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Antibunching in locally driven dissipative Lieb lattices
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In Lieb lattices, geometric frustration and destructive interference of hopping cancels the occupation of certain
sites, leading to flat-band physics. Here, we show numerically how, in the driven-dissipative Bose-Hubbard
model arranged into Lieb lattices and related geometries, specific localized driving schemes can repurpose this
interference to generate enhanced antibunching via a mechanism similar to the so-called unconventional photon
blockade. Stochastic simulations using the positive-P method allow us to calculate occupations and second-order
correlations exactly for extended lattices. We use this to optimize the parameters for the possible observation
of this effect in polariton micropillar experiments. This work demonstrates the possibility of using localized
driving and interference effects to generate nontrivial quantum correlations in open quantum lattice systems—
specifically, producing antibunching in the dark sites of the flat-band system rather than the usual and less useful

bunching.
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I. INTRODUCTION

Great progress on implementing and controlling photonic
systems in experiments [1] has led to a wide array of plat-
forms for realizing open quantum systems. Cavity QED [2-4],
circuit QED [5-9], arrays of optical cavities [10,11], quan-
tum dots [12], polariton lattices [13—29], and ultracold atoms
[30] have each found success as physical implementations of
various driven-dissipative quantum models. While significant
external drive and dissipation can normally be considered a
detriment to maintaining nontrivial quantum correlations, it
also endows these systems with a high degree of accessibility
and tunability of their internal states. Quantum features of
stationary states of an open system do not suffer from the
fragility inherent to closed systems. Likely due to the vast
number of possible configurations that can be considered,
the possibilities enabled by engineering specifically localized
driving schemes in interacting open quantum systems have
only recently begun to be studied [31,32].

Many of these systems can also be engineered into a variety
of lattice geometries, which may carry their own geometric or
topological properties. Lieb lattices have been widely studied
with polariton micropillars [20,22,24,25], which we will focus
on as the primary physical context for the investigations per-
formed in this work. They can display a range of interesting
physics due to frustration and interference effects, including a
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flat-band structure [33,34]. It was previously shown that in the
mode corresponding to the occupation of the flat band, inter-
ference in driven-dissipative Lieb lattices results in a strong
bunching of second-order correlations on the less occupied
dark sites of each unit cell [35,36], which makes a large
departure from coherent or thermal states.

In contrast to bunching, antibunching of second-order cor-
relations cannot be achieved by classical mechanisms [37],
and so have been highly sought after as signatures of quantum
correlations in exciton-polaritons [38,39]; however, the degree
of antibunching achieved by the usual photon blockade in
single micropillars is fairly modest due to the low ratio of
interactions to dissipation. Unlike the regular photon block-
ade, where multiple occupations are suppressed by the energy
shift from interactions, the unconventional photon blockade
(UPB), first discovered in [40], is a mechanism that results in
strong antibunching on the one driven site of a pair of cou-
pled resonators, such as a driven-dissipative Bose-Hubbard
(DDBH) dimer, even with these weaker interactions. The ef-
fect is caused by destructive interference between different
paths that eliminates the probability of multiple occupation of
the target site; for example, in the DDBH dimer the amplitude
for a second boson to occupy the coherently driven site is
canceled, either partially or completely, by the amplitude for it
to hop to the neighboring site and back [41]. Since the initial
proposal, there have been a number of further investigations
into different implementations of the UPB and the physics
behind it [41-51] and even some successful experimental
realizations of it [52,53], all of which are focused on two-site
systems, as in the original proposal.

In this work, we will show how on extended open quantum
lattice systems the interplay plus possible underlying physical
connections between the UBP and geometric frustration in
Lieb lattices, along with tailored localized driving, can enable
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the generation of nontrivial quantum correlations on chosen
sites. Particularly, this approach may provide an alternative
avenue forward for generating significant antibunching and
other quantum correlations in exciton-polariton micropillar
lattices, despite their lower interaction to dissipation ratios.

II. MODEL AND METHODS

We investigate DDBH models in Lieb lattice geometries.
A general form of the Hamiltonian for the system, written in
the frame rotating with the driving frequency, is given by

= D Uiyl 4T aa), (1)

where A and U are the on-site energy detuning and interaction
strength, respectively, F; is the local drive on site j, and
the hopping J; ; = J for all pairs of adjacent sites, unless
otherwise stated, and O otherwise. Each site also experiences
a local dissipation y, such that the evolution of the density
matrix p of the system is given by the master equation:

ap o~ an N aata
5 = —ilH. p1+ Z —(Za,/oaT ata;p — pala;). (2)

To obtain the results of this work, we solve the master
equation using the positive-P method. A mapping from p to
the probability distribution P(a) over a complex phase space
a = {oj, B;} defined by

