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Indirect long-range interactions between localized magnetic moments in metals are mediated by itinerant
electrons. In insulators and semiconductors, such interactions cannot be mediated by itinerant electrons; how-
ever, delocalized electrons in the valence band may provide such a medium. Nevertheless, the existence of

magnetically ordered insulators, for instance, metal oxides, is therefore an everlasting source for proposals of
various mechanisms that may support the order. Here, phonon-mediated interactions between localized magnetic
moments are considered as a mechanism that can provide quantifiable symmetric and antisymmetric anisotropic
spin-spin interactions. It is demonstrated that while a symmetric anisotropic interaction exists for all types

of phonons, the existence of antisymmetric anisotropic interactions requires broken inversion symmetry. The
latter mechanism may explain the weak ferromagnetic order observed in chiral compounds, e.g., CuO and CoO.
Furthermore, the interaction is nearly independent of temperature at low temperatures, while it approaches linear
growth at high temperatures. Spatially, the interactions have an oscillatory power-law decay with the interatomic

distance.

DOI: 10.1103/f5d2-9tq9

I. INTRODUCTION

Magnetic interactions between localized moments can be
categorized as direct and indirect interactions. While the
former originates from overlapping states in the Coulomb in-
tegral, the latter may rather be seen as the result of more or less
freely moving carriers that mediate the interactions between
the moments. Especially, the latter type is often considered in
metallic compounds where the natural carriers are the itinerant
electrons, which move freely and thereby transfer the informa-
tion about the moments across the structure [1-3]. Moreover,
despite the lack of freely moving carriers in insulators and
semiconductors, the exchange of electrons between magnetic
and nonmagnetic atoms gives rise to an effective interaction
between the magnetic atoms, through the so-called superex-
change [4-8] and double-exchange [9,10] mechanisms. Both
these mechanisms may give rise to ferromagnetic, antiferro-
magnetic, and noncollinear orders.

Recent discoveries of weak ferromagnetism in chiral metal
oxides [11-13] put the issue in a new perspective, since
such compounds, e.g., CuO [14-16], NiO [17], CoO [18],
are often antiferromagnetically ordered below some critical
temperature and paramagnetic above. This is particularly in-
triguing, since the magnetic order is typically considered
to be a result of the superexchange mechanism. It was,
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therefore, speculated that the weak ferromagnetism may arise
from uncompensated moments due to the chiral structure [13].

While the interactions that stabilize magnetic orders are
typically considered to be mediated by electrons, recent dis-
coveries indicate the interactions may also be mediated by
phonons, i.e., collective formation of nuclear motion. For
instance, the increased coercive field with increasing temper-
ature in metal-organic compounds [19-22] can be explained
by introducing phonons which interact with the electrons
and facilitate a stabilization of the magnetic order [23,24].
Chiral phonons [25] have been suggested to generate spin-
polarization among itinerant electrons [26,27], and to stabilize
and enhance the chiral induced spin selectivity effect [28,29].

In this article, an expression for the phonon-mediated
spin-spin interaction is derived and given in the form of a
Kubo-like formula. It is shown that this interaction comprises
two anisotropic contributions, one symmetric and one anti-
symmetric; however, there is no naturally emerging isotropic
contribution. It is, moreover, shown that while the symmetric
anisotropy exists for all types of phonons, the existence of the
antisymmetric anisotropy requires phonons with broken inver-
sion symmetries, pertaining to chiral structures. The spatial
decay and thermal properties of the interaction are discussed.
In particular, it is shown that the thermal activation of the
phonons allows the interaction to grow stronger with increas-
ing temperature. Spatially, the interaction has an oscillatory
power-law decay, e.g., 1/r?~! for acoustic phonons in d di-
mensions.

II. EFFECTIVE SPIN-PHONON COUPLING

The model introduced for the purpose pertains to gen-
eral insulating and semiconducting structures comprising
localized magnetic moments M,,, located at the spatial
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FIG. 1. (a) Spin-phonon interaction at a nucleus mediated by
the local valence electrons in local (blue dot) spin-electron and (red
dot) electron-phonon interactions, and (b) effective phonon-mediated
spin-spin interaction between atoms. Spin, electron, and phonon are
indicated by the zig-zag, arrowed, and wavy lines, respectively.

coordinate r,. The valence electrons are localized around
the nuclei, which justifies modeling the local interaction be-
tween the electrons and M,, as ) _, j Vi jmlﬂ; (rp)oy(r,) M,
where v;j,, is the direct exchange integral between the elec-
trons in the orbitals ¢;(r,,) and ¢;(r,) and the localized
spin moment. Here, the spinor v;(x,,) = (Vi3 (Ty) Vi) (1))
represents the annihilation of an electron in the orbital
i, and o is the vector of Pauli matrices. Simultaneously,
the electrons are connected to the nuclear displacement
Qu through Y ¥ (6,)¥ (Xn)ijm - Q. Where Aijy, is the
electron-phonon coupling.

