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Low-noise Pauli-consistent ensemble Monte Carlo for graphene with electron-electron scattering
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We investigate Pauli-consistent ensemble Monte Carlo simulations of graphene with explicit intraband
electron-electron scattering. To reduce the cost of electron-electron proposal-rate evaluation, we introduce
a sampled-partner approximation that replaces the full partner-cell sum by uniform sampling from the
instantaneous ensemble, while leaving the event-level collision step unchanged. Comparison with the full-
sum reference shows close agreement together with a substantial reduction in computational cost, enabling
large-ensemble low-noise simulations. In this regime, systematic oscillatory components become clearly re-
solved in ensemble-averaged time traces. We show that these oscillations are numerical and originate from
deterministic drift on the discretized momentum-space grid. We also discuss a procedure for reducing their
impact in recorded observables without modifying the underlying Monte Carlo dynamics.
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I. INTRODUCTION

Monte Carlo (MC) methods, since their introduction in the
pioneering work of Metropolis and Ulam [1], have become a
powerful tool for studying systems that are difficult to treat
analytically or by direct deterministic computation. In semi-
conductor physics, early applications to hot-carrier transport
appeared as early as the 1960s [2], and MC methods have
since become standard tools for studying carrier transport
in semiconductors and for semiconductor device simulation
[3.4].

The isolation of graphene marked a major step in the
development of modern two-dimensional materials research,
and its unusual electronic properties have made it a central
platform for transport studies [5,6]. In graphene and related
materials, transport often takes place under degenerate con-
ditions, so the Pauli principle and final-state availability must
be treated consistently in time-dependent simulations. Semi-
classical transport in graphene is commonly studied through
numerical solutions of the Boltzmann transport equation, us-
ing both deterministic and stochastic approaches [7]. Among
deterministic approaches, discontinuous Galerkin methods
have been applied, for example, to unipolar [8] and bipolar
[9] graphene transport. Stochastic approaches include stan-
dard ensemble Monte Carlo [10,11] and direct simulation
Monte Carlo (DSMC) methods [12,13]. However, the con-
sistent inclusion of Pauli blocking in Monte Carlo transport
under degenerate conditions is nontrivial and has long been
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recognized as a methodological difficulty [14—17]. If Pauli
exclusion is enforced only during collisions, then unphysi-
cal occupations can still arise in the simulated distribution
[15]. For graphene, this difficulty is addressed by the Pauli-
consistent “new” ensemble Monte Carlo (NEMC) method,
which enforces the occupancy constraint during both drift and
collisions [8,12,18].

Electron-electron (e-e) scattering plays an important role
in graphene transport and nonequilibrium dynamics [19]. It
contributes to rapid carrier thermalization [20], depends on
screening by the surrounding environment [21], and can af-
fect transport quantities such as the drift velocity, as shown
in rate-based Monte Carlo studies [10,11] and in Pauli-
consistent formulations [13]. In practical calculations, the
screened Coulomb interaction is commonly described within
the random-phase approximation (RPA) [22]. However, in-
cluding e-e scattering in a fully Pauli-consistent ensemble
method is computationally demanding, because the e-e col-
lision operator depends on the evolving distribution, and each
event involves two-electron kinematics together with exact en-
ergy and momentum conservation [13]. In particular, explicit
full-sum evaluation of the e-e proposal rate can become the
main run time cost and thus limit the ensemble sizes that can
be used in practice.

A further motivation for the present work is the appearance
of reproducible oscillatory components in ensemble-averaged
NEMC time traces. In some cases these features can al-
ready be weakly visible at moderate ensemble size, but they
are not clearly resolved there because they remain partly
masked by Monte Carlo noise. Their systematic study there-
fore requires access to the low-noise regime, where statistical
fluctuations fall below the oscillation amplitude. Earlier
NEMC studies of graphene were concerned mainly with the
formulation and implementation of the method [12,13,18],
while the present work focuses on the low-noise regime
in which these oscillatory components can be studied in
detail.
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The aims of this work are to make Pauli-consistent NEMC
with explicit intraband e-e scattering practical for the large
ensemble sizes needed for low-noise simulations, while leav-
ing the event-level collision step unchanged, and to use
the resulting access to the low-noise regime to investigate
the oscillatory components in NEMC observables. To this
end, we introduce a sampled-partner approximation for the
e-e proposal-rate evaluation. Random sampling of collision
partners has long been used in Monte Carlo treatments of
carrier-carrier scattering [23—25]. We use this idea specifically
to approximate the occupation-weighted e-e proposal-rate
evaluation: the full partner-cell sum is replaced by uni-
form sampling of partner particles from the instantaneous
ensemble. This changes only the proposal-rate evaluation,
while energy-momentum conservation and Pauli blocking
remain enforced for each candidate e-e event. We validate
the sampled-partner approach against the full-sum baseline,
show its computational advantage, identify the numerical
origin of the oscillatory components, and examine an analysis-
level harmonic-subtraction procedure applied to the recorded
observables.

The remainder of this paper is organized as follows. Sec-
tion II introduces the physical model, the Pauli-consistent
NEMC framework, and the sampled-partner approximation.
Section III presents the validation of the sampled-partner ap-
proach, its computational advantage, and the resulting access
to the low-noise regime. Section IV studies the oscillatory
components and analyzes their numerical origin. Section V
discusses suppression strategies and analysis-level harmonic
subtraction applied to the recorded observables. Section VI
concludes the paper. Additional model details and supporting
numerical tests are presented in the Appendixes.

II. METHODS
A. Physical model

We consider spatially homogeneous electron transport in
suspended monolayer graphene under a constant in-plane
electric field E, in an electron-doped unipolar regime with
conduction-band electrons only. Accordingly, valence-band
holes, interband processes such as impact ionization, and
electron-hole scattering are not included. This homogeneous
setting provides a controlled benchmark for studying the
NEMC method and its numerical properties.

In the Dirac approximation, the energy of a conduction-
band electron with wave vector k € R? is

(k) = hvplk], ey

where 7 is the reduced Planck constant and vy is the Fermi
velocity. The corresponding group velocity is

1 k
v(k) = =Vike(k) = vp —. 2
(k) 5 vk (k) =vr K] (2)
The semiclassical Boltzmann transport equation for the
electron distribution function f (¢, k) reads
af(t,k) e

o 5 B Ve/(K) = 0Lf1¢ k), 3

where e is the elementary charge and Q[ f](¢, k) is the colli-
sion term. It consists of electron-phonon and electron-electron

contributions,

OLf1 = Qeplf14 Qeelf1, “

where Q.,[f] and Q.l[f] are the electron-phonon and
electron-electron collision operators, respectively.
For electron-phonon scattering, the collision operator is

01K = [ 15,610 70 )1 = .0

— Sep(k, K) f(2, K)(1 = f(t, K)]dK', (5)

where S,,(k, k') is the transition probability per unit time
from k to k'.
For electron-electron scattering, the collision operator is

Outftk = [ [ [ 50061k ke
R2JR? JR2

x f(t. K ft, k) (1= f(t, k))(1—f(t, k)

— See(ki, ko, K, K)) £ (2, ki) £ (2, ko)

x (1= f@t, k)1 — £(2,k))ldks dK| dKj,
Q)

where S,.(ki, ko, ki, K}) is the transition probability per unit
time from the initial two-electron state (ki, k) to the final
state (K}, k}).

At t = 0, the distribution function is the Fermi-Dirac dis-
tribution at temperature 7 and Fermi energy ¢,

1
e(k) — 81:) ’ @
kgT

fO,k) =

1+ exp(

where kg is the Boltzmann constant.
The areal carrier density, mean energy, and mean velocity
are

. 8s8v
o) =25 [ fatoak ®)
(6)(1) = —— S8 / () fC. K dk, )
2O @) Je Ko dk,
W) (1) = —— S8 / V) £ K)dk, (10)
o) 27 Jre ’ ’

where g; = 2 and g, = 2 are the spin and valley degeneracies.
In this spatially homogeneous unipolar model, the carrier den-
sity is conserved, so p(t) = p(0).

Only normal electron-phonon processes are included;
Umklapp processes are neglected. The model includes in-
travalley acoustic scattering, intravalley optical scattering, and
intervalley phonon scattering. The corresponding rate expres-
sions and parameter values are given in the Appendix A.

