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We present a rigorous method to reduce the three-dimensional (3D) description of a quantum dot in silicon
to an effective two-dimensional (2D) envelope function theory for electron spin qubits. By systematically
integrating out the strongly confined vertical dimension using a Born—Oppenheimer-inspired ansatz at the
envelope-function level, we derive an effective in-plane potential that faithfully captures the essential electro-
statics of the full 3D system. Considering the lowest two eigenstates of the out-of-plane direction, this reduction
leads to the natural and explicit emergence of the valley degree of freedom within a 2D formalism, which
is derived here from first principles. We validate the accuracy of the method through comparisons with full
3D simulations and demonstrate its superiority over naive 2D slicing, particularly in the presence of interface
roughness. Crucially, the reduction in dimensionality leads to substantial computational savings, making our
approach particularly well suited for simulating two-electron systems, e.g., for the extraction of parameters such
as the exchange coupling. Beyond its practical utility, the rigorous 2D envelope function theory that is introduced
in this study incorporates valley physics in a physically grounded manner, offering conceptual clarity on the role

of valley states in qubit operation and measurement.
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I. INTRODUCTION

Silicon spin-based quantum computing is a promising
platform for scalable quantum technologies because of its
compatibility with existing CMOS infrastructure [1] and the
long coherence times of electron spins hosted by quantum
dots [2]. The development of scalable silicon quantum de-
vices, however, relies on fast and accurate design—simulation
feedback loops [3]. As devices grow in complexity, rapid iter-
ation capabilities over potential geometries become essential.
Crucial performance metrics—such as tunnel coupling and,
especially, the exchange interaction J—are highly sensitive
to microscopic details [4] and must be computed numerically
with high fidelity. Efficient yet accurate modeling tools [5] are
therefore indispensable for guiding experimental design and
enabling the scalable control of spin qubits.

Typically, 3D simulations of the electron wave function are
used for single-electron problems, while two-electron systems
require a full 6D treatment. These computations are costly and
significantly slow down the design and optimization process.
Fortunately, insight can be gained by examining the shape of
the electron wave function in a quantum dot, which—within
the silicon spin qubit architecture—is realized as the spin of
a single electron [6] confined near a Si/SiO, interface. The
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vertical confinement, imposed by the interface potential and
gate-induced electric fields, is much stronger than the lateral
confinement defined by surface gate electrodes. This results
in a highly anisotropic, disk-like wave function—strongly
confined in the vertical direction and extended laterally. This
raises the question of whether the three-dimensional (3D)
problem of a silicon-based quantum dot can be rigorously
reduced to a two-dimensional (2D) model, thereby achieving
significant computational savings. Ad hoc 2D models have
been used for a long time to describe quantum dots [7]. Other
simple approaches, such as taking a fixed 2D slice through
the 3D potential landscape, have been used in the literature
[8,9], but these can fail in important scenarios, particularly
when surface roughness or lateral inhomogeneities strongly
modulate the vertical (z) confinement. Hence, to model and
predict the behavior of these qubits accurately, particularly
for tasks such as computing tunnel couplings, exchange (J)
couplings, and valley splittings, full three-dimensional (3D)
simulations are often required. Such simulations, including
mesh-based continuum models like those implemented in QT-
CAD [10,11] and atomistic tight-binding approaches such as
NEMO3D [5,12], allow for a comprehensive treatment of re-
alistic device physics, including interface disorder. Atomistic
simulations, in particular, have proven crucial for accurately
capturing valley physics, a phenomenon arising from the
multi-valley nature of silicon’s conduction band and its in-
teraction with interface irregularities [13,14]. However, these
methods are computationally expensive and become infea-
sible when scaled to multi-dot systems or when extensive
parameter sweeps are performed.
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In this study, we present a rigorous dimensional reduc-
tion scheme that projects the full three-dimensional quantum
dot problem onto a two-dimensional effective model. Our
method is based on the conceptual framework of the Born—
Oppenheimer approximation. The central idea is to treat the
out-of-plane (z) dynamics as fast (high-energy) compared to
the slower (low-energy) in-plane (x-y) motion. This separa-
tion of scales allows us to define local eigenfunctions and
eigenenergies for the z motion, which parametrically depend
on x and y and serve as inputs for a projected two-dimensional
Hamiltonian. If we retain only the lowest eigenstate of the ver-
tical Hamiltonian, the resulting model describes purely orbital
dynamics in the 2D plane. In the orbital regime, our method
rigorously incorporates the effects of interface roughness and
spatially varying vertical confinement across both single and
double quantum dot systems, enabling accurate predictions of
quantities such as tunnel and exchange (/) couplings within a
two-dimensional framework.

Moreover, by including the two lowest eigenstates, which
typically correspond to the lowest pair of valley states, we
naturally recover also the valley degree of freedom (DOF).
This statement is usually justified by the large energy gap to
higher orbital and additional valley states, which are typically
lifted by strain and interface effects in silicon quantum dots
[4]. This valley structure originates from the near-degenerate
conduction band minima along the £z directions in the silicon
band structure [13] and is essential for modeling realistic
quantum dot qubits.

The resulting 2D theory includes spatially dependent
coupling matrices that govern intervalley interactions, thus
providing a tool to model the orbital and valley physics of
quantum dots. While spin could, in principle, be incorporated
via effective, dot-specific g factors, this issue is not addressed
in the present work.

Our method also offers clear didactic value through the
natural emergence of a two-component valley wave func-
tion. This feature provides a transparent and computationally
accessible framework for analyzing how valley physics influ-
ences the qubit measurement and decoherence processes, as
well as two-qubit gate operations. To validate our approach,
we compare results from the 2D projected model with full
3D simulations, both performed using grid-based tools. More
specifically, we benchmark our methods against simple 2D
slicing approaches and demonstrate their superior accuracy in
computing tunnel and exchange couplings, as well as valley
splittings and phases.

II. THEORY

The aim of this section is to derive effective 2D Hamil-
tonians that accurately capture the physics of quantum dots
by systematically reducing the full 3D problem. The central
strategy draws inspiration from the Born—Oppenheimer ap-
proximation [15], where a system is separated into fast and
slow degrees of freedom. In our context, the strong vertical
confinement along the z direction produces fast dynamics,
while the slower in-plane motion occurs along the x and y
directions.

A. Modeling framework

We begin with a brief review of how to describe the quan-
tum dot wave function in a gate-defined silicon quantum dot,
along with existing methods to simplify its representation.
In general, the wave function of an electron in a silicon
heterostructure experiences a highly nontrivial potential con-
sisting of three components: the silicon crystal potential, an
abrupt dielectric interface between silicon and the barrier
material (e.g., silicon-oxide), and the external electrostatic
potential generated by gate electrodes. Hence, the total Hamil-
tonian describing the system in 3D can be written as

2
2m,

H=-

v? + Vcrystal (r)+V(r), (D

Hcryxml

where Hygq is the Hamiltonian of the unperturbed silicon
crystal and V (r) includes all additional contributions from
the dielectric interface and the gate-induced electrostatic po-
tential. The crystal and interface potentials vary on atomistic
length scales, imposing formidable spatial resolution require-
ments. Furthermore, only conduction-band states are relevant,
as the valence band is fully occupied under typical con-
ditions. Consequently, a proper description of the electron
state involves a superposition of Bloch states from the lowest
conduction-band eigenstates of Hryga. Using these Bloch
states as a basis, the single-particle Schrodinger equation
becomes

Y le®) + VOl =E Y du(@e,  (2)
k k

where @i (r) = uk(r)e™®* are Bloch functions satisfying
Herystak = €(K)Pi, and W(r) = >} ¢k (r)ck is the total wave
function. Here, €(k) denotes the energy dispersion of the
lowest conduction band. Simulation tools such as QTCAD
adopt this full-band Bloch-state representation [10].

