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We discuss a class of lattice S = % quantum Hamiltonians with bond-dependent Ising couplings and a
mutually “anticommuting” algebra of extensively many local Z, conserved charges that was explicated by Pujari
[arXiv:2407.06236]. This mutual algebra is reminiscent of the spin—% Pauli matrix algebra but encoded in the
structure of local conserved charges. These models have finite residual entropy density in the ground state
with a simple but nontrivial degeneracy counting and concomitant quantum spin liquidity as proved by Pujari
[arXiv:2407.06236]. The spin liquidity relies on a geometrically site-interlinked character of the local conserved
Z, charges that is rather natural in the presence of an anticommuting structure. One may contrast this with,
for example, the bond-interlinked character of the local conserved Z, charges on the hexagonal plaquettes
of the Kitaev honeycomb spin-% model, which leads to a mutually commuting local algebra. In this work,
we make several exact statements on the kinds of many-body orders that can be present within the class of
anticommuting quantum spin liquids coexisting with extensive residual ground state entropy. We elucidate the
differences between the many-body order in these models and that found in some gapped quantum spin liquids
whose canonical example is the Kitaev toric code. The toric code belongs to the more general class of Levin-Wen
or string net constructions that possess mutually commuting algebras for the local conserved charges. We also
point out a mutually commuting algebra with local support that is naturally expressed as multilinear Majorana
forms in the Kitaev representation of these quantum spin liquids. They capture quantum resonances spread across
the lattice in anticommuting Z, quantum spin liquids.
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I. INTRODUCTION

Many-body topological order has been an influential idea
in quantum condensed matter physics. It provides, for exam-
ple, a compelling paradigm for describing phases that are not
described by spontaneous symmetry breaking [1]. This has
thus played a big role in characterizing (gapped) quantum spin
liquid (QSL) phases in the context of quantum magnetism.
In the quantum information processing context, it provides
the basis for setting up fault-tolerant quantum computation by
putting many physical qubits in a topologically ordered state
to form the logical qubits [2]. The Kitaev toric code [3] is the
canonical (solvable) example of such “quantum hardware.”
From a conceptual point of view, it fits into the broader class
of quantum many-body (ground) states that are described by
the closed loop superposition wavefunction or the string net
picture [4]. This is also referred to as Levin-Wen models when
the picture is constructive.

Recently, a set of § = % models was introduced by one of
the authors in Refs. [5,6], which has a family resemblance to

“Contact author: sumiran.pujari @iitb.ac.in

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by Max Planck Society.

2469-9950/2026/113(6)/064402(22)

064402-1

models with bond-dependent couplings like the Kitaev toric
code or the Kitaev honeycomb model [7], which also has
toric code order as one of the (gapped) many-body topo-
logically ordered phases. However, the models of Ref. [6]
host extensive residual ground state degeneracy with a finite
ground state entropy density in stark contrast to known many-
body topologically ordered ground states. This is due to an
“anticommuting” algebra of local conserved charges that are
multisite spin-% operator products which anticommute when
they share a site. Such an anticommuting structure is quite
naturally accommodated with bond-dependent couplings. The
subject of Ref. [6] was to show how this algebraic structure
leads to the large residual entropy and quantum spin liquidity
without any magnetic or other symmetry broken orders [8].
The anticommuting mechanism in fact leads to such large
degeneracies for the full spectrum. Thus they factor out from
the partition function and give an additive extensive constant
to the Helmholtz free energy independent of temperature.
However, the consequence of this spectrum-wide degeneracy
is quite drastic on the many-body eigenstates as alluded to
above despite the seemingly innocuous effect on the free
energy of the system. The (ground) states of these models
are not trivial paramagnets but rather entangled states. This
spectrum level degeneracy is thus simple to count but non-
trivial in its consequences. Reference [6] exposed how the
anticommuting mechanism leads to the preceding effects and
also compared and contrasted these QSL states to other known
QSL states [9].
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The goal here is to provide further insights into the struc-
ture of these “anticommuting Z, quantum spin liquids.” They
will be referred in short to as ac-Z, QSLs in the rest of the
paper. Apart from the precise statements on degeneracy count-
ing and quantum spin liquidity made in the earlier work [6],
we will lay out in this work a collection of new results on
these quantum spin liquids. These are summarized in the rest
of the introduction as an outline of this paper. In Sec. II, we
point out “hidden” conserved quantities in the Kitaev Majo-
rana representation with a commuting algebra that are present
in these ac-Z, QSLs, apart from the anticommuting local
conserved charges as multisite spin-% operator products men-
tioned earlier. These quantities are, however, “pure gauge”
without any associated local gauge invariant fluxes. This is
unlike standard lattice gauge theories including the natural
point of comparison in the Kitaev honeycomb model [7]—as
a theory of hopping Majoranas in the presence of static Z,-
gauge fields—where the Kitaev Majorana representation was
first invoked. This leads thus to a nonstandard lattice gauge
theoretic structure for the ac-Z, models as elaborated further
in this section.

In Sec. III, we focus on a square lattice variant with
four-site coupling terms with the Hamiltonian composed
directly of the local anticommuting conserved charge oper-
ators. This is quite in analogy with the Kitaev toric code
with its four-site star and plaquette coupling terms, which
are also its (mutually commuting) conserved local charges.
Kitaev toric code however does not possess the anticommut-
ing structure. We will show that the four-spin ac-Z, QSL
Hamiltonian microscopically maps to a form that is remi-
niscent of Wegner’s Z, Ising gauge theory [10,11] in terms
of appropriately defined block spin variables. However these
variables—arrived at after a one-time block decimation step
described in Sec. III A—live on the sites or vertices of the
square lattice, and not on the (midpoints of the) bonds or
links of the square lattice as is usually the setting in a Z;
Ising gauge theory. An equivalent Hamiltonian was in fact
studied by Xu and Moore [12]. Thus the four-spin ac-Z, QSL
inherits the unconventional many-body order of the Xu-Moore
model in terms of its effective block spin variables. This
many-body order co-exists with the residual entropy and the
quite featureless spin liquidity of the underlying spin—% de-
grees of freedom.

In Sec. IV, we give algebraic arguments for the existence
of a fourfold degeneracy in the four-spin ac-Z, QSL. This is
analogous to the fourfold topological degeneracy of the Kitaev
toric code. In Sec. IV B, we point out the existence of addi-
tional quasiparticles that are essentially like the “star” charges
of the Kitaev toric code but are zero modes for the four-spin
ac-Z, QSL. Additional subtleties related to the topological (or
not) nature of the fourfold degeneracy in the four-spin ac-Z,
QSL are discussed in Sec. IV C. In Sec. V, we point out that
all of the above is not specific to bipartite lattices as long as
there is a corner-sharing property of the underlying lattice.
The corner-sharing property makes accommodating the lo-
cal anticommuting algebra rather natural for bond-dependent
spin—% Hamiltonians with “particle-hole” symmetric spectra
({£e€1, xeo, .. .}). We first do this with the example of a three-
spin ac-Z, QSL on the Kagome lattice with corner-sharing
triangles. We then discuss a four-spin ac-Z, QSL pyrochlore

lattice with corner-sharing tetrahedra the possibility of which
was already hinted at in the conclusion of Ref. [6].

For the multispin ac-Z, QSLs in relation to Secs. III, IV,
and V, we find that we are able to make definitive progress
somewhat like the relation of the Kitaev toric code to Weg-
ner’s Z,-Ising gauge theory. In Sec. VI, we discuss the related
implications of the above kind of arguments for two-spin
ac-Z, QSLs. There are additional discussions, concluding re-
marks and a few conjectures in the final Sec. VII. Verification
of these conjectures is left to the future.

II. ANTICOMMUTING Z, QUANTUM SPIN LIQUIDS
IN THE KITAEV REPRESENTATION

The bond-dependent Hamiltonian model introduced in
Ref. [6],

i=1 Y| X wo| | X |
(e [x] ie[z]
M

is sketched in Fig. 1.[ u |indexes the plaquettes of “type” u €

{x, z}. They are indicated by the two different colors in Fig. 1.
For each plaquette type, the coupling terms are restricted to
be in the p direction in spin space. i, j, ... represent the sites
of the lattice indicated by the black dots in Fig. 1, and (i, j)
represents nearest neighbor bonds. o/ refer to the Pauli op-
erators along the u direction in spin space for spin—% degrees
of freedom on the lattice. Note that Eq. (1) assumes transla-
tional symmetry and a nearest-neighbour coupling form for
the plaquette terms. This is however, not necessary, and there
is a much greater variety of local terms in the Hamiltonian
that is available while admitting an anticommuting structure.
This has been indicated by sketching some other possibilities
on the right-hand side of Fig. 1. Eq. (1) can be taken to be
the prototypical model with an anticommuting structure. It
has finite ground state entropy density and quantum spin lig-
uidity [6]. This model does not admit a free fermion solution
using the Kitaev representation [7]. However, there are many
local conserved charges analogous to the Kitaev honeycomb
model. They are

ofooiof on the[x]plaquettes, )

oj'ojaj o} on the [z]plaquettes. 3)

The conserved nature of these quantities may be verified eas-
ily. They are essentially conserved (local) Z, parities of these
Ising plaquettes. All the above quantities form extensively
large sets due to their local nature. Unlike the Kitaev toric
code or Kitaev honeycomb model, these local charges do not
all mutually commute. The two sets rather anticommute with
each other in the sense described in Sec. I, i.e., “multisite
spin—% operator products which anticommute when they share
a site.” Note the single-site sharing property is not strictly
necessary as long as there are anticommuting local charges,
however, the single-site sharing property is quite natural for
corner sharing lattices. This obstructs solvability through the
Kitaev approach due to the noncommutation of the local
conserved Z, charges unlike the Kitaev honeycomb model.
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FIG. 1. A prototyptical lattice structure for two-dimensional anticommuting quantum spin liquid models. Note the “plaquette-interlinked”
nature of the bond-dependent couplings in this model, when compared to the “bond-interlinked” nature of the bond-dependent couplings in
the Kitaev honeycomb model along orthogonal directions in spin space. Other models say with three-spin couplings, which will have the

anticommuting algebra can also be easily imagined.

This anticommuting structure underlies the absence of mag-
netic or spin ordering [8].

If we were to use Kitaev’s representation [7,13] (al." =
iyioy_;‘ with y as Majorana fermions) for Eq. (1), we would
arrive at

H=

L D0 )y
<i,j>e

The tilde symbol on the left-hand side of Eq. (4) is to indi-
cate that this operator acts on the extended Hilbert space of
four Majorana degrees of freedom per site as per Kitaev’s
prescription. Eq. (4) does not reduce to a system of free
fermions unlike the Kitaev honeycomb model. For the Kitaev
honeycomb model, we recall that the Z,-valued quantities
uy; = y/'yj" are remarkably static background gauge fields.
However, for Eq. (4), they do not remain static anymore.
This is because these Z, link or bond quantities coming
from within the same plaquette do not all mutually commute
anymore, i.e., [ufj ui.‘k] # 0. This leads to noncommutation
with the Hamiltonian as well, thus making them dynamically
fluctuating. We note here how the anticommuting charges of

Egs. (2), (3) appear in this representation

“

pefx,z}

&)

Wy vy ) v viviv) on the[z] plaquettes,  (6)

and one can check their noncommuting property using this
representation as well. Interestingly, there are the following
additional conserved quantities

(V,-x Yivivi ) on the [ x | plaquettes,

(v vev’) (vivivivy) on the [x] plaquettes,

@)

(vivivivi) on the [z] plaquettes, ®

with eigenvalues 1. Furthermore, they mutually commute
with each other and are thus static under Hamiltonian evo-
lution by Eq. (4). However, these Z, quantities do not help
to reduce the model to a quadratic fermionic form. For the
above Majorana multilinears, we take a particular orientation

of i, j, k, [ on each plaquette, say clockwise starting from a
reference site. We will adhere to this convention throughout
for Majorana multilinears.