The phonon occupations are fixed at their equilibrium Bose
values at 7 = 300 K, so hot-phonon dynamics and lattice
heating are not included. Their effects on transport in sus-
pended graphene have been studied using the DSMC method
[26], while strong carrier heating under high bias has been
observed experimentally (see, e.g., Ref. [27]). The higher-
field calculations in this work are used mainly as numerical
tests of the NEMC method, not as quantitative predictions of
high-field graphene transport.
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For electron-electron scattering, we consider intraband bi-
nary collisions mediated by a screened Coulomb interaction.
Screening is described by the equilibrium static RPA dielectric
function [22]. In the Monte Carlo formulation used below,
the e-e proposal rate is constructed from the loss part of the
collision operator, while final-state Pauli blocking is enforced
by the event-level acceptance test [13]. The proposal rate for
an electron in state k; is

deek1) =Y f(Ka) Y Seelky, ko, ki, kp), (1)

ky k| .k,
subject to momentum and energy conservation,
ki +k =K +Ky, (k) +elky) = e(k)) + e(kb). (12)

With the Dirac dispersion, the second condition is equivalent
to |ki| + k2| = k|| + |K}|. According to the Fermi golden
rule [10],

See(kla k27 k/lv ké)
27 2 / /
= IMI78(e(k)) + e(ky) — e(ky) —e(ka)).  (13)

The interaction matrix element is

IM)> = LIV@P + V@ = V@V, (14

where V(g) and V(q') are the Coulomb potentials between
pairs of electrons

2e* 14 cos(¢k, k) 1+ cos(Py, k)

Vig) = c@aA > > , (15
. 2mer 1+ cos(dy k) 1+ cos(Pi, k)
V(g) = @ dA > > , (16)

with g = [k; — k{|and ¢’ = |k; — Kj|. Here A is the graphene
sheet area.
Screening enters via the dielectric function €(g),

€(q)g = q + C. I(g). (I7)
Here
rsk
Ce = r (gsgv)s/za (18)
where the Fermi wave vector is

47 0(0
= [P0 (19)

8s8v

and the dimensionless Wigner-Seitz radius is

e? 4
ry = . (20)
Kk hvr | g58v

Since the carrier density is conserved, the corresponding kg
remains constant during the simulation. The background di-
electric constant is taken as k = 1 for suspended graphene
[28]. The static polarization function follows Ref. [19,22]:

1, q < 2kp,
- 7q 7 - 4k12;
Il(g) = Skp 2q 21
2k
—% arcsin(f), q > 2kp.

The equilibrium static-RPA form of the polarization function
is used throughout the simulations. The momentum transfers
q and ¢’ are evaluated for each collision configuration, so
the screened matrix element varies with the incoming and
candidate outgoing states. The e-e proposal rate is calculated
from the current electron distribution and evolves with it.
The same screening model is used in all simulations to keep
the physical collision model identical in the methodological
comparisons. Neither nonequilibrium modifications of the po-
larization, such as drift-induced changes (see, e.g., Ref. [29]),
nor frequency-dependent screening are included.

For fixed k| and k;, the final states satisfying Eq. (12) form
a one-dimensional manifold £ in k-space. For the Dirac dis-
persion, this is an ellipse, parametrized by 8 € [0, 2x] [13].
Its semimajor axis a, semiminor axis b, and semifocal distance

c are
2a = |Ki| + |Ka|, 2c=|k;+Kky|, b=+a*-c2 (22)
with line element
d€ = \/a?sin? B + b2 cos® Bdp. (23)

After substitutions and standard homogenization [4], the
e-e proposal rate is

A2

- 2 /
(271’)3 hva /IRZ fk) |:/£ [M|“(q, q )dg] dk,.
(24)

kee(kl) =

Using Eq. (23), the inner integral is

2T
fg MP(q. ) dE = /0 MP(a(B). 4'(B))

X \/a2 sin? B+ b2cos? BdB.  (25)

For a detailed mathematical analysis of e-e scattering (both
intraband and interband processes); see Ref. [13].

B. Monte Carlo method

1. Pauli-consistent NEMC with full-sum evaluation
of the e-e scattering rate

Transport is simulated by the Pauli-consistent NEMC
method [12,18]. The method uses a drift-collision splitting
on a uniform macro time grid 7, = rAt and represents the
distribution on an occupancy-limited k-space grid.

Momentum space is discretized uniformly over €2 =
[—Kmax, kmax ]2 into Nix % Niy cells (here Ny, = Ny = Ni)
with spacing Ak = 2kpax /Ny and cell centers k;; = (k. ;, &y, ;).
The carrier distribution is represented by an ensemble of N,
simulated particles. N, is not the physical number of carriers
in a finite sample. Each simulated particle follows the same
drift and scattering rules as a real carrier, while macroscopic
observables are obtained from ensemble averages. In ensem-
ble Monte Carlo methods, N, is a numerical parameter that
controls statistical accuracy and the resolution of the discrete
occupancy field.

At each time step, the state of the ensemble is described
by the integer numbers of simulated particles in the k-space
cells, denoted by occ;;(¢). The initial occupancies are obtained
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by discretizing Eq. (7) and assigning integer occupancies
occ;;(0) for a target ensemble size N, ¢ according to

. £, k)

T2, f, ki)’
so that N, = Zi’j occ;j(0) and M = max; ;occ;;(0). The
value of M is fixed throughout the simulation and defines the

maximum allowed occupancy of each cell.
We then define the discrete occupation fraction

nij = Np OCC,’j(O) = I‘Ol.ll’ld(}’l,'j),

occ; (1)

fijt) = — — (26)
which is used in the collision step. Within each occupied cell,
particle wave vectors are initialized by uniform sampling over
the cell area.

Pauli blocking is enforced for each attempted scattering
event by a rejection test based on the effective occupancies of
the destination cell or cells. For an e-ph attempt from a source
cell (i, j) to a destination cell (i, j'), we define the effective

destination occupancy

OCC

iy occy jr, otherwise, fiy = ’

0. .. eff
eff _ JOCCij — L, . j)=07J) e OCij
M

draw n ~ U(0, 1) and accept the event if fef, < n [equiva-
lently, with probability (1 — f7; ]

For an e-e attempt, after proposing the postcollision states
ki, k) and mapping them to destination cells (i}, j;) and
(i5, j4), we compute the corresponding effective destination
occupancies occefﬁ, and occef§ by subtracting the contribu-
tions of the two initial particles whenever an initial cell
coincides with a destination cell. If (], j;) = (i}, j3), then
the second test uses the updated effective occupancy to ac-
count for the first placement. We then define f;} off = occ$ o T /M

and f/ y = occ"/”,/M draw 11, m ~ U, 1), and accept the
event 1f fe“, <1 and fef, < 1 [equivalently, with proba-

bility (1 — eff )(l
are retained
The drift step follows the semiclassical streaming law

£ )]. Otherwise, the precollision states

dk _ —¢E, (27)
dt
J
c et (Ak)? AB
T 128 R g

MB) = IMP(q(B), 4 (B))
IM1>(q(B), 4 (B)) = IV @B + IV (B —

~ 1
Vig(pn) = o
qpt

~ 1
Vg (B)) = 2o
q' B

and is implemented by a Lagrangian (comoving) shift of the
momentum grid. In this step, the discrete occupancy field is
translated rigidly in k space. As a result, the drift step does
not require interpolation or reconstruction of the distribution,
and the occupancy constraint enforcing the Pauli principle is
preserved automatically during drift.

Collisions within each interval [¢,, 7., 1] are treated in con-
tinuous time by a null-collision procedure. For a particle in
state k, we define the total scattering rate

F(k) =Y T,(k), (28)

where v runs over all implemented scattering mechanisms. To
generate candidate collision times, we introduce a bounded
rate I'"(k) = o I'(k) with & > 1. Following Refs. [12,13,18],
we set @ = 1.1 throughout. The corresponding free-flight time
is then sampled as

Aty = — n ~UQ,1). (29)

Inn
r'(k)’
With probability 1/«, the candidate event is a real collision;
otherwise it is a null collision, in which no scattering is ap-
plied and the particle state remains unchanged by the collision
operator. The drift under the electric field is treated separately
by the drift step on the macro time grid. Conditioned on the
event being real, the scattering mechanism v is selected with
probability I',,(k)/T"(k), and the proposed postcollision state
or states are then accepted or rejected by the event-level Pauli
test.

The e-e contribution entering this mechanism selection is
evaluated directly from the instantaneous distribution on the
k-grid by a full-sum approximation. Here f(k;) is approx-
imated by the cell-averaged value f;; of the cell containing
k>, and the outer integral in Eq. (24) is approximated by the
midpoint rule. For the inner integral in Eq. (25), we introduce
a uniform mesh on [0, 2] with step A = 27 /mg, 0 = By <
Br<--< ,Bmﬂ = 2m, and evaluate it by the trapezoidal rule.
The resulting discrete approximation for the e-e proposal rate
reads

Ni N

hee kD) = Coe DY fij Z MBio) + M@BD1. (30)

i=1 j=1 =

where

a2 sin® B; + b? cos? B,
VgB)) V(' (B)),

(1 4 cos(¢i, 1 )1 + cos(Pi, k)7,

I(1 + cos(¢, i )r)I(1 + cos(¢y, k )r),

e = €@(B))a(B) = q(By) + Cc TI(g(B)).
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FIG. 1. Simulation run time versus simulated particle number N,
for NEMC simulations with only e-ph scattering and with explicit
full-sum intraband e-e scattering included. Filled circles show the
computed run times, and solid lines show empirical fits to these data.
Open circles and the dashed line indicate extrapolated run times for
the case with explicit full-sum intraband e-e scattering.

The prefactor C,, collects the Coulomb and_discretization
constants. The tilded quantities V, €, and |M|?> denote the
corresponding kernel terms.