While accurate, this formulation is computationally de-
manding because of the fast spatial oscillations in the wave
function. These arise from two sources:

(1) The periodic functions u(r) vary on atomistic length
scales, typically much smaller than the lattice constant. For
silicon, the lattice constant is as; = 0.543 nm.

(2) Silicon’s conduction band features six equivalent min-
ima (valleys) located along the (100) directions in the
Brillouin zone. Under confinement and strain, the four in-
plane valleys (£, +9) are typically raised in energy (see, e.g.,
[16]), leaving two low-energy valleys along the £Z direction.
These lead to interference patterns in the wave function on the
scale of 1/]|kg|, where £ko = £0.85 x 3—5”2 ~ 49.83 nm~'3
are the valley wavevectors. ‘

Because of this structure, the quantum dot ground state is
often approximated as

Y(r) = Z u(r)e’™® ey
X

A Fp (0, (0™ + F_(Du_g, (r)e ™", (3)
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Here, Fy is defined as

Fi(l‘) = Z Ciko_;,_qeiq.r. (4)
lql<?i

This approximation assumes that only states near the valley
minima contribute. This is equivalent to saying that F(r)
does not vary much on the scale of a unit cell. Furthermore, in
(3) we used,

ug(r) ~ uyi, (r) fork ~ %ko, ®)]

effectively separating the wave function into slowly varying
envelopes, F.(r), and rapidly oscillating phase factors. This
approximation is usually called envelope function approxima-
tion [17,18].

In scenarios where fine details of valley physics are
not essential—such as estimating exchange couplings J or
simulating charge stability diagrams—a single-valley approx-
imation is typically sufficient. In this case, it is assumed that
the envelope functions satisfy |Fi(r)| = |F_(r)| = |F(r)],
i.e., they are equal in magnitude but may differ by a phase.
The resulting envelope satisfies an effective-mass Schrodinger
equation [19].

However, when valley-specific effects become relevant, in-
tervalley coupling or valley—orbit coupling must be retained.
These couplings arise from high-frequency Fourier compo-
nents of the external potential, particularly those near the
wavevector 2K, via terms like V (2Kkg), which mediate inter-
valley scattering. Here, V (k) denotes the Fourier transform of
V(r).

Generalized envelope function (GEF) approach. We now
propose an intermediate model between the full Bloch-state
approach and the envelope approximation. In this General-
ized Envelope Function (GEF) framework, we remove the
periodic part u,(r) of the Bloch functions while retaining
the essential fast oscillations arising from the multivalley
structure. All Bloch-function complexity is abstracted into a
single momentum-dependent kernel. We define the GEF as
the spatial representation of the k-space coefficients. In a finite
normalization volume €2,

1 .
Y (r) = 7 ;ck e, (6)

and, in the continuum limit,

d3k ik-r
W(r)Z/WC(k)e . @)

Comparing with the full wave function W(r)=
> uk(r)e®T e, the GEF removes only the atomically
varying factors ux(r) while keeping the valley-phase
oscillations carried by ¢/*T.

When two valleys at +ky dominate, ¢ admits the standard
two-valley decomposition with slowly varying envelopes,

Y(@r) ~ Fi(r)et™™ 4 F (r)e ™, ®)

so that, upon restriction to the valley subspace, the GEF
reduces to the familiar envelope-function model with valley-
dependent envelopes Fi(r). The governing equation for the
GEF is an effective Schrodinger equation,

(F () F~! 4+ Ve )y (r) = E §(v), €))

where F denotes the Fourier transform operator. The effective
potential Vi (r) is given by

d’q N
V) = [ GoG@P@ent o)

where V(q) is the Fourier transform of the external potential
and Cy(q) is an overlap kernel that captures the effect of the
underlying Bloch functions. A detailed derivation of Egs. (9)
and (10) and the structure of Cy(q) is presented in the Ap-
pendix A.

The generalized envelope function forms the core element
of the models and simulations presented in this work. One ma-
jor advantage of this formulation is the ability to seamlessly
transform between real and momentum space via Fourier
transforms, enabling efficient computation through the use
of fast Fourier transform (FFT) algorithms (Sec. III). The
encapsulation of the Bloch function contributions within the
factor Cy is motivated by prior studies on multivalley envelope
function theory in silicon systems [20-22].

As a model that should capture all relevant features of the
band structure, we choose to approximate €(k) as a sum of
two anisotropic Gaussians centered at the valley minima near
+koZ,

E(k) — _H[e—(k-&-koi)TK(k-&-koi) + e—(k—kOE)TK(k—koﬁ)] (1 1)

where « is a diagonal inverse effective mass tensor with
COMPONENts Ky = Kyy = ?/2mH) and k.. = B>/ (2m.H).
Here, m, and m_ denote the transverse and longitudinal ef-
fective masses, H = 1000 meV is a phenomenological energy
scale, and the magnitude of the valley wavevector is ky =
9.83nm~!. This band structure reproduces the correct ef-
fective masses—defined as the curvature of the conduction
band—at the valley minima, thereby generalizing the stan-
dard effective mass approximation of silicon to a multivalley
formulation [13,16]. The use of anisotropic Gaussians is mo-
tivated not only by their ability to reproduce the local effective
masses, but also by the fact that they smoothly interpolate
between the two valleys and decay toward the Brillouin zone
center. This provides a more realistic description of the band
dispersion near the I point compared to a piecewise parabolic
model, which may introduce artificial discontinuities.

For nonvalley-resolved calculations, we only consider a
single minimum of the band structure and may therefore resort
to a simpler representation of the kinetic energy operator,
valid within the effective mass approximation. In this case,
the kinetic energy operator exhibits the standard form

. o9 n* 9
T () -2 (12)

2m; \ 0x2  9y? 2m;, 372
which is justified because we approximate the conduction

band dispersion at the valley minimum harmonically and can
therefore identify the kinetic term with differential operators.

B. Born-oppenheimer-inspired dimensional reduction

In this section, we outline our procedure to perform an
effective dimensional reduction of the quantum dot Hamil-
tonian. There are two central requirements we have on a
Hamiltonian in order to apply our approach. The first is that
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the full Hamiltonian H is approximately separable into a ver-
tical and an in-plane component,

H(x,y,2) ~ Hy(x,y) + H(z;x, ). (13)

Here, H. must only exhibit parametric dependence on x and
y; in particular, no x or y derivatives should appear in H,.
Since this separability requirement is trivial for the potential,
it translates to the requirement that the (usually nondiagonal)
position representation of the kinetic energy operator is sepa-
rable,ie., T = f}y(x, y) + f}(z;x, ¥). The second requirement
is that the kinetic energy operator in the horizontal Hamilto-
nian H,, is, at least approximately, given by

2
T:vyz_

p (97 +87). (14)
The validity of these approximations in our cases of interest
will be addressed in later sections.

