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Violation of Matthias rule: Elemental composition as the key determinant of critical
temperature in bcc high-entropy superconductors
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We systematically investigate three body-centred cubic (bcc) high-entropy alloys (HEAs) with an identical
valence electron count (VEC = 4.375): (NbHf)0.75(TiZr)0.25, (NbZr)0.75(TiHf)0.25, and (NbTi)0.75(ZrHf)0.25.
Despite their isoelectronic nature, it was found that these alloys exhibit markedly different superconducting
properties. Critical temperatures Tc range from 7.14(5) K to 8.17(5) K, while upper critical fields μ0Hc2(0)
exceed 12 T, reaching 14.0(9) T for the Ti-rich alloy (NbTi)0.75(ZrHf )0.25. These variations highlight the limited
predictive power of the Matthias rule in HEA design. Furthermore, the exceptional properties observed in
the Ti-rich composition suggest that Nb and Ti are critical elements for the development of new HEAs for
next-generation superconducting magnets.
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I. INTRODUCTION

High-entropy alloys (HEAs) are multicomponent sys-
tems characterized by near-equimolar compositions of several
principal elements. Despite their compositional complexity,
these alloys frequently crystallize in simple structures, a
phenomenon attributed to the high configurational entropy
arising from the random distribution of constituent elements
across lattice sites [1,2]. The first superconducting HEA,
Ta0.34Nb0.33Hf0.08Zr0.14Ti0.11, was discovered in 2014 [3],
highlighting the potential of HEA in practical applications.
Notably, superconducting HEAs combine bulk superconduc-
tivity with exceptional mechanical properties, including high
specific strength, thermal stability, and cryogenic fracture
toughness, rendering them promising candidates for next-
generation superconducting magnets [4–6].

The elemental composition of body-centered cubic (bcc)
high-entropy alloys is critical in determining their supercon-
ducting properties. Empirical trends in crystalline transition-
metal superconductors, commonly known as the Matthias
rule, predict an optimal superconducting transition tempera-
ture (Tc) at a valence electron count (VEC) of 4.67 [7]. Since
that, deviations from the optimal VEC range may signifi-
cantly suppress the superconducting transition temperature.
Recent studies suggest that this correlation extends to bcc-
type HEA superconductors, where VEC not only governs Tc

but also directly impacts phase stability [4,8,9]. For instance,
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BCC phases are stabilized within a VEC range of 3.2–5.2,
while HEAs with higher VEC values crystallize in various
structures, including the face centered cubic (fcc), CsCl-type,
α-Mn, and hexagonal close-packed (hcp) structures. It is
worth noting here, that despite the fact that most bcc-type
HEAs with VEC close to 4.67 have Tc > 7 K, the system-
atic investigations on isoelectronic replacements, using Mo-Y,
Mo-Sc, and Cr-Sc mixtures, in Ta-Nb-Zr-Hf-Ti HEA reveal
that isoelectronic substitution of niobium or tantalum reduces
Tc by more than 60%, whereas analogous replacements of
hafnium, zirconium, or titanium have a limited impact on
the critical temperature [10]. Therefore, these observations
suggest that Tc strongly depends on the elemental makeup of
the alloy, not exclusively its electron count.

To evaluate this hypothesis, we systematically
investigate three bcc-type HEAs: (NbHf)0.75(TiZr)0.25,
(NbZr)0.75(TiHf)0.25, and (NbTi)0.75(ZrHf )0.25. The selected
compositions maintain an isoelectronic valence electron
count (VEC = 4.375) while varying the local chemical
environments of the constituent d-electron species. The alloys
were comprehensively characterized through magnetization
and specific heat measurements, enabling direct comparison
of their superconducting properties and allowing assessment
of composition-dependent superconducting behavior
independent of electron count. In addition, our experimental
results were supported by first-principles density functional
theory (DFT) calculations, which provide fundamental
insights into the electronic structure of the investigated
HEAs.

II. EXPERIMENTAL AND COMPUTATIONAL DETAILS

Polycrystalline samples of (NbHf)0.75(TiZr)0.25, (NbZr)0.75

(TiHf)0.25, and (NbTi)0.75(ZrHf )0.25 were synthesized via arc
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melting in a water-cooled copper crucible under a Ti-gettered
argon atmosphere. Stoichiometric quantities of high-purity
constituent elements were melted and remelted five times to
ensure chemical homogeneity, with each ingot flipped be-
tween melting cycles to promote uniform composition. The
total weight loss after the synthesis was less than 0.3%.

