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Emission and absorption of energy are fundamental aspects of nonequilibrium dynamics. The heating induced
by driving a many-body system is perhaps the most straightforward diagnostic of the process of equilibration, or
the lack thereof. Gapless systems are particularly susceptible to drive-induced heating, and the capacity to control
such heating is of experimental importance. Our study addresses this challenge in the framework of conformal
field theory (CFT), for which we study families of structured drives up to the aperiodic Thue-Morse sequence.
Concretely, we consider a class of spatially inhomogeneous Hamiltonians, where the operator evolution is
governed by a nonlinear classical dynamical system . The existence of invariant regions and fixed points
of IC leads to different levels of ergodicity breaking. Upon bridging the gap between this dynamical system
and the driven CFT, we classify various dynamical phases of matter, including the heating and nonheating
phases, as well as a prethermal phase with a controllably slow heating rate. We further generalize the discussion
to n-random multipolar driving, characterized by nth-order multipolar correlation in time. A “triply tunable”
parametric dependence of the prethermal lifetime arises as K~2"%), where K quantifies the deviation from the
preimages of the fixed points of /C, the multipolar order 7, and the order of the preimages £. Upon sacrificing
Hermiticity by considering SU(2) deformed CFTs, we find another nonheating phase with a nonzero measure,
inaccessible via purely unitary CFTs. This is underpinned by an emergent compact subspace in the generic
SL(2, C) group structure, which we also identify in the transfer matrix in non-Hermitian systems with binary

disorder.

DOLI: 10.1103/dvIw-hl7t

I. INTRODUCTION

Periodically driven systems can host novel far-from-
equilibrium phenomena, absent in thermal equilibrium, such
as discrete-time crystals [1-3]. They are also versatile control
tools via Floquet engineering [4-8]. Recently, nonperiodic
driving without the strict temporal periodicity restriction
has attracted notable research interest [9-24]. It allows for
a variety of nonequilibrium phenomena unique to non-
periodically-driven systems. Paradigmatic examples include
discrete-time quasicrystals [10,19,25,26] and time rondeau
crystals [18,27], notably enriching the possible forms of tem-
poral order in nonequilibrium settings.

Due to the lack of energy conservation, time-dependent
systems tend to heat up to a featureless “infinite tempera-
ture” state, where all nontrivial correlations vanish. A possible
workaround for this heating issue is using strong spatial disor-
der, inducing the Floquet many-body localized phase [28-30],
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which persists at least for an exceptionally long timescale
[31]. In clean systems, Floquet heating can be parametri-
cally suppressed in the high-frequency regime, where the
driving frequency is much larger than any local energy scale
in the undriven system. Hence, energy absorption from the
drive normally requires multibody resonance, which rarely
occurs in locally interacting systems [32,33]. In fact, this intu-
itive argument also applies to certain non-periodically-driven
systems [13,26,34]. Consequently, a long-lived metastable
prethermal regime appears, which can be well captured by a
quasiconserved effective Hamiltonian [35].

However, many physical systems do not have a well-
defined local energy scale, e.g., systems at the phase transition
where the correlation length diverges [36,37]. The spectrum
becomes gapless at the critical point, and therefore, intu-
itively, these systems are particularly vulnerable to heating.
The large correlation length also challenges the standard
numerical techniques in simulating nonequilibrium gapless
systems, which are inevitably restricted by notable finite-size
effects. Therefore, identifying possible mechanisms to sta-
bilize gapless systems with time-dependent drive remains a
largely unexplored territory.

At the critical point, a many-body system typically be-
comes scale-invariant. This property implies considerable
structure for the system, and a variety of analytical tools
have been developed to study the critical phenomena. Among
many others, conformal field theory (CFT) stands out and
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provides an often analytically tractable framework. It incorpo-
rates not just scale invariance but the full conformal symmetry,
represented by the Virasoro algebra [36]. Within the CFT
framework, many exact solutions have been obtained, pro-
viding valuable insights for the entanglement entropy scaling
[38] and a wide range of critical phenomena, e.g., in the two-
dimensional (2D) Ising model [39] and the Potts model [40].

Pioneering works have focused on the quench dynamics
following certain spatially inhomogeneous deformations, e.g.,
in the form of sine-squared deformation, where the excitation
on top of a uniform initial state can be analytically captured
within the CFT framework. A further, large class of inhomo-
geneous CFTs focuses on a so-called SL(2, R) deformation,
where the Hamiltonian is written via the Virasoro generators
which form an SL(2, R) algebra [41-43]. The correspond-
ing operator evolution can be cast in terms of analytically
tractable Mobius transformations, leading to exactly solv-
able dynamics of the correlation function and entanglement
generation.

This framework has been generalized beyond quenches to
time-dependent systems with stepwise periodic, quasiperiodic
Fibonacci, and random driving protocols [43-51], where a
sequential modulation of the spatial deformation generally
induces heating with the rapid entanglement growth. Accord-
ingly, the product of Mdobius matrices, I1; = G|G; - - - Gj,
where G; denotes the Mobius matrix for each driving step,
now governs the operator evolution and hence the long-time
heating behavior.

It is within this framework that we investigate CFT models
driven by a family of nonperiodic yet structured protocols,
including the aperiodic Thue-Morse (TM) sequence, and its
truncated and randomized variant, the random multipolar driv-
ing (RMD) protocol [13]. By varying the driving protocols,
we realize different dynamical phases of matter, e.g., the heat-
ing and nonheating phases, as well as a prethermal phase with
a tunably slow heating rate.

We use the growth rate of the entanglement entropy in the
long-time limit as the order parameter to quantify heating. It
corresponds to the Lyapunov exponent A; of IT;, which is
further bounded by the trace of IT;. Using the self-similar
structure of the TM sequence, we obtain a recursive trace
map, which was first derived in the context of excitations and
transport in TM quasicrystals [52-54].

We recast this recursive map as a 2D nonlinear dynamical
system K, which generally exhibits chaotic dynamics with a
positive Lyapunov exponent. However, crucially, the system
features a set of invariant regions that map to themselves using
IC, directly constraining the possible values of the Lyapunov
exponent, hence breaking the ergodicity of K. As shown in
Fig. 1, there are three invariant regions:

(i) Region I is compact with vanishing Az, and hence the
corresponding CFT model is nonheating.

(i1) Region II is noncompact, where the Lyapunov exponent
is positive, resulting in heating dynamics.

(iii) Region III is also noncompact, and Lyapunov expo-
nents are generally positive. Yet, there exists an entire family
of fine structures with vanishing A;, which are obtained by
identifying the preimages of the fixed point of /.

For specific Hamiltonian parameters or driving protocols,
not all regions are accessible. We first propose concrete
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FIG. 1. Trace space for TM trace map showing three invariant
regions, I-1II. Region I is bounded, while regions II and III are
not. The gray line p = g — 2, p € [0, 4], as an intersection between
regions I and III, is naturally invariant. Point (4,2) labeled by a black
star is a fixed point, which crucially possesses infinite preimages.
For example, the three orange lines are the first three preimages of
the fixed point. Higher-order preimages lead to fractal fine structures,
as shown in Fig. 3.

unitary CFT models that access regions II and III. Crucially,
we demonstrate that heating is strictly prohibited when the
driving precisely maps onto these fine structures in region
III. Upon slightly increasing the deviation from these fine
structures, the heating rate becomes finite but controllably
small. It results in the long-lived prethermal phase similar to
driven systems in the high-frequency regime, albeit here the
stability originates from the preimages of a fixed point of the
underlying dynamical system /C.

We further investigate the heating rates in systems driven
by the n-RMD protocol, characterized by n-multipolar tem-
poral correlations [13]. It is obtained by truncating and
randomizing a TM sequence. For n = 0, the system is ran-
domly driven by two Md&bius matrices, while the limit n —
oo is the TM sequence. In short-range interacting systems
and for a large driving frequency w, RMD systems exhibit
a characteristic “‘doubly tunable” prethermal lifetime scaling,
w?"*1 [13,34,55]. The scaling exponent may change in long-
range interacting systems [18]. However, in CFT systems we
observe a “triply tunable” parametric dependence, K ~>("—%),
which depends on the deviation K away from the preimages,
the multipolar order 7, and the order £ of the preimages. It
is worth highlighting that the extra tunability in & stems from
the analytically tractable preimages of X', which are generally
absent in generic nonintegrable systems.

Finally, we go a step further and consider CFT with
nonunitary evolution, where G; is now extended to SL(2, C)
Mobius matrices. Nonunitary CFT have been discussed in var-
ious contexts, such as the analysis of Lee-Yang zeros [56,57],
exotic entanglement scaling [58], and enhanced supersym-
metry [59]. For our purpose, involving nonunitary evolution
allows us to enter region I, which is compact. This paves the
way to forbid heating in a parameter space of nonzero mea-
sure. Interestingly, by designing a TM driving protocol that
involves both SL(2, R) and SU(2) deformed CFTs, we realize
a phase transition between heating and nonheating phases,
with an analytically solvable phase boundary. Remarkably,
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exactly the same phase diagram appears for RMD protocols
with n > 1, which we account for by identifying an emergent
compact subspace in the generic SL(2, C) group structure.

