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Periodic drive is an intriguing way of creating topological phases in a nontopological setup. However, most
systems are often studied as a closed system, despite being always in contact with the environment, which induces
dissipation. Here, we investigate a periodically driven Rashba nanowire in proximity to an s-wave superconductor
in a dissipative background. The system’s dynamics is governed by a periodic Liouvillian operator, from which
we construct the Liouvillian time-evolution operator and use the third-quantization method to obtain the “Floquet
damping matrix”, which captures the spectral and topological properties of the system. We show that the system
exhibits edge-localized topological Majorana 0-modes (MZMs) and 7 -modes (MPMs). Additionally, the system
also supports a trivial 0-modes (TZMs) and w-modes (TPMs), which are also localized at the edges of the
system. The MZMs and the MPMs are connected to the bulk topology and carry a bulk topological invariant,
while the emergence of TZMs and TPMs is primarily tied to exceptional points and is topologically trivial. We
show that both the topological (MZMs and MPMs) and trivial (TZMs and TPMs) edge modes are robust against
onsite disorder. We study the topological phase diagrams in terms of the topological invariants and show that the
dissipation can modify the topological phase diagram substantially and even induce topological phases in the

system. Our work extends the understanding of a driven-dissipative topological superconductor.

DOI: 10.1103/fxs7-wdqp

I. INTRODUCTION

The search for Majorana zero modes (MZM) in topological
superconductors (TSCs) has engaged physicists for the past
two decades [1-7]. The seminal proposition for realizing Ma-
jorana in a condensed matter system, proposed first by Kitaev,
is based on p-wave superconductor [1]. However, the p-wave
superconductors do not emerge naturally. Nevertheless, we
can still engineer an effective p-wave superconductor from a
conventional s-wave superconductor by employing a semicon-
ducting nanowire with Rashba spin-orbit coupling (SOC) and
a Zeeman field [3,4,6,8—11]. The experimental evidence of
detecting MZM in this heterostructure setup remains elusive
[10-22]. Nonetheless, a simpler and more controllable setup
to realize so-called “poor man’s” MZMs without any topolog-
ical protection and based on the Kitaev model has attracted a
lot of attention recently [23,24].

At the same time, the quest for TSC has been further en-
riched in periodically driven systems, allowing us to engineer
a nontrivial phase in an otherwise trivial system [25-36].
Moreover, the driven system also offers topologically pro-
tected Majorana states at a finite quasienergy £ = w/2 (o
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is the frequency of the drive), which are called Majorana
m-modes (MPMs) [31-35,37]. These MPMs with the con-
current MZMs offer more flexibility in topological quantum
computations [38,39]. The MZMs and MPMs in a driven sys-
tem have also been explored in the presence of non-Hermitian
(NH) effects [40,41]. The NH system offers many exotic be-
haviors that are absent in their Hermitian counterparts, such
as the breakdown of conventional bulk-boundary correspon-
dence [42-45], NH skin effects [44-48], the emergence of
exceptional points (EPs) [44,45,48-54], and nontrivial behav-
ior in dynamical quantum phase transition [55,56]. Moreover,
the NH terms can substantially modify the topological phases
in both driven and undriven systems [41,42,57].

The NH effect can enter a system in many different ways,
but the dissipation via the coupling with the environment
offers an intriguing way of obtaining the NH effect in a
system [58—63]. While the dissipation can have a detrimental
effect on the system and can manipulate the system’s topo-
logical properties [64—74], specifically engineered dissipation
has also been employed to induce a topological phase in
an otherwise trivial system [75-84]. In a dissipative system,
the system’s long-time evolution is governed by the density
matrix, and in the Markovian approximation of a memoryless
bath [76,85], the density matrix is governed by the Liouvillian
operator, which follows the Lindblad master equation [86,87].
Moreover, by employing the third-quantization method for
linear jump operators, we can obtain a matrix form of the
Liouvillian operator, which behaves like the NH Hamiltonian
[88-90]. A topological classification based on the Liouvillian
has also been investigated [65].
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In this context, the MZMs and MPMs in a driven system
are usually studied as a closed system. However, the sys-
tem is often in contact with the surroundings, introducing
some amount of dissipation [85,91]. On the other hand, the
dissipation offers a way of engineering the NH effect in a
driven system [60,84]. Recently, an open Rashba nanowire
coupled with the environment has been studied in the presence
of dissipation, while it has also been demonstrated that the
dissipation can lead to the emergence of MZMs in such a sys-
tem [84]. Motivated by this, we ask the following interesting
questions: (a) Can the MZMs and MPMs be obtained in a
driven-dissipative Rashba nanowire? (b) Can the dissipation
even assist in obtaining topological phases that are not present
in the nondissipative case? In this paper, we affirmatively
answer these questions.

In this work, we consider a three-step driving protocol in
a Rashba nanowire, which is coupled with the environment
via linear jump operators. We employ the third-quantization
method and obtain a Floquet Liouvillian [60,88-90]. We
demonstrate that the dissipation offers an exotic way of ob-
taining and understanding the NH effect in a driven system
where MZMs and MPMs can be engineered. Surprisingly,
we also find some boundary modes appearing at both O-
and m-quasienergy, dubbed as trivial 0-modes (TZMs) and
m-modes (TPMs), respectively, that are not protected by the
bulk gap but rather induced by the EPs. We also investigate
the eigenvalue spectra and the edge-localization properties of
the states appearing at quasienergies 0, 7. While the TZMs
and TPMs do not carry any topological indices, we topologi-
cally characterize the MZMs and MPMs employing winding
numbers based on a generalized chiral symmetry and obtain
a phase diagram in the parameter space. This phase diagram
also points out the nontrivial generation of MZMs and MPMs
in a dissipative system.