The crystal structure of the synthesized alloys were charac-
terized by x-ray diffraction (XRD) using a PANalytical X’Pert
Pro diffractometer equipped with a CuKα radiation source.
The resulting XRD patterns were analysed using the Rietveld
method implemented in the FULLPROF software [11].

Specific heat and magnetic properties were measured using
a Quantum Design PPMS platform at temperatures down to
1.9 K and in applied external magnetic fields of up to 9.0 T.

Electronic structure calculations employed two comple-
mentary methods. First, the Korringa-Kohn-Rostoker Coher-
ent Potential Approximation (KKR-CPA) formalism [12–16]
was implemented via the AKAIKKR package [17–19]. The
semi-relativistic muffin-tin potential used the PBE exchange-
correlation functional [20–22], with an angular momentum
cutoff lmax = 3 and 5216 k-points sampling the irreducible
Brillouin zone for self-consistency and density of states cal-
culations. KKR-CPA calculations were performed both in
atomic sphere approximation (ASA) and using more general
muffin-tin (MT) potentials, as the MT approach better ac-
counts for nonspherical potential variations making it more
suitable for alloy systems. For each system, the equilib-
rium lattice parameter a, bulk modulus B, and its pressure
derivative B′ were derived from Birch-Murnaghan equa-
tion of state fits [23]. Complementary DFT calculations were
performed using the VIENNA AB INITIO SIMULATION PACK-
AGE (VASP) [24–26], employing: projector augmented-wave
(PAW) potentials [27,28] for electron-ion interactions; the
Perdew-Burke-Ernzerhof (PBE) generalized gradient approx-
imation (GGA) for exchange-correlation effects; a 400-V
plane-wave cutoff energy and 3×3×3 supercells (54 atoms)
with three random atomic configurations to model chemical
disorder. The supercells are composed of Ti, Nb, Hf, and Zr
atoms randomly distributed on bcc lattice sites in the exact
stoichiometry of the studied HEAs. For all three configura-
tions a, B, and B′ were derived using the Birch-Murnaghan
equation of state.

III. RESULTS AND DISCUSSION

A. Crystal structure and chemical composition

Figure 1 presents XRD patterns measured at room tem-
perature for (NbHf)0.75(TiZf )0.25, (NbZr)0.75(TiHf )0.25, and
(NbTi)0.75(ZrHf )0.25 samples. As one can notice, all prepared
alloys are found to be single phase with broad reflections,
which can be attributed to the high degree of disorder present
in the HEAs as well as the nonideal diffraction sample prepa-
ration (diffraction experiments were conducted using bulk
specimens, not powders). Analysis of the experimental data
using the Rietveld method revealed that this phase can be
described as a bcc structure (space group Im3m, W-type
structure). The lattice parameters a for (NbTi)0.75(ZrHf )0.25,
(NbZr)0.75(TiHf )0.25, and (NbHf)0.75(TiZr)0.25 are determined
to be 3.360(1) Å, 3.426(1) Å, and 3.431(1) Å, respectively.

(a)

(b)

(c)

(deg)

FIG. 1. X-ray powder diffraction patterns of (a) (NbHf)0.75

(TiZr)0.25, (b) (NbZr)0.75(TiHf )0.25, and (c) (NbTi)0.75(ZrHf )0.25 mea-
sured at room temperature. The experimental data are denoted by red
points, while the corresponding Rietveld refinement is shown as a
black line. The Bragg peak positions for the identified bcc phase are
marked by vertical green tick marks below the pattern. The residual
difference between observed and calculated intensities is plotted as
a blue line. Inset shows the Williamson-Hall plot with a linear fit to
data points.

The lattice parameters show a systematic increase with al-
loy molar mass and are comparable with the previously
reported values for variants of Ta-Nb-Hf-Zr-Ti high-entropy
alloy [3,8,29].

The insets in Fig. 1 display the Williamson-Hall plots cal-
culated for each alloy according to the equation [30]

βFWHM cos θ = Cε sin θ + Kλ

L
, (1)

where βFWHM is the line broadening at half maximum in-
tensity, λ is the wavelength of the x-rays used in the
experiment, K stands for the dimensionless shape factor and
θ denotes the Bragg angle. Assuming a typical value of
K = 0.9 for cubic symmetry systems, the mean grain size
L and the level of internal strain Cε were determined to be
101(7) nm and 2.31(2)%, respectively, for the polycrystalline
(NbHf)0.75(TiZr)0.25 alloy. Comparable values were obtained
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FIG. 2. The temperature dependencies of real χ ′ and imag-
inary χ ′′ parts of ac magnetic susceptibility measured for
(NbHf)0.75(TiZr)0.25, (NbZr)0.75(TiHf )0.25, and (NbTi)0.75(ZrHf )0.25

in various magnetic fields up to μ0H = 8 T.

for (NbTi)0.75(ZrHf )0.25, with L = 94(6) nm and Cε = 2.43
(2)%. In contrast, (NbZr)0.75(TiHf )0.25 exhibits a significantly
smaller grain size [L = 55(3) nm] and a slightly higher inter-
nal strain [Cε = 2.48(3)%], indicating the presence of finer
grains and greater lattice distortion in this alloy.

