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Entangled photons from quantum-dot—cavity systems under non-Markovian
decoherence by pulsed excitation
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Cascaded emission from the biexciton state of a quantum dot results in polarization entangled photon pairs.
Cavity enhancement of the direct two-photon emission channel bypasses the dominant source of decoherence
in this system, namely the fine-structure splitting of the exciton levels. Here, we investigate the remaining non-
Markovian phonon-induced decoherence using the numerically exact uniTEMPO algorithm. We compute the
degree of entanglement of photon pairs generated by pulsed two-photon resonant excitation and find surprisingly
good agreement between the numerically exact results and those calculated using the approximate polaron master
equation method, permitting an efficient exploration of trends across system parameters.
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I. INTRODUCTION

Nonclassical states of light are essential for quantum
communication, with entangled photon pairs being a paradig-
matic example and the basis of many protocols. These can
be generated deterministically using semiconductor quantum
dots (QDs). Recent experiments have demonstrated quan-
tum teleportation and all-photonic entanglement swapping
using photon pairs from remote quantum dots [1-3]—
both protocols being primitives for quantum repeaters, the
essential component in long-distance transfer of quantum
information [4].

In the standard experimental configuration, the two entan-
gled photons are emitted sequentially from the biexciton state
of the QD via the exciton states, with fine-structure splitting
of the exciton states giving rise to which-path information
and being the limiting factor in the degree of entanglement
of emitted photons [5]. Cavity enhancement of the direct two-
photon transition was proposed as a method of avoiding the
intermediate exciton states and thus increasing the entangle-
ment [6]. This has been shown to hold even in the presence
of non-Markovian phonon-induced decoherence [7], and has
been demonstrated experimentally [8]. This unconventional
source of quantum correlations emits frequency-degenerate
photon pairs with hyperentanglement, exhibiting strong cor-
relations in both the polarization and time-bin degrees of free-
dom [8-10]. This temporal correlation limits the applicability
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to standard protocols, and can be eliminated by enhancing the
emission rate of the first photon [11-16].

The final limiting factor on the degree of entanglement is
imperfect initialization of the system in the biexciton state.
In the absence of cavity-mediated transition, finite laser ex-
citation pulse widths have a detrimental effect due to Stark
shifting of the intermediate exciton states [17,18], and this
effect becomes more pronounced in the presence of a phonon
environment [19]. However, as Stark shifting of the exciton
states will not have the same relevance, it is unclear what
the combined effect of phonons and finite pulse widths in the
cavity-mediated case will be. It was found that a two-color ex-
citation scheme can give very high entanglement compared to
the resonant scheme, even at elevated temperatures [20]. In a
driven QD-cavity system the multitude of processes occurring
in the dressed state basis often make an intuitive understand-
ing and associated approximate analytic results difficult, and
demand a full calculation of the dynamics [21,22]. Inclusion
of both the phonon environment and pulsed excitation in a
numerical model of the dynamics can be achieved using an
approximate polaron master equation [13,15,16,23,24], with
more recent works making use of tensor network methods in
order to obtain exact results [8,20].

Earlier numerically exact studies [19,21,25,26] of the non-
Markovian phonon-induced decoherence of exciton-biexciton
systems were performed using the quasiadiabatic path integral
(QUAPI), a real-time path-integral method [27,28]. Recent
tensor network methods have developed this method fur-
ther, with time-evolving matrix product operators (TEMPO)
incorporating tensor network compression techniques [29].
TEMPO was subsequently reconciled with the process ten-
sor formalism [30], resulting in a more powerful description
of the non-Markovian dynamics, besides a greater computa-
tional efficiency [31]. A reformulation of the tensor network
contraction sequence using infinite time-evolving block dec-
imation, known as uniTEMPO, allows faster contraction
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FIG. 1. Schematic of the pulsed QD-cavity-phonon system un-
der consideration. The quantum dot is excited from the ground G
to biexciton XX state by two-photon excitation with a Gaussian
laser pulse at frequency equal to half the biexciton frequency. Cas-
caded emission from XX to G via the exciton states Xy, results
in polarization-entangled photon pairs. A bimodal cavity tuned to
half the biexciton frequency enhances the direct two-photon emission
process, meanwhile lattice vibrations in the substrate result in a
non-Markovian decoherence.

and results in a time-translationally symmetric process
tensor [32].