Note, in practice, physical systems generally cannot satisfy
the required conformal symmetry exactly. For example, when
the system slightly deviates from the critical point, the correla-
tion length actually becomes finite. Yet, this correlation length
will still be parametrically large in the closeness to the critical
point, such that our findings still provide important insights
into controlling heating that occurs in regions of size much
smaller than this lengthscale.

The paper is organized as follows. In Sec. II, we briefly
review the basic CFT framework and introduce the SL(2, R)-
deformed Hamiltonian. In Sec. III, we introduce the aperiodic
Thue-Morse protocol and derive the recursive trace map. This
leads to different values of the Lyapunov exponent, by which
we further classify possible heating phases. In Sec. IV, we
analyze the heating properties within regions Il and III, and we
demonstrate nonheating and prethermal dynamics. We gener-
alize the discussion to RMD and nonunitary CFT systems in
Secs. V and VI, respectively. Finally, we provide a conclusion
and outlook in Sec. VII.

II. SL(2, R) DEFORMED HAMILTONIAN IN DRIVEN CFT

We start by introducing the SL(2, R) deformed Hamilto-
nian, which can be realized in lattice models at the critical
point, e.g., an XXZ chain and free-fermion systems [42,60]
(also see Appendix A). We then show that, in such driven
systems, the Heisenberg evolution of operators reduces to the
product of a series of matrices with SU(1,1) symmetry, which
is isomorphic to SL(2, R) [45,61-65].

For simplicity, we focus on the time evolution generated by
piecewise constant Hamiltonians. Starting from an initial state
[¥0), the system evolves as

J
V) =0®l), 0@ =]]e ™", (1)

=1

where each Hamiltonian H®) acts on the system for time
duration 7) and the total time reads r =Y /_, T). Cor-
respondingly, the operator evolution becomes (Ox, 1)) =
(WolUT()O(x, 0)U (1))

The initial state |v) is chosen to be the ground state of
a uniform Hamiltonian, Hy = % fOL[T(x) + T (x)]dx, where
T(x) and T(x) are the chiral and antichiral (holomorphic
and anti-holomorphic) energy momentum tensors with a
translation symmetry, respectively (see Appendix B and
Refs. [36,66] for further details). L denotes the size of the
system.

The SL(2,R) spatial deformation Hamiltonians are de-
fined as H = % fOL[f,(x)T(x) + g,(0)T (x)]dx, where f,(x)
and g,(x) are real functions that define the spatial deformation
profile [63]. We assume periodic boundary conditions unless
stated otherwise [67]. For the deformation to be an SL(2, R),
fr(x) needs to take the following form:

2w
fr(x) =0+ 0" cos i

2
+ o sin ”er, reZ, )

where 0%, 67, 0~ € R. The same condition holds for g,(x)

[68]. We note that the deformation can be generalized to an
SL(2, C) one with f,.(x) and g,(x) being complex, as dis-
cussed in Sec. VIA.

This special deformation enables analytical simplifica-
tion for the operator evolution [42]. This is achieved by
first transforming the Lorentzian spacetime (x,?) into Eu-
clidean spacetime (x, T = it), and then defining the complex
coordinates (holomorphic and anti-holomorphic) w =1 +
ix,w =1 —ix. Then, we map (w,®) to an r-fold com-
plex plane by defining 7z =expQrw/l),w =1 +ix,[ =
L/r. On the complex plane, the time evolution of a pri-
mary field O(zy,71) = ¢ O(z, 2)e ™" is determined by
a conformal mapping (z,Z) — (z1,Z;) through O(z,71) =
(%‘)h(%‘)h(ﬁ(z, Z), where h, i denote the conformal dimen-
sion of O(z, 2).

Notably, for the deformed Hamiltonian Eq. (2), the con-
formal mapping is particularly simple and can be cast as a
Mobius transformation, z; = (az + b)/(cz + d). We can also
define the Mo6bius matrix

_fa b
o=(t )

which belongs to the SU(1,1) group.

The concrete form of the above holomorphic Mobius
matrix depends on both the time duration and specific param-
eters, e.g., f,(x), of the driving Hamiltonian. For example, the
uniform Hamiltonian H, generates a Mobius matrix

Uo(T) = (emL ein{) (3

for a time duration T. For a Hamiltonian H; with spatial
deformation 0® = o+ = 1, the M6bius matrix becomes

(ViR =it
U(T) = . (€]

1T 1T
ZT l — lT

Therefore, the operator time evolution in Eq. (1) is now
determined by the product of M&bius matrices

J J

The anti-holomorphic part can also be derived in a similar

manner,
/ li
g% P
J— / 5/ N
Vi 9

For simplicity, in the case of SL(2,R) deformation, we
consider f,(x) = g,(x), so that the holomorphic and anti-
holomorphic Mdbius matrices are the same.

We use the time dependence of the bipartite entangle-
ment entropy as a diagnostic of the heating process. Within
the CFT framework, this can be efficiently calculated. We
consider the reduced density matrix ps(j) for the subre-
gion A = [x; = —11,x, = 11], which is given by pa(j) =
trz(1¥;)(¥;]), where A denotes the complement of A. The
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FIG. 2. Schematic of the Thue-Morse driving protocol, where the
temporal modulation follows the binary sequence shown in the top
row. “0” corresponds to applying the Hamiltonian H, for a duration
of T, while “1” corresponds to applying H, for a duration of 7.

mth-order Renyi entropy reads

1 s
T—m In [tr(pA (J))]
1
1—m

Sm(j) =

In{y| T (x1, 0) T (x2, OlY),  (6)

where 7, denotes the twist field operator with conformal
dimension h,, = h,, = 37(m — 1/m) and central charge c. By
taking the limit m — 1, we obtain the following general form
for the entanglement entropy:

, c
Sa(j) — S4(0) = 3 In(ejy; —ajé; — viBj + Bjd))
c 7 ! 1 Q/ ! ! 7 Q!
+6 In(a}y; — a8’ — yiB; + B;87). (T)

In fact, when IT; and I ;j are both SU(1,1) Mdobius matrices,
Eq. (7) simplifies to

SAG) = Sa(0) = (nla; — ;1 +Inla; = . ®)

wher.e §j=oaf, vi=pBj, 8; = (a;)*, ny = (ﬂ})* for SU(1,1)
matrices.

In the heating phase, one expects the entanglement entropy
to increase linearly in the number of driving steps j at a rate
y. By contrast, in the nonheating phase, S4(j) stays close to
its initial value. In the long-time limit, y reduces to 2cA;/3
(see Appendix C) [50], where A, corresponds to the Lyapunov
exponent defined by

Ap = lim In||TT|[7/ ],
J—>00

with || - - - || being the Frobenius norm of a matrix.

For Mobius matrices considered in this work, Ay is
bounded by the trace of I, since ||I1;] |F>|tr(1'[j)|/\/§. This
trace turns out to be more analytically tractable, which we use
in the following to systematically classify different heating
phases of matter.

III. THUE-MORSE PROTOCOL, TRACE MAPS,
AND INVARIANT SUBSETS

We start by introducing the aperiodic TM sequence in-
volving two elementary letters, “0” and “l1,” which can
be constructed through a substitution rule. Starting with O,
we repetitively replace 0 — 01, 1 — 10, and finally obtain
an infinite aperiodic sequence 0110 1001..., as shown in
Fig. 2. The set {H,), T} defines a set of Mobius matrices
{Mo, No}, e.g., chosen from Table I, also forming a TM
sequence [34]. The corresponding operator evolution can be
well described by the recursive relation

M = ./\/'OM(), ceey
N =Nt M. ©))

M = MoNo,
Mn == Mn—l n—1s

Hence, the number of Mobius matrices j grows exponentially
in the stroboscopic time n, j = 2".

Through the iteration rule in Eq. (9), one obtains the trace
map [52-54]

Xopt =X, 06 —2)+2, n>2, (10)

where x,, = tr(M,,) and we use the unimodular nature of M,,.
This trace map starts from initial conditions xy and x;, which
can be determined by the driving parameters, e.g., Tp and 7.
It allows us to efficiently obtain the asymptotic solution of
tr(M,,) in the limit n— 0o and determine the Lyapunov expo-
nent A;. Note, Eq. (10) generally holds for complex numbers,
but we will restrict it to real numbers when M, is SL(2, R).