B. Superconductivity

Figure 2 presents the ac magnetic susceptibility of
(NbHf)0.75(TiZr)0.25, (NbZr)0.75(TiHf )0.25, and (NbTi)0.75

(ZrHf )0.25 measured between 2 to 9 K under applied magnetic
fields up to μ0H = 8 T. In the case of (NbHf)0.75(TiZr)0.25,
the real component (χ ′) measured at μ0H = 1 mT unveils the
onset of a diamagnetic signal below 7.3(1) K, while the simul-
taneous emergence of a nonzero imaginary component (χ ′′)
below this temperature confirms the onset of bulk
superconductivity at T mag

c = 7.3(1) K. As expected for
superconductors, the critical temperature decreases
systematically with increasing magnetic field, resulting
in T mag

c = 3.4(1) K at μ0H = 8 T. Furthermore, the transition
width shows a progressive broadening with increasing
magnetic field. This effect can be related to the high degree of
chemical disorder and local strain variations inherent in the
studied HEA, as evidenced by XRD analysis. The behavior
of χ ′(T ) and χ ′′(T ) dependencies of (NbZr)0.75(TiHf )0.25

and (NbTi)0.75(ZrHf )0.25 samples, in general, are qualitatively
similar to those obtained for (NbHf)0.75(TiZr)0.25, indicating
that both these HEAs exhibit superconductivity up to
μ0H = 8 T. However, T mag

c measured at μ0H = 1 mT is
close to 7.8(2) K for (NbTi)0.75(ZrHf )0.25 and 8.0(2) K for
(NbZr)0.75(TiHf )0.25. The measured transition temperatures
differ significantly among the three HEAs despite their
identical VEC values, revealing composition-dependent
superconducting behavior. Worth mentioning is also the fact
that T mag

c determined for all three studied HEAs with VEC =
4.375 are comparable or even higher than those reported for
VEC = 4.7 systems [8], despite the latter being previously
predicted as optimal for maximizing Tc.

To gain further insight into the nature of the different criti-
cal temperatures, specific heat measurements were performed
to characterize the fundamental superconducting properties.

FIG. 3. Specific heat divided by temperature for (a) (NbHf)0.75

(TiZr)0.25, (b) (NbZr)0.75(TiHf )0.25, and (c) (NbTi)0.75(ZrHf )0.25, as a
function of T 2 measured at low temperatures and in various external
magnetic fields. The black solid lines are fits of Eq. (2) to the
experimental data.

Figure 3 presents the specific heat divided by tempera-
ture (Cp/T ) of (NbHf)0.75(ZrTi)0.25, (NbZr)0.75(TiHf )0.25, and
(NbTi)0.75(ZrHf )0.25, as a function of T 2 measured at low tem-
peratures and in various external magnetic fields. The normal
state-specific heat at low temperatures (above Tc) obeys the
T 3-Debye law

Cp

T
= γ + βT 2, (2)

where the Sommerfeld coefficient γ represents the electronic
contribution, and β is the phonon contribution to the specific
heat. The density of states at the Fermi level, N (EF), was
derived from the Sommerfeld coefficient via the relation

γ = 1
3π2k2

BNAN (EF), (3)

where kB is the Boltzmann constant and NA is the Avo-
gadro’s number. At the same time, the determined β value
can be used to calculate the Debye temperature 
LT

D in the
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TABLE I. Experimentally determined basic characteristic parameters of normal and superconducting states of (NbHf)0.75(TiZr)0.25,
(NbZr)0.75(TiHf )0.25, and (NbTi)0.75(ZrHf )0.25 (for details see the text).