Let us also consider the following four-spin variant of
Eq. (1) composed of the anticommuting Z, terms themselves.
The model is thus

H=JY ([T [ +2> | [ 5] ©
ie JjE
again with the following conserved local Z, parities
ofoiofo) on the [x]plaquettes, (10)
o;'0joj o) on the | z]plaquettes. (1)

This model and related multispin variants will be of special
focus in this work. They adhere in a sense to the spirit of
Kitaev’s toric code for which the mutually commuting terms
form the Hamiltonian. In the Kitaev representation, Eq. (9)
becomes

a= x| 1| I

netx,z} ie ie
This model also has the additional mutually commuting Ma-
jorana multilinears

12)

(vv;vi'vi') on the [X] plaquettes, (13)
(v Vivi ¥{) on the [z] plaquettes, (14)
as the earlier model in Eq. (4). Thus we arrive at
A=) [w]| [T 7| + =2 ]| TT 7|
ic ic
(15)

where and are the conserved Zj-valued charges in
the extended Hilbert space of the Kitaev representation. The
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above is not a quadratic form but rather an interacting Majo-
rana Hamiltonian. It is not clear if there is a straightforward
exact solvable form for its ground state and/or eigenspectrum.
We can also check all of the above for Egs. (1) and (9)
in a different representation known as the SO(3) Majorana
representation [13,14] with essentially the same conclusions
as above, i.e., not leading to a free fermion representation as
is perhaps to be expected. See Sec. Il A of Ref. [13] for the
details on this representation.

We now interpret the above Majorana forms of the ac-Z,
models as a lattice gauge theory. For the subsequent dis-
cussion, the lattice gauge theoretic structure of the Kitaev
honeycomb model will serve as a natural point of comparison
and contrast. The key difference is that the four-Majorana
conserved quantities written down above are Z, variables
associated with the plaquettes of the lattice. They are thus
unlike the bond or link Z,-gauge variables on the bonds of
the (say square or honeycomb) lattice as is usual in stan-
dard lattice gauge theories. The plaquette variables are still
gauge-dependent variables since we can change their sign
using the Z,-gauge freedom of the Kitaev (or any other)
Majorana representation for spin-%. Interestingly, while the
many-body energetics of the Kitaev honeycomb model de-
pends on the configuration of the background static Z,-gauge
invariant fluxes—the W, conserved quantities of Eq. (6) of
Ref. [7]—the many-body energetics of the anticommuting Z,
QSLs under consideration here can not depend on the config-
uration of the Z,-gauge variables on the plaquettes precisely
because they are gauge dependent and involve a gauge choice.
That is, for these plaquette quantities as Z,-gauge variables
Egs. (7), (8), (13), and (14), there is no corresponding local
gauge invariant quantities as opposed to the plaquette fluxes
in the Kitaev honeycomb model. However, there is a global
gauge invariant quantity which is a product of the conserved
four-Majorana multilinears from all the plaquettes, i.e.,

[T [ II» =116
netxz) ,»e i

projection step(D;=iy ¥y yi=1) 0.y y
& l_[ (iv'v)) = Hai . (16)
i

1

which is manifestly gauge invariant even before the projec-
tion step. The projection step shows that this is a physical
global Z, symmetry of Egs. (4), (15)—a global 180° rotation
around the y direction in spin space. It is in this sense that
Egs. (7), (8), (13), and (14) capture nontrivial quantum reso-
nances over the full system. We will make a few more remarks
on related considerations in the context of the multispin ac-Z,
QSLs in Secs. IVB for Eq. (9) and also similar results on
nonbipartite lattices in Sec. V.

As emphasized above, we arrived at the plaquette Z,-
gauge dependent flux-unlike variables of Egs. (7), (8), (13),
and (14) “directly” without having had to invoke any underly-
ing (Z,) gauge group link or bond degrees of freedom. So they
can not be considered as standard gauge-invariant “fluxes”
from a gauge-theoretic perspective. This shows the nonstan-
dard character of these anticommuting Z, QSL Hamiltonians
when trying to view them as a lattice gauge theory with

a Majorana matter sector and a Z,-gauge sector. This an-
swers to an extent one of the gauge-theoretically oriented
structural questions posed in Refs. [6,15]. To elaborate, stan-
dard lattice gauge theories are defined with the gauge group
variables on the links or bonds (with co-dimension one) of
the lattice in any dimension. Products of these gauge group
variables around elementary plaquettes (with co-dimension
two) are defined to be gauge-invariant fluxes. This is not
the state of affairs for Eqs. (15) or (4). Interestingly, if we
were to take a “one-dimensional limit” of Egs. (1) or (9),
that would lead to the one-dimensional Kitaev chain H =
> i w007 + J.0f07, | with a two-site unit cell, which has
an anticommuting structure as well. This does lead a standard
lattice gauge theory with Z, gauge variables on the links by
virtue of the one-dimensional chain geometry. It turns out
that gauge degrees of freedom in one dimension are purely
artifactual [16].

For ac-Z, QSLs in higher dimensions, we found that the
Z, gauge variables are associated to the elementary motifs of
the higher dimensional lattice that have the same dimension
as the lattice itself—square plaquettes for the square lattice,
tetrahedral motifs for the pyrochlore lattice, etc., instead of
the bonds or links as in standard lattice gauge theories which
are the one-dimensional elementary motifs in any dimension.
Thus the ac-Z, QSLs can be considered a specific higher-
dimensional extension of the Kitaev chain that keeps intact
this gauge artifactual property in the higher dimension leading
to a nonstandard lattice gauge theoretic structure. The only
physical Z, gauge invariant fluxes that can be put on the
system are thus global in nature [cf. Eq. (16)] and threaded
through the periodic boundary condition related “holes” of
the one-dimensional periodic chain and the two-dimensional
torus, respectively. The other higher-dimensional extensions
of the Kitaev chain is of course the Kitaev honeycomb model
and its three-dimensional variants on trivalent graphs [17]
which lead to a standard lattice gauge theoretic structure with
local gauge invariant Z, fluxes. The “matter” sector [involving
only the y° Majoranas for Eq. (9) but not for Eq. (1)] do not
reduce to a quadratic hopping Majorana form but rather re-
main of a four-Majorana interacting form. This nonreduction
is true for Egs. (1) or (4) as well.

From the above discussion, we saw that the physics of
the four-spin ac-Z, QSL in Eq. (9) is quite different from
the many-body physics of Kitaev toric code, and thus more
generally, from the physics of Levin-Wen string nets with loop
superposition wavefunctions. Recall that the toric code is one
of the perturbative limits of the Kitaev honeycomb model.
The two-spin ac-Z, QSL in Eq. (1) and its nonreduction to a
quadratic Majorana form as we saw above also distinguishes
itself from the Kitaev honeycomb model that does reduce to
hopping Majoranas in the background of static Z, fluxes. The
preceding is noteworthy because the respective Hamiltonians
are not entirely dissimilar.

We note here that extensive degeneracy can also be had in
models with commuting algebras of local conserved charges.
For example, in the Kitaev toric code, which resembles that
of Eq. (9), we can set the coefficients of an extensive num-
ber of star or plaquette terms to zero [18]. These are to be
thought of as zero modes of the well-defined e and m exci-
tations of the toric code. In the ac-Z, QSLs, the status of the
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existence of well-defined quasiparticles is not quite clear. This
was also seen in the preceding discussion on the interacting
four-Majorana form of these models, which seems not easily
“escapable” including when two-spin terms are present such
as in Eq. (4) or Eq. (1). Similar conjectures were also dis-
cussed in Sec. 2.3 of Ref. [6].

III. A FOUR SPIN ANTICOMMUTING Z, QUANTUM SPIN
LIQUID ON THE SQUARE LATTICE

In this section, we will study further the four-spin model of
Eq. (9) which as mentioned before has a family resemblance
to the Kitaev toric code. It will be shown that this four-spin
ac-Z, QSL is mappable to something that is reminiscent of but
not the same as Wegner’s Z,-Ising lattice gauge theory. Let us
recall that (1) the Kitaev toric code and Wegner’s Z,-Ising
gauge theory belong to the same universality class, and (2)
matter-less lattice gauge theories (including Z,-Ising gauge
theory) are generally defined on a “medial” lattice where the
gauge group degrees of freedom live on (the midpoints of)
bonds or links of the lattice. That is, there are two gauge
variables per unit cell for Z,-Ising gauge theory on the square
lattice in the original construction by Wegner. In our case
the mapping step—to be described soon in Sec. III A—will
lead to a Hamiltonian which has a similar appearance as the
matter-less Z,-Ising lattice gauge theory but now with the
degrees of freedom living on sites or vertices of the (square)
lattice and not on bonds of the (square) lattice, i.e., one per
unit cell. This alternative model has been studied by Xu and
Moore [19] motivated through a different context concerning
p + ip superconducting arrays [12,20]. It turns out this dif-
ference of the degrees of freedom being one or two per unit
cell makes a crucial difference as to the nature of the models,
in particular whether there exists local gauge transformation
generators or not. On a side note, the Xu-Moore model can
also emerge in the commuting toric code in the presence
of a transverse field [21] but not in the Kitaev honeycomb
model [22]. Commuting symmetries based mappings for en-
largement/reduction of local Hilbert spaces has been explored
more generally in the literature as well [23-26].

For the mapping, we make the following observation: the
four-spin plaquette operators ]_[l.e o' are not sensitive to
the actual {o/*}-spin configuration but only their Z, parity in
the p direction in spin space. This Z, parity is of course not
conserved by the Hamiltonian (9); while the Z, parity in & di-
rection on the plaquette is conserved [Egs. (10) and (11)].

Thus we can effectively treat the nonconserved ]_[ie ol

terms on {} plaquette as two-level systems as far as the
many-body energetics or eigenspectrum is concerned.

A. One-time block decimation

We therefore define the following plaquette-parity based
two-level variable

i~ [ ot (17)
ie

where I indexes the plaquette . It is important to keep
in mind that the previous definition is not an equivalence,
but rather is like Kadanoff’s block decimation step done
“just once” to arrive at the plaquette-parity based two-valued
variable. That is, this decimation is a many-to-one map. To do
the decimation step, we choose one of the two sets of {}

and {} plaquettes. This will lead us to an effective square
lattice after the decimation with the chosen set of plaquettes
becoming the sites or vertices of the resultant block decimated
lattice as shown in Fig. 2.