Within this framework, we attempt to derive an effective
two-dimensional Hamiltonian. We begin by expressing the
full wave function as an expansion in the local eigenstates
Xm(x, ¥, 2) of H,

Y32 =) G, Y) Xm(x, 3, 2), (15)

where ¢,,(x, y) are slowly varying envelope functions. Insert-
ing this ansatz into the full, time-independent Schrédinger
equation H (x, y, 2)¥ (x, v, z) = EY(x, y, z), multiplying from
the left by x (x,y,z), and integrating over z, we obtain a
coupled set of 2D equations,

SRS () bux.y) = E u(x. y), (16)

where the matrix elements of the effective Hamiltonian are
given by

A (x,y)

m

= / dz x) (e, v, 2) Hx, 9, 2) xm(x, ¥, 2)

h2
= <_2m (83 + ayz) + Vo (x,y) + enlx, )’)>5m’m
1

hz X )
— —[DY) e, y) + D (x, y) 8 + DY (x, y) By ),

m'm

2my
a7
with coupling coefficients
DY) (x,y) = /dz X (87 + 33))(,",
(1,x) _ *
D, (x,y) = 2/dz KXo Ox Xms
(Ly) *
D, (x,y) =2 f dz X, Oy Xm- (18)
This framework is closely related to the Born—

Oppenheimer approximation in quantum chemistry, where
the wave function is separated into fast electronic and
slow nuclear components. Solving the electronic problem
first yields potential energy surfaces (PES) for the nuclear

motion—formally analogous to the eigenenergies €,,(x,y)
of the vertical Hamiltonian in our case. If all vertical
basis states are retained, the expansion is exact and yields
an infinite set of coupled 2D equations—just like the
full coupled PES picture in molecular systems. However,
practical implementations require truncation. Often, a single
surface (the ground-state PES) suffices, especially when
non-adiabatic couplings are small [15,23]. In our setting, this
corresponds to keeping only the basis state corresponding
to the lowest vertical eigenenergy, xo(x,y,z), yielding
a 2D charge model. Including the two lowest vertical
states—typically a near-degenerate valley pair—introduces
intervalley coupling in the effective theory, analogous to
nonadiabatic transitions between PES in molecules. This
projection framework provides a simple and efficient method
for dimensional reduction. In the following sections, we
derive explicit forms of the resulting 2D Hamiltonians in both
the charge-only and valley-coupled regimes.

C. Effective 2D Hamiltonian in charge space

We now apply the projection framework to the simplest
physically relevant case: retaining only the lowest vertical
eigenstate xo(x,y, z). This corresponds to a single-surface
approximation, where valley effects are neglected and only
charge dynamics are captured. Starting from the full 3D
Hamiltonian for a single electron in a quantum dot given in
Eq. (12), with vertical contribution

2
A5, 7, 2) = — 202 4 V(w3 2), (19)
2my,
we note that the decomposition of the total potential V (x, y, z)
into an in-plane component V;, (x, y) and a vertical component
V.(x,y,z) is not unique. In fact, there are infinitely many
ways to write V(x,y,2) = Viy(x,y) + Vz(x,y,2). A natural
and physically motivated choice is to define Vi, (x,y) by
slicing the 3D potential at a fixed vertical position z = 7/,
such that

Viy(x,y) :=V(x,y,z=12), and
‘/Z(-x7ya Z) = V(-xa s Z)_ny(-x’y)' (20)

As a special case of Eq. (17), retaining only the verti-
cal ground state m = 0 yields a particularly simple effective
Hamiltonian. In this single-surface approximation, the first-
order coupling terms in Eq. (18) vanish identically, and we
neglect the second-order correction Dé%) (x, y). The integration
in Eq. (17) contributes a local energy shift, which we denote
€o(x, y), corresponding to the ground-state energy of the ver-
tical Hamiltonian I—L (x, y, z). The resulting 2D Hamiltonian is

2

N h
Herr(x, ) = =3 — (87 + 97) + Viy (5. ) + €0(x, ), (2D)
t

=:Vese(x,y)

where the new effective 2D potential, Veg(x,y), is simply
the sum of the in-plane potential V., (x,y) and the vertical
ground-state energy €y (x, y). Equation (21) defines a compact
and computationally efficient 2D model for describing charge
dynamics in quantum dots, with valley effects neglected by
construction.
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D. Effective Hamiltonian in charge and valley space — 2D
multivalley envelope function theory

In this subsection, we evaluate the projected Hamiltonian
(17) using the two lowest vertical eigenstates, which—as dis-
cussed earlier— usually form a near-degenerate valley pair.
To be permitted to use the general form of Eq. (17), we
must first assess whether the Hamiltonian is approximately
separable as assumed in Eq. (13) and whether the form of the
kinetic energy operator is in accordance with Eq. (14). Start-
ing from the full Hamiltonian (17), and using the anisotropic
band-structure model of Eq. (11), we proceed by making a
further simplification: we approximate the in-plane (x-y) band
structure quadratically at low energies, i.e., we assume that
the band structure can be written as a parabolic function in x
and y, superposed with the double-well function in z. Under
these assumptions, the Hamiltonian is approximately separa-
ble, and we are justified in applying the dimensional reduction
framework discussed in the previous section.

A complication, however, arises from the fact that the val-
ley structure of the vertical eigenstates is highly sensitive to
interface disorder, especially in realistic Si/SiGe or Si/SiO,
devices. To avoid spatial fluctuations in the basis and thereby
suppress the coupling terms in Eq. (18), we choose to work
in a basis in which the valley-dependent terms in the vertical
eigenfunctions are fixed (but still allow the vertical envelope
function to vary as a function of x and y); we call this the
“fixed valley-spinor basis” {}+, ¥—} (see Appendix B for
details of its construction). As this basis is different from
the eigenbasis of the local vertical Hamiltonian H. we are
required to express the diagonal €,,(x, y)§,/n, term in (17) in
this basis. We call this rotated representation of €,,(x, ¥)8,m>
I-?ZH”)(X, ¥)wy. In this fixed valley basis, the coupling terms
(18) manifest only in the xy variation of the envelope func-
tion. Provided that coupling to higher-energy states can be
neglected, the effective 2D multivalley Hamiltonian becomes

- ?
H::tj(x,y) = <__(83 + ayz) + ny(.x, )7))81)’1)

2m;
+ HE (Y, (22)

where v, V' € {4, —} label the valley-spinor components. The

valley-dependent part of the Hamiltonian A" (x, y) cap-
tures local valley splitting and mixing,

HT 7 (x,y) = €5(x,y) + 2| Al(x, y)

2 _ .
y ( cos qb cos ¢ sin q)) )
— Ccos ¢ sin ¢

sin® ¢

where €,(x,y) is the local valley ground-state energy and
|A(x,y)| is the position-dependent valley splitting. Finally,
¢(x,y) = arg A(x, y) denotes the local valley phase, defined
through the complex phase of the intervalley coupling. The
matrix in the second term of Eq. (23) captures the essen-
tial valley physics emerging from interface roughness and
confinement-induced mixing. Both Eq. (23) and the form of
H{"7)(x,y) are derived in Appendix B in greater detail. Fi-
nally, Appendix C contains a procedure for determining the
quantities ¢ (x, y) and A(x, y).

E. Two-electron extension

The Born—Oppenheimer projection derived in the preced-
ing subsections reduces the single-particle problem to an
effective 2D Hamiltonian, with an effective potential Vg (x, y)
that encodes the gate-defined electrostatics and the vertical
confinement correction. We now extend this framework to the
two-electron case.

Under the assumption that the vertical confinement is dom-
inated by the external (gate-induced) potential and is not
significantly perturbed by the electron—electron interaction—
which is justified when the single-particle vertical con-
finement energy fiw, greatly exceeds the Coulomb energy
scale—we perform the BO reduction independently for each
electron using the single-particle effective potential. The re-
sulting two-electron Hamiltonian in the projected 2D space is
then

Ho=Hy @1+ 1@ Hg + Ve, 24)

where I{Ve(flf"z) are copies of the single-particle effective
Hamiltonian (21), and V¢ is the projected electron—electron
Coulomb interaction.