D = fd&P(&)]\(a),

e
Mo = 6? Brlay) )

where {«;, B;} are coherent state amplitudes defined in the
usual way such that a;|a;) = a;|c;), allows the master equa-
tion (2) to be converted to a Fokker-Planck equation for P(@),
and in turn stochastic differential equations for trajectories
of {«;, B;} which sample P(a&). This method allows quantum
mechanical observables to be calculated from appropriate av-
erages over the stochastic trajectories in this complex phase
space. It provides exact results in the limit of sufficiently large
numbers of trajectories, provided the dissipation in the system
is sufficient to stabilize the method [36,54,55]. Further details
of how this method is implemented for the DDBH model
are provided in our previous work [36]. The resulting Ito
stochastic differential equations for the complex phase space
variables (o, B;) are

da; . . . 14
8_tj =ilAoj — zerjzﬂj —iF; — %
+iZ]]v],aJ/ —+ _l.U(XjéJ(a), (43)
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—iY By + ViUBED, (4b)
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where E;Z) are uncorrelated real Gaussian noises with
(EPOET W) = 8,28;78(t — 1) and (£ (1)) = 0. To pro-
duce trajectories, these are solved numerically using the
XMDs2 package [56].

Relevant observables calculated in this work are the local
occupations

ni(t) = (@1 ()a; ) = (a;(O)B;(0))pe, )
and second-order correlations g(jz)(t) with time delay t [57],
which are calculated from the positive-P results as
(@hmali(e + va; + v)a; )

nj()n;(t + )
oDt + 1B + B () pp ©)

nj(tn;t + 1) ’

where each average (...)pp involved in calculating these ob-
servables is taken over both the set of stochastic samples as
well as over the time ¢ within the steady state. Simulations are
run starting with vacuum initial conditions [all o;(t = 0) =
Bj( = 0) = 0] until time ¢ far into the steady state. Averages
over a total of 2000 samples are used for the results presented
in this work.

A characteristic feature of the UPB is the form of the time-
delayed second-order correlations g(iz)(‘t). In the case of the
UPB, these correlations oscillate in 7, with a period inversely
proportional to the hopping J [40,41] and have antibunching at
T ~ 0. In experiments, Photon detectors needed for perform-
ing measurements of g )(0) will typically have some finite
resolution in time. To detect the antibunching from the UPB,
it is therefore useful for the period of these oscillations to be
as long as possible compared to the time resolution of the
detectors. In the following section, we will explore geometries
and parameter values of the DDBH to find optimal conditions
for future experiments to observe the correlations.

g =

III. RESULTS
A. Optimal parameters for antibunching in a three site chain

We begin by considering the simplest example relevant to
Lieb lattices, a single unit cell or three-site 1D chain, shown in
Fig. 1. This system has the advantage of being small enough
that it is still possible to make progress with some of the
analytical techniques that have been used to study the two-site
UPB. In particular, we take the method of [41], where the
optimal parameters for UPB are found by solving the master
equation in the weak driving limit when setting the amplitude
for two bosons to occupy the relevant site to 0 and apply it to
the three-site chain, where the amplitude we set to O in this
case is that for two bosons to occupy the middle (B) site.

This process, which we detail fully in Appendix A, leads
to a pair of equations which relate the values of physical
parameters that produce optimal antibunching of the middle
site:

2
4N —UA* -

U
3p’A —JU + —— =0, (7a)

6yA? —UyA —

)4
4
V
— =0. 7b
) (7b)
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FIG. 1. Diagram of a single Lieb lattice unit cell, equivalent to a
three-site 1D chain with open boundaries. Local dissipation y occurs
equally at all sites, but a coherent drive F is applied only to the C
site, with hopping J between neighboring sites allowing occupation
to then spread to other sites in the lattice.

We identify Aqpy and Jop as the values of A and J that give
optimal antibunching, i.e., that solve Egs. (7), for a given value
of U and y. Solving the quadratic equation (7b) for A gives

U+ U2+ 122 ®)
12 ’

Aopt =

which can then be used with the solution of (7a), to find the
corresponding Jop; as

3
Jopt = y_2 A2 4 4A5n _ 3y2 Aopt
p 4 opt U U

; €)]

noting that only the negative solution of (8) gives real values
of Jopt-

The solutions of (8) and (9) across orders of magnitude in
U are shown in Fig. 2. The behavior is qualitatively similar
to that seen for the UPB on two sites [41]; however, the limit
of Jop: as U — oo is smaller for the three site chain, Jop —
¥ /2 as opposed to Jopy — ¥ /~/2, which suggests exploring
UPB-like effects in systems larger than just two sites may have
advantages for increasing the period of oscillations in g(jz)(t),
which scale as 1/J.

For our positive-P simulations dedicated to this problem,
we choose U = 0.1y as a value well within the regime of
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FIG. 2. Analytical values of optimal parameters for antibunching
on central site of three-sitt DDBH chain, calculated in the weak
driving limit, across orders of magnitude in U. Left panel: Optimal
detuning A, Right panel: Optimal hopping strength J;.
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FIG. 3. Second-order correlations g(jz)(r) on the B site using
optimized parameters A = —0.28y, U = 0.1y, J = 2.775y for two
different values of the coherent drive F' applied to site C. Note that
; ©) . .
in both cases, g;”(7) for sites A and C are approximately equal at all
T.

applicability of the positive-P method [36], as well as accessi-
ble to the state of the art in polariton micropillar experiments.
For this value of U, the above formulas give Aqp = —0.28y
and Jop = 2.775y. A plot of g(jz)(t) for these optimal param-
eters is shown in Fig. 3.