Also as is usual under decimation or coarse-graining, we
will lose information in this process—in this case about the
underlying spin configurations of the o/ variables—and ar-
rive at an effective model whose Hilbert space has a smaller
dimension. It equals 2™« after the decimation while we started
with 24*Me for Fig. 1 where N, is the number of the unit
cells of the original lattice. Under this coarse-graining step,
we directly have

ST et =D (18)
] '

on the chosen set of plaquettes while organizing the block-
decimation or coarse-graining step. I denotes the sites or
vertices of this one-time block-decimated lattice as shown on
the right of Fig. 2. For the lattice of Eq. (9) as shown in Fig. 1,
I is naturally associated to the center of the chosen set of
plaquettes {}, and the resultant block-decimated lattice is
a square lattice. We can actually do this here without any loss
of information with respect to the many-body eigenspectrum.
The loss of information happens only for the underlying spin
configuration, i.e., the spin configuration info {c/} for i € I.
We can afford to do this since we already know that the
underlying spin-spin correlations are hyperlocal in space and
time and quite featureless as proved in Ref. [6].

B. Emergence of unconventional many-body order

Now it remains to work out what the other set of plaquette
four-spin terms of the original Hamiltonian map to after the
block-decimation. Since for (] o!'), each ¢/ term in

i€l U

the product essentially flips the parity of the —plaquette

abutting the —plaquette at the i site, therefore we arrive
at

Z l_[ oiﬁ o~ Tlﬁtjﬁtgtf, (19)
ie (IJKL)

where (IJKL) denotes the square plaquettes of the block-
decimated lattice as also indicated in Fig. 2. Thus the Hamil-
tonian of Eq. (9) maps under the above block-decimation to
the following:

H — Hp =J, Z T +Jr Z i), (20)
1 (IJKL)
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FIG. 2. Tllustration of the block decimation step described in the text of Sec. III A.

which is nothing but the Xu-Moore model. The form of
Eq. (20) is reminiscent of Wegner’s Z, Ising gauge theory.
However the decimated block spin or plaquette parity vari-
ables live naturally on the sites or vertices of the square
lattice rather on the bonds or links as remarked at the
beginning of this section. Now we can use the known re-
sults for Xu-Moore model to make statements about the
four-spin ac-Z, QSL of Eq. (9) in terms of their plaquette
parities which govern the many-body spectrum. This would
be “on top of” the 2™ lower bound on the extensive de-
generacy and the quantum spin liquidity stipulated on the
underlying the o/* degrees of freedom by the anticommuting
mechanism.

The Xu-Moore model has an extensive number of sym-
metries or nonlocal conserved charges that may be defined
on the “rows” and “columns” of the square lattice. There
are however no local gauge transformations for Eq. (20) in
terms of the {1:1’* } variables on the block-decimated square
lattice. Thus there are only 2t nonlocal charges in con-
trast to the 255> number of local conserved charges Z, Ising
gauge theory [10,11,27]. They may be written as [ [;ccou- T/
and [ ;o 77 tespectively. These have been called as
“sliding” symmetries in Refs. [19,28]. These nonlocal Z,
symmetries may be spontaneously broken when % > 1. The

corresponding order was termed as an “unconventional bond
order” by Xu and Moore. It is captured by nonlocal order
parameters, e.g., through Wilson loops of the form W (L) =
[1,cc 7" For J, = 0, this order parameter takes (W (L)) = 1

Iz .
F <1 these unconventional or-
(L

ders are absent. See Eq. (18) of Ref. [12] and the surrounding
discussion.

The side with unbroken nonlocal Z, symmetries also has a
dual form of the same unconventional order. This can be seen
through a (self-)duality given on pg. 5 of Ref. [19]. On the
disordered side, the order resides in the variables defined on
the dual sites. See Eqs. (15) and (16) of Ref. [19] for the defi-
nitions of the dual variables and the subsequent discussion for
the nonlocal order parameters that capture the many-body or-
der on the disordered side. The self-duality mentioned above

for any closed loop L. For

implies a quantum phase transition at j—ﬁ = 1. This self-duality
is also clear at the level of Eq. (9) iun terms of the chosen
set of plaquettes {} or {} with which to start the block
decimation step. It turns out that the Xu-Moore model can also
be mapped to the 90° compass model as shown by Nussinov
and Fradkin in Ref. [28], which gives another perspective on
the sliding symmetries.

IV. ANALYSIS IN TERMS OF GLOBAL
SUPERSELECTION SECTORS

In this section, we will investigate the possibility of topo-
logically protected degeneracies for the four-spin ac-Z, QSL
case given its similarity in appearance to the Kitaev toric code.
A recapitulation of the arguments for such degeneracies in the
toric code model as well as the 90°compass model is given in
Appendix A for reference.

A. Fourfold degeneracy of the square lattice four-spin
anticommuting Z, quantum spin liquid

We now apply a similar line of reasoning to the four-spin
ac-Z, QSL described by Eq. (9). There exist additional non-
local conserved quantities with new degeneracy information
apart the degeneracies resulting from the local anticommuting
structure. One possible choice is {O}, Ofl, O;, O3} as shown
in Fig. 3, with

oy =[] or. 1)
i€l

02 =[] (22)
iel,

where L, L, are horizontal and vertical noncontractible loops
in the presence of periodic boundary conditions. The algebra
of the nonlocal charges is given by

[03. 03]

0, (23)

[0%, 03] =0, (24)
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FIG. 3. The conserved quantities O}, O;, O;, O for the four-
spin ac-Z, QSL on the square lattice as defined in Eq. (9). We do not
consider 0, O; separately since 0, ,, = O; ,O; ..

(0505} =0, @5)
{or. 05} =0, (26)
[0} 05] =o. e
[03,05] =0, (28)

which symbolically is the same as the algebra of nonlocal
conserved operators in the Kitaev toric code model (Ap-
pendix A). The above choice is not unique analogous to the
toric code, but other choices for these nonlocal conserved
quantities do not capture new degeneracy information as dis-
cussed in Appendix B. Similarly, O; and Oy are also nonlocal
conserved operators, but they do not capture new informa-
tion since O}, = 05 /vOhyy- Thus like the toric code, we are
led to a fourfold degeneracy for the four-spin ac-Z, QSL
of Eq. (9) due to the anticommuting structure in the above
nonlocal conserved operators. This known argument is given
in Appendix A for completeness. This fourfold degeneracy
can therefore be considered topological in nature similar to
that of the Kitaev toric code.

Thus we conclude at the moment that this four-spin model
has unconventional orders in the plaquette parity block spin
variables (Sec. III), quantum spin liquidity in the original
spin-% variables and also a fourfold topological degeneracy
formulated in terms of the original spin—% o!' variables as
discussed above in this section. This is suggestive of a topo-
logical order that is distinct than that of the Kitaev toric
code that is in the same universality class as the perimeter
scaling phase of Wegner’s Z, Ising gauge theory. The rea-
son to suspect a distinct topological order is the following:
if the fourfold topological degeneracy were to be a conse-
quence of toric code order, one would expect effective star and

plaquette terms to emerge in a renormalization group sense
after coarse-graining away from the microscopic lattice scale
towards larger length scales. However, as we saw in Sec. III,
the coarse-graining of Eq. (17) that was rather natural led to
the Xu-Moore model, subsystem symmetries and associated
physics. It is hard to imagine how effective star and plaquette
terms would emerge upon further coarse-graining. We will
say some more on this issue at the end of Sec. IV C that will
further highlight why we do not expect the four-spin square
lattice ac-Z, QSL to be in the universality class of the Z,
Ising gauge theory.

As it stands, there is also another subtlety for the particular
four-spin ac-Z, QSL of Eq. (9) that needs our attention, which
gives it additional structure apart from the anticommuting
algebra of local conserved Z, charges of Egs. (10) and (11).
There are additional two-spin local conserved charges for this
model that have definite implications on the global superselec-
tion sector structure of Eq. (9). Before we discuss this issue,
let us first point out something else analogous to the ‘“star
term” charges that are well-defined quasiparticle excitations
of the Kitaev toric code.

B. ‘“Star term” charges from ‘“missing” plaquettes

For the four-spin ac-Z, QSL of Eq. (9), apart from the
local conserved charges in Egs. (10), (11), (13), and (14)
and the nonlocal conserved charges discussed in the previous
sections, there exists another set of local conserved charges.
These additional local charges are in fact made use of for
the interconvertibility arguments in Sec. IV and described in
Appendix B. They are quantities defined on the “missing”
plaquettes for Eq. (9). They correspond to the uncoloured pla-
quettes in Fig. 1. On these plaquettes, we have the following
conserved quantities:

oo oi o} on the U plaquettes, (29)
oo oo/ on the U plaquettes. (30)

: : Yy Y Y
Their product, 1e., 0;0;0;,0; On the O plaquettes,
charge. This o/c)c]

is thus also a conserved 0; 050}

o; product on the O plaquettes can thus be considered as
zero-energy quasiparticles or zero modes of the Hamiltonian
of Eq. (9) since it commutes with Eq. (9). If we considered the
original terms of Eq. (9) as (anticommuting) plaquette terms
analogous to that of the Kitaev toric code, then the additional
conserved charges 0707070 on the Oplaquettes could be
called as the “star” terms. This is not improper if we were to
let the toric code Hamiltonian be defined such that the spins
live on the sites or vertices of a square lattice. This is slightly
different than the more common convention for where the
spins were assigned to the bonds or links of a square lattice
(Appendix A). The unit cell defined this way will have halved
unit cell area and primitive axis at 45° with respect to those in
the original convention as illustrated in Fig. 4. If we were to
add the o070} 0] product terms on the missing [J plaquettes
to the four-spin ac-Z, QSL Hamiltonian with nonzero
coefficients, then these additional charges would also have
associated energetics.

The mutual statistics of the ojojolo] charges on

1
missing plaquettes {(J} with respect to the excitations
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FIG. 4. The model in Eq. (9) consists of plaquette terms (red and
green) with degrees of freedom located at the sites of a corner-sharing
square lattice shown in solid black. One set of the locally conserved
plaquette operators is defined on the empty plaquettes (blue), form-
ing the “star” terms on the gray square lattice that is 45° rotated with
respect to the black square lattice. For the gray square lattice, the
degrees of freedom reside on the bonds. For details, see Sec. IV B.

from the other “occupied” plaquette sector of the four-
spin ac-Z, QSL in Eq. (9) is an open question. Note
that the excitations of the four-spin ac-Z, QSL are
described by Xu-Moore physics in terms of the one-
time block-decimated plaquette parity variables defined in
Sec. III. This is after discounting the extensive degeneracy
stipulated by the anticommuting mechanism. Another point of
note, which will become relevant in the following Sec. IV C,
is that the extensive degeneracy stipulated by the anticom-
muting mechanism can also be argued through the lens of the
additional symmetries on the missing plaquettes of Egs. (29)
and (30) pointed out above, alternatively to what was done
using those of Eqs. (10) and (11) [or equivalently Egs. (2), (3)]
in Ref. [6].

We furthermore note for completeness that in the Kitaev
representation, the following four-Majorana forms from the
missing plaquettes {{J} are conserved quantities in the ex-
tended Hilbert space as well:

(vvv{v'") on the O plaquettes, &1V
(%'vivivi") on the O plaquettes, (32)
(v/vivi'v)") on the O plaquettes, (33)
(¥ivivivi) on the O plaquettes. (34)

These are also not all independent due to the projective con-
straint of the Kitaev Majorana representation (Sec. 4.1 of
Ref. [7]).

