rotation that changes the I1, component,
such as a C3, C4, or Cg rotation about an axis perpendic-
ular to the x direction, is broken. By contrast, symmetry
operations such as a C, rotation about an axis perpendicular
to x or the mirror operation M,, which map I1, — —II,,
preserve the quadratic form and thus remain valid symme-
tries. Moreover, preserving 12 is equivalent to preserving
IT} 4 2. Therefore, the symmetry-breaking pattern induced
by a single-cavity mode polarized along € is the same as
that induced by two orthogonal cavity modes with the same
mode frequency and coupling strength polarized in the plane
perpendicular to €.

Based on the symmetry analysis above, we now discuss the
symmetry-breaking behavior of all 32 crystallographic PGs
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TABLE I. Summary of representative symmetry operations preserved and broken under coupling to an é-polarized cavity mode, or
equivalently to two orthogonal cavity modes polarized perpendicular to €.

Preserved symmetries

Broken symmetries

v Inversion symmetry P

v’ Time-reversal symmetry 7~

v Combined symmetry P7T

v Twofold rotation axes C, perpendicular to &

v' All rotation axes parallel to &

v' Mirror planes perpendicular to or containing &
v Translational symmetry T

X Three-, four- and sixfold rotation axes C, not parallel to &
X Combined symmetry C, 7 when C, is broken

X Combined symmetry C, P when C, is broken

X Mirror planes neither perpendicular nor containing &

under coupling to cavity modes. Specifically, we determine
the corresponding subgroup for the original PG by removing
the symmetry operations listed in Table I that are broken by
cavity modes. Before presenting the results, we briefly sum-
marize the effective cavity mode configurations for several
cavity setups. In principle, the continuum of photon modes
should be considered in cavity QED calculations [66—70].
However, their effect can be approximated by several effective
photon modes in the high-frequency or strong-coupling limit
[15,71]. In a standard Fabry-Pérot optical cavity, as illustrated
in Fig. 1, the photon-mode polarization directions lie in the
plane parallel to the mirrors and can be effectively represented
by two orthogonal linearly polarized modes [15]. In other
common cavity setups, such as dielectric planar waveguides
[46], split-ring resonators [13,57], or subwavelength surface
cavities [72,73], the cavity field can be effectively described
by a single linearly polarized mode. Throughout this paper,
we therefore restrict our analysis to either one or two effective
photon modes.

Table II summarizes the symmetry-broken subgroups of all
uniaxial PGs under a single linearly polarized cavity mode,

) (b)

(R
W\

Along C3 axis Along C; axis

Along C4 axis

FIG. 1. (a) Schematic illustration of a body-centered cubic cell
placed inside a Fabry-Pérot cavity. Different cavity-mode polar-
izations relative to the crystal can be realized by rotating the
crystal within the cavity, leading to different symmetry-reduced
subgroups. (b) Schematic of the electron density redistribution in
a body-centered cubic cell coupled to two cavity modes polarized
perpendicular to its C4 axis.

assuming that the principal axis is aligned along z. The corre-
sponding coordinate systems for PGs with principal axes Cq,
C,, C, and C5 are illustrated in Figs. 4(a)—4(d) of Appendix A,
respectively. For uniaxial PGs, the analysis is relatively sim-
ple, since there is only one high-symmetry rotation axis. It
is clear from Table I that a cavity mode polarized along z,
or two orthogonal cavity modes with the same A and w po-
larized in the xy plane, for example polarized along x and y
[denoted as (x + y)], does not break any symmetry. Likewise,
Table I and the discussion above indicate that, for uniaxial
groups, one cavity mode along the x or y direction, and two
orthogonal cavity modes with the same A/® in the (x + z)
or (y + z) configuration generate the same symmetry-broken
subgroup. Table II is therefore sufficient to describe both one-
and two-mode cavity configurations. Note that some subgroup
assignments depend on the coordinate convention. For in-
stance, for the Dy, group, the x and y axes lie within the mirror
planes in our convention. Thus, a cavity mode polarized along
the x or y axis preserves the mirror planes but breaks the
in-plane C, operations. Therefore the resulting subgroup is
C,, in Table II. However, with a coordinate convention that

TABLEII. Symmetry-broken subgroups of uniaxial PGs induced
by a single linearly polarized cavity mode, assuming that the prin-
cipal symmetry axis of the cavity-free system lies along z. The
corresponding coordinate systems are shown in Fig. 4. The symbol
o denotes that the PG remains unchanged under cavity coupling.
Two orthogonal cavity modes in the (x + z) or (y + z) configuration
generate the same symmetry-broken subgroup.

