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Magnetocalorics of singlet ground state induced moment magnets
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In f -electron materials like Pr or U compounds with non-Kramers states of the f shell the ground state may be
a nonmagnetic singlet due to the action of the crystalline electric field. Nevertheless, these compounds can order
magnetically. They develop a ground state moment and long-range order due to the spontaneous admixture of the
excited state into the ground state caused by intersite exchange. This mechanism can establish magnetic order if
a control parameter exceeds a critical value defining the quantum critical point between disordered and magnetic
phases. Here we investigate the magnetocaloric properties of such quantum magnets where the entropy release
at low temperature is due to a competition between thermal depopulation and spontaneous order effects. We
determine field and temperature dependence of specific heat for ferromagnetic and antiferromagnetic order and
also calculate the adiabatic magnetocaloric and barocaloric cooling rates. As a model application we discuss the
magnetic specific heat of the new induced ferromagnet PrIr3. Furthermore, we analyze the excitation spectrum
of the singlet induced moment magnets in an external field with particular emphasis on field and temperature
dependence of the critical soft mode. We find that the latter is fragile and exists only at specific points in the
phase diagram.

DOI: 10.1103/frrj-wxfg

I. INTRODUCTION

There is a class of genuine quantum magnets that cannot be
described by the common semiclassical picture [1,2] of spon-
taneous order of preformed moments from degenerate ground
state multiplets. Most frequently these are induced moment
quantum magnets with localized singlet ground states and
another close by singlet or doublet, triplet state (depending on
the site symmetry). The splitting is caused by the effect of the
crystalline electric field (CEF) on the total angular momentum
J multiplets of f -electron shells. Examples of such metallic
f -electron materials will be discussed in later sections. The
nonmagnetic ground state may nevertheless acquire a collec-
tive ordered moment by spontaneous mixing of the excited
state into the ground state through the effective Ruderman-
Kittel-Kasuya-Yosida (RKKY) intersite exchange which is
mediated by conduction electrons. For a singlet ground
state the spontaneous appearance of an ordered moment
requires the effective exchange to exceed a critical limit as
compared to the splitting energy of ground and excited states.
Increasing this control parameter beyond a critical value that
defines the quantum critical point (QCP), a transition from
paramagnetic to a ground state with induced magnetic order
occurs. This mechanism is also possible for induced order
of higher-order multipolar moments like (ferro)quadrupolar
order in 4 f materials.
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The various possible f -electron type induced moment or-
der has been observed in numerous Pr and U compounds.
For a comparative investigation and examples, see Ref. [3]
and the references cited therein. In this work we extend the
analysis of singlet-singlet induced quantum magnetism under
the application of an external field, considering ferromag-
netic (FM) as well as antiferromagnetic (AFM) cases. We
will present comprehensive results first on the temperature
and field behavior of the induced (sublattice) moments, the
associated H-T phase boundary, as well as the critical field as
function of control parameter. Second, particular emphasis is
placed on a new systematic investigation of magnetocaloric
properties of the singlet-singlet induced moment magnets.
We calculate field dependence of specific heat jump anoma-
lies in relation to the underlying Schottky behavior for FM
as well as AFM order and demonstrate a strikingly distinct
behavior between the two cases. For AFM the relative po-
sition of the jump to the Schottky maximum position gives
a measure to estimate the control parameter. Furthermore,
we show that the low-temperature susceptibility exhibits a
pronounced field dependence for control parameters close to
the QCP. These predicted thermodynamic properties can be
useful to characterise singlet ground state materials and as
an example a preliminary application to the recently discov-
ered induced moment ferromagnet PrIr3 [4] is made. We also
compare the two different types of competing entropy release
in the induced moment magnets which is not present in the
semiclassical degenerate ground state magnets. As another
investigation in these systems we calculate the adiabatic mag-
netic cooling rate. As for the specific heat the cooling rates
are very different for FM and AFM cases. In particular, in
the former it will be strongly enhanced for low fields and
low temperature when the control parameter is slightly above
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the critical one. This effect should be of considerable ex-
perimental interest. Furthermore, we consider the analogous
barocaloric cooling rate caused by the Grüneisen parameter
coupling to the CEF splitting of singlets which therefore tunes
the control parameter. A large steplike anomaly at the critical
pressure is predicted showing a different field dependence for
FM and AFM cases.

Finally, the dynamical properties of the singlet-singlet FM
and AFM are studied by deriving the temperature and field
dependence of magnetic exciton dispersion. We find that the
soft mode behavior in the AFM around the field-dependent
transition temperature is fragile and unexpectedly becomes
arrested between zero and critical field. This new prediction
may be tested by inelastic neutron scattering in singlet ground
state AFM.

The ingredients of the two singlet model are defined in
Sec. II. Its molecular field (MF) treatment in Sec. III leads
to the self-consistent solutions for the order parameters and
renormalized singlet splitting in the ordered phase as well
as critical temperature and field dependence on the control
parameter. In the main Sec. IV we derive thermodynamic
potentials, specific heat, and adiabatic caloric coefficients
which are calculated numerically using the MF solutions.
Section V gives an overview on f -electron singlet ground
state materials and in particular a brief discussion of the new
induced ferromagnet PrIr3 in the context of the two-singlet
model. Finally, in Sec. VI we analyze in detail the field- and
temperature-dependent magnetic exciton dynamics and their
soft mode characteristics. A discussion of numerical results
and a summary are presented in Secs. VII and VIII.

II. THE SINGLET-SINGLET CEF MODEL
IN AN EXTERNAL FIELD

The localized states of 4 f and 5 f electron shells can ap-
proximately be characterized by a total angular momentum
(J) multiplet. The action of the crystalline electric field (CEF)
splits it into a sequence of CEF submultiplets depending on
the site symmetry of the f element [5,6]. For non-Kramers
ions (integer J = 4, 6, 8) it is possible that the lowest-energy
states are two singlets. This can occur generally in uniaxial
or lower site symmetries [3,7]. A list of material examples is
given in Sec. V. A lot of qualitative understanding of induced
singlet ground state magnetism may be derived from this
simple singlet-singlet CEF model. As mentioned in the Intro-
duction it has been investigated in particular in context with
(J = 4) 4 f 2 Pr and 5 f 2 U intermetallic compounds in suffi-
ciently low site symmetry. Without field the thermodynamic,
quantum critical, and dynamical properties of the two-singlet
model have also been studied in detail in connection with
other common singlet-doublet or -triplet CEF systems [3].
The two-singlet model in pseudospin representation may be
written as

H = �
∑

i

Szi − m2
s I0

1

2

∑
〈i j〉

SxiSx j − msh
∑

i

Sxi, (1)

where the pseudospin states with Sz = ± 1
2 correspond to the

CEF ground state |0〉 ≡ | − 1
2 〉 and |1〉 ≡ | + 1

2 〉 excited state
at energies −�

2 and +�
2 , respectively. Here ms = 〈0|Jz|1〉

is the matrix element of the physical 4 f -shell total angular
momentum Jz between the two CEF states. In the (|0〉, |1〉)
subspace Jx,y have no matrix elements. In the pseudospin
representation Sx takes over the role of Jz, i.e., Jz → msSx

and likewise Sy does not appear in the above Hamiltonian.
Furthermore, h = gJμBH where gJ is the Landé factor and
H the strength of the external field oriented along physical
(uniaxial) z direction. The effective exchange interaction is
given by Ie = z|I0| where I0 is the nearest-neighbor (NN)
exchange constant and z the coordination number. We use
the convention I0 > 0 for ferromagnetic (FM) exchange and
I0 < 0 for antiferromagnetic (AFM) exchange.