Generic discrete nonlinear maps generate chaotic trajecto-
ries in phase space, leading to positive Lyapunov exponents.
However, the system features three invariant regions that map
to themselves, which constrain the asymptotic behavior and
break ergodicity of the nonlinear system. To see this, we de-
fine new coordinates p, = xi, qn = Xxn+1 and convert Eq. (10)
to a periodic 2D dynamical system, (p,, ¢») = K(Pn—1, gn—1)

TABLE 1. Operator time evolution is governed by Mobius matrices in CFT systems. We illustrate Mobius matrices for different
Hamiltonian parameters ¢, o+, and o ~. The first three Mobius matrices, Uy,1)2, belong to SL(2, R) (see Sec. II), whereas U; belongs to

SU(2) (see Sec. VI).

sin(wT/l)sin " cos(mT /1) —icosT sin(xT/I)

o ot o~ Mobius matrices
o T/L 0
1 0 0 Uy(T) = 0 inTL
14+inT/l —inT/l
| | 0 vy = (T T
inT/l 1—inT/l
cosh(nT/I i sinh(zwT /1
0 0 | Uyry — oM/ isinhGaT /D)
—isinh(xT/l) cosh(xT/l)
cos(wT/l)+ icosT sin(x T/l —sin(zxT/l)sinT"
cosT isin 0 U3(T)=< /D /D) /D )
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with
K(p, q) = (¢* pq — 2p +2). (11)

According to Refs. [52-54], this 2D plane can be divided into
three subsets as shown in Fig. 1:

(i) Region I ={(p,q)lp =20, p—2< g <2}

(i) Region I = {(p, q)|p > 0,4 > 2.

(iii) Region Il = {(p, ¢)Ip 2 0,9 < 2,p—2 > q}.

They are all invariant under the dynamical map Eq. (11): given
one initial condition (py, ¢;), trajectories generated by I are
constrained to one of those regions.

Region I is compact and hence (p,, g,) therein always
remains finite. This implies a vanishing Lyapunov exponent.
All other regions are noncompact, allowing the nonlinear map
IC, (pn, gn) to generate an evolution towards infinity, typically
resulting in a positive Lyapunov exponent. A nonvanishing
Lyapunov exponent is indeed found for all points in region
II and almost all points in region III. However, region III fea-
tures some fractal fine structures, forbidding the unbounded
divergence at long times.

To see this, note that within region III, Eq. (11) has one
fixed point (py, qr) = (4, 2). We can determine preimages of
this fixed point by iteratively solving the inverse map X ~!. For
convenience, we dub the preimages obtained by applying A~
iteratively £ times as the &£th order preimages. The solution
can be analytically obtained for small &, as denoted by the
three orange lines in Fig. 1 for £ = 1,2, 3. However, the
structure of preimages becomes more complex as & grows. As
shown in Figs. 3(a) and 3(b), higher-order preimages (black
lines) exist in both regions I and III with zero measure. Inter-
estingly, it was suggested in Refs. [53,69] that preimages form
a fractal structure.

Note, by construction, these preimages naturally corre-
spond to initial conditions, or driving parameters, that result
in a zero Lyapunov exponent, since they evolve back to the
fixed point after a few iterations. Now we are ready to use this
framework to identify various dynamical phases in aperiodi-
cally driven CFTs.

It is worth noting that for specific Hamiltonian parameters
or driving protocols, not all invariant regions are accessible.
In Sec. IV we discuss one TM driven SL(2, R) deformed
Hamiltonian where the initial condition (py, g ) is restricted in
region III. Later in Sec. VI A, we consider CFT with nonuni-
tary evolution such that regions I and II become accessible.

IV. NONHEATING AND PRETHERMAL
PHASES IN REGION III

We consider the following driving Mobius matrices M =
Uo(Ty), Ny = U (Ty) defined in Egs. (3) and (4) with r = 1
in Eq. (2). As shown in Refs. [69,70], a generic SU(1,1)
matrix cannot have a trace in region I. Indeed, by explicitly
calculating the initial condition for our CFT model

T T, . [ T\

1= [tr(MD]? = 4|:cos (nzo) - nzl sin (nzo):| ,
T T, . T

g1 =tr(My) = 2[005 (271%) — anl sin <2nzo>:|,

12

0

T2t D 00t
. 0g®
I ’.‘0.00:00.0 ° ...Q se® ..o.‘ ot '.'.“.

— | L]
% 0:_.....:";:':.‘.'g..'.......:.‘Q'....‘...:....:.:..'...

FIG. 3. Heating dynamics in SL(2, R) CFTs driven by a Thue-
Morse sequence. (a) Heating time in the 2D parameter space. Black
lines correspond to the preimages of a fixed point, obtained by
solving the inverse map C~! eight times. By construction, preimages
have a zero Lyapunov exponent. Bright areas correspond to slow
heating, concentrated around the preimages. (b) Heating time in a
smaller parameter space with clearer fine structures. (c) Entangle-
ment growth vs stroboscopic time 7 for different driving parameters.
The heating rate is significantly suppressed for parameters close to
the preimages. (d) Free-fermion numerical verification (dots) of the
CFT prediction (solid line). We use L = 3000, » = 1, and parameters
Ty, T are determined by the position of the initial points. Coordinates
of sampled points: A (4,1.5); B (4,1.45); C (4,1.4); D (5.9, —1.8); F
(4.8,1.2).

one can show that the distance between (g, p;) and the gray
line in Fig. 1,

Ti\? T;
dy = py—gn—2 = 4n2<z1) sin’ <%) (13)

is always positive.

We consider the half-chain entanglement entropy in sys-
tems with open boundary conditions, and Eq. (7) reduces
to Sa(j) — Sa(0) = ¢ In|a; — B;| + antichiral part. It differs
from Eq. (8) by a prefactor 2 due to the boundary condition.
For suitable parameters 7Tp/L and T;/L, we have (p1,q1) =
(4, 1.5) [point A in Fig. 3(b)]. It is located exactly on the
preimage [black lines in Fig. 3(b) in region III]. Consequently,
the system remains nonheating, as verified in Fig. 3(c),
where the entanglement entropy (light blue) stays close to
the initial value throughout the entire evolution. In contrast,
driving parameters away from preimages, e.g., points C in
Fig. 3(b), generally lead to heating dynamics [dark blue line
in Fig. 3(c)].

Crucially, the timescales required for the onset of heating
can be systematically prolonged by reducing the deviation
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from the preimages. For instance, as shown in Fig. 3(c),
growth of the entanglement entropy for point B is notably
smaller than point C. Note, since we use stroboscopic iteration
time n in Fig. 3(c), heating times for points B and C indeed
differ by one order of magnitude in terms of the number of
Mobius matrices (2") being applied.

We extract the heating time n* by counting the number of
stroboscopic iterations required for the trajectory to escape
from a predefined finite area (|g| < 50, |p| < 2500) in the TM
trace space. Figure 3(a) visualizes the heating times, and most
regions are indeed blue (small n*), indicating that within a few
steps the system quickly heats up. Clearly, bright yellow areas
concentrate around the preimages, which become particularly
manifest in Fig. 3(b).

Phenomenologically, this slow-heating behavior is rem-
iniscent of the prethermal phenomenon observed in high-
frequency driven systems, although the underlying mecha-
nism is fundamentally different. In fact, our CFT systems are
far from any high-frequency limit as we choose the param-
eters Tp/L and T;/L to be finite and Ty, scale up with the
system size. Note, one can also fix Tp,; to be a constant, but
the system will reduce to a trivial quench setup in the limit
L — oo. Here, the existence of the preimages of the fixed
point guarantees no heating absorption from the drive, even
though the underlying system is gapless. It further underpins
the prethermal phenomenon in the vicinity of the preimages,
which now has a finite measure.

This becomes particularly important in detecting this phe-
nomenon in physical systems, considering the fact that many
perturbative processes can violate the ideal conformal symme-
try. A case in point is the critical free-fermion lattice systems,
whose low-energy properties are well captured by our CFT
model, but driving-induced high-energy excitations inevitably
violate the conformal symmetry. As shown in Fig. 3, for
point A in panel (b), free-fermion simulations (light blue dots)
closely follow the CFT prediction (light blue line) and heating
is entirely forbidden. Point F deviates from the exact preimage
slightly, resulting in slowly increasing entanglement. As for
point D, heating happens considerably more rapidly and the
free-fermion simulation exhibits a noticeable deviation from
the CFT prediction around ¢ ~ 40. Therefore, despite the
fact that conformal symmetry is not perfect, the underlying
heating suppression mechanism still plays a crucial role in
stabilizing the system.

We have also analyzed Fibonacci-driven CFTs, i.e., the se-
quence of Mg and N following the Fibonacci sequence [63].
The Mobius matrices also obey a trace map F, which now ex-
hibits a strict invariant that constrains the asymptotic behavior
[43,63]. At the fixed point of F, the system is equivalent to
a quenched system where driving is effectively absent. As a
consequence of this invariant, the fixed point does not have
any nontrivial preimages that can forbid the divergence of the
trace at long times. Therefore, one cannot identify nonheating
regimes that are analytically solvable as in the TM system.