Alternative numerically exact methods include the time
evolving density matrix using orthogonal polynomials algo-
rithm (TEDOPA) [33,34], in which the full environmental
dynamics are modeled, meaning that the environment doesn’t
limit the system size, but modeling long-time dynamics is
computationally costly. Another method is the Trotter decom-
position with linked cluster expansion technique [35], which
may be scalable to larger system sizes but currently only
describes Hamiltonian evolution without decay [36].

Here, we make use of a TEMPO algorithm that exploits
degeneracies in the spectrum of the phonon coupling operator
to make the simulation of systems with large Hilbert spaces
feasible [29,37-39]. We thus use this method to compute
the dynamics of the QD-cavity-phonon system under pulsed
resonant two-photon excitation, with cavity enhancement of
the direct two-photon transition, and calculate the degree of
entanglement of emitted photon pairs.

We also implement a polaron master equation, beyond the
previously used weak-coupling approximation [24,40], and
find good agreement of the calculated concurrence, a measure
of the degree of entanglement of photon pairs, with the nu-
merically exact result. The polaron master equation is a much
more computationally efficient method and is subsequently
used to calculate the dependence of the concurrence on driv-
ing pulse width and temperature. We find that finite pulse
widths do still have an adverse effect on concurrence, even in
spite of the inherent insensitivity of spontaneous two-photon
emission to Stark shifting of the exciton states. Moreover,
we find that this negative effect is compounded by phonon-
induced decoherence.

II. SYSTEM

The quantum dot is modeled as a four-level system, as
shown in Fig. 1, with ground state |G), exciton states |Xy) and
|Xy) separated by a fine structure splitting &g, and biexciton
state |XX) with binding energy Ep. To enhance the direct

two-photon emission channel, the QD is coupled to a cavity
tuned to half the biexciton energy. We consider a bimodal
cavity supporting both H- and V-polarized modes of equal
frequency. Selection rules of the quantum dot demand that
transition from the biexciton state to ground occurs either via
the |Xy) state with emission of two H-polarized photons or
via the |Xy) state with emission of two V -polarized photons,
resulting, ideally, in a maximally entangled Bell state. The
biexciton state is excited through two-photon excitation by
a laser pulse at half the biexciton energy, resulting in the
rotating-frame QD-cavity Hamiltonian Hs = Hgp + Hin +
Hgiive, Where [7,21]

EB st EB st
Hop = | = + = ) Xu)(X, — — =) 1Xv)(Xv ],
oD <2+2 | Xy ) (Xu| + > > | Xy ) (Xv |
Hiyy = g(GHaL + ava;",) +H.c.,

Q
Hyive = —=(og +oy) +H.c,, (1

/2

and o0; = |G)(X;| + |X;)(XX]|, i € {H, V}. Here, g is the QD-
cavity coupling strength, ay,y are the cavity annihilation
operators, 2 is the driving strength, Hyiye corresponds to
diagonally polarized laser driving, and we consider Gaussian
driving pulses of the form Q(¢) = Qpexp(—(t — t0)2/212).
The polarization of the driving field is not expected to have a
strong impact on the resulting two-photon state [19]. The cav-
ity excitations subsequently decay at rate y, which is included
in the free system propagator U(z, t + At) = exp (L(t)At) as
a Lindblad term in the Liouvillian [7]

.1
Llp] = —ilHs, p] +y Z <akpa,'{—§{a,§ak,p}>- 2

k=H,V

As a measure of the entanglement of emitted photon pairs
we use the time-dependent concurrence C(¢). This is propor-
tional to the off-diagonal elements of the two-photon density
matrix according to the expression

2|Ggy (1)]

C@t)=2|pay(@)| = m7

3

where Gi;(t) = Tr[p(t)a?ajajaj] and p(t) is the density
matrix of the full QD-cavity system. Experimentally, the
time-dependent concurrence corresponds to the degree of en-
tanglement of photons detected simultaneously at a given
time 7. In order to maximize the efficiency of an emitter of
entangled photons, it is necessary to minimize the filtering
in time of detection events. The two-time integrated concur-
rence is a measure of the entanglement when photon pairs
are filtered neither in the time interval separating them nor
in the time of detection of the first photon [25]. This measure
is, however, costly to compute as it involves calculating two-
time correlation functions, and we therefore consider instead
the single-time integrated concurrence, which represents an
upper bound to the achievable entanglement in the absence of
filtering. This is found by including all simultaneous detection
events, C = 2 [{Guv)|/({(Guy) + (Gyy)), where () indicates
time averaging [25].