We consider two possible FM or AFM broken-symmetry
ground states. In MF approximation the model described by
Eq. (1) reduces to the sum

∑
i hm f (i) over single-site Hamil-

tonians. In unified notation for the two cases (σ = +1 for FM
and σ = −1 for AFM) the single-site terms are given by

hλ
m f (i) = ĥλ

m f (i) + 1
2σm2

s Ie〈Sx〉λ〈Sx〉λ̄,
ĥλ

m f (i) = �Sz(i) − msh
λ
e Sx(i)

= �

2

(
1 −γ ′

λ−γ ′
λ −1

)
, (2)

with h denoting the external and hλ
e the effective field. Here

λ = A, B (with corresponding λ̄ = B, A) denotes one of the
two sublattices in the AFM case. In the FM case they are
identical, i.e., 〈Sx〉λ ≡ 〈Sx〉. We note that in the present model
the moment is frozen along the field direction by the CEF
splitting �. Therefore, not only the sign of 〈Sx〉A,B may be
opposite but their magnitude is also different for nonzero
applied field. Explicitly the effective molecular field hλ

e or its
dimensionless form γ ′

λ is defined by

hλ
e = h + σmsIe〈Sx〉λ̄,

γ ′
λ = mshλ

e

�
= ms(h

′ + σγ 〈Sx〉λ̄), (3)

where h′ = h/� = gJμBH/� and γ = msIe/� = (2/ms)ξs

are dimensionless external field and interaction parameter.
Here the important control parameter for the quantum phase
transition from nonmagnetic to magnetic ground state of the
model is introduced by

ξs = m2
s Ie

2�
. (4)

For ξs < 1 or ξs > 1 the ground state will be nonmagnetic
or exhibits induced magnetic (FM or AFM) order, respec-
tively [3], with ξ c

s = 1 designating the quantum critical point.
As a combination of various microscopic parameters of the
strongly correlated f states and their effective intersite inter-
action this central important quantity has to be considered
as an adjustable model parameter. As we argue later it can
be estimated from specific heat analysis or the dispersion
characteristics of magnetic exciton modes. In some cases a
tuning of the control parameter by applying external (uniaxial)
pressure [8] or substitution with nonmagnetic elements [9] has
been achieved.

For the dimensionless field we may alternatively define
ĥ = msh′ = geffμBH/� with the effective g factor of the two
singlets given by geff = msgJ . The above Hamiltonian ĥλ

m f is
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readily diagonalized leading to energy levels

ε±
λ = ±ελ = ±�

2
[1 + (γ ′

λ)2]
1
2 , (5)

and sublattice (λ = A, B) dependent eigenstates

|ε+
λ 〉 = cos θλ|1〉 − sin θλ|0〉,

|ε−
λ 〉 = sin θλ|1〉 + cos θλ|0〉, (6)

with the mixing angle given by tan 2θλ = γ ′
λ. The constant

energy shift contained in the first line of Eq. (2) is irrelevant
for calculating the molecular fields but has to be included later
for the internal and free energies in Sec. IV A.

III. ORDER PARAMETER, MAGNETIZATIONS,
AND CRITICAL TEMPERATURE

The eigenstates of Eq. (6) may be used to derive the
selfconsistency equations for the mean-field order parameter
according to

〈Sx〉λ =
∑
n=±

pn
λ

〈
εn
λ

∣∣Sx

∣∣εn
λ

〉 = 1
2 tanh(βελ) sin 2θλ, (7)

with pn
λ = Z−1

λ exp(βεn
λ ) (β = 1/T ; kB ≡ 1) denoting the

thermal occupation of the two eigenstates and Zλ =
2 cosh(βεn

λ ) giving the partition function of the two levels.
Explicitly, using Eq. (3) the order parameter is then obtained
from the self-consistent equation

〈Sx〉λ = 1

2
ms(h

′ + σγ 〈Sx〉λ̄)
1

�̂λ
T

tanh

[(
�

2T

)
�̂λ

T

]
,

�̂λ
T ≡ 1

�
(ελ

+ − ελ
−) = [

1 + m2
s (h′ + σγ 〈Sx〉λ̄)2

] 1
2

= [1 + (msh
′ + 2σξs〈Sx〉λ̄)2]

1
2 , (8)

where �̂λ
T is the T -dependent splitting (normalized to �) of

the eigenstates on each sublattice modified due to the action
of the external and molecular fields resulting from the other
sublattice (for the AFM case). Naturally for the FM case there
is no distinction between them and the λ index is irrelevant. In
units of (geffμB/site) the dimensionless homogeneous (M0

x )
and staggered (Ms

x) magnetization are then given by

M0,s
x = 1

2 [〈Sx〉A ± 〈Sx〉B], (9)

respectively. For the FM and AFM paramagnetic (h′ > h′
c)

cases there is no sublattice dependence and we have M0
x =

〈Sx〉 and Ms
x = 0 where the homogeneous magnetization at

zero temperature is now obtained from Eq. (8) as solution of

〈Sx〉T =0 = M0
x =

1
2

(
msh′ + 2ξsM0

x

)
[
1 + (

msh′ + 2ξsM0
x

)2] 1
2

. (10)

Here the denominator is the renormalized saturated level split-
ting �̂0. For the calculation of thermodynamic properties it
will also be useful to write the self-consistency equations in a
more compact form. We will use the following identities and
abbreviations:

γ ′2
λ = (

�̂λ
T

)2 − 1; f λ
s (T ) = tanh

[(
�

2T

)
�̂λ

T

]
. (11)

FIG. 1. (a) Homogeneous moment 〈Sx〉 = M0
x as function of

temperature for ξs = 1.2. At zero field the ordering temperature
is Tm/� = 0.42. At finite field the FM phase transition changes
into a gradual crossover at Tm. Dashed lines show the renormalized
(by order parameter and field) singlet-singlet splitting �̂T = �T /�.
(b) Left panel: AFM sublattice (A, B) moments, homogeneous (M0

x )
and staggered (Ms

x ) moments as function of applied field h′ = h/� at
T/� = 0.01 for a control parameter ξs = 1.2 leading to critical field
h′

c = 0.77. The induced AF phase transition persists for all fields up
to h′

c. Right panel: renormalized A, B sublattice singlet splittings. The
minimum �̂B = 1 appears when 〈Sx〉B changes sign (black dashed
lines).

The auxiliary function f λ
s (T ) describes the difference of

thermal populations of the molecular field eigenstates. Then
Eq. (8) may also be written as

〈Sx〉λ = sgn(〈Sx〉λ)
1

2

[(
�̂λ

T

)2 − 1
] 1

2

�̂λ
T

f λ
s (T ), (12)

which establishes the direct relation between the order pa-
rameters 〈Sx〉λ and the (normalized) effective splittings �̂λ

T
for each sublattice λ = A, B which are generally different in
the AFM case inside the ordered phase [Fig. 1(b)]. Without
external field (h′ = 0) the order parameter 〈Sx〉λ = 〈Sx〉 is
sublattice independent for FM and opposite 〈Sx〉λ = λ〈Sx〉 in
the AFM case. Then in the zero-field case Eq. (8) reduces to

�̂T = ξs fs(T ); fs(T ) = tanh

[(
�

2T

)
�̂T

]
, (13)
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now with simplified �̂T = [1 + (2ξs〈Sx〉T )2]
1
2 and 〈Sx〉T =

1
2ξs

[ξ 2
s f 2

s (T ) − 1]
1
2 leading to a saturated splitting �̂0 = ξs

and moment 〈Sx〉0 = 1
2ξs

(ξ 2
s − 1)

1
2 that increases with singular

slope above the QCP ξ c
s = 1 (see Ref. [3]). In both cases at the

transition temperature �̂Tm = 1 or fs(Tm) = ξ−1
s which leads

to the explicit zero-field solution [3]

Tm(ξs) = �

2 tanh−1
(

1
ξs

) . (14)

This means that an induced magnetic order with finite Tm at
zero field (for FM as well as AFM) appears only for ξs > ξc =
1 which marks the QCP between paramagnetic (ξs < ξc) and
magnetic (ξs > ξc) ground states. For finite field there is no
transition temperature in the FM case but only a crossover
behavior. In the AFM case the phase transition prevails and
Tm(h), i.e., the h-T phase diagram can be obtained from
the numerical solution of Eq. (8). For FM at all T and for
AFM for T > Tm(h′) (Ms

x = 0) the homogeneous magneti-
zation M0

x (h′) is also obtained from this equation simply by
replacing 〈Sx〉λ, 〈Sx〉λ̄ → M0

x with σ = ± for FM and AFM,
respectively. The order parameters, uniform and staggered
magnetizations for the two cases, and AFM transition tem-
perature Tm(h, ξs) and the critical field hc(ξs) are shown in
Figs. 1 and 2 which will be discussed in Sec. VII.