The results in Fig. 3 show the characteristic oscillations
with 7 typically seen with the UPB. Another feature that is ap-
parent here is that a weaker external drive F results in stronger
antibunching, i.e., smaller g(zz)(O); for F =y, we get g(zz) 0) =
0.271(6), while F = 0.5y results in g5’ (0) = 0.10(2). There
is a trade-off, however; smaller F also results in reduced
occupation of the relevant site, which would make the effect
more difficult to observe in experiments. This naturally arises,
as higher occupation states should be expected to have higher
amplitudes for n > 2 in the Fock basis, which contribute to
the size of g(zz)(O).

B. Exploring larger structures

We now go on to explore these effects in larger structures
to investigate if any further advantage can be obtained. The
sort of analysis performed in the previous section quickly
becomes unwieldy for larger lattices, so any optimization of
the physical parameters must instead be performed using the
results of the positive-P simulations. Furthermore, we direct
our investigations toward maximizing the viability of repro-
ducing the results in polariton micropillar experiments; this
means not just finding the smallest value of g(zz)(O) achievable,
but rather balancing the degree of antibunching against having
large enou%h occupation and a large enough period of oscilla-
tions in g(22 (7) to make it possible to observe experimentally.

One possible simple example beyond the single Lieb unit
cell is the five-site chain shown in Fig. 4. We label the sites in
this structure as if it is a quasi-1D Lieb lattice of two unit cells,
without the A site of the second unit cell. The choice of pa-
rameters used here are not optimized, but a minimum g(jz)(O)
of ~0.55 is achieved on the two B sites, which are adjacent
to the driven site. Compared to the results of the three-site
chain in Fig. 3, the maxima of g(.z)(t) on either side of the
central minimum at T = 0 are much smaller, which could be
a possible benefit to using a more complicated system such as
this to achieve antibunching by this UPB-like effect.
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FIG. 4. Five-site chain driven locally at the central site. (a) Di-
agram of the structure, which we label using the conventions of the
Lieb lattice. (b) Second-order correlations g(jz)(r) on the two B sites
for A =—-02y, U =0.1y, J =F = 1.5y; due to the symmetry,
results are approximately equal for both B sites.

C. Antibunching in locally driven quasi-1D Lieb lattices

For the remainder of this work, we will focus on how
this effect manifests in more complete Lieb lattices. In this
section, we will look at how a locally driven quasi-1D DDBH
Lieb lattice can be optimized for the practical observability of
antibunching occurring on a particular site. A diagram of the
exact structure we consider in these positive-P simulations is
given in Fig. 5. A coherent drive is applied only to the central
site 3C of this five-unit cell chain.

Figure 6 shows the values of  and g®)(0) across the lattice
that result for one example set of parameters, U = 0.1y, A =
—0.2y, F = J = 3.0y. The occupation n on each of the sub-
lattices A, B, C appears to decay roughly exponentially with
distance from the driven site. Much like what is typically seen
for the flat-band mode of Lieb lattices [20,22,24,25,35,36], the
B sites are dark, with occupations typically around an order of
magnitude less than their nearest C sites. The second-order

FIG. 5. Diagram of locally driven quasi-1D Lieb lattice of five
unit cells with smooth edges, i.e., there is no A site on the final unit
cell, with open boundary conditions. Coherent drive is applied only
to site 3C. Site 3B, highlighted in green, achieves strong antibunching
in g (0) due to interference effects.
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FIG. 6. Occupation n (top panel) and second order correlation
g?(0) (bottom panel) across the quasi-1D DDBH Lieb lattice of
Fig. 5 driven on site 3C. Parameters are U = 0.1y, A = —0.2y,
F =J = 3.0y. Values for the A sites of each unit cell are horizon-
tally offset from those for the B and C sites, so as to reflect the spatial
structure of the lattice.

correlations show strong antibunching with g (0) = 0.468
on site 3B, which is immediately adjacent the driven site,
while B sites further out display bunching, more like what
was seen in previous work where all the C sites are driven
[35,36]. In comparison, A and C sites merely show a very
slight antibunching, ranging from almost completely coherent
g2 (0)~ 1 on the driven site to g»(0) ~ 0.8 on the less
occupied sites near the edges.