185301-2



ENTANGLED PHOTONS FROM QUANTUM-DOT-CAVITY ...

PHYSICAL REVIEW B 114, 185301 (2026)

Coupling to longitudinal acoustic phonons is described by
the spin-boson interaction Hamiltonian [26]

Hop—ph = Z wkb};bk + Z(gkb}t + gib)0, 4)
k k

where O = > A lu)(u| is the system coupling operator, with
. =1{0,1,1,2} for u ={G, Xy, Xy, XX}, and the effect of
the phonon environment is fully characterized by its spectral
density J(w) = Zk |8x?8 (e — wy). In the following we con-
sider typical values for a GaAs quantum dot, with details of
the spectral density given in Appendix A.

III. TENSOR NETWORK METHODS

Given a system-environment coupling as in Eq. (4),
and with a structured spectral density, the resulting non-
Markovian dynamics of the system can be tracked using the
numerically exact TEMPO method [29]. We consider the pro-
cess tensor formulation of TEMPO [31], where the impact of
the environment on the system is captured by a tensor F such
that the density matrix of the system evolves over discrete time
steps At as

n

[onlu, = Fhtns - a1 (H[uz ],L,,,L,l)[po],m, ()

=1

where [p,], is the density matrix at time n Af, with
# = (uy, i) the index in Liouville notation such that p,, =
(il p sy, and U, = U(nAt, (n + 1)At) is the free system
propagator. The process tensor is computed using a discretized
Feynman-Vernon path integral, as outlined in Appendix B.
We use the uniTEMPO algorithm [32], which results in the
uniform process tensor shown in Fig. 2. The degeneracies in
the spectrum of the phonon coupling operator are exploited,
allowing us to use a minimal process tensor corresponding to
the set of nondegenerate eigenvalues to fully capture the effect
of the environment [29,37-39], as depicted in the lower row
of Fig. 2.

For large system sizes the computational cost of determin-
ing the dynamics is no longer limited by the initial calculation
of the process tensor, but instead by the propagation in time
of the system density matrix. Using the Arnoldi algorithm in
combination with the sparse matrix Liouvillian, the cost of
time evolution scales linearly with the internal bond dimen-
sion x of the process tensor.

IV. POLARON MASTER EQUATION

In order to obtain a more computationally tractable de-
scription of the open-system dynamics, we perform a polaron
transformation and derive the corresponding polaron master
equation (PME). This transformation is designed to eliminate
the system-environment coupling term. The residual interac-
tion is then taken to be a perturbation, and a master equation is
derived in this polaron frame. We consider a generic system
with Hamiltonian

Hg = Hs(8,8) =Y _ 8 1) (il + Y _ gi;(li) (jl + /) (i) (6)
i i>j

with §;, g;; € R. As for the interaction term, we assume it to
be as in Eq. (4). We then notice that, when written in this

Open System Time Evolution

000 salalnly

Process Tensor

P
- = = . .

FIG. 2. Tllustration of the process tensor method for time evolv-
ing the state of an open system under non-Markovian decoherence. In
the standard scenario, shown in the first row, the system S, is coupled
to an environment, and the influence of the environment is captured
by a process tensor, which is constructed from an infinite network of
elementary tensors (blue rectangles), and subsequently compressed
and contracted (blue circles). This process tensor, alongside the free
system propagator (pink rectangles), is then used to time evolve
the density matrix p, with finite-time boundary conditions imposed
(blue triangles). In the second row we consider a system-environment
coupling operator with degenerate eigenvalues. This corresponds to a
system that can be divided into two subsystems; a subsystem S that
interacts with the environment and a subsystem S, that does not. The
process tensor can then be decomposed into a smaller process tensor
acting on the first subsystem (black tensor legs) and a part resulting
in trivial evolution of the other subsystem (gray tensor legs).