C. Additional two-spin local conserved charges

There exist additional local conserved quantities for the
particular Hamiltonian in Eq. (9) that were not noted down
till now intentionally for the purpose of presentation. They
are composed of two-spin terms given by

ofo; fori,je , (35)
ofo; fori,je [x] (36)

All other local symmetry operators previously defined in
Egs. (10), (11), (29), and (30) can in fact be constructed using
combinations of these two-spin operators [29]. However, this
is a particularity of the four-spin ac-Z, QSL of Eq. (9). For
the two-spin ac-Z, QSL of Eq. (1), there are no such two-spin
terms as conserved local charges. In this sense, the local con-
served Z,-Ising partities of Eqs. (10) and (11) have a certain
primacy and are the prime structure with regards to ac-Z,
QSLs. Later in this section, we will write down a more general
Hamiltonian still with four-spin coupling terms for which
the above two-spin operators of Eqs. (35) and (36) are not
going to be remain conserved. This will give another perspec-
tive on the enlarged symmetry of Eq. (9) through Egs. (35)
and (36).

Given the existence of the two-spin conserved local Z,
charges in Egs. (35), (36), one needs to redo the degener-
acy counting via the anticommuting mechanism. The details
of doing such degeneracy counting was discussed using the
examples of two-spin ac-Z, QSLs in Sec. 2.1 of Ref. [6].
(Strictly speaking the anticommuting mechanism gives a
lower bound on the spectral degeneracies). If we were to use
the anticommuting conserved charges of Egs. (10) and (11),
then we would conclude a degeneracy of 2number of unit cells gipnce
there is one pair of anticommuting conserved charges per unit
cell. This is also true for Eq. (1) via Egs. (2) and (3). But given
the two-spin conserved operators of Egs. (10) and (11), there
are now more conserved quantities within the unit cell. The
counting now leads to a lower bound of grumber of unit cells

In brief, the argument goes as follows: We choose one
of the mutually commuting sets of anticommuting conserved
charges, say the set of ;0 for i, j € | z|[cf. Eq. (35)]. Using
the anticommuting Z, operators from the other set of afaj
fori, je [cf. Eq. (36)], we can start generating distinct
degenerate states. The application of any one of the anticom-
muting oo from a given leads to a distinct degenerate
partner eigenstate. This is because it leads to an unique flip
in the pattern of o;'o; values in the affected neighboring .
Similarly, simultaneous application of multiple oo} terms
coming from one or more unit cells will lead to other distinct
degenerate partner eigenstates with distinct flipping patterns
in the oo values in the affected | zs. This leads to the lower

bound of grumber of unit cells oy the degeneracy generated through
the anticommuting mechanism.

Importantly, we also see that the nonlocal operators dis-
cussed in the previous section [Egs. (21) and (22)] can also
be generated by appropriate products of the local two-spin
symmetry operators in Eqs. (35) and (36). This decomposition
in terms of local symmetries is not possible for the nonlocal
operators of the Kitaev toric code shown in Fig. 12. This
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(04 O*

FIG. 5. A sketch of the model in Eq. (37) defined on a corner-
sharing square lattice with conserved quantities Oy, O;, O;, O3. It
defines a family of four-spin ac-Z, QSLs which contains the four-
spin ac-Z, QSL of Eq. (9) as one of its members.

leads to the different topological sectors being disconnected
under toric code Hamiltonian evolution [30]. In this sense,
the fourfold degeneracy of Hamiltonian in Eq. (9) is not
topologically protected as thus not the same as that of the
toric code and its topological order. We give the argument
for the lack of topological protection due to the aforesaid
local decomposition of the nonlocal conserved operators in
an Appendix for completeness (Appendix C).

Thus what do we make of the fourfold degeneracy of
Eq. (9) on the torus that must be there via the anticommuting
nonlocal operators of Fig. 3 discussed in Sec. IV A. To answer
this in a “corner-sharing” way, we write down a more gen-
eral four-spin model that voids the two-spin local conserved
charges that are inescapable for Eq. (9). It is as follows:

Hyen) = Z Z oy 1_[ o + Bu 1_[ o
1e(R,G) ie ie

Here, R and G label the corner-sharing plaquettes as de-
picted in Fig. 5 with red and green coloring, respectively.
For the choice ag = B = 0 or ag = Br = 0, the model re-
duces to the Hamiltonian in Eq. (9). Also ag = ag =0 (or
Br = Bc = 0) reduces to the Kitaev toric code without the
star term, i.e., Eq. (A1) with J; = 0. The model in Eq. (37)
does not possess any two-spin local conserved quantities of
the form given in Egs. (35) and (36). As a consequence, the
nonlocal operators O3, OZ, O;, and O% shown in Fig. 5 cannot
be constructed from local conserved quantities. Furthermore,
they are themselves conserved under or commute with the
Hamiltonian of Eq. (37). This implies that there is genuine
topological degeneracy for Eq. (37) with exponentially small
level splitting in the presence of local perturbations such as a
transverse field.

. (37N

The symmetries of Eq. (37) are defined only on the “miss-
ing” plaquettes (the white plaquettes in Fig. 5). They are of
the same form as those given in Eqgs. (29) and (30). There
are no conserved operators on the {} and {} plaquettes
except in the limit of g = g = 0 or g = Br = 0. However
we can use the anticommuting algebra present in Egs. (29)
and (30) to again argue for quantum spin liquidity and residual
entropies [5]. Given (a) the lack of spontaneously broken
symmetry order of the four-spin ac-Z, QSL of Eq. (9), (b) the
presence of the nonlocal anticommuting conserved charges
and thus an associated fourfold degeneracy on a torus that
are, however, locally decomposable in terms of the two-spin
charges of Egs. (35) and (36), and (c) that Eq. (9) is the
ar = Bg = 0 or g = Br = 0 limit of Eq. (37), we conclude
that the particular four-spin ac-Z, QSL of Eq. (9) is sitting at
the boundary of a more general topologically ordered phase.
This topologically ordered phase is captured representatively
through the four-spin ac-Z, QSLs of Eq. (37) where the topo-
logical degeneracy will again coexist with extensive residual
entropies and quantum spin liquidity. The anticommuting
structure of Eq. (37) as discussed above would stipulate again
a lower bound of 2number of unitcells o the extensive degeneracy
due to the absence of the two-spin conserved operators similar
to the two-spin ac-Z, QSL of Eq. (1).

Of course, given the presence of the conserved quantities
analogous to the toric code star or e charges discussed in
Sec. IV B, we can also perform the modification in an “edge-
sharing” way by including the four-o” product terms on the
missing plaquettes in the Hamiltonian, i.e.,

Hoeny = Z JH Z l_[ o} +J7 Z 1_[ o
ne{x,z} ic O ie O

(38)
or, more generally, Hyeny = Hoent +J° Y ([ 1;c 5 o7). Each
individual summand in the last term of Eq. (38) are now
well-defined quasiparticles excitations instead of being zero
modes as in the discussion of Sec. IV B. There are several
aspects of Eq. (38) that we remark on. Firstly, as was the
purpose of the modification, the two-spin conserved quantities
of Egs. (35), (36) are not conserved anymore due to the pres-
ence of the last term in Eq. (38). Equation (38) still possesses
the same nonlocal algebra as Eq. (37) and thus is robustly
topologically ordered phase with a fourfold degeneracy on the
torus. Eq. (9) can again be thought of as living on the boundary
of the topological phase described by Eq. (38).

Secondly, G = [];.go; is in fact a local symmetry
(GoH GEl' = H V missing plaquettes {L1}) and can be consid-
ered as the gauge charge generator of the star or e charges
analogous to the toric code. Given this, in the spirit of the
relation between the toric code and the Z, Ising gauge theory,
we may now write down the following Hamiltonian:

Hys= Y J*> | T] o
nei{x,z} ie

which also possesses the same local symmetry coming from
Gp. This can be considered an anticommuting variant of

+7Y o, (39
i
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Wegner’s Z, Ising gauge theory. That is, its charge sector
generated by G is exactly the same as that of the Z, Ising
gauge theory. However, the magnetic or flux sector of the Z,
Ising gauge theory is not present for the above Hamiltonian. In
fact, the conjugate sector to the charge sector is now the four-
spin ac-Z, QSL whose excitations are not like the magnetic
or flux charges of the toric code or the Z, Ising gauge theory.
Recall that the many-body energetics of the four-spin ac-Z,
QSL was captured by an effective Xu-Moore model in terms
of the plaquette parity variables of Eq. (17) as worked out in
Sec. III B. The last term of Eq. (38) (i.e. GO) will not generate
any nontrivial operator action on the plaquette parities, i.e.,
G will be proportional to the identity operator in terms of
the {t;} variables following a similar logic as that of Eq. (19).
As had been posed earlier in Sec. IV B, the mutual statistics
of the charges from the two sectors is thus also not clear. One
expects that Eq. (38) will be perturbatively generated from
Eq. (39) in the limit of - < 1.

Finally, for Eq. (38), which is an anticommuting version of
the toric code, we can ask if there is a pictorial representation
similar to the loop superposition wavefunctions for the toric
code [30] and more generally string nets [4,31]. Because of
the local symmetry afforded by {G}, we can work in the {o”}
basis and try to set up a loop superposition picture since these
gauge charges are well-defined, i.e., setting Gg =1V [J to
remain in the ground state manifold of the gauge charge sector
will automatically lead to loops in the {o”} basis similar to
string nets. However, because of the anticommuting nature of
the conjugate sector, the loop superposition will necessarily be
different than string nets. For the solvable cases of string nets,
the loop superposition becomes especially simple, i.e., a uni-
form superposition over all closed loop configurations [30].
This will not be the case in the presence of anticommuting
algebras. Whether there is still an identifiable structure is an
open, interesting question. Also from the above perspective,
Eq. (9) being the J” = 0 limit of Eq. (38) will contain open
strings as well in the superposition, which is alternatively
stated as the gauge charges becoming zero modes of the theory
(cf. Sec. IV B).

We end this section with the observation that the Majo-
rana representation of the four-spin ac-Z, QSL Hamiltonian
[Eqg. (15)] also admits analogous 2-Majorana forms as sym-
metry operators:

vi'yi fori, je[x] (40)

vivi fori,j e[z} A1)

These 2-Majorana conserved operators are also mutually com-
muting like the 4-Majorana symmetry operators defined in
Egs. (13), (14), (32), and thus do not have an anticom-
muting algebra. The 4-Majorana symmetry operators can
straightforwardly be constructed or recovered from the local
two-Majorana symmetry operators in Egs. (40) and (41).

V. ANTICOMMUTING Z, QUANTUM SPIN LIQUIDS
ON NON-BIPARTITE LATTICES

From the discussions so far, we see that the essen-
tial algebraic structure underpinning the ac-Z, QSLs does
not fundamentally rely on the bipartite nature of the

supporting lattice. Instead, it is the corner-sharing geometry
of the supporting lattice that plays a critical role in enabling
the construction of bond-dependent spin-% Hamiltonians with
noncommuting local conserved quantities. Lattices with el-
ementary motifs that share a common site thus are natural
supporting lattices. The square plaquettes of the square lat-
tice formed the focus till now as in the previous sections.
The nonbipartite generalizations to be discussed in this sec-
tion further demonstrate the flexibility of the anticommuting
framework and its potential relevance to a broader class of
frustrated quantum magnets, e.g. the pyrochlore construction
can be termed as a “Z, quantum spin ice” by stretching the
ice terminology somewhat.