The remainder of the paper is organized as follows. In
Sec. II, we discuss the model Hamiltonian for the Rashba
nanowire and introduce the driving protocol. In Secs. IIT and
IV, we discuss the form of dissipation, the third-quantization
method to obtain the Floquet Liouvillian, and the real-space
topological invariant to characterize the system. Section V
presents the main results of this work. In Sec. VI, we discuss
the plausible experimental implementation of our work and
the feasible, realistic parameters. We conclude with a sum-
mary and discussion in Sec. VII.

II. MODEL AND DRIVING PROTCOL

We consider a Rashba nanowire in proximity to a bulk s-
wave superconductor in the presence of an in-plane magnetic
field. The Hamiltonian of this system reads as [3,4,6,8—11]

N N—-1
Hy = —[LZ Z C;Lacia +thz Z C;raci-k—la

i=1 a=1,] i=1 a=1,]

N-1
—ikg Y Y ch(0apcivip

i=1 a.p=1.1

N N
+B Z Z ¢l (0)a peip + A Z CITTCL +H.c.,
i=1 a,f=1,1 i=1
(D

where i, 1, Ag, B, and A represent onsite chemical potential,
hopping amplitude, Rashba SOC strength, in-plane mag-
netic field along x direction, and proximity induced s-wave
pairing gap, respectively. Here, c;, (cfa) creates (annihilates)
an electron at lattice site i with spin « =1, |, and N denotes
the number of lattice sites in the system. The Pauli matrices o
act on the spin space. For an infinite and translation-invariant
nanowire, we can write the Hamiltonian of the system in
the momentum space considering the Bogoliubov—de Gennes
basis Wk = {cky, Cky _Ciki’ cikT}T as

Hy(k) =(—pn 4+ 2t, cosk) 1,00 + 2Ag sink 1,0,
+ B 190 + A 1,00, 2)

where the Pauli matrices t act on the particle-hole sector. The
Hamiltonian (2) respects chiral symmetry SHy(k)S = —Hy(k)
with § = 7,0, and particle-hole symmetry C~'Hy(k)C =
—H(—k) with C = 1,0,K; K being the complex-conjugation
operator. However, the introduction of a magnetic field
breaks the time-reversal symmetry 7~ H (k)T # H(—k) with
T = ityo,K. The interplay of Rashba SOC, magnetic field,
and the s-wave superconductivity induces an effective spin-
triplet p-wave pairing in the nanowire [3,4,6,8—11]. The
system becomes topological supporting nontrivial MZMs

when |B.i| < B < |B| with |B.q| = /(i — 2t;)* + A% and
|Bea| = /(1 + 2t,)% + A2 [33]. We set 2t =Ag=A=1
and p = 0 throughout the paper unless mentioned otherwise.
However, our results are independent of such a choice of the
parameters.

To engineer the MZM and MPM in the Rashba nanowire,
we consider a periodic drive in the form of a three-step drive
protocol on top static Hamiltonian Hy as [33]

H(t)=H, te[0,T/4),
—Hy tel[T/4,3T/4),
—H, te[3T/4,T], 3)

where the step Hamiltonians at the first and last step only
comprise the onsite chemical potential, such that H, =
— vazl Za:Tyi c;facia. In the absence of any loss in the
setup, the spectral properties of the driven system is cap-
tured by the stroboscopic Floquet operator in the time-ordered
(TO) notation as U(T, 0) = TO exp[—ifOT dt H()] [33,92].
The Floquet operator follows the eigenvalue equation:
U(T,0)|y,) = exp(—ie,T)|Y,), where €, is the quasienergy
corresponding to the state |i,). This system has been inves-
tigated in detail in Ref. [33] and has been shown to support
both MZMs and MPMs.

II1. DISSIPATION AND FLOQUET LINDBLADIAN

To explore the effect of dissipation on the MZMs and
MPMs, we couple our system to an environment. However, to
study the driven system in a dissipative background, we need
to formulate the Floquet formalism in such a way that it cap-
tures the effect of the environment. In this section, we briefly
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discuss how to obtain the Floquet Liouvillian, which governs
the dynamics of the system in the presence of dissipation
[60,93], employing the third-quantization method [88-90].

A. Lindblad master equation and jump operator

We begin by discussing the effect of the dissipation on a
static system. We adopt the Markovian approximation such
that the time evolution of the density matrix p(¢) is governed
by the Lindblad master equation [76,85-87]

ad 1 )
gil) = il pO] = 5 > LY L. p(0)} = 2L} p(6)Ly).

(4a)

= Lp(1). (4b)

The first term in Eq. (4a) involving the Hamiltonian H
generates a unitary evolution, while the second term asso-
ciated with the Lindblad jump operator L,, accounts for the
system’s coupling to the reservoir. More precisely, the term
{L} Ly, p(t)} is partially responsible for a non-unitary evo-
lution of the system, while the term L,Tn,o(t)Lm is called the
quantum jump [66], which mixes between different states
of the system. Together, these operators form the Liouville
operator £, which governs the dynamics of the system.

The Lindblad jump operator can have different forms, but
for simplicity, we consider an on-site loss operator in terms of
a linear combination of fermionic annihilation operators only,
which at a lattice site i reads as

L = /¥ (cip +ciy), (5)

where y denotes the strength of the dissipation. The loss
operator L; acts on both spin species [84]. The linear jump
operators in Eq. (5) allow us to obtain a matrix form of the Li-
ouvillian £, utilizing the third-quantization method [88-90].