Note that Eq. (24) acts only on the spatial degrees of free-
dom of the two-electron wave function. The full two-electron
state must be antisymmetric under particle exchange to satisfy
the Pauli principle. Since the Hamiltonian does not couple
spatial and spin degrees of freedom, its eigenstates factorize
into spatial and spin parts. Spatially symmetric eigenstates of
Eq. (24) combine with the antisymmetric spin singlet state,
whereas spatially antisymmetric eigenstates combine with one
of the symmetric spin triplet states. The two lowest eigenstates
of Eq. (24) are therefore the spatially symmetric (singlet)
ground state and the spatially antisymmetric (triplet) first
excited state, and their energy difference gives the exchange
coupling J.

Approximation of the projected Coulomb interaction. After
the BO projection, the exact Coulomb matrix element between
two electrons, each in the vertical ground state xp, takes
the form

VP (x1, y1, X2, y2)

= // dzidzy | xo0(zi; x1, y)I?

X [ x0(z2; %2, y2)I?

62

4mege/p? + (1 — 2%

where p = \/ (x1 — x2)% + (y1 — y2)? is the in-plane electron
separation. In the limit |z; — z2| < p, which holds whenever
the in-plane separation is large compared to the vertical con-
finement length, Eq. (25) reduces to a purely two-dimensional
Coulomb interaction,

(25)

2

Vel (p) ~ (26)

4mepe, p
For the device geometry considered in this work—dots sep-
arated by approximately 30nm and vertical confinement
extending over ~5-10 nm—this approximation is well justi-
fied. It is precisely the approximation that underlies the widely
used 2D electron gas models in quantum well systems [7].
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The short-range singularity at o — 0 is regularized by a small
offset §, as detailed in Sec. II1.

III. COMPUTATIONAL IMPLEMENTATION

A. Potential generation

The external electrostatic potential, which defines both
lateral and vertical confinement in the device, is obtained
by solving the Laplace equation with position-dependent
permittivity,

V- [e(r)Vo(r)] =0,

where €(r) is the local dielectric constant. This allows us to
account for dielectric discontinuities between different ma-
terials in the device. In particular, we use €s; = 11.7 ¢( for
silicon and €gi0, = 3.9 €y for silicon dioxide. These values are
used throughout for the charge-based (nonvalley) calculations
presented in this work.

The electrostatic problem is solved on a uniformly spaced
three-dimensional grid using Gauss—Seidel relaxation with
overrelaxation to accelerate convergence. Gate electrodes are
modeled as metallic blocks held at fixed potentials (Dirichlet
boundary conditions), while all other boundaries are treated
with Neumann (zero normal derivative) conditions. This setup
captures the essential electrostatic environment of a dou-
ble quantum dot device, including oxide thickness and gate
layout.

B. Solutions to the stationary Schrodinger equation

We summarize the essential aspects of the computational
framework used for both single- and two-electron quantum-
dot simulations. Our implementation supports both effective
2D Hamiltonians derived from the Born—Oppenheimer pro-
jection method and full 3D calculations, using FFT-based
kinetic operators, matrix-free solvers, and precomputed
Coulomb kernels. For one-electron problems, the Hamiltoni-
ans used are those derived in Eqgs. (21) or (17), depending on
whether valley effects are included. For two-electron systems,
we solve the Schrodinger equation for the total Hamiltonian
(24), with the Coulomb interaction evaluated using &, = 11.9
for silicon. The short-range singularity is regularized by a
small offset § = 0.1 nm, replacing p — +/p2 + §2 in Eq. (26).

The real-space domain is discretized uniformly along each
spatial direction, forming a finite grid of N; points over a
domain of length L;, where i = x, y (in 2D) or i = x, y, z (in
3D). The corresponding position-space grid is defined as

L;
ni—, }’liZO,l,...,M—l,

N;
which imposes periodic boundary conditions and ensures
compatibility with discrete Fourier transform conventions.

To represent the kinetic energy operator efficiently, we
work in reciprocal (momentum) space, where it becomes di-
agonal. The momentum-space (Fourier) grid is defined as

2 Nl‘
ki=—\n—-—=1), m=01...,N—1,
L 2

(n) _
X, =

which centers the origin of momentum space and aligns
with standard FFT conventions. Since the discrete Fourier

transform maps between grids of the same size, the number of
grid points V; is the same in both real and momentum space;
thus, we use the same symbol to refer to both.

The kinetic energy operator, defined from the band dis-
persion in Eq. (11), acts in real space via the Fourier
operators as

Ty = (Fl'eFy)). (27)

where F and F~! denote the forward and inverse Fourier
transforms, respectively. These transforms are performed us-
ing FFTs, which allow for efficient and accurate switching
between real and momentum space representations. For sil-
icon quantum dots, the kinetic term reflects the anisotropic
effective masses m, = my, = m; = 0.19m, and m, = 0.98m,,
which define the curvature of € (k) in each direction.

The full eigenvalue problem is solved using the Lanczos
algorithm for Hermitian operators, as implemented in the
scipy.sparse.linalg.eigsh routine [24]. Our implemen-
tation is fully matrix-free: the Hamiltonian is applied directly
to wave functions without ever forming the full matrix. Each
application of the Hamiltonian is composed of FFT-based
evaluation of the kinetic term, pointwise multiplication by the
potential term, and convolution or other real-space operations
for Coulomb interactions. This approach significantly reduces
memory requirements and enables scalable computation of
a selected number of low-lying eigenstates to high precision
(convergence tolerance 1079%).

C. Valley coupling kernel approximation

From earlier works (see Ref. [21]) we find that the inter-
valley coupling is approximately —0.26. Since normalization
requires Cop(0) = 1, we interpolate between these values by
modeling Cy(q) as the sum of two negative Gaussians cen-
tered at the critical coupling points £2k,

—2Kko|?
Co(q) = 1 + Agexp (-H)
20
2Ko|?
+ Ag exp ——|q+ d ) (28)
202

with Gaussian width ¢ = 2.0 nm™!

—1.26. This choice ensures

and amplitude Ag =

Co(£2kg) =~ 1 + Ag = —0.26, (29)

because the cross-Gaussian contribution at q = %2k is ex-
ponentially suppressed by exp[ — (4ky)?/(202)] < 1 for the
parameters used, while

Co(0) = 1 + 2A¢ exp[—(2ko)* /(20 H)] ~ 1 (30)

owing to the negligible Gaussian tails at the origin. The result-
ing kernel is therefore close to unity away from the coupling
points and suppressed near £2kg, providing a smooth, phys-
ically motivated modulation in momentum space that avoids
the Gibbs-type artifacts of step-function models and remains
efficient to evaluate.
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TABLE I. Computational complexity for charge-only quantum dot simulations (24 grid points in z).

Method Grid Size DOF (N) Memory (MB) Time (est.) (s)
2D BO (le) 60 x 12 0.01 1

3D Full (1e) 60 x 12 x 24 17280 0.26 10?

2D BO (2e) (60 x 12)? 518400 7.91 103

3D Full (2e) (60 x 12 x 24)? 298 598 400 4556 107

D. Algorithm summary

We summarize the full computational procedure for both
the charge-only and valley-resolved methods, providing a self-
contained recipe for reproducing the results of this work.

Charge-only (single- and two-electron).