In this section, we discuss how the ac-Z, QSL framework
or model construction naturally extends to nonbipartite lat-
tices possessing corner-sharing motifs. In particular, we will
consider two main examples. (1) The kagome lattice with
corner-sharing triangles where the anticommuting algebra of
conserved charges will come from the elementary hexago-
nal motifs rather than the elementary triangular motifs. This
will thereby make the results of Ref. [6] applicable including
quantum spin liquidity in the lattice spin variables. (2) The py-
rochlore lattice with corner-sharing tetrahedra which admits
an anticomutting algebraic structure directly on the elemen-
tary tetrahedral motifs and the concomitant physics quite like
the square lattice models discussed in the previous sections.
In the following sections, we will focus on the greater-than-
two-spin coupling constructions similar to the bipartite square
case in the previous two sections. For the two-spin coupling
constructions, the results of Sec. II will of course still apply;
we will also discuss the two-spin nonbipartite variants some
more in the subsequent Sec. VI.

A. Kagome lattice

We write down a three-spin coupling model on the Kagome
lattice, analogous to Eq. (9), as shown in the left panel of
Fig. 6. The Kagome lattice having the corner-sharing property
naturally accommodates such a model. It can be written as

H=Jx;<l_[0ix>+JZZ [Tei] @2

ieV A je A

Note the above Hamiltonian is not invariant under the time
reversal operation on the spin-1 moments (7o} 7! = —o/"),
unlike the square lattice based models discussed till now and
the pyrochlore model to be discussed later. In Kitaev’s Majo-

rana representation, Eq. (49) becomes

H= 7> (]_[iyioy;‘) +IY | T]i’v ] @3)
v

ieV A ie A

As in Sec. II, the tilde symbol on the left-hand side of Eq. (43)
is again to indicate that this operator acts on the extended
Hilbert space of 4 Majorana degrees of freedom per site as
per Kitaev’s prescription. Here the 3-Majorana form analogs
of the conserved 4-Majorana forms in Eq. (7) and related
equations now defined on the occupied triangular plaquettes
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FIG. 6. Illustration of the block decimation step for the kagome lattice as set up in Sec. VA 1.

(A, V) are not conserved quantities,

[]—[ Vi, H] #0. | [y A #0. (44)

iev ieA

Such n-Majorana form symmetries are, in fact, absent for
plaquettes composed of an odd number of bonds. However,
Majorana multilinear symmetries defined on the “missing”
hexagonal plaquettes of the Kagome lattice are indeed present.
The corresponding symmetry operators are

[T TIv Tlv TI» 45)
€O i€eO icO icO
where O denotes the hexagonal plaquette of the kagome

lattice. All of these operators are symmetries in the extended
Hilbert space of Kitaev Majorana fermions by definition,

Hyf,ﬁ =0, l_[yiy,ﬁ =0,
| ieO i LieO i
[[vid|=0 |[][».H|=0 — w6
LieO i L ieO i

but do not commute with the projection operator D; o
iyioyi"yiy y{ that projects us back into the physical Hilbert
space. Thus they are not physical symmetries or conserved
charges. However, their product yields [[,. 5 07", [Ticy 07
and [[,c o o7 which are symmetry operators in the physical
Hilbert space, i.e.,

1_[ o', H|=0,
L ieO i

]_[ o, H|=0, ]_[ of, H| =0. (47)
| €O i €O

But they do not all mutually commute and rather form an an-
ticommuting algebra supported on the hexagonal plaquettes!
Thus spin liquidity and a residual ground state entropy are
guaranteed [6]. We may still give a well-chosen subset of these

operators some energetics to obtain quasiparticles in an exact
fashion on the hexagonal motifs similar to the star term discus-
sion in Sec. IV B. Note that unlike the case of (corner-sharing)
square lattice [cf. Eqs. ((1) and (9) and their respective con-
served plaquette operators Egs. (2), (3), (10), and (11)], in
the case of Kagome lattice here which is a corner-sharing
triangular lattice, Eq. (49) does not admit anticommuting local
conserved operators on the elementary triangular plaquettes.
This is a direct consequence of the fact that these “occupied”
plaquettes of the Kagome lattice are composed of an odd
number of bonds. In particular, the following operators do not
commute with the Hamiltonian:

Hoix,H #0, |:1_[af,H:|7é0, (48)

ieA ievV

neither do the corresponding 3-Majorana forms as mentioned
in Eq. (44). We note that Eqs. (47) and (48) are not true for a
two-spin coupling version of Eq. (49), i.e.,

H:sz Z ojo; +JZZ
v (

i,j)e v A

> oo ]. 49)

(i,j)e &

In fact, the equality counterpart of the inequality in Eq. (48) is
true for Eq. (49) above leading to an anticommuting algebraic
structure on the elementary triangular plaquettes, and thus
would share properties with the two-spin ac-Z, QSL on the
square lattice [Eq. (1)] discussed in Sec. II.

For the three-spin case of Eq. (49), there continue to exist
two-spin and two-Majorana local symmetry operators of the
form discussed in Egs. (35)—(41), within the triangular pla-
quettes as follows:

oj'o} fori, j € A, (50)

ofaj fori,jeV, (51)
and in the Majorana representation [Eq. (43)]:

yfyf fori,jeV, (52)

yl.zyjz fori, j € A, (53)
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FIG. 7. The conserved quantities O}, 05, O;, O for the model
Hamiltonian defined in Eqs. (49) and (54) on the kagome lattice.

with implications analogous to those described in Sec. IV C.
The nonlocal quantities 07, OZ, O3, O3, defined along non-
contractible loops on the torus [Egs. (21), (22) and Fig. 7]
are also present as conserved nonlocal charges, and are again
decomposable in terms of the local two-spin symmetries in
Egs. (50) and (51). Consequently, this model does not exhibit
genuine topological order in the toric code sense. However,
and again mirroring the discussion in Sec. IV C, we can define
a modified Hamiltonian on the Kagome lattice as

genl— Z Z a,ul_[U +/3p.1_[0 (54)

ne{R,G} A, i€ Ay i€ Ay

where each triangle (labelled R and G in Fig. 7) hosts both
types of terms, or

He= D D | /" [] o +Z 1o

nelx,zy Ay ie Ay ic O
(55)
of Hyen1 + (' [lic 3 o) most generally. These gener-
alized Kagome models lack any two-spin local conserved
quantities, and the nonlocal operators O, 02, O;, O now
obey the same algebra as described in Egs. (A2)-(A7). Fur-
thermore, they also have an anticommuting algebra on the
hexagonal plaquettes as well given by Eq. (47). Thus using
arguments similar to those in the previous sections, we con-
clude that these three-spin Kagome models realizes an ac-Z,
quantum spin liquid with fourfold topological ground state
degeneracy. Finally, the three-spin model of Eq. (49) being
appropriate limits of Eq. (54) or Eq. (55) sits at the boundary
of a genuinely topologically ordered phase with its topolog-
ical order being distinct from toric code order in line with
Secs. IV A and IV C. We also write down for completeness

the following Hamiltonian:

Hon= ¥ X[ [Tot |+ 2o 6o
nefx,zy Ay i€ Ay i
Wthh is expected to generate Eq. (55) perturbatively when

,,‘ « 1 following the discussion of Sec. IV C.

1. Symmetry breaking order in the three-spin model

Similar to the block decimation done for the four-spin
model on the square lattice in Sec. III A, we can perform a
coarse-graining procedure on the Kagome lattice Hamiltonian
given in Eq. (49). As before, we can define a plaquette-parity
variable analogous to Eq. (17). Under this coarse-graining, the
original sum over one set of the triangular plaquettes (say the
up-triangles from Eq. (49), {A*}) maps to

>\ [T

~ Z 7. (57)
Am \iear 1
Furthermore, the operator o/ now from the down-triangles
from VF plaquette when acting on a spin within an up-
triangular A* plaquette flips the parity of the corresponding
AM plaquette. Thus, analogous to Eq. (19), we can define

SUTT ok | = D o ek, (58)

VE \jeVHF (IJK)

where (IJK) denotes the AP plaquettes of the block-
decimated lattice as also indicated in Fig. 6. Thus the
Hamiltonian of Eq. (49) maps under the above block-
decimation to a Hamiltonian like the Xu-Moore model [12]
but now defined on a triangular lattice:

H — Hp =J, Zr, +Ir Y k. (59)
(IJK)

It is important to note that the sign of J, (or Jy;) does not
affect the block decimation procedure. This is because, for an
individual triangular plaquette term, both signs of the coupling
yield four degenerate ground states—i.e., in u basis: {+ +
+ +—-—— —+—-, ——+}forJ, <0and {— ——, — 4+
+, +—+, ++ —} for J, > O—and vice versa for the four
degenerate excited states.

This block-decimated model on the triangular lattice
[Eq. (59)] is qualitatively different from the Xu-Moore model
on the square lattice [Eq. (20)]. Unlike the square lattice
case, Eq. (59) lacks sliding symmetries due to the triangu-
lar nature of the (block-decimated) lattice. The ground state
of this block-decimated effective Hamiltonian thus exhibits
long-range order as shown in Fig. 8. Note the order can be
either of ferromagnetic type or three-sublattice type with both
types of ordering being degenerate minima with long-range
order for J" > 1. For a counterpoint to this, see the end of

Sec. VL. There will also clearly be a self-dual point at J,, = Ji
in line with Sec. III B.
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® 41 (—1)in f basis for Jz < 0 (Jz > 0)
= —1 (41) in 7z basis for Jz < 0 (Jz > 0)

VAV
\VAVAVAVAVAV
/NN NN NN

FIG. 8. Schematic of the ferromagnetic and one of the three-sublattice long-range ordered states for Xu-Moore model on a triangular lattice

when J, = 0.

B. Pyrochlore lattice

In this section, we consider the pyrochlore lattice of corner-
sharing tetrahedra and thus the first three-dimensional lattice
in this work. The fact that an anticommuting Z, structure
can be naturally accommodated on the pyrochlore lattice was
already pointed out in the conclusion section of Ref. [6]. Here
analogous to Eq. (9), we will again study a four-spin ac-Z,
QSL which will have features quite similar to the square
lattice four-spin ac-Z, QSL. This is in spite of the supporting
lattice being nonbipartite with geometrically frustrated trian-
gular motifs similar to the kagome lattice. It may be written
as follows:

H=JY Tl |+=D>_([]ei] (60
T T,

ie T, P JeT:

where 7, and T; refer to “up” tetrahedra and “down” tetrahedra
as shown in Fig. 9(a) (or vice-versa). The results that follow in
the rest of the section constitute exact statements on a three-
dimensional quantum spin liquid, which is noteworthy and

) 4
) 4

forms a distinct variety within the family of Z, quantum spin
ices. It is well-motivated to ask if the above four-spin model
of Eq. (60) can be effectively generated using perturbation
theory starting with a two-spin anticommuting Z, QSL in
the presence of appropriately chosen transverse field terms
or some other mechanics, analogous to how the Kitaev toric
code emerges from the Kitaev honeycomb model in one of its
perturbative limits. This is left to the future.

