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Dynamical correlations and nonequilibrium sum rules in photodoped Hubbard ladders
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Using matrix product state techniques we study the nonequilibrium dynamical response of the half-filled
Hubbard ladder when subject to an optical pump. Optical pumping offers a way of producing and manipulating
new strongly correlated phenomena by suppressing existing magnetic correlations. The ladder allows the effects
of pump directionality to be investigated, and compared to a single chain it has strong spin-charge coupling and
a fully gapped excitation spectrum, promising different nonequilibrium physics. We compute time-dependent
correlations, including the nonequilibrium dynamical structure factors for spin and charge. By deriving a
combined spin-charge sum rule that applies both in and out-of-equilibrium, we show that spectral weight is
pumped directly from the antiferromagnetic spin response into a low energy ω ∼ 0 charge response below
the Mott gap. The transfer of weight is pump direction dependent: pumping directed along the legs disrupts
magnetic correlations more than pumping in the rung-direction, even if the post-pump energy density is similar.
The charge correlation length is dramatically enhanced by the pump, whilst the spin correlations are most
strongly suppressed at nearest- and next-nearest-neighbor spacings. After the pump the system is in a nonthermal
correlated metallic state, with gapless charge excitations and approximately equal spin and charge correlation
lengths, emphasizing the importance of treating these degrees of freedom on an equal footing in nonequilibrium
systems.
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I. INTRODUCTION

The dynamical response of a many-body system is a sen-
sitive probe of the energy and momentum dependence of its
collective excitations. For equilibrium systems, the evolution
of the dynamical response on tuning a parameter (such as
temperature, doping, or an applied field) can reveal subtle
phase transitions and the behavior of emergent collective phe-
nomena, and act as a precise test of theoretical models [1].
In nonequilibrium condensed matter systems, the dynamical
response can be interrogated in real time, thanks to the advent
of ultrafast experimental probes, including time resolved res-
onant inelastic x-ray scattering (tr-RIXS) [2–11]. This allows
for the realization and characterization of nonequilibrium
states in systems tuned by optical (including infrared) pump-
ing, also known as "photodoping." These techniques have
been used to demonstrate the emergence of nonequilibrium
collective phenomena when an equilibrium correlated state is
suppressed by pumping [12,13].

An area of significant interest is the application of ul-
trafast pump-probe techniques to Mott and charge-transfer
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insulators [14]. Ultrafast pump-probe work on these ma-
terials has mapped a consistent experimental storyline:
femtosecond photodoping shifts spectral weight from inter-
band Hubbard transitions into in-gap/intraband channels and
can transiently yield metallic responses on sub-ps scales
[15]. Seminal optical reflectivity experiments on halogen-
bridged Ni chains have shown photoinduced collapse of
the gap and the appearance of Drude-like weight within
130 fs [16]. Organic one-dimensional Mott salts then pro-
vided clean model systems: in ET-F2 TCNQ, pump-probe
spectroscopy resolved a transient metallic state mediated by
spin–charge separation, coherent holon–doublon dynamics,
and pressure-tunable recombination, with later work identify-
ing biexciton features [17,18]. Strong-field experiments have
added a complementary axis: mid-IR/THz driving modulates
the effective Hubbard U, and intense single-cycle THz fields
can trigger an impulsive dielectric breakdown of the Mott
phase and even sub-ps insulator–metal switching [19–21].
In parent cuprates, femtosecond absorption/reflectivity mea-
surements have established photoinduced metallization and
ultrafast carrier relaxation in Nd2CuO4 and La2CuO4, with
7-fs probes directly capturing spin-sector dynamics [22,23].
Momentum-resolved x-ray probes are now able visualize
how photocarriers reshape correlations: tr-RIXS on Sr2IrO4

revealed rapid suppression of long-range magnetism with
persistent short-range correlations [2,10]. On the electronic
structure side, tr-ARPES has followed gap collapse and in-gap
band formation in spin-orbit Mott iridates from the first pump-
probe spectra to more recent light-induced insulator–metal
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transitions [24,25]. Complementary all-optical and x-ray stud-
ies of photodoped spin–orbit Mott magnets have quantified
sub-ps demagnetization and recovery pathways, helping tie
the charge and spin channels together [26].

In this work we simulate pump-probe studies on lad-
der materials [those in which pairs of one-dimensional (1D)
chains are coupled to produce a ladder like geometry]. Out-
of-equilibrium behavior has been studied in cuprate-based
ladders, Sr14−xCaxCu24 (SCCO). In such ladder materials,
ultrafast experiments have progressed from all-optical snap-
shots of carrier coherence to momentum-resolved views of
light-stabilized phases. Femtosecond reflectivity on SCCO
first showed reversible photo-conversion between insulating
and metallic responses and even a hidden insulating state
controlled by trains of sub-ps pulses, establishing that lad-
der carrier coherence can be steered on ultrafast timescales
[27]. Building on this work, optical-pump/THz-probe mea-
surements combined with femtosecond resonant soft-x-ray
scattering then uncovered a symmetry-protected metastable
electronic state: near-infrared pumping was shown to trans-
fer holes from chain “reservoirs” to the ladders, partially
melting equilibrium charge order, and yielding long-lived,
nonthermal conductivity changes [28]. Most recently, tr-RIXS
at the oxygen K edge directly resolved a gapless, dispersive
charge-order mode emerging in this light-induced state, with
dispersion up to 0.8 eV from the charge-order wave vector
and a slope comparable to the quasiparticle velocity. This con-
stitutes momentum-resolved evidence that photodoping can
endow ladder carriers with itinerant character while charge
order becomes dynamically fluctuating [29].

We theoretically determine the momentum and energy
resolved nonequilibrium response of a half-filled Hubbard
ladder (a system of two coupled 1D Hubbard chains) due to
simulated pumps. A key aspect of our work is an investigation
of how this response is constrained by sum rules. Sum rules
relate integrals of dynamic response functions—moments of
spectral weight—to static quantities. A well known case oc-
curs in many-body spin systems, for which the integrated spin
response over all energies and momenta can be related to the
(constant) magnitude of the local moment. Analytical meth-
ods can be verified by checking that their integrated dynamics
saturate this spin sum rule [30]. Moreover, as the total spin
spectral weight is conserved, if the spin response is reduced
in one region of energy-momentum space by tuning, then
there is a concomitant increase in spin response elsewhere.
For example, in gapped spin systems with hard core excita-
tions, increasing temperature leads to suppression of interband
spectral weight, and the emergence of a low energy intraband
response due to scattering from a thermal population of spin
excitations [31–33].

When there is coupling between spin and other degrees
of freedom such as charge, the magnitude of the local mo-
ment may not be conserved. In these cases the spin sum rule
will be static in equilibrium but can be time-dependent for
nonequilibrium systems. This allows for the possibility of
pumping spectral weight not just to a different region within
the spin response channel, but to a different response channel
altogether, creating a fundamentally different correlated state.

We analyze the optical pumping induced transfer of dy-
namical response from the spin channel to the charge channel

for the half-filled Hubbard ladder. As the Hubbard model
provides a minimal theoretical description of the interplay
between spin and charge degrees of freedom in a many-body
quantum system it is of significant theoretical interest in addi-
tion to its relevance to experiment. At half-filling (one electron
per site) the Hubbard model is a Mott insulator (an insulator
driven by interaction rather than band structure effects), with
strong antiferromagnetic correlations characterizing the equi-
librium state.

Exact diagonalization (ED) and matrix product state (MPS)
methods have been used to simulate pump-probe experiments
on the 1D Hubbard chain, showing that optical pumping sup-
presses the strong antiferromagnetic spin correlations, and
produces a nonequilibrium metallic state with a low energy
charge response [34–37]. A nonequilibrium phase diagram
for the 1D Hubbard chain at half-filling, featuring eta-pairing,
charge and spin density wave phases, has been produced for
photodoped Mott insulators at late times, by using a gen-
eralized Gibbs ensemble approach [38]. However, it should
be noted that the Hubbard chain has a number of unusual
properties. In particular, it is an integrable system for which
excitations are fractionalized, with a gapless spin sector and a
gapped charge sector.

In contrast to the chain, the two-dimensional (2D) half-
filled Hubbard model has strongly coupled spin and charge
degrees of freedom: the motion of a hole in an antiferro-
magnetic background leaves a trail of flipped spins which is
energetically penalized. Hence, the response of the 2D system
to optical pumping is expected to reflect this coupling. The
photodoped 2D Hubbard model has been investigated using
the dynamical cluster approximation [39], and the spin-charge
coupling was found to affect the relaxation rate of the system
after pumping. However this method, other cluster dynami-
cal mean field theory extensions, and ED can only provide
limited information on the spatial correlation effects that are
accessible to tr-RIXS (for an excellent recent review covering
a variety of methods and results see Ref. [40]).