B. Third quantization

Here, we briefly discuss the third-quantization method
[88-90]. First, we replace the complex fermionic operator
with real Majorana fermions as c¢jy = (w4 + iw;z)/2 and
¢iy = (wic +iw;p)/2 such that the Majorana operators
satisfy the anticommutation rule: {wiy, wjg} = 28; j8u, g3
with « =A,B,C,D and i,j=1,2,...,N. The Hamil-
tonian H and the Lindblad jump operators L, can be
written by employing the Majorana operators as Hy =
ZZ{\; weH, pwp = wH™w and L = ZjN Law, = lw; with
w = {Wia, Wi, Wic, Wip, - - ., Wia, Wig, Wic, Wip, - .-} .
Next, we introduce a Fock space called the Liouville-Fock
space K spanned by the polynomial, P, = ]_[ill L wae,
with «, € 0,1 representing the absence or presence of
the Majorana operator w,. The density matrix p(¢) is a vector
in this Fock space /. Within this Fock space, we can define
the adjoint fermion creation operator: $u|PE) = 8a,,0lWaPy)
and annihilation operator: ¢3$|Pg) = 8u,,1lwaPy), such that
{Das ¢A>;'} = 8,4,,. Now, assuming an even number of Majorana
fermions in the system, such that we can recast them to obtain

complex fermions without leaving any unpaired Majorana
fermions. We provide further details in Appendix A. In the
even subspace (+), the Liouvillian operator, denoted as £
can be put in the form [84,88-90]

1. /_ixt *
co=z6 o7 X)G)-m ©

where X = 4Hy, +iM +M7), Y =2(M —MT7), and Ay =
%Tr[X 1, with M,,,,, = (I )51(1 );. The vectors (;_Sz and (;_Sk contain

(;S;f’s and @,’s, respectively. The operator X is also called the
damping matrix. Owing to the upper triangular form of L.,
the spectral and topological properties of the system are solely
determined by X [65,84]. Furthermore, the operator also re-
sembles the NH Hamiltonians, but with a subtle difference
that the imaginary eigenvalue of the X is always positive, such
that the density matrix decays over time and reaches the steady
state, pss = exp[iL+1]p(0).

C. Floquet-Liouvillian

Here, we discuss how we obtain the Floquet-Liouvillian
operator, which governs the dynamics of a driven-dissipative
system. In this regard, we consider that the driven Rashba
nanowire setup is constantly in contact with the environment
such that the dissipation of the form given in Eq. (5) is present
in all the step Hamiltonians of Eq. (3). The description of the
system involves a time-dependent periodic Liouvillian opera-
tor ﬁ(t), and the Liouvillian time-evolution operator U (T, 0)
for this system can be constructed as [60]

T
Us(T,0) = TOexp [ f dt ﬁ(z)]. (7
0

Here, U, (T, 0) provides the stroboscopic description of the
system in this driven-dissipative setup. We can obtain the
Floquet Liouvilian Lz as U, (T, 0) = LT Now, considering
the third-quantized Liouvillian operator [see Eq. (6)], we can
obtain the Floquet Liouvillian as

Ug(T,0)=e£FT=<e_iX"T f(X’Y’T)). ®)

0 eiXFT

The Liouvillian time-evolution operator U, (T, 0) being an
upper triangular matrix, the spectral and topological prop-
erties of the system are governed by the “Floquet damping
matrix” Xr alone, and henceforth we focus our discussion on
Xp. The Floquet damping matrix X is the dynamical analog
of the static damping matrix X defined in Eq. (6). The function
f(X,Y, T)is acomplex function of X, ¥, and T'; however, its
explicit form is not required for the purposes of this work.
Having discussed the formalism, we now explicitly show
the form of the Floquet damping matrix X for our system. As
discussed earlier, we allow the system to have dissipation in
all the step Hamiltonians in Egs. (3). Thus, the correspond-
ing step damping matrices, written in the Majorana basis,
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owing to the dissipation of the form Eq. (5), read as

N4 N-1 4 N-1 4
Xo=p) Y wialfodyapwip —th Y > Wia(F08))apWirip — g Y Y WialE50)a.pWit1p

i=1 af=1 i=1 a,p=1 i=1 af=1
Biiw(f&) w +A§:iw(fa) w lyiiw(ro—i—ra) wig +He., (9a)
— i\ txOy ), pWiB e ia\tyOx )a, B lﬁ B — i \t0O0 x90)a,pWip
N N
X =y Z Wi (BB e g0 + L 5 Y Z Wia (2060 + 150 ), sWip- (9b)
i=1 ap=1 i=1 ap=1

Here, 7 and & denote Pauli matrices representing the
dressed degrees of freedom as compared to the original de-
grees of freedom. Therefore, the Floquet damping matrix Xg
can be constructed as

Ux(T, 0) = T = M5 %03 %05, (10)

Here, Ux(T,0) is a time-evolution operator involving only
the Floquet damping matrices. We numerically compute the
exponential of the damping matrices Xy [Eq. (92)] and X;
[Eq. (9b)] to construct the operator Ux(T,0) in Eq. (10).
Afterward, we extract the quasienergies E, and the cor-
responding eigenstates |v,,) from the eigenvalue equation,
X T |y,) = exp(iE,T)|¥,), where the quasienergy E, is now
a complex number.