(1) Define the device geometry (gate layout, material
stack, oxide thickness) and set the gate voltages.

(2) Solve the Laplace equation with position-dependent
permittivity (Sec. III A) on a 3D grid to obtain the external
electrostatic potential V (x, y, z).

(3) Choose a reference height 7' and set Vi, (x,y) =
V(x,y,7). Define the vertical potential V,(x,y,z)=
V(x7 Vs Z) - ny(xv )’)

(4) At each lateral grid point (x;, y;), solve the 1D vertical
Schrodinger equation H, xo = €oxo to obtain the ground-state
vertical eigenfunction xo(z;x;, y;) and eigenenergy €o(x;, y;).

(5) Form the effective 2D potential V(x,y)=
Viy(x,y) + €o(x,y) and assemble the single-particle 2D
Hamiltonian (21) with FFT-based kinetic operator.

(6) Solve the single-particle 2D eigenvalue problem using
the Lanczos algorithm to obtain the lowest eigenstates.

(7) (Two electrons) Construct the spatial tensor-product
two-electron Hilbert space from the single-particle basis. Add
the regularized 2D Coulomb interaction (26) to obtain the total
Hamiltonian (24). Solve for the lowest two eigenstates using
Lanczos. The ground state Ej is spatially symmetric (pairing
with the spin singlet); the first excited state E; is spatially
antisymmetric (pairing with the spin triplet). The exchange
coupling is the singlet—triplet splitting, J = |E| — Ey|.

Valley-resolved (single- and two-electron).

(1) Steps 1-2 are identical to the charge-only procedure
above.

(2) Ateach lateral grid point (x;, y;), solve the 1D vertical
Schrodinger equation for the two lowest eigenstates x, and x,.
Extract the local valley splitting |A(x;, y;)| and valley phase
¢(x;, y;) using the Fourier-based method of Appendix C.

(3) Construct the fixed valley-spinor basis {xi, x—}
and assemble the position-dependent valley Hamiltonian
H7)(x,y) per Eq. (23).

(4) Form the matrix-valued effective 2D Hamiltonian
HT(x, y) (22) with FFT-based kinetic operator acting on each
valley component.

(5) Solve the two-component 2D eigenvalue problem us-
ing the Lanczos algorithm to obtain the lowest valley-resolved
eigenstates and extract valley splittings and phases.

E. Computational cost analysis

The dimensional reduction from 3D to 2D yields substan-
tial computational savings in both memory and runtime. The
dominant cost in all simulations arises from the evaluation
of the kinetic energy operator via fast Fourier transforms
(FFTs), which scale as O(N logN), where N = [[; N; is the
number of grid points. Tables I and II report the grid sizes,
memory usage, and estimated execution times for a single
CPU. For single-electron simulations, all 2D and 3D cases
are computationally feasible. However, for two-electron sys-
tems, full 3D calculations rapidly become prohibitive. In the
valley-resolved case, the memory requirement exceeds 79
GB and the runtime is beyond practical limits—rendering
the 3D simulation infeasible. In contrast, all 2D projection-
based methods complete in minutes or less and remain within
modest memory constraints. These models efficiently and ac-
curately can capture charge and valley physics, making them
well equipped for large-scale simulations, device optimiza-
tion, and parameter sweeps.

IV. RESULTS

To validate the accuracy and physical reliability of the
proposed 2D projection methods, we benchmark them against
full 3D quantum-mechanical simulations across a range of
quantum dot scenarios. As a point of comparison, we also
include results from naive 2D approaches that rely on slicing
the 3D potential at fixed vertical positions—methods known
to fail in the presence of nontrivial vertical confinement vari-
ations. For charge-only physics, we focus on observables
that are sensitive to the precise ground-state energy, such as
tunnel couplings in the single-electron regime and exchange

TABLE II. Computational complexity for valley-resolved simulations (100 grid points in z).

Method Grid Size DOF (N) Memory (MB) Time (est.) (s)
2D BO Valley (le) 60 x 12 x 2 1440 0.04 1

3D Full Valley (le) 60 x 12 x 100 72000 1.10 10?

2D BO Valley (2¢) (60 x 12 x 2)? 8294 400 127 10°

3D Full Valley (2e) (60 x 12 x 100)? 5.18 x 10° 79102 infeasible
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FIG. 1. Top-down view of the stepped heterostructure double quantum dot. The image shows the three interface sections with different
heights and the five gate electrodes. The red line at y = 0 indicates the position of the cross section shown in Fig. 2.

(J) couplings in the two-electron case. These quantities serve
as community-relevant benchmarks for the effectiveness of
dimensional reduction. We perform these calculations us-
ing a realistic device potential (see Sec. IV Al). In the
valley-resolved setting, we benchmark the projection methods
by comparing computed valley splittings and valley phases
against 3D references. Since valley-phase extraction requires
accurate wave functions in addition to energies, this test di-
rectly probes the fidelity of the projected spinor structure.
Here, we use an artificial potential as discussed in Sec. IV B.
Together, these comparisons assess the capability of the 2D
projection framework to accurately capture both energetic and
wave-function-level features relevant for quantum dot qubits.

A. Charge-only calculations
1. Device model

We model a double quantum dot (DQD) device consisting
of metallic gates positioned above a silicon heterostructure.
The device geometry is defined within a computational do-
main of 160 x 160 x 50 nm?. The gate architecture comprises
five distinct electrodes: three plunger gates and two confine-
ment gates, as illustrated in Fig. 1. The left and right plunger
gates (P1 and P3) are positioned at x = —30 nm and x = 30
nm, respectively, each with dimensions of 25 x 60 x 10 nm?.
The central barrier gate (P2) is located at x = 0 nm with
dimensions 25 x 60 x 10nm? and is positioned 5 nm closer
to the substrate surface than the other two gates to enhance
electrostatic control over the interdot tunnel coupling. Two
confining gates (Cl1 and C2) provide lateral confinement,
positioned at y = +50 nm with extended dimensions of 160 x

30 x 10nm?>. To obtain the potential for a given gate voltage
arrangement, we solve the Laplace equation as outlined in
Sec. III. We solve the Laplace equation on a grid with a
resolution of 1 nm in the x and y directions and 0.5 nm in
the z direction.

For charge-only calculations, we investigate two device
configurations: a flat interface structure and a stepped het-
erostructure. The stepped configuration features three distinct
interface sections with heights varying between —0.5 nm and
+0.5 nm (see Fig. 2), representing realistic fabrication varia-
tions that arise during epitaxial growth or etching processes. In
particular, variations at this magnitude are expected, as these
have been observed in tunneling electron microscopy mea-
surements of real devices, see [25]. For this section, we
assume that the material stack consists of SiO, (¢, = 3.9)
above the interface and a silicon (¢, = 11.9) substrate. These
varying permittivities are considered in the solution of the
Laplace equation. Additionally, there is a conduction band
offset of 3 eV between the Si and SiO, regions. We add this
value to the gate-defined electrostatic potential in the SiO;
domain (all space above z > 0) to confine the quantum dot
in the z-direction in a realistic manner.