V. RANDOM MULTIPOLAR DRIVING

The existence of fixed points and their preimages provides
exceptional stability of CFT systems driven by the TM proto-
col. One natural question is how robust the stability is when

the driving protocol involves temporal randomness. Naively,
one would expect that the system heats up swiftly as the
recursive trace map no longer exists. Indeed, this is true if
the driving protocol is purely random, as seen in Ref. [50].
However, we will show that, by considering the n-random
multipolar driving (n-RMD) with a tunable degree of temporal
correlations [13], the heating rate becomes “triply tunable,”
leading to a long-lived prethermal phenomenon even when
temporal randomness is present.

n-RMD is constructed by truncating the recursive con-
struction Eq. (9) at a finite order n and generating a random
sequence composed of two elementary building blocks, M,
and ./\/,,. When 1 = 0, this corresponds to a random drive,
while the limit  — oo corresponds to the TM driving. This
driving protocol naturally separates driving parameters into
two classes, depending on whether they can be mapped back
to aregion in Fig. 1 that is sufficiently close to the fixed point
within the n-step iteration of the map KC. These two situations
exhibit notably different heating behaviors, which we account
for via a perturbative analysis. For simplicity, we first consider
driving parameters around the fixed point, then generalize the
analysis to the other higher-order preimages.

A. Fixed point

Before we give a more detailed analysis, it is worth clari-
fying that the (p, g) space (Fig. 1) and trajectories therein are
not well-defined here in a strict sense, due to the truncation
of the trace map Eq. (10) at a finite value, n = n. However,
they can still be useful in designing the driving protocol.
We parametrize the distance K between the initial condition
(tr(M)?, tr(M>)) and the fixed point, or preimages in the
next section, as a tuning parameter of the heating rate.

Concretely, we consider the driving parameters Tp/L =
6+ K, Ti/L=K, £, € Z, K € R, such that for small K the
distance between (tr(M)?, tr(M,)) and the fixed point, (p =
4,q = 2) in Fig. 1, scales as K>.

We calculate the entanglement entropy using Eq. (7). The
results are shown in Fig. 4(a) for different n and a fixed K =
0.05. The entanglement entropy remains close to zero at short
times before the notable increases at longer times.

The prethermal lifetime #* strongly depends on the mul-
tipolar order 1. As n increases, t* grows and approaches the
TM limit (red), highlighting the importance of the temporal
correlations in stabilizing a randomly driven CFT system.

To further quantify their dependence, we extract the
prethermal lifetime as the time 7* when the entanglement
growth first exceeds a threshold S*. In our numerical simu-
lation, we choose S* = 10 but our findings are independent of
the specific choice of S*. Figure 4(b) shows the dependence
of t* on 1/K, which exhibits the algebraic scaling

t~ (K2 >0, (14)

for large K~' [71]. In generic many-body systems with local
interactions in the high-frequency regime, we have found ¢* ~
?"*1 [13]. In contrast, we do not have a natural local energy
scale in CFT systems, yet we still observe the characteristic
scaling with an n-dependent exponent.

We also analyze the evolution of the trace of the Mdbius
matrix, x; = tr(I1;), where II; is the product of a random

184304-6



COMPLEX AND TUNABLE HEATING IN CONFORMAL ...

PHYSICAL REVIEW B 112, 184304 (2025)

g
@ 10(0)
e n= * 2n+2
= n-1 "~ (1K) >0
128 n= i
I S 10
IR o TM t
= -
910 10° O
—10
100 107 19f 100 108t 10 20 3040
T T l/K
(C) 00664 288LRR0RGLG, , 66006,
L N 6., o8B b YOOV e il
1.6 & @ . @,BEA%@ j‘@’g@ s
= P N s
N L & ﬁgﬁ; 8 - 4
15 Q’:@@)aé An = 0Quench ®® @Q A 1= 1Quench
80 &seez
on=0RMD o n=1RMD
0 25 50

t

FIG. 4. (a) Entanglement entropy growth for n-RMD and TM
drive with K = 0.05, ¢, = 0 for driving parameters close to the fixed
point. The prethermal lifetime increases for larger n, highlighting the
importance of temporal correlation in stabilizing the system. (b) De-
pendence of the prethermal lifetime #* on K~! in a log-log scale. The
slope of the power-law dependence strongly depends on the multi-
polar order as 2n + 2. (c) Free-fermion numerical comparison of the
RMD driving (circles) and quench dynamics (triangles) generated by
the effective Hamiltonian H.g. The effective Hamiltonian accurately
captures the early-time evolution of the RMD system. We use oy = 1,
ot =1/2and oy =2,0" = 1forn = 0 and 1, respectively. We also
use TL™' = K, K = 0.02, £, = 0, and L = 1000 for the simulation.

selection of M, and N,. Due to the lack of self-similarity
of the driving protocol, the recursive trace map, e.g., Eq. (10),
is not applicable. The blue curves in Fig. 5 depict trace tra-
jectories for different n-RMDs. For short times, the trajectory
oscillates and forms a circular orbit. However, at longer times,

3 3
(a) (b)
——analytical
Ti+1 | —RMD Ti+1
0 0
33 0
Z;
3
(c)
Tit1
0
3 __
=3 0 3 =3 0 3
x; T

FIG. 5. Trace trajectory of n-RMD for driving parameters around
the fixed point. The red curves denote the analytical trajectories
derived from the quenched dynamics generated by M’ , while the blue
curves denote the RMD trajectories. As n increases, the agreement
between the two improves. Here we set £; = 0, K = 0.04.

the trajectories begin to spiral outward stochastically, and the
inverse of the growth rate of the radius also follows Eq. (14).

This behavior can be perturbatively justified by investigat-
ing the stochastic process induced by

My=LM, + Ny, D= M, =N, (15)

such that M, and AV, correspond to M, + ¢D,,, where ¢ is a
random variable, being either 41 or —1 with equal probabil-
ity. The average matrix M, is not area-preserving in the trace
space since its determinant is larger than 1. For small K, one
can perturbatively obtain the leading-order contribution

det(M,) ~ 1+ yK*"*2 >0, (16)

with a positive coefficient y [72]. One can normalize the av-
erage matrix as M; = M, //det(M,), such that M, becomes
area-preserving. It leads to the trace trajectory

(xi, xir1) = (cos(2i0), cos 2(i + 1)0)), (17)

where 6 = arccos (tr(M,;) /2) determines the oscillation fre-
quency. We plot these trajectories (red) in Fig. 5 for different
n, which accurately capture the early time oscillations as seen
in the RMD trajectories (blue). In fact, as shown in Fig. 4(c),
clear coherent oscillations in entanglement dynamics also ap-
pear in the numerical simulations of free-fermion dynamics
generated by RMD protocols (circles).

We also construct an effective Hamiltonian H.g by com-
paring the normalized matrix, M;, to a general SU(1, 1)

matrix [parametrized by 0® and o* in Eq. (2)], to capture
this early time dynamics. As shown in Fig. 4(c), the effec-
tive Hamiltonian (triangles) reproduces the RMD dynamics
(circles) accurately at early times. Note, the existence of Hegt
is indeed nontrivial. Conventionally, for generic many-body
systems in the high-frequency limit, the effective Hamiltonian
can be constructed by performing a perturbation expansion
in w~!. Here, our finding goes beyond this well-established
framework and shows Heg also exists in critical systems and
away from the high-frequency limit.

H.g is time-independent and hence the system does not
heat up. The deviation of det(M,,) away from 1 indicates that
the orbit governed by M, slowly spirals out at a constant
expansion rate that scales as K22 Further, we also note
that the leading-order contribution to the eigenvalues of D,
scale as K"*!, which induces a stochastic drift, and the corre-
sponding diffusion constant also scales as K>"*2; see details
in Ref. [73]. Its inverse determines the prethermal lifetime
scaling Eq. (14), in accordance with the numerical results,
Fig. 4(b).

B. Preimages

We now extend our analysis to driving parame-
ters that correspond to the &-order preimages with an
integer & > 1. One possible way to parametrize the
vicinity of the first-order preimage is using 7j/L =
[—K + 2 cos(wTy/L)] csc(wTy/L)/2m, and the corresponding
(tr(M)?, tr(M>)) deviates from the first-order preimage by
an amount proportional to K2. We note that for certain choices
of Ty/L, the resulting (tr(M)?, tr(M,)) may still lie close
to the fixed point, in which case the heating dynamics have
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FIG. 6. (a) Growth of entanglement entropy for n-RMD and
TM drive with K = 0.08 for initial conditions near the first-order
preimage. As n increases, the prethermal lifetime prolongs. (b) The
scaling relation between the prethermal lifetime #* and K~! is shown
on a log-log scale. Dashed lines with slopes 2(n — &) are plotted as
a guide. When n < &, the system heats up at a constant rate. For
n > &, the slope becomes positive and increases for larger . We set
To/L =2/3, & = 1 in numerical simulations.

already been discussed in Sec. V A. In this section, we instead
focus on driving parameters that are away from the fixed point.

Figure 6(a) shows the entanglement growth where we fix
& = 1 and change the multipolar order n. Figure 6(b) shows
the scaling of the prethermal lifetime ¢* versus K~!'. For
n > 1, the prethermal lifetime increases for larger K ! and the
scaling exponent depends on the multipolar order 7, similar to
the observation in Fig. 4(b). In contrast, notably, for n =0
and 1, the system heats up at a constant rate. We also analyze
higher-order preimages and find the triply tunable prethermal
lifetime ¢*,

tr~ K0 s g (18)
while for n < &, ¢* is approximately a constant.