IV. TOPOLOGICAL CHARACTERIZATION

To extract the topological invariant from Xp, we rely
on the pseudo-anti-Hermitian symmetry I' = %,6,. This
symmetry I' is also called the generalized chiral symme-
try for an NH Hamiltonian [94]. Both the step damping
matrices Xy [Eq. (9a)] and X; [Eq. (9b)] satisfy this sym-
metry, such that I'X;I" = —X,T; with i = 0, 1. The operator
Ux (T, 0) under the pseudo-anti-Hermitian symmetry trans-
forms as I'Ux (T, 0)I" = U;(T, 0). We provide this proof in
Appendix B. Additionally, the pseudo-anti-Hermitian symme-
try divides the full time period into two parts such that first
part U, = Ux(T /2, 0) and second part TU/T = Ux(T, T/2)
[95]. Using these two parts, we can define two operators:
Uy = TU/TU. and U = U,TU/T. The operator Uy™* satis-
fies FU; 2(T oOr = U1 2Jr(T 0). Accordingly, we can define
two Floquet damping matrices as X’ 2=k 7 In U; ? with Xy 2
satisfying the pseudo-anti-Hermitian symmetry. rx, . 2F =
—X}*". The pseudo-anti-Hermitian symmetry demands the
left and right eigenstates (|1le: ) and |¢R n)) and the eigen-
values E2 of X;* to satisfy: [y ) = Flwéi) and EM* =
—E}2 [96]. Using these properties, we can construct an oper-
ator Q"2 as

-5 (- T

n>0 n<0

Y R - Y Wé’,i)w:ﬂ)- an

n>0 n<0

(

Here, Q"2 is a Hermitian matrix and satisfies I'Q!’T" =
—Q"2, such that T is an effective chiral symmetry for Q'-2.
Now, we employ the basis in which I' is diagonal such
that UrT'U "~ = diag(1, . 1, —1, ..., —1).Inthis basis, the
matrix Q" Etakes a block antldlagonal form

1.277—1 _ 0 611’2
UrQ Uy —(q1,21‘ Nk (12)

Also, the +1 and —1 eigenvalues effectively provide us with
two sublattice degrees of freedom A and B, respectively. We
can represent I' as ' = U) — U} ; with Uy = Y |A)(A| and
Ulg = Y |B){B|. Now, we perform a singular value decom-
position of ¢'2 as ¢"? = U *2 12U %", with U," 8 Zand ©'2
containing the singular vectors and smgular values, respec-
tively. Using Uy p and U;:ﬁ, we define the winding numbers

;.2 associated with the Floquet damping matrices X ;’2 as [97]
1 51,2 51,27
Vi = %Tr[ln (PA’ Py )] (13)

where the sublattice dipole moment operators P{* and Pj*
are restricted to the sublattice A and B, respectively. Explicitly,
P} is defined as P’z = U,"3'U, LPUL ;U5 with the dipole
moment operator P= exp( 2mx/N ). Fmally, we combine
V12 in such a way that the number of 0-modes 2vy and -
modes 2v, are given as [95]

Vi + 12 Vv —

d =
> and v, >

Vg = (14)
We use vy, to topologically characterize the 0- and 7 -modes
that emerges in our system.

V. RESULTS

In this section, we discuss the numerical results associated
with the driven-dissipative Rashba nanowire. First, we show
the emergence of the MZMs and MPMs using the Floquet
damping matrix. Note that we always use a finite system
obeying open boundary condition (OBC) while discussing the
spectral properties: eigenvalue spectra and local density of
states (LDOS). To compute the winding numbers, we con-
sider periodic boundary condition (PBC). We also discuss
the TZMs and TPMs and link their emergence to the EPs.
Then, we study the topological phase diagrams of this driven-
dissipative system.
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FIG. 1. (a) Real part of the quasienergy Re(E) as a function of the magnetic field B of the Floquet damping matrix, considering OBC.
The color represents the imaginary part of the quasienergy Im(E) and the amplitude is represented by the colorbar. The red, black, and
green dashed lines represent parameters used in Fig. 2. The yellow shade represents regions of TZMs and TPMs. We use 100 lattice sites.
(b) Quasienergy spectra close to Re(E) = 0 for a system obeying PBC (orange) and OBC (gray). The right axis represents the winding number
vo. We demarcate the equilibrium critical point B, = +/2 to highlight the emergence of new topological phases out of a driven-dissipative
quantum system. We use 400 lattice sites. (c) We repeat (b) but close to Re(£) = m and the right axis represents the winding number v .
(d) The absolute quasienergy |E| as a function of B is shown close to the black dashed line in (b). The right axis represents the scalar product
[{¥il;)]. The inset shows |E| and [{;|;)] close to the green dashed line in (b). (¢) We repeat (d) but for the black and green dashed lines in

(c).Here,2t, = g =A=y=1,u=0,u; =0.3,and w = 2.5.

A. Emergence of MZMs and MPMs

We investigate the quasienergy spectra E of the Floquet
damping matrix Xy as a function of B in Fig. 1(a) for a system
obeying OBC. The quasienergy E is a complex number in
the presence of dissipation, and we show the real part of the
quasienergy spectra Re(E) while the imaginary part Im(E)
is represented by the colormap in Fig. 1(a). The quasienergy
spectra reveal the appearance of states near quasienergy
Re(E) = 0, &m. There are two different kinds of states that
appear at these quasienergies. The regions marked by yellow
in Fig. 1(a) host modes at quasienergies 0 and s, which
we refer to as TZMs and TPMs, respectively. We distinguish
the TZMs and TPMs from the MZMs and MPMs in the next
subsection. These modes at Re(E) = 0, £7 also acquire a
finite imaginary part in the dissipative background, implying
their state would decay with time.

Figure 1(a) exhibits that the driven system hosts MZMs and
MPMs that are connected to the bulk topology of the system.
The Majorana modes appearing at quasienergy Re(E) = £
are unique to a driven system and have no static analog.
Moreover, given the choice of the parameters, the static sys-
tem is always topologically trivial, such that B,; = B.;, = B,
[indicated by an arrow in Fig. 1(a)]. Thus, the driven system
generates topological MZMs, thereby extending the topologi-
cal phase boundaries.