Using the results derived in Ref. [30], the coupling between
the spin and displacement operators at the coordinate r,, can
be formulated through the two components

Mm : Ty:lc : va (13.)
Q- 7T, -M,, (1b)

m

which are schematically illustrated in Fig. 1(a). The coupling
Tl = T°¢(ry,) is defined as a spin-charge susceptibility, rep-
resented by the loop in Fig. 1(a), and in general given by the
time-dependent expression

Tl t')y=2 Z Vi jm (—(TS;j Ty 14y (Cpy 1 iy (2)
ikl

where s;; = ¥ a;/2 and ny = w,f Y represent the electron
spin and charge operators, respectively. It can be noticed that
the coupling 7,° is obtained by interchanging the order of
VijmSij and ngAg, in Eq. (2). The coupling tensor 7 hence
represents the electrons in the orbits around the nucleus and
thereby connects the localized spin moment with the nuclear
motion.

These aspects of the model can, then, be summarized as the
Hamiltonian

H = 7’{ph - Z(VMm . Bext + Mm ' Tnvqc ' Qm

+Qu - T, - M), (€)

where the first term, H,, represents the phonon reservoir and
where an external magnetic field B¢y has been included, with

y = gup, where g and up are the gyromagnetic ratio and Bohr
magneton, respectively.

The two coupling tensors 7,° and 7’ are connected
through the transpose as {7’} = 7,.°. It should, moreover,
be noticed that the tensor 7" is nonvanishing whenever the
electrons captured in the tensor are either spin polarized or
mixed via spin-orbit coupling [30]. Since spin-orbit coupling
is nonvanishing for all elements but H, it is safe to assume that
the coupling tensor in the pertinent structures is nonzero. This
establishes a connection between the localized spin moment
and the nuclear motion.

In preparation for the next step, the displacement operator
is expressed in terms of the phonon destruction and creation
operators b, and b;, using the plane wave expansion Q,,(1) =
> [ 14€Qq(1)e ™ dq /2, where  is the associated vol-
ume. The subscript ¢ = (q, ) denotes the wave vector q
and branch . associated with the displacement operator Q, =
by + bll (G =(q, ), g =—q) and phonon energy w,. The
quantity [, = \/li/2w,p$2 defines a length scale in terms of
the density p, and ¢, is the displacement polarization vector.
Here, it can be observed that 62 = €; # €,, in general, while
the equality €; = €, holds in inversion-symmetric structures.

III. PHONON-MEDIATED SPIN-SPIN INTERACTIONS

The expression for the spin interactions is derived us-
ing the approach in Refs. [30,31]. This approach enables
an order-by-order expansion of the partition function Z =
Tr exp{i f (id, — H)dt}, where the trace Tr runs over the per-
tinent degrees of freedom. In the present context, the focus
lies on a bilinear form for the spin moment operators M [see
Fig. 1(b)], which can be formulated as (x = (r, t))

8Sum = —% / M(x) - D(x, x") - M(x)dxdx', (4a)

D(x,x') = /Wp(x, T)Dpg(T, T )W, (2, x)
. - dpd
x epriar P g (4b)
QQ
In this expression, W,(x,t)=1[,77(t,7) €, denotes
the effective  spin-phonon  coupling, Dy, (t,t") =

(—=)(TQ,(t)Qqz(t) is the phonon propagator, whereas
integration over p and ¢ includes both summation over
the modes and wave vectors.

Formulated as in Eq. (4), the different parts of the interac-
tion are distinguishable. The magnetic moment M(x) interacts
via exchange with the electrons in its vicinity around the
nucleus. These electrons are also coupled to the phonons, and
the propagation of the phonons ties the magnetic moments
M(x) and M(x") together. While the properties of the electrons
are discussed above, the next task is to consider how the
quality of the phonons influences the resulting properties of
the spin-spin interactions.