The Hubbard ladder, like the chain, is amenable to matrix
product state numerical methods so that both short and long
ranged correlations can be accurately probed as a function of
time. Unlike the chain, but similar to the 2D model, the ladder
is nonintegrable and its spin and charge sectors are coupled,
with both being gapped. A further distinction between the
ladder and the chain is that the former allows the effects of
anisotropy to be explored. Therefore, the ladder is a promising
system for obtaining new insights into the nonequilibrium be-
havior of the photodoped Hubbard model, and understanding
the differences between the 1D and 2D cases.

We use matrix product state techniques to study infinite and
finite ladders, and examine the interplay of spin and charge
degrees of freedom for different pump directions by extracting
the appropriate equal and unequal time correlation functions.
In particular, we calculate time-dependent dynamical struc-
ture factors, which are relevant to tr-RIXS type experiments.

In the limit of strong repulsion the low-energy prop-
erties of the Hubbard model at half-filling are effectively
given by the spin degrees of freedom alone, resulting in a
Heisenberg model description. A recent field theory analysis
of the Heisenberg ladder in the weak rung coupling limit
[41], has examined the suppression and partial recovery of
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antiferromagnetic correlations for square form quenches of
the rung exchange interaction, but this method by construction
cannot reveal the effects of charge excitations. Consequently,
in the Heisenberg model spectral weight can only be redis-
tributed within the spin sector, and the total integrated spin
spectral weight is constant.

Here we determine a nonequilibrium sum rule for single
band Hubbard models, showing that the combined total spin
and charge spectral weight is a conserved (static) quantity.
This combined sum rule can be used to understand that optical
pumping of the ladder does not redistribute spectral weight
within the spin and charge channels independently (by cre-
ating spin and charge excitations, respectively). Instead there
is a net transfer of spectral weight to the charge channel, in
the form of a strong response at low energies associated with
intraband scattering processes in the upper Hubbard band.
This nonequilibrium reduction in the total spin response is in
stark contrast to spin only models, where the suppression of
antiferromagnetic correlations requires an enhancement of the
spin response at other energies and momenta.

We show that pump anisotropy has a strong effect on the
suppression of spin correlations: For a given fluence, when the
pump is along the leg-direction the larger number of nearest
neighbors leads to enhanced energy transfer and therefore
more disruption of spin correlations relative to pumping along
the rung-direction. We find that the suppression of the spin
response is characterized by both a decrease in the antiferro-
magnetic correlation length and an additional large decrease
in the spin correlations at short distances, relative to equi-
librium. Concomitantly, as optical pumping transfers spectral
weight to the charge response, the charge correlation length
grows dramatically until it is similar to the spin correlation
length and the charge response becomes gapless, leaving the
system in a correlated metallic state far from the Heisenberg
model limit.

This paper is organized as follows. In Sec. II we describe
the specifics of our model and pump protocol and some
aspects of the MPS methods used, including the use of con-
served quantities. Section III reports our results for real time
dynamics during and after different simulated pumps, includ-
ing the magnetization, local doublon/holon density and the
equal time spin and charge correlation functions. In Sec. IV
we present the corresponding results for the nonequilibrium
spin and charge dynamical structure factors as a function of
time. We summarize and discuss our findings in Sec. V, and
provide some further technical details in the Appendixes.

II. MODEL AND PUMP PROTOCOL

The two-leg Hubbard ladder is described by the Hamilto-
nian

H0 = − t‖
∑
i,l,σ

[c†
i,l,σ ci+1,l,σ + H.c.]

− t⊥
∑
i,σ

[c†
i,1,σ ci,2,σ + H.c.] + U

∑
i,l

ni,l,↑ni,l,↓, (1)

for a system of L rungs and therefore N = 2L sites. Here
c†

i,l,σ (ci,l,σ ) creates (annihilates) an electron on rung i, leg
l = 1, 2, with a spin z component σ ∈ {↑,↓}. The number

operator ni,l,σ = c†
i,l,σ ci,l,σ . The first term of the Hamiltonian

describes the hopping of the electrons along the same leg with
hopping parameter t‖, while the second term describes the
electron hopping along the rungs of the ladder with hopping
parameter t⊥. The third term represents the repulsive on-site
interaction, with strength U > 0.

In equilibrium we assume the hopping is isotropic with
t‖ = t⊥ = th (we set the energy scale using th = 1). However,
we will consider optical pumping that can affect the hopping
parameters anisotropically so that t‖ �= t⊥ during the pump.

The equilibrium properties of the Hubbard ladder have
been studied using analytical and numerical techniques, in-
cluding bosonization (see, e.g., Ref [42] and references
therein) and density matrix renormalization group algorithms
[43,44]. At half-filling (one electron per site) any finite U
results in an insulating ground state with antiferromagnetic
correlations. Under these circumstances both charge and spin
excitations are gapped. In a simplified description, photodop-
ing the half-filled system produces vacancies on some sites
and double occupancy of others. The resulting holon and
doublon excitations are mobile, inducing a nonequilibrium
metallic state.

We choose to study photodoping via a pump characterized
by a vector potential component

A(t ) = A0e−(t−tp)2/(2σ 2
p ) sin[�(t − tp)], (2)

where A0 and � are the amplitude and frequency of the pump,
respectively, σp is the pump width and tp is a time offset that
sets the center of the pump. The coupling between electrons
and the applied field during the optical pump is achieved
through the Peierls substitution,

t‖c†
i,l,σ ci+1,l,σ + H.c. → t‖eiA‖(t )c†

i,l,σ ci+1,l,σ + H.c.,

t⊥c†
i,1,σ ci,2,σ + H.c. → t⊥eiA⊥(t )c†

i,1,σ ci,2,σ + H.c.

We consider two different pump polarizations, the "leg pump"
corresponding to

A‖(t ) = A(t ) with A⊥ = 0,

and the "rung pump,"

A‖ = 0 with A⊥(t ) = A(t ).

The complex phase factors in the hopping terms lead to a time-
dependent Hamiltonian, H (t ).

We are interested in systems that have strong magnetic
correlations in equilibrium, so we take our initial state to
be the ground state of H0 [Eq. (1)] at half-filling, with t⊥ =
t‖ = th = 1 and U = 8th. The pump is then applied, either in
the leg or rung-direction, and the resulting time-dependent
Hamiltonian H (t ) causes the state to evolve in a nontrivial
manner.

We employ MPS techniques to study the ensuing nonequi-
librium behavior, computing the ground state of the equi-
librium system H0 using the density matrix renormalization
group (DMRG) technique, and applying time evolving block
decimation (TEBD) to evolve the system under the in-
fluence of H (t ). We study the thermodynamic limit, i.e.,
infinitely long ladders, using infinite DMRG (iDMRG) and
infinite TEBD (iTEBD). Our simulations are performed using
ChainAMPS [45], a set of MPS algorithms developed to deal
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with systems of many coupled integrable chains [46–49]. In
the present case each rung is treated as a short "chain" and
the computational requirements of the MPS representation are
reduced by taking into account the conservation of the total
number of electrons and the total z component of spin. For
leg pumps we also use parity (reflection symmetry between
the two legs) to improve the numerical efficiency of the MPS
representation. This is not applicable for rung pumps because
they break the parity symmetry. This can be seen by applying
the parity operator which entails l = 1, 2 → 2, 1: for a leg
pump H (t ) remains invariant under this operation, but for
a rung pump the ⊥ hopping parameters are complex and
applying the parity operator leads to

t⊥(eiA(t )c†
i,1,σ ci,2,σ + e−iA(t )c†

i,2,σ ci,1,σ )

→ t⊥(eiA(t )c†
i,2,σ ci,1,σ + e−iA(t )c†

i,1,σ ci,2,σ ),

so that the parameters for hopping in the rung-direction are
conjugated. Thus, during and after a rung-direction pump, the
system is no longer guaranteed to be in a state of definite
parity.

Breaking the parity symmetry also has consequences for
charge density expectation values. For leg pumps on infinite
ladders the occupation number 〈ni,l〉 = 1 by translational in-
variance and parity symmetry. For rung pumps translational
invariance along the legs is maintained, so 〈ni,l〉 = 〈n j,l〉, but
the broken parity symmetry during the pump means that in
general 〈ni,1〉 �= 〈ni,2〉. and it is only the total occupation of a
rung that is conserved, 〈ni,1 + ni,2〉 = 2.