Static field-dependent susceptibility

An alternative approach to obtain Tm(h) and the critical
field hc(ξs) defined by Tm(hc) = 0 proceeds via the determi-
nation of collective static random phase approximation (RPA)
susceptibilities. In the Ising-type singlet-singlet system only
the operator Jz = msSx has matrix elements and leads to a
finite static single-site susceptibility . For finite field and tem-
perature it is given by [3,10] (sublattice index λ suppressed,
τ, τ ′ = ±)

χ0(T, h′) = m2
s

∑
τ �=τ ′

|〈τ |Sx|τ ′〉|2 pτ − pτ ′

ετ ′ − ετ

+β

[ ∑
τ

|〈τ |Sx|τ 〉|2 − 〈Sx〉|2
]
, (15)

consisting of a first van Vleck term and and a second pseudo-
Curie term induced by the order parameter. This may be
evaluated using the pseudospin matrix in the basis of eigen-
states |τ 〉 given in Eq. (6) as

{Sx}λττ ′ = 1

2

(
sin 2θλ cos 2θλ

cos 2θλ − sin 2θλ

)
. (16)

Then the total static susceptibility, expressed by the sum of
van Vleck and pseudo-Curie terms χ0λ = χvV

0λ + χC
0λ which

are explicitly obtained as

χvV
0λ (T, h′) = m2

s

2�

1(
�̂λ

T

)3 tanh

[(
�

2T

)
�̂λ

T

]
,

χC
0λ(T, h′) =

(
1

2
ms

)2 1

T

(
1 − 1(

�̂λ
T

)2

)(
1 − f λ2

s

)
. (17)
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FIG. 2. (a) Field dependence of AFM induced moment transition
temperature (phase diagram) for three different control parameters
showing the increase of Tm and hc with ξs (full lines). For comparison
the arrested soft mode frequency ω−(Q, Tm(h′)) is shown which is
nonzero except at zero and critical field (dashed lines). (b) Depen-
dence of AFM critical temperature Tm (for h = 0) and critical field
hc (for T = 0) on the control parameter above the QCP.

In the general FM and the paramagnetic AFM cases there is
no sublattice (λ = A, B) dependence. Note that the pseudo-
Curie term vanishes for T → 0 despite the 1/T Curie
prefactor because the subsequent population factors suppress
it exponentially. From the (generally sublattice-dependent)
single-ion susceptibility χ0λ we obtain the momentum-q-
dependent RPA susceptibility of the interacting system. The
Fourier transform of the NN exchange interaction in Eq. (1) is
given by I (q) = zI0γ (q) with γ (q) = z−1 ∑

〈i j〉 exp(Ri − R j )
denoting the structure function for the (Bravais) lattice. Then
the collective static susceptibility for the FM is given by

FM : χ (q) = χ0[1 − I (q)χ0]−1, (18)

and the susceptibility matrix for the AFM (in sublattice A, B
space) is derived as

AFM : χ̂ (q) = 1

D(q)

(
χ0A I (q)χ0Aχ0B

I (q)χ0Bχ0A χ0B

)
,

D(q) = 1 − I (q)2χ0Aχ0B. (19)
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FIG. 3. Temperature variation of FM and AFM homogeneous
susceptibilities for different fields for ξs = 1.2. Left panel: FM zero-
field divergence at Tm/� = 0.42 is rapidly suppressed by external
field. Right panel: AF anomaly at Tm(h′) [see also Fig. 2(a)] persists
but shifts with lower critical temperatures and vanishes at criti-
cal field h′

c = hc/� = 0.77. Inset shows relative susceptibility drop
[Eq. (21)] with increasing field, starting at δAFM(0) = 0.18. Dashed
lines correspond to critical and larger fields.

The physical homogeneous susceptibility for the AFM is then
obtained as the average over sublattice components according
to

χ (0) = 1

2

∑
λ

χ0λ[1 + Ieχ0λ]−1. (20)

As zero-field limiting cases we obtain for T = 0, Tm the
following values [3] (in units of [m2

s /�]): For FM χ (0) =
1/[2ξs(ξ 2

s − 1)] and χ (Tm) → ∞ while for AFM χ (0) =
1/[2ξs(ξ 2

s + 1)] and χ (Tm) = 1/(4ξs). Note this is the “lon-
gitudinal” zz-type susceptibility shown in Fig. 3 (there is no
transversal one in this Ising-type model) and it stays finite
for T → 0. This is different from degenerate ground state
magnets where it vanishes in that limit. For AFM the relative
drop from the maximum at Tm may be expressed as

δχAFM(h) = χ (Tm, h) − χ (0, h)

χ (Tm, h)
,

δχAFM(0) = (
ξ 2

s − 1
)/(

ξ 2
s + 1

)
. (21)

This experimentally accessible quantity provides a direct mea-
sure for the control parameter in the AFM two-singlet induced
magnet. Another one applicable to both cases will be dis-
cussed below in connection with the specific heat anomalies.
In the degenerate limit when ξs 	 1 the conventional com-
plete drop with δχAFM(0) ≈ 1 is achieved.

Starting from the paramagnetic side of the AFM without
sublattices we also may determine the transition temperature
Tm(h′) at finite field or AFM phase boundary from the condi-
tion that the AFM staggered susceptibility (q = Q) diverges,
i.e., I (Q)χ0(Tm) = 1 with I (Q) = z|I0| = Ie where Q is the
AFM ordering vector. Using Eq. (17) this leads to the implicit
solution for Tm(h′) according to

fs(T̂m) = �̂3
Tm

ξs
− 1

2

�̂Tm

T̂m

(
�̂2

Tm
− 1

)[
1 − f 2

s (T̂m)
]
, (22)

with the normalized T̂m = Tm(h′)/� and paramagnetic level
splitting �̂Tm (h′) = [1 + (msh′ + 2ξs〈Sx〉)2]

1
2 . The first and

second terms on the right-hand side of this equation result
from van Vleck and pseudo-Curie terms of the susceptibility,
respectively. In zero-field limit the latter vanishes and �̂Tm =
1, then the explicit solution of Eq. (14) is recovered.

Furthermore, the critical field for AFM order for a given
control parameter ξs > 1 is defined by the condition Tm(h′

c) =
0. At zero temperature the population difference in Eq. (11)
reaches its maximum, meaning fs(T̂m(h′

c)) = 1. Inserting this
into Eq. (22) leads to the implicit equation for the critical field
according to

h′
c(ξs) = 1

ms

[(
ξ

2
3

s − 1
) 1

2 + 2ξs〈Sx〉0
]
, (23)

which starts with a singular slope at the QCP ξs = 1. Indeed
close to the QCP with ξs = 1 + δ (δ � 1) a comparison of the
asymptotic zero-field Tm(δ) and h′

c(δ) leads to the result

Tm(δ)/� �
∣∣∣∣ln δ

2

∣∣∣∣,
h′

c = hc(δ)/� �
√

2

ms

(
1 + 1√

3

)√
δ. (24)

The logarithmic and square-root singularities of these critical
quantities can be seen in the comparison with the numerical
calculations presented in Fig. 2(b).

IV. CALORIC PROPERTIES AND COEFFICIENTS

With the basic properties of the model derived above we
can now calculate the thermodynamic potentials as a pre-
requisite for obtaining the various thermodynamic quantities
relevant for experimental investigation of singlet induced mo-
ment magnets. These potentials depend on the set of variables
(T, h, ε) where T is the temperature, h the external field, and
ε is the volume strain ε = 1

3 (εxx + εyy + εzz ) which enters
through the magnetoelastic strain dependence �(ε) of the
singlet-singlet splitting.

A. Thermodynamic potentials

First we calculate the internal energy which has two con-
tributions according to Eq. (2), coming from the thermal
averaging over level energies (U0) and a direct order param-
eter term (Uop), respectively. The internal energy per site is
then given by

U (T, h′) = U0 + Uop

= 1

2

∑
λ

∑
n

pn
λε

n
λ + 1

2
σm2

s Ie〈Sx〉λ〈Sx〉λ̄, (25)

where the thermal occupations of MF energy levels are pn
λ =

Z−1
λ exp(−βεn

λ ) with Zλ = 2 cosh[( �
2T )�̂λ

T ] denoting the par-
tition function in each sublattice; this leads to

U (T, h′) = −�

4

∑
λ

�̂λ
T tanh

[(
�

2T

)
�̂λ

T

]

+ 1

2
σm2

s Ie〈Sx〉λ〈Sx〉λ̄. (26)
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Using the results of the previous section, in particular Eq. (8),
U (T ) may be written more explicitly for the FM case as

U (T, h′) = −�

2

{
�̂T fs(T ) − 1

2ξs

[(
�̂2

T − 1
) 1

2 − msh
′]2

}

�̂T = [1 = (msh
′ + 2ξs〈Sx〉)]2,

〈Sx〉 = �̂T

2
(msh

′ + 2ξs〈Sx〉) tanh

[(
�

2T

)
�̂T

]
. (27)

In the AF case it is preferable to use the general two-sublattice
expression in Eq. (26) together with Eq. (8). In the zero-field
limit the internal energy for FM and AFM reduces to the
single expression

U (T, 0) = −�

4

[
ξs f 2

s (T ) + 1

ξs

]
, (28)

leading to a ground state energy Ugs = −�
4 (ξs + 1

ξs
).