The symmetry structure of the interaction tensor D(x, x’)
is clarified by introducing the symmetric and antisym-
metric components S(x, x') = {D(x, x") + [D(x, x')]'}/2 and
A, x') = {D(x, x') — [D(x, x")]'}/2, respectively, such that
D(x,x") = S(x, x") + A(x, x'). In terms of the subscripts o,
referring to the matrix row « and column B, respectively, the
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symmetric tensor has the property
Sap(x,x) = 3 (D, x) + Do (', ). )

This implies that Sy (x, x) = Dae(x, x) and Sge(x', x) =
Sep(x, x"), as expected for a symmetric tensor. However, in
stark contrast to the electronically mediated spin-spin interac-
tions, there is no natural definition of an isotropic interaction
of Heisenberg type. It is, nonetheless, possible to define
an isotropic interaction parameter, for instance, by setting
J(x,x") o< trS(x, x’). On the other hand, this is an artificial
construction that makes sense under the restricted conditions
that Sqp = 84S. Therefore, defining an isotropic interaction
has little value since the symmetric anisotropy tensor cannot
be discarded on the basis of symmetry arguments.

The symmetric interaction tensor is nonvanishing under
very general conditions, which can be seen from the following
observation. The property of 7 under the transpose implies
that the symmetric tensor can be written

1 L o
S(x, x') = 3 /(qu(‘t, )P T L Dy (T, T)e TP

dpd
X Wy W, (¢ ) L dwde. ©)

Further insight into the phononic impact on this inter-
action can be achieved by assuming noninteracting and
time-independent phonons, such that D, (t,t") = 8,,d,(t —
t'). Here, d,(t —t') is the unperturbed phonon propagator.
The symmetric tensor can, then, be Fourier transformed and
written as

S(r,r’;z) = / W, (r)W] (r’)dq(z)cosq-R%q, (7

where R=r —1’ and W,(r) = [ W,(x, 7)e"""dt. The
consequence of this expression has the far-reaching impli-
cation that there must exist a phonon-mediated spin-spin
interaction regardless of the crystal symmetry, hence, also
for inversion-symmetric structures in which €; = €,. This
conclusion can be understood by the following further simpli-
fications. Assuming that /; and €, are slowly varying functions
of the wave vector ¢, and that the phonon propagator d,
depends on the length of q, implies that the interaction can
be written

q

qu
2w

1 4
S50 = Y wowlo) [ d@inat 5L ®)
0
m

where jo(x) = sin(x)/x is the zeroth-order spherical Bessel
function, ¢, is the phonon high-energy cutoff, and R = |R|.
Since the integral over g is nonzero, it follows that the sym-
metric interaction is nonvanishing.

The conclusion that can be drawn from the above argu-
ments is that the symmetric interaction is nonvanishing under
rather general conditions. This is clear from the observation
that S remains nonzero under the severe restrictions imposed
on the expression in Eq. (8). Then, in a more general structure
with fewer symmetry restrictions, also the integrand in Eq. (6)
comprises fewer compensating contributions that could lead
to a vanishing interaction.

In perspective, another source of spin-phonon coupling
is provided through the vibrationally induced spin-orbit

coupling [27]. This mechanism is fundamentally different
from the one discussed here, since the vibrationally assisted
spin-orbit coupling exists only in structures with broken in-
version symmetry. This can be directly seen by a plane wave
expansion of the spin-orbit coupling, yielding the electron-
phonon component [27]
dq dk
QQ
©))
Obviously, for structures with broken inversion symmetry, the
polarization vector €; # €,, which implies that the Hamilto-
nian is nonvanishing, in general.

By contrast, for the antisymmetric tensor to be nonva-
nishing, the inversion symmetry has to be broken, which
can be understood by the following argument. First, it
should be noticed that the antisymmetric tensor A has the
property Ayp(x, x") = [Dep(x, x') — Dpo(x’, x)]/2. Hence,
Ago(x,x) =0and Agy (X', x) = —Ayp(x, x'). A direct conse-
quence of these properties is that it enables us to define the
product

Hipe = — & f Ly - qV (@Y, (K X @) - o912,

D(x, x') - M(x) x M(x")), (10)

where D(x, x') = [A,,(x, x"), A (x, X'), Ay (x, x')] is a three-
component vector. The antisymmetric tensor can, thus, be
reformulated as a Dzyaloshinskii-Moriya-like interaction.