form, our previous system Hamiltonian satisfies g;; = O when
Ai — Aj # 1, which means that system transitions only occur
between states with adjacent phonon coupling eigenvalues.
This means that the polaron master equation will be directly
analogous to the two-level system case. We get [41,42]

dp 1 .
_:_.H,» - _XuaDu - pD,
o =il pl = 3 S1Xu Dup — pD]]
u=(x,y)
— Y ilXw Sup + pS]l, (7)

u=(x,y)

where H{ = Hg(§',g') with §/ =8 —A7A,, g = (B)gij»
where A, is the polaron shift and (B) is the phonon-induced
renormalization factor (see Appendix C). The operators
X,., Dy, and S, are given by X, = Zi>j 8ijowyij» with the
o« being the Pauli operators, and we have introduced the
operators

Dy =) 2Relku(Ai)] (vi] X, [v;) [vi) (vj],

i

Su= Y _Imlk,(Agj)] (vil X, [v;) [v3) (v;]. ®)

ij

where |v;) are the vectors that diagonalize the Hamiltonian
H{ =Y, w;|v) (vi], and A;; = w; — w;. The response func-
tions «,(w) depend on the bath correlation function, and the
expression is given in Appendix C.

‘We highlight the fact that we have used a full Hamiltonian
diagonalization approach rather than making the assumption
of an approximately diagonal Hamiltonian, as has been done
previously [24,40].
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FIG. 3. The degree of entanglement, measured by the concur- orq ¢ \NYfp PME
rence, of photons emitted by the QD-cavity-phonon system following == no phonons
initialization in the biexciton (XX) state, as calculated using three 0.6 : : T :
different methods; the numerically exact uniTEMPO algorithm, the 0 10 20 30 40

approximate polaron master equation (PME) and the case of no
phonon environment. Calculations performed in the full Hilbert
space are compared to those in the two-excitation subspace (denoted
SLS).

V. NUMERICAL RESULTS
A. Initialization in the biexciton state

First, in order to validate numerically our eigenvalue sepa-
ration algorithm for the process tensor, we take the QD-cavity
system to be initialized in |XX), with the cavity in the vac-
uum state, and allowed to decay with no external driving.
In this special case the dynamics can be solved in the
two-excitation subspace, which comprises five levels [25].
Labeling the levels of the full system by |v, ny, ny), where
v is the state of the QD, and nyy are the occupations of
the two cavity modes, the two-excitation subspace consists
of the levels |XX, 0,0), | Xy, 1,0), |Xy,0,1),|G,2,0), and
|G,0,2).

The dynamics computed for the full Hilbert space can then
be compared against those in the two-excitation subspace. For
uniTEMPO calculations, we use a process tensor with external
legs of dimension 37 corresponding to the three eigenvalues
A ={0, 1, 2}. We compare these numerically exact results to
the dynamics computed using the polaron master equation,
and to the dynamics in the absence of phonons, as shown
in Fig. 3. Here and subsequently, we use the following set
of parameters. The QD-cavity coupling g and fine structure
splitting &g, are both equal to 0.1 meV, the biexciton binding
energy Ep is 1.5 meV, the cavity decay rate y is 0.25 ps~!,
corresponding to an intermediate coupling regime, and the
phonon temperature is 10 K. High cavity coupling rates, as
that chosen here, are of interest due to the role of the cavity
in enhancing the direct two-photon emission channel, and
prohibit a weak-coupling solution to the dynamics [43].