When the e-e mechanism is selected, a partner electron is
sampled uniformly from the current ensemble, excluding the
reference particle, and 8 ~ U(0, 27) is drawn to generate an
admissible postcollision pair (k/(8), k5(8)) on the conserva-
tion manifold. The proposed event is then accepted or rejected
by the same event-level Pauli test described above for the two
destination cells [13].

2. Computational cost of explicit full-sum e-e simulations

Explicit intraband e-e scattering is substantially more ex-
pensive than e-ph scattering because the e-e proposal rate
in Eq. (30) depends on the evolving distribution through
the weights f;; and is evaluated for each queried k; by a
full sum over all partner cells of the k grid. This evaluation
also includes the B quadrature and repeated calculations of
the screened matrix element. As a result, the full-sum e-e
proposal-rate evaluation makes a major contribution to the
total run time.

Figure 1 shows the corresponding run times for
the parameter set T =300 K, E,=3kV/cm, E, =0,
er =0.15 eV, ky max = kymax = 3.8 nm~' (corresponding to
Emax ~ 2.5 eV), a uniform occupancy-limited k-space dis-
cretization with Nj, x N, = 120 x 120, a drift-collision
interval At = 2.5 fs, mg = 10, and a total simulated duration
tmax = S ps. Hereafter, this parameter set will be referred to as
the baseline configuration.

The run time data in Fig. 1 show that explicit full-sum
e-e scattering leads to a much larger run time than the e-
ph-only case. For the present parameter set, the run time of
the full-sum e-e simulations reaches about 10° s at N, = 10°,
corresponding to about 10 days for a single run. The extrap-
olated run time is about 107 s at N, = 10° and about 10® s
at N, = 107, corresponding to several months and several
years, respectively. Thus, although the full-sum approach is
suitable as a reference at moderate ensemble size, it becomes

(b)

2 500.0
€ 4995
S £
2z 24990 W
N,=10° — N,=10'
g 100 : : £ 498.0
a o0 a
o 1 2 3 4 s 30 35 40 45 50
Time (ps) Time (ps)
(d)
A 480
Eao
2
i ©
% 200 e-ph & e-e % 460
= 100 — N,=10° — N,=10° = 450
a o a
o 1 2 3 4 5 30 35 40 45 50

Time (ps) Time (ps)

FIG. 2. Drift velocity for the baseline configuration. Panels
(a) and (b) show the e-ph-only case for N, = 10° and N, = 107, and
panels (c) and (d) show the case with explicit full-sum intraband
e-e scattering for N, = 10* and N, = 10°. Panels (a) and (c) show
the full interval 0-5 ps, while panels (b) and (d) show the zoomed
interval 3-5 ps.

impractical for systematic simulations in the large-ensemble
regime.

3. Oscillations in NEMC time-dependent observables

In the NEMC simulations considered here, ensemble-
averaged observables exhibit systematic oscillations in their
time dependence. As a representative example, Fig. 2 shows
the drift velocity.

In Figs. 2(a) and 2(c), the results obtained with different
ensemble sizes are difficult to distinguish over the full time
interval. In the corresponding zoomed views, Figs. 2(b) and
2(d), the finer structure becomes clearly visible. The oscilla-
tions are present over the full time range, but are easier to
resolve in the zoomed windows.

For the e-ph-only case, shown in Figs. 2(a) and 2(b), clear
resolution of the oscillations requires very large ensembles.
When explicit full-sum intraband e-e scattering is included,
as in Figs. 2(c) and 2(d), the oscillations are more pronounced
and can already be resolved at smaller ensemble sizes.

These oscillations must be identified and understood, since
otherwise numerical features may be mistaken for physical
effects and may affect the interpretation of both transient
and steady-state behavior. Their systematic study therefore
requires access to a low-noise stationary regime, which in
practice requires sufficiently large ensembles. Such a regime
is also important for accurate evaluation of transport quantities
such as the mobility, which is a key input in graphene device
simulation [30,31]. However, as shown in Sec. II B 2, simu-
lations with explicit full-sum e-e scattering already become
computationally very expensive at moderate ensemble size
and are therefore impractical for systematic studies in this
large-ensemble regime. This motivates the development of a
more efficient approach.

C. Sampled-partner method for e-e proposal-rate evaluation

To reduce the cost of the explicit full-sum evaluation of
the e-e proposal rate described in Sec. IIB 1, we introduce
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a sampled-partner method for e-e proposal-rate evaluation
within the same NEMC framework. The method follows
the standard Monte Carlo idea of replacing an explicit
occupation-weighted sum by an average over randomly sam-
pled partner particles from the instantaneous ensemble [3].

Whenever A..(k;) is required within the continuous-time
null-collision loop, we estimate it by drawing N; partner par-
ticles uniformly from the instantaneous ensemble, excluding
the reference particle. Denoting the sampled partner states by
ks, s =1,...,Ns, we define

s

N, 1 O
3:eek z_pCee_ —;k »k s
ki) = 7 ngg[/\/l(ﬂm 1, kay)

+ M(Bi: K1, ko)1, €1y

where N, is the current ensemble size, M is the maximum cell
occupancy introduced in (26), and C,, and the 8 mesh are the
same as in (30). Here M (8; k1, k;) denotes the S-integrand in
(30) evaluated for the specific pair (k;, k) through the ellipse
parameters (22) and the corresponding ¢(8) and ¢'(8).

Uniform sampling over particles is equivalent to
occupation-weighted sampling over Pauli cells, because
a particle drawn uniformly from the ensemble belongs
to cell (i, j) with probability occ;i;j/N, = (M/N,)fij. The
prefactor N,/M therefore converts the sample mean in
(31) into a consistent estimator of the occupation-weighted
sum underlying (30), while 1/Nj is the usual sample-mean
normalization.

For a fixed reference state k; and a fixed instantaneous
ensemble, let Y;(k;) denote the contribution of sampled part-
ner s inside the sample average in Eq. (31). If U}?(kl) =
Var[Y;(k;)], then for independent uniform partner sampling

~ NyCee'\* o7 (k1)

Var[)‘-ee(kl )] = < M ) Ns .

Thus, for a fixed ensemble state, the variance of the sampled
proposal-rate estimator decreases as 1/Ny, while its standard
deviation decreases as 1/+/N;. The sample mean is unbi-
ased for the corresponding finite-ensemble partner average;

e full-sum

Ny=100
e N;=10
o Ny=1

Simulation run time (s)

R T T T
Simulated particle number

FIG. 3. Simulation run time versus simulated particle number for
the baseline configuration with explicit e-e scattering. Results are
shown for the full-sum reference and for the sampled-partner method
with N, = 100, 10, and 1. Filled circles denote completed runs. Open
circles and dashed lines indicate empirical extrapolations from the
run time data.

(b)
%o.wso—
501825 o
20.1820 /™

[

§ 0.1815}
(7]
=

3.0 3.5 4.0 45 5.0
Time (ps)

2
Time (ps)

FIG. 4. Mean energy for the baseline configuration at fixed
N, = 10°. Panel (a) shows the full time interval 0-5 ps, and panel
(b) shows the steady-state window. In panel (b), the curve identities
are the same as in panel (a).

possible accumulated effects of the stochastic rate evaluation
on the simulated observables are examined numerically in
Sec. IITA.

The sampled-partner method modifies only the evalua-
tion of the e-e proposal rate entering the channel-selection
probabilities. Once an e-e event is selected, the subsequent
collision update is exactly the same as in the full-sum method:
A collision partner is sampled from the ensemble, a value
B ~U(0, 2mr) is drawn to generate an admissible postcolli-
sion pair (k] (8), k}(8)) on the conservation manifold, and the
attempt is accepted or rejected by the same event-level Pauli
test applied to both destination cells. Thus, the approximation
is confined to the stochastic evaluation of the e-e proposal
intensity, whereas the microscopic collision construction, con-
servation constraints, and Pauli blocking remain unchanged.

Diagnostics and validation of the sampled-partner method
against the full-sum method are reported in Sec. III.

III. RESULTS

A. Validation of the sampled-partner method

We begin by validating the sampled-partner method for the
baseline configuration defined in Sec. II B 2. Throughout this
subsection, unless otherwise specified, the simulated particle

G
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=
a
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g y i
£’ YA
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3.0 3.5 4.0 4.5 5.0 0 1 2 3 4 5
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FIG. 5. Velocity observables for the baseline configuration at
fixed N, = 10°. Panel (a) shows the drift velocity over the full
time interval 0-5 ps. Panel (b) shows a transient region, and panel
(c) shows the steady-state window. Panel (d) shows the transverse
mean velocity (v,) over the full interval. In panels (b)-(d), the curve
identities are the same as in panel (a).
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FIG. 6. k-space distribution for the baseline configuration at
fixed N, = 10°. Panels (a) and (b) show the full-sum distribution
at the initial time and at steady state, respectively. Panels (c) and
(d) show the cut f(k,,k, =0) at t = 0.5 ps and # = 4 ps, respec-
tively, for the full-sum reference and for the sampled-partner method
with N; = 100, 10, and 1.

number is fixed at N, = 10°, and the sampled-partner results
with Ny = 100, 10, and 1 are compared with the full-sum
reference.