The conditions that have to be fulfilled for D to be non-
vanishing are traced back to the definition of the interaction
tensor in Eq. (4b). Repeating the analysis that was made for S
and reducing to the unperturbed phonon propagator, leads to
that

A(r,r’;z) =iqu(r)wg(r’)d,,(z) sinq-R%]. (11)

This expression clearly shows that the properties of the in-
teraction are governed by the symmetry conditions of the
phonons. Especially, the presence of the function sinq - R,
which is odd under inversion symmetry operations, explicitly
indicates that the polarization vectors and/or the phonon en-
ergy have to possess additional structure for the antisymmetric
interaction to be nonvanishing.

The most conspicuous and important requirement is that
the inversion symmetry has to be broken. If not, the polariza-
tion vectors as well as the phonon propagator are inversion
symmetric. Hence, the antisymmetric inversion property of
sin q - R leads to that the integral in Eq. (11) vanishes.

Here, a comparison with electronically mediated spin-spin
interactions is instructive. It is known that in the absence of
an inversion-symmetry-breaking mechanism, manifested by,
for instance, spin-orbit coupling or scatterers that generate
spin currents, spin-degenerate electrons cannot give rise to a
Dzyaloshinskii-Moriya interaction [32]. The preservation of
inversion symmetry can be regarded as having a similar effect.

On the contrary, should the inversion symmetry in the
structure be broken, the polarization vector €, has a nontrivial
angular dependence which changes the situation significantly.
The polarization vector is angularly dependent whenever the
space that spans the phononic structure is inhomogeneous,
since the inhomogeneity introduces a directional dependence
of the momentum variable q. The angular dependence can
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also be related to the fact that the polarization coordinates of
€, cannot be separated from one another.

An example of such a dependence pertaining to helical,
hence, chiral phonons is provided by the polarization vector
€q = (acosg,asing, d¢)/d(¢), where a and ¢ = 2n¢ de-
fine the radius and pitch, respectively, of the helical structure
in reciprocal space whereas d’(¢) = a®> + ¢*>¢>. The longi-
tudinal coordinate (€q); = ¢¢/d(¢) directly depends on the
rotation angle ¢. Then, for free phonons in the cylindrical
space ((q1, g;) and (R, R))), by integrating out the longi-
tudinal coordinate ¢, 0 < ¢ < qrL¢/27, one obtains for a
single mode

/ i / R
A(r,r';z) = /S ! UAGLAIG )dq(z)R—‘;

d
xcos(qu-RL—=8,)"25  (12)

where R, = |sin(Ryqr¢/4m)| and tan 8, = cot(Rygre/4m),
whereas S, is the surface over which the transverse
variables are integrated. The remaining integrand is neither

J

even nor odd as a function of the azimuthal angle ¢. Hence,
the resulting antisymmetric interaction is under such condi-
tions nonvanishing, in general.

It is clear from this discussion that the antisymmetric
interaction requires broken inversion symmetry to be nonva-
nishing. Therefore the antisymmetric interaction occurs less
generally than the symmetric, since the latter tends to be
preserved also in highly symmetric structures.

IV. THERMAL AND SPATIAL PROPERTIES
OF THE INTERACTION TENSOR

Because of the phononic mediation, the spin-spin in-
teractions are expected to acquire a nontrivial temperature
dependence. Essentially, the interaction strength is expected
to increase with increasing temperature, a property that can
easily be corroborated by considering the Hamiltonian FHy
corresponding to the action variable §Sy;, which is obtained
by setting the times ¢ = ¢. The resulting spin-spin interaction,
Eq. (4b), when converted to real-time variables assumes the
form

D(r, r’;z)=/e(r—r)l,,lqeip'f—"‘”/(fi;“’>(z,r)-eP[D (T, t)ey - T (T, 1) + Dy (T, T)eq - T (', 1)]

—T707(t, 1) - €D, (7, e, - T (), 1)+ D, (z, e, - T,

In this expression, the superscripts > / < /r/a refer to the
lesser/greater/retarded/advanced forms of the propagators,
whereas 6(¢) is the Heaviside step function.

On the one hand, the electronic propagators 7y '~/ pertain
to the valence and conduction electrons in the metal oxide.
For sufficiently low temperatures, thermal excitations across
the gap between the valence and conduction states are not
supported; typically this gap is larger than 0.5eV(~500K).
Hence, as the occupation of these states remains nearly con-
stant, the electronic propagators can safely be assumed not to
vary substantially for a wide range of temperatures.