Following earlier work on the Hubbard chain [34,36], we
choose a pump frequency � = 6 that is close to the Hubbard
interaction scale U = 8 (approximately the gap between the
lower and upper Hubbard bands), so that significant magnetic
and charge effects should be observed in the nonequilibrium
state (we discuss the effect of altering � in Appendix B).
We fix the pump width to be σp = 1, centered at tp = π/2,
and apply the pump from t = 0 to t = π . These values result
in the pump switching on and off when its instantaneous
amplitude is zero, so that the effects of an abrupt change in H
are diminished and we can improve numerical efficiency by
using a time independent Hamiltonian for the majority of the
evolution. As well as their relevance to previous theoretical
works, these parameter choices are similar to those for studies
of the ladder material SCCO, for which t‖ ≈ t⊥, U = 8t‖ and
t‖ is on the order of 10−1 eV [27,29]). For example, if we set
t‖ ≈ 0.2 eV in our work then the pump we use has a length of
≈10 fs and a wavelength of ≈1000 nm (i.e., infrared).

III. DYNAMICS IN REAL TIME AND SPACE

In this section we use finite and infinite MPS methods
to compute equal time correlations during and after pump-
ing, using the model described in Sec. II. We examine local
observables (the energy density, magnetization, and dou-
blon/holon density) and the spatial correlation functions for
spin and charge in real space. The response in energy and
momentum space, taking into account the finite lifetime of the
probe pulse, will be considered in Sec. IV.

FIG. 1. Energy density of the Hubbard ladder, relative to its
ground state, after pumps of the type described in Eq. (2) are applied
along either the leg (‖) or rung (⊥) directions. Data are shown for
infinitely long (L = ∞) and finite ladders with L = 8 and periodic
boundary conditions (pbc) and L = 6 and open boundary conditions
(obc). The pump parameters are � = 6.0 and σp = 1.0. Lines are a
guide to the eye.

A. Local observables

To compare the effects of pumping along the legs versus
along the rungs, we first determine the energy imparted to
the system. The final photoinjected energy �E is given by
the difference between the energy after the pump ends and
the energy of the initial equilibrium state [the ground state
of Eq. (1) at half-filling]. Figure 1 shows the photoinjected
energy per site, �E/N , as a function of A2

0 (which is propor-
tional to the fluence) for leg and rung-direction pumps. We
include results for infinite ladders (using iTEBD) and finite
ladders (using ED [50]). For a given value of A0, leg-direction
pumping (denoted ‖) leads to a larger photoinjected energy
than the corresponding rung-direction pump (denoted ⊥). For
the range of A0 shown there is a plateau starting at A0 ∼ 0.8
(or A2

0 ≈ 0.64) for leg-direction pumping, but not for rung-
direction pumping.

Leg and rung-direction pumping should be expected to
yield qualitative differences: the direct coupling between the
pump and the motion of the electrons is only along the pump
direction, and the redistribution of energy and momenta along
the other direction occurs through the scattering of excitations
due to interactions. The first (direct coupling) stage of this
process is highly anisotropic, because the (infinite) leg direc-
tion supports continuous values of momenta kx, but the (finite)
rung direction admits only two discrete momenta ky.

A short time expansion (see Appendix A) shows that
at lowest order the photoinjected energy scales as �E ∼
zαtαA2

0�
2, where the index α =‖,⊥ indicates the pump di-

rection, and z‖ = 2 and z⊥ = 1 are the number of nearest
neighbors in the leg and rung directions, respectively. This
scaling confirms that the photoinjected energy is initially be
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governed by the different spatial properties in the two di-
rections. In the following we consider the rung pump with
amplitude A0 = 1 as our reference, and compare it with leg
pumps at different A0 corresponding to either similar fluence
or similar photoinjected energy.

Next we consider the magnetization, and the density of
doubly occupied and vacant sites. Specifically we com-
pute the expectation of the squared z component of local
spin, 〈(Sz

i,l )
2〉, where in our units Sz

i,l = (1/2)c†
i,l,aσ

z
abci,l,b =

(ni,l,↑ − ni,l,↓)/2. This quantity can be recast in terms of the
density of doubly occupied sites di,l = ni,l,↑ni,l,↓ and density
of holes hi,l = (1 − ni,l,↑)(1 − ni,l,↓):

〈(
Sz

i,l

)2〉 = 1
4 (1 − 〈di,l + hi,l〉).

For half-filling in equilibrium, 〈di,l〉 = 〈hi,l〉 because of the
constraint 〈ni,l〉 = 1. However, when the parity symmetry be-
tween the legs is broken (as it is for a rung-direction pump)
this constraint is relaxed to 〈ni,1 + ni,2〉 = 2 and it is only
true that

∑
l〈di,l〉 = ∑

l〈hi,l〉. We define �d = ∑
l〈di,l (t ) −

di,l (0)〉/2 as the difference between the instantaneous doublon
density and the equilibrium value, averaged over the two
legs.

For U → ∞, the ground state of the half-filled, transla-
tionally invariant, Hubbard ladder has 〈(Sz

i,l )
2〉 = 1/4 due to

the presence of only one electron per site 〈di,l〉 = 〈hi,l〉 =
0. At finite U the actual magnetization is reduced due to
quantum fluctuations (virtually doubly occupied and vacant
sites). For our parameters 〈(Sz

i,l )
2〉 ≈ 0.23 and 〈di,l〉 ≈ 0.05,

as seen at time t = 0 in the upper panel of Fig. 2. Photodop-
ing during the pump further suppresses the magnetization
(though not necessarily monotonically) due to the enhanced
density of doubly occupied and vacant sites. The suppression
of magnetization (or equivalently the enhancement of dou-
blon density) during the pump is accompanied by oscillations
with a timescale T = π/�, i.e., with a frequency double
that of the pump. The oscillatory time dependence is con-
sistent with the short time expansion in Appendix A, which
suggests that the change in magnetization should scale as
∼zαtαA2

0 sin2 �t . After the pump ends at t = π the oscillations
persist with damping due to many-body interactions, and the
magnetization either plateaus (e.g., the leg pump with A0 =
1.0) or appears to recover slowly (e.g., the leg pump with
A0 = 0.35).

The lower panel of Fig. 2 plots the change in doublon
density �d divided by zαA2

0, demonstrating that the results
obey the short time scaling, collapsing onto a single curve
for small t compared to the characteristic hopping timescale
t−1
h = 1. At later times interactions and higher order pro-

cesses become important and the curves separate. Then �d
approaches �E/(NU ) (indicated by dashed horizontal lines
on the plot) which is the expected result for the change in
doublon density when injecting energy �E/N per site into
a model with no hopping. In the post-pump period �d falls
below �E/(NU ). This can be interpreted as the creation
of increasing numbers of approximately stationary doublons
during the pump, followed by the decay of some of them
and an associated increase in kinetic energy. The profile for
the most energetic pump we consider, the A0 = 1 leg pump,
shows some decay of doublons before the pump ends at t = π .

FIG. 2. Upper panel: magnetization (left axis) and doublon num-
ber (right axis) as a function of time for the infinite Hubbard ladder
when pumped along its legs (‖) or along its rungs (⊥) from t = 0
to t = π . The pump parameters are � = 6.0 and σp = 1.0. Lower
panel: The change in doublon number relative to the initial state
�d = ∑

l (〈di,l (t ) − di,l (0)〉)/2, scaled by zαA2
0 with z‖ = 2 and z⊥ =

1, showing collapse onto a single curve at short times. Dashed lines
show the values of �E/(NUzαA2

0) for the various pumps. For con-
venience when comparing with Fig. 1, the squared values of A0 are
(0.452) ≈ 0.2, (0.4)2 ≈ 0.16, and (0.35)2 ≈ 0.12.

This qualitative difference to the other pumps is consistent
with the saturation shown in Fig. 1.

The leg-direction pumps cause more disruption of mag-
netic correlations (and correspondingly a higher density
doublons) than the rung pump, even if the energy transferred
to the ladder is the same. The photoinjected energy for the
rung pump is �E ≈ 0.7, close to that of the A0 = 0.45 leg
pump. However, the upper panel of Fig. 2 shows that the
magnetization (and doublon) profile for the rung pump at later
times is most similar to that of the leg pump with A0 = 0.4,
which has a lower photoinjected energy, �E ≈ 0.6.

B. Equal time correlations

Spin-spin correlations are strongly suppressed by the
pump, with the extent of the suppression and the details of the
relaxation afterwards depending on both the energy imparted
and the pump direction. In Fig. 3 we plot the staggered spin-
spin correlations along one leg (−1)x〈Sz

i,l S
z
i+x,l〉 of an infinite

ladder, as a function of separation x and time t , for three
different pump protocols.

The ground state of the U = 8 half-filled Hubbard ladder
is a Mott insulator with strong antiferromagnetic correlations
and a spin-spin correlation length ξs ≈ 4.2 (in agreement with
Ref. [43]). This is reflected at t = 0 in each panel of Fig. 3,
where the spin-spin correlations extend to large distances (as
depicted using a logarithmic color scheme).
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FIG. 3. Staggered spin-spin correlations (−1)x〈Sz
i,l S

z
i+x,l〉 along a

leg of an infinite ladder as a function of separation x and time t .
The white dashed line indicates the time at which the pump is turned
off. Upper panel: leg-direction pump with A0 = 1. Middle panel: leg-
direction pump with A0 = 0.45. Lower panel: rung-direction pump
with A0 = 1.