2. Tunnel coupling analysis

We systematically investigate tunnel couplings in double
quantum dot systems using three different computational ap-
proaches. The tunnel coupling represents the energy scale
for coherent charge transfer between quantum dots and is
computed as half the energy difference between the first
two eigenstates in charge space: t = |E| — Ey|/2, where, in
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FIG. 2. Cross-sectional view of the stepped heterostructure double quantum dot along the xz plane at y = 0. The stepped interface lies
beneath the three main gates (left plunger, barrier, and right plunger). It consists of three sections: Section 1 (x € [-80, —10] nm) at z = 0.5
nm, Section 2 (x € [—10, +10] nm) at z = —0.5 nm, and Section 3 (x € [+10, +80] nm) at z = 0 nm. Silicon lies below the interface while

SiO, is above.

our case, Ey and E; are the ground- and first-excited-state
eigenvalues, obtained from the single-particle Hamiltonian
H =T + V(r); e.g., using Lanczos eigensolvers. The double
quantum dot system is modeled on a 120 nm x 24 nm domain
in the xy plane with vertical extent from —10 nm to 42 nm,
discretized on a 60 x 10 x 24 grid for 3D calculations. The
five-gate configuration consists of left and right plunger gates
(initially 400 mV), a central barrier gate (scanned from —120
to 60 mV), and top/bottom gates (—1000 mV) providing verti-
cal confinement. We compare four computational approaches
for evaluating single-particle properties:

(1) Full 3D calculation. Solves the full single-particle
Schrodinger equation using the three-dimensional Hamilto-
nian (12).

(2) 2D slice at the interface. Uses the effective 2D Hamil-
tonian (21), with the potential taken from a fixed slice at the
heterointerface (z = —0.5 nm).

(3) 2D slice at maximum density. Also uses Eq. (21),
but with the potential taken from the position of maximum
electron density (z = —2.5 nm), and neglects the confinement
correction term €p(x, y).

(4) Born—Oppenheimer-corrected 2D calculation. Uses
the same effective Hamiltonian (21), but includes the
confinement correction €y (x, y), obtained by solving the trans-
verse Schrodinger equation at each lateral position.

For each barrier gate voltage, the right plunger gate is
optimized within a 200500 mV range to minimize the en-
ergy gap AE between the ground and excited states using
Nelder—-Mead optimization [26]. We then identify % as the
tunnel coupling 7. The resulting tunnel couplings are shown in
Fig. 3. For the flat interface case, the 2D slice at the interface

position deviates by approximately one order of magnitude
from the benchmark 3D calculation. In contrast, the 2D slice
at the highest density position shows deviations of at most
a factor of two from the correct result, comparable to the
Born—-Oppenheimer (BO) treatment, which exhibits slightly
better agreement with the benchmark. This suggests that the
effects of varying vertical confinement across the device are
relatively mild in this device, making a straightforward 2D
slicing approach sufficient to achieve reasonable accuracy.

However, for the stepped interface case, the highest density
approach performs poorly, with deviations up to two orders
of magnitude from the benchmark 3D result. The interface
slice method shows marginal improvement but still deviates
by more than one order of magnitude in several cases. In
contrast, the projection method remains consistently close to
the benchmark result, with deviations typically limited to a
factor of two or less. This demonstrates that the projection
method effectively corrects for interface-induced effects that
severely impact conventional 2D approaches. These findings
indicate that while simple 2D slicing may suffice for relatively
smooth interfaces, the projection correction becomes essential
for accurately capturing vertical-confinement effects in the
presence of interface roughness. The projection method thus
provides a computationally efficient 2D approach that main-
tains the accuracy of full 3D calculations, even for challenging
interface geometries.

3. Exchange (]) coupling calculations

Next, we systematically compare J-coupling calculations
using the same four approaches. The double quantum dot
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FIG. 3. Tunnel coupling vs barrier gate voltage for flat (a) and stepped heterointerfaces (b). Methods: 3D (blue dots), 2D interface slice
(red dots), highest density slice (green dots), and Born—Oppenheimer corrected 2D (orange dots). The Born-Oppenheimer correction captures

vertical confinement with 2D efficiency, matching full 3D results.

system spans a 120 nm x 12 nm lateral domain with vertical
extent from —10 nm to +2 nm, discretized on a 30 x 3 x 24
grid for 3D calculations. The J coupling represents the ex-
change interaction energy between electrons and is computed
as the energy splitting between the ground and first excited
states of a two-electron system: J = |E} — Ep|. We obtain
Ey and E; as the two lowest eigenvalues of the two-electron
Hamiltonian (24). For the 2D case, we use the projected ef-
fective potential defined in Eq. (21) and the two-dimensional
Coulomb kernel of Eq. (26). Further computational details are
provided in Sec. III.

The four variants used to determine the J coupling used
here are, apart from using (24) instead of (21), identical
to those presented in Sec. IV A2. In particular, J couplings
are obtained from a scan of the barrier gate voltage from
—200 mV to —25 mV, while keeping the plunger gates fixed
at 400 mV and the screening gates at —1000 mV. The result-
ing J couplings are shown in Fig. 4.

In the flat-interface case, the 2D slice at the heteroint-
erface deviates by about one order of magnitude or more
from the 3D benchmark. The 2D slice at the highest density
performs better, with deviations typically within a factor of
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two. In contrast, the Born—Oppenheimer-corrected potential
yields excellent agreement across the entire scan range, with
deviations generally under 50%.

An even clearer picture emerges for the stepped inter-
face. The corrected potential method closely matches the
3D results, while both slicing methods exhibit significant
errors—typically one to two orders of magnitude. Notably,
the heterointerface slice fails to capture the correct trend al-
together.

B. Valley resolved calculations

In this section, we investigate static valley-state properties
as a function of the quantum dot position as it is moved across
atomically sharp interfaces and smooth interfaces generated
by germanium doping. The two metrics we choose for this
benchmarking task are the valley splitting and valley phase,
as defined in [27]. We calculate these quantities within our
full 3D description (8) and compare the results with those of
the approximate 2D methods as described in Appendix B. In
this section, we use an artificial potential that combines the
harmonic lateral confinement, linear vertical confinement, and

J Coupling vs Middle Gate Voltage
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FIG. 4. J coupling vs barrier gate voltage for different dimensional approximations in double quantum dot systems. Results show: 2D slice
at highest electron density (green), 2D slice at heterointerface (red), Born—Oppenheimer corrected 2D (yellow), and full 3D calculation (blue).
The exponential dependence on gate voltage reflects modulation of the tunnel barrier.
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FIG. 5. Valley phase and valley splitting across an atomically sharp interface step. (Upper plot) Valley phase and (lower plot) valley splitting
versus lateral quantum dot position xy. Blue circles show 2D projection results, orange dots show full 3D calculations. The pink shaded region
indicates the step location. All methods capture the systematic valley phase modulation with excellent quantitative agreement.

an additional potential that depends on the choice of materials,
V(x,y.2) =3[0} = x0)° + 0)y’] — oz + Vaaa(x, 3, 2),

€2Y)
where we choose w, =wy=1.0meV/nm”~ and o =35
meV/nm, corresponding to a quantum dot size of about 10
to 15 nm. V,q4(x, v, z) denotes the additional potential from
material variations, which is responsible for confining the
electron to the silicon channel. For both interface choices,
we perform a scan over xp—and hence the quantum dot
position—allowing a systematic characterization of the valley
phase and splitting variations.

2

1. Atomistic steps

The additional potential V,qq in this framework is chosen as

Vada (X, y, 2) = 3000 meV x O(z — hstep(xs ))s (32)

where © is the Heaviside step function and the interface
position function Agep (x, y) is defined as

0.135nm, x € [—4.7,5.7]nm

0, elsewhere.

hstep(xa y) = {

In practice, we approximate the Heaviside function ® by a
smooth sigmoid function to model the interface transition with
atomic-scale smoothness. Specifically, we use the sigmoid
function,

1
1 +exp[—4=2]

where zg = hgep(x, y) defines the interface position and w =
0.135 nm, the transition width, is chosen to match the length
scale of adjacent horizontal atomic layers in silicon. This
smooth approximation eliminates discontinuities, improving
numerical stability and convergence, while capturing the
sub-nanometer scale interface broadening observed experi-
mentally.