Cavity mode Cavity mode

PG along x/y axis PG along x/y axis
C o Dy, Dy,
C,’ [e] C3 C]
C2 o S(, C,'
C, o Ds; C,
C2h [e] C}v C s
D, o Dsg Con
C,, o Ce G
Dy, o Csn G
Doy Cyy Cen Can
C, C, D¢ D,
S4 G Ceu Ca,y
Cun Con Dy, Ca,y
D, D, Degp, Dy,
C4v C2v
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TABLE III. Symmetry-broken subgroups for polyhedral PGs
induced by a linearly polarized cavity mode along different high-
symmetry axes. The symbol x indicates that the corresponding
symmetry operation is absent in this group. The high-symmetry axes
are illustrated in Fig. 4.

Cavity mode along axes

PG G Cs Cy GP CsP
T D, C; X X X
T Dy, Se X Dy, X
(0] Dz D3 D4 X X
Ty Doy Cs, X Ca,y Doy
On Dy, D3y Dy, Dy, Dy,

these cavity modes instead preserve the in-plane C, operations
and break the mirror planes, the resulting subgroup should be
D, instead.

For polyhedral PGs, the symmetry breaking patterns are
more intricate, since multiple inequivalent high-symmetry
axes coexist. In this case, it is useful to classify the re-
sulting subgroups by cavity mode polarization directions.
Figures 4(e) and 4(f) illustrate characteristic high-symmetry
axes in the polyhedral PGs. Accordingly, Table III summa-
rizes the symmetry-broken subgroups for a single linearly
polarized cavity mode along representative high-symmetry
axes, while two orthogonal modes with equal A and @ po-
larized in the plane perpendicular to a given axis yield the
same subgroup. As shown there, cavity modes polarized along
different axes or crystal planes can realize distinct symmetry
reductions, offering substantial flexibility for cavity materials
engineering. For example, Fig. 1(a) shows a body-centered
cubic cell with point group Oy. It possesses C,, C3, and Cq4
rotational symmetries, along the [110], [111], and [001] direc-
tions, respectively. When placed in a Fabry-Pérot cavity such
that these axes are normal to the cavity-mode polarization
plane, the corresponding PG is reduced to D,;, D34, and Dyy,
respectively. These different symmetry reductions originate
from the distinct electron density distortions induced by the
pf QED Hamiltonian, as illustrated in Fig. 1(b).

We note that a cavity mode polarized along a generic
direction may break all PG symmetries. However, such
situations are usually not of primary interest, as materials
engineering commonly aims to break selected symmetries
while preserving others. In principle, the full symmetry
of a nonmagnetic crystal is described by its space group,
including translational symmetry and nonsymmorphic
operations such as screw axes and glide planes [48].
However, the pf QED Hamiltonian in the long-wavelength
limit preserves translational symmetry. Our point-group
analysis determines the rotational parts of the space-group
operations. Consequently, in nonsymmorphic space
groups, a screw axis or glide plane survives whenever
its associated rotation or mirror operation is preserved.
Further discussion of cavity materials engineering beyond
the long-wavelength limit is provided in Sec. IV. Note
that, in Tables II and III, the underlying lattice structure is
not specified explicitly, so we use Cartesian directions and
rotation axes to indicate the cavity mode directions. In the

following  examples of  real  materials, both
Cartesian directions and the corresponding Miller indices
are provided to avoid ambiguity.

III. APPLICATIONS

In the previous section, we presented the group-theoretical
analysis of the PF Hamiltonian and the effective pf QED
Hamiltonian. We now discuss several applications that il-
lustrate the power of symmetry analysis in cavity materials
engineering. Computational details are provided in Ap-
pendix B.