As such, in what follows we focus on the values of n and
g? in site 3B adjacent to the driven site 3C. Details of our
investigations into optimizing the system parameters for ob-
serving the antibunching on this site are given in Appendix B.
From that analysis, we choose the parameters A = —0.2y,
U =0.1y, F =J = 3.0y as a primary example that provides
a good compromise between minimizing ¢g®*)(0) on site 3B
while attempting to maintain enough occupation and a large
enough period of g»(r) to make its observation realistic.
The full form of g?(t) on site 3B with these parameters is
shown in Fig. 7. The characteristic oscillations associated with
the UPB can once again be seen, although the exact form is
significantly more complicated due to the large number of
sites involved. A possible advantage to this setup is that the
maxima of g®(r) are much smaller than in the traditional
two-site UPB [36,40,41] or the single unit cell example in
Fig. 3. However, the period of the oscillations, which we
measure as the gap in T between the two maxima either side of
T = 0, is still only about as long as the polariton lifetime 1/y.

185306-4



ANTIBUNCHING IN LOCALLY DRIVEN DISSIPATIVE ...

PHYSICAL REVIEW B 114, 185306 (2026)

L3 (1), A=-02,U=0.1,F=30,J =30

1.2
1.1

L — T T T T T T T T

T09

%,0.8

Jury
o
OF
S fF
GF
&SF
F
'
NS
'
o
ok
'
—_
ol
[y
Nk
whk
NS
nk
ok
N8
ol
o}

10

FIG. 7. Second-order temporal correlations g (t) on site 3B of
the five-unit cell quasi-1D DDBH Lieb lattice driven on site 3C.
Parameters are U = 0.1y, A = —0.2y, F =J = 3.0y.

A useful direction of further investigation is therefore to see
if there is a way to increase this period without compromising
the degree of antibunching in g (0) achieved.

D. Engineering interference with additional driving

In the two-site UPB, applying a separate coherent drive to
the second site, with an appropriate amplitude and phase rel-
ative to the drive on the first site, can modify the interference
to allow optimal antibunching to be achieved for arbitrary
values of the other parameters of the system [44,51]. Here,
we investigate how a similar principle can be applied to the
quasi-1D Lieb lattice. To achieve this, we alter the scheme
shown in Fig. 5 to include an additional coherent drive, which
we refer to as the background drive, at strength Fj, on all the
C sites other than 3C, which is still driven with strength F', as
shown in the diagram, Fig. 8.

The addition of this background drive F;,, allows the degree
of antibunching on 3B to be greatly improved for parameters
that were previously suboptimal. Specifically, in Appendix B,
we optimize F, to achieve similar results for n and g*(0) at
J = 1.5y. We show in Fig. 9 that this decrease in J leads to a
proportional doubling of the period of oscillations in g (),
as expected. This has the potential to be helpful for allowing
this effect to be measured in experiments, as discussed earlier.
Considering how this arises in analogy to what we observe

FIG. 8. Diagram of locally driven quasi-1D lieb lattice of five
unit cells with smooth edges, i.e., there is no A site on the final unit
cell, with open boundary conditions. Coherent drive with strength F
is applied only to site 3C, while other C sites receive a coherent drive
with strength F;,. We once again focus on the resulting behavior of
site 3B, highlighted in green.

L3 g2 (), A=-02,U=01,F=15 F,=08 J=15

1.2
1.1

T09
208
0.7
0.6
0.5

O. | I I S N N S E— F I I T S SN S S —
‘-‘10-9-8-7-6-5-4-3-2-10 12345678910

FIG. 9. Second-order temporal correlations g® () on site 3B of
the five-unit cell quasi-1D DDBH Lieb lattice driven as shown in
Fig. 8. Parameters are U = 0.1y, A = 0.2y, F =J = 1.5y, Fj, =
0.8y.

from the analysis of the three-site case, the additional drives
should increase the amplitudes for occupation of the sites
further along the lattice, offsetting the effect of the decrease in
J on the contribution of hopping terms from them to the target
site. In principle, even more complicated driving schemes
with more independent values of the drive strength on each
C site or even driving on other sites could be used to further
manipulate the interference effects in the lattice.

E. Relation to flat-band physics

An interesting further direction of investigation is to ex-
plore the relation between this UPB-like effect and the flat
band physics in Lieb lattices. The single particle spectrum of
the Lieb lattice has three bands, the middle of which has a flat
dispersion [33,34]. The situations considered here, where the
B sites are dark compared to the A and C sites, correspond to
the occupation of the flat band [20,22,24,25,35].