To verify that the MZMs and MPMs are directly linked
to bulk gap closing and reopening, we study the quasienergy
spectra employing the PBC (orange dots) and compare them
with the OBC (gray dots) spectra in Figs. 1(b) and 1(c),
respectively. Note that we have verified that our system is
free from the NH skin effect, owing to the particular form
of the loss operator in Eq. (5). Thus, the gap-closing points
in PBC spectra coincide with those of OBC, indicating the
topological phase boundaries. We focus on the modes that
appear at quasienergies 0 and 4 in Figs. 1(b) and 1(c),
respectively. The MZMs and MPMs appear in the eigenvalue
spectra when there is a bulk gap closing in the PBC spectral
at Re(E) = 0 and +£m, respectively. To substantiate our claim
that the MZMs and TPMs correspond to topologically non-
trivial phases, we calculate the winding number v ,, shown
as the solid blue line in Figs. 1(b) and 1(c). The winding
number exhibits a clear transition from vy =1 and v, =1, 2
(topological) to vy, = O (trivial) and vice versa, which oc-
curs through a bulk gap closing. The nonzero values of vy ,
coincide precisely with the regions where MZMs and MPMs
appear, thereby confirming that these modes are indeed of
topological origin. Also, we numerically check that the MZMs
and MPMs are eigenstates of the particle-hole symmetry op-
erator, C = %,6,K. Thus, the MZMs and MPMs are their own
antiparticle, ensuring that they are indeed Majorana modes.

054301-5



GOGOI, NAG, AND GHOSH

PHYSICAL REVIEW B 113, 054301 (2026)

B. Appearance of TZMs and TPMs

Here, we discuss the TZMs and TPMs that appear at
Re E = 0 and =4, respectively, in the driven-dissipative sys-
tem. In Fig. 1(a), we mark regions with TZMs and TPMs by
a yellow shade. While in Figs. 1(b) and 1(c), by analyzing
the eigenvalue spectra in OBC and PBC, we observe that the
TZMs and TPMs only appear at OBC. Note that the yellow
regions in Figs. 1(b) and 1(c) represent the magnetic field win-
dows hosting TZMs and TPMs, respectively. Notably, their
emergence/ disappearance is not connected to any bulk gap
closing-reopening from one side in the PBC spectra. Thus,
these modes are denoted as TZMs and TPMs. Furthermore,
we also see that the TZMs and TPMs do not carry any nonzero
winding numbers vy -, reassuring that these modes are topo-
logically trivial.

Now, we tie the emergence of the TZMs to the EPs that
appear in the spectra [84]. Although one side of the yellow
regions in Figs. 1(a) and 1(b), which indicates the TZMs,
represents bulk gap closing, the appearance and disappearance
of these modes are not directly linked to the bulk gap opening
and reopening. Here, we discuss how the EPs play a crucial
role in the emergence and destruction of the TZMs. First, we
focus on the regions that appear close to B = 4 in Fig. 1(b).
The left side of this yellow region is a bulk gap closing point.
However, the TZMs in this region can be destroyed without
closing any bulk gap as happens at the point indicated by the
black dashed line in Fig. 1(b) (B ~ 4.473). For this particular
value of the magnetic field B, we observe the formation of two
second-order exceptional points (EPs), as shown in Fig. 1(d).
Specifically, the (2N — 1)th (blue) state coalesces with the
(2N + 1)th (orange) state, while the 2Nth (black) state co-
alesces with the (2N + 2)th (green) state, leading to two
distinct second-order EPs. At these points, the corresponding
eigenvalues become degenerate in their real, imaginary, and
absolute parts, and the associated eigenstates also coalesce.
In Fig. 1(d), we plot only the absolute eigenvalues |E| as a
function of B, but both the real and imaginary components
exhibit the same coalescence behavior. The eigenvalues are or-
dered according to their real parts. To confirm the coalescence
of the eigenstates, we compute the scalar product between
the relevant pairs, shown on the right axis of Fig. 1(d). We
find that [{(Yon—1|¥an+1)| (red) and [(Yon|Yan+2)| (purple)
both approach unity, indicating that the corresponding eigen-
states become parallel at the EPs. The black dashed line in
Fig. 1(b) therefore marks the locations of these second-order
EPs, whose emergence leads to the destruction of the trivial
zero modes (TZMs). On the other hand, the TZMs can also be
created by forming EPs, which happens at the green dashed
line in Fig. 1(b). At this point, we see the formation of two
second-order EPs, which are shown in the inset of Fig. 1(d).
In the literature, the EPs have been shown to have a topolog-
ical nature and can be connected to energy-based topological
indices [44,45,48-54]. Here, we demonstrate that the EPs can
also create and destroy trivial edge modes.

Furthermore, we also relate the emergence and destruction
of TPMs to the EPs. Note that the yellow shaded region is
bounded by EP and bulk gap closing. In this regard, we focus
on the black and green dashed line in Fig. 1(c), which indicate
the destruction and emergence of the TPMs. Focusing on these
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FIG. 2. (a) Real part of the quasienergy spectrum Re(E) as a
function of m for B = 1.2 [red line in Fig. 1(a)]. The insets represent
zoomed-in spectra close to Re(E) = 0 and m. The color bar indicates
the imaginary part of the quasienergy. (b) LDOS associated with the
MZMs, while the inset shows the LDOS for the MPMs. (c) Real
part of the quasienergy spectrum close to Re(E) = 0.0 showing four
TZMs for B = 4.3 [green line in Fig. 1(a)]. The inset shows real part
of the quasienergy spectrum close to Re(£') = 7, showing two TPMs
[the other two appear at Re(E) = —n] for B = 2.3 [black line in
Fig. 1(a)]. (d) LDOS associated with the TZMs. The inset shows the
LDOS for the TPMs. We consider N = 100 lattice sites and the rest
of the parameters remain the same as in Fig. 1.