Note that the results for x = 0 correspond to those in Fig. 2,
but the suppression of onsite magnetization is less visible on
a log scale. All three panels of Fig. 3 show suppression of

spatial correlations during the pump. This is effect is fastest
for the leg-direction, A0 = 1 pump (Fig. 3 upper panel), where
correlations beyond nearest neighbor are suppressed by an
order of magnitude by the midpoint of the pump. The plots for
the less energetic, A0 = 0.45 leg-direction and A0 = 1 rung-
direction, pumps in the middle and lower panels of Fig. 3 show
suppression of longer-range spin correlations that continue
past the point of peak pump amplitude. All three panels dis-
play a limited recovery of spin correlations sometime after the
pump has peaked, with correlations growing outwards from
x = 0. The recovered spin-spin correlations are significantly
weaker than in equilibrium, an effect that is seen clearly at
next-nearest neighbor and beyond, |x| � 2. In addition, for
the A0 = 0.45 leg-direction and A0 = 1 rung-direction pumps
there is a local minimum in the spin correlations at x = 2 in
the post-pump region.

We now consider the charge correlations. These are
dominated by an infinite range component due to charge
conservation and translational invariance which entail the
constraint 〈ni,l〉 = 1 for the leg pump, and the similar con-
dition 〈ni,1 + ni,2〉 = 2 for the rung pump. To remove this
infinite range component, we plot the absolute value of
the connected charge correlation function |〈ni,l ni+x,l〉c| =
|〈ni,l ni+x,l〉 − 〈ni,l〉〈ni+x,l〉| in Fig. 4. Note that no such dis-
tinction is needed for the spin correlation function as 〈Sz

i,l〉 =
0, independent of the pump protocol. Taking the absolute
value accounts for the fact that the connected charge cor-
relations for x = 0 are positive, but those for |x| � 1 are
negative (this is also a result of charge conservation, because
a fluctuation that locally enhances the charge density must be
accompanied by a region of charge depletion).

The charge correlation length in the ground state of the
half-filled Hubbard ladder with U = 8 is much shorter than
the spin correlation length, and this is evident in Fig. 4 at t =
0. In contrast to the spin correlations, the spatial charge corre-
lations only grow with time during the pump. This growth is
strongest for the A0 = 1 leg-direction pump (top panel), and
weakest for the pump along the rung-direction. The growth
proceeds without any apparent sharp features associated with
the time at which the pump amplitude peaks or the time
at which the pump ends. Unlike the spin correlations, the
charge correlations within the "light cone" appear to decrease
monotonically for small x, and there is no distinct minimum
at x = 2 in the charge correlations for the less energetic pump
protocols. Hence, there are distinct qualitative differences be-
tween the spatial spin and charge correlations, despite the
simple relation between the local magnetization and doublon
number.

Both spin and charge correlations decay exponentially at
larger separations, and the correlation lengths are affected by
photodoping, with the charge correlation length growing sig-
nificantly relative to its equilibrium value. Figure 5 shows the
spin and charge correlations in equilibrium (i.e., with A0 = 0,
t < 0) and at t = 10 after pumping. The correlation lengths
obtained by fitting an exponential form to the data between
x = 6 and x = 12 are given in Table I. The spin correlation
length ξs is reduced by approximately one lattice unit after
the pump. However, the most notable difference between the
equilibrium and nonequilibrium spin correlations is the very
fast decay of the latter at short range, before the exponential
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FIG. 4. Connected charge (density-density) correlations
|〈ni,l ni+x,l〉c| along a leg of an infinite ladder as a function of
separation x and time t . The white dashed line indicates the time at
which the pump is turned off. Upper panel: leg-direction pump with
A0 = 1. Middle panel: leg-direction pump with A0 = 0.45. Lower
panel: rung-direction pump with A0 = 1.

decay characterized by ξs takes over. This behavior is evident
for x � 3 in the upper panel of Fig. 5 where, although the
spin correlations at x = 0 (i.e., the squared magnetizations)

FIG. 5. Upper panel: staggered spin correlations in the unper-
turbed, equilibrium system and at t = 10 for the three different
pump protocols discussed in the text. Lower panel: as above, but the
connected charge correlations.

are of similar magnitude for the equilibrium and nonequilib-
rium data, by x = 3 there is an order of magnitude difference
between the equilibrium and nonequilibrium cases, showing
strong suppression of magnetic correlations by the pump.
This effect is even more pronounced for the A0 = 0.45 leg-
direction pump and the rung-direction pump because of the
local minimum at x = 2. Thus, the value of ξs alone does not
capture the extreme weakness of correlations beyond nearest
neighbor in the nonequilibrium state.

TABLE I. Correlation lengths for spin, ξs, and charge, ξc, in
equilibrium and at t = 10 after pumping. We fit the correlation length
between x = 6 and x = 12 using the data shown in Fig. 5. We include
2 significant figures, fit uncertainties are <10−2.

ξs ξc

Equilibrium 4.2 0.57
‖, A0 = 1 2.8 3.2
‖, A0 = 0.45 2.8 3.1
⊥, A0 = 1 3.3 3.5
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FIG. 6. Equal time spin-spin correlation function at k = (π, π )
for three different pump protocols as a function of time. Data is
shown for both infinite and 16 rung ladders.

The inset of the lower panel of Fig. 5 and the data in Table I
show that connected charge correlations after pumping are
strongly enhanced relative to equilibrium. Although the post-
pump spin and charge correlation lengths are similar, their
short range behaviors are different. For charge correlations
there is no additional strong suppression on going from x = 1
to x = 2, and there is no local minimum at x = 2. The increase
in ξc can be interpreted as a consequence of the conservation
of charge: the pump increases the doublon occupancy of a site,
which must also reduce the surrounding charge density, and
thus leads to an enhanced anticorrelation.

We end this section by examining the equal time spin
correlations in momentum space,

Szz(kx, ky, t ) = 1

2L

∑
i,l,x,y

e−i(kxx+kyy)〈Sz
i,l (t )Sz

i+x,l+y(t )〉. (3)

In Fig. 6 we show the correlations at the antiferromagnetic
wave vector (π, π ). We also include data for finite, L = 16,
rung ladders with open boundary conditions, using the two
central rungs as a proxy for the two rung unit cell of ap-
proximate infinite system. The leg-direction A0 = 1 pump
shows the fastest suppression of the antiferromagnetic peak,
with Szz(π, π, t ) essentially reaching its late time value by
t ≈ 2, during the pump. For the lower fluence, A0 = 0.45,
leg-direction pump the suppression of Szz(π, π, t ) is slower,
reaching its late time value close to t = π when the pump
ends. The rung-direction pump leads to the slowest suppres-
sion of the three protocols, with Szz(π, π, t ) decreasing until
t ≈ 4 after the pump has ended. At t = 0 the L = 16 rung data
differ from the L = ∞ value of Szz(π, π, t ) due to finite size
effects. As the spin correlation length decreases, the difference
between a finite and infinite system becomes less distinct,
and for all three pump protocols there is good agreement
between the L = 16 and L = ∞ data by time t ≈ 1. This
agreement continues to improve until t ≈ 5, at which point
small differences between the L = 16 and L = ∞ curves
become apparent again. This is consistent with the partial
recovery of longer range staggered spin correlations seen in

Fig. 3 which increases the influence of the boundary in the
finite system. We note that there is still very good agreement
at t = 10 between the L = 16 and L = ∞ data for the three
protocols. As ξc ≈ ξs, these results suggest that an L = 16
system is a good approximation for an infinite ladder during
and after the pump.

IV. NONEQUILIBRIUM DYNAMICAL
STRUCTURE FACTOR

In tr-RIXS experiments, a system is probed using ultrashort
x-ray pulses, yielding a time-dependent scattering cross sec-
tion. For weak probes the related nonequilibrium dynamical
structure factor has the form of a double time integral [51],

I (k, ω, t ) =
∫∫

dt1dt2eiω(t1−t2 )g(t1, t )g(t2, t )C(k, t1, t2). (4)

Here the g(ti, t ) are windowing functions associated with the
probe pulse, which we assume to have a Gaussian form,

g(ti, t ) = 1√
2πσX

e−(ti−t )2/2σ 2
X , (5)

where σX is the probe’s width in time. The finite duration
of the probe pulse limits the resolution of the time resolved
response. C(k, t1, t2) = 〈Ok(t1)O†

−k(t2)〉 is a two time correla-
tion function in momentum space. For our purposes Ok = Sz

k
or nk, respectively, the spin z component or charge density
operator in momentum space.