To see what role the flat-band physics plays in this en-
hanced antibunching, we look at the occupation spectrum in
our positive-P simulations. This is achieved by taking the
discrete Fourier transform of the stochastic complex number
fields o, j, Bs,j in space and time by

1 N to+(N—1)ét
~ _ iwt
ak, w) = NN, Z Z e

j=1 t=ty
x [(ac,j + OlB,j)eik(j_%)d + g e, (10a)

1N kD
o _ —iwt
ﬂ(k’w)_NNZZ Z €

=1 t=t
x [(Be.j + Bo.j)e =24 4 g, o™i (10b)

where N is the number of unit cells, d is the distance between
equivalent lattice sites in adjacent unit cells, i.e., twice the
spacing between neighboring sites, and o, ;, Bs,; is sampled
in time at N; times evenly spaced by an interval ¢ beginning
at a time #y within the steady state. The occupation spec-
trum 7i(k, w) is then calculated by averaging over stochastic
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FIG. 10. Occupation spectrum 7i(k, w) (color scale, arbitrary
units) of 20 unit cell quasi-1D Lieb lattice driven locally on site 11C
for parameters U = 0.1y, A = Ay = Ay =02y, F =J =3.0y
for Ac = A (top) and A¢c = —5.0y (bottom). Single particle spectra
in both cases are shown as dotted pink lines.

realizations:

ik, w) = (a(k, w)B(k, w))pp. (11
To improve the resolution in k space, we consider a mod-
ification of the setup of Fig. 5 to include more unit cells.
Instead of five unit cells, we instead use a chain of N = 20 unit
cells, driven on site 11C. Since the coherent drive is entirely
localized, increasing the system size beyond a certain point
should no longer noticeably affect the physics, and merely
improve the k resolution. With this arrangement, we consider
both the occupation spectrum 7i(k, ) and the value of g»(0)
on site 11B.

We probe the relation between the flat band and the en-
hanced antibunching by looking at how altering the system
so it no longer has a flat band affects the value of g®(0)
on site 11B. One simple way to do this is to is to make the
local energy detuning of the C sites A¢ different from the
local energies of the other sites in the lattice Ay = Ag = A.
In Fig. 10, we show the occupation spectra, overlaid with
the calculated single particle spectra, produced in this system
withU = 0.1y, A = —0.2y, F = J = 3.0y for both the case
with Ac = A, which exhibits a flat band, and a case with
Ac = —5.0y, which transforms the flat band into a dispersive
band. For A¢ = A, the site 11B has g®(0) = 0.449(9), while
Ac = —5.0y only gives very weakly antibunched g®(0) =
0.948(3). While the normal signature in g»(0) on the dark
(B) sites associated with occupation of the flat band state
by uniform driving of the C sublattice is strong bunching
g?(0) > 1 [35], by using a specifically localized drive we

axcxoxoxo
cxaicxox.
oxomxoxo
cxcxoxoxo

FIG. 11. Diagram of locally driven 2D Lieb lattice of 5 x 5 unit
cells with smooth edges and open boundary conditions. Coherent
drive is applied to the two C sites nearest the center of the lattice,
(3,3)C and (3, 4)C. The central site (3, 3)B, highlighted in green,
achieves strong antibunching in g®(0) due to interference effects.

can repurpose the interference effects to produce antibunching
2?(0) < 1 instead.

F. Enhanced antibunching in a 2D Lieb lattice

Finally, we explore if this effect of enhanced antibunch-
ing can also be implemented in 2D Lieb lattices. In our
exploratory try, we found no outstanding practical advantage
to moving to 2D over the quasi-1D Lieb lattice, but we include
one example here as a proof of concept. A diagram of the
arrangement of the 2D Lieb lattice we modeled is shown in
Fig. 11. The system considered is a 5 x 5 unit cell Lieb lattice
(65 sites) with flat edges on all sides: the rightmost unit cells
have no A sites, while the bottom unit cells have no C sites. We
focus on producing enhanced antibunching in the centermost
B site, in unit cell (3,3) when labeling the unit cells by their
location (x,y). We drive the system in a symmetrical way
via the two closest C sites, i.e., (3,3)C and (3, 4)C, with
a coherent drive of strength F. The values of n and g (0)
across the lattice for parameters U = 0.1y, A = —0.2y, F =
J = 3.0y are shown in Fig. 12. With these parameters, the
central B site achieves g®(0) = 0.65 with an occupation of
n = 0.23. Some other sites achieve stronger antibunching, but
with correspondingly much smaller occupations.

IV. CONCLUSIONS

We have used the positive-P method to explore various
situations in which interesting and potentially exploitable
quantum correlations can be induced by local driving in
DDBH Lieb lattices through interference effects. We have
focused primarily on how antibunching [g®(0) < 1] can be
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FIG. 12. Occupation 7 (left panel) and second-order correlation g»(0) (right panel) across a 5 x 5 unit cell 2D DDBH Lieb lattice driven
on sites (3, 3)C and (3, 4)C. Parameters are U = 0.1y, A = —0.2y, F =J = 3.0y.

produced on one of the B sites using a localized drive on
the adjacent C site. In analogy to the previously discovered
unconventional photon blockade, significant antibunching on
the relevant B site results when the parameters are tuned such
that interference of the hopping terms from adjacent sites
eliminates the amplitude for two bosons to occupy that site,
while maintaining some possibility of single boson occupa-
tion.