On the other hand, the phonon occupation changes dra-
matically in this temperature range. The phonon occupation is
captured in the phonon propagators D;q/ <, which account for
the correlations between phonons characterized by p and q.
For noninteracting phonons, the lesser/greater Green function
is given by

dy/”(t,1") = (=D)(np(@)e™ ™) 4 ng(—wy)e ),
(14)

where ng(w) is the Bose-Einstein distribution function.
In the stationary regime, both integrals | dq</ Z(t,t')dt' =
coth(Bw,/2), where B = 1/kgT is the reciprocal temperature
in terms of the Boltzmann constant kz and temperature 7.
Consequently, the phonon-mediated spin-spin interaction is
the weakest for low temperatures, since coth(Bw,/2) — 1,
T — 0. This should be contrasted with the asymptotically lin-
ear growth of the occupation (coth(Bw,/2) ~ T, for large T'),
leading to an increasing interaction strength with increasing
temperature.

)])——d dt’ (13)

r

Finally, the spatial decay of the interactions between two
spin moments can be estimated by using the expressions in
Egs. (7) and (11). Considering structures with broken inver-
sion symmetry, the arguments of the trigonometric functions
can be replaced by (q + qo) - R, for some wave vector qp.
In the limit of static interactions, lim,_.o d,(z) = —1/w,, and
assuming that the effective electron-phonon coupling W, (r)
varies slowly with ¢, the symmetric interaction tensor be-
comes for acoustic phonons (w; = y,.q)

— 5 L W W] ()2 %R sin” 4E - (3D),

S(r,r') =
— 37 L W OW, () S BRIR) (2D,
(15)

where Ij(R) = fO‘RJO(x)dx — 1, g.R — oo, while the anti-
symmetric interactions are given by

— 2 2 Wu®W, () %R sin” &F - (3D),
A(r,r’):

7 L, W @W ()RR (R) - (2D).

(16)

The spin-spin interaction has a power law dependence on
the distance and is, hence, long-range, as can be seen in
Fig. 2 for (a) two and (b) three dimensions. Although both the
symmetric (blue) and antisymmetric (red) interactions have
the same decay rate, their individual oscillatory dependences
differ whereby the interactions are dominated by either the
symmetric or antisymmetric contribution depending on the
distance between the spins.

204408-4



PHONON-MEDIATED SPIN-SPIN INTERACTIONS

PHYSICAL REVIEW B 114, 204408 (2026)

(a/ (b) A x10%
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qCR 4
0 4
0 4
2 40 60 80 I R

FIG. 2. Spatial decay of the (blue) symmetric and (red) anti-
symmetric spin-spin interactions as given in Egs. (15) and (16) for
(a) two and (b) three dimensions, and (magenta) difference between
the symmetric and antisymmetric interactions. Here, g. = 7 /5 A
and qo = ¢./10.

Furthermore, for optical phonons, the spatially decay-
ing functions sin’(q.R/2)/R* and I,(R)/R are replaced
by fO‘Rjo(x)dx/R and fo"R Jo(x)x"'dx, respectively. The
interaction mediated by optical phonons is therefore longer-
ranged.

It should be noticed that the symmetric interaction S
changes between positive and negative signs with increasing
interatomic distance R whenever the inversion symmetry is
broken, qo # 0. Hence, while an inversion symmetric crys-
tal (qo = 0) may only assume antiferromagnetic ordering
through this mechanism, the symmetric interaction may favor
both ferro- and antiferromagnetic ordering in structures with
no inversion symmetry.

The finiteness of the antisymmetric interaction A has
the effect of reorienting the local magnetic moments from
strictly collinear configurations governed by the symmetric
interaction to a noncollinear magnetic texture. This emerging
texture does, however, not randomize the spins but rather
redefines the magnetic order by generating a finite compo-
nent perpendicular to the collinear order, as shown in Fig. 3.
It should be stressed, nevertheless, that while a finite mag-
netic moment emerges in the weakly ferromagnetic order, the
emergent spin-spiral order or spin-density wave modifies the
overall ferromagnetic order without necessarily completely
destroying it.

For the sake of comparison, consider the electronically me-
diated indirect spin-spin interactions given in, e.g., Ref. [30],
which are calculated using the same formalism as here.

ferromagnetic

HlHHH |
g oy
[V v wiVARA AN

weakly ferromagnetic

anti-ferromagnetic

spin spiral/spin density wave

FIG. 3. Collinear (a) ferro- and (b) antiferromagnetic order is
redefined to noncollinear (a) spin-spiral or spin-density wave and
(b) weakly ferromagnetic order.