Note that for the four-spin terms in the Hamiltonian above,
the sign of the coupling is not very relevant since the local
spectral structure on a single tetrahedron is again just two sets
of eight states indexed by the tetrahedral parities analogous to
the plaquette parities in the square lattice case. The two-spin
form on a single tetrahedron Y, .., /0" = (3, 0/)* +
a c-number is sensitive to the sign of the coupling including
the degeneracies for its local spectral structure. This point
will be discussed further in Sec. VI and will certainly play
an important role in determining the macroscopic properties
of the corresponding two-spin anticommuting Z, QSLs. Here
we continue to focus on the four-spin variant as has been done
throughout the work in the previous sections. The two-spin

FIG. 9. (a) shows a schematic of a pyrochlore lattice built upon a face-centred cubic (FCC) lattice. (b) shows a hexagonal plaquette enclosed

by six contiguous tetrahedra of the pyrochlore lattice.
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anticommuting Z, QSLs with either signs of the coupling on
the pyrochlore lattice merit their own study.

As a consequence of the four-spin terms in the Hamiltonian
Eq. (60), the model exhibits a “plain vanilla” anticommuting
structure with the following local conserved Z, parities on the
respective tetrahedra

o;ojo; o on the T, tetrahedra, (61)
ojo;ogo] onthe T, tetrahedra. (62)

In addition to these, Eq. (60) also possesses the following con-

served quantities defined on the “missing” or “unoccupied”
hexagonal plaquettes as sketched in Fig. 9(b),
oj 00} 0/ 0,0, onthe O plaquettes, (63)
0] 0j0]0] 0,0, onthe O plaquettes, (64)
o;o;0;0/0,0, onthe O plaquettes. (65)

In the Kitaev representation, Eq. (60) can be written as

:JXZ Hiyioyi" —|—JZ Hl)/l yil. (66)

T: ie T, T. ieT,

This model also has the additional mutually commuting quan-
tities on the tetrahedral motifs

(v'vivivi')  onthe T, plaquettes, (67)

(viviviv) onthe T. plaquettes, (68)

and also on the hexagonal plaquettes

l_[ vY, a=1{o,x,y,z}. (69)
icO
These operators [Eqs. (67)—(69)] represent symmetries in the
extended Hilbert space of the Kitaev Majorana representation,
and can be used to reduce the Hamiltonian to an interacting
4-Majorana form similar to the square lattice case

—JZE [T +J~Z [1+] a0

ie T, ieT.

and thus the considerations discussed in Sec. II also apply
here.

In addition, as might be by now expected for the mul-
tispin anticommuting variants, there exist two-spin and
two-Majorana local symmetry operators of the type discussed
in Egs. (35)—(41). These take the following forms:

X
o;

o} fori, j €T, (71)
O'.ZO’; fori, j € Ty, (72)

and corresponding ones in the Majorana representation
(Eq. (66)):

vi'y; fori,jeT, (73)

yiyi fori jeT. (74)

The above shows the existence of local two-spin symmetries
in a three-dimensional setting of the pyrochlore lattice, analo-
gous to the square (and kagome) lattice case discussed earlier.
They will also affect the extensive degeneracy counting be-
cause of the enlarged anticommuting algebra.

We can redo the one-time block-decimation procedure on
the pyrochlore lattice Hamiltonian given in Eq. (60). We now
define a tetrahedral-parity variable analogous to Eq. (17). Un-
der this coarse-graining, the original sum over one of the sets
of up-tetrahedral or down-tetrehedra units—say 7;,—can be
mapped to an effective two-level Hamiltonian:

Z (]_[ a;‘> ~ Z /. (75)
Tr \ieTr 1

Note that these block-spin tetrahedral parities are defined
on a face-centred cubic (FCC) lattice as shown in the right
panel of Fig. 10. Furthermore, the operator ¢/ from T# tetra-
hedron when acting on a spin within a 7* tetrahedron flips the
parity of the corresponding T# tetrahedron. Thus, analogous
to Eq. (19), we now write

S UTTer | = X e, (76)

T ieTw (IJKL)

where (IJKL) denotes the tetrahedral motifs of the block-
decimated FCC lattice as also indicated in Fig. 10. Thus
the Hamiltonian of Eq. (60) maps under the above block-
decimation to a Xu-Moore like model [12] defined on a FCC
lattice as a network of edge-sharing tetrahedra (Fig. 10):

H — Hp =J, Zr, +I Y Tk )
(IJKL)

The block decimated Hamiltonian Hp,; again exhibits a subex-
tensive number of nonlocal conserved operators and thus is
of the Xu-Moore type, analogous to the square lattice case
discussed in Sec. III B and unlike the Kagome case discussed
in the previous Sec. V A. The nonlocal conserved operators
are products of T/ operators defined on entire planes that
intersect the pyrochlore tetrahedra in such a way that two
sites of each tetrahedron lie on the plane as illustrated in
Fig. 11. For example, the planes could be the family (100)
or (110), with the (100) being the natural or primary choice.
Thus Xu-Moore physics will be applicable for the four-spin
pyrochlore ac-Z, QSL in terms of the tetrahedral parities.
This is apart from quantum spin liquidity in the underlying
spin—— {o/'} variables stipulated by the anticommuting -Z,
algebra Here Xu-Moore physics will concern spontaneously
broken or unbroken subsystem symmetries on the entire sets
of planes along with corresponding unconventional nonlocal
bond orders and self-dualities.

We will end the nonbipartite discussion by pointing out
the topological degeneracies from global superselection sec-
tor analysis for the present case of the four-spin pyrochlore
ac-Z, QSL. The arguments essentially are a repeat of those
encountered before for the square lattice case [Eq. (9) and
Secs. IV A, VI] and the kagome lattice case [Eq. (49) and
towards the end of Sec. V A] and are repeated here for com-
pleteness. For Eq. (60), there exist nonlocal loop operators
quite like those in Fig. 3 in Sec. IV A that remain conserved
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FIG. 10. Illustration of the block decimation step for the pyrochlore four-spin ac-Z, QSL as described in the text of Sec. V B.

and would thread across periodic boundary conditions. These
nonlocal loop operators are basically products of either o~ or
o® operators along noncontractible loops threading through
the three-dimensional lattice, such that each loop encounters
exactly two lattice sites on every tetrahedron as it traverses the
pyrochlore lattice. These operators can again be decomposed
in terms of the local two-spin conserved charges of Eqgs. (71)
and (72).

As before, one can define more general models following
the discussion of Sec. IV C,

Hew = Y | [Jor+p"[]o; (78)

HER.G T, ieT, ieT,

or

ngnZ = Z ZJM 1_[ Oiﬂ

pex,z T, ie T,

[Te] 9

ic O

+Y P
o

or a combination for which such two-spin local conserved
charges are absent. From a model construction point of view,
Eq. (78) is perhaps slightly less unwieldy than Eq. (38) since
the tetrahedral motifs and the hexagonal motifs are differ-
ent geometric objects with different co-dimensions inside the
pyrochlore lattice. The above generalizations void the afore-
said two-spin decomposition of the nonlocal operators that
however remain conserved under Egs. (78) or (79). This mir-
rors the structure of nonlocal loop operators in the square

and Kagome lattice cases (see Sec. IV for details). As a re-
sult, using similar global superselection sector arguments, the
model of Eq. (78) exhibits an eight-fold fopological ground
state degeneracy at the boundary of which sits Eq. (60) when
ay = B, =0 or o, = B, = 0. One again expects to generate
Eq. (79) from

— I
ngn3 - E E JH 1_[ 0;
nex,z T, ieT,

+7Y ol (80)

perturbatively in the limit % <« 1. The pyrochlore ac-Z, QSL
construction of this section hence provides a concrete example
of a three-dimensional topological quantum spin liquid! This
coexists with unconventional Xu-Moore many-body order in

the one-time block-decimated tetrahedra parity variables.

VI. BLOCK DECIMATION CONSIDERATIONS
FOR ANTICOMMUTING Z, QUANTUM SPIN LIQUIDS
WITH TWO-SPIN COUPLINGS

In the previous Secs. III-V, we saw that a lot more in-
formation could be gleaned from the four-spin ac-Z, QSLs
compared to the two-spin case discussed previously only
in Sec. II. For the two-spin ac-Z, QSLs, it is harder to
glean more information apart from the exact statements con-
tained in Ref. [5] and Sec. II. In this section, we will see
what the one-time block decimation has to say about these
two-spin ac-Z, QSLs. The resultant effective Hamiltonian

FIG. 11. Illustration of the subextensive number of the conserved operators defined on entire planes on the block decimated pyrochlore

lattice. See Sec. V B for details.
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will clearly have at most bilinear coupling between the ef-
fective one-time block decimated degrees of freedom. For the
two-spin ac-Z, QSL of Eq. (1) or its analog on the pyrochlore
lattice, let us again define a block decimation based on the
local spectral structure of the elementary plaquette motifs.
That is, {{x]} or {} for the square plaquettes on the square
lattice, and {7y} or {T;} for the tetrahedral motifs on the
pyrochlore lattice, respectively. For the four-spin ac-QSL of
Eq. (9) it had led to two-valued variables {r,“ } [cf. Eq. (17)]
on the decimated lattice as shown in Fig. 2. For the two-spin
case, the degeneracies of the local plaquette spectral structure
will be sensitive to the form of the local plaquette Hamilto-
nian, + Zqu)e oiﬂaj’.* or + Zi'je oi“a;‘, etc. However,
generically speaking, in cases with uniform couplings on the
plaquettes, the local plaquette energies take three values £4J,,
and 0. Thus upon coarse graining we will arrive at a three-
valued variable, which for the case of Eq. (1) in analogy with
Eq. (17) can be written as

0 o0

0 0]=%=~ Y ol (81)
0 I e

with the block decimated lattice again resulting in a square
lattice as in Fig. 2 (and the FCC lattice for the pyrochlore case
as in Fig. 10). Now we ask ourselves what is the effect of inter-
plaquette two-spin couplings oo} after block decimation in
the two-spin case? In other words, what is the analog of the
7;* operator of Sec. III B now? It will clearly possess a 3 x 3
matrix representation. Since o# will lead to spin flips for the
underlying o'* variable, it will lead to a raising/lowering type
of operator action for the effective block-decimated three-
valued plaquette variable 7;°. We recall from Sec. IIIB for
the four-spin case of Eq. (9), this had led to a “bit-flip” action
in the two-valued plaquette parity 7;* and thus was naturally
ascribed to as r,ﬂ . In the two-spin case, a similar step will lead
to the general form

1
4l 0
0

0 a O
a 0 b
0 b O

; (82)

where a, b represent the net effect of all the quantum me-
chanical processes and quantum interferences that go into the
raising/lowering action discussed earlier. The actual values of
a, b will be sensitive to, for example, the degeneracy pattern
of the underlying local plaquette spectral structure, etc. The
resultant two-spin couplings will take the form J; %/ %} on all
the bonds that survive the block decimation. For the case of
Eq. (1), this will be the nearest neighbor bonds (I, J) of the
block decimated lattice (Fig. 2). This raising/lowering action
will be accompanied by a change of the local plaquette energy
on the ({} or{T,}) plaquettes with which we set up the block

decimation step. Thus the resultant effective block-decimated
Hamiltonian for Eq. (1) will be

H— Hy =10, #+J Y i, (83)
1 (I,J)

which is like a quantum Ising model but now built out of the
three-valued local plaquette energy variables. One needs to

study and analyze the above Hamiltonian to learn more about
the universal physics of two-spin ac-Z, QSLs. Whatever that
universal physics may be, it will coexist with the extensive
residual ground state entropy and quantum spin liquidity in
the original spin-1 variables o;".