This can also be considered a counterpart to the mechanism
of bunching in driven-dissipative Lieb lattices observed previ-
ously [35], where destructive interference of hopping in the
lattice eliminates the single occupation amplitude on the dark
sites but leaves some amplitude for double occupations. To
support this view, in Sec. III E it was seen that destroying the
flat band of the Lieb lattice also has the effect of destroying the
enhanced antibunching. This is not to claim that the enhanced
antibunching in the locally driven Lieb lattice is a signature
of flat band physics, since, as shown in Sec. IIT A, it can
occur similarly in the case of a single unit cell, where it no
longer makes sense to consider the system to have the band
structure of a full Lieb lattice. Rather, the connection is that
both the flat band and the enhanced antibunching share a com-
mon physical origin: destructive interference on the B sites
of the Lieb lattice. The flat band is produced by destructive
interference eliminating the occupation on, and therefore also
hopping through, the B sites, which in turn prevents bosons
from moving through the lattice, giving a flat dispersion (no
kinetic energy); on the other hand, the enhanced antibunching,
as in the UPB, is produced by destructive interference elimi-
nating the probability of multiple occupation of the relevant B
site. The investigation of Sec. III E does also imply that this
effect may be somewhat sensitive to variations in the local
parameters of the lattice; however, in such scenarios it may
also be possible to compensate by carefully tuning the drive
or even driving additional sites, similar to Refs. [44,51], to
reestablish the interference.

We optimized the parameters of the model to maximize
the ability to observe antibunching in polariton micropillar
lattices. Using the scalability of the positive-P method to

allow for the simulation of extended lattices, we have shown
there are some advantages to using larger structures for this
purpose compared to the traditional two-site UPB or even
our three-site UPB of Sec. III A. Larger structures can both
increase the period of oscillations in optimal conditions as
well as reduce the size of the initial peaks of g®(r) on
either side of the minimum at T = 0, as can be seen in the
plots of oscillations in g (7) throughout. Both effects aid in
observing antibunching when using real detectors with finite
time resolution. Applying additional driving terms on other
sites in the lattice can also be used to modify the interference
with the aim of making the antibunching signal better suited
for this purpose.

Beyond this work, the results presented here are by no
means exhaustive of all the possible localized driving schemes
that one could investigate. This work broadly opens the way
to further exploration of different arrangements of drives and
lattice geometries to find other situations in which antibunch-
ing or other interesting correlated states might be generated
by interference effects in driven-dissipative quantum systems.

Note added. Recently, we were made aware of a UPB-like
effect recently demonstrated for a four-site ring [58].
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APPENDIX A: ANALYTICAL OPTIMIZATION OF 3 SITE
UNCONVENTIONAL PHOTON BLOCKADE

This Appendix details the analytical solution of the three-
sitt DDBH model in the weak driving limit, used to calculate
the parameters for optimal antibunching of the central site
in Sec. IIT A. The calculation proceeds as follows: First, we
begin by taking an ansatz for the state of the total system as a
superposition of Fock states for up to two bosons distributed
throughout the lattice,

) = Co|000) + e~ (Cig0|100) + Co10/010)

+ Co011001)) + e 2" (Cy00|200)
+ C020/020) + Cop21002) + Cy10/110)

+ Ci011101) + Cp111011)), (A1)
with the amplitudes obeying a hierarchy
Cooo > Cio0, Coro, Coor >
Co00, Co20, Coo25 C110, Cro1, Con (A2)

due to the weak driving approximation. This will be used to
further approximate the density matrix p of the system by
keeping only up to linear order in the amplitudes other than
Cooo, leading to

p =1¥) (¥ ~ |Com|*|000) (000]
+ Coool¥") (0001 4 Co00|000) (¥,

where [¢') = 1) — Co00|000).

We will take this approximation of p and substitute it into
the master equation for the system. For a general DDBH
lattice and in the frame of the coherent drive, this is given
by (2) with the Hamiltonian (1), but for this purpose we will
rewrite it in the laboratory frame for this specific three site
chain as

(A3)

ap N R
— = —i[Hjsjte, £]

R U
_ A A AT A A
Higie = Z |:a)ajaj + Eajajajaj]
j=1
4 Fefiwpt&i + F*eiw,,taj
+J@ay +ajay + abas + alan).  (A4b)

Using (A3) and the properties of the creation and annihila-
tion operators, this reduces to

8Cooo |1ﬂ>

—. [¥){(000] + COOO (000

1.8 T T T T T T

1.6} U=01y, F=J=3.0vy

0.2 -

0 I 1 1 1 1 1
-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2

Aly

FIG. 13. Variation in n and g®(0) of site 3B with A. Other
parameters are fixed as U = 0.1y, F =J = 3.0y.