Furthermore, the entropy of the model is given by

S = U0

T
+ lnZ = −

(
�

2T

)∑
λ

�̂λ
T f λ

s (T ) + 1

2

∑
λ

Zλ, (29)

which may be evaluated explicitly as

S(T, h′) = 1

2

∑
λ

{
ln

[
2 cosh

[(
�

2T

)
�̂λ

T

]]

−
(

�

2T

)
�̂λ

T tanh

[(
�

2T

)
�̂λ

T

]}
, (30)

and approaches the limit S = ln 2 for T 	 �.
Finally, for the free energy per site F = U − T S = Uop −

T 1
2

∑
λ Zλ we obtain explicitly

F (T, h′) = −T
1

2

∑
λ

ln
[
2 cosh

(
�

2T

)
�̂λ

T

]

+ 1

2
σm2

s Ie〈Sx〉λ〈Sx〉λ̄. (31)

The free energy is needed to calculate the thermal expan-
sion coefficient that enters the expression for the barocaloric
cooling rate.

B. Specific heat, magnetocaloric, and barocaloric coefficients
and thermal expansion

The field and temperature dependence of the specific heat
under constant volume (strain) is obtained from the internal
energy via the general thermodynamic relation

CV (T, h′) =
(

∂U (T, h′)
∂T

)
ε

, (32)

where the relation between volume V and volume strain ε

is given by ε = (V − V0)/V0 with V0 denoting the ambient
pressure equilibrium value. The temperature and field de-
pendence has to be computed numerically from the internal
energy in Eq. (26) after solving the self-consistency equa-
tions for the order parameter [Eq. (8)]. In the zero-field case
one can make qualitative conclusions: The entropy release
as discussed in Sec. VII can happen by (i) the depopulation

FIG. 4. (a) Specific heat for AFM case with ξs = 1.2 where or-
dering temperature Tm(h = 0) coincides with maximum temperature
Tmax = 0.42� of the Schottky background anomaly. For increasing
field Tm(h) decreases [Fig. 2(a)] and concomitantly the relative step
size δCV [Tm(h)]/CV (Tmax) decreases (inset); they both vanish at the
critical field hc(ξs ). (b) Specific heat for FM with ξs = 1.2 which is
identical to AFM for h = 0. However, for finite field the FM order
changes rapidly into a crossover [cf. Fig. 1(a)] and the sharp jump
broadens and merges with the Schottky background for larger field.
This type of field dependence should be expected for the induced FM
PrIr3 shown in Fig. 5 (only for zero-field case).

of the upper singlet leading to the underlying Schottky spe-
cific heat peak and (ii) by the induced order leading to the
specific heat jump at Tm(ξ ) Fig. 4]. The former is given by
CV (T ) = x2/ cosh2 x [kB/site] with x = �/2T . Its maximum
position, determined by x tanh x = 1, lies at Tmax = 0.42�

(with CV (Tmax) = 0.44kB) while the (zero-field) transition
temperature Tm is given by Eq. (14). Their observed relative
position then allows to draw conclusions on the size of the
control parameter ξs (subsection of Sec. V) (see also Fig. 2).

Further interesting and important experimentally accessi-
ble quantities are the magnetocaloric and elastocaloric (or
barocaloric) coefficients, i.e., the adiabatic (S = const) cool-
ing rates under rapid field or hydrostatic pressure change,
respectively [11–13]. These effects have also technical appli-
cations which are not the focus in this work and we refer to
Refs. [14,15] for a deeper discussion of this important issue.
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Microscopically the magnetocaloric and barocaloric coeffi-
cients are due to the field dependence of nondiagonal elements
in the Hamiltonian of Eq. (2) or the volume strain dependence
of diagonal terms (i.e., the CEF splitting), respectively. The
adiabatic magnetocaloric coefficient is given by

�mc(T, H ) =
(

∂T

∂H

)
S

= − T

CV

(
∂Mx

∂T

)
H

, (33)

with the homogeneous magnetization Mx = ms(gJμB)M0
x =

(geffμB)M0
x and M0

x defined in Eq. (9). Likewise, we have for
the adiabatic barocaloric coefficient at a constant field H

�bc(T, H ) =
(

∂T

∂ p

)
S

= T

Cp

(
∂ε

∂T

)
p

, (34)

where p = −cBε is the pressure and the last factor in the
above equation is the thermal expansion coefficient β with cB

denoting the inverse bulk modulus or fully symmetric elastic
constant:

β(T, H ) =
(

∂ε

∂T

)
p

; ε(T ) = − 1

cB

(
∂F

∂ε

)
T

. (35)

These are also important accessible quantities in CEF systems
[16] and can be obtained from the free energy as indicated.
We assume that the strain coupling appears predominantly
through the volume strain dependence of the CEF split-
ting �(ε). Then a dimensionless CEF Grüneisen parameter
� = −[∂ ln�(ε)/∂ε] (which may be positive or negative)
characterizes the strength of this coupling. In rare-earth com-
pounds this parameter is usually of the order of |�| ≈ 10
[16,17]. Then we may write for the strain-dependent en-
ergy scale �(ε) = �(1 − �ε) and control parameter ξs(ε) =
ξs(1 + �ε) and this leads to the strain dependence of the
free energy in Eq. (31) which determines thermal expansion,
magnetostriction, and barocaloric coefficients given in the
equations above.

Typical examples of the magnetocaloric and barocaloric
quantities for FM and AFM cases are discussed in Sec. VII.

V. MATERIAL EXAMPLES FOR SINGLET
INDUCED MOMENT MAGNETS

Now we give a brief overview of materials where the theory
of field-dependent properties in singlet ground state induced
quantum magnets developed here may be relevant and then
apply it to a most recent example of the near critical ferro-
magnet PrIr3.

In this overview we also include materials where the first
excited CEF state is not a singlet but may also be a doublet
(for fourfold and sixfold uniaxial point groups) or a triplet (for
tetrahedral and cubic point groups only). It was demonstrated
in Ref. [3] that their principal thermodyamic properties are
similar to the singlet-singlet case. As shown in the following
section the induced moment magnetism may also be preceded
in the paramagnetic phase by a strong temperature depen-
dence and a softening of a critical magnetic exciton mode to
a varying degree at the ordering wave vector. A considerable
number of materials have been accumulated that qualify as
singlet ground state induced moment system. Frequently these
compounds contain non-Kramers 4 f or 5 f ions like (J = 4)
Pr3Tl [18,19], PrSb [20], PrCu2 [21], PrNi [22], Pr5Ge4

[23], Pr2CuO4 [24], and elemental Pr metal under pressure
[8,10,25,26]. Singlet ground state induced AFM order has
also been found in Tb and Tm compounds (both with J = 6)
TbSb [27] and its Y-substituted alloy [9] as well as Tb3Ga5O12

[28] and KTmSe3 [29]. Recently, a 4 f singlet-singlet system
PrMgAl11O19 [30] has been discovered with Pr located on
a triangular sublattice. This raises the interesting theoretical
question how the induced moment mechanism interferes with
geometric frustration. Indeed this compound does not order
magnetically down to 0.4 K.

Furthermore, candidates with 5 f electrons for induced
magnetism are UGa2 [31] and UPd2Al3 [32–34] and URu2Si2

[35] (further references cited therein), and also Fe substituted
[36]. However, it should be noted that the degree of itin-
eracy of 5 f states is often higher and the localized picture
may not be fully applicable. When considered within the
localized 5 f scenario URu2Si2 [35,36] and also the (Kramers
ion) compound YbRu2Ge2 [37] show that the induced order
mechanism is not restricted to magnetism but also possible
for multipolar [38,39] and (ferro)quadrupolar [40,41] order,
respectively.

Finally, another aspect of f -electron materials with CEF
singlet ground state has been discovered: For suitable
two-dimensional (2D) lattice structure with a basis like hon-
eycomb or kagome the magnetic excitons may develop a
nontrivial topological character with nonvanishing Chern
number which requires the presence of magnetic excitonic
edge modes in the paramagnetic state [42]. An example is the
2D honeycomb lattice with a two-atom basis with site sym-
metry C3v , which may be realized as a planar structure within
a three-dimensional (3D) lattice. This structure is relevant for
various f -electron compounds like Na2PrO3 [43], TmNi3Al9

[44], and recently a new class of promising 4 f [RE = Tm
(J = 6), Ho (J = 8)] honeycomb materials BaRE2(SiO4)6

was found [45]. All of these compounds have integer total
angular momentum J and thus will exhibit a CEF singlet
ground state in this site symmetry.