We can already say that the above Hamiltonian in Eq. (83)
with three-level degrees of freedom will have a self-duality
at J, = J with appropriate operator duality relations. This is
essentially in analogy with the self-duality of the Xu-Moore
model in Eq. (20) that becomes self-evident when looking at
the underlying four-spin ac-Z, QSL of Eq. (9) while setting
up the block decimation as in Sec. IIT A. It may be possible
that the block decimation arguments given in this section may
be used give a new perspective on other microscopic op-
erator level dualities existing already in the literature, i.e.,
self-dualities of Hamiltonian that are not that obvious in the
original variables may become transparent and obvious in
terms of some underlying Hamiltonian and degrees of free-
dom.

Redoing the above for the case of the Kagome lattice
with its corner-sharing triangle property, the local plaquette
structure will now give a two-valued block variable quite
like in Sec. III A! For the cases with uniform couplings on
the plaquettes, the local plaquette energies take two values
{3J,, —J,} that can be mapped to J,, through additive con-
stants, and thus we now write

(ot'at 1)

1 0 Sl J
(0 _1) =%'= ) 5 (84)
i,jleAr

for the one-time decimation block variable on the plaquettes

{A*}, and
7=(7 4) (85)

for the raising/lowering action that will take place due to the
inter-plaquette two-spin couplings. Thus we will arrive at the
following effective block-decimated Hamiltonian

H— Hy =7, #+Juy ), (86)
I (,J)

with two-valued block variables that track the local plaquette
energies on the block decimated plaquettes. The above Hamil-
tonian lives on a triangular lattice after the block decimation
similar to Fig. 6 but now for the two-spin ac-Z, QSL on
the kagome lattice with 120° rotational symmetry around the
plaquette centers. Note that the above effective Hamiltonian
Eq. (86) is essentially the quantum Ising model on the triangu-
lar lattice! The nature of long-range order will be dictated by
the sign of Jy, i.e., ferromagnetic order for J;; < 0 as sketched
in the left of Fig. 8, and three-sublattice order for J; > 0
as sketched in the right of Fig. 8. This also implies that the
quantum phase transition between the phases for % > 1 and
% <« 1 with antiferromagnetic signs J, > 0, Jz > 0 will be
described by Damle’s theory for three-sublattice order melting
transitions given as laid out in Refs. [32,33].
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VII. CONCLUSION AND OUTLOOK

In summary, this work studies several model constructions
with spin—% or qubit degrees of freedom on various lattices
that show quantum spin liquidity, residual ground state en-
tropies, and for the multispin coupling variants, topological
degeneracies and unconventional many-body order of the Xu-
Moore type [12]. Quantum spin liquidity and residual entropy
results follow directly based on Ref. [6] and are undergirded
by the anticommuting algebra of local Z, charges. The results
on topological degeneracies and unconventional many-body
order are developed in Secs. III-V. This work also exposes in
Sec. II the nonstandard nature of these models when viewed as
lattice gauge theories with a fermionic Majorana matter sector
and a Z, gauge sector. This becomes apparent in the Kitaev
representation of these QSL models and more may be learned
by taking this perspective forward.

These models have thus been named here as anticommut-
ing Z, quantum spin liquids (ac-Z, QSLs in short) following
the nomenclature laid down in Ref. [6]. In this paper, we
restricted ourselves to translationally invariant and nearest-
neighbour form of the couplings for simplicity. Many of the
results such as those regarding quantum spin liquidity and
topological degeneracies extend to more general situations
such as the absence of translational symmetry for disor-
dered coupling strengths, etc. It is worth emphasizing that the
pyrochlore lattice ac-Z, QSL studied in Secs. V B and VI pro-
vide constructive models with provable quantum spin liquidity
in three dimensions. QSL variants on other three-dimensional
lattices such as the cubic lattice or the nonbipartite hyperk-
agome lattice can also be written down.

Concerning the site-interlinked geometrical property of the
local conserved charges that leads to their anticommuting
algebra, one may wonder whether it is limited to the Z, group
or can be extended to the U (1) or SU(2) groups. With spin—%
qubits, this appears to be not naturally possible. For exam-
ple, take a “locally U (1)-symmetric” bond term of the form
o;‘0i" + oo} on the bond (i, j). This bond has the associated
quantity (o; + o) that is conserved under the locally U(1)-
symmetric bond term, i.e., [(o] + sz), oo + aiya;] = 0.0n
an adjoining bond (j, k), we may take the natural possibil-

ity of a different locally U(1)-symmetric bond term oo} +

oo} It comes similarly with the associated quantity (o7 +
i), which satisfies [(07 + 0}), 070} + 0071 = 0. However,
{(67 +07), (0 +0;)} #0 as well as [(o] +07), 070" +
oin; + cr]yfa,f + o;a,f] #0 and [(o] + 0}), 00} + aiya; +
0; o, + ajo,;v ] # 0. This shows that an anticommuting U (1)
structure is not natural. With higher spins or qualitatively
other degrees of freedom (e.g. the various representations of
the SU(N) group), there may be some possibilities. But it
might well be the case that such structures are restricted to
discrete groups such as Zy (or perhaps other acyclic dis-
crete groups not necessarily reducible to direct sums of cyclic
groups). One may also ask if one can find a lattice geometry
or a model that totally avoids the anticommuting structure
in a much stronger way, i.e., there do not exist any local
anticommuting algebras. This possibility is discussed briefly
in Appendix D since this curiosity is not the focus of this

paper.

The multispin models of Egs. (9), (49), and (60) have
quite a family resemblance to the Kitaev toric code and
other related Hamiltonians. However, their physics is quite
different due to the anticommuting algebraic structure that is
not part of the toric code and the Kitaev honeycomb model
and more generally the Levin-Wen models. Thus with re-
spect to the topological degeneracies found in Egs. (9), (49),
and (60), which are limits of the more general Hamiltoni-
ans in Eqgs. (37), (54), and (78) respectively, it remains to
be seen how robust is the topological order. That is, what
would happen to the topological degeneracy under generic
perturbations such as a “transverse” field? Note a magnetic
field in any direction will generically spoil any anticommuting
algebraic structure. We conjecture here that it indeed is robust
up till some value of such perturbations. In a similar vein,
just as there is an elegant loop superposition picture for the
wavefunctions of the Kitaev toric code and Levin-Wen mod-
els more generally, is there an analogous geometric picture
not necessarily involving loops per se for the ac-Z, QSLs?
This may be asked separately or in conjunction for both the
multispin variants that were the focus of this work and/or the
two-spin variants that can be said to be the primary realiza-
tions of anticommuting structures.

If the claim above regarding the robustness of the topolog-
ical degeneracy is true, the topological degeneracy coexisting
with Xu-Moore order in plaquette parities and underlying
residual entropy in ac-Z, QSLs would then represent a
distinct, stable many-body topological phase in the space
of spin-% Hamiltonians when compared to the many-body
topological order of the toric code. The coexistence of many-
body topological order with the anticommuting algebraically
generated extensive degeneracies may appear strange, but
there is at least one other qualitatively different case where
gaplessness has been shown to coexist with (symmetry-
protected) topological order. This goes by the name of gapless
symmetry-protected topological order [34,35], which has
received attention recently (see the recent Ref. [36] and ref-
erences therein).

We also note that the toric code with its mutually commut-
ing local algebras was written down by Kitaev in view of fault
tolerance for quantum information processing. From this per-
spective, it remains to be seen if the ac-Z, QSL Hamiltonians
as qubit codes have any bearing on fault tolerance in quantum
information processing vis-a-vis quantum error correction,
especially given their family resemblance to Kitaev toric code
and other related surface codes. One example in the literature
that comes close is Ref. [37] with a three-spin coupling for its
Hamiltonian terms. It has an underlying three-spin anticom-
muting algebra, however, restricted to local plaquettes that
prevents extensive degeneracy and presumably spin liquidity
as well. This seems to affirm the conjecture made by one of
the authors recently that the ac-Z, QSLs may be topological
subsystem codes [38]. Thus the multispin ac-Z, QSLs writ-
ten down in this paper may provide simpler and/or distinct
examples of topological subsystem codes [39,40] and deserve
further study within the context of quantum error correction
and fault tolerance.

Within the context of strongly correlated quantum matter,
at a technical level, we see that the structure of the nonlocal
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operators from Sec. IV on the global superselection sector
analysis are not the same for the Kitaev toric code and that for
the ac-Z, QSLs. One may imagine a scenario where effective
star and plaquette terms emerge at a bigger length scale say
after some renormalization procedure. In this scenario, the
topological order in the multispin ac-Z, QSLs will again
be of the toric code type. However, given that the one-step
block-decimation leads to the Xu-Moore Hamiltonian with
subsystem symmetries, it is hard to imagine how the above
scenario can emerge. This again argues towards a distinct
nature of the topological order in the multispin ac-Z, QSLs.
Of course the exact residual ground state entropy related
degeneracies will also be lost in the presence of generic per-
turbations that void the anticommuting structure. This will
lead to a very high many-body density of states near the
putatively multifold topological ground state manifold which
would make it effectively like a residual entropy at higher
temperatures. The topological degeneracies would then be
expected to split much slower than other degeneracies such
as those coming from the anticommuting algebra say from a
numerical diagnostic point of view. The verification of this
effect is left to the future.

This work answers some of the open questions posed
in Ref. [6] that can be broadly contextualized as different
infinite-dimensional representations of the anticommuting al-
gebras on the lattice in a representation-theoretic sense [41].
Other questions pertaining to eigenstate thermalization, quan-
tum chaos and continuum field theoretic formulation aspects
posed in Ref. [6] remain open. As an aside, a continuum
field theory for Xu-Moore many-body order was written down
in Ref. [19]. We end with the note that anticommuting Z,
quantum spin liquids discussed here appear to open a vista
to a new playground of novel strongly correlated many-body
orders.
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APPENDIX A: RECAP OF GLOBAL SUPERSELECTION
ARGUMENTS FOR THE TORIC CODE AND THE
QUANTUM COMPASS MODELS

We restate in this Appendix the global superselection sec-
tor arguments for the Kitaev toric code and the 90° compass
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FIG. 12. The conserved quantities O;, O;, O}, O3 for the Ki-
taev toric code.

model for completeness. For the Kitaev toric code model with
spin—% o!* operators on the links {i, j, k, ...} of the square
lattice, the Hamiltonian is

He=—Jy Al —J, ) B;, (Al)
s P

where AY = [],., o/ is the so-called star term, i € s refers to
the four links that join at the vertex or star s, and B;, = [[,., o7
is the plaquette term for plaquette p. Apart from the local term
{A} and {B),} that commute with the Hamiltonian, we also
have nonlocal quantities as indicated in Fig. 12 that commute
with the Hamiltonian. We may convert some of these into
each other by appropriately multiplying them with the local
conserved operators ({A,} and {B,}). So considering all of
them separately is a form of overcounting of information, and
we can restrict ourselves to a minimal set of these nonlocal
conserved operators that are not interconvertible through mul-
tiplication with the local conserved operators ({A,} and {B)}).
Further details on the interconvertibility of these nonlocal
operators is given in Appendix B. One possible choice is
{0}, 05, Oy, O3} as shown in Fig. 12 and they satisfy

[05. 03] =o. (A2)
[07. 0] =0, (A3)
{0;. 05} =0, (A4)
{o;. 0} =0, (A3)
[0}. 03] =0, (A6)
(05, 03] = (AT)

From the above we see that there are four global superse-
lection sectors, say indexed by (Of) = £1 and (O;) = *1.
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TABLE 1. Fourfold degeneracy generation through the mutu-
ally anticommuting algebra of the nonlocal conserved operators in
Egs. (21) and (22). The table entries give the eigenvalues of the
operators at the top of the table acting on the states listed at the
leftmost column of the table.