A simple argument accounts for this behavior. For n > &,
within a single building block (M,, or ), the iteration re-
lation Eq. (11) remains valid and maps the initial condition
(tr(M;)?, tr(M>)) to the vicinity of the fixed point. The sub-
sequent heating rate analysis thus reduces to the fixed-point
case discussed in Sec. V A, and the prethermal lifetime scales
as K=2"=2 where ' = — (¢ + 1), the same as Eq. (18).
In contrast, when n < &, a single multipolar operator is no
longer sufficient to map the initial condition to the vicinity
of the fixed point, but likely to a chaotic region (blue area in
Fig. 3). Consequently, the system heats up rapidly regardless
of the temporal correlation. Perturbatively, the average matrix

M,, satisfies

n<é,
n>5é,

const,

det(V,) =14 ey

19)

and the leading-order stochastic term D, scales as K75,
Therefore, for n > &, one expects the scaling behavior de-
scribed by Eq. (18).

This phenomenon is also visible in the evolution of the
trace trajectories. As shown in Figs. 7(a) and 7(b), where we
use a small multipolar order » =0, 1 and & = 1, the RMD
protocol generates the blue trajectories, which quickly deviate
from the effective circulating orbit (red). A notably different
behavior appears for n = & + 1 as illustrated in Fig. 7(c),
where the RMD trajectories begin to align with the effective

5 (a)—analytical
——RMD
Tit+1
0
n=20
%% 0 5
T;
5
(c)
Tit1 Tit+1
0 0
n=2 n=3
35 0 5795 0 5
xZ; xZ;

FIG. 7. Trace trajectory of n-RMD for driving parameters around
the first-order preimages. Red curves denote the theoretical trajectory
derived from the effective dynamics generated by M,;, and the blue
curves denote the RMD dynamics. When 1 < &, as shown in (a) and
(b), the RMD trajectories notably deviate from the effective dynam-
ics after a few steps. In contrast, when n > & in panels (c) and (d),
the RMD trajectories coincide with the effective trajectories. We set
To/L = 2/3, & = 1 for numerical simulations.

dynamics (red), and deviations accumulate gradually at a slow
pace. Further increasing n continues to stabilize the dynamics,
as shown in panel (d), where the deviation between the red and
blue curves is barely visible in our numerical simulation.

VI. HEATING-NONHEATING PHASE DIAGRAM
IN NON-HERMITIAN SYSTEMS

So far, we have focused on driving parameters in region
III, where the measure-zero preimages strictly forbid heat-
ing. In this section, we show that it is possible to enter the
compact region I by introducing nonunitary SU(2) deformed
Hamiltonians. We design driving protocols combining both
SL(2, R) and SU(2) deformed Hamiltonians. These realize a
phase transition between a heating and a nonheating phase of
nonzero measure. Remarkably, both TM and RMD protocols
feature the same phase diagram, which can be explained by
identifying an emergent compact group structure.

A. Thue-Morse driving

SU(2) conformal transformations can be realized by con-
sidering the spatially deformed Hamiltonian Eq. (2) with
complex parameters, 0% =cosT,ot =isin[, 0~ =0 [74].
We consider the periodic boundary condition and » > 1 [75].
This Hamiltonian turns out to be non-Hermitian, and one
can analytically obtain the holomorphic and anti-holomorphic
Mobius matrices which belong to the SU(2) group (see the
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derivations in Appendix D):

cos (#)—I—icos I' sin
Us(T) = LT
sin - sin r
0u(T) cos (5F)+icos I sin Z-
} N —sinZL gin T

I

which differ in the sign of the off-diagonal terms. The trace
of an SU(2) matrix is constrained in [—2, 2]. Therefore, if the
Hamiltonian parameter o' alternates between two different I’
values following the TM sequence, the trace of M, always
remains bounded in region I and the Lyapunov exponent van-
ishes. In fact, this statement always holds regardless of the
concrete driving protocol, even if it is purely random. This
happens simply because the SU(2) group is compact, and
hence it can never exhibit a diverging trace.

To make the system less trivial, we propose the driving
protocol which involves both SU(2) and SL(2, R) deformed
Hamiltonians, with the corresponding Mobius matrices be-
longing to the noncompact SL(2,C) group. Concretely,
we consider the following two time evolution operators
(holomorphic):

Mo = U2(M)U(To)Us(Ty),  No = U2(.DUs(T)U(Th),
(20)
where A is real, T/l =1/2+ A, T/l = 1/2 — A with real

A, and
’ ( )
)

which is generated by the SL(2, R) spatial deformed Hamilto-
nian with6® =6~ =0,01 = 1. My, Ny are now SL(2, C),
with a trace that locates them in regions I and II. Similarly, for
the anti-holomorphic part, the Mobius matrices are

i sinh (7

~IN <N

cosh (7

No = U,(M)U(T)Us(Th).

(22)
These building blocks all have a real trace and hence the
classification of the invariant regions in Sec. I is applicable.
However, for generic matrices in the SL(2, C) group, this spe-
cial property does not hold. To our knowledge, a systematic
classification of the invariant regions for a complex trace value
remains an open question.

To understand the possible phases induced by this driving
protocol, we start by analyzing two limits, A = 0 and A — oo.
For A =0, both M and N, reduce to SU(2) matrices and
heating does not happen. If A — oo, the SU(1,1) matrix U,
becomes dominant and our system is located in region II.
Consequently, tuning A induces the phase transition between
the nonheating (orange) and heating (green) phases in Fig. 8.
The phase boundary can be analytically obtained by identi-
fying the driving parameters corresponding to the gray line,
separating regions I and II in Fig. 1. This is equivalent to the
condition tr(/\/l%./\/oz) = 2, leading to the black curve as shown
in Fig. 8(a).

Mo = Us(M)Uy(To)U5(Ty),

T

l

I

nT

T
nT

cos (T)—icos I sin

sinI
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For nonunitary evolution, we use the pseudoentropy as a
suitable measure of the heating process [76]

Sm(j) = In tr[le (‘])m]’

1—m
Jj 1

paCiy =tz | | TTe ™™ Jlwodwol [ [T | |- @3
=1 I=j

and we take m — 1. This quantity provides a natural gener-
alization of entanglement entropy to non-Hermitian systems
within the path integral formalism. It emerges as the holo-
graphic dual to minimal area surfaces in time-dependent
Euclidean spaces within the framework of AdS/CFT corre-
spondence [77,78]. Subsequent studies have further used it as
an order parameter to distinguish different quantum phases
[76] and to separate chaotic and integrable dynamics [79].
Importantly, this quantity is experimentally accessible through
weak measurement techniques [77,80].

Using twist operators, we obtain (see details in
Appendix E)
~ ~ c
SA(])_SA(O)ZE ln(OCj)/j—Olij—)/jﬂj + ,Bij)+antichiral,
(24)

where the central charge ¢ comes from the original un-
deformed unitary CFT. We note that the pseudoentropy is
generally complex in nonunitary systems. Interestingly, in our
construction it remains real and positive, stemming from the
fact that the Mobius matrices, M, Ny, have a real trace. We
illustrate the proof in Appendix E. We also numerically verify
that the growth of the pseudoentropy exhibits the same time

0.3 8
) (b)
0.2 oB S
I
i ‘40 —_A
= = — B
0.1 ®4 &
0
0 05 0 220 400

FIG. 8. (a) Phase diagram for the non-Hermitian driven systems,
including the nonheating (green) and the heating phase (orange).
(b) Growth of the pseudoentropy in different phases. For B, (A, 1) =
(0.5, 0.2), in the heating phase, the pseudoentropy linearly increases
in time. For A, (A, A) = (0.1,0.1), in the nonheating phase, the
pseudoentropy remains close to its initial value. We set I' = /2 and
take ¢ = 1 for numerical simulations, but the calculation works for
other parameters.
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FIG. 9. Growth of the entanglement entropy in RMD systems.
(a) For B in Fig. 8, the system heats up at the same rate for different
multipolar order 7. (b) For A in Fig. 8, the 0 — RMD system heats
up, while for larger multipolar order the system is nonheating. We
set I' = /2 and take ¢ = 1 for numerical simulations, but the calcu-
lation works for other parameters.

dependence as in the Hermitian case, S(j) — §(0) = %AL Jj-
As shown in Fig. 8(b), for point B which locates in the or-
ange heating phase in panel (a), the pseudoentropy increases
linearly as expected. In contrast, for point A in the green
nonheating phase, the pseudoentropy stays close to its initial
value.

B. Random multipolar driving

Surprisingly, the nonheating phase remains robust against
temporal randomness, and the phase diagram for n-RMD with
n > 1 is exactly the same as in Fig. 8(a). One can also verify
this by calculating the pseudoentropy. As shown in Fig. 9(a),
point B in Fig. 8 leads to heating dynamics and, crucially,
the entanglement growth rate is independent of the multipolar
order 1. A notably different behavior appears for point A:
the purely random drive [ = 0, blue in Fig. 9(b)] results in
heating; while for n > 1, heating is completely suppressed
(red and gray) even though the driving protocol is temporally
disordered.