Parameters (NbHf)0.75(TiZr)0.25 (NbZr)0.75(TiHf )0.25 (NbTi)0.75(ZrHf )0.25

Lattice parameter a [Å] 3.431(1) 3.426(1) 3.360(1)
Mean grain size L [nm] 101(7) 55(3) 94(6)
Level of internal strain Cε [%] 2.31(2) 2.48(3) 2.43(2)

Critical temperature (magnetic data) T mag
c [K] 7.4(2) 8.0(2) 7.9(2)

Critical temperature (WHH) Tc [K] 7.15(5) 8.17(5) 7.76(5)

Sommerfeld coefficient γ [mJ K−2 mol−1] 7.8(3) 10.8(9) 8.8(3)
Density of states at the Fermi level N (EF ) [st. eV−1 f.u. −1] 3.3(2) 4.6(4) 3.7(1)
Phonon contribution to the specific heat β [mJ K−4 mol−1] 0.444(4) 0.393(9) 0.241(3)
Debye temperature 
LT

D [K] 164(1) 170(1) 201(1)

Electron-phonon coupling λel−ph 0.92(1) 0.97(1) 0.87(1)
Normalized specific heat jump �C/γ Tc 2.22(8) 1.8(1) 2.02(7)
Normalized energy gap 2�0/(kBTc ) 4.68(8) 4.76(7) 3.88(3)

Lower critical field μ0Hc1(0) [mT] 9.7(3) 15.6(7) 8.2(2)
Thermodynamic critical field μ0Hc(0) [mT] 186(5) 255(11) 182(4)
Upper critical field μ0Hc2(0) [T] 12.5(4) 13.3(4) 14.0(9)

[ d(μ0Hc2 (T ))
dT ]T =Tc [TK−1] −2.9(1) −2.8(1) −3.2(3)

Orbital-limiting field μ0H orb
c2 (0) [T] 14.3 15.8 17.2

Pauli limiting field μ0HP [T] 13.14(9) 15.03(9) 14.28(9)
Maki parameter αM 1.53(6) 1.47(5) 1.7(1)
Spin-orbit scattering constant λSO 3.1 2.0 2.1

Coherence length ξGL [nm] 4.8(1) 4.6(1) 4.4(2)
Magnetic penetration depth λGL [nm] 260(9) 199(9) 290(14)
Ginzburg-Landau parameter κGL 54 44 66

low-temperature regime from the equation


D =
(

12Rπ4

5β

) 1
3

, (4)

where R is the molar gas constant. The determined values of
γ , β, N (EF), and 
LT

D are summarized in Table I. As one can
notice, a clear correlation emerges between enhanced elec-
tronic parameters and Tc, with (NbZr)0.75(TiHf )0.25 showing
both the largest γ [10.8(9) mJ K−2 mol−1] and N (EF) [4.6(4)
states eV−1 f.u.−1] values, along with the highest Tc. Thus, one
can attribute the increasing of the critical temperature with
an increasing of the density of states in HEAs under inves-
tigation. At the same time, the calculated 
LT

D show a clear
dependence on the relative concentrations of Hf, Zr, and Ti. In
particular, the Ti-rich HEA exhibits the highest 
LT

D = 201(1)
K, followed by the Zr-rich [170(1) K] and Hf-rich [164(1) K]
compositions. This trend can be related to the systematic de-
crease in 
LT

D observed for the pure metals (Ti → Zr → Hf)
[31], suggesting a direct link between elemental composition
and lattice stiffness in these HEAs.

The results presented in Fig. 3 reveal that all three al-
loys exhibit a single, well-defined superconducting transition,
manifested as the specific-heat jump at their respective Tc, pro-
viding the emergence of a single collective superconducting
phase. As expected, Tc is reduced with increasing magnetic
field. However, for all studied alloys, the superconductivity
is still observable above 2 K at 9 T, revealing exceptionally
high upper critical fields. The determined ratios �C/γ Tc,
shown in Table I, exceed the standard weak-coupling BCS

value of 1.43 [32], indicating intermediate- to strong-coupling
superconductivity.

Analysis of the electronic low-temperature specific heat
data enables determination of the superconducting energy
gap (�0) for all three HEAs within the framework of BCS
theory [32]

CBCS(T ) = Aγ Tc exp

(
− �0

kBT

)
, (5)

where A is a constant. The least-squares fit of Eq. (5) to the
experimental data gave �0 values from which the normalized
energy gap 2�0/kBTC can be calculated. As one can see in
Table I, all obtained 2�0/kBTC values are much higher than
3.52 predicted by the Bardeen-Cooper-Schrieffer (BCS) the-
ory for a single and isotropic gap in the weak-coupling limit
[32]. Furthermore, the electron-phonon coupling λel−ph can
be evaluated using the approximated McMillan formula [33],
which is applicable for λel−ph < 1.25 [34]