A. Band structures of cubic BaTiO;

Cubic BaTiOj; is one of the most widely studied materials
in the oxide perovskite family [74—76], whose point group is
Oy,. Here, we choose it as a concrete example to illustrate
cavity-induced symmetry breaking. Figure 2(a) shows the
band structures of pristine cubic BaTiO3 around the conduc-
tion band minimum outside the cavity. At the I" point, the
first and second conduction-band manifolds, denoted as CB1
and CB2, are threefold and twofold degenerate, respectively.
As shown in Fig. 2(a), the wave functions of CB1 and CB2
correspond to the 75, and E, irreps of the Oy, group, which are
mainly composed of Ti-3d orbitals [77].

As summarized in Table III, cavity modes polarized along
different directions can reduce Oy, to different subgroups. For
cubic BaTiOs3, the (110), (111), and (001) crystal planes have
normals along the C,, Cs, and C4 axes, respectively. Accord-
ingly, two cavity modes polarized in these planes yield the
symmetry-broken subgroups Dy;, D34, and Dyj, respectively.
Under these symmetry reductions, the degeneracies of CB1
and CB2 could change. First, for cavity modes in the (110)
plane, the relevant irreps decompose under the D,;, group as

TZg - Blg + B2g + B3g,
E, > A+ A, (22)

Since all resulting irreps are one-dimensional, all degenera-
cies are removed, in agreement with the QEDFT results shown
in Fig. 2(b). Second, for cavity modes in the (111) plane, the
irreps decompose under the D3, group as

ng - Alg + E ’
E, — E,. (23)

In this case, CB1 splits into one nondegenerate band and one
doubly degenerate band, but CB2 remains doubly degenerate,
as shown in Fig. 2(c). Moreover, for cavity modes in the (001)
plane, the irreps decompose under the Dy, group as

T2g - B2g +E k]
Eg—>A1g+Blg- (24)

Accordingly, as shown in Fig. 2(d), the CB1 again splits into
one nondegenerate band and one doubly degenerate band,
while the degeneracy of the CB2 is lifted. Besides the I'
point, the little-group symmetry at general k points [48] is
also changed by cavity light-matter interaction. For example,
in cubic BaTiOs, the wave functions at k points along the
high-symmetry path X — I" have Cy, little-group symmetry.
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FIG. 2. (a)—(d) Band structures of cubic BaTiO; from QEDFT for different cavity photon modes. The k path used in our calculation is
X (0.5, 0.0,0.0)-T" (0.0, 0.0,0.0)-M (0.5, 0.5, 0.0), and a zoomed-in view near I" and the conduction-band minimum is shown here. The inset
illustrates the crystal structure of BaTiO; and the plane spanned by the two orthogonal cavity modes. The irreps of wave functions at I" are

also indicated.

As shown in Fig. 2(a), the second band along X — T is doubly
degenerate and belongs to the irrep E. Owing to the sym-
metry breaking, this degeneracy is also lifted, as shown in
Figs. 2(b)-2(d). Note that, to show the band splitting more
clearly, we use a relatively large coupling ratio 1/w = 0.2 in
the QEDFT calculations. In experiments, the maximum of this
ratio can be on the order of 0.1 [43,44]. Degeneracy lifting
can also be observed with smaller coupling ratio, since the
symmetry-breaking mechanism remains valid. These results
demonstrate that different cavity configurations can lead to
distinct symmetry breaking and result in different electronic
structure modifications.

In Appendix C, we discuss cavity configurations with
unequal coupling strengths along different cavity-mode di-
rections. Furthermore, in Appendix D, we also discuss the
momentum shift of the Dirac cone in graphene as another
example of cavity-induced electronic structure modification.