The case of PrIr3: A new near-critical singlet
induced ferromagnet

Now we consider a most recent addition to these exam-
ples in more detail, in the context of the previous theoretical
analysis, which is the intermetallic compound PrIr3 described
in Ref. [4]. It exhibits low-temperature ferromagnetic order
at Tm ≡ TC = 7.5 K. Because of the low-site symmetry C2 of
Pr ions in the low-temperature phase only singlet CEF states
can be present. Due to its intermetallic nature the effective
intersite interaction between the Pr3+ localized 4 f moments is
dominated by the RKKY mechanism mediated by conduction
electrons [10]. Then the FM ordering should be of the induced
moment type discussed here and previously [3]. Indeed the ob-
served anomaly of the specific heat (so far only in zero field)
around the ordering temperature supports such interpretation.
It shows the two signatures of the induced moment magnet
as evident from the experimental data in Fig. 5 adapted from
Ref. [4]: First, an underlying Schottky-type anomaly resulting
from the single-site CEF singlet-singlet splitting. Second, the
specific heat jump associated with the induced ferromagnetic
order. As explained before the relative position of the maxi-
mum (T CV

max) and the ordering temperature Tm depends on the
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FIG. 5. Specific heat coefficient γ = CV /T of the close to critical
singlet-singlet induced ferromagnet at zero field. Dashed black line is
the background Schottky anomaly and red line corresponds to control
parameter ξs = 1.08 close to the quantum critical ξ c

s = 1. The jump
at FM Tm ≡ TC appears at the maximum postion Tmax of the Schottky
background C0

V /T (dashed black line). For comparison the magnetic
specific heat of PrIr3 (TC = 7.5 K) adapted from Ref. [4] is shown
by the red symbols (with residual T = 0 γ -value subtracted and the
maximum position and value scaled to coincide).

control parameter ξs. In the case of PrIr3 it was observed
that the maximum (T γV

max) of γV = CV (T )/T coincides with
the ordering temperature. Then, following the arguments in
the previous section this leads to values � = 24.4 K for the
singlet splitting and a control parameter ξs = 1.08 for PrIr3.
Therefore, the new compound PrIr3 may be viewed as an
induced singlet ground state ferromagnet rather close to the
QCP at ξs = 1. In fact, when plotting C(T ) itself for ξs = 1.08
the specific heat jump at Tm = 7.5 K lies already considerably
below the Schottky maximum. For this asymptotic case with
ξs = 1 + δ (δ � 1) the relative jump size vanishes like [3]
(C−

V − C+
V )/C+

V ≈ δ|ln δ
2 | where C±

V are the values close above
and below the transition [3].

We stress that we do not intend a quantitative compari-
son of specific heat temperature dependencies because PrIr3

has a linear low-temperature itinerant specific heat contribu-
tion (subtracted in Fig. 5) and also presumably contributions
from higher CEF states at elevated temperatures (the entropy
exceeds ln2 there), both effects are not described by our two-
singlet model. But the comparison in Fig. 5 demonstrates a
similarity of shapes for CV /T : a jump due to FM order sitting
right on top of the Schottky peak. The essential point we want
to make is that the relative position Tmax of low-temperature
Schottky background maximum and ordering temperature Tm

gives information on the control parameter and the associated
distance to the FM QCP of the induced moment magnetism
(see also Fig. 6).

We finally note that the case where specific heat jump at Tm

is directly on top of the Schottky anomaly at Tmax of CV (T )
itself occurs for ξs � 1.2. For control parameters around this
value entropy release by ordering and level depopulation may
be considered as comparatively important (Fig. 7). This value
of ξs has mostly been adopted in the figures which are not
directly related to PrIr3.

FIG. 6. Contour plots of FM (a), (c) and AFM (b), (d) spe-
cific heat CV (T, h) for two different control parameters ξs

with zero-field transition temperatures Tm(ξs = 1.1) = 0.33 and
Tm(ξs = 1.2) = 0.42. In the FM case a transition occurs only for
h = 0 and changes into a crossover with the Schottky-type specific
heat maximum at Tmax(h) shifting to higher temperature. In the AFM
case the transition persists at all fields at Tm(h) up to the critical
fields h′

c(ξs = 1.1) = 0.53 and h′
c(ξs = 1.2) = 0.77 (cf. Fig. 2). The

relative zero-field position of Tm and background Tmax depends on
ξs [it coincides for ξs = 1.2 in (d)] and they separate on approach-
ing the critical field. Equidistant contour lines of CV (T, h) vary
between 0−0.5kB /site for xs = 1.1 and 0−0.75kB/site for ξs = 1.2
(see Fig. 4).

FIG. 7. Left panel: Two contributions to the entropy release:
δS0 = ln 2 − S0 from singlet depopulation and δS = S0 − S from
induced magnetic order. Right panel: Relative entropy release δS/δS0

at zero field from the transition (FM or AFM) compared to the
one from excited singlet depopulation. It increases with the control
parameter ξs which shifts the transition Tm(ξs ) to higher temperatures.
For ξs 	 1 the transition exhausts all the entropy release ln 2.
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VI. FIELD DEPENDENCE OF MAGNETIC
EXCITON MODES

In the molecular field picture the intersite exchange in the
singlet-singlet system leads to possible induced order with
spontaneous moment creation due to singlet mixing and a
concomitant renormalization of the CEF splitting of singlets,
both depending on the external field as well. Considering the
effect of the exchange beyond this static picture, i.e., in an
RPA response function technique [3,10] allows to study the
dynamics of the model. An alternative for low temperatures
is provided by using the Bogoliubov transformation approach
[3]. The finite CEF singlet gap then turns into dispersive
magnetic exciton modes due to the intersite exchange which
are already present in the disordered phase. They have been
investigated experimentally [18–22] as well as theoretically
[3,7,26,46] for numerous singlet ground state magnets. Their
temperature dependence is characterized by (mostly arrested)
soft mode behavior above the ordering temperature around
the wave vector of the incipient induced magnetic order. As
shown in detail in Ref. [3] the mode softening depends cru-
cially on the nature of the first excited state, whether it is a
singlet, doublet, or triplet.

Here we focus on the two-singlet system for FM as
well as AFM case but include the effect of the external
field on the evolution of magnetic exciton dispersion and in
particular soft mode characteristics. These excitations may
be obtained from the dynamic version of Eq. (15) given
by [3,10,34]

χ0λ(iωn, T, h′) = m2
s

∑
τ �=τ ′

|〈τ |Sx|τ ′〉|2λ
pτ

λ − pτ ′
λ

ετ ′
λ − ετ

λ − iωn
, (36)

where τ = ± denote the mixed singlet eigenstates on sublat-
tice λ = A, B. For finite frequency this contains only the van
Vleck term without the zero-frequency pseudo-Curie term in
the static case [Eq. (15)]. It may be evaluated as

χ0λ(iωn) =
(

m2
s

2�̂λ
T

)
�(

��̂λ
T

)2 − (iωn)2
f λ
s (T ). (37)

Inserting this into the Eqs. (18) and (19) according to
χ0λ → χ0λ(iωn), etc., leads to the dynamical collective RPA
susceptibilities. The magnetic exciton modes are then ob-
tained from their poles for real frequencies, i.e., by the
equation I (q)χ0(ω) = 1 for FM and para AFM state and
I2(q)χ0λ(ω)χ0λ̄(ω) = 1 in the AFM ordered case. Explicitly
the solution leads to the magnetic exciton dispersions given
by

FM (para-ordered):

ωF (q, T, h′) = ��̂T

[
1 − ξs

�̂3
T

fs(T )γ (q)

] 1
2

, (38)

AFM (para):

ω0(q, T, h′) = ��̂T

[
1 + ξs

�̂3
T

fs(T )γ (q)

] 1
2

, (39)

AFM-ordered:

ω±(q, T, h′)

= �

{
1

2

(
�̂A2

T + �̂B2
T

)

±
[

1

4

(
�̂A2

T − �̂B2
T

)2 + ξ 2
s

f A
s (T ) f B

s (T )

�̂A
T �̂B

T

γ (q)2

] 1
2

} 1
2

.

(40)

It is useful to consider a few instructive special cases for these
mode dispersions in the paramagnetic as well as magnetically
ordered temperature and field regimes.

In the FM case Eq. (38) is appropriate in the whole tem-
perature and field range with �̂T obtained from Eq. (8) and
fs(T ) from Eq. (13). For zero field a true phase transition
occurs for ξs > 1. For T → Tm we have �̂T → 1 and then
fs(T ) → ξ−1

s . Furthermore, at the FM ordering vector q = 0
we get γ (0) = 1. Then Eq. (38) leads to ω(0, Tm, 0) → 0, i.e.,
a soft mode at the FM � point appears as a precursor to the
induced FM ordering. For finite field when only a crossover
to a FM polarized state occurs the soft mode acquires a finite
frequency again already at small field sizes.