λel−ph = 1.04 + μ∗ ln
( 
LT

D
1.45Tc

)
(1 − 0.62μ∗) ln

( 
LT
D

1.45Tc

) − 1.04
, (6)

where μ∗ = 0.125 is the Coulomb pseudopotential. The de-
rived coupling constants λel−ph = 0.92(1) (Hf-rich), 0.97(1)
(Zr-rich), and 0.84(1) (Ti-rich) classify these high-entropy
alloys as intermediate-coupling superconductors. However,
it should be noted that the values obtained for Hf-rich and
Zr-rich compositions imply that these systems are very close
to the strong-coupling regime (λel−ph � 1).
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(a)

(b)

(c)

FIG. 4. Temperature dependence of the upper critical field
μ0Hc2 for (a) (NbHf)0.75(TiZr)0.25, (b) (NbZr)0.75(TiHf )0.25, and
(c) (NbTi)0.75(ZrHf )0.25 derived from Cp data. The solid and dashed
lines are fits of the WHH model [Eq. (7)] to the experimental data.

Using field-dependent specific heat measurements (Fig. 3),
one can construct the superconducting phase diagrams for
all three HEAs through analysis based on the Werthamer-
Helfand-Hohenberg (WHH) model. The analysis employs the
full WHH formalism for dirty-limit, isotropic-gap BCS super-
conductors, incorporating both the spin-paramagnetic effect
(via the Maki parameter αM) and spin-orbit scattering constant
(λSO) to model the upper critical field behavior [35–37]

ln
1

t
=

(
1

2
+ iλSO

4γWHH

)
ψ

(
1

2
+ h + 1

2λSO + iγWHH

2t

)

+
(

1

2
− iλSO

4γWHH

)
ψ

(
1

2
+ h + 1

2λSO − iγWHH

2t

)

− ψ

(
1

2

)
, (7)

where γWHH =
√

(αMh)2 − ( 1
2λSO)2, h = 4

π2
Hc2

−dHc2/dt , t = T
Tc

,
ψ is a digamma function and i denotes the imaginary unit.

Figure 4 presents three theoretical predictions of the up-
per critical field: (i) the orbital-limited case [μ0Horb

c2 (T ),

neglecting both spin paramagnetism and spin-orbit effects];
(ii) an intermediate model incorporating only spin para-
magnetism (αM �= 0, λSO = 0); and (iii) the full WHH
model [μ0Hc2(T )] that best fits the experimental data by
including both spin effects (αM �= 0, λSO �= 0). For each sys-
tem, the temperature derivative of the upper critical field,
dμ0H (T )/dT , was extracted by linear regression of the data
points closest to the critical temperature, while the Maki pa-
rameter was calculated using the relation [35]

αM = −0.528

(
dμ0H (T )

dT

)
T =TC

. (8)

The Pauli limiting field μ0HP was calculated according to
the formula [38,39]

μ0HP = 1.84Tc, (9)

using the critical temperature obtained from the full WHH
model. The determined values of Tc, μ0Hc2(0), μ0Horb

c2 (0),
μ0HP, αM, and λSO are summarized in Table I. It is note-
worthy that for all studied HEAs μ0Hc2(0) are higher
than 12 T. In particular, μ0Hc2(0) = 14.0(9) T obtained for
the (NbTi)0.75(ZrHf )0.25 composition, is one of the highest
reported values among the known bcc-structured HEA super-
conductors [4,5,40]. This enhanced upper critical field can
be attributed to the high Nb and Ti content, consistent with
the recent report of exceptionally high μ0Hc2(0) = 13.5(1) T
found in the Ti-rich HEA superconductor Ti0.5(ZrNbHfTa)0.5

[41]. Finally, it must be mentioned that many upper critical
field values, reported in works [4,5,40,42], were derived from
resistivity measurements rather than specific heat data. Fur-
thermore, these μ0Hc2(0) values were determined using the
onset criterion of the resistivity curves or using simplified
analysis methods that omit the full WHH formalism. Such
methodological approaches may systematically overestimate
the resulting upper critical fields, as they do not fully account
for superconducting fluctuations and spin-coupling effects.

