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We provide a theory of spin and acoustic wave coupled nonlinear dynamics in continuum systems.
Combining the Landau-Lifshitz-Gilbert equations with the magnetoelastic Hamiltonian, we derive classical
equations of motion for the magnetization and acoustic wave amplitudes, which include magnonic nonlinearity—
both three- and four-magnon processes—as well as linear and nonlinear magnetoelastic interactions. We
focus on two-dimensional magnetic films sustaining surface acoustic waves, a geometry where our model
successfully reproduces our recent experimental observation of phonon-to-magnon down conversion under
acoustic drive. We provide analytical expressions for all the rates in our equations, which make them par-
ticularly suitable for quantization. We then quantize our model, deriving Heisenberg-Langevin equations of
motion for magnon and phonon operators, and show how to compute quantum expectation values in the
mean-field approximation. Our work paves the way toward acoustic control of magnons in the quantum
regime.
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I. INTRODUCTION

Spin waves in ferromagnetic materials, or magnons, have
recently been proposed as components in hybrid quantum
platforms [1]. This is due, among others, to their external fre-
quency tunability, strong nonlinearity [2–4]—a key requisite
to prepare quantum states—and their ability to couple, both
linearly and nonlinearly, to multiple degrees of freedom such
as qubits [5–13], microwave and optical fields [14,15], and
acoustic phonons. Several works have explored the potential
of magnon nonlinearity [16–24] and magnon-phonon inter-
action [25–31] for quantum magnonics, mostly in magnetic
structures confined in three dimensions (e.g., spheres) and/or
for single magnon modes (e.g., Kittel mode).

Extending the scope of quantum nonlinear magnonic and
magnon-phonon processes to systems where magnons form
a continuum of modes (e.g., films or waveguides) would en-
able to import the complex structures developed in classical
magnonics [32–34] into the quantum regime, and facili-
tate their future hybridization with state-of-the-art acoustic
quantum platforms, prominently based on surface acoustic
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waves [35–37]. Moreover, it would pave the way to preparing
quantum magnonic states via nonlinear processes (e.g., para-
metric down conversion), without the need for qubits. This
would significantly reduce the complexity of current quantum
magnonics experiments. Recent theoretical advances [38–45],
as well as experimental achievements in the control of linear
[46–57] and nonlinear [58–61] magnetoelastic processes in
continuum systems suggest that these goals are near reach.
One of the roadblocks in this path is the lack of a full quantum
theory of nonlinear magnon-phonon dynamics.

In this paper, we derive a nonlinear theory of magnon and
phonon dynamics in continuum systems. As a case study, we
focus on a thin magnetic film lying on a substrate support-
ing surface acoustic waves. With quantization of the theory
in mind, we first derive in Sec. II the linear dynamics of
magnons and acoustic waves analytically for this geometry.
Then, in Sec. III, we include in our model linear and nonlinear
magnetoelastic coupling as well as three- and four-magnon
scattering. We use the derived equations in Sec. IV to ex-
plore the nonlinear magnetization response generated by an
acoustic drive, and quantitatively predict threshold driving
strengths for three-wave parametric instability (magnon-to-
magnon or phonon-to-magnon parametric down conversion).
We show how the competition between different processes
leading to parametric instability critically depends on sys-
tem parameters. Our theory accurately reproduces our recent
experimental observations [61]. In Sec. V, we quantize the
above theory and show how to compute expectation values of
observables—e.g., magnetization—within mean-field theory.
Finally, our conclusions are presented in Sec. VI.
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FIG. 1. We consider an infinitely extended ferromagnetic thin
film with thickness d in the presence of a uniform magnetic field
B0, which leads to saturation of the magnetization. Magnons in the
thin film couple, both linearly and nonlinearly, to surface acoustic
waves sustained in the whole film and substrate system.

II. SYSTEM AND INDEPENDENT LINEAR DYNAMICS

The system considered in this article is schematically de-
picted in Fig. 1. It consists of an infinitely extended thin
film of ferromagnetic material (thickness d) lying on top of
a nonmagnetic substrate. The latter is assumed to occupy all
the region x < 0. An in-plane magnetic field B0 = B0ez is
applied to saturate the magnetization of the ferromagnet along
the z axis. The magnetic film is able to sustain spin waves
(magnons), and both the film and the substrate can sustain
acoustic vibrations (phonons). In this section, we briefly in-
troduce the linear theory of magnons and phonons in this
structure, which has been derived in detail in our work in
preparation [62]. This theory, and in particular the magnonic
and acoustic eigenmodes, are key ingredients to theoretically
describe the nonlinear dynamics in the next section.

A. Magnon dynamics

Let us start by describing the linear dynamics of the spin
waves. The classical dynamics of the magnetization field
M(r, t ) within the magnetic film is described by the Landau-
Lifshitz Gilbert (LLG) equation [4,63]

d

dt
M(r, t ) = γgμ0M(r, t ) × Heff (M, r, t )

+ λ

MS
(γgμ0)M(r, t )

× (M(r, t ) × Heff (M, r, t )). (1)

The first term on the right-hand side is responsible for
coherent precession of the magnetization, while the sec-
ond term is responsible for damping. The strength of this
Gilbert damping term is encoded in the dimensionless Gilbert
damping coefficient λ. The quantities γg and μ0 are the
gyromagnetic ratio and the vacuum permeability, respec-
tively. Finally, the effective magnetic field Heff (r, t ) = H0ez +
Hx(r, t ) + Hdm(r, t ) + Han(r, t ) contains the uniform exter-
nal field H0 ≡ B0/μ0 and a set of effective fields capturing

the effects of microscopic interactions. First, the exchange in-
teraction is represented by Hx(M, r, t ) = αx∇2M(r, t ), where
the strength of exchange interactions is given by αx = Ax