The soft mode precursor behaves even more interesting
in the AFM phase transition. For T < Tm(h′) there are now
generally two modes from Eq. (40) because �̂A

T �= �̂B
T on the

two sublattices. In the paramagnetic phase with �̂λ
T = �̂T

it reduces to the same form as Eqs. (38) and (39) but with
ω±(q) corresponding to a downfolding from the simple cubic
paramagnetic Brillouin zone (BZ) to the fcc antiferromag-
netic BZ (AFBZ). The 1. AFBZ is defined by the boundaries
q · Q′ = ±1 where Q′ is any of the eight midpoint (L) vec-
tors (± 1

2 ,± 1
2 ,± 1

2 ). The unfolding in the paramagnetic phase
is defined by ω+(q) = ωF (q) and ω−(q) = ω0(q) in the 2.
AFBZ and vice versa in the 1. AFBZ (the complement in the
simple cubic BZ) as further discussed in Sec. VII.

With similar arguments as above for ξs > 1 and zero
field the mode frequencies at the AFM ordering vector Q =
(1, 1, 1) (R point) are ω±(Q, Tm, 0) = 0, 2� with ω−(Q) now
corresponding to the precursor soft mode. In the AFM case
the transition at Tm(h′) exists also for finite fields h′ < h′

c
below the critical one. Then the question arises whether the
zero-field soft mode appearance at Tm seen before persists also
for finite field for all Tm(h′). This is, however, not the case
for the following reason: The AFM critical temperature as
determined by Eq. (22) contains also the effect of the (second)
zero-frequency pseudo-Curie terms leading to a slightly larger
Tm(h) than to be expected from the (first) van Vleck terms
only. However, the mode frequency is determined solely by
the poles due to the dynamical van Vleck terms and there-
fore the AFM transition Tm(h′) happens already before the
complete softening of the precursor mode takes place. This
“arrested soft mode” frequency is obtained from Eq. (40) as

ω−(Q, Tm(h′), h′)

= �

(
ξs�

2Tm

) 1
2 (

�̂2
Tm

− 1
) 1

2
(
1 − f 2

s (Tm)
) 1

2 � 0, (41)
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which vanishes in the zero-field limit where �̂Tm = 1 and also
at the critical field where Tm(h′

c) → 0 leading to fs(Tm) → 1.
Therefore, strictly, even in a singlet-singlet model a true soft
mode occurs only at Tm(h′) for h′ = 0, h′

c while an “arrested”
soft mode with ω−(Q, Tm(h′), h′) > 0 is observed in the inter-
val 0 < h′ < h′

c. (In a singlet-triplet induced moment magnet
this happens already at zero field due to the effect of the
genuine Curie terms in the static susceptibility resulting from
the excited triplet [3,47]). The naively unexpected behavior of
ω−(Q, Tm(h′), h′) is clearly seen in Figs. 2(a) and 11.

To complement the dispersions we also calculate the in-
tensities of the modes, i.e., the spectral function (without the
Bose prefactor) which is proportional to the inelastic neutron
scattering cross section. It is obtained from

S(q, ω) = 1

π
Im

∑
λ

χ̂λλ(q, iωn)iωn→ω+iη. (42)

Again the sum over sublattices is absent for FM and param-
agnetic AFM cases. Using the dynamical form of the RPA
susceptibilities in Eqs. (18) and (19) and employing Eq. (37)
we get for the single FM mode dispersion [Eq. (38)]

FM : S(q, ω) = 1

2
m2

s

f̂s(T )

2ω̂q
δ(ω − ωq), (43)

with the definition f̂s(T ) = fs(T )/�̂T implied [cf. Eq. (13)]
and ω̂q = ωq/�. Likewise, the spectral function for the two
AFM dispersive modes [Eq. (40)] is given by

AFM : S(q, ω) = 1

2
m2

s

∑
n=±

f̂sn(T )

2ω̂nq
δ(ω − ωnq),

f̂sn(T ) =
∑

λ f̂ λ
s (T )

(
ω̂2

nq − �̂λ̄2
T

)
(
ω̂n2

q − ω̂n̄2
q

) , (44)

where n = ±; (n̄ = ∓) denotes the two modes and λ = A, B;
(λ̄ = B, A) is as before the sublattice index. Furthermore, as
above we introduced f̂ λ

s (T ) = f λ
s (T )/�̂λ

T [cf. Eq. (11)] and
ω̂nq = ωq/�. It is obvious from the FM case but also true
for AFM that the mode intensity increases with decreasing
frequency and for the soft mode diverges (Fig. 11). The
mode dispersions and spectral functions for some typical and
instructive choices of field and temperature in ordered and
paramagnetic phases and their implications are explained be-
low.

VII. DISCUSSION OF NUMERICAL RESULTS

The basis for understanding the physical effects in the
two-singlet model is the determination of the induced order
parameters given by the solutions of the self-consistent solu-
tions of Eq. (8). Two examples (ξs = 1.2) for FM (temperature
dependence) and AFM (field dependence) are shown in Fig. 1.
For the former the zero-field FM transition immediately turns
into a crossover behavior at finite field since the appearance
of a magnetization 〈Sx〉 is no longer a symmetry breaking in
external fields. The same is true for the renormalized singlet
splitting �̂T . The AF case shown in Fig. 1(b) demonstrates
the two sublattice order parameters 〈Sx〉A,B as well as asso-
ciated staggered and homogeneous magnetization as function

of field up to the critical one hc(T ). The corresponding field
dependence of renormalized splittings �λ

T (h) for A, B sublat-
tices is nonmonotonic as function of field, in particular for
the B sublattice which is originally polarized opposite to the
external field. This is quite distinct from the FM case and
has consequences for the magnetocaloric effects as discussed
below.

From the solution of Eq. (8) we can also determine the
phase boundary of the induced moment AFM in the h-T plane.
It is shown in Fig. 2(a) for different ξs. The Tm(h) dependence
close to the critical field hc is remarkably steep, exhibiting a
logarithmic singularity. This is in contrast to common AFM
with degenerate ground state where it has a square-root singu-
larity. The concomitant dependence of the arrested soft mode
frequency ω−(Q, Tm(h)) [Eq. (41)] when (T, h) are varied
along the phase boundary is also shown by dashed lines in
Fig. 2(a). It demonstrates that a true soft mode is only realized
at the boundary points h = 0, hc but not in-between as further
discussed below. In Fig. 2(b) we also present the dependence
of zero-field transition temperature Tm(ξs) and critical field
hc(ξs) as a function of control parameter above the QCP
(ξs = 1). The asymptotics for ξs → 1 is given by a different
type of singular behavior according to Eq. (24).

The homogeneous susceptibility anomaly is a primary
method to characterize H-T phase diagrams by tracing their
anomalies. In Fig. 3 we present the results for both cases.
Since only the Jz operator has nonzero matrix elements be-
tween the singlet only a longitudinal (zz) susceptibility has
to be considered. For FM the singularity at Tm that signifies
the order is rapidly suppressed in an external field. As shown
below the suppression occurs in parallel with that of the spe-
cific heat anomaly at the transition. In the AFM the q= 0
susceptibility stays finite at the transition with a cusp anomaly
appearing that shifts with Tm(h) to lower values [cf. Fig. 2(a)]
until it vanishes at the critical field hc. For higher field a
plateau due to the pure van Vleck term is present which is
shifted downward because of the increasing singlet splitting.
An important point is the depression δχAFM(h) [Eq. (21)]
from peak height at Tm(h) to zero temperature. In degenerate
ground state moments the longitudinal susceptibility drops to
zero for the fully polarized AFM at T = 0. This is not the case
in an induced moment magnet because the saturation moment
(in units of gJμB) is ms

2ξs
(ξ 2

s − 1)
1
2 which depends on ξs and

is smaller than the maximum value 1
2 ms, reaching zero at the

QCP ξs = 1. Therefore, it still can be polarized by a probe
field and hence the longitudinal susceptibility is nonvanishing
at T = 0. At zero field the depression δχAFM(0) is given by
Eq. (21) and only on approaching the degenerate case for
ξs 	 1 it reaches maximum value one, i.e., χ (0) vanishes.
For fixed ξs and increasing field the opposite is observed: the
depression becomes less and vanishes at the critical field as
summarized in the inset of Fig. 3. This variable depression
δχAFM(h; ξs) of the longitudinal susceptibility which depends
on field as well as control parameter is characteristic for the
induced moment magnets and might be used to quantify ξs

from experiment in the AFM case.
Before discussing the specific heat it is useful to consider

an important symmetry aspect of the induced magnetic order.
For FM only time-reversal symmetry is broken while for AFM
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both time-reversal and translational symmetries are broken
(although the product is still conserved). Application of an
external field removes time-reversal symmetry and then in the
FM there is no more symmetry breaking because the homo-
geneous magnetization M0

x [Eq. (9)], which is the order pa-
rameter at zero field, is now already present above Tm(h = 0).
Therefore, at finite field no phase transition but only a gradual
crossover to a more polarized state will appear around and
below this temperature. This leads to the rapid suppression
of the zero-field specific heat jump in finite field. On the other
hand, for AFM the translational symmetry breaking due to the
two sublattices is still present in finite field, characterized by
the staggered order parameter Ms

x [Eq. (9)]. Consequently, the
induced AFM phase transition survives up to the critical field
as long as Ms

x is finite [Fig. 1(b)]. These different symmetry
properties of the two types of order will be reflected in their
strikingly distinct field dependence of the specific heat.