lines, we show the formation of two second-order EPs as a
function of B in Fig. 1(e). The (4N — 1)th (green) state coa-
lesces with the first (black) state, and the 4Nth (orange) state
coalesces with the second (blue) state, forming two second-
order EPs. Note that the first and second eigenstates appear
at quasienergy —m, but in a Floquet system, the quasienergy
—m is equivalent to quasienergy +. The scalar product of the
eigenstates [shown on the right axis of Fig. 1(e)] [{Van—1]¥1)]
(red) and |{¥an|¥2)| (purple) also becomes unity, indicating
that these states become pairwise parallel to each other. Thus,
the black dashed line in Fig. 1(c) indicates EPs. Similarly,
at the green dashed line in Fig. 1(c), we also obtain two
second-order EPs, and their formation is shown in the inset of
Fig. 1(e). In summary, the EPs play a key role in the formation
of the TZMs and TPMs in a driven system, demonstrating its
significance in shaping the system’s dynamics and spectral
properties. Our observation is not limited by any specific
choice of parameters and is a property of the driven Rashba
nanowire in the presence of the dissipation of the form given
in Eq. (5).

C. Local density of states

Having discussed the emergence of different kinds of
0- and w-modes in the system, we now demonstrate their
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FIG. 3. The phase diagram in terms of (a) vy and (b) v, in the
B — y plane. The y = 0 line represents the Hermitian driven system.
Here, the colorbar represents the values of v, .. We consider 200
lattice sites. Rest of the parameters remain the same as in Fig. 1.

localization properties in Fig. 2. To this end, we focus on some
specific parameters as indicated by the red, black, and green
lines in Fig. 1(a). For the red line in Fig. 1(a), we show the real
part of eigenvalue spectrum Re(E) of the Floquet damping
matrix Xr obeying OBC as a function of the eigenvalue index
m in Fig. 2(a). The color bar represents the imaginary part
of the eigenvalue Im(FE). In the insets, we show zoomed-in
spectra close to Re(E) = 0 and Re(E) = &, which exhibit
the presence of two MZMs and MPMs, respectively. Note
that for this parameter, the system also exhibits a nonzero
winding number vy , = 1. On the other hand, both the MZMs
and MPMs have a nonzero imaginary part, as seen from the
color of the eigenvalues. Thus, the MZMs and MPMs have
a finite lifetime. We compute the local density at Re £ =0
and £+ and show them in Fig. 2(b) and its inset, respec-
tively, which show the edge localization of the Majorana
modes.

To focus on the TZMs and TPMs, we now consider the
green and black lines in Fig. 1(a). For the green (black) line,
the system exhibits four modes at quasienergy Re(E) =0
(two modes each at quasienergy Re £ = 4+ and —), which
is demonstrated in Fig. 2(c) [inset of Fig. 2(c)]. These modes,
however, do not carry any winding number, i.e., vy, = 0.
Hence, they are denoted as TZMs and TPMs. Nevertheless,
the TZMs and TPMs are also located at the edges of the
system, as shown in Fig. 2(d) and its inset, respectively. Note
that our system is free from the NH skin-effect; thus, the
boundary modes that appear in our system are either MZMs,
MPMs, TZMs, or TPMs.

In summary, we demonstrate that the drive-dissipative sys-
tem hosts topologically nontrivial MZMs and MPMs, which
are topologically characterized by nonzero winding numbers.
The interplay of dissipation and periodic drive also gives rise
to trivial boundary modes both at quasienergy 0 and 7, which
are not connected to any bulk topology; rather, their creation
and destruction are linked to the EPs. The MPMs and TPMs
only appear in a driven-dissipative system and have no static
analog [84]. In Appendix C, we discuss the effect of onsite
disorder on the boundary modes. Our finding suggests that the
MZMs and MPMs, as well as the TZMs and TPMs, are robust
against disorder.

D. Phase diagram and higher winding numbers

Having discussed the spectral properties of the system, we
now investigate the phase diagram of this driven-dissipative
system in Fig. 3. In particular, we show the winding number
vo and v, in the B — y plane in Figs. 3(a) and 3(b), respec-
tively. Focusing on vy in Fig. 3(a), we observe phases with
winding numbers |vg| > 1, which indicates the appearance
of multiple (more than two) edge-localized MZMs. Gener-
ation of multiple topological modes is one of the salient
features of the driven system [33]. In Appendix D, we ex-
plicitly demonstrate the eigenvalue spectra and the LDOS
associated with the higher winding number phases. Fur-
thermore, if we compare the vy between y = 0 (Hermitian
case) and y > 0 (non-Hermitian case), we observe a phase
transition with respect to y. To further elucidate this, we
draw a few vertical lines in Fig. 3(a): cyan (B = 0.05), green
(B =1.0), and black (B = 3.75). The cyan and green lines
indicate a phase transition as a function of y for a magnetic
field B < B.(= \/5). Thus, in a driven-dissipative system, we
can obtain the MZMs for a lesser strength of applied magnetic
field compared to the static system, which can be advan-
tageous for an experimental setup. Furthermore, the black
dashed line reveals a change in winding number vy = —1 —
1 as a function of the dissipation strength y. Thus, the phase
diagram Fig. 3(a) indicates that the dissipation can substan-
tially modify the topological phases of the driven system and
induce topological states that are only realized in the presence
of dissipation [84]. This is one of the key observations of this
work.

We also obtain a rich phase diagram for the MPMs, see
Fig. 3(b), where we show v,; in the B — y plane. As mentioned
before, the generation of the MPMs is unique to a driven
system without any static analog. Figure 3(b) exhibits phases
with a higher winding number |v,| > 1, which indicates gen-
eration of multiple MPMs [33]. Moreover, Fig. 3(b) suggests
the topological phase transition with respect to y, and also,
there are some phases that do not exist in the closed driven
system, i.e., the Hermitian case. To investigate this further, we
draw a few vertical lines: cyan (B = 0.5), green (B = 1.2),
and black (B = 3.75). These lines demonstrate the change
in winding number v, as a function of y and show how
dissipation changes the topology of the system compared to
a Hermitian-driven system. Together in Fig. 3, we uncover the
important role of dissipation in shaping the topological phases
in a driven system.