B. Vibrational spectra of monolayer MoS,

In this section, we investigate the cavity-modified vibra-
tional spectra of monolayer MoS,. Pristine monolayer MoS;
belongs to the point group D3y, with its principal axis oriented
along the z direction, as illustrated in Fig. 3(a). The irreps
of the vibrational modes I'V"® at the I" point can be obtained
from the direct sum decomposition of the direct product of the
atomic-site representation and the polar vector representation
[48]. Among these modes, three correspond to the acoustic
modes, while the remaining six are optical modes:

I = A{(R) + E'(IR + R) + A;(IR) + E"(R),  (25)

where IR and R in the parentheses denote IR and Raman
activity. The calculated IR and Raman spectra of pristine
monolayer MoS, are shown as black solid lines in Figs. 3(c)
and 3(d). The IR spectrum exhibits a peak at ~373 cm™!,
corresponding to the E’ vibrational mode. The inset illustrates
one of its eigenmodes, in which the Mo and S atoms vibrate
in opposite directions along the y axis. The Raman spectrum

exhibits two peaks at ~373 and 393 cm™~!, corresponding to
the £’ and A} modes, respectively. In this section, we focus
only on these two modes since they have strong IR or Raman
intensities. The remaining two optical modes in Eq. (25) are
orders of magnitude weaker in intensity, as discussed below.

According to Table II, in the presence of a y-polarized
(along the [120] direction) cavity mode, the symmetry of
MoS; is reduced to C,,, with the new principal axis aligned
along y, as illustrated in Fig. 3(b). Because the principal axis
is reoriented, the mirror plane M, now contains the principal
axis instead of being perpendicular to it. In standard refer-
ences, the basis functions in a point-group character table
are defined with the principal axis along z. For clarity and
convenience, in Appendix E we provide the character tables of
Dj3;, and C,,, with the principal axes along z and y, respectively.
Under the symmetry reduction to C,,, the irreps decompose
as:

A1(R) > A;(IR+R), (26)

E'IR+R) > A|(IR+R)+B,AR+R). (27

Accordingly, two main features are expected in the vibra-
tional spectra. First, a new IR peak should emerge in the IR
spectrum, since a previously IR-inactive mode becomes IR
active upon symmetry lowering, as shown in Eq. (26). Second,
the doubly degenerate mode E’ would split into two distinct
peaks in both IR and Raman spectra, as shown in Eq. (27). To
validate these predictions, we perform QEDFT calculations
for monolayer MoS, coupled to a y-polarized cavity mode.
Consistent with Eq. (26), a new IR peak with irrep A| emerges
at ~400 cm~!, as shown in Fig. 3(c). Furthermore, the dou-
bly degenerate IR peak splits into two, in agreement with
Eq. (27). In addition to peak splitting, there is also vibrational
frequency renormalization due to vacuum fluctuations. The
magnitudes of both effects are governed by the coupling ratio
AJw. As shown in Fig. 3(c), the vibrational modes at the I
point in the presence of a y-polarized cavity mode closely
resemble those of an H,O molecule [48], since both systems
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FIG. 3. (a) Illustration of the crystal structure of MoS, with the D3, point group outside the cavity. The green arrows indicate the lattice
vectors used in our calculations, and the blue dot marks the principal axis along the z direction. (b) Illustration of MoS, coupled to a y-polarized
(along the [120] direction) cavity mode, under which the symmetry is reduced to C,,. The blue dashed line indicates the new principal axis
along the y direction. (c) Infrared spectra of MoS, with and without a cavity mode, calculated using QEDFT. The insets show the vibrational
eigenmodes corresponding to the four modes shown in this figure. (d) Same as (c), but for the Raman spectra.

share the same C,, point group symmetry. The two A; modes
in Fig. 3(c) can be viewed as linear combinations of breath-
ing and symmetric stretching modes. Since A; is the totally
symmetric representation, the associated vibrational modes
preserve all symmetry operations of the group. In contrast, the
B; mode transforms in the same way as R, (rotation about the
z axis), which is odd under C, and M, operations, consistent
with Table V. The Raman spectrum in Fig. 3(d) likewise ex-
hibits splitting of the E’ peak and frequency renormalization,
in agreement with Eqs. (26) and (27).