Figure 3 shows the simulation run time as a function of the
simulated particle number N,. The sampled-partner method
reduces the run time strongly relative to the full-sum reference
over the whole range of N, and the cost decreases further as
the number of sampled partners N is reduced.

Figure 4 compares the mean energy obtained with the
full-sum reference and with the sampled-partner method for
N, = 100, 10, and 1. Over the full simulation interval, all
sampled-partner cases reproduce the same overall evolution as
the full-sum result. The steady-state zoom in Fig. 4(b) shows
that the residual fluctuations remain of the same order for all
cases, with no clear systematic trend as N; is reduced.

Figure 5 compares the velocity observables obtained with
the full-sum reference and with the sampled-partner method.
The full drift-velocity traces in Fig. 5(a) agree closely
over the whole simulation interval. This agreement is pre-
served both in the transient region, as shown in Fig. 5(b), and
in the steady-state window, as shown in Fig. 5(c). In particular,
the steady-state zoom shows that the sampled-partner results
reproduce not only the mean drift level but also the oscillatory
structure of the full-sum trace with comparable amplitude and
phase. The transverse mean velocity (vy), shown in Fig. 5(d),
exhibits a similar fluctuation level for all cases but no analo-
gous oscillatory pattern.

Figure 6 compares the k-space distributions obtained with
the full-sum reference and with the sampled-partner method.
Figures 6(a) and 6(b) illustrate the evolution of the full-sum
distribution from the initial state to steady state. The corre-
sponding cuts at k, = 0 are shown in Figs. 6(c) and 6(d) for
the transient and steady-state regimes, respectively, together
with the sampled-partner results for Ny = 100, 10, and 1.
In both time regions, the sampled-partner cuts are in close
agreement with the full-sum reference.

Table I provides a quantitative summary of the comparison
over the steady window ¢ € [3, 5] ps. For a discrete time se-
ries x(¢,) sampled on the uniform simulation time grid with
At = 0.0025 ps, we retain the values with ¢, € [3, 5] ps and
define the time average and the root-mean-square (RMS)
fluctuation as

=1

= IVL Zx(tr),

W orew

1 1/2
RMS(x) = [N— D G — )ﬂ :

W orew

where W is the set of retained time indices and N, is the
number of samples in the window. The reported mean and
RMS values are computed directly from these saved samples.
Since E, = 0, symmetry implies (v,) = 0. Accordingly, the
values of (v,) in Table I remain of the order of their RMS
fluctuations.

To quantify the agreement of the full k-space distributions,
we define the normalized difference

> i@ = ()|
D J fi(jfuu)(f )

Di(t) =

where the sums extend over all k-space cells. We also compare
the e-e event statistics. Table II reports the attempted and ac-
cepted e-e event rates, Iy and ', the acceptance probability
Py, and the mean value of D; over the steady window.

A small decrease of the event rates is observed as N is
reduced. For N; = 1, I'y; and 'y are about 0.43% and 0.42%
below the full-sum values, respectively, while P, differs by
less than 0.05%. The steady-state mean values in Table I differ
from the full-sum reference by at most 0.29% for v, and
0.066% for the mean energy, and these differences do not
increase systematically as N, is reduced. Similarly, D remains
close to 5.5% for all three sampled-partner cases, with no
systematic change as N; is reduced.

Taken together, Figs. 4-6 and Tables I and II show that
the sampled-partner method remains in close agreement with

TABLE L. Quantitative comparison for the baseline configuration at fixed N, = 103 over the steady window ¢ € [3, 5] ps.

Method N, run time (s) (e) £ RMS (eV) vy = RMS (nm/ps) (vy) £ RMS (nm/ps)
Full-sum - 816398 0.182201 £ 1.700 x 10~* 466.909 £ 2.165 —0.626 + 1.248
Sampled-partner 100 86302 0.182321 £2.020 x 10~ 465.778 £ 2.218 —1.212 £ 1.199
Sampled-partner 10 7859 0.182103 £ 1.790 x 10~ 465.563 +2.531 1.069 + 1.439
Sampled-partner 1 877 0.182199 £2.370 x 10~ 466.007 £ 2.325 0.144 £ 1.206
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TABLE II. Electron-electron event statistics and normalized dis-
tribution difference for the baseline configuration at fixed N, = 10°
over the steady window ¢ € [3, 5] ps.

Case Pae (ps™") Pace (ps™1) Pace Dy (%)
Full-sum 11.18230 3.38316 0.302546 -

N, =100 11.17368 3.38195 0.302671 5.4807
N, =10 11.16101 3.37585 0.302468 5.5446
N,=1 11.13417 3.36899 0.302581 5.4704

the full-sum reference. In particular, even the N; = 1 case
reproduces the time dependence of the mean energy and
velocity observables, including the oscillatory structure, as
well as the k-space distribution in both the transient and
steady-state regimes. The quantitative comparisons also show
no systematic change in the steady transport observables or in
the distribution-level agreement as N is reduced. Additional
full-sum and sampled-partner comparisons for nonbaseline
configurations are presented in Appendix B.

B. Access to the low-noise regime

Having established in Sec. IIT A that the sampled-partner
method with Ny = 1 remains in close agreement with the full-
sum reference while providing the largest run time reduction,
we now use this choice to increase the simulated particle
number. Although N, = 10° is sufficient for the method com-
parison and for determining the steady-state mean values of
the observables, N, = 107 is used to access the low-noise
regime needed to resolve weak features in the time-dependent
observables. Throughout this subsection, we consider the
baseline configuration defined in Sec. IIB 2, fix N; = 1, and
vary N,.

Table III summarizes the steady-window statistics for these
runs, evaluated over ¢ € [3, 5] ps with the same definitions of
the mean and RMS as in Sec. Il A. As N, increases, the fluc-
tuation level decreases strongly. This reduction is especially
clear for the mean energy and for (v,). By contrast, the RMS
of the drift velocity decreases more slowly, since in this case
it contains contributions from both Monte Carlo noise and the
persistent oscillatory component.

The same trend is seen directly in Fig. 7. In the steady win-
dow, the mean-energy trace at N, = 10° is still dominated by
irregular fluctuations, whereas for N, = 107 it becomes much
smoother. The zoom in Fig. 7(b) shows that the smoother
time dependence contains a regular oscillatory component. A
similar effect is seen in the drift velocity: The oscillations are
already visible at N, = 10°, but they become much clearer and
easier to resolve at N, = 107. At the same time, the transverse
mean velocity (v,) shows a strong reduction of the fluctu-
ation level with increasing N, but no analogous oscillatory
pattern.

These results show that the sampled-partner method with
N; = 1 makes very large-ensemble simulations practical. In
turn, increasing N, provides access to a low-noise regime in
which the oscillations become clearly distinguishable from
the statistical noise.
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FIG. 7. Access to the low-noise regime for the baseline con-
figuration with the sampled-partner method at fixed N; = 1. Panel
(a) shows the mean energy over the steady-state window for
N, = 10° and 10. Panel (b) shows a zoom of the N, = 107 mean-
energy trace. Panel (c) shows the drift velocity over the steady-state
window for the same two cases. Panel (d) shows the transverse mean
velocity (vy) over the full interval 0-5 ps. In panels (c) and (d), the
curve identities are the same as in panel (a).

IV. IDENTIFICATION AND NUMERICAL ORIGIN
OF OSCILLATIONS

A. Scaling and invariance tests

To identify the origin of the oscillations, we first examine
how their properties depend on the simulation parameters.
Unless stated otherwise, this subsection uses the sampled-
partner method with Ny = 1 and the baseline configuration
defined in Sec. II B 2.

In the following, we focus on the drift velocity, because the
oscillations are more visible in this observable. To isolate the
oscillatory part of the drift velocity, we define

Svg(t) = va(t) — Vg, (32)

where vy is the average over the plotted time window.

Figure 8 shows dv,(7) for several values of E, at fixed
er = 0.15 eV and fixed k-space discretization. In both panels,
the oscillation period decreases as E, increases.

The higher-field cases included here are used as numerical
tests of the field dependence of the oscillation period and are
not intended as quantitative predictions of high-field graphene
transport.

o
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N
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FIG. 8. Field dependence of dv,(t) at fixed discretization and
erp =0.15eV. (a) E, =1, 3, and 6 kV/cm. (b) E, =2, 4, and
8 kV/cm.

245411-8



LOW-NOISE PAULI-CONSISTENT ENSEMBLE MONTE ...