VI. POSSIBLE EXPERIMENTAL FRAMEWORK

In this section, we discuss the possible experimental feasi-
bility of our work. The heterostructure setup can be realized
using semiconducting InSb/InAs nanowire, which has a
strong SOC and Nb/Al as the superconducting material to
induce the s-wave gap in the nanowire via the proximity effect
[10,11,17-22]. The SOC can be further enhanced by employ-
ing an electrostatic gate [98] and also using interfaces [99].
The dissipation would arise from the coupling to a bath, which
can be a metallic lead close to the nanowire. In our work, we
have considered a loss that is on-site in nature. However, in a
real experimental setup, the loss can have a complicated form,
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such as hopping losses. Thus, considering different types of
jump operators might also be very intriguing.

The step-drive protocol can be implemented using a time-
dependent gate voltage by superposing several harmonics to
obtain a sharp step-like jump [100-103]. The step Hamilto-
nian Hj, which represents an atomic insulator and occurs in
the first and last step in Eq. (3), can be realized by tuning
the gate voltage in such a way that the system exhibits al-
most flat and gapped flat bands. In contrast, the Hamiltonian
Hj in the time interval T /4 <t < 3T /4 can be obtained by
adjusting the gate voltage such that the band dispersion is
relevant, thereby achieving the nanowire limit. Experimen-
tally implementing a very sharp step-drive is challenging,
and it is most likely to have a short switching time #,. In
our system, the other relevant timescales are &y /v (&) is
the MZM/MPM localization length and v is the Fermi ve-
locity of the quasiparticles) and 1/AEy (AE)y denotes the
gap separating the MZMs/MPMs from other states). The first
condition prevents the MZMs/MPMs from hybridizing with
the bulk states, and they remain localized. At the same time,
the second condition ensures a non-adiabatic evolution, al-
lowing us to engineer the MZMs/MPMs. This is important
since we begin with an atomic insulator in the first step H,
and an adiabatic evolution would restrict the formation of
the nontrivial MZMs/MPMs. Thus, the switching timescale
t; < min(&y /v, 1/AE)y) to successfully generate the MZMs
and MPMs in our setup.

To provide some experimentally relevant parameters for
our model, we consider the Rashba SOC strength of
InSb nanowire, which is around 50 peV [10]. Thus, the
model parameters for our system can take the values as
follows Ag ~50 peV, t;, ~25 ueV, A~50 peV, and
B ~20 mT.

VII. SUMMARY AND DISCUSSION

In this work, we consider a Rashba nanowire in close
proximity to an s-wave superconductor. We use a periodic
step-drive and assume an onsite loss in the system. The dy-
namics of the system is governed by a periodic Lindbladian.
We employ the third-quantization method to obtain the Flo-
quet Lindbladian and thereby the Floquet damping matrix that
provides the spectral and topological properties of the system.
Our system is free from skin-effect for this choice of jump
operator. We investigate the spectra of the Floquet damping
matrix and show the existence of the MZMs and MPMs. The
MZMs and MPMs, however, get a finite imaginary part in the
presence of dissipation. Additionally, the driven-dissipative
system also hosts TZMs and TPMs, whose origin is not con-
nected to the bulk topology of the system; rather, they are
induced by the EPs. We compute the topological invariant
based on pseudo-anti-Hermitian symmetry to show that the
MZMs and MPMs are indeed topological. We also study
the localization properties of the MZMs, MPMs, TZMs, and
TPMs, and establish their edge localization. Furthermore, we
utilize the topological invariant to obtain a phase diagram for
this driven-dissipative system. The phase diagram suggests
that the dissipation plays an important role in shaping the
topological nature of the system and even induces topological

phases in the system that are absent in the closed driven
system.

In this work, we only consider a 1D Rashba nanowire.
However, the MZMs and MPMs can also appear in higher
dimensions, such as the corner modes of a two-dimensional
second-order topological superconductor (SOTSC) and a
three-dimensional third-order topological superconductor
(TOTSC) [32]. Thus, one of the interesting outlooks can be
to investigate the effect of dissipation in a driven SOTSC
and TOTSC and see if the dissipation can induce the MZMs
and MPMs in these systems. Also, it would be fascinating to
explore if one can also obtain the TZMs and TPMs as the
corner modes in these systems.
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APPENDIX A: PROCEDURE TO OBTAIN L,

Here, we provide the detailed steps to obtain £, [Eq. (6)]
using the adjoint fermion operators ¢’s. The adjoint fermion
operators follow the following relations with the basis states
|Pe)

lwaPa) = (@) + $a)|Pu),

|Pywy) = Pe(d) — da)|Py)s (A1)

where Pg = (—1)X«% and it represents the fermion parity op-
erator. Furthermore, using Eqs. (A1) and the anticommutation
relations of the adjoint fermion operators, we can also derive
the following identities:

(A2b)
(woPowp) = Pr(Pid) — Gidy + Py — Pup)|Pu). (A20)

Now, we represent p(t) using the basis element |F, ). Using
Egs. (A2a), (A2b), and H, ba — —Hfj’, the unitary part, i.e., the
first term of the Liouvillian £ in Eq. (4a) can be written as

i[H, p(t)] = =i Y Hap(|wawpPy) — [Pawaws))
a,b

=4 Z b H, vbp

a,b

= —4i¢p" - Hy¢. (A3)
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The non-unitary part, i.e., the second term in Eq. (4a) can be represented as