The specific heat evolution of the singlet-singlet mag-
net as function of field and temperature is shown in
Figs. 4(a) and 4(b) for AFM and FM, respectively. In both
figures the dashed black curve corresponds to the background
Schottky anomaly C0

V (T ) resulting from the noninteracting
split singlet-singlet CEF states and the full black curve cor-
responds to the interacting zero-field case with ξs = 1.2. It
is valid for both FM and AFM transitions at zero field. For
this control parameter the specific heat jump of the zero-field
transition (Tm) sits right on top of the background Schottky
anomaly peak (Tmax). Then for the AFM case in Fig. 4(a)
below Tm the entropy release is due to the ordering as well
as due to the background depopulation of the excited singlet
as further discussed below.

For finite field the FM transition in Fig. 4(b) at Tm rapidly
turns into a crossover and the transition peak merges with the
background. On the other hand, for the AFM case the ordering
at Tm(h) prevails at finite field but shifts to lower temperature
[see also Fig. 2(a)] with the specific heat jump sliding down on
the left flank of the background Schottky anomaly and being
continuously reduced in size. The δCV [Tm(h)] jump normal-
ized to the maximum of C0

V (Tmax) = 0.44kB/site is shown in
the inset as function of field up to the critical hc for this control
parameter where it vanishes.

As a specific example of the competing presence of
Schottky anomaly and ordering specific heat jump we have
discussed the case of ferromagnetic PrIr3 in subsection of
Sec. V as presented in Fig. 5 where we showed that from
the relative position of the two peaks one may estimate the
control parameter as ξs ≈ 1.08 in this case, which is already
rather close to the QCP of ξ c

s = 1 below which magnetic
order is suppressed. The field dependence of the magnetic
specific heat of PrIr3 which should look qualitatively similar
to Fig. 4(b) has not yet been determined experimentally.

The magnetocaloric properties of the singlet-singlet model
are also presented by the contour plots of CV in Fig. 6
in the field-temperature plane. The comparison of FM and
AFM cases shows their distinct appearance since the magnetic
phase transition survives in the latter up to the critical field
while in the former it is rapidly suppressed and turned into
a crossover. The latter is seen in Figs. 6(a) and 6(c) for two
different control parameters ξs. For finite field the polarization
〈Sx〉 and hence the singlet effective splitting �̂T (h) increase

rapidly with field shifting the Schottky anomaly to higher
temperature. The AFM case shows more intricate behavior
in Figs. 6(b) and 6(d): The contour of the phase boundary
Tm(h) is clearly visible but becomes blurred at lower Tm on
approaching hc because the specific heat jump is strongly
suppressed in this region [see inset of Fig. 4(a)]. For ξs = 1.1
the phase boundary Tm(h) and broad Schottky maximum at
Tmax(h) are separated while for ξs = 1.2 they coincide. The
latter shows now much less field dependence because there
are two singlet excitation energies �̂λ

T (h) at the two sublat-
tices λ = A, B. One of them (A) increases and the other (B)
decreases [because the polarization is opposite to the external
field, see Fig. 1(b)]. Then the thermal averaging leads to a
weak field dependence of the background Schottky anomaly
in this case for fields up to the critical field hc.

We emphasize that the two coexisting channels of entropy
release, depopulation and ordering are characteristic for the
induced moment magnetism. In a degenerate ground state
magnet only the latter is active. We show this explicitly
in Fig. 7 which presents the comparison of total entropy
S(T ) and background single-site entropy S0(T ) in the up-
per panel. The right panel presents the relative entropy from
ordering compared to the one from depopulation, i.e., the
ratio [S0(T ) − S(T )]/[ln 2 − S0(T )] where ln 2 is the high-
temperature limit of S(T ). It demonstrates that it increases
strongly with ξs when the release from ordering becomes
dominant and finally exclusive in the limit ξs 	 1 where the
level splitting will be irrelevant.

The field dependence of specific heat also provides the
basis for the adiabatic magnetocaloric cooling rate �mc(T, h)
as given by Eq. (33) and shown for the FM and AFM cases
in Fig. 8. In the former, when there is no phase transition
at finite field it behaves smoothly, increasing at lower field
and decreasing at lower temperature mostly due to the
behavior of the temperature derivative of the magnetization in
Fig. 8. For h → 0 it diverges when T → T −

m on approaching
the FM transition. This is because M0

x becomes the FM
order parameter in that limit with a diverging temperature
derivative. On the other hand, for T > Tm when M0

x is no
longer singular for small fields �mc will drop to zero. For
larger fields it will fall off ∼1/h in agreement with the
noninteracting case (Appendix).

For the AFM case pronounced anomalies and a sign change
of �mc are seen at the critical field hc. In the ordered phase
as well in the para phase (T > Tm) it approaches zero at
small fields since the temperature derivative of M0

x always
tends to zero in that limit for the AFM. For fields h 	 hc

and much larger than in the FM case �mc will achieve a
maximum and then fall off like 1/h as in the noninteracting
limit. The maximum field in Fig. 8(b) is still below that range.
The integrated adiabatic temperature change when decreasing
the field is negative at all fields for FM while it is negative
above hc and slightly positive below for the AF case.

Instead of sweeping the field one may apply rapid adiabatic
pressure change leading to the analogous barocaloric cooling
rate �bc(p) at a constant applied field [Eq. (34)]. It is shown
in Fig. 9 as function of pressure for different fields and fixed
temperature. For zero field the FM and AFM pressure de-
pendencies of �bc are identical. They exhibit a sign change
and a jump at the critical pressure above which magnetic
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FIG. 8. Magnetocaloric coefficients (adiabatic cooling rate with
magnetic field) for FM and AFM cases with ξs = 1.2. (a) For FM
a monotonic increase for lowering the field is observed (T < Tm )
which diverges on reaching Tm from below. For temperatures T > Tm

(dashed) it will be suppressed to zero in the low-field limit. (b) For
AFM a sign change and downward peak occurs at the field where
Tm(h) = T , i.e., when the phase boundary [Fig. 2(a)] is crossed
(T given in the legend). At the lowest fields �mc approaches zero.
For temperatures above the value Tm(h = 0)/� = 0.417 (dashed) a
featureless sublinear field dependence occurs.

order vanishes [due to the decrease of ξs(p)]. For finite fields
they are largely different. While for the FM the barocaloric
coefficient develops a smooth pressure dependence in the
AFM ordered regime, the step prevails and moves to lower
critical pressures as field values increase up to the critical one
where it vanishes. If the field is kept constant in both FM
and AFM cases but temperature is increased, then in each of
the curves in Fig. 9 the step anomaly (broadened for FM) is
shifted to lower pressure, but the shape of the �bc(p) curve is
qualitatively preserved.