NIY

ZC()koo< 1H351te|1/f (000| —

Xi: 000|>

dCy, « 1Y)
= ooole_ Chy a‘tp

= Cono (—iﬂssitellﬂ) - (AS5)

and if we consider the steady state, i.e., ag‘;’"‘ = 0 for all the

amplitudes Cp,, then this further simplifies to

o)

9 = _iﬁSSite“”) -

(A6)

Furthermore, in the steady state, the left-hand side also can be
expanded as

0 .
T — iy (ol 100) + Cool010) + oy 001)
— 2iwpe” 2" (Cy00|200) + Ci20l020) + Co021002)
+ Ciiol110) + Cio1101) + Con011)). (A7)
08 T T T (2)
+n,+¢'%(0), F = 3.0y
0.7 A=-02v,U=0.1y ©)
n,+g?(0), F = 4.0y

o
)
[y
w
o
[
Ny
e
ot
ot

FIG. 14. Variation in n and g (0) of site 3B with J at fixed F =
3.0y and F = 4.0y. Other parameters are fixed as U = 0.1y, A =
—0.2y.
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FIG. 15. Variation in n and g®(0) of site 3B with drive strength F at fixed J = 3.0y (left panel) and when maintaining relation F = J

(right panel). Other parameters are fixed as U = 0.1y, A = —0.2y.

Substituting this into (A6) and comparing the coefficients of
each Fock state |abc) leads to a set of nine simultaneous
equations for the amplitudes C,j.. These are

. . . . 14
—iw,Cioo = —iwCioo — iJCyro — iF Coop — ECIOO
iy
—A— > Cioo +JCo1o + FCpoo, (A8a)
. . . . Y
—iw,Coio = —iwCorp — iJCiop — iJCoo1 — 5C010
iy
—A— > Coto + J(Cioo + Coo1),  (A8b)

. . . Y
—iw,Coo1 = —iwCoo — iJCy1o — Ecom

i
=0= (—A - %)Com + JCoro, (A8c)
—2iw,,C200 = —Zia)Czoo - iﬁ]cHO
—iv/2F Cig9 — y Cago — iU Cao
U iy
s0=2(-a+=--%)c
( + 5 ) ) 200
+~/2JC119 + V2F Cyo0, (A8d)
0.6 . . . . : . . : :
0.5F 4
0.4F i
0.3 +n
3t +(0) A=-02y, F=J=30y .
0.2F i
0.1F i
(()],05 0(;")5 04106 0.665 U4I07 0.[;75 0.:’]8 0.(;85 0.‘09 0.(;95 0.1

Ulvy

FIG. 16. Variation in n and g®(0) of site 3B with U. Other
parameters are fixed as A = —0.2y, F =J = 3.0y.

—2ipr020 = —2ia)C020 - i\/EJC“o
—iv2JCo11 — y Cono — iU Cono
So0=2(-a+ L _7)\q
- ) ) 020

+~/2J(C110 + Corn), (A8e)
—Zipr()oz = —2ia)C002 - ix/EJCOH —-Y C002 - iUC()()g

Ui
=0= 2<—A + > %)Cooz +V2JCon1, (A8

—2iw,Ci10 = —2iwCy1o — iv2JCao
— iv/2JCopo — iJCio1 — iFCor0 — y Cino

=0= 2<—A - %)Cno + FCoro

+J(Cio1 + V2[Ca00 + Cono]),
—2ia)pC101 = —2ia)C101 — i]Cll() — iJC()ll
—iFCoo1 — ¥ Cror

iy
= 0= 2(—A — E)CIOI

+J(Cr10 + Cor1) + FCoot,
—Zipr()ll = —2ia)C011 - iﬁJCQOQ - i\/EJCOZ()
—iJCio1 — y Conr

= 0= 2<—A = %)Cou

+J(Cio1 + V2[Co02 + Conol),

(A8g)

(ASh)

(A8i)

where for the single occupation amplitudes (A8a)—-(A8c), we
have used the approximation (A2) to neglect any dependence
of these on the two boson amplitudes, and A = w, — w. Re-
arranging (A8c) gives

Coo1 = —, (A9)
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which can then be substituted into (A8b) to give

To obtain the parameters for optimal antibunching on the
central site, g(zz)(O) = 0, we can proceed by setting the ampli-
tude for double occupation of that site Cppo = 0. As well as
eliminating Cp¢ from (A12) above, this also reduces (A8e) to
a simple relation C19 = —Cp;1, which when substituted into

(A8h) gives

Cior- (A13)

Applying (A9) and (A10) sequentially to this gives equa-
tions for the other two single boson amplitudes in terms of
Cio:

iv\ 2
Coio = Z(A - %) C (A14)
010 — JF 101,
(A+%2) A+%
Cioo =2 - = )Cion, Al5
100 ( ¥ 7 > 101 (A15)

the second of which, along with (A12) to replace Cjjo =
—Co11, can be substituted into (A8d) to give Cyg in terms of
Cior:

J2

- Cior. (A16)

j J*C
0= <—A — Z)Cm() + JCipo + 01»0
2 A 71’
A+Z J
= Cioo = < 2 _ F )COIO- (A10)
J A+ %
Similarly, for (A8f),
JCon
Con = —F 7= (Al1)
(A-%+Z)V2
and substituting this into (A8i) gives
i J2C
0= 2<—A - %)Con +JCio1 + V2T Cono + ———
A-3+5
200+2 J
=>C101+\/§C020=< ( 7 7) — 7 iy)Con.
A-ZF+7F
(A12)
|
. 3 .
c 1 2(A+ %) 2(A+7)
200 = — = U i - U i
V2| P(Aa-5+%) A-5+7