The thermodynamic critical field at 0 K μ0Hc(0) was
derived from the superconducting energy gap �0 and the
Sommerfeld coefficient γcgs, using the relation [43]

μ0Hc(0) =
√

3γcgsμ0

2π2

�0

kB
, (10)

where γcgs is expressed in erg cm−3 K−2. The obtained values
of μ0Horb

c2 (0) and μ0Hc(0) allow the determination of two fun-
damental superconducting length scales, namely the magnetic
penetration depth λGL and the Ginzburg-Landau coherence
length ξGL [44]:

ξGL =
√

φ0

2πμ0Horb
c2 (0)

and λGL =
√

φ0

4π

μ0Horb
c2 (0)

μ0Hc(0)2
,

(11)

where φ0 = 2.067×10−15 Wb is the magnetic flux quan-
tum. Consequently, the Ginzburg-Landau parameter κGL =
λGL/ξGL was obtained and used to estimate the lower critical
field at 0 K μ0Hc1(0) according to the equation [44]

μ0Hc1(0) = Hc(0)√
2κGL

ln κGL. (12)
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FIG. 5. Total and partial atomic densities of states of (NbHf)0.75(TiZr)0.25 calculated by the PAW method using VASP for three assumed
random atomic arrangements (supercells shown at the right panel). (a) Depicts static configuration and (b) after additional ions relaxation.
Lower panels present comparison between TDOS (c) averaged over three configurations by PAW and (d) calculated using KKR-CPA.

The calculated values of μ0Hc1(0), μ0Hc(0), λGL, ξGL,
and κGL are listed in Table I. In particular, κGL values de-
termined for all three HEAs significantly exceed the 1/

√
2

limit, confirming that these materials are type-II supercon-
ductors. It is worth noting that the microscopic origins of the
exceptionally high μ0Hc2 = 14.0(9) T observed in the Ti-rich
alloy can be related to the combined effects of: (1) nanoscale
coherence length (ξGL = 4.4 nm) caused by atomic disorder
and lattice strain; (2) strong spin-orbit coupling which can
reduce the Pauli paramagnetic limiting effect [λSO = 2.1 and
αM = 1.7(1)].

C. Theoretical results

Figures 5(a) and 5(b) present total and partial atomic
densities of states calculated by the PAW method using
VASP for three assumed random atomic arrangements (super-
cells shown on the right panel) for the pristine and relaxed
(NbHf)0.75(TiZr)0.25 system, respectively. In general, the high
similarity of the results for the three distinct atomic ar-
rangements suggests that the influence of the local atomic
configuration on the electronic structure of HEAs near the
Fermi level (EF) is small or even negligible. This finding
agrees with earlier PAW-method results for various high-
entropy alloys [41,45,46]. Consequently, the total density of
states (TDOS), averaged over the three atomic configurations,
was computed for each system and is shown in Fig. 5(c). The
data clearly show that the TDOS of the pristine (unrelaxed)
structure differs significantly from that of the relaxed system.
Specifically, static TDOS exhibits two broad peaks near the
Fermi level, with maxima at −0.9 eV and +0.2 eV relative

to EF. After ionic relaxation, both peaks are substantially
reduced and broadened, likely due to increased structural and
electronic disorder from atomic rearrangements. At the same
time, the density of states at the Fermi level, N th(EF), de-
creases significantly from 1.84 to 1.42 st. eV−1 f.u.−1. The
TDOS for (NbHf)0.75(TiZr)0.25, calculated using the KKR-
CPA method within MT approximation and atomic spherical
approximation (ASA), are presented in Fig. 5(c). The total
density of states obtained from KKR-CPA (with MT ap-
proximation) agrees well with PAW-calculated results for the
pristine system, yielding N th(EF) = 1.78 st. eV−1 f.u.−1. In
the case of KKR-CPA method with ASA, one can notice that
TDOS values are systematically elevated near the Fermi level,
in particular N th(EF) = 2 st. eV−1 f.u.−1.

The obtained N (EF) and N th(EF) values can be used to
calculate λth

el−ph parameter by the following considerations.
In general, the ratio between experimentally and theoreti-
cally determined Sommerfeld coefficients γexp/γth is equal
to [31,47]

γexp

γth
= m∗

mb
, (13)

where m∗ is the thermal effective mass of electron which is
a measure of an average of the electron velocity over the
Fermi surface, and mb denotes a bare or band structure ef-
fective mass, where only effects due to the crystal potential,
that is band structure effects, have been included. In real
materials, the thermal effective mass deviates from the band
mass due to many-body interactions, quantified by electron-
phonon (λel−ph) and electron-electron (λel−el) enhancement
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TABLE II. Basic characteristic parameters of the normal and superconducting states of (NbHf)0.75(TiZr)0.25, (NbZr)0.75(TiHf )0.25 and
(NbTi)0.75(ZrHf )0.25 derived from first-principles calculations (for details see the text).