This observation is very surprising for two reasons. First,
the structure of the phase boundary in Fig. 8 relies on the
concomitant invariant regions of the recursive trace map,
which does not exist in RMD protocols. Second, exact state-
ments of dynamical properties in randomly driven systems,
or stochastic dynamical systems, are very rare. Some exact
results have been shown to exist, albeit within the framework
of random matrix theory (RMT). Due to the binary multipolar
construction, RMT does not naturally apply in our system.

We account for this phenomenon by identifying a peculiar
emergent compact group structure of the underlying dipolar
Mobius matrices, M1, V7. A similar compact structure has
been originally unveiled in our previous work [81], where the
transfer matrix of non-Hermitian systems with binary disorder
also exhibits this feature. Here, we sketch the core idea of
the proof, and more details can be found in Appendix F and
Ref. [81].

These two matrices indeed satisfy a conjugation relation,
M, = o.No,, which can also be generalized to higher-order
multipolar operators straightforwardly. Using a similarity
transformation, these two matrices can be simultaneously
transformed into either SU(1, 1) or SU(2) matrices, depend-
ing on whether tr(M,\,) is greater than or less than 2. In

the entire region I, the condition tr(M,N,) < 2 is satisfied,
suggesting that the product of a series of random selections
of M, and NV, is constrained in an emergent compact SU(2)
manifold. Therefore, the corresponding Lyapunov exponent
vanishes, and heating is forbidden, in accordance with the
numerical observation in Fig. 9.

VII. DISCUSSION

In this work, we investigate a family of nonperiodic and
structured driving protocols in CFT systems to study the
heating effect in gapless quantum many-body systems. We
start from a unitary SL(2, R) deformed CFT, where the time
evolution of operators can be captured by Mobius matrices.
A recursive trace map can be obtained for the aperiodic TM
protocol, which provides an efficient framework to classify
the asymptotic behavior of the entanglement growth. Prop-
erly varying the driving parameters allows us to explore
different dynamical phases of matter, including the heating
and nonheating phases with a fractal phase diagram [82], as
well as the prethermal phase with a tunably slow heating
rate. Using free-fermion simulations, we numerically verify
these results before the driving-induced high-energy exci-
tation becomes noticeable, eventually violating the desired
conformal symmetry. We further generalize the discussion
to random multipolar driving and discover a triply tunable
prethermal lifetime scaling. It remains an interesting open
question whether similar phenomena can be identified in con-
ventional, locally interacting systems in the high-frequency
regime.

Upon sacrificing Hermiticity by considering SU(2) de-
formed CFTs, we find another nonheating phase with a
nonzero measure, unreachable within the unitary SL(2, R)
deformed CFT framework. Note, unlike the unitary CFTs be-
ing studied, it remains an interesting open question of finding
a suitable lattice model that can be effectively captured by
the proposed SU(2) deformed CFT model. This is of great
importance in both the numerical verification and its physical
realization, and we leave this for future work. Physically, this
nonheating phase stems from non-Hermitian dissipation pro-
cesses, which balance the energy absorption from the external
drive. This naturally raises the question of how to stabilize a
generic aperiodically driven interacting system via dissipation
by optimally engineering the system-bath coupling [27,83].

The emergence of a classical dynamical system K is es-
sential to make the aforementioned exact predictions of the
rich phase diagram. It naturally arises when analyzing the
asymptotic behavior of the Mobius transformation of operator
dynamics, although the quantum many-body states follow the
linear Schrodinger equation. It is worth noting that, given a
nonlinear dynamical system, the classical trajectory in phase
space is generally chaotic [84]. However, the existence of
the invariant regions and the fixed point, together with the
concomitant preimages, breaks the ergodicity. It further un-
derpins the stability of the gapless quantum system, even
when nonperiodic time dependence is present. Considering
the everlasting studies of chaos in classical dynamical sys-
tems and the lack thereof [85,86], we envision fruitful future
discoveries of novel nonequilibrium quantum dynamics if a
classical nonlinear map emerges in an expected way [23].
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We also highlight the broad applicability of M&bius matri-
ces, or transfer matrices, in different contexts, such as in dual
unitary and Gaussian quantum circuits [87,88], as well as in
the study of Anderson localization [81,89,90]. For example, it
is suggested that the heating phase transitions in CFT systems
can be mapped to a localization-delocalization transition in
both Hermitian [43,51,63] and non-Hermitian systems [81]. It
is also intriguing to further build up the connection between
prethermal phenomena and localization properties in disor-
dered systems. Furthermore, generalizing the discussions to
higher dimensions, both within the context of CFT [48] or
localization physics [91], is always worth pursuing.

Finally, we note that various experimental platforms are
already capable of simulating quantum many-body systems
at the critical point, such as the trapped ion [92] and Rydberg
atom platforms [93]. Our findings will provide enlightening
insights into stabilizing those systems especially when nonpe-
riodic driving is present.
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APPENDIX A: FREE-FERMION NUMERICAL
VERIFICATION OF THE SL(2, R) CFT

To numerically verify the CFT predictions, we use free-
fermion simulation in a 1D lattice with the open boundary
condition and » = 1. The uniform Hamiltonian is written as

=
HO = E Z C}Cj.H + H.c.
j=1

(AD)

A general SL(2, R) deformed Hamiltonian takes the follow-
ing form:

L1
1 .
H = 3 E f(])C;Cj+1 +H.c.,

(A2)

=1
where the deformation function reads f(j)= o +
ot cos % + 07 sin % with the parameters determined

by the specific driving protocols.

As shown in Fig. 3(d) in the main text, we compare the
growth of entanglement entropy between the CFT predictions
and the free-fermion numerical simulation, using three sets of

different driving parameters. We observe excellent agreement
for point A and point F, while noticeable deviations appear
at late times for the dynamics of point D. These deviations
arise due to the driving-induced high-energy excitations in
the lattice model, which break the exact conformal symmetry,
resulting in the deviation from CFT predictions at long times.

APPENDIX B: BRIEF REVIEW OF CONFORMAL
FIELD THEORY

Phase transitions are a universal feature of quantum many-
body systems. When a system is tuned to a continuous
(second-order) critical point, the correlation length diverges
and no intrinsic lengthscale remains. Canonical lattice exam-
ples include the transverse field Ising model, X X Z chain [60],
and free fermions at half-filling [42]. In all such cases, scale
invariance at criticality implies that the infrared (low-energy)
behavior is governed by a conformal field theory; equiva-
lently, the RG flow terminates at a conformal fixed point (see
Ref. [36]).

In two dimensions, the infinitesimal generators for con-
formal symmetry are the following holomorphic and anti-
holomorphic vector fields:

I, =—7"., I,=-7""'9., neZ, (B1)
which satisfy the Witt algebra
[lmv ln] = (Wl - n)lerns [l_m’ l_n] = (m - n)l_n1+nv (B2)

and [1,,, 1,] = 0.

Among them, Iy, ;,1_; and Iy, I}, _; generate the global
conformal transformations (our focus in the main text).
Specifically, /_; and [, generate (infinitesimally) transla-
tions, ly + Ip and i(ly — ), respectively, are the generators of
dilation and rotation, and [, [, generate the special conformal
transformations.

The finite form of these global generators can be de-
scribed by a Mdbius transformation acting on the 2D complex
coordinates

—>

az+b (a b (B3)

cz+d’ d
Similarly, we have the same transformation for the anti-

holomorphic part z. For example, the transformation for the
translation z — z + b is

) e PSL(2, C).

(B4)

Upon radial quantization, these classical generators are
promoted to quantum modes L,, L, of the stress tensor and
acquire a central extension, giving the Virasoro algebra,

C
[Lna Lm] = (n - m) Ln+m + E (I’l3 - n)8n+m,07 (BS)
(Ly. L] = (n — m)L o + é 1 = N)usmo.  (B6)

On a cylinder of circumference L (with velocity set to v =
1), the Hamiltonian is

H—zn(L +L
—L 0 0

c+6>

24 (BS)
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which reduces to 2T”(Lo +Ly— 15) when ¢ = ¢. Equivalently,
one may write

H = / dx&(x), (B9)
where the energy density is

1 -
Ex) = E[T(x) + T, (B10)

where T and T are the holomorphic and anti-holomorphic
components of the stress-energy tensor on the cylinder. For
further details, see Refs. [36,66].