PHYSICAL REVIEW B 114, 245411 (2026)

O

C)
N
o

: »
= * data
10/‘)\ A gézz.o B J/
"!’; 0 g £15 X extrapolated at Ak—0 ,,
£ N 810 g
< o=l ’
= -10 o %_ 7
3 > 205 —’a’
-20f N, —80 —120 — 240 — 480 | ® 00ln "
46 47 48 49 0.00 0.01 0.02 0.03 0.04 0.05 0.06
Time (ps) Ak (nm™)
( (d)
466.0 JLERRORE:: 1 ey
4655 S 0.1827 "
B 4650 L 1501826 ~
= 4 ~
E 4645 e o.1825 .
54640 o 0.1824 .
4635 - 0.1823 .
463.0 X === 0.1822 ‘u,
70.000.010.02 0.03 0.04 0.05 0.06 0.000.010.020.030.040.050.06
Ak (nm™) Ak (nm™)

FIG. 9. Grid dependence for ¢r = 0.15 eV and E, = 3 kV/cm,
with N, = Ny, = Ni. (a) Centered drift velocity dv,(t) for Ny = 60,
120, 240, and 480. (b) Oscillation amplitude versus Ak for N, = 120,
240, and 480, together with the power-law fit. (c) Raw steady-state
mean drift velocity v, versus Ak. (d) Raw steady-state mean energy
€ versus Ak. In panels (c) and (d), the three data points correspond to
the same N, = 120, 240, and 480 cases as in panel (b). The crosses
indicate the extrapolated values at Ak — 0.

The dependence on the k-space discretization is shown
in Fig. 9. Here ¢r = 0.15 eV and E, = 3 kV/cm are fixed,
while the uniform grid is varied with Ny, = Ny, = Ni. For
coarse grids, the oscillatory component is large and clearly
visible. As the grid is refined, both the period and the am-
plitude decrease. Figure 9(b) quantifies this decrease for
the three finer grids. The oscillation amplitudes are 2.4141,
0.3583, and 0.0448 nm/ps for N, = 120, 240, and 480, respec-
tively. The fitted oscillation amplitude follows approximately
Apse X (Ak)>88, showing a rapid decrease of the oscillatory
component with grid refinement. The coarse N, = 60 case is
retained in Fig. 9(a) to show the overall grid dependence but
is not included in this fine-grid fit.

Figures 9(c) and 9(d) show the corresponding conver-
gence of the raw steady-state means. Using the N; =
120, 240, and 480 results, extrapolation to Ak — 0 gives
vy = 463.286 nm/ps and € = 0.182812 eV. Relative to these
extrapolated values, the baseline N, = 120 results differ by
about 0.61% in the mean drift velocity and 0.34% in the mean
energy. Thus, the raw steady-state means also approach finite
values as the grid is refined. The small grid-dependent changes
in the steady-state mean values reflect the overall finite-grid
discretization, including both the oscillatory component and
the grid dependence of the discrete representation of the dis-
tribution.

Figure 10 shows the dependence on the macro time step At
used in the drift-collision splitting. The physical conditions
and the k-space discretization are the same in all three cases.
Figure 10(a) shows the full drift-velocity traces v,(¢) for
At =1, 2.5, and 5 fs. Figure 10(b) shows the corresponding
8vy(t) in azoomed time window. The overall time dependence
is the same, and the oscillation period does not change with
At. The small differences between the curves are due to
residual statistical fluctuations.
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FIG. 10. Dependence on the macro time step for ¢ = 0.15 eV,
E, =3 kV/em, and Ny, = N, = 120. (a) Drift velocity v,(¢) for
At =1, 2.5, and 5 fs. (b) Zoomed Sv,(2).

To test possible synchronization with the uniform
macro time mesh, we repeated the baseline -calcula-
tion using randomized macro time steps, while keeping
other parameters unchanged. The reference calculation uses
At; = Aty = 2.5 fs, whereas the randomized steps are gener-
ated as

_ qj
At] - At() —1 N~lcp ’
step (=1
where
g; =148Qu;—1), u;~UQO,1),

with § = 0.5 and Ngep = 2000. This normalization preserves
max = Neep Ao = 5 ps, and each At; defines the correspond-
ing collision interval and drift increment. As shown in Fig. 11,
randomizing the macro time mesh leaves the oscillation essen-
tially unchanged within the statistical noise.

B. Numerical origin of the oscillations

The results of Sec. IV A show that the oscillation period
depends on the applied field and on the k-space discretization
but not on the value of the uniform macro time step and that
randomizing the macro time mesh leaves the oscillation essen-
tially unchanged. This points to a numerical origin connected
with drift on the discretized k grid and with the evaluation of
final-state availability in the Pauli-consistent NEMC scheme.

The oscillations arise from the combination of two ele-
ments of the discretized Pauli-consistent NEMC scheme. The
first is the occupancy-limited k-space discretization, which
represents the distribution by a cellwise occupation field and
uses this field in the event-level Pauli test. The second is
the deterministic drift under a constant electric field, imple-
mented as a global shift of the k grid. The drift step moves
particle states continuously in k space, whereas the collision
step evaluates final-state availability after assigning proposed
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FIG. 11. Test with randomized macro time steps. (a) Drift ve-
locity for fixed and randomized macro time steps. (b) Enlarged
steady-state interval.
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TABLE III. Quantitative comparison for the baseline configuration with fixed N, = 1 over the steady window ¢ € [3, 5] ps.

Method N, run time (s) (e) £ RMS (eV) vy = RMS (nm/ps) (vy) £ RMS (nm/ps)
Sampled-partner 10* 98 0.181475 £4.770 x 10~ 464.027 4+ 3.541 —0.820 £ 4.599
Sampled-partner 10° 877 0.182199 +2.370 x 10~* 466.007 £ 2.325 0.144 £ 1.206
Sampled-partner 10° 8818 0.182187 £ 5.90 x 1073 465.891 £+ 1.815 —0.108 £ 0.368
Sampled-partner 107 105201 0.182199 £+ 1.70 x 1073 466.116 £+ 1.727 0.008 £ 0.128

postcollision states to destination cells of the discretized oc-
cupation field.

In the comoving formulation, particles are stored in grid-
relative coordinates k™, while the corresponding physical
wave vector is

KPS (1) = K™ + Kgnire (), (33)

where Kqpniri(f) is determined by the drift under the ap-
plied field. During the collision step, a proposed physical
postcollision state k™ is mapped back to grid-relative co-
ordinates and then assigned to a destination cell by the same
indexing rule used to construct the occupation field.

Along the drift direction, this mapping introduces a subcell
phase, defined by the fractional part of the drift-induced shift
measured in units of the cell spacing,

khife,x () }

AL (34)

@) = {
where {x} denotes the fractional part of x. Since the occu-
pation field is constant only within each cell, the sampled
destination occupancy entering the Pauli test depends on ¢ ().
As the drift proceeds, this phase changes continuously in time
and produces a periodic variation in the acceptance statistics,
which appears in ensemble-averaged observables. The initial
grid phase test in Appendix D 1 supports this interpretation:
Changing the initial cell alignment shifts the oscillation phase,
while the amplitudes remain comparable within the statistical
noise.

A recurrence appears when the drift-induced shift along
the field direction increases by one cell spacing, that is, when
ksnife x(t) = ksnirex(#) + Ak. Using the drift law ik, = —eE,,
this gives the characteristic period

h Ak

= ———. 35
e B, (%5)

This period is set by the field and by the grid spacing along
the drift direction.

Equivalently, introducing the dimensionless cell-crossing
ratio

e|E. | At
hAk

Equation (35) can be written as Tyiq = At/Cy. Thus, Cy can
be regarded as a k-space Courant-like ratio for the field-driven
drift. Similar combinations of drift rate, time step, and grid
spacing arise in numerical discretizations of kinetic trans-
port equations [32]. Numerical recurrence associated with
finite resolution of a kinetic-space variable is also known in
Vlasov solvers [33]. In the present NEMC scheme, however,
the recurrence enters specifically through the sub-cell-phase

G =

dependence of the cellwise occupation and Pauli evaluation
described above.

To test Eq. (35), we compare the observed periods ex-
tracted from the simulations with the values given by the
grid-locked formula. The comparison is shown in Table IV for
the cases at e = 0.15 eV. Here Ty is obtained from §v, (¢) in
the steady-state window ¢ € [2.5, 5] ps. After subtracting the
time average, we compute the discrete Fourier spectrum and
define T as the inverse of the dominant nonzero frequency.
Table IV shows close agreement between Tops and Tgrig.

Equation (35) is also consistent with the results of Fig. 10.
Changing At modifies the drift-collision splitting schedule
but not the drift-induced shift on the physical time axis. The
cell-assignment mechanism that determines the Pauli factors
therefore remains the same, and the oscillation period is un-
changed.

This mechanism is not specific to e-e scattering. Oscil-
lations are also present in the e-ph-only case. When e-e
scattering is included, the oscillatory component becomes
easier to resolve. First, the acceptance of an e-e event depends
on the availability of two final states. Second, e-e scattering
increases the number of attempted events in the energy range
populated by the ensemble. As a result, the modulation ap-
pears more clearly in ensemble-averaged time traces, while
the period remains unchanged and is still given by Eq. (35).

The dependence on the observable is also consistent with
the numerical mechanism described above. The oscillatory
component is most visible in the drift velocity, because the
grid-locked modulation acts along the field direction and
therefore affects most directly the ensemble average of the
velocity component parallel to the field. By contrast, the mean
energy depends only on the magnitude of the wave vector,
so the same phase-dependent modulation produces a weaker
relative effect. No analogous oscillation is observed in (v,),

TABLE IV. Observed period Ty, and grid-locked period Tyrig
from Eq. (35) for the cases at e = 0.15 eV.