Evaluating the unequal time correlations that are encoded
in C(k, t1, t2) necessitates applying a local operator at one
time, which breaks the translational invariance of an infinite
matrix product state (iMPS), and then evolving the system
and applying another local operator at a later time. Although
techniques have been developed to embed a finite window
with broken translational invariance within an iMPS [36,52–
55], we note that the finite size effects for the L = 16 rung
system after the pump (e.g., as seen in Fig. 6) are small at the
latest times we simulate. Therefore, we use an L = 16 rung
system to compute the nonequilibrium dynamical structure
factor. Furthermore, to improve efficiency and simulation time
we approximate the double time integral by a single time
integral:

I (k, ω, t ) ≈
∫

dτ
1

4
√

πσX
exp

[
iωτ − τ 2/

(
4σ 2

X

)]

× [C(k, t + τ, t ) + C(k, t, t − τ )]. (6)

This approximation is reasonable if C(k, t + τ, t ) varies
slowly with t relative to the scale σX . In our results we set
σX = 1. We provide more details in Appendix D including
a comparison that shows there is good agreement between
the approximate form Eq. (6) and the full form Eq. (4), even
during the pump when the conditions for the approximation
are not strictly met.

A. Nonequilibrium sum rules

In this subsection we show that the combined total spec-
tral weight of the nonequilibrium dynamical spin and charge
responses is time-independent. Although we concentrate on
the case of the two leg ladder, the derivation generalizes in
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a simple manner and the result also applies to single band
Hubbard models on other lattices (and in other dimensions).
Relations of this type, between sums of dynamical quantities
and a constant, are called sum rules.

The total spectral weight in a channel is given by integrat-
ing Eq. (4) for I (k, ω, t ) over all k and ω,

WO(t ) = 1

N

∑
k

∫
dω

2π
I (k, ω, t )

=
∫

dt1 g2(t, t1)
1

N

∑
i,l

〈Oi,l (t1)O†
i,l (t1)〉. (7)

In equilibrium, as a consequence of time translation invari-
ance, the expectation is independent of t1. Then for reasonable
probe windows [those that are a function of t − t1 only, such
as Eq. (5)] the total weight WO will be independent of time t ,

WO = G
1

N

∑
i,l

〈Oi,l O
†
i,l〉, (8)

where G = ∫
dt1 g2(t, t1) is a constant that depends on the

probe shape.
Returning to the general case, Eq. (7), and setting O = Sz,

gives the total weight in the spin channel,

WSz (t ) =
∫

dt1 g2(t, t1)
1

N

∑
i,l

〈[
Sz

i,l (t1)
]2〉

. (9)

In cases where 〈[Sz
i,l (t )]2〉 is conserved (e.g., as in Heisen-

berg models) Eq. (9) reduces to the standard spin sum rule and
WSz is a constant.

In contrast, for the Hubbard model 〈[Sz
i,l (t )]2〉 is not nec-

essarily conserved, due to the coupling of spin and charge
degrees of freedom. Instead, using the relation between the
Sz operator and occupation number gives

WSz (t ) =
∫

dt1 g2(t, t1)
1

4N

∑
i,l

〈ni,l (t1) − 2di,l (t1)〉.

As the total number of electrons,
∑

i,l ni,l = Ne, is conserved,
this becomes

WSz (t ) = G

4
ρ − 1

4

∫
dt1 g2(t, t1)

2

N

∑
i,l

〈di,l (t1)〉, (10)

where the density ρ = Ne/N is unity at half-filling. Pumping
leads to a nontrivial time-dependence for 〈di,l (t )〉 as shown in
Fig. 2.

Similarly, the total charge spectral weight can be written as

Wn(t ) =
∫

dt1 g2(t, t1)
1

N

∑
i,l

〈[ni,l (t1)]2〉

= Gρ +
∫

dt1 g2(t, t1)
2

N

∑
i,l

〈di,l (t1)〉. (11)

Combining Eqs. (10) and (11) yields a sum rule which remains
valid for a nonequilibrium system,

4WSz (t ) + Wn(t ) = 2Gρ. (12)

Hence, there is a direct relation between changes in the total
spectral weights for spin and charge: a change �WSz in the

total spin response entails a change �Wn = −4�WSz in the
total charge response.

Processes that alter the distribution of spectral weight
can be separated into two types, those that only redistribute
weight within each channel so that �WSz = �Wn = 0, and
those that transfer dynamical response from one degree of
freedom to another �Wn = −4�WSz �= 0. An example of the
former would be raising the temperature by an amount �S <

kBT � U , where �S is the spin gap. This would lead to a
finite population of spin excitations, altering the distribution
of spectral weight in the spin channel, but leaving the response
in the charge channel essentially unaffected due to the large
Mott gap. In the following we show that photodoping of the
Hubbard ladder is an example of the latter type of process,
with significant transfer of spectral weight from the spin to
the charge sector.

B. Spin dynamical structure factor

The spin dynamical structure factor in the ladder in equi-
librium is dominated by the strong AF correlations, leading
to a large response around the (π, π ) point. We compute the
dynamical spin response S(kx, ky, ω, t ) using Eq. (6) before
pumping, mid way through the pump at t = π/2 and after the
pump at t = 10.

In equilibrium, the spin excitations of the Hubbard lad-
der at half-filling and large U are well described by those
of a Heisenberg ladder with antiferromagnetic exchange
interactions. This two-leg spin ladder has a ground state char-
acterized by singlet formation on rungs [42]. Spin excitations
are formed by breaking rung singlets, leading to massive
(gapped) dispersing triplets. There is a spin gap and no true
long range order, and the system is sometimes described as a
spin liquid.

Parity selection rules mean that the spin response at dif-
ferent ky is related to the number of rung triplet excitations
that are formed [56]. A rung singlet has negative parity (the
wavefunction changes sign under interchange of the legs)
whilst a rung triplet has positive parity (the wavefunction sign
remains the same under interchange of the legs). If the ladder
is in a state of well defined total parity then breaking an odd
number of singlets to form triplets will change the total parity
of the state from positive to negative or vice-versa. In contrast,
breaking an even number of singlets to form triplets leaves the
total parity unchanged. The spin operator Sz

kx,ky
with ky = 0

preserves parity but for ky = π it alters parity. Accordingly,
the spin response for ky = π probes the formation of odd num-
bers of triplets (as the parity is altered) and for ky = 0 it probes
the formation of even numbers of rung triplets (as the total
parity is unchanged). As the triplets are massive the minimum
energy spin response is expected for ky = π which allows for
the creation of a single rung triplet. However, because the spin
gap �s ≈ 0.12t‖ is small and the antiferromagnetic correla-
tions are somewhat long ranged, the low energy dynamics
are approximately those of a spin-1 magnon, with a sharply
defined mode that has an almost linear dispersion relation as
it approaches zero energy near k = (π, π ) [57,58].

Figure 7 shows the spin response for ky = π as a function
of ω and kx for a leg-direction pump with A0 = 1 at three
different times: t = −10 before pumping (equivalent to the
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FIG. 7. Nonequilibrium dynamical spin structure factor at ky = π for a pump with A0 = 1 in the leg (‖) direction. The leftmost column
shows the response in equilibrium before the pump. The middle and rightmost columns show results during and after the pump, respectively.
The black open circles mark maxima in the response at a given wave vector kx . The corresponding plots for the leg-direction pump with
A0 = 0.45 and rung-direction pump with A0 = 1 are qualitatively very similar.

equilibrium result), during the pump at t = π/2, and at t = 10
after pumping. We do not show the results for the A0 = 0.45, ‖
and A0 = 1,⊥ pumps as they are qualitatively very similar
when plotted in this way. The equilibrium behavior (con-
volved with the resolution due to the probe pulse’s temporal
width) is seen in the left-hand panel of Fig. 7. The middle
panel of the same figure shows that during the pump the spin
response near k = (π, π ) is reduced in intensity, in agreement
with the real time results of the previous section. There is
also a notable broadening of the response. At later times after
pumping (right-hand panel of Fig. 7) the antiferromagnetic
peak is substantially reduced in intensity, the response is
broader for all kx, and the dispersion has flattened. Figure 8
shows the equivalent dynamical spin response for the A0 = 1
leg-direction pump along ky = 0 ( the other two pump pro-
tocols give qualitatively similar results). The response along
ky = 0 vanishes as kx approaches 0 (because

∑
i,l Sz

i,l = 0 is a
conserved quantity) and is strongest at kx = π . After the pump

the response at (π, 0) is weaker, although this suppression is
less significant than at (π, π ). There is also some enhance-
ment of the spectral weight close to kx = 0 after pumping,
relative to the equilibrium case.