Parameters (NbHf)0.75(TiZr)0.25 (NbZr)0.75(TiHf )0.25 (NbTi)0.75(ZrHf )0.25

KKR-CPA (ASA)
Lattice parameter a [Å] 3.539 3.522 3.438
Bulk modulus B [GPa] 104.4 117.1 119.6
Pressure derivative B′ 3.27 3.23 3.57
Density of states at the Fermi level N th (EF ) [st. eV−1 f.u.−1] 2.00 1.98 1.98
Electron-phonon coupling λth

el−ph 0.67(7) 1.33(19) 0.88(7)

KKR-CPA (MT)
Lattice parameter a [Å] 3.425 3.447 3.375
Bulk modulus B [GPa] 113.1 109.3 116.3
Pressure derivative B′ 3.52 3.18 3.75
Density of states at the Fermi level N th (EF ) [st. eV−1 f.u.−1] 1.78 1.82 1.84
Electron-phonon coupling λth

el−ph 0.87(8) 1.52(21) 1.02(13)

static PAW (averaged over three configurations)
Lattice parameter a [Å] 3.423(1) 3.430(1) 3.356(1)
Bulk modulus B [GPa] 119.2(1) 115.2(1) 119.5(1)
Pressure derivative B′ 3.20(1) 3.15(1) 3.44(1)
Density of states at the Fermi level N th (EF ) [st. eV−1 f.u.−1] 1.84(1) 1.84(3) 1.92(2)
Electron-phonon coupling λth

el−ph 0.81(8) 1.50(21) 0.94(7)

relaxed PAW (averaged over three configurations)
Density of states at the Fermi level N th (EF ) [st. eV−1 f.u.−1] 1.42(2) 1.47(1) 1.57(3)
Electron-phonon coupling λth

el−ph 1.35(11) 2.13(26) 1.37(9)

terms

m∗ = mb(1 + λel−ph + λel−el ). (14)

Combining this with Eq. (13) one can obtain the total
coupling strength

λel−ph + λel−el = m∗

mb
− 1 = γexp

γth
− 1 = N (EF)

N th(EF)
− 1.

(15)

Assuming a negligibly small influence of electron-electron
interactions (λel−el ≈ 0), which is well justified for conven-
tional metallic systems, it is possible to estimate λth

el−ph using
N (EF) and N th(EF) values.

The theoretically derived values of the lattice parameter
(a), bulk modulus (B), its pressure derivative (B′), N th(EF)
and λth

el−ph for (NbHf)0.75(TiZr)0.25, obtained from DFT cal-
culations, are listed in Table II. As one can see, among the
four computational methods employed, the KKR-CPA (with
MT approximation) and static PAW approaches yielded λth

el−ph
in good agreement with the experimental value of 0.92(1).
In contrast, KKR-CPA with ASA method significantly un-
derestimates λth

el−ph, probably due to the oversimplification
of potential shapes. In the case of relaxed PAW approach,
the resulting λth

el−ph = 1.35 is significantly higher than the
experimental one. Similar result were recently reported for
Ti0.5(ZrNbHfTa)0.5 and Ti0.5(VNbHfTa)0.5 superconducting
HEAs, where relaxed PAW approach predicted λth

el−ph val-
ues almost two times higher than the static PAW results and
about 20% higher than experimentally determined λel−ph for
as-cast samples [41]. These discrepancies suggest that while
arc-melted (nonannealed) HEA samples retain kinetically

trapped atomic configurations, the PAW relaxation artificially
optimizes local ionic environments, decreasing N th(EF) and
increasing λth

el−ph. Therefore, one can state that PAW method
with ions relaxation is unsuitable for modeling the electronic
structure of arc-melted HEAs, leading to unphysical overesti-
mation of key parameters like λth

el−ph. For these systems, static
PAW or KKR-CPA approaches provide quantitatively more
accurate predictions of their electronic structure.

The electronic structure of (NbZr)0.75(TiHf )0.25, calcu-
lated using the KKR-CPA and PAW methods, is shown in
Fig. 6. In general, the results obtained for this HEA is
comparable to that determined for (NbHf)0.75(TiZr)0.25. In
particular, the KKR-CPA and static PAW approaches reveal
two TDOS maxima near EF, while after ionic relaxation,
both peaks are substantially reduced and broadened. Basic
characteristic parameters of (NbZr)0.75(TiHf )0.25 derived from
first-principles calculations are listed in Table II. It can be seen
that all computational methods systematically overestimate
the electron-phonon coupling constant compared to the exper-
iment, yielding theoretical values λth

el−ph = 1.33–2.13 against
experimental λel−ph = 0.97(1). However, these results repro-
duce the trends observed in (NbHf)0.75(TiZr)0.25 data, i.e., the
values of λth

el−ph obtained from KKR-CPA and static PAW are
consistent within uncertainties, while the relaxed PAW ap-
proach again significantly overestimates the electron-phonon
coupling constant.