It is important to note that symmetry analysis alone does
not determine the intensity of a spectral peak. Whether a
vibrational mode appears with appreciable intensity must be
assessed through explicit scattering calculations or experi-
mental measurements. For example, in monolayer MoS,, both
A’ and E’ vibrational modes are IR active by symmetry. How-
ever, our density functional perturbation theory calculations
show that the IR intensity of the A peak is about two orders of
magnitude weaker than that of the E’ peak, as shown in Fig. 7.
Likewise, the E” mode is also Raman-active, but its Raman
intensity is more than three orders of magnitude weaker than
that of the peaks discussed in this section. As a result, although
the doubly degenerate E” Raman peak also splits under a
y-polarized cavity mode, the intensities remain very weak, as
shown in Fig. 8.

IV. DISCUSSION

A. Cavity-induced macroscopic response

In the previous section, we discussed cavity-induced mod-
ifications of microscopic properties, such as energy-level
degeneracies and vibrational selection rules, arising from
symmetry breaking. Beyond these microscopic effects, cavity
light-matter coupling can also be used to manipulate macro-
scopic responses [57,78,79]. Specifically, according to Tables
IT and III, a nonpolar PG may be reduced to a polar subgroup
upon coupling to appropriate cavity modes. As a consequence,
a material with zero net polarization can develop a finite po-
larization under cavity light-matter interaction. For instance,

Table II shows that a cavity mode polarized along either x
or y, or two cavity modes polarized in the (x + z) or (y + z)
plane, can reduce the nonpolar PG Djs to its polar subgroup
C,, indicating that a cavity-induced polarization along the C,
axis is symmetry allowed. In the weak-coupling regime, we
can consider the dressed cavity field as a perturbation, and the
magnitude and direction of the induced polarization can be
described by a leading-order third-rank response tensor [79].
The independent tensor elements are constrained by the PG
symmetry of the material outside the cavity.

However, when the light-matter interaction is strong,
higher-order contributions can become important, and the
induced macroscopic response can deviate from the leading-
order tensor description. In this regime, it is more appropriate
to analyze the symmetry-broken subgroup of the cavity-
coupled system directly. The subgroup-based analysis in this
paper does not rely on a perturbative expansion in the cavity
coupling strength.

B. Long-wavelength limit and beyond

A central assumption underlying our analysis above is the
long-wavelength (dipole) approximation, in which the cavity
field is effectively homogeneous on the scale of the unit cell
and can be idealized as having D, symmetry. In this regime,
the cavity does not break translational invariance, and the
inversion symmetry is also preserved. This approximation is
suited to standard Fabry-Pérot, split-ring, and surface cavi-
ties, and it also underlies earlier symmetry-based analyses of
cavity-modified chemical reaction rates, such as the work of
Jayachandran et al. (Ref. [56]) on vibrational strong coupling.
Their work focuses on a specific cavity configuration: two
orthogonal cavity modes polarized in (x + y) coupled to uni-
axial molecules whose principal axis is along z. In this setting,
reaction-rate changes are rationalized via a phenomenological
selection rule: the rate is enhanced when the tensor product
of the vibrational and cavity-mode irreducible representations
contains that of the reaction coordinate, i.e., [Vt @ [ 5
'™ In our formalism, by contrast, the cavity influence is
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absorbed into the electronic degrees of freedom. We therefore
do not explicitly assign an irrep to the cavity mode [80];
instead, we characterize cavity effects through the symmetry
reduction it induces on the electron density.

Looking forward, an important avenue is to relax the
long-wavelength approximation and incorporate the finite
spatial profile and wavelength of the cavity photon modes.
Spatially structured cavity fields can break translational sym-
metry, introduce new length scales, and effectively generate
moiré-like superstructures, thereby opening routes to cavity-
controlled band folding and miniband engineering beyond
what is possible with uniform fields [81]. On larger scales,
the macroscopic cavity geometry itself—such as triangular
Fabry-Pérot mirrors with effective D3, symmetry or chiral
cavities supporting a single circularly polarized mode [55,82—
84]—can even remove inversion or time-reversal symmetry,
leading to new classes of cavity-induced phenomena that lie
beyond a strictly unit-cell-based description. Thus, the present
32-point-group classification provides a building block toward
a more general symmetry framework for a wider range of
cavity configurations. The same group-theoretical strategy can
be naturally extended to space groups, magnetic groups, spin
groups, and related symmetry settings. Extending the present
group-theoretical analysis to these regimes, and combining it
with real-space or multiscale electronic-structure methods, is
a promising direction for future work.