μ0M2
S

with Ax being the exchange stiffness and MS the saturation
magnetization. Second, dipole-dipole interactions produce
a demagnetizing field Hdm(M, r, t ) = 1

4π
∇ ∫ d3r′ ∇r′ M(r′,t )

|r−r′ | .
Third, magnetocrystalline anisotropy can be described by a
field Han(r, t ). Hereafter we ignore this anisotropy field as
its effects are small in many of the magnetic materials used
in magnetoelastic experiments (e.g., CoFeB [54,61] or nickel
[39,49,64]), although including it in our model is straight-
forward. Since the external magnetic field B0 saturates the
magnetization in the ferromagnet, we can write the magne-
tization vector within the spin-wave approximation as

M(r, t ) = (MS − δm(r, t ))ez + m(r, t ), (2)

where MS is the saturation magnetization and m � MS de-
scribes small oscillations of the magnetization in the x, y
plane. The eigenmodes of these oscillations are known as spin
waves. The correction δm ≈ (m · m)/(2MS ) ensures that the
magnetization amplitude |M| remains constant up to second
order in m/MS . This correction will contribute significantly to
nonlinear magnon processes.

To describe spin waves in the linear regime, we introduce
Eq. (2) into the LLG equation Eq. (1) and linearize it by ne-
glecting any nonlinear terms in the small variable m(r, t )/MS .
We obtain the equation

d

dt
m(r, t ) = D0[m(r, t )] − λez × D0[m(r, t )], (3)

where we define the linear integrodifferential operator

D0[m(r, t )] ≡ ez × (ωH − ωMαx∇2)m(r, t )

− ωMez × 1

4π
∇
∫

d3r′ ∇r′m(r′, t )

|r − r′| , (4)

with ωM ≡ |γg|μ0MS , and ωH ≡ |γg|B0. Since Eq. (3) is linear
it allows to define magnetization eigenmodes, i.e., it allows for
a decomposition of the magnetization field as

m(r, t ) =
∫

d2ksk(t )mk(r) + c.c. (5)

Here, mk(r) is the mode function of an eigenmode labeled
by an in-plane wave vector k = kyey + kzez = k sin(φk )ey +
k cos(φk )ez, where k is the wave vector modulus and φk the
angle between k and the applied field B0. Each eigenmode has
an associated frequency ωm

k . The coefficients sk(t ) in Eq. (5)
describe the amplitudes associated to each mode and are the
true dynamical variables of the spin waves in the eigenmode
basis. Note that in general, a film sustains an infinite number
of discrete bands n = 0, 1, 2, . . . due to the confinement along
the x direction [9,65]. For thin films, however, a single-band
description is sufficient since all bands above the fundamental
one n = 0 are far detuned from the frequency range of interest.

For convenience, we write the decomposition Eq. (5) in
terms of eigenmodes of the lossless LLG, i.e., we choose these
eigenmodes to be the solutions to the eigenvalue equation

−iωm
k mk(r) = D0[mk(r)]. (6)
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FIG. 2. (a) Dispersion relation of lowest-band (n = 0) phonon and magnon modes propagating parallel to the external magnetic field, for
the parameters of Table I. Background colors designate the different regimes of phonon mode types, i.e., bulk, hybrid, or SAW within the film
(f) or substrate (s). Below the black dotted line, modes are SAWs in the substrate, i.e., they decay exponentially inside the substrate. The pink
dotted lines mark the driving frequency ωd/2π = 6.11 GHz and wave vector amplitude k0 = 2π/625 nm−1 of the acoustic mode we use for
our results in Sec. IV A. (b) A schematic depiction of the difference between bulk (above) and SAW (below) phonon modes. (c) Schematic
visualization of phonon mode families. Modes with polarization index σ = 1 (orange) are purely transversal u1,k (r) · k = 0, while modes with
σ = 2 have a longitudinal component, u2,k (r) · k �= 0.

The choice of these eigenmodes is just convenient in order
to consistently quantize the theory later on [66]. It has been
shown that the resulting quantized theory (see Sec. V) pro-
vides, in the classical regime, the same physical predictions
obtained using the conventional (lossy) eigenmodes of the
LLG, provided that an appropriate loss term is added to the
quantum dynamical equations [9,27]. We remark that despite
our labeling of these modes as “lossless,” Gilbert damping
is fully included in our dynamical equations. The eigenmode
solutions of Eq. (6) can be found in the literature [9,65] and,
for the lowest magnon band (n = 0), they read

mk(r) = Nkeikr‖

⎛
⎝
√

νy(k)
i
√

νx(k)
0

⎞
⎠, (7)

with

νx(k) ≡ ωH

ωM
+ αxk2 − (e−kd − 1)

kd
, (8)

νy(k) ≡ ωH

ωM
+ αxk2 + k2

y

k2

(
1 + (e−kd − 1)

kd

)
, (9)

The variable r‖ = (0, y, z) denotes an in-plane position vector
and Nk = √ωM/(2d (2π )2ωm

k ) is a normalization factor. The
eigenmode frequencies (magnon dispersion relation) are given