APPENDIX C: ASYMPTOTIC GROWTH
OF ENTANGLEMENT ENTROPY

In this Appendix, we prove that, as n — oo, the entangle-
ment entropy grows linearly with a rate set by the Lyapunov
exponent:

2c
Sa(n) — SA(0) ~ ?Mn-

Proof. Denote the two singular values of the Mobius ma-
trix I, as o7 = o, > 0. Using

ITLllF = Vo1 (IL,)? + 02(T1,) (C1)

= o1 (Tl)V'1 + [o1(TT,)] 74, (C2)

we obtain the Lyapunov exponent as a function of singular
values

AL

o1
lim — In(|[I1,|[F) (C3)
n—oo n

1 1
Jim ~[In (01(T1,)) + > In (1 + [o1(IL,)]™H]  (CH)

= 11120 % In (01(11,,)), (C5)

where the second term of order o(1/n) vanishes.
For SU(1, 1) matrices, one has the following Cartan
decomposition:

Hn == Kl,nA(rn)KZ,n’ (C6)
where
Ky, = diag(e™", e, (C7)
K, , = diag(e'®", e71%m), (C8)
coshr, sinhr,
Alrn) = (sinh r, cosh rn)' (©9)

Therefore, IT, can be written as
oy Bu\ _ (€O coshr D7) sinhr
<y,, 8,,) - <ei(9‘ % sinhr e 10179 cosh r)’
whose singular value grows as
o(r,) =€, (C10)
If the Lyapunov exponent is larger than zero, one has

= An+o(n). (C11)

The asymptotic behavior of entanglement entropy,

2¢
Sa(n) — S4(0) = ?(ln latn = B, (C12)
can be determined through
oty — Bal = | coshr,, — 2™ sinh . (C13)

Its norm square can be determined as

|0ty — B |2 = cosh? rn+ sinh? rp,—2 cosh r, sinh r,, cos(26, ,,)

(C14)
= cosh(2r,)— cos(26, ,) sinh(2r,) (C15)
= ¢ sin® 0.0 + e 2 cos? 0.1, (C16)

leading to the following expression:
o — Bul = "I sin byl /1 + ¥ cot?(@r,).  (CL7)

Therefore, in the long-term limit, we have the following
asymptotic behavior:
2c

2c
SA(”) - SA(O) = ?rn = ?)\'Lna

which establishes the relation between the entanglement and
the Lyapunov exponent, so the heating rate can be inferred
from the Lyapunov exponent. |

(C18)

APPENDIX D: DERIVATION OF SU(2) DEFORMED
HAMILTONIAN AND THE CORRESPONDING
MOBIUS TRANSFORMATION

Here we prove that the deformed Hamiltonian

H = zifdx[T’(x) +T'(x)]
-’ i)
o / A fOT () + FOT @,
T
with f(x) =cosT +isinT cos 2%, o0 = cosT", 0" =

isinI", and periodic boundary conditions lead to holomorphic
and anti-holomorphic SU(2) Mobius transformation matrices

cos (%) +icos T sinZt —sin % sin "
Ul(t):( sin ZL sin cos (Z£) —icos I sin ”T’>
(D2)
N cos (%) +icos I'sin Zt sin It sin I
Ul(t)z( —sin ZsinT cos (%) —icos I'sin ”T’)
(D3)

where l = L/r.
Proof. We first consider the conformal mapping

2mr .
z = exp Ta) , w=T+Iix, (D4)
_ 27r _ _
7 =exp Ta) , O=T—Iix, T=It, (D5)

which maps the points w on the cylinder to the z-plane. One
can check that

2mr 2mr

dz = TZdCU, dz = TZd(Z), (D6)
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and the Schwarzian derivative

w2cr? 4712T(z)12r2

T'(w)=— L2 P s
wlcq*  4n’T (Z)7r?
T@=~"¢ 2
6L L
Then we employ the conformal mapping
. cos(I'/2)z + isin(I"/2)
“ 7 Tsin(C/2)z + cos(T/2)’
= cos(I'/2)z — isin(I"/2)
© T Zisin(C/2)z + cos(T/2)”

D7)

(D8)

D9)

(D10)

which transforms the original Hamiltonian into a simplified form involving only the Ly and Ly generators. Concretely, we have

1 . 2mwrx 1 . 2mx | -
H=— | dx| cosI"+isinI cos T(x)+ — | dx| cosI" —isinI"cos — |T (x)
2 2 L

rx\ -
)T((E))

1 . 2mrx 1 o 2w
=5 dw| cosT +isinT cos T (w) + —— | do| cosT" —isinT cos
i

1 Ld —1 2.2 4 2T 2.2
s Z|:<c0sF+isian+2Z )(_ncr N T (Z)Zr)

~2ni | 2mar 6L2 L2
L L f Laz [<COS risnplt ! ) ( ke N 4712T(Z)22r2>i|
2ri J 2nzr 2 612 L?
= @ dz |:cos I'.-z + —sin'(z> + 1)]T(z) + antichiral — — cos r
L 27i 2 6L
= E |: / ﬁT(z)z + ant1<:h1ra1i| _ e cosI”
L 2mi 6L

2 TC
= T(L(Z) + L(Z)) — o o0 r.

Then we have
M TOE De ™M = 22 TO0z,0%), A =expurt/L),

which is the dilation operation in the Z-plane.
Back to the z-plane, its effect is to shift the operator T®@(z, 7) from z to zpew, Which is defined as

_ [Cos(””) +icosT sin ”L”]z sin 2L sin T

13
Cnew = sin ”T” sin['z + [cos (”If’) icos I sin ”If’]
) [cos (Z) 4 icos T sin Z% ]z + sin ZZ sin T
Znew =

—sin ”—” sin['z + [cos (”L”) icos I sin ”L”]

Therefore, the time evolution under the SU(2) deformed Hamiltonian can be written as

Ht (w) _ N _—Hrt 0z " 0z " 0Znew " 0Znew g (2) _
(Gle"™ T, (wo, wo)e™"TIG) = (= ) o= > o (7,2 (Znews Znew))-

(D11)

(D12)

(D13)

(D14)

(

APPENDIX E: DERIVATION OF THE PSEUDOENTROPY Note that when |¢) = |1/}, this quantity becomes the ordinary

In the following, we are going to derive a general expres- entanglement entropy. Specifically, we define

sion for pseudoentropy defined as _
J

1= Il ED) vy ={TTe™" |vo.
— =1
where !
vio _ 1W)(@1 2) (@l = ol | [ [«
(@1) =

184304-13
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where |1/) is the CFT vacuum state. When H; are Hermitian, general case. In terms of the twist operator, the pseudoentropy
we have (Jy))" = (¢|. But in the derivation, we consider the can be written as [77]

J

I GiHIT; J—iHT;
5 ()-8 = (Wol(TT)—; €M) Tt 0)7:n(3§2, 0?(H’=‘ ¢ W@ =
1—m (1//0|7;H(X1, 0)7:”()(72, O)hﬁo) (1//0| (nl:j e’H’T’)(l—H:l e—lH,ﬂ) |w0)

1 ol(TTi=; €M) Tt 0) T (2, O) (T, €171 [yo)

= In , (E6)
I—m (Yol Tm(x1, 0)Tin(x2, 0)[¥0)
where 7, and 7,, are primary operators with the conformal dimension & = h = 37 (m — %).
We further define w; = 0 + ix;, z; = exp(2wqw;/L), {; = (2}"))1/4, and
. 2 . . oz + B
Zf}) — alz +ﬁ] ~f}) _ _J J ie {1’ 2}’ (E7)

i ’ 5 = ’ ’?
vjzi +8; viZi+ 8;

such that the time evolution generated by a series of Hamiltonians {H;, j € [1, j]} is encoded in the M&bius transformation. If the
evolution is unitary, the Mobius transformation belongs to the SU(1,1) group, and the pseudoentropy turns into the entanglement
entropy. We also consider a simple choice of the subsystem A = [(k — 1/2)I, (k+ Q —1/2)I],k, Q€ Z,Q < q,l =L/q, so
that the length of the subsystem is an integer times of the wavelength /, e.g., |[x; — x| = Q - [.