Finally, we discuss the field and temperature dependencies
of the singlet-singlet magnetic exciton spectrum as presented
in the panels in Fig. 10. For FM as well as AFM mode
presentation we use the paramagnetic simple cubic BZ. It is
an extended zone scheme for the AFM. In this case the � and
R points are equivalent points in the AFM phase connected
by Q = (111) ordering vector and correspond both to cen-

0 0.1 0.2 0.3 0.4-0.2

-0.1

0

0.1

0.2

0.3

Γ bc
 [1

/k
B
] h/Δ = 0

0.01
0.05

0 0.1 0.2 0.3 0.4
p [cB/ΩΔ]

-0.2

-0.1

0

0.1

0.2

0.3

Γ bc
 [1

/k
B
]

h/Δ = 0
0.2
0.4
0.6

FM

AFM

FIG. 9. Barocaloric coefficient (adiabatic cooling rate with pres-
sure) for FM and AFM cases with ξs = 1.3(Tm/� = 0.491) and
T/� = 0.3. For zero field both are identical with sign-changing step
at critical pressure pc ∼ 0.2. For constant finite field �bc becomes
smooth while for AFM case the critical pressure moves to lower
values with increasing field but the pressure dependence keeps its
steplike shape.

ters of the face-centered-cubic (fcc) AFBZ. Their midpoint
L( 1

2 , 1
2 , 1

2 )) is the AFBZ zone boundary point.
In the FM case the mode frequency ωF (q) [Eq. (38)] at

the � point softens at the zero-field transition temperature
Tm as seen in Fig. 10(a). For already quite small fields a
re-hardening with a gap appearing at � is observed. The same
is true in the zero-field case when temperature is lower than Tm

inside the FM phase. The more interesting AFM case is pre-
sented in the lower panels. Figure 10(c) shows the magnetic
exciton dispersion [Eq. (39)] of the AFM right at the transition
temperature where the lower mode ω0(Q) becomes soft at
the AFM ordering vector (R point). For larger field but inside
the AFM phase two modes appear due to the downfolding to
AFBZ accompanied by gapping and hybridization at the new
AFBZ zone boundaries. This is due to the fact that �̂A

T �= �̂B
T

for the two sublattices. The temperature dependence of the
lower mode for fields increasing from zero to hc is shown
in Fig. 11. The softening in the para phase above Tm(h) is
clearly seen but the soft mode appears only at h = 0, hc. For
fields inside the interval (0, hc) the soft mode is arrested due
to the subtle effect of the pseudo-Curie terms on the transition
temperature as explained before in Sec. VI. The resulting
arclike field dependence of ω−(Q, Tm(h), h) visible in Fig. 11
is even more clearly seen in Fig. 2(a) based on the analytical
formula in Eq. (41).

VIII. SUMMARY AND CONCLUSION

In this work we have studied primarily the magnetocalorics
and field dependence of magnetic exciton modes of a simple
singlet-singlet model. It describes schematically the mag-
netism in numerous 4 f and 5 f compounds with integer
occupied f shells (non-Kramers ions) in a radically simpli-
fied manner: all excited CEF states are assumed to be at
sufficiently high energies as compared to the transition tem-
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FIG. 10. Magnetic exciton dispersions for ξs = 1.2 in the sim-
ple cubic BZ along X (010), �(000), R(111), M(110), �(000) paths.
This is an extended zone scheme with respect to the two-sublattice
AFM (d) ordered phase. (a) FM zero-field critical case at the transi-
tion temperature Tm/� = 0.417 with soft mode at � point. (b) FM
again at Tm for finite field h/� = 0.05 with rapid gapping of the
soft mode at �. (c) AFM zero-field critical case at the transition
temperature Tm/� = 0.417 with soft mode at R(111) point. (d) AFM
at finite field (h/� = 0.6 and T/� = 0.3) inside the ordered phase.
The soft mode will be gapped and hybridization of upper and lower
modes occurs [in the extended zone scheme of the AFM R and � are
equivalent and the L( 1

2 , 1
2 , 1

2 ) midpoint of �-R segment is an AFBZ
zone boundary point]. For soft mode field dependence along Tm(h)
transition line, see Fig. 2. A logarithmic scale for better visibility of
dispersions has been employed for the mode intensity.

perature and the lowest CEF singlet-singlet splitting. Since
both singlet states are nonmagnetic the magnetism in this
model can only occur by a spontaneous admixture of ground
and excited states generating an induced moment.

This genuine quantum magnetism shows quite different
characteristics as compared to the quasiclassical magnetic
order associated with degenerate magnetic ground state
(Kramers ions). First, the order occurs only if a control pa-
rameter involving the ratio of intersite exchange and level
splitting exceeds a critical value (ξs = 1) which defines a
quantum critical point separating the paramagnetic and mag-
netic ground states. Both transition temperature and critical
field show singular dependence on the control parameter ξs

above the QCP.
The specific heat appearance is connected with the possi-

ble low-temperature entropy release shows two contributions:
First, from the upper level depopulation leading to the
Schottky-type background anomaly with a maximum at Tmax

and, second, a specific heat jump at the critical temperature
Tm for induced order. Their relative position is determined
by the control parameter. For ξs ≈ 1.2 the two anomalies are
on top of each other and both give a significant contribution
to the entropy release. The recently found induced moment

0 0.2 0.4 0.6 0.8
T/Δ

0

0.2

0.4

0.6

0.8

1

ω
−(T
,Q

)/
Δ

hc h = 0

FIG. 11. Temperature dependence of the AFM arrested soft
mode ω−(T, Q) at various fields h/� = 0, 0.6, 0.7, 0.75 ≈ hc from
right to left. Between h = 0 and hc the critical mode for induced
order acquires a finite frequency again [cf. Fig. 2(a)]. The dashed red
line is the temperature-dependent intensity [Eq. (44)] of the h = 0
soft mode.

singlet-singlet FM compound PrIr3 is rather close to that
situation.

In an external field only the AFM transition can sur-
vive whereas the FM changes to crossover behavior. In
the former case the specific heat jump at Tm(h) is shifted
to lower temperature sliding on the lower flank of the al-
most field-independent Schottky anomaly and reducing is
size until it vanishes at the critical field. This means that
for a control parameter where the zero field Tm and Tmax

are close they will rapidly be suppressed in an applied
field. This should be a distinct characteristic of induced mo-
ment AFM. On the other hand, for the FM the specific
heat jump at zero field is quickly absorbed in the Schottky
anomaly that shifts to higher temperatures with increasing
field.

The rather different magnetocaloric characteristics of in-
duced singlet FM and AFM are also reflected in the adiabatic
cooling rate. For FM it is continuously increasing with lower-
ing field or increasing temperature [for T < Tm(0)]. On the
other hand, for the AFM it changes sign at Tm(h) and is
strongly reduced further below reaching zero at low fields.
And a similar distinction is observed in the barocaloric
coefficient.

The critical properties of the induced moment magnets are
also reflected in the excitation spectrum, i.e., the magnetic
exciton dispersions and their field and temperature dependen-
cies within and outside the ordered region. In FM and AFM
zero-field cases a soft mode appears at the respective ordering
wave vectors q = 0, Q at Tm and a rehardening of the mode
occurs below the transition. In the AFM case a surprising
field dependence is observed: When moving along the phase
boundary Tm(h), a true soft mode is found only at the end
points h = 0, hc, in-between an arrested soft mode with finite
frequency is observed. This was shown to be due to induced
pseudo-Curie term in the static susceptibility that led to a
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Tm(h) larger than the temperature where complete softening
could be achieved.

The numerous specific magnetocaloric and field-dependent
magnetic exciton dispersive characteristics for the singlet in-
duced moment magnets that have been derived in this work
should be helpful to characterize localized f -electron magnets
that may approximately correspond to this class, depending on
the concrete CEF level scheme of the compound.
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APPENDIX: ADIABATIC CALORIC COEFFICIENTS
FOR NONINTERACTING TWO-SINGLET MODEL

As a reference to the FM and AFM models it is useful to
derive the adiabatic caloric coefficients for the case of isolated
two-level systems. Using their definitions in Sec. IV B and
setting Ie = 0 or ξs = 0 in the thermodynamic potentials we
can derive the following expressions (for clarity of dimensions
we explicitly include kB):

�0
mc(T, H ) =

(
kBT

�h

)(
msh

�h

) [
geffμB

kB

]
, (A1)

where �h = [�2 + (msh)2]
1
2 is the two-singlet splitting in

an external field but without interaction effect. This expres-
sion is proportional to temperature as well as field strength.
This is quite different from the result for a degenerate
magnetic Kramers doublet that is, following a similar proce-
dure, given by

�0
mc(T, H ) =

(
kBT

msh

) [
geffμB

kB

]
= T

H
, (A2)

which is inversely proportional to the field. The difference is
due to the fact that in the degenerate case the only energy scale
present is the Zeeman splitting itself. Indeed, sending � → 0
in �h Eq. (A1) reproduces Eq. (A2).

Likewise, we may derive the barocaloric coefficient for the
isolated two-singlet system and obtain, keeping the field at
constant value,

�0
bc(T, p) =

(
kBT

�(p)

)(
�(p)

�h(p)

)3

k−1
B , (A3)

with �h(p) = [�(p)2 + (msh)2]
1
2 . Here we implied that the

pressure in (∂T/∂ p)S is given in units of [cB/��]. In these
units the pressure dependence of the bare singlet splitting is
given by �(p) = �(1 + p) in the Grüneisen model. Without
applied field this reduces to

�0
bc(T, p) =

(
kBT

�(p)

)
k−1

B , (A4)

which is formally the same as Eq. (A2), but the pressure enters
only implicitly through the �(p) function which tends to the
finite value � for p → 0.
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