Ex (kV/Cm) Nk Tobs (ps) Tgrid (PS)
1 120 0.41708 0.41687
2 120 0.20854 0.20843
3 120 0.13903 0.13896
4 120 0.10427 0.10422
5 120 0.08342 0.08337
6 120 0.06951 0.06948
8 120 0.05214 0.05211
3 60 0.27806 0.27791
3 120 0.13903 0.13896
3 240 0.06951 0.06948
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because the drift-induced recurrence is along the x direction,
whereas the transport setup remains symmetric in the trans-
verse direction.

V. DISCUSSION: SUPPRESSION AND ANALYSIS-LEVEL
SUBTRACTION OF NUMERICAL OSCILLATIONS

The oscillatory components identified in Sec. IV are
numerical rather than physical. They originate from the dis-
cretized Pauli-consistent NEMC scheme and should therefore
not be interpreted as a feature of the real transport dynamics.
If left untreated, then they can obscure weak temporal features
and complicate the interpretation of the results. It is there-
fore useful to examine practical strategies for suppressing
their impact within the NEMC framework and for reduc-
ing their visible contribution in recorded observables through
postprocessing.

A. Suppression strategies within the NEMC framework

A natural first idea for suppressing the numerical os-
cillations is to refine the uniform k-space grid. Since the
oscillations originate from the discretized drift-collision evo-
lution, they should vanish in the formal continuum limit
Ak — 0. Consistently with the results of Sec. IV A, reduc-
ing the cell spacing Ak shortens the grid-locked recurrence
period and also reduces the oscillation amplitude. In practice,
however, grid refinement does not eliminate the oscillations at
accessible resolutions.

The basic limitation is tied to the occupancy-based Pauli
representation. Pauli blocking is enforced through the integer
cell occupancies occ;;(t) and the corresponding numerical
occupation fractions f;;(t) = occ;;(t)/M. For fixed simulated
particle number N,, increasing the total number of cells re-
duces the typical occupancy per cell, with the rough scaling
(occ) ~ N,,/Nk2 for Ny« = Ny, = Ni. Beyond a certain reso-
lution, many cells contain only a few particles, or none at all,
so the cellwise occupation field becomes increasingly affected
by counting noise and integer granularity. In this regime, the
Pauli acceptance factors inherit this noise, and the occupation
field no longer provides a stable coarse-grained representation
of the underlying distribution.

In principle, one can compensate for grid refinement by
increasing N, so that the per-cell statistics remain adequate
as Ny increases. However, maintaining a roughly fixed (occ)
requires N, to grow proportionally to Nkz, which rapidly in-
creases the computational cost. In addition, for the full-sum
e-e treatment, grid refinement also increases the cost of the
proposal-rate evaluation itself, since the sum over partner-
cell occupations f;; is then carried out over a larger number
of cells. Grid refinement is therefore an effective mitigation
strategy but not a complete practical solution.

The sampled-partner method partly alleviates this second
cost increase, because the e-e proposal-rate evaluation is
based on a sum over sampled partner particles rather than over
all partner cells of the grid. However, it does not remove the
basic occupancy-statistics limitation of the discretized Pauli
representation. Thus, although grid refinement can reduce the
visibility of the oscillations, it cannot be pushed arbitrarily far
within the present NEMC framework.

A further possible approach is to smooth or reconstruct
the cellwise Pauli factor or, more generally, to modify the
event-level Pauli acceptance rule. Such modifications affect
a central part of the Pauli-consistent NEMC scheme and re-
quire systematic development and validation beyond the scope
of the present work. The supplementary tests presented in
Appendix D 2 show that some reconstructions reduce the os-
cillatory component, but the tested schemes either violate the
integer occupancy constraint or alter the steady-state transport
statistics. Thus, none of them simultaneously preserves this
constraint, suppresses the oscillation, and leaves the transport
statistics unchanged.

B. Analysis-level harmonic subtraction and validation

The numerical origin established above naturally suggests
an analysis-level treatment of the oscillatory component. This
becomes possible in the low-noise regime, where Monte Carlo
fluctuations are sufficiently small for the grid-locked contri-
bution to be resolved clearly. We therefore apply harmonic
subtraction as postprocessing to the recorded observables.
This postprocessing leaves the NEMC dynamics, including
the simulated ensemble evolution, collision history, and ac-
ceptance tests, unchanged.

The oscillation frequency is fixed by the grid-locked period
derived in Sec. IV B,

2m

b
Tgrid

(36)

w =

with Ty given by Eq. (35).
On a selected steady-state window, we represent an observ-
able y(¢) as

V(1) = ao + Yosc (1) + (1), (37

where ap is a constant level, y.(f) is the oscillatory
component, and 7(¢) denotes the remaining Monte Carlo fluc-
tuations. The steady-state window is used because, in that
part of the curve, the nonoscillatory background varies only
weakly and can therefore be approximated by the constant
term ag.

On the same window, we approximate the oscillatory com-
ponent by a truncated harmonic expansion,

H

Y (1) = Z [by, sin(hwt ) + ¢, cos(hwt)], (38)
h=1

where the coefficients are obtained by least-squares fitting.

As discussed above, the oscillations are present over the
full simulation interval, including both the transient and
steady-state parts. The steady-state window is used only to de-
termine the harmonic amplitudes and phases under conditions
of minimal background variation. After these coefficients
have been obtained, the fitted oscillatory component is eval-
uated over the full recorded time interval.

The processed trace is then defined by

Yy ) = y@) =y @), (39)

so that only the oscillatory contribution is subtracted.
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FIG. 12. Analysis-level harmonic subtraction for the drift veloc-
ity v, () in the baseline case. Panel (a) shows a steady-state segment
of the raw trace together with the processed traces obtained after
subtraction of harmonics up to H = 1, 2, and 3, with the harmonic
basis fixed by @ = 27 /T4 Panel (b) shows the processed traces on
an enlarged vertical scale.

Higher harmonics are expected even though the recur-
rence period is fixed by the grid. In the present scheme, the
grid-induced modulation need not be sinusoidal, because the
cell-based evaluation of final-state availability and the corre-
sponding Pauli acceptance are both discrete and nonlinear.
As a result, the oscillatory component can contain higher-
harmonic contributions.

Figure 12 illustrates the procedure for the drift velocity in
the baseline case, obtained with the sampled-partner method
atNy=1land N, = 107. Figure 12(a) compares the raw trace
with the traces obtained after subtracting harmonics up to
H =1, 2, and 3 on the same steady-state interval. Figure 12(b)
shows the corresponding processed traces on an enlarged ver-
tical scale.

The subtraction of the fundamental harmonic already re-
duces the dominant periodic variation, but a coherent residual
remains visible. Including the second harmonic suppresses
most of this residual structure, whereas the third harmonic
produces only a modest further change. In the present case,
these results show that a low-order harmonic expansion is
sufficient to suppress the visible oscillatory component in the
drift-velocity trace.

To quantify the change in the steady-state mean introduced
by harmonic subtraction, we compare the mean of the raw
drift-velocity trace with that of the processed trace over the
same steady-state window.

Let v, denote the mean drift velocity of the raw trace over
the interval r € [2.5, 5] ps, and let EKEH ) denote the correspond-
ing mean after subtraction of harmonics up to order H. We
define the mean shift as

_(H _(H _
AU(E ) = ch ) — vy, (40)
and define the normalized mean-shift measure

Ai(H )
zM=_—< 41)
SE(v4)
where SE(v,) is the standard error of the steady-window mean
of the raw trace. The quantity Z‘¥) expresses the mean shift
relative to this estimated standard error.

TABLE V. Baseline case, obtained with the sampled-partner
method at N, = 1 and N, = 10: Steady-window mean drift velocity
before and after harmonic subtraction up to order H, evaluated over
t €[2.5,5] ps.

H v, (m/ps) o (amips) AT (nm/ps) Ze
466.192388  466.194801 0.002413 0.012207
466.192388  466.195109 0.002721 0.013766

3 466.192388  466.195206 0.002818 0.014256

The results are summarized in Table V. For H = 1, 2, and
3, |Z")| « 1in all cases. For the baseline case, the mean shift
introduced by harmonic subtraction is small compared with
SE(vy).

An additional nonbaseline example is given in Appendix C.
These results show that harmonic subtraction effectively sup-
presses the identified grid-locked component in the analyzed
observable. As postprocessing, however, it cannot undo pos-
sible effects of the phase-dependent acceptance modulation
on the simulated evolution or establish that the steady-state
distribution is free of grid-induced bias.