More precise information on changes in the energy profile
of the spin response is provided by taking cuts at fixed wave
vectors. In Figs. 9 and 10 we compare the equilibrium and
t = 10 post-pump responses for k = (π, π ) and k = (π, 0),
respectively [59]. The equilibrium response at both wave vec-
tors is essentially a Gaussian peak, i.e., a single mode that is
resolution limited due to the windowing effect of the probe
pulse. The equilibrium response for ky = π can be interpreted
in the rung triplet picture as showing interband transitions
from the ground state to a band of single triplet excitations
(or a band of double triplet excitations for ky = 0).

The most notable result of the pump at k = (π, π ), other
than the overall weakening of the response, is that the broad-
ening of the peak occurs in an asymmetric manner with a tail

FIG. 8. Nonequilibrium dynamical spin structure factor at ky = 0 for the A0 = 1 leg-direction pump, before, during, and after the pump.
The black open circles mark maxima in the response at a given wave vector kx . The corresponding plots for the leg-direction pump with
A0 = 0.45 and rung-direction pump with A0 = 1 are qualitatively very similar.
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FIG. 9. Magnetic correlations with k = (π, π ), at t = 10 after
pumping along the legs (‖) or rungs (⊥). The inset shows the strong
antiferromagnetic peak in equilibrium.

toward higher energies, in contrast to the symmetric broad-
ening of a single particle mode that is expected in a simple
scattering lifetime approximation.

Asymmetric broadening of a single particle mode in the
dynamical spin response has been described previously in
gapped spin systems with triplet excitations and hard-core
interactions, at low but finite temperatures [31–33,60,61]. At
zero temperature the single particle mode in these systems is
a result of interband transitions from the ground state, i.e.,
breaking a singlet and creating a state with a single propa-
gating triplet. As temperature increases, triplet states become
thermally populated and due to strong interactions they dress
the single particle mode in a nontrivial manner, leading to an
interband response with an asymmetric lineshape. Broadening
of the single particle response occurs due to interband tran-
sitions from a thermally populated single particle state to a
state with two particles. The precise form of the joint density
of states for occupied single particle modes and unoccupied
two particle states determines the direction of the asymme-
try. Moreover, the existence of thermally populated triplets
reduces the joint density of states for interband transitions, so
the spectral weight associated with the single mode response
decreases. These effects are accompanied by the emergence

FIG. 10. Magnetic correlations with k = (π, 0), at t = 10 after
pumping along the legs (‖) or rungs (⊥).

of a new spin response at ω ∼ 0 due to intraband transitions
(scattering of the probe from thermally occupied states) which
can occur for vanishing values of energy and momentum. This
increased spectral weight at low energies is known as a Villain
mode [62], and it compensates for the decrease in the single
mode weight. The total integrated spin response then remains
a conserved quantity as expected for a pure spin model.

Photodoping of the Hubbard ladder injects energy, break-
ing rung singlets and producing a finite density of excitations,
suggesting an analogy with thermal behavior of gapped spin
systems. The application of this description to the spin re-
sponse to the Hubbard ladder is complicated by two factors
(although see Ref. [63] for a treatment of the Hubbard chain
in the U → ∞ limit). First, the spin gap for the ladder is
very small, preventing the identification of a separate intra-
band response for ω < �s, and confounding the use of the
analytical methods in Refs. [31,32,60]. Second, the presence
of charge excitations means that Eq. (12) applies and the
total spin response need not be conserved, with the possibility
of weight being transferred into the charge sector instead of
into a Villain mode. Determining the existence of a separate
Villain mode is not possible for our simulations, due to the
resolution σX and the small spin gap. However, the emergence
of a Villain mode would be consistent with the increased low
energy response after the pump at t = 10, visible as increased
weight at and below ω = 0 for wave vectors away from the
AF peak [in particular, close to k = (0, 0), see the rightmost
column of Fig. 8].

The total spin spectral weight WSz can be determined using
Eq. (10) from the doublon number computed with iTEBD, or
by integrating the dynamical spin response for the 16 rung
system shown in Figs. 7 and 8 over all ω and k. We find excel-
lent agreement between both these methods, which provides
further confirmation of the accuracy of the approximation
Eq. (6) and the use of the 16 rung system. For the A0 = 1 leg-
direction pump the ratio of the spin weight after the pump to
that in equilibrium is WSz (t = 10)/WSz (t = −10) = 0.76. For
the A0 = 1 rung-direction pump the corresponding figure is
WSz (t = 10)/WSz (t = −10) = 0.86. Therefore, the integrated
spin response decreases significantly after the optical pump,
indicating a substantial transfer of spectral weight to the
charge sector.

C. Charge dynamical structure factor

The dynamical charge response reflects Mott insulator
physics, displaying the Mott gap in equilibrium, but showing
an increasing low energy response as electrons in the lower
Hubbard band are excited into the upper Hubbard band by
the pump. We compute the nonequilibrium charge dynamical
structure factor, using Eq. (6), and show the results for ky = π

in Fig. 11 and for ky = 0 in Fig. 12.
In equilibrium the charge dynamics are characterized by an

interband response at the energy required to create a doublon,
ω ∼ U (left column of Figs. 11 and 12). Our equilibrium
results are in broad agreement with the charge response calcu-
lated using quantum Monte Carlo in Ref. [58]. The strongest
response in Fig. 11 is at k = (π, π ), reflecting the anticorre-
lation between nearest-neighbor sites—if the occupation of a
site is enhanced then the occupation of its neighboring sites
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FIG. 11. Nonequilibrium dynamical charge structure factor at ky = π . In equilibrium the response consists of excitations across the Mott
gap from the lower to the upper Hubbard band (ω ∼ U ). After photodoping the dominant feature is a low energy response, due to scattering
from excited states within the upper Hubbard band. The three panels in the leftmost column are the same, but are provided for ease of
comparison across the rows.

is lowered. In Fig. 12 we have subtracted the strong response
at k = (0, 0) and ω ∼ 0 that results from charge conserva-
tion and the finite probe width σX . This response behaves as
∼Ne−σ 2

X ω2
, where N = 2L is the total number of electrons.

Photodoping creates doublons, and as only a finite number
of doublons can be created this process reduces the joint
density of states for interband transitions in the charge chan-
nel. This suppresses the response at ω ∼ U , as shown in the
middle and right columns of Figs. 11 and 12.

In contrast to the spin sector, the emergence due to pump-
ing of an intraband charge response at low energies ω ∼ 0 is
unambiguous because of the large Mott gap. After pumping
the intraband charge response is a strong feature, with more
spectral weight than the interband charge response in the orig-
inal equilibrium system. The intraband response arises due to
scattering from pump induced doublons. The lowest panels of
Figs. 11 and 12 show the results for the rung pump, which

produces fewer doublons than the two leg-direction pumps.
Accordingly, the rung pump results show a relatively weaker
intraband response (due to fewer photoinduced doublons) and
stronger interband response (reflecting a larger density of
states for the creation of new doublons by a probe). For the
rung-direction pump the intraband response has a pronounced
dispersion, becoming gapless on approaching k = (0, 0). This
can be interpreted as an effective dispersion for the propagat-
ing photoinduced doublons. The leg-direction pumps produce
more doublons and the resulting intraband response is flatter:
as doublons are hardcore they interact strongly and impede
each other, renormalizing the effective charge hopping param-
eters and reducing the bandwidth.

As in the case of the spin response, the detailed effects of
the different pumps in the charge sector are best seen by con-
sidering cuts at fixed wave vectors. Figures 13 and 14 show
cuts through the charge response at fixed k. Similar to the spin
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FIG. 12. Nonequilibrium dynamical charge structure factor for ky = 0. The static peak at k = (0, 0) and ω ∼ 0 due to charge conservation
has been subtracted off. The three panels in the leftmost column are the same, but are provided for ease of comparison across the rows.

dynamics, the equilibrium charge response at both (π, π ) and
at (π, 0) appears as a resolution limited peak (except for a
small feature close to ω = 6 for ky = π ). Pumping suppresses
this peak and makes it asymmetric, as well as producing
a strong low-energy, intraband response. The energetically
similar A0 = 0.45 leg-direction, and A0 = 1 rung-direction
pumps lead to similar suppression of the interband response
at ω ∼ 10 for (π, π ) (see Fig. 13). However, there is pump
anisotropy visible in the intraband response that develops.
Figs. 13 and 14 show that the rung pump produces a weaker
response at k = (π, 0) than at k = (π, π ) with an asymmetric
energy profile that differs qualitatively between the two wave
vectors. In comparison, the A0 = 0.45 leg-direction pump pro-
duces a very similar post-pump response in terms of intensity
and shape at both ky = π and ky = 0.