V. CONCLUSION

In summary, our work establishes a unified group-
theoretical framework for understanding how linearly po-
larized vacuum photon modes reshape the symmetry of
crystalline materials within the long-wavelength approxima-
tion. By analyzing the symmetry transformation properties of
the PF Hamiltonian, the effective pf QED interaction kernel
(f[ - €)?, and its pxLDA counterpart (k - €)?, we classify the
symmetry reductions induced by such modes and provide
explicit subgroup relations for all 32 crystallographic point
groups. This classification directly links the cavity configura-
tion to material symmetry and thereby to various effects such
as modifications in band structures and vibrational selection
rules.

The power of this symmetry-first perspective is illustrated
by several concrete applications. For cubic BaTiO3, we show
that cavity modes polarized in the (110), (111), and (001)
planes reduce the point-group symmetry from Oy, to Dy, D3y,
and Dy, respectively. These distinct cavity-mode configura-
tions therefore lead to different patterns of band-degeneracy
lifting. In particular, the threefold and twofold degeneracies of
the CB1 and CB2 at the I" point are either lifted or preserved,
depending on the corresponding decomposition of the irreps
in the symmetry-broken subgroups. For monolayer MoS,, the
reduction of the point-group symmetry D3, — C,, under a
y-polarized mode explains both the splitting of the formerly
doubly degenerate E'(IR + R) mode and the activation of an
additional A; IR peak.

More broadly, the symmetry principles developed here
provide a blueprint for symmetry-guided cavity materi-
als engineering. The same tools that predict electronic
states and vibrational peak splittings can be systematically

applied to anticipate cavity-modified phonon dispersions,
topological phase transitions, and selection rules in nonlinear
and time-resolved spectroscopies. Furthermore, this frame-
work can also be generalized to describe cavity-induced
macroscopic responses such as polarization and magnetiza-
tion. In this sense, our classification of symmetry breaking
by dark, linearly polarized cavities provides a starting point
for designing light-matter settings where desired material
functionalities—electronic, vibrational, or magnetic—are tar-
geted at the level of symmetry before extensive numerical
or experimental effort is invested while simultaneously deep-
ening our fundamental understanding. As cavity platforms,
electronic-structure methods, and QEDFT functionals con-
tinue to advance, we expect such symmetry-based strategies to
play a central role in shaping the next generation of quantum
materials engineering in optical environments.
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APPENDIX A: COORDINATE SYSTEMS IN THE
SYMMETRY-BROKEN SUBGROUP TABLES

In this appendix, we illustrate the coordinate conventions
employed in our symmetry analysis. Figures 4(a)-4(d) show
the coordinate systems for the uniaxial point groups listed in
Table II, while Figs. 4(e) and 4(f) identify the representative
high-symmetry axes of the polyhedral point groups discussed
in Table III.

APPENDIX B: COMPUTATIONAL DETAILS

The symmetry analysis in this paper makes use of
the tools available on the Bilbao Crystallographic Server
[85,86]. The DFT calculations are performed using the
QUANTUM ESPRESSO package [87]. The pxLDA functional is
implemented in house [39,43] within QUANTUM ESPRESSO.
Cubic BaTiOj; is calculated using optimized norm-conserving
Vanderbilt pseudopotentials (ONCVPSPs) [88] version 0.5
from PSEUDODOJO [89]; monolayer MoS, is calculated
using ONCVPSPs version 0.4.1 from PSEUDODOJO; and
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FIG. 4. (a)—(d) Illustration of the coordinate system of the uni-
axial PGs listed in Table II, with C4, C,, Cg, and C; rotation axes as
the principal axes, respectively. (e) Illustration of the high symmetry
axes in the O and O, groups. (f) Illustration of the high symmetry
axes in the T, T}, and T, groups.