Figure 5 demonstrates excellent agreement between the
valley splittings obtained with the projection method (23) and
those obtained from the full 3D treatment using the Hamilto-
nian (9). As expected, the valley phase exhibits a systematic
modulation across the step region with a characteristic ampli-
tude of approximately /3 radians, while the valley splittings
vary complementarily from 0.15 to 0.7 meV. When the elec-
tron is not close to the step, the valley splitting values are com-
parable to those reported in the literature for flat surfaces [28].

S(z;20, w) = (33)
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FIG. 6. Cross-sectional view of the stepped heterostructure with smooth Ge concentration gradient. The plot shows the device geometry in
the xz plane at y = 0 nm (see Fig. 1), displaying the three main gate electrodes (left plunger, barrier, and right plunger gates) positioned above
a realistic Si;_,Ge, heterostructure. Red dots represent individual Ge atoms with local concentration following a smooth sigmoid profile that
transitions from pure Silicon (below z = —2 nm) to Sip;Gey 3 alloy (above z = +2 nm).

2. Smooth interfaces (SiGe)

We now turn to a different type of heterointerface, formed
between a Si quantum well and a SiGe barrier (see Fig. 6).
Interdiffusion of Ge atoms at the barrier leads to a gradual
change of the Ge concentration across the interface region.
We introduce the atomistic disorder through random sampling
of Ge concentration [29]. The local SiGe potential, which
serves as the additional potential in (31) is computed from
the sampled Ge content via Vsige(X, Y, 2) = Vinax - w
where Vi = 150meV sets the strength of the alloy p(l)f“en"fixal
for a Ge content of x = 0.3. Figure 7 shows the computed
valley phase and valley splitting as a function of lateral dot
position xy. The 2D method reproduces the 3D results with
high fidelity in splitting and captures key features in the valley
phase, despite its reduced dimensionality. The dot center x
is varied from —11 to 48 nm in 0.25 nm steps, produc-
ing 77 sampling positions. Simulations are performed on a
domain spanning x € [—15, 15] nm, y € [—10, 10] nm, and
z € [—10.75,2.75] nm, discretized on a 30 x 10 x 200 grid.
A random seed is used to ensure reproducibility of the alloy
disorder. A detailed description of the alloy model, sampling
procedure, potential generation, and numerical implementa-
tion is provided in Appendix D. The 2D projection method
again achieves good agreement in valley splitting and captures
the key spatial variation in the valley phase. Although some
fine-grained phase structure is smoothed out compared to 3D,
the overall trend and correlation are preserved. Given its sub-
stantial computational speedup, our effective 2D multivalley
envelope-function theory provides a powerful tool for valley

landscape modeling in disordered SiGe systems, compared
with 3D approaches.

V. DISCUSSION AND OUTLOOK

The accurate and efficient simulation of silicon spin qubits
relies on a productive feedback loop between theory (sim-
ulations) and experiment. As the field matures, the ability
to iterate quickly between device proposals, modeling, fab-
rication, and measurement becomes increasingly important.
In this context, computational efficiency becomes a critical
bottleneck. We have shown that charge-only observables such
as tunnel and exchange couplings are reproduced with high
accuracy using the projected 2D models, even in the presence
of vertical-confinement variations and interface roughness.
For valley-resolved calculations, the method allows for effi-
cient and reliable extraction of the valley splitting and phase
in both sharp and disordered interfaces, with accuracy com-
parable to that of full 3D simulations. Further work will be
required to apply the presented computational framework to
fully disordered, rough Si/SiO interfaces in Si-MOS quantum-
dot devices.

Crucially, two-electron valley simulations, previously in-
feasible, are now within reach with modest computational
resources. This opens the door to studying spin-valley dynam-
ics in realistic device geometries, modeling gate operations,
and assessing the impact of valley physics on qubit per-
formance. With accurate two-electron valley simulations
now tractable, the framework makes previously inaccessible
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FIG. 7. Comparison of valley phase (top) and valley splitting (bottom) between the 2D projection method (blue dots) and full 3D

calculations (orange squares) across lateral dot positions xy.

regimes computationally feasible. It further lays the ground-
work for modeling spin-related properties such as position-
dependent g factors in realistic geometries. This will require
future work, incorporating the spin DOF and spin-orbit cou-
pling into the presented framework. Moreover, the substantial
efficiency gains make the approach well suited for time-
dependent simulations, e.g., describing qubit shuttling [9,30-
34], and may even enable the exploration of few-electron
systems beyond the two-electron limit.

In summary, the approach presented here enables effi-
cient, accurate, and physically grounded simulations of silicon
quantum dots, supporting faster theory—experiment feedback
cycles and advancing the design of next-generation qubit
devices.

DATA AVAILABILITY
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APPENDIX A: DERIVATION OF THE DEFINING
EQUATION FOR THE GENERALIZED ENVELOPE
FUNCTION

In the following, we derive the effective Schrodinger equa-
tion satisfied by the generalized envelope function ¥ (r),
introduced in the main text.

We begin with the single-particle Schrodinger equation in
the Bloch basis

YV el = EY (),
k

k

(AD)

with

W)=Y ac), o) =u®e*r.  (A2)
k

Projecting onto u, (r)e~®T over a crystal volume 2 yields

Z / druf () u () V() KT e 4 8w ek = E ek
Q
k

(A3)
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Expanding u(r) = Q7123 c¥ ¢/ and keeping the
G = G’ terms (as in Ref. [21]) gives the approximation

1 . , ~
5/ d’r uf, () u () V(@) E T~ Coup View. (Ad)

If we assume that terms with G = G’ dominate (as done in
earlier works [21]), we may define the approximate overlap
kernel

1 ,
(k) (K')x*
Coxx = S EG cq g - (AS)

At this point, we choose the difference-only approximation

Coxrw ~ Cok—x, (A6)

i.e., we assume the dominant overlap is translationally invari-
ant in k space. Using this, the Schrédinger equation in k space

J

FIOVFy + FleFy = Ev.

(A3) becomes

E Cok—k Vi—w ek + Sk exek = Ecp.
k

(A7)
Passing to the continuum one obtains

4’k
/ Gy Cok— KOV k= K)e(k) + k) (k)

= E c(K). (AB)

We now define the Fourier operators (symmetric normal-
ization) once, compactly, and use them throughout,

d? :
(Fu)(k) = / € Y,

v =Fc

d’k ;
(Flo)r) = / Gepp ek,

c = Fy. (A9)

We insert identities FF ! and apply F~' to the k-space
equation to get the operator form

To make the potential term explicit, we keep the k’ integral and introduce q = k — K/,

FCoV Fylr) = /d3 Yy )/

_/dS/(/)|: dk
= r y(r (271)3

Pk dPK
(2 )9/2

=48(r—r’)

(A10)
Co(k — k/) V(k _ k/) eik’~r7ik~r’
3. ’ d3qd3k, - ik -(r—r') —iq-r’ ’
= | dr'y(r) WCO(Q)V(Q)e e k=K +q)
zk’ ((r—r’) —iq-r
} f ) Co(qV(g) e
(A11)

d3q o —iq-r
= 1ﬁ(l')/ Cn YR Co(q)V(q) e 7.