VI. CONCLUSIONS

We considered Pauli-consistent NEMC simulations of spa-
tially homogeneous transport in electron-doped suspended
monolayer graphene within a unipolar conduction-band
model, with explicit intraband e-e scattering, a fixed equi-
librium phonon bath, and equilibrium static-RPA screening.
We introduced a sampled-partner approximation for the
e-e proposal-rate evaluation. In this approximation, the full
partner-cell sum is replaced by uniform sampling of partner
particles from the instantaneous ensemble, while the event-
level collision construction, energy-momentum conservation,
and Pauli blocking are left unchanged. Validation against
the full-sum reference showed close agreement for the time-
dependent observables and k-space distributions considered
here, together with a strong reduction in computational cost.
While substantially smaller ensembles are sufficient to deter-
mine the mean transport observables, this reduction makes
practical the much larger ensembles needed to reach the low-
noise regime in which weak numerical oscillations can be
resolved.

The low-noise regime made it possible to show that the
oscillatory components observed in the NEMC dynamics
are numerical and grid induced. Their period decreases with
increasing electric field and with grid refinement, while re-
maining insensitive to changes or randomization of the macro
time step. This behavior is explained by the grid-locked
recurrence time Tyiq = /i Ak/(e|E,|), which arises from de-
terministic drift across the discretized k-space grid in the
drift-collision evolution. The initial-grid-phase test and the
persistence of the oscillations in e-ph-only simulations further
support the conclusion that, in the present discretized NEMC
implementation, the mechanism results from the coupling of
this grid drift to the cellwise Pauli test. The e-e channel re-
inforces the modulation through the additional dependence
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of its proposal-rate evaluation and two final-state Pauli tests
on the discretized occupation field. Within this controlled
physical setting, the higher-field calculations are used mainly
as numerical tests of the NEMC method and of the grid-locked
period scaling rather than as quantitative predictions of high-
field graphene transport.

We also examined practical ways to reduce the impact
of this artifact. Grid refinement mitigates the oscillations
but does not eliminate them at accessible resolutions and
becomes increasingly costly, especially when the e-e pro-
posal rate is evaluated by the explicit full-sum method. Local
smoothing and interpolation of the Pauli factor were also
tested, but reductions in the oscillatory component were ac-
companied either by violations of the required occupation
bounds or by changes in the steady-state transport statistics.
We therefore retained the original cellwise Pauli test and
examined harmonic subtraction at the grid-locked frequency
and its first few harmonics as an analysis-level procedure.
In the representative cases considered here, this procedure
suppresses the visible oscillatory component without a sta-
tistically significant change in the corresponding steady-state
mean, thereby facilitating clearer analysis and comparison of
the time-dependent observables. Because the subtraction is
applied only to the recorded observables, it neither alters the
simulated evolution nor removes the underlying grid-induced
effect.

Taken together, these results establish the numerical origin
of the weak oscillations revealed in low-noise NEMC simula-
tions and provide an analysis-level procedure for separating
the visible grid-locked contribution from the recorded ob-
servables. The sampled-partner approximation, which enables
large-ensemble Pauli-consistent simulations with explicit e-e
scattering, may be useful in studies where weak tempo-
ral structure or small differences in transport observables
must be resolved. Although developed here for spatially ho-
mogeneous graphene transport, the computational approach
may, with appropriate adaptation of the physical model, be
applied to other two-dimensional or degenerate carrier sys-
tems in which Pauli blocking and carrier-carrier scattering
are important. Extension to spatially nonhomogeneous trans-
port, where temporal evolution must be treated together with
real-space variations, would require further development of
the method.
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APPENDIX A: ELECTRON-PHONON SCATTERING
MODEL AND PARAMETERS

The electron-phonon (e-ph) model is formulated for a
unipolar system with conduction-band electrons only. In-
travalley processes act within a single Dirac valley, whereas
intervalley K-phonon scattering connects the K and K’ val-
leys; interband processes and hole dynamics are neglected.
The model includes three scattering channels: an effective in-
travalley acoustic channel combining the longitudinal acoustic
and transverse acoustic branches, an effective intravalley opti-
cal channel combining the longitudinal optical and transverse
optical branches, and an intervalley K-phonon channel. The
effective optical channel, denoted by O, is characterized by
phonon energy 7%iwo and deformation potential Dy [11,34],
while the intervalley channel is characterized by phonon
energy hwg and deformation potential Dg. Electrons are de-
scribed in the Dirac approximation by e(k) = 7%vg [k|. Phonon
absorption and emission are weighted by the Bose occupation

1

M) = o GafkgT) =1

(AD)

For each phonon channel v, let S, (k, k') denote the transi-
tion probability per unit time from k to k’. The corresponding
scattering rate is obtained by integrating over the final states,

k)= / S, (k, k) dK'. (A2)
R2
In the isotropic model considered here, the scattering

rates depend on k only through the energy, so we write
I', (k) = ', (¢). The total e-ph scattering rate is therefore

Tpn(e) = Dac(e) + TEe) + T (e) + T (e) + T (e),
(A3)

where I',. denotes the effective intravalley acoustic contribu-
tion, Iy the effective intravalley optical contribution, and I'g
the intervalley K-phonon contribution [11-13,18].

The intravalley acoustic contribution is described in the
equipartition approximation by the effective rate

2
M) = ol (A%)
417 v pp v >
where D, is the acoustic deformation potential, p,, is the areal
mass density, and v, is the sound velocity [35].
For the effective intravalley optical channel of energy fiwo,
the emission and absorption scattering rates are

Dy,
Fem )= — (¢ — hw
o (&) pmwohzv%( 0)
x (n(wo) + 1) O(e — hiwo), (AS)
D2
I(e) = ——%— (e + hwo) n(wo),  (A6)
Pm wo I~ Vg

where © denotes the Heaviside step function.
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TABLE VI. Parameters used in the electron-phonon model.

Quantity Symbol Value

Fermi velocity v 1.0 x 10° m/s
Areal mass density Om 7.6 x 1078 g/cm?
Sound velocity v, 2.13 x 10* m/s
Acoustic deformation potential D, 6.8 eV

Optical phonon energy hwo 164.6 meV
Intervalley phonon energy hwg 124 meV

Optical deformation potential Do 1.0 x 10° eV/cm

Intervalley deformation potential Dg 3.5 x 10% eV/cm

For the intervalley K-phonon channel of energy /iwg, the
corresponding emission and absorption scattering rates are

Dy
r'y(e) = e —hw
o (e) pmwkhzv;( K)
x (n(wg) + 1) O(e — hwg), (A7)
D2
IP(e) = ——55— (e + hox)n(wg).  (A8)
Pm wg B Vg

For an e-ph event at energy &, the scattering channel is
selected with probability proportional to the corresponding

partial rate in Eq. (A3). The postcollision energy is

g, acoustic,
g = {e&+hwp, optical absorption/emission, (A9)
¢ + hwg, K absorption/emission,

with emission allowed only above threshold. The postcollision
wave-vector magnitude then follows from energy conserva-
tion as |K'| = &'/ (hivy).

The postcollision direction is sampled from standard an-
gular distributions for electrons with linear dispersion. If 6
is the scattering angle between the incoming and outgoing
wave vectors, then the angular probability density is pro-
portional to %(1 + cos ) for intravalley acoustic scattering
and to %(1 — cos 0) for intervalley K scattering. The effective
intravalley optical scattering is taken isotropic, so the polar
angle is sampled uniformly on [0, 27r]. The outgoing wave
vector K’ is then obtained from the sampled direction and the
magnitude |K'|.

Table VI lists the parameter values used in the e-ph model
[11-13,18].

APPENDIX B: ADDITIONAL FULL-SUM AND
SAMPLED-PARTNER COMPARISONS

In Sec. IIT A, the sampled-partner method was compared in
detail with the full-sum reference for the baseline configura-
tion at N, = 10°. Here we extend this comparison to the tested
combinations of & and E; at N, = 104,

TABLE VII. Full-sum and sampled-partner comparison for the tested combinations of &7 and E, at fixed N, = 10*, evaluated over the
steady window ¢ € [3, 5] ps. Here f-s and s-p denote the full-sum and sampled-partner methods, respectively.