As expected, the full space results agree with the five-
level system results in all cases, validating our process

FIG. 4. Dynamics of the QD-cavity-phonon system under pulsed
two-photon excitation of the biexciton state from ground, calcu-
lated as before using three different methods; the numerically exact
uniTEMPO, approximate PME, and the no-phonon case. Top: pop-
ulations of the biexciton (XX), exciton (X), and ground (G) states,
with the Gaussian laser pulse overlaid in gray. Bottom: concurrence
is used as a measure of the entanglement of emitted photon pairs.

tensor time-evolution method. Furthermore, the time-
dependent concurrence given by the PME agrees surprisingly
well with the numerically exact result, especially at long
times. The good agreement is attributed to the fact that the
driving strengths considered here are weak compared to the
characteristic energy scale of the phonon bath [44]. It is im-
portant to note that the PME approach is unable to correctly
capture multitime correlations without a non-Markovian ex-
tension to the quantum regression theorem [45], and is known
to systematically overestimate phonon-induced effects [46].
The good agreement seen here is therefore specific to the
single-time integrated concurrence used to measure the degree
of entanglement, and will break down when looking at two-
time integrated concurrences.

B. Pulsed excitation

We next consider initialization in the ground state followed
by pulsed excitation to the biexciton state and subsequent
decay back down toward ground. The system populations
and the time-dependent photon concurrence are shown in
Fig. 4 for a pulse of full-width-half-maximum A = 5.0 ps and
height 29 = 0.545 meV, as calculated using both uniTEMPO
and the PME, alongside the no-phonon result.

The phonon environment has the effect of reducing the
maximum population of the biexciton state, and therefore the
efficiency of photon pair generation. Moreover, the pulse has
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FIG. 5. The concurrence of entangled photon pairs emitted by
the QD-cavity-phonon system, following pulsed two-photon exci-
tation of the biexciton state, is shown as a function of pulse width
for three different phonon bath temperatures. The numerically exact
uniTEMPO method is used to verify the approximate PME result
for the 10 K temperature series. Also shown are the maximal con-
currences for each temperature, which are computed for the system
initialized in the biexciton state and represented by stars.

a strongly negative effect on the photons’ entanglement, with
the concurrence recovering to it’s previous level once the
pulse duration is over. We also see that the concurrence is
consistently lower in the presence of the phonon environment.
Given that the PME agrees very well with the numerically
exact result, we use this method to study these two effects in
greater depth.

Figure 5 shows the dependence on pulse duration and
phonon bath temperature of the single-time-integrated con-
currence. When varying the pulse width, we also vary the
pulse height such that the biexciton population is maximized
after excitation. Additionally, we have computed the optimal,
"zero pulse width," concurrence by initializing the system in
|XX), and these results are represented by stars in Fig. 5.
The numerically exact method is used to validate one of the
temperature series’. We have checked that the PME dynamics
for the remaining two temperatures also agree to a similar
degree of accuracy. We have absorbed polaron-induced shifts
into the QD Hamiltonian such that the level splittings are
temperature independent, to allow for easier comparison of
results. Details of the required computational resources are
listed in Appendix D.

It can be seen that, analogously to the no-cavity setup
[19], increasing the pulse width results in lower entanglement,
whilst increasing the temperature compounds this effect. We
thus conclude that, as in the cavityless case, the negative effect
of longer pulse durations outweighs the positive effect of
weaker pulse strengths. The precise underlying mechanisms
responsible for these trends are not immediately clear, due
to the large number of potentially significant processes oc-
curring even in the absence of a phonon environment. This
calls for future theoretical studies of effects such as phonon-
induced transitions between laser-dressed states [21] and the

sensitivity to Stark shifting of exciton states when photon pair
emission is via the direct two-photon transition [17,47].

VI. CONCLUSIONS

We have used the numerically exact uniTEMPO method
in combination with a degeneracy trick to model the non-
Markovian dynamics of a system with large Hilbert space
dimension. We have applied this method to the problem of
computing the entanglement of photon pairs emitted from
the biexciton state of the quantum dot via cavity-enhanced
two-photon emission, and subject to both non-Markovian
phonon-induced decoherence and pulsed laser excitations.
We have found that the approximate polaron master equa-
tion gives accurate results for the concurrence in the regimes
that we have considered, thus significantly shortening the
computational times of temporal behavior of photon entan-
glement, which decreases with both the duration of the laser
pulse and the temperature of the phonon bath.