Renaming q — —q gives

~ d3 ~ .
[F'CoV Fylr) = y () / G @7 @er

= Verr(r) ¥ (r), (A12)
with the effective potential
Ver(r) = f 9 c@T@er. @)
(27-[ )3/2
Therefore, the real-space equation is
[F~'e FY1r) + Veir(r) ¥ (r) = E (x), (Al4)

and, finally, in compact operator notation (matrix notation,
omitting explicit momentum arguments on €),

(F'eF + Ver)¥ = EV. (A15)

Here, the kinetic operator remains nonlocal becasue of the
band dispersion €(k), while all complexity associated with

(

the Bloch functions has been abstracted into the effective
potential kernel Cy(q). This allows the valley-induced fast
oscillations to be captured in the wave function ¥ (r), with-
out requiring explicit resolution of the atomistic-scale Bloch
modes.

This formulation forms the basis of the generalized enve-
lope function approach used throughout this work.

APPENDIX B: DERIVING THE POSITION-DEPENDENT
VALLEY HAMILTONIAN

In silicon, valley splitting arises from coupling between
electronic states near the conduction-band minima at £kyz. A
convenient complex basis for the two-valley subspace at fixed
in-plane position (x, y) is

F(x,y,7) et

F(x,y,z)e %7, (B1)

xr(x,y,2) =
X (x,9,2) =
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where F(x,y, z) is a smooth envelope function (slow on the
lattice scale). The valley coupling is taken to be complex and
in-plane dependent,

Alx,y) = |Ax, y)| e?, (B2)

with ¢(x,y) the spatially varying valley phase (e.g., from
atomic-scale interface variations). Choosing the energy offset,
such that we have vanishing diagonal terms in the valley basis,
gives the effective vertical Hamiltonian

AN, y) = 0 IAbylen)
z ’ [A(x, y)| e ip(x.y) 0
(B3)
The eigenvalues are €, = —|A(x, )| and €, = +|A(x, y)|, so

€, — €, = 2|A(x, ).
A phase-symmetric parametrization of the corresponding
eigenstates is

1

Xg = E(e
1

X
e \/5
In real standing-wave form, these read

d(x,y)
2

o (x,y)
2

+ip/2 Xt — €7i¢/2 XL)’

(€12 xy 472 x)). (B4)

Xg(xa% Z) O(Sin <k0Z+ )F(X’y, Z)s

Xe(x, ¥, 2) o< cos (koz + ) F(x,y,2), (B5)

which shows that ¢(x, y) shifts the vertical interference pat-
tern.

It is also convenient to introduce a fixed real (standing-
wave) basis

X+ (x, 3, 2) = cos(koz) F (x, y, 2),
x—(x,y,z) =sin(kgz) F (x, y, 2). (B6)

The eigenbasis {x,, x.} and the fixed real basis {4, x—} are
related by a rotation through angle ¢/2,

Xg = sin <%)X+ + cos (%)X—»
Xe = COS <¢—3>X — sin (2))(
e ) + 2 i
X+ = sin <§) Xg + cos <§> Xe>
X_ = cos (%)xg — sin <q§>xe. B7)

Assuming H, x, = €, x; and H, x, = €. x., the vertical
Hamiltonian in the fixed real basis (y, x—) is

229 i@ ¢
€g8in”3 + €, o8 (€, — €.)sin7 cos5>

29 s 2¢
€gCO8™ 3 + €. 81n 5

(B8)

2¢
g (+,—) — 2
H, (x,y) = ( - 4

(€ — €.) sin7 coss

Equivalently, introducing €y = # and Ae =€, — €, =
2[A(x, y)I,

N A cos ¢(x, — sin ¢(x,
H;+’7)(X,y)=€0]1+—€ ¢( y) d(x,y) .
: 2 \—sing(x,y) —coseo(x,y)

(B9)

APPENDIX C: VALLEY PHASE EXTRACTION

1. 2D extraction: Real-space projection method

In the projected 2D theory, the two lowest vertical basis
states are chosen as a fixed valley basis,

X+(2) = cos(koz) F(z), x-—(2) = sin(koz) F (2),

Any vertical wave function W(z), within the valley sub-
space, can be expressed as

V(z) = A x4(2) + B x—(z) = F(2)(A cos(koz) + Bsin(koz)).

The coefficients A and B are obtained through orthogonal
projection onto the basis states,

A =/Xi(z)‘lf(z)dz, B= /Xi(z)\ll(z)dz-

Comparing the spinor representation to the standard cosine
form W(z) = F(z) cos(koz + ¢/2), we can establish the rela-
tionship,

A cos(koz) + Bsin(koz) = |C| cos(koz + ¢/2),

where |C|?> = A% + B? and the valley phase is given by

? = —tan”" <E>
2 A

This projection method provides a direct route for extract-
ing ¢/2 from the computed 2D spinor wave function.

2. 3D extraction: Fourier-based method

Assuming the vertical (excited) wave function is of the
form

W(z) = F(x,y, 2)[e %09/ 4 ko202
= 2F (x, y, z) cos(koz + ¢/2), (ChH

we identify the phase ¢/2 as a relative phase between compo-
nents oscillating at £ky. Taking the Fourier transform W (k,),
this structure implies

U(k,) ~ F(k, — ko) €% + F (k, + ko) e /2. (C2)

Assuming F (k. ) is real and symmetric, the complex phase
difference between the components near +kq directly encodes
the valley phase. We extract this by evaluating the ratio of the
Fourier amplitudes near +ky and —ky,

ei¢ — <\?(k7 ~ +k0)>’ (C3)
(k. ~ —ko)
¢ 1 W (k; ~ +ko)
= =g <<—\T/(kz = _k0)>)- (C4)

Here, the angle brackets (-) denote a small average over
neighborhoods in k, space centered at +kj, which improves
numerical robustness against noise or sampling artifacts.
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FIG. 8. SiGe concentration. The red dots contain the actual germanium concentration obtained via sampling of germanium atoms
corresponding to gridpoints along a line in the z direction. The blue curve illustrates the mean concentration.

APPENDIX D: SIGE VALLEY SCAN METHODOLOGY

This appendix details the computational methodology used
to benchmark the 2D projection method (SQDv) against full
3D simulations (SQD) for valley physics in Si/SiGe quan-
tum dots. The model captures realistic alloy disorder in the
SiGe barrier, the vertical potential variation, and the resulting
valley-dependent phenomena.

To simulate the effect of a SiGe alloy, we first generate a
vertical concentration profile using a smooth sigmoid function
€Ge(2) = Cmax - 0((Z — 2¢)/w), where cmax = 30% is the peak
Ge concentration, and z. and w determine the center and width
of the transition region (see Fig. 8). In our study, we set z. = 0
and used w = 1 nm. At each grid point, the number of Ge

atoms is sampled from a binomial distribution based on this
local concentration and the grid cell volume. The resulting
atomic distribution models realistic disorder while preserving
the macroscopic profile.

The local SiGe potential is computed from the sampled
Ge content via Vsige(X, ¥, 2) = Vinax MCH) where Vipax =
150 meV sets the strength of the alloy poteﬁnﬁal This is added
to the total potential landscape, combining harmonic confine-
ment in the lateral directions and a linear vertical electric field.

The overall potential is thus
Voo (X, 3, 2) = 3[02(x — x0)* + 07y*] — a2z + Vsice (. . 2),

with w,, = 1.0 meV/nm?, @ = 5meV/nm, and Xxo scanned
across the device to emulate lateral dot displacement.
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