graphene is calculated using an ultrasoft pseudopotential [90]
generated by PSLIBRARY [91]. The Perdew-Burke-Ernzerhof
exchange correlation functional [92] is employed for cubic
BaTiO3 and graphene, whereas the Perdew-Wang functional
[93] is employed for monolayer MoS,. For BaTiOs, a
kinetic-energy cutoff of 84 Ry for wave functions, an
11 x 11 x 11 k grid, and an energy convergence threshold
of 107'9 Ry are employed for self-consistent calculations
both with and without cavity photon modes. For MoS,
and graphene, a kinetic-energy cutoff of 80 Ry for
wave functions, a 16 x 16 x 1 k grid, and an energy
convergence threshold of 107! Ry are employed. The
corresponding lattice parameters are 4.008 A for cubic
BaTiOs, 3.159 A for monolayer MoS, with a vacuum spacing
of 36.164 A, and 2.463 A for graphene with a vacuum
spacing of 24.628 A. In the band structure calculations
of cubic BaTiO; with QEDFT, €; = 1/\/5(1, —1,0),e; =
0,0,1), € =1/42(1,-1,0),e; = 1/4/6(1,1,—2), and
€ =(1,0,0),e, =(0,1,0) with A/w =0.2 are used to
represent cavity modes in the (110), (111), and (001) planes,
respectively. For MoS, and graphene, € = (0,1,0) and
AJw = 1.0 are used as input values. Choosing other values
of the coupling ratio A/w does not significantly affect any
group-theoretical discussion in this work. To remain safely
within the high-frequency regime where pxLDA is expected

4.0r
3.5¢ 2Ag
S
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. 3.0
>
T}
S 2.5¢
2.0}
1.5} B1g+BZQ+B3g
0.6X r 0.4M

FIG. 5. Band structure of BaTiO; coupled to two cavity photon
modes with unequal coupling strengths, L/w = 0.2 and A/w = 0.1
along the [100] and [010] directions, respectively.

to be applicable, the cavity frequency w should be sufficiently
large compared with the relevant electronic excitation
energies. In practice, a suitable value can be estimated from
the material’s dielectric function or optical conductivity: the
cavity photon energy should lie well above the dominant
optically active transitions relevant to the electronic states
of interest. In this work, we therefore choose w = 10eV.
However, we emphasize that our symmetry analysis does
not rely on the high-frequency approximation as shown in
Sec. II A. Note that the bare photon mode parameters are
transformed into the dressed photon mode parameters &
and X/& by a Bogoliubov transformation [39] within the
code. For MoS,, the dynamical matrix is further corrected
by enforcing the translational acoustic sum rules [94]. The
infrared and Raman intensities are calculated using density
functional perturbation theory [95]. For visualization, the
resulting spectra are broadened using Gaussian functions with
a linewidth of 3 cm™!.

APPENDIX C: TWO CAVITY MODES WITH UNEQUAL

COUPLING STRENGTHS

The methodology developed in this paper can be naturally
extended to multiple modes with unequal coupling strengths.

(a) b
10| v ®) 0.af — mode ||y
—— out of cavity
x||[100] 02 [
s S
i 2
5 5 00
) Q
= |
w w
-0.2
— il G
-1.0 — n=12 —0.4} K
0.9K K 11K 0.97K K

FIG. 6. (a) Shift of the Dirac point in graphene calculated using a
nearest-neighbor tight-binding model. The inset shows the primitive
cell used in our calculations. (b) QEDFT band structure of graphene
coupled to a y-polarized cavity mode near the K point.
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FIG. 7. Infrared spectra of MoS, with and without the cavity
mode in the frequency range 420-480 cm™', where the peak inten-
sities are much smaller than those of the modes shown in the main
text.

Here, we provide an example with unequal coupling strengths,
Afw=0.2 and A/w = 0.1, along the [100] and [010] direc-
tions of BaTiOs3, respectively. Under this cavity configuration,
the three crystallographic directions of cubic BaTiO3 become
inequivalent, reducing the point-group symmetry from Oy to
Dy,. As shown in Fig. 5, the resulting lifting of the band
degeneracies is fully consistent with the irreducible represen-
tation decomposition associated with O, — D»;,, as given in
Eq. (22).

More generally, the same symmetry-analysis framework
can be straightforwardly extended to an arbitrary num-
ber of cavity photon modes with mode-dependent coupling
strengths.