Based on this notation, the numerator in Eq. (E6) can be simplified,

J
Wol [ TTe™™ | Tuer, 0Tz, ) T ™™ | 1300)
I=j

=1

= (Yole™T - M, (xy, 0)e™ T @7 HnTn g T L gV (xy 0)e ™ T @™ Ty (E8)
ac\" 9z \" oz \" 0z \" = =
= - N P P k] ’ E9
.]"[ ( 8z,-) '1"[ ( M) '1"[ 7 .1"[ 50, ) (TG eaNT(@. @) (E9)
i=1,2 i=1,2 i=1,2 i=1,2
_ <2_”>2h z 2 (0‘/‘21 + ﬂj>_h (%‘Zz + ﬂj>_h (E10)
L (yizi +8)* (vjza + 8" \ yjz1 + 8, Viza +96;
1 1 1 17—
X((XjZ1+ﬂj>qh<ajZZ+,3j>qh <0‘jzl+,3j>" _ (ajz2+/3j)" (E11)
vizi +8; viza +6; viz1 + 6 viza + 8
x antichiral. (E12)

For the chiral part, Eq. (E10) can be further simplified as

(E) otmmatn(2230) (5230)°
L) (yiz+8)" (via+ )" \ vz +6; Yiz2 +8;

_ (2_n>2h 2 3 ((a,-zl + Bz +8,-)>h<(asz+/3j)(ijz+5,-))" E13)
L (yjz1 + 8" (yjza + 8;)* (yjz1 +8,)° (yjz2 +8;)°
27\ — 1y —1)"
- (i) ) - (1) . (E14)
L) [(=aj+Bp)(=y;+pI" [(—a; + Bj)(—y; +5))]
21\ 1
_ (2 - (E15)
L) [(—a;+B)(=yi+3)]
2m\ " 1
(£ o (E16)
LJ (ajyj—ajdj—viBj+Bjd))
Now let us deal with (E10). We note that z; = z, = —1, but they correspond to different layers in the g-sheet Riemann surface:
1 1
. AN . AN I
(M) _ (M) expami E17)
Viza +6; viz1 +6; L
1
= (M)q expzmu. (E18)
vjz1 +6; L
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Then, Eq. (E11) can be written as

1 172k
)q _(O!J'Z2+,3j>”
viz2 +9;

1 1
<ajm +,3j)qh(aj22+/3j>qh (%‘21 + B (E19)
viz1 +9; viza +9; vjz1 +9;
Lop —1op —2h
- (—“JZ‘ +6 ) " expl2mi® 2 h](o"Zl - ﬂ’) q (1 —exp2ni =2l le) (E20)
vjz1 +8; L viz1 +38; L
= ! (E21)
(—2isin —”'x‘L_’Q')Zh.
In short, the chiral part in Egs. (E10) and (E11) can be written as
27\ 1 1
T 2h 2" (E22)
L) (ojy; —a;d;—yiBj+ Bjd)™ (— 2isin Z—2l)
Similarly, the antichiral part in Eq. (E12) contributes as
27\ 1 1
T (Ol/ I ol — /IB/ +[3/8/)2h LTl —x]\2h T (E23)
Vi T %50 = VPt PO )T (2isin HH=2)
Therefore, the numerator in Eq. (E6) can be written as
27\ 1 1 1
T 2h 2h 4h (E24)
L (Oann - OlnSn - Vnﬁn + ﬁn(sn) (Ol;ll/,{ - Ol;/151,1 - yy{ﬂ;{l + :3;16;) (2 Sin M)
Similarly, the denominator in Eq. (E6) can be written as
27\ 1
(—) 7 (E25)
L) (2sin =)
In summary,
~(m), . ~(m c(1+m)
S = S37(0) = == lIn(ey; — @;6; = ¥iB; + B8y} — o}8; = viBj + Bi5))] (E26)
Taking the limit m — 1, we have
I - c
Sa(j) — 8a(0) = g[ln(aﬂ/j —a;8; — y;iBj + B;d))(eyy; — a8 — v + B8] (E27)
[
1. Entropy for SU(1,1) Mébius matrix entanglement entropy becomes
If the Hamiltonian is Hermitian, the Mobius matrix for
the transformation in Eq. (E7) are SU(1,1) matrices, e.g., . 2
o B o (B7) are SULD s SAG) = S4(0) = S Inla; = . (E30)
[)/J- 81- ] € SU(1,1), such that their matrix components have
j J

the following relation:
aj Bi| | B o Byl | B
vi &) B ol v 8] BT o
(E28)
The pseudoentropy turns out to be entanglement entropy as
. c /
Sa() = $a(0) = S(Injo; — B +In far} — B1).  (E29)

If the deformations for the chiral and antichiral in the Hamil-
tonian are the same, i.e., f,(x) = g,(x), the holomorphic and
anti-holomorphic Mobius matrices are the same. Hence, the

2. Entropy for SU(2) Mobius matrix

Appendix D shows the Mobius transformation under SU(2)
deformed Hamiltonian evolution

[%‘ ﬁj}w[%‘ ﬂ_/} [Ol} ﬂ}}w[di —ﬁ;}
vi 8 ST N P o]

(E31)

leading to

S4(j) — 84(0) = §1n| —af* + pa* — |af* + |B*]. (E32)
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3. Entropy for the designed protocols involves SU(2)
and SL(2, R) Mobius matrices

In the protocols involving SU(2) and SL(2, R) Mobius
matrices in Eq. (20) in the main text, we always have the
following relations between the coefficients:

o, = 8;’?,

! (E33)

% I _ p* r_ %
ﬂj—yja yj—,Bj’ 8j—()lj.

Proof. To establish these relations, we first observe that
the holomorphic and anti-holomorphic Mobius matrices in the
combination protocol satisfy the following symmetry:

My = o.Mjo,, M, = o.M;o,, (E34)

where M, M; are the holomorphic Mobius matrices, and
My, M, are the corresponding anti-holomorphic M®&bius
matrices.

This symmetry extends to any analytic function or matrix
product series constructed from M, and M. Specifically, for
any matrix function f formed by products of My and M|, we
have

f(Mo, My) = o, f (Mo, My)*0,. (E35)

By examining the matrix elements of f(Mo,M;) and
f(My, M), we deduce the following relations for their respec-
tive components:

This completes the proof. ]
Therefore, we have

. c
Sa(j) — S4(0) = 3 Inla;y; —a;é6; —y;B; + B;id;l, (E37)

which is real. The reality originates from the real-trace
preserved structure of MoObius matrices. This is somewhat
surprising due to many physical quantities becoming complex
and hard to interpret in the non-Hermitian systems. We further
numerically check that its scaling also follows the simple rule
with the Lyapunov exponent Ay as Ss(j) — 8§4(0) ~ 2¢/3A.j
in the long-time limit, showing that the pseudoentropy is
an effective diagnostic for capturing dynamical features in
nonunitary CFT.

APPENDIX F: PROOF OF THE NONHEATING PHASE
DIAGRAM FOR RANDOM MULTIPOLAR DRIVING

We now establish the conditions for the nonheating phase
under random multipolar driving. The stability of this phase
stems from the properties of the Mdbius transformations M
and N, consequently it extends to any general combination,
including random multipolar configurations. Specifically, we
prove that the driven system remains in the nonheating phase

J

U=WP lo,PW//det(o,)
—i(bc* + a*d)

- (iJ(b*d ~+ bd*)(a*c + ac*)

against random perturbations when the following three condi-
tions are satisfied:

(1) M, N, are not triangular matrices, and they satisfy
./\/11 = GZNl*Gz'

(2) tr(M;) < 2.

(3) a(MN) < 2.

Proof. Conditions 1 and 2 imply that the eigenvalues of M
and NV are u + iv, u — iv with u® + v? = 1. Thus they can be

expressed as

b _|u+iv 0

di|’ A_|: 0 u—iv:|’
(F1)
(F2)

M, =PAP™!, P= [‘C‘

N = 0. P*A*(P*) lo,.

where each column of P is an eigenvector of M. For sim-
plicity, we consider P to be normalized and det(P) = 1.

By construction, P diagonalizes M into A, which is an
SU(2) matrix. Similarly, P transforms N to

PT'N\P = P~'o.P*A*(P*) 0. P, (F3)

which, in general, is not an SU(2) matrix, and we have the

explicit expression
» bc* + a*d b*d + bd*
P~ o,P* = . (F4)
—b*c — ad*

—a*c — ac*

We further normalize the equation and derive the following
expression:

P~ lo.P*/\/det(0.) = (

—i(bc* + a*d)

—i(b*d + bd*)
i(a*c + ac*)

i(b*c + ad*)
(F5)

Note, its diagonal elements are conjugates of each other, an
important feature of a generic SU(2) matrix. However, its oft-
diagonal elements can break the SU(2) structure.

There are three possibilities:

Case 1. All off-diagonal elements are zero.
P~ 'o.P*/,/det(o,) reduces to the identity matrix, which
is naturally an SU(2) matrix.

Case 2. Only one of the off-diagonal elements is nonzero.
If so, M becomes a triangular matrix and hence Condition 1
is not satisfied.

Case 3. Both off-diagonal elements are nonzero. In this
case, we need to introduce an extra matrix

1 0
W= b*d+bd* |-
0 a*c+ac*

By applying a similarity transformation W to Eq. (F5), we
have

(Fo6)

(F7)

—i /(b*d + bd*)(a*c + ac*)) ’ )

i(b*c + ad*)
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which is exactly an SU(2) matrix when the real term (b*d +
bd*)(a*c + ac*) < 0.

Further calculations reveal that this condition implies
tr(MN7) < 2, as evidenced by the following derivation:

tr(M N} = 2u? + 20% + 4(b*d + bd*)(a*c + ac®)  (F9)
=2+ 4(b*d + bd*)(a*c + ac*) < 2. (F10)

In summary, the three requirements collectively ensure that
M, and N| can be simultaneously transformed via a sim-
ilarity transformation into SU(2) matrices. Furthermore,
numerical verification demonstrates that Condition 2 is in-
herently satisfied when Condition 3 holds. Thus, Conditions
1 and 3 alone suffice to guarantee that M; and N admit a
simultaneous similarity transformation into SU(2) matrices.ll
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