Figure 7 compares the electronic structure of
(NbTi)0.75(ZrHf )0.25 derived from KKR-CPA and PAW
calculations. In the case of KKR-CPA and static PAW
approaches, the TDOS maximum is located around 0.1 eV
above EF, with dominant contribution from Ti 3d-electron
states. At the same time, TDOS determined for relaxed

014513-7



RAFAŁ IDCZAK et al. PHYSICAL REVIEW B 112, 014513 (2025)

FIG. 6. Total and partial atomic densities of states of (NbZr)0.75(TiHf )0.25 calculated by the PAW method using VASP for three assumed
random atomic arrangements (supercells shown at the right panel). (a) Depicts static configuration and (b) after additional ions relaxation.
Lower panels present comparison between TDOS (c) averaged over three configurations by PAW and (d) calculated using KKR-CPA.

structure exhibits a broad band in the Fermi energy
region with maximum at 1 eV below EF. The estimated
values of λth

el−ph, which are listed in Table II, confirms

our previous observations that KKR-CPA and static PAW
give consistent λth

el−ph values within uncertainties and in
the case of (NbTi)0.75(ZrHf )0.25 they are in well agreement

FIG. 7. Total and partial atomic densities of states of (NbTi)0.75(ZrHf )0.25 calculated by the PAW method using VASP for three assumed
random atomic arrangements (supercells shown at the right panel). (a) Depicts static configuration and (b) after additional ions relaxation.
Lower panels present comparison between TDOS (c) averaged over three configurations by PAW and (d) calculated using KKR-CPA.
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with the experimental value of 0.87(1). For the relaxed
system, the theoretical electron-phonon coupling constant
λth

el−ph = 1.37(9) significantly exceeds experimental value,
highlighting the systematic overestimation inherent in ionic
relaxation approaches to HEAs.

IV. CONCLUSION

Our comparative study of three bcc-type HEAs
(NbHf)0.75(TiZr)0.25, (NbZr)0.75(TiHf)0.25, and (NbTi)0.75

(ZrHf )0.25, with a fixed valence electron count (VEC =
4.375), demonstrates that elemental composition, rather
than VEC alone, governs superconducting behavior. Despite
identical VEC, critical temperatures Tc vary significantly
(7.14–8.17 K), correlating directly with the density of states at
the Fermi level N (EF). The Zr-rich alloy (NbZr)0.75(TiHf)0.25

exhibits the highest N (EF) = 4.6(4) states eV−1 f.u.−1 and
Tc = 8.17(5) K, while the lowest parameters, N (EF) = 3.3(2)
states eV−1 f.u.−1 and Tc = 7.14(5) K, are observed for
(NbHf)0.75(TiZr)0.25.

All alloys exhibit exceptionally high upper critical fields
[μ0Hc2(0) > 12 T], with the Ti-rich (NbTi)0.75(ZrHf )0.25

achieving μ0Hc2(0) = 14.0(9) T, which one of the highest
reported for bcc HEAs. This performance can be attributed
to nanoscale coherence lengths [ξGL = 4.4(2) nm] and strong
spin-orbit coupling (λSO = 2.1), which reduce the effect of
Pauli paramagnetic limiting.

First-principles calculations reveal critical methodological
insights: while the electron-phonon coupling constant val-
ues obtained using KKR-CPA and static PAW methods are
close to the experimental values, those obtained using relaxed
projector augmented-wave (PAW) are overestimated. This dis-
crepancy arises from the artificial optimization of local ionic
positions in the PAW method, meaning that static approaches

better model the electronic structure of nonannealed HEA
systems.

These results redefine the design principles of bcc-type
high-entropy alloy superconductors by demonstrating that the
Matthias rule is not the main factor in determining their super-
conducting properties. Rather, achieving an optimal critical
temperature (Tc) and an optimal upper critical field [μ0Hc2(0)]
requires the enrichment of Nb and Ti, elements that en-
hance the electronic density of states at the Fermi level while
maintaining structural stability. The exceptional properties
observed in Ti-rich composition suggests that Nb and Ti
are critical elements for developing next-generation super-
conductors. Future studies should, therefore, systematically
investigate Nb- and Ti-rich HEAs to exploit their potential in
high-field magnet technologies.
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