Future work will look at the optimal cavity coupling
regime, in terms of the Purcell and quality factors of the cav-
ity, which is a problem of significant experimental relevance.
A further interesting extension of this analysis would be to
explore the trade offs between figures of merit such as con-
currence, efficiency, indistinguishability, and single-photon
purity [12,13,15,16,20,23,48,49], the latter two of which are
not easily computed using a polaron master equation method
due to the necessary non-Markovian extension to the quan-
tum regression theorem that is used to calculate two-time
correlations [45,46]. We also emphasize the need to de-
velop protocols that can exploit this unconventional source of
hyperentangled photon pairs [11].
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APPENDIX A: SPECTRAL DENSITY
OF THE PHONON ENVIRONMENT

The dot-phonon coupling spectral density is given by
3

5 20\ 2
o Do~/ 4D _ pLe a4 (Al
4n?phcy

J(w) =
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with D, =7.0 eV, D,=-3.5 eV, p=>5370 kg/m>,
¢s =5110m/s, a./a, = 1.15, and a, = 3.0 nm, which are
typical values for GaAs-based self-assembled quantum dots
[50].

APPENDIX B: PROCESS TENSOR CONSTRUCTION

The process tensor is computed using a discretized
Feynman-Vernon path integral, as follows

n n—j

Fhueenbt l_[ H [b 1+ B1)

j=11=0

where the elementary tensors b; depend on the eigenvalues A
of the environmental coupling operator through

] = e~ =) (medy =mide, ) —

uwov

(B2)

with the 7, being determined by the bath correlation function
C@),

t; t
/ dt’/ dt"c(@t' —t"y i=j,
m-j =" (B3)
/ dt// dr"C(i' —t") i#j,
ti—1 ti—1

where
°° Bhw .
C(t)= [ da)J(a))|:coth(7> cos(wt) — zsm(a)t)]
0

(B4)

and B is the inverse temperature of the bath.

The product described by Eq. (B1) can be depicted graph-
ically as a tensor network, as shown in Fig. 2, by defining the
tensors

J v J v
JUCSMV[bk]I; = and (5"“’[1)0}? = If’il - (BY)
po o

We use the uniTEMPO algorithm [32] for contracting and
compressing this tensor network, which results in the uniform
process tensor shown in Fig. 2.

We now consider a coupling operator O with eigenvalues
X;, corresponding to Liouville indices i = (y1;, /L), that have
some degeneracy. We group together degenerate eigenvalues
by relabeling [z as = (i, m) = (i1, pt,), (my, m;)) such
that the eigenvalues satisfy Az, = A(u,.m) = Ay, 1.€., they are
degenerate in the second index. This relabeling allows us to

rewrite the [b;]*" tensors as

[Ek]ﬂ\? — [Ek](,u,m)(v,ﬂ) — [bk]/w (l)m(l)n
k| = k = 'm L 3
T | (B6)
nov wm. o vn wovomn

where (1)) = 1 for all i. Since the process tensor F is com-
posed only of b tensors, it factorizes in just the same way,
allowing one to calculate only the minimal process tensor for
the set of nondegenerate eigenvalues, and use this to propagate
the system state, as depicted graphically in the second row of
Fig. 2.

APPENDIX C: DETAILS OF THE POLARON
MASTER EQUATION

The unitary polaron transform is defined as
H =He ™S, (ChH

where S = O Dk 8K/ wk (bz — by).

In order to express the quantities entering the final master
equation given in the main text, we first define the phonon
propagator

o) = /00 dow J(—C;)) [coth(@) cos(wt) — isin(a)t):|.
0 W 2

(C2)
The phonon-induced renormalization factor of the coupling
constants (B) can then be expressed as (B) = e %2, The
polaron shift is related to the spectral density through
A, = fooo dwJ(w)/w, and the response functions «,/,(w) are
given by the Fourier transforms of the correlation functions
Cepy (1) [41],

ku(@) = /Oodt Cu(1)e™, (C3)
0
where [42]

2
Cult) = %(eww et ),
(C4)
<B>2 (1) —o(t)
Cy(t) = T(e —e )

APPENDIX D: COMPUTATIONAL RESOURCES

All calculations were performed on a conventional laptop
computer equipped with Apple M2 Pro chip and 16 GB uni-
fied memory. The computation times associated with each
data point in Fig. 5 are typically 5 hours for uniTEMPO
calculations and 50 minutes for PME calculations.
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