D. Comparison of numerics with the sum rule

We finish this section by checking that the integrated spin
and charge responses obey Eq. (12). Table II displays the

results of evaluating Ws and Wc numerically using two dif-
ferent methods, at three different times: t = −10 before the
pump, t = 10 after the pump, and t = π/2 half way through
the pump. The first method involves evaluating Eq. (9) and
Eq. (11) using iTEBD data for 〈S2

i,l (t )〉 and 〈di,l (t )〉. This
method confirms the accuracy of the iTEBD results by satis-
fying the sum rule 4Ws + Wc = 2Gρ to high precision (<10−9

missing weight).
The second method we use is to integrate the dynamical

response I (k, ω, t ), determined using TEBD for the 32 site
ladder, over ω and k. The results of this method for Ws and Wc

are expected to differ from those for iTEBD due to finite size
effects and errors introduced by the single integral approx-
imation, Eq. (6). The latter can also cause departures from
the sum rule. Concomitantly, in Table II the worst agreement
with the sum rule occurs at t = π/2 where the single integral
approximation is least accurate. However, the largest error,
seen for the leg-direction A0 = 0.45 pump, is still small and
<4%.
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TABLE II. Comparison of the spectral weight determined from iTEBD data using Eqs. (9) and (11), with that found by integrating the
nonequilibrium DSF computed for a 32 site ladder using TEBD. Figures are shown to 4 decimal places. For our parameters G = (2

√
π )−1 =

0.2821...

Ws Wc
4Ws+Wc

2Gρ

iTEBD 0.0643 0.3069 1Equilibrium t = −10
integrated TEBD DSF 0.0643 0.3073 1.0009

iTEBD 0.0487 0.3695 1
t = 10

integrated TEBD DSF 0.0486 0.3684 0.9976‖, A0 = 1
iTEBD 0.0495 0.3662 1

t = π/2 integrated TEBD DSF 0.0480 0.3684 0.9929

iTEBD 0.0530 0.3521 1
t = 10 integrated TEBD DSF 0.0527 0.3664 1.0228‖, A0 = 0.45

iTEBD 0.0594 0.3267 1
t = π/2

integrated TEBD DSF 0.0599 0.3496 1.0444

iTEBD 0.0550 0.3442 1
t = 10

integrated TEBD DSF 0.0553 0.3449 1.0033⊥, A0 = 1
iTEBD 0.0592 0.3276 1

t = π/2
integrated TEBD DSF 0.0586 0.3494 1.0346

V. CONCLUSIONS

We have studied the nonequilibrium dynamics of the half-
filled Hubbard ladder when it is pumped by an idealized
optical pulse, using MPS techniques. We find that the an-
tiferromagnetic correlations that dominate the equilibrium
state are significantly reduced in the post-pump state: equilib-
rium AF correlations are strongly suppressed at nearest- and
next-nearest-neighbor separations relative to the equilibrium
state, before exponential decay sets in with a slightly reduced
correlation length. Charge correlations in the initial, equilib-
rium, state are very weak, but they are strongly enhanced by
the pump until they rival the magnetic correlations. We have
shown that the anisotropic nature of the ladder means that
the energy imparted by the pump is dependent on the pump
direction. In general, pumping with a polarization that alters
the hopping parameter along the legs of the ladder leads to
greater energy transfer and disruption of spin correlations than
pumping polarized in the rung-direction.

A small t expansion and the numerical results show that
at short times the response of the system to the pump scales

FIG. 13. Charge correlations with k = (π, π ), at t = 10 after
pumping along the legs (‖) or rungs (⊥).

with the number of nearest neighbors and hopping parame-
ters as ∼zαtαA2

0, where α =‖,⊥ labels the pump direction.
The small t expansion does not rely on the ladder geometry.
Hence, our results suggest this scaling will also apply to the
short time behavior of 2D (or 3D) systems. Once t exceeds
the characteristic hopping time t−1

h the scaling breaks down,
and the response of the system is instead more specifically
dependent on the pump characteristics (for example, pumps in
different directions that have almost equal total photoinjected
energies nonetheless produce different numbers of doublon
excitations).

We have demonstrated that the spin and charge dynamical
response functions obey a form of sum rule, with the total
weight conserved even in the nonequilibrium state. The sum
rule shows that the photodoping causes spectral weight to be
pumped from the magnetic to the charge degrees of freedom.
The overall effect is a sizable shift of dynamical response to
the low energy region of the charge sector, where a gapless
dispersing mode develops, indicating that the post-pump sys-
tem is in a correlated metallic state.

FIG. 14. Charge correlations with k = (0, π ), at t = 10 after
pumping along the legs (‖) or rungs (⊥).
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We note that the separate spin and charge contributions to
the sum rule are related to the density of doubly occupied
sites (doublon number) which can be determined using infinite
system techniques. This suggests a method for benchmarking
finite system results, by checking that the integrated spectral
weight in each channel agrees with the result for the doublon
number from an infinite system.

We interpret our results in terms of the hard-core nature
of the doublon charge excitations of the system. Photodoping
excites electrons from the lower to upper Hubbard band, cre-
ating doublons. As they are hard-core, each doublon reduces
the available phase space for the creation of new doublons,
and this leads to a reduced interband response at energies
ω ∼ U . The photodoping induced doublons lead to a new low
energy response due to intraband transitions. This response
is sharply defined and dispersing. In spin systems the corre-
sponding intraband behavior is known as a Villain mode [62].
A similar intraband charge response has been noted in the
equilibrium Hubbard chain at temperatures that are finite, but
small compared to the Mott gap [63]. A consequence of the
strongly correlated nature of excitations in gapped, hard-core,
spin systems is that the thermal broadening of the interband
response is strongly asymmetric [31,32,60]. We see similar
asymmetry in the interband charge response after pumping.

This analogy with thermal effects in strongly correlated
spin systems raises the question of whether an effective tem-
perature might be ascribed to the ladder after pumping. An
earlier work by Wang et al. [34] compared the nonequilibrium
post-pump state of the Hubbard chain to the equilibrium sys-
tem at finite temperatures and found no agreement. However,
it is possible that the Hubbard chain is a special case as it has a
gapless spin sector with spin-1/2 spinon excitations. We have
attempted to extract an effective temperature β−1 from our
post-pump results using a general property of the equilibrium
dynamical structure factor I (ω, k),

I (−ω, k) = e−βωI (ω, k). (13)

We have not found a robust value of β−1 that is shared for both
spin and charge structure factors and at different wave vec-
tors (for details see Appendix E). We conclude that, like the
chain, the post-pump state cannot be simply described using a
thermal distribution. Indeed Ref. [38] has used a generalized
Gibbs ensemble (GGE) approach to characterize the optically
pumped Hubbard chain at late times, with the conservation
of doublon number leading to an additional generalized tem-
perature. Checking if the post-pump Hubbard ladder can be
described using a GGE would be an interesting subject for
future work.
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APPENDIX A: SHORT TIME EXPANSION

The directional dependence of a optical pump on the lad-
der system can be demonstrated by considering a short time
expansion. The ladder Hamiltonian in the absence of pumping
can be written as

H0 = Hleg + Hrung + HU ,

Hleg =
∑
i�σ

[−t‖(c†
i�σ ci+1�σ + c†

i+1�σ ci�σ )],

Hrung =
∑

iσ

[−t⊥
(
c†

i,1,σ ci,2,σ + c†
i,2,σ ci,1,σ

)
],

HU =
∑

i�

ni�↑ni�↓.

The pump induces time-dependent hoppings in the leg and
rung-directions,

Hleg(t ) =
∑
i�σ

[−t‖(eiA‖c†
i�σ ci+1�σ + e−iA‖c†

i+1�σ ci�σ )],

Hrung(t ) =
∑

iσ

[−t⊥(eiA⊥c†
i,1,σ ci,2,σ + e−iA⊥c†

i,2,σ ci,1,σ )],

where A‖ and A⊥ are the time-dependent phases given by
Peierls substitution. The full time-dependent Hamiltonian can
then be written as

H (t ) = Hα (t ) + H0, (A1)

where for a parallel (leg-direction) pump α =‖ and

H‖(t ) = Hleg(t ) − Hleg, (A2)

and for a perpendicular (rung-direction) pump α =⊥,

H⊥(t ) = Hrung(t ) − Hrung. (A3)

Consider a pump applied for a very short time δt , so that the
time evolution operator U (t ) is given approximately by

U (t ) ≈ exp[−iH (δt )δt]. (A4)

We assume that the pump is switched on suddenly at t = 0 (as
in our numerics) but suppressed by a Gaussian factor, so that
Aα (δt ) ≈ A0 exp[−t2

p/(2σ 2
p )]�δt � 1.

The energy that is imparted by the pump in this short time
δt , relative to the energy of the initial state, is

δE = 〈eiH (δt )δt H0e−iH (δt )δt 〉 − 〈H0〉, (A5)

where the expectation is evaluated with respect to the ground
state |ψ0〉 of the initial Hamiltonian. Expanding the exponen-
tials gives

δE = 〈
i[H (δt ), H0]δt − 1

2 {H2(δt ), H0}δt2

+ H (δt )H0H (δt )δt2 + O(δt3)
〉
. (A6)
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FIG. 15. Change in energy density after the pump, as a function
of the pump frequency � for A0 = 1. Results are shown for a finite
ladder with L = 8 rungs and periodic boundary conditions (pbc). The
infinite system results for � = 6 are also plotted for comparison.