er (eV) E, (kV/cm) Method N run time (s) (e) =2 RMS (eV) vy £ RMS (nm/ps) (vy) £ RMS (nm/ps)
0.15 1 f-s - 23837 0.146103 £ 5.6 x 107* 438.057 4+ 5.568 —1.409 + 3.421
s-p 100 7302 0.146448 +£ 6.1 x 107 437.293 4+ 5.007 0.238 £ 2.780
s-p 10 792 0.146568 + 7.8 x 10~ 445.628 4+ 8.897 —2.732 £+ 5.315
s-p 1 96 0.146422 + 4.4 x 1074 440.008 £ 3.808 —1.512 £ 2912
0.15 3 f-s - 38789 0.182274 +£ 6.2 x 1074 465.401 +7.196 3.940 + 5.103
s-p 100 7550 0.181559 + 6.5 x 107 470.729 4+ 4.881 0.937 £+ 4.141
s-p 10 817 0.181649 + 6.4 x 1074 465.402 £+ 4.690 —1.378 £ 3.763
s-p 1 98 0.181475 + 4.8 x 107* 464.027 4+ 3.541 —0.820 + 4.599
0.15 5 f-s - 51987 0211362 +5.1 x 107 463.727 +5.389 0.675 £ 4.096
S-p 100 7751 0.212098 + 1.1 x 1073 464.111 +£7.243 0.384 + 4.766
s-p 10 838 0.211222 +£5.7 x 107* 464.213 +4.705 —0.653 £ 4.320
s-p 1 101 0.212246 +7.0 x 107* 464.022 4+ 4.957 0.659 £ 5.057
0.25 1 f-s - 25984 0.193979 +£4.7 x 10~ 319.165 £ 6.732 —0.532 £ 3.908
s-p 100 7291 0.193779 £ 3.9 x 107 321.826 £3.073 3.398 + 2.090
s-p 10 786 0.193872 +£3.4 x 107 323.516 £ 2.855 1.565 4+ 2.447
s-p 1 94 0.1939194+2.6 x 107 320.666 + 2.555 2.045 + 1.749
0.25 3 f-s - 35789 0.218953 £4.3 x 107 376.084 £+ 3.163 3.809 + 3.256
s-p 100 7367 0.218949 + 7.0 x 107* 375.979 £5.631 0.315 £ 5.896
s-p 10 797 0.219489 4+ 3.8 x 107 377.030 £ 2.632 —1.892 + 3.346
s-p 1 97 0.218799 + 6.1 x 107 372.835 £ 3.684 —0.926 + 4.291
0.25 5 f-s - 47523 0.242497 +£5.1 x 1074 391.016 £ 3.524 3.908 + 2.978
s-p 100 7500 0.242068 + 1.1 x 1073 391.170 £ 6.519 —1.324 £+ 4.176
S-p 10 811 0.242618 5.5 x 107 391.128 £5.306 —0.640 £ 3.129
s-p 1 98 0.242396 + 1.1 x 1073 392.386 £+ 6.286 2.010 4+ 4.389
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FIG. 13. Representative  full-sum and  sampled-partner
comparison for a nonbaseline configuration, & = 0.25 eV and
E. =5 kV/cm, at fixed N, = 10*. Panels (a) and (b) show the
drift velocity and mean energy over the full time interval. Panels
(c) and (d) show the cut f(k,,k, =0) at t =0.2 ps and t = 4 ps,
respectively. Results are shown for the full-sum method and for the
sampled-partner method with N; = 100, 10, and 1. In panels (b)—(d),
the curve identities are the same as in panel (a).

Table VII summarizes the comparison over the steady
window ¢ € [3, 5] ps for these additional cases. In all tested
cases, the sampled-partner results remain close to the full-sum
reference over the range N; = 100, 10, 1, while providing a
substantial reduction in run time.

As a representative example, Fig. 13 shows the case
er = 0.25eV and E, = 5 kV/cm at fixed N, = 10*. Figures
13(a) and 13(b) compare the drift velocity and mean en-
ergy over the full time interval, while Figs. 13(c) and 13(d)
compare the distribution cut f(ky, k, = 0) at t = 0.2 ps and
t = 4 ps. The sampled-partner results remain close to the full-
sum reference both for the ensemble-averaged observables
and for the underlying k-space distribution.

APPENDIX C: ANALYSIS-LEVEL HARMONIC
SUBTRACTION FOR A NONBASELINE CONFIGURATION

As a nonbaseline example of the procedure described
in Sec. VB, Table VIII reports the case ¢ = 0.25 eV and
E, = 3 kV/cm, obtained with the sampled-partner method at
N; = 1 and N, = 107. The mean shifts satisfy |Z#"] < 1 for
H = 1,2, 3, indicating that the changes introduced by har-
monic subtraction are small compared with SE(v,) in this
case as well.

TABLE VIII. Steady-window mean drift velocity before and af-
ter harmonic subtraction up to order H for the case e = 0.25 eV and
E, = 3 kV/cm, evaluated over ¢ € [2.5, 5] ps.

H v, (nm/ps) D ) (nm/ps) A ) (nm/ps) ZH

1 375.390570 375.391047 0.000477 0.011418
375.390570 375.391112 0.000542 0.012973

3 375.390570 375.391133 0.000563 0.013477
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g £ 466
2 300 Initial grid phase 2
3 200 — phase 0 phase 112 S 464
Q — phase 1/4 — phase 3/4 [
PZ 100 — phase mean g 462
s 0 5 1
0 1 2 3 4 5 4.10 4.15 420 4.25 430 4.35
Time (ps) Time (ps)

FIG. 14. Initial grid phase test for the baseline configuration,
with N, = 107 and N, = 1. (a) Drift velocity over 0-5 ps for the four
initial grid phases and their phase mean. (b) Enlarged steady-state
interval. The curve identities are the same in both panels.

APPENDIX D: ADDITIONAL TESTS
OF GRID-INDUCED OSCILLATIONS

1. Initial grid phase test

To test the dependence of the oscillation on the initial
alignment between the distribution and the occupancy grid,
we repeated the baseline calculation defined in Sec. II B 2 for
four initial grid phases. The initial grid shift is

113

Kait (0) = po Ak X, ¢ € {0, 7 4_1} (D1)

In grid-relative coordinates, the corresponding initial distribu-
tion is

[P &) = fro™ + goAkR). (D2)
Varying ¢, changes the cell alignment without changing the
physical Fermi-Dirac distribution. All other numerical param-
eters are unchanged. The calculations include both e-ph and
sampled-partner e-e scattering, with Ny = 1 and N, = 10’.

The phase mean is defined as

v 1
o)) = 5 Y vale o). (D3)
$o

Figure 14 shows that varying ¢y shifts the oscillation phase,
while the differences in amplitude remain within the statistical
noise. The periodic component is strongly suppressed in the
phase mean, consistent with locking to the relative phase
between the moving grid and the distribution.

2. Smoothing and interpolation tests for the Pauli factor

To test whether the oscillation can be reduced by a local
reconstruction of the Pauli factor, we replaced the exact cell
occupation fraction f;; of Eq. (26) entering the event-level
Pauli test with a reconstructed value f The reconstruc-
tion is evaluated from the event-adjusted field jfﬁff, while
the stored integer occupation field, collision proposals, and
integer updates remain unchanged. The tests use the base-
line configuration defined in Sec. IIB2, with initial grid
phase ¢o =0 and the same initial ensemble and random
seed.

For bilinear interpolation, let (iy, jg), with o, B € {0, 1},
denote the four cell centers surrounding the proposed state k’.
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TABLE IX. Pauli-factor reconstruction results. The harmonic
amplitudes and mean shifts are evaluated over ¢ € [3, 5] ps.

Pauli-factor evaluation A/Ao Avy Ag Rinax
(nm/ps) (meV)
Exact cell value 1.00 0.00 0.000 1.000
Bilinear 0.27 —1.39 —0.208 1.099
Bilinear; capped 0.27 —-1.33 —0.088 1.000
3 x 3 kernel 0.88 +3.89 —1.616 1.296
3 x 3 kernel; capped 1.62 +3.33 —-0.773 1.000
Local-linear 0.22 —3.02 +0.473 1.001
Local-linear; capped 0.22 —2.94 +0.488 1.000

With fractional coordinates &, ¢ € [0, 1],
1
Zeff 1,/ eff
g (K)= we (§)wp(§) S,
g::o " (D4)

wo(s)=1—s, wi(s)=s.

For the 3 x 3 kernel reconstruction at destination cell
D=(,j",

~ 1 -
D)= — > Kafl, i (D5)
D (abyeNy
where Np contains the valid neighboring cells, and

1 2 1

Wp= > Kugo K=[2 4 2

(@.b)eNy 2 1

The clipped local-linear reconstruction is
(K = clipy [ i‘?Jf-f + 8D f )i

+8,(Dy [y ]- (D6)

The quantities §, and §, are the displacements from the
destination-cell center in units of Ak. Central differences
are used in the interior and one-sided differences at the
boundaries.

The three reconstructions, with and without an explicit
integer cap, are compared with the exact-cell baseline. In the

a )
@ ¢ ’)\474
g_ 472
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2 300 i z
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S 200 bilinear — bilinear; capped o
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FIG. 15. Pauli-factor reconstruction tests for the baseline con-
figuration, with N, = 107 and N, =1. (a) Drift velocity over
0-5 ps. (b) Enlarged steady-state interval. Panels (c) and (d) show
the corresponding mean-energy traces. Curve identities are the same
in all panels.

capped variants, an event is rejected if its acceptance would
make the occupancy of any destination cell exceed M.

For the quantitative comparison, A/Ay is the ratio of the
fundamental-harmonic amplitude A to its value Ay for the
exact-cell baseline. The changes Av,; and Az are evaluated
relative to the corresponding baseline means.

The quantity
occ;;(t,)

Rix = max
i, j

D7)

measures violation of the integer occupancy constraint.

The results presented in Fig. 15 and Table IX
show that the bilinear and local-linear reconstructions
substantially reduce the fundamental harmonic. Uncapped
reconstructions violate the integer occupancy constraint.
The capped variants enforce this constraint but shift the
steady-state means, while the capped kernel reconstruction
amplifies the harmonic. Taken together, these results support
the connection between the oscillation and the cellwise
Pauli-factor evaluation but do not establish a bias-free
replacement for the exact-cell scheme.
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