2o+ P57

Finally, we use (A8g) and, after setting Cppo = 0, rewrite all other amplitudes in terms of Cj; by substituting in the respective
equations above. This leads to an equation with just the parameters of the model and Cg,,

2(@a+3)(A-5+7)

20+ 2(a+y

2o+ R)B-5+5) -7

J3

2+ DB-§+5) -7

which can be further simplified as we need Cjo; # 0, other-
wise all the amplitudes will become 0, allowing Cjo; to be
divided through to leave an equation relating only the physical
parameters of the DDBH model. After some rearranging of
terms, this takes the form

. 3 . 2
4<A+%> —U(A—i—%) —J2U =0.

Expanding the powers of (A + %’), we can split this into
two equations for the real and imaginary parts, as given by
Egs. (7).

(A18)

APPENDIX B: OPTIMIZING PARAMETERS FOR
OBSERVABILITY IN QUASI-1D LIEB LATTICES

Here, we investigate how the antibunching on the target
site 3B and other factors that would affect its experimental
observability are affected by varying the physical parameters
of the DDBH model, A, F, J, and U, for the system of Figs. 5
and 8 in Secs. IIIC-IIID; y is taken as the energy scale.
We optimize this system by the following priorities: First, the
aim is to minimize the value of g®(0) on site 3B, however,

gD 2T+t
2
2(A+ %
( 7 E Cio1 =0, (A17)

(

the occupation of site 3B must also not be so small as to
make it unrealistic to actually perform g* measurements of
that site; we take n > 0.1 as a lower bound. A third possible
consideration is to make the period of oscillations in g® (1)
as large as possible, which would be achieved by making
J as small as possible, without too heavily sacrificing the
degree of antibunching achieved. To begin, we focus on the
optimization of parameters in this way for the single drive
setup of Sec. I C. We will show how the parameters used
in Fig. 6 are chosen as a good compromise between all these
factors.

The first consideration is the dependence on the local en-
ergy detuning A, which is given in Fig. 13. It can be seen that
for this setup, n does not depend strongly on A. On the other
hand, a clear minimum for g®(0) is seen around A = —0.2y.
Furthermore, positive values of A destroy the desired effect
completely by eventually switching g®(0) from antibunched
g(z)(O) < 1 to bunched g(z)(O) > 1. This is consistent with our
observation in Sec. IIT A that only negative solutions for Aqp
gave real solutions for Jop.

Fixing to A = —0.2y, the variation with J is shown in
Fig. 14 for both F = 3.0y and F = 4.0y. g?(0) reaches a
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FIG. 17. Variation in # (top) and g®(0) (bottom) of site 3B with
the background drive strength Fj,. Other parameters are fixed as A =
—02y,U =0.1y,F =J = 1.5y.

minimum around J = 4.0y in both cases, although n also de-
creases with increasing J. Using a slightly smaller value such
as J = 3.0y can have practical benefits of both increasing n on

the relevant site as well as increasing the period of oscillations
in g2 (7).

Similar to what was demonstrated for the single unit cell
in Fig. 3, increasing the coherent drive F while fixing the
other parameters has the effect of linearly increasing both n
and g?(0) of the relevant site, as shown in the left panel
of Fig. 15. As such, F should be made as small as possible
while maintaining sufficiently large n. Perhaps a more useful
comparison is then given by the right panel of Fig. 15, where
instead of only varying F', F and J are varied together keeping
F =J and all other parameters constant. This choice effects
the value of g®(0) without significantly altering n. Here, a
minimum value of g (0) is achieved between F = J = 3.0y
and F = J = 3.5y, again with the smallest value of J within
this range being ideal due to maximizing the period of g® (7).
In Fig. 16, we show that neither n nor g»(0) on site 3B
are strongly affected by slight variations in the interaction
strength U in this setup. This is helpful for the possibility of
reproducing these results in polariton micropillar experiments,
as it means there is no need to exactly match the value of
U = 0.1y that we use here.

Finally, we investigate optimizing with the strength of
the additional background drive included in the setup of
Sec. IIID. We focus on parameter values A = —0.2y,
U =0.1y, F =J = 1.5y, for which the variation in n and
g?(0) of site 3B with the background drive strength Fj, is
shown in Fig. 17. It can be seen that a minimum value of
g?(0) = 0.45, comparable to that achieved in the ideal case
chosen in Sec. III C, is reached for values of Fy, between 0.8y
and 0.95y. While increasing Fj, does also have the effect
of slowly decreasing the occupation n of 3B, the occupation
for F,y, = 0.8y is still similar to that for the example of
Sec. IIIC. As such, the addition of the background drive
allows equivalent results for n and g (0) to be achieved at
half the value of J.
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