The commutator in the first term vanishes because the initial
state is an eigenstate of H0, that is, H0|ψ0〉 = E0|ψ0〉. Writing
H = H0 + Hα , expanding and then collecting terms gives

δE = 〈Hα (δt )(H0 − E0)Hα (δt )〉δt2 + O(δt3). (A7)

Further explicit evaluation would require knowledge of the
precise form of |ψ0〉. However, the dependence of δE can be
extracted heuristically as follows. Processes that contribute
to Eq. (A7) involve a hop with coefficient tα (e±iAα − 1) ≈
±itαAα , a double occupancy penalty, H0 − E0 ∼ U and then a
hop back tα (e∓iAα − 1) ≈ ∓itαAα . For leg-direction quenches
this gives a contribution ∼2t‖A2

‖U per site where the fac-
tor of two arises due to the two nearest neighbors in the
leg-direction. For rung-direction quenches the contribution
is ∼t⊥A2

⊥U per site, because each site only has one nearest
neighbor in the rung-direction. Hence, the anisotropic na-
ture of the Hamiltonian results in an energy dependence on
pump direction even at the shortest times, and when t⊥ = t‖
energy transfer to the ladder is enhanced for pumps in the
leg-direction relative to the rung-direction.

APPENDIX B: PUMP FREQUENCY

The results in the main body of this work were obtained
using a pump frequency � = 6. This value was chosen to en-
able comparison with a previous nonequilibrium investigation
of the Hubbard chain. In this Appendix we consider other
values of � and their effect on the injected energy density.
The response of the ladder to pumping depends on the pump
frequency �. For very low frequencies, � � U , the response
is almost adiabatic: the state of the system will closely track
the instantaneous ground state of the time-dependent Hamil-
tonian and at the end of the pump the system will be in a
state that closely approximates the initial state, so �E ≈ 0.
At high frequencies, when � exceeds the inverse electron
hopping timescale, the electrons cannot react fast enough to
respond to the pump. This limits energy transfer and �E again
approaches zero. Between these extremes, a strong response is
expected for frequencies � ∼ U , close to the Mott gap.

Figure 15 shows the injected energy density as a function
of pump (angular) frequency � for an infinite ladder and for

an 8 rung ladder with periodic boundary conditions. The form
of the pump is given by Eq. (2) with amplitude parameter
A0 = 1 and width σp = 1.

For both pumping directions �E increases with frequency,
reaching a maximum at � ≈ U (� = 10 for the leg-direction
and � = 8 for the rung-direction) before declining. This is
consistent with the expectation that pumping with a frequency
near the Mott gap should yield the strongest response.

APPENDIX C: EFFECT OF BOND DIMENSION

Our simulations are carried out using infinite and finite
MPS with bond dimensions of up to χ = 3000, and we per-
form time evolution using iTEBD and TEBD with a second
order Trotter decomposition and time step, �t = 0.01. In
general we find truncation errors of order 10−6 at the latest
times we report, but because correlations become very short
ranged after the pump this does not significantly affect our re-
sults (especially once the experimental resolution σX is taken
into account). As an example, in Fig. 16 we plot 〈di,l〉 for
the rung-direction pump with A0 = 1.0 using iTEBD with
different bond dimensions, χ . The rung pump case breaks
parity symmetry between the legs leading to a less compact
structure for the MPS matrices. This makes it numerically
more challenging to simulate than the leg-direction pumps,
even those that inject greater energy. The figure shows that
even χ = 500 achieves good quantitative agreement for much
of the simulation, but does develop an oscillatory error at
late times. The largest bond dimensions are all in excellent
agreement for almost all times shown.

APPENDIX D: SINGLE TIME INTEGRAL
APPROXIMATION

Equation (4) is a two time integral that in principle re-
quires computing C(k, t1, t2) at many different values of t1
and t2. This is numerically expensive because applying the
operators within the correlator C(k, t1, t2) at t1 and t2 alter
the wave function, so a separate time evolution must be run
for each t2 (for example). Some redundancy can be leveraged
to reduce the numerical effort, by storing the wave function
|ψ (t )〉 up to the maximum simulation time. The recorded
|ψ (t )〉 can then be used to form |ψ (t2)〉 and 〈ψ (t1)|, and then
a separate evolution is needed from t2 to t1. Note that this
includes combinations of t1 and t2 that correspond to evolution
both forward and backward in time. To reduce the numerical
overhead further we approximate Eq. (4) using a single time
integral. Defining t̄ = (t1 + t2)/2 and τ = t1 − t2,

I (k, ω, t ) =
∫∫

dt1dt2eiω(t1−t2 )g(t1, t )g(t2, t )C(k, t1, t2)

=
∫∫

dt̄dτ
exp

[
iωτ − τ 2

4σ 2
X

]
exp

[ − (t−t̄ )2

σ 2
X

]
2πσ 2

X

× C(k, t̄ + τ/2, t̄ − τ/2)

≈
∫

dτ
exp

[
iωτ − τ 2

4σ 2
X

]
2
√

πσX
C(k, t + τ/2, t − τ/2).

(D1)
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FIG. 16. Doublon and holon density as the Hubbard ladder is pumped in the rung-direction, i.e., (⊥, A0 = 1.0), at different bond
dimensions χ .

The last line follows if C(k, t̄ + τ/2, t̄ − τ/2) is slowly vary-
ing as a function of t̄ for |t̄ − t | � σX . Assuming this is true
then

C(k, t + τ/2, t − τ/2) ≈ 1
2 [C(k, t + τ, t ) + C(k, t, t − τ )],

and

I (k, ω, t ) ≈
∫

dτ
exp

[ − τ 2

4σ 2
X

]
4
√

πσX
Re[eiωtC(k, t + τ, t )], (D2)

which is equivalent to Eq. (6) in the main text.

Figure 17 shows a comparison between Eqs. (4) and (6)
for the charge dynamics of a four rung ladder, using exact
diagonalization. The approximation captures the intensity and
spectral weight distribution (particularly the energy asymme-
try of dispersing modes) of the response qualitatively, and
in many cases quantitatively. The worst agreement is during
the pump (t = π ) where the relatively rapid changes in the
hopping parameter mean that the approximations made in
arriving at Eq. (6) are only obeyed on average. Note that our
pump protocols are idealized: a real pump would be composed

FIG. 17. Comparison between the full expression Eq. (4) and the approximation Eq. (6) for the dynamical charge response of a four-rung
ladder using exact diagonalization, for leg-direction pumping with A0 = 1.
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FIG. 18. Temperature β−1, extracted using Eq. (E2) for the A0 = 1, leg-direction pump. Left panel: results using the spin response at two
different wave vectors, (π, π ) and (π, 0). Right panel: corresponding results from the charge response.

of a (narrow) range of pump frequencies with a range of phase
offsets, leading to phase averaging. Therefore, we only hope
to achieve a qualitative match during the pump between theory
and a notional experiment.

APPENDIX E: EFFECTIVE TEMPERATURE

In an equilibrium system at finite temperature the dynami-
cal response is time invariant, I (ω, k, t ) = I (ω, k) and obeys

I (−ω, k) = e−βωI (ω, k) (E1)

as can be shown using the, e.g., the Lehmann representation.
This is consistent with the requirement that I (ω, k) = 0 for
negative frequencies at zero temperature, β → ∞. However,
broadening due to the finite probe width σX can yield a finite
ω � 0 response even for a system at zero temperature (see,
e.g., the equilibrium cases in Figs. 9 and 10 which appear
as resolution limited Gaussians). The above notwithstanding,
a more significant negative frequency response is seen after
pumping in both the spin and charge channels. This broader

response cannot be attributed to the probe width, and is a result
of the system no longer being in its ground state. The negative
energy response can be used to try and attribute a temperature
to the system by calculating

β−1 = ω

(
ln

[
I (ω, k)

I (−ω, k)

])−1

. (E2)

If the system is thermal, then it should display the same
temperature at all momenta, and in both then spin and charge
channels. We show results for two of the pump protocols
in Figs. 18 and 19. Numerical issues occur for larger |ω|
when the response becomes very small, causing Eq. (E2)
to diverge. At smaller ω the extracted temperature is fi-
nite, but even when β−1 is slowly varying with ω there is
not clear consistency in its value between different wave
vectors and response channels, for either of the pump pro-
tocols shown. We conclude that the response is not simply
thermal.

FIG. 19. Temperature β−1, extracted using Eq. (E2) for the A0 = 1, rung-direction pump. Left panel: results using the spin response at two
different wave vectors, (π, π ) and (π, 0). Right panel: corresponding results from the charge response.
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