APPENDIX D: SHIFT OF THE DIRAC CONE
IN GRAPHENE

Graphene is one of the most prominent two-dimensional
materials, characterized by Dirac cones centered at high-
symmetry points K and K’ in the Brillouin zone. Here we
investigate how the Dirac cone of graphene is modified when
it is coupled to a linearly polarized cavity mode. The little
group at the K point is Ds,. According to Table II, a y-
polarized mode lowers the group to C,, by breaking the Cs
rotational axis. Consequently, the Dirac cone is expected to
shift away from the K or K’ point, which can be understood
within a simple two-band tight-binding model [96]. As illus-
trated in the inset of Fig. 6(a), we adopt a nearest-neighbor
tight-binding model with lattice vectors a; = (a,0),a, =
(—a/2,+/3a/2), and three hopping parameters #, t>, and f3.
In this model, the band dispersion of graphene is given by

. ) 1
e*%, |:1 + 2ne”¢7§ky“ cos (Ekxa>i|

where §, denotes the C-C bond vector associated with hopping
t, = 1,and n = 11/t = t3/t, quantifies the anisotropy among
the hopping terms. Along the k, = 0 k path (i.e., I'-K), the
Dirac point position is determined by the zeros of E (k). In
pristine graphene, the three nearest-neighbor hoppings are
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FIG. 8. (a) Raman spectra of MoS, with and without the cavity
mode in the frequency range 220-300 cm ™!, where the peak inten-
sities are much smaller than those of the modes shown in the main

text. (b) Same as (a), but in the frequency range 420480 cm~!.

equivalent (n = 1) due to the C3 symmetry. Therefore, the
Dirac point is located at k, = 47 /3a, corresponding to the
high-symmetry point K. However, when a y-polarized cavity
mode is introduced, the hopping parameter #, becomes in-
equivalent to #; and #3, and thus n # 1. As a result, the zero
of E(k) moves away from K due to the loss of rotational
symmetry, as illustrated in Fig. 6(a).

This prediction is confirmed by our QEDFT calculation, as
shown in Fig. 6(b). Note that the Dirac cones in graphene are
not protected by rotational symmetry but by P7 symmetry

TABLE IV. Character table of the D3, point group with the prin-
cipal axis along the z direction.

Dy, E M. 203 28 3C, 3M,

A1 111 1 X4y 7
A1 1 1 1 -1 -l R,

Ay 1 -1 1 -1 1 -1

Ay 1 -1 1 -1 -1 1 z

E 2 2 -1 -1 0 0 (y &=y
E' 2 -2 -1 1 0 0 (R.R) (xz y2)
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TABLE V. Character table of the C,, point group with the prin-
cipal axis along the y direction. Note that the standard character table
is usually given with the principal axis along the z direction, which
will affect the definition of basis functions.

C2U E CZ Mx ./\/l

z

A 1 1 1 1 y X2, y?, 22
A, 1 1 -1 -1 R, Xz
B, 1 -1 1 —1 R, z vz
B, 1 —1 -1 1 R, x Xy

[97]. Therefore, breaking C; rotational symmetry can shift the
Dirac points without opening a gap. A gap can emerge if the
PT symmetry is broken, or if the perturbation becomes suffi-
ciently strong to drive the two Dirac cones together and induce
their annihilation. These situations, however, lie beyond the
range accessible in our QEDFT framework.

APPENDIX E: CHARACTER TABLES

Here we provide the character table of the point group D3,
with the principal axis along z in Table IV, and that of C,, with
the principal axis along y in Table V. Table V is generated
from the standard character table of C,, [85] by a cyclic
permutation of the coordinate system: (x, y, z) — (z, X, y).

APPENDIX F: VIBRATIONAL SPECTRA
IN OTHER FREQUENCY RANGES

Here, we present additional infrared and Raman spectra of
monolayer MoS, in frequency ranges not discussed in detail
in the main text. Figure 7 shows the infrared spectra in the
range 420-480 cm~', while Fig. 8 shows the Raman spectra
in the ranges 220-300 and 420480 cm~'. The intensities of
these modes are significantly weaker than those of vibrational
modes discussed in the main text.
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