H o: 0;
) E +1 +1
|034) E -1 +1
|02 E +1 -1
0:05y) E i i

Because of the existence of the other operators O and O7 not
chosen for this indexing that have a mutual anticommuting
structure, we can again use the degeneracy generation mecha-
nism of anticommuting algebras that was exploited at a local
level in Ref. [6]. Here we will generate a fourfold degeneracy
through this mechanism, i.e., for a given eigenstate |i) in
terms of the above indexing, we get three degenerate orthogo-
nal partner states as tabulated in Table I. The above nonlocal
anticommuting degeneracy is essentially a recapitulation of
the proof given in Sec. 3 of Ref. [2]. In the same section, the
reader will find the argument for why this degeneracy may
be considered as topological. This is because these nonlocal
conserved operators are not inter-convertible and thus some
generic local perturbation—such as a transverse field—can
generate splitting between these states only at a very high
order (proportional to the system width) in the perturba-
tion. This implies exponentially small splittings in the system
width on general grounds for the above discussed degeneracy.
Such degeneracies with exponentially small splittings in the
presence of local perturbations combined with the absence
of spontaneously broken symmetry order described through
local order parameters are considered to be hallmarks of topo-
logical quantum order. For the case of the Kitaev toric code
and its associated universality class, this is also called as toric
code order.

A similar argument can also be had for the 90° compass
model, which actually only leads to a twofold degener-
acy [44,45]. The model is sketched in Fig. 13 and can be
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FIG. 13. The conserved quantities O}, O;, for the 90° compass
model.

written as

H =Y 1000 + .00, (A8)
r

Recapitulating the technical aspects for completeness, there
are no local conserved operators for this model, however,
there are 22vnumber of uniteells noplocal conserved operators cor-
responding to Z,-Ising parities for each row and column along
appropriate directions in spin space. There is no way to inter-
convert between these nonlocal conserved quantities in this
model. Yet because of the nonlocal system-width spanning
nature of these conserved Z,-Ising parities, they are not “inde-
pendent” as far as degeneracy generation mechanism is con-
cerned. This would now lead to a different form of overcount-
ing when compared to the Kitaev toric code analysis done
above. Loosely speaking, the conserved nonlocal Z, Ising
parities of the compass model are all grid-interlocked or cross-
linked with each other much more “strongly” compared to the
conserved local Z,-Ising parities that are plaquette-interlinked
to form the anticommuting algebra in ac-Z, QSLs. They are
however independent in terms of the block diagonalization
organization of the compass model Hamiltonian and lead to

gnumber of unit cells

blocks of size oo oTa T - For degeneracy counting, we

may thus choose at most only two of the conserved nonlocal
Z, parities—any one of the quantities along the two orthogo-

nal directions in real space O}, O; (Fig. 13). This leads to

{0, 0} =o0. (A9)
Now, there are only two global superselection sectors, indexed
by (O;) = £1. Since Oj; anticommutes with O}, we can once
again invoke the degeneracy-generating mechanism described
earlier. This leads to a two-fold degeneracy: for a given eigen-
state |¢), indexed as above, we can construct a degenerate
orthogonal partner state as follows:

H|y) = EY),
H|Oy) = E|OyY),

O,1¥) = +ly),
0,10.¥) = =10 ¥),

as was shown in Ref. [44]. This twofold degeneracy will
also have exponentially small splittings in the presence of
additional local perturbations such as a transverse field in the
orthogonal y direction. However, this generally would not be
considered a topological degeneracy nor a topologically or-
dered system, since there is spontaneously broken symmetry
order along the x or z direction in spin space (of the Ising type)
depending on where J, or J, dominates as is intuitive enough.
Relatedly, this twofold degeneracy count is independent of the
genus of the lattice with periodic boundary conditions unlike
for toric code order where the degeneracy count is 28",

APPENDIX B: INTERCONVERTIBILITY ARGUMENTS
WITH REFERENCE TO GLOBAL SUPERSELECTION
SECTOR ANALYSES

In Appendix A and Sec. IV, we noted the existence of
a certain number of nonlocal conserved operators for the
different models presented that are not “interconvertible”
into each other. The meaning of interconvertibility will be
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elaborated here. This will show why only a specific number
of such independent operators exists, namely, they cannot be
transformed or converted into one another through multipli-
cation with local conserved operators that are available in the
model under consideration.

We begin with the toric code which features four non-
local conserved operators: {0, OZ, 03, O%} as illustrated in
Fig. 12(a). Consider O}, defined along a horizontal loop pass-
ing through the centers of plaquettes. There are many such
operators; indeed, one can define them on every horizontal
loop through the plaquette centers, however, not all of these
operators are independent. For instance, take an operator Oy,
defined on a loop £;,. By multiplying it with a string of A; op-
erators, one can shift this operator to a new loop £, & 1. This
implies that it is possible to move O; upwards or downwards
using a string of A operators, indicating that all such operators
are not independent. Similarly, one can shift O} operators by
multiplying them with strings of B,, operators. The same argu-
ment applies to shifting the O7 and O3 operators left or right
by multiplying them respectively with a string of A, and B,
operators. Therefore we can restrict to a single representative
from each set of {05}, {05}, {O}}, {O%}. However, it is not
possible to convert between O, OZ, O;, and 0% using local
conserved quantities. Hence these four operators are indepen-
dent or noninterconvertible nonlocal conserved quantities.

Similarly, for the four-spin model of Eq. (37) on the
corner-sharing square lattice, there exist many local conserved
operators [given in Egs. (29) and (30)] using which we can
show that there are only four noninterconvertible nonlocal
operators. Let us begin with Oj and Oj as shown in Fig. 5.
This operator can be shifted upward or downward by multi-
plying it with operators defined in Eqgs. (29) and (30), where
the product is taken over spins on an empty or colourless
plaquette. Similarly, O} and O% can be shifted left or right by
multiplying respectively with Egs. (29) and (30) again defined
on empty plaquettes. Like the toric code, here too we are left
with four independent or noninterconvertible nonlocal con-
served quantities. For the general three-spin model [Eq. (54)]
on the Kagome lattice too, we have four nonlocal conserved
quantities as shown in Fig. 7. To shift any of O}, O;, O;, or O3,
we can use local conserved quantities ([, o/, [Tiey 07)s
defined on (empty or colourless) hexagonal plaquettes. As a
result, we are again left with four noninterconvertible nonlocal
conserved operators.

APPENDIX C: ARGUMENT FOR THE ABSENCE
OF TOPOLOGICAL DEGENERACY FOR THE MODEL
IN EQ. (9)

As discussed in Sec. IV C, the four-spin model defined in
Eq. (9) lacks topological protection of the fourfold degener-
acy due to the presence of two-spin conserved quantities of
Egs. (35) and (36). The models in Eq. (37) or (38) in contrast
do not possess such local two-spin conserved quantities and
support topological degeneracy. Here we provide a pertur-
bative argument to make this point more explicit following
similar arguments in the literature.

Let us consider a ground state |v/;) and its partner |y) =
O} |Y1). Yr2) is another degenerate ground state following
the arguments of Sec. IV and Table I where we have used

05 = ]_[[.'e ¢, Oi to generate the partner state here (cf. Fig. 3).
We now introduce a perturbation of the form

z
ngeg o,
i

(CDH

and ask whether there exists a nonzero “scattering amplitude”
A, between the two ground states in the thermodynamic limit.

At n-th order in perturbation theory, the transition ampli-
tude takes the form:

Ap ~ e"<w1|(2 of) 1¥2) (C2)
= e"<w1|<Z of) [Toi . (C3)
i €Ly

For n = 2, a representative contribution to the amplitude is:

A ~ EYnl(of03) - (ofo50505 - 1,) [¥n)

~ X (Ynl(ofof -z, ) 1¥).

(C4)
(C5)

Now, the presence of local two-spin conserved quantities in
the model of Eq. (9) allows such partial products of o op-
erators in Eq. (C5) to be expressed in terms of the two-spin
symmetries, leading to

Ap ~€eX#£0. (C6)

Hence, the two ground states are not protected from mixing
by local perturbations, and the model lacks true topological
degeneracy.

On the other hand, for the model defined in Eq. (37) or (38),
which lacks such local conserved quantities, a transition from

4 @ ®
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(4 © ©

FIG. 14. Shastry-Sutherland lattice with triangular plaquettes
(shaded) supporting Hamiltonian terms, while square plaquettes are
“unoccupied”. The different colouring highlights neighboring pla-
quettes that share a single site, illustrating the odd-overlap rule
essential for the suppression of local symmetries.
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ATlo + Tlo*
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FIG. 15. A schematic illustration of a z = 4 triangular cactus lat-
tice. In this lattice, all plaquettes (red and green) have both [[,_, o}
and [, o;* terms. Each plaquette in the model consists of an odd
number of bonds, and any two plaquettes share only an odd number
of sites. As a result, the model does not possess any local symmetries.

[¥r1) to |Y,) would require a perturbation acting nontrivially
on all the spins along the nonlocal loop L. The lowest order
at which this transition can occur is:

number of sites in £,
A12 ~ € ! s (C7)

which vanishes exponentially in the thermodynamic limit
(number of sites in £, — o0o) for any € — 0:

e—>0 |Ly|—>o0

where we take the limits in the order given above. This is
essentially the same argument as that of the topological pro-
tection of the fourfold degeneracy of the toric code given in
Sec. 3 of Ref. [2]. This completes the argument presented in

Sec. IV for the presence of topological degeneracy applies to
the model in Eq. (37).

APPENDIX D: GRAPHS WITH NEITHER LOCAL
CONSERVED QUANTITIES NOR n-MAJORANA
FORM SYMMETRIES

Here we discuss models which avoid the anticommuting
structure even though the lattices still possess corner-sharing
properties similar to those discussed in the main text.
An instructive example of a lattice with a constrained lo-
cal structure and no local symmetries can be found the
Shastry-Sutherland lattice [46]. In this geometry, we define
a Hamiltonian such that the corner-sharing square plaquettes
remain unoccupied, while each pair of adjacent triangular
plaquettes hosts two multispin coupling terms as shown in
Fig. 14. A key structural feature is that each occupied pla-
quette consists of an odd number of bonds (specifically
three), and any two neighboring plaquettes of different types
share an odd number of sites (typically one). This odd-
overlap rule plays a crucial role in voiding local conserved
quantities.

This principle can be extended to hierarchical or tree-like
geometries. An illustrative example is the z = 4 triangular
cactus lattice shown in Fig. 15. Here each site is connected
to four triangular plaquettes in a decoration that avoids the
formation of loops at small scales resulting in a locally tree-
like structure. In this model, all the plaquettes are assigned two
types of multispin coupling terms: [[;_, o7 and (2) [[;c, o/
As in the Shastry-Sutherland lattice, each plaquette contains
an odd number of bonds, and neighboring plaquettes of differ-
ent types overlap on an odd number of sites. This geometric
constraint enforces the absence of both local and extended
conserved quantities. Consequently, the cactus lattice offers a
clean and geometrically controlled platform for constructing
models with intrinsically constrained local dynamics with-
out any local conserved quantities nor multiMajorana form
symmetries.
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