1
=5 DL, p(O)} = 205 p(0) L)

1 *
= =3 D Imabyy(WawpPa) + | Puttawp) — 2|waPuwy))

m,a,b
1 + P . .
=Y B Ul — sl By — B ULy + Ll ;)]
m,a,b
pallsally ), — Ll )b — allmally sy + bnslly )Py
m,a,b

(using Eq. (A2a), (A2b), and (A2c))

F .~ ~ ~ ~
(Myp — My,)pp — oM + My )P; ]

1 + 7) A AL A ~
=D 5 B My — My )by — & (Mo + My )] +

(here M, = Z In.a l::;,;;)

a,b

_ ! +2PF [p"- (M —M")p" — " - (M +M")¢] 4! [¢ M—M")p—¢-(M+MHP']. (A4)
Therefore, using Eqgs. (A3) and (A4), we can write the full Liouv1111an operator as
L=—4i¢" Hyp + —— L+ Pr —— "M —M")p"— " (M +M")g] 4! [¢ M—-M")p—¢ - (M+MHP']. (A5)

(

The physical situation represents a system with an even
number of Majorana fermionic operators, such that the total
fermionic parity is Pr = +1. Thus, in Eq. (A5), only the first
term is nonzero and we arrive at £, given in Eq. (6).

Thus, at the full time-period T, the operator Uy (T, 0) trans-
forms 'Ux (T, 0)I' = TOexp ( — ifTOXT(t’)dt’) = U;(T, 0).

APPENDIX B: Ux (T, 0) UNDER CHIRAL SYMMETRY 1 1
a b
Here, we discuss how the operator Uy (z,0) transforms ( >1 ( )1
under pseudo-anti-Hermitian symmetry I". The damping ma-
trix X (¢) transforms under pseudo-anti-Hermitian symmetry z & & “
as TX(t)I' = —X"(T — ). Employing this property, we can 5 5 - &
obtain the effect on Ux (¢, 0) as
, 0% 50 100
xT
rUx(, 0 = F[TO exp (—i/ X(t’)dt/>:|F 1
iy N 0 50 100
= Z TO / dr] - z
m m! 0
‘ (c)
/ d, TX(@t)T --- I'X(t,)I 1
i m 0 n n
_ZQTO/ d - 21| 8 S
— —
4 " 0 5
x/o dt, X"(T —t)---X"(T -1, oL
-\ 71 T—t L
_ (—l)"TO/ di] - 0 50 100
" m! T x

FIG. 4. Disorder-averaged LDOS for (a) MZMs, (b) MPMs,
(c) TZMs, and (d) TPMs for W = 0.25. The inset shows LDOS
associated with W = 0.5. We consider 100 independent disorder re-
alizations for computing disorder averaging. The parameters remain
the same as Fig. 2.

T—t
x/ e X'a) - X',
T

T—t
= TOexp (—i/ X"'(t’)dt/>.
T

B
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FIG. 5. Real part of the quasienergy spectrum as a function of
the state index showing (a) vp =2 phase (B =0 and y =5) and
(b) v, = 2 phase (B = 3.4 and y = 0.3). The insets show zoomed-in
spectra around Re £ = 0 in (a) and around Re E = m in (b). The
colorbar represents the imaginary part of the eigenvalue. The rest of
the parameters take the same value as Fig. 1.

APPENDIX C: EFFECT OF DISORDER
ON THE MAJORANA AND TRIVIAL MODES

We investigate the robustness of the Majorana (MZMs
and MPMs) and the trivial (TZMs and TPMs) modes against
onsite random Anderson-type disorder. To this end, we intro-
duce the following term in the step Hamiltonians of Egs. (9a)
and (9b): Hgs = Y1 Y as_; Viwia (706, ), pwip. Here, Vi is
uniformly distributed in the range (W/2, W/2) with W denot-
ing the disorder strength. We consider 100 random disorder
configurations and take an average over the number of disor-
der configurations to obtain the disorder-averaged LDOS, as
shown in Fig. 4.

Figures 4(a) and 4(b) exhibit the disorder-averaged LDOS
associated with MZMs and MPMs, respectively, for a

disorder strength W = 0.25, while the insets show the results
for W = 0.5. The MZMs and MPMs survive and are local-
ized at the edges of the system for both disorder strengths,
implying that they are robust against disorder. In Figs. 4(c) and
4(d), we illustrate the disorder-averaged LDOS for the TZMs
and TPMs for W = 0.25, and the insets show the same but
for W = 0.5. Surprisingly, the TZMs and TPMs also remain
localized at the edges of the system, even though they are not
protected by any bulk topology of the system [84].

APPENDIX D: HIGHER WINDING NUMBER PHASE:
MULTIPLE MZMS AND MPMS

In Fig. 3, we show phases with higher winding numbers
vo.r > 1, which suggests the existence of multiple MZMs and
MPMs. Here, we explicitly demonstrate the spectral signa-
tures of the MZMs and MPMs in terms of the quasienergy
spectrum. In Fig. 5(a), we show the quasienrgy spectrum as
a function of the state index corresponding to the phase with
Vo = 2, and a zoomed-in quasienergy spectrum is shown in
the inset. Figure 5(a) and its inset exhibit that there are four
MZMs at quasienrgy E = 0. We check that these four MZMs
are localized at the edges of the system [not shown here, but
resembling Fig. 2(a)].

In Fig. 5(b), we show the quasienergy spectrum for a case
with v, = 2. The quasienergy spectrum shows the presence of
four MPMs (two at each of the quasienergies ). Again, we
check that the MPMs are localized at the edges of the system.
The generation of multiple Majorana modes is an intriguing
property of the driven system. In our case, the dissipation
makes it even richer.
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