An estimate of the spatial dependence of the isotropic,
Heisenberg-like interaction J;; in three dimensions is given
by

. 3
Jij ~ = —= — | evjolkvriyolkyr;), (I7)
T

where Ny = m, /}‘12 [~ 2], m, is the electron mass, gy is the
valence band edge energy, ky = +/2Nyey, and yo(x) is the
zeroth-order spherical Neumann function.

The effective spin-phonon coupling W, can be esti-
mated roughly v;d; - €./, = v,]\m (Xju =1, -€,l, effective
electron-phonon coupling), such that the spatial dependence
of the symmetric interaction in three dimensions assumes the
form

2 cos .R
) ZAZ cosqo-R sin? L=
YuR 2

From this analysis, one can conclude that nominally the
phonon-mediated spin interaction is expected to be smaller
than the corresponding electronically mediated interaction
between spin moments near each other. This is clear since
while the latter scales as the square of the local exchange
interaction v; (Eq. (17)), the former also scales as the square of
the local effective electron-phonon interaction ):,-M [Eq. (18)].
Nonetheless, the range functions for electrons and phonons
are significantly distinct. The former has an oscillatory decay
that scales as 1/R¢, where R is the distance between the spins
and d the spatial dimension, while the latter has an oscillatory
decay as 1/R?~!. Hence, phonons mediate interactions at a
longer range than electrons do and may, thereby, govern the
formation of the acquired long-range order.

S,‘j ~ = (18)

V. SUMMARY AND DISCUSSION

In conclusion, it has been analytically shown that local
phonon-mediated spin-spin interactions are generally present
in insulating matter. The interactions arise from the local
coupling between valence electrons and localized spin mo-
ments, on the one hand, and between valence electrons and
nuclear motion, on the other, according to the scheme derived
and discussed in Ref. [30]. By coherent nuclear vibrations
(phonons), these interactions are mediated between the local
spin moments which, in general, are nonvanishing.

It was, moreover, shown that the interaction tensor, the
phonon-mediated magnetic susceptibility, can be decomposed
into symmetric and antisymmetric contributions, of which
the former is nonvanishing for general spatial symmetries
of the compounds. The latter contribution, by contrast, re-
quires a broken inversion symmetry to be nonvanishing.
Hence, inversion-symmetric structures are expected to sta-
bilize collinear antiferromagnetic order, which should be
contrasted with structures in which the inversion symmetry is
broken. In a compound with broken inversion symmetry, the
symmetric interaction may also favor collinear ferromagnetic
order. Furthermore, under such conditions, the antisymmetric
contribution cant the localized spin moments in a direction
perpendicular to the collinear orientation governed by the
symmetric tensor contribution. Hence, a ferromagnetically
ordered compound may become a spin-spiral or spin-density
wave ordered one, whereas an antiferromagnet may turn into
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a weak ferromagnet. This property may provide novel and
complementary ways to explain the observations of weak
ferromagnetism in, e.g., chiral CuO [13].

The phonon-mediated spin-spin interactions are expected
to grow with increasing temperature within a range of a few
hundred to a few thousand kelvins, depending on the gap
between the valence and conduction electron states. Certainly,
this estimate is obtained by disregarding other mechanisms
that may play a crucial role at elevated temperatures, such as
structural phase transitions among others. Despite this restric-
tion, it can be understood that the interactions are predicted to
be weakest and nearly independent of the temperature at low
temperatures, while they approach linear growth at high tem-
peratures. It was finally shown that the interactions decay in an
oscillatory manner with the internuclear distance as a power
law; 1/r¢~! for acoustic phonons in d dimensions. Therefore,
while the symmetric interaction tensor provides only antifer-
romagnetic ordering in structures with preserved inversion
symmetry, the oscillatory spatial dependence in structures
without inversion symmetry opens up for both ferro- and
antiferromagnetic ordering.

More experiments on, e.g., insulating chiral magnetic com-
pounds as well as ab initio simulations may shed further light
on the properties of phonon-mediated spin-spin interactions.
Ways to test the predictions made in this paper include, for
instance, studying the distance dependence between localized
magnetic moments using magnetic molecules adsorbed on
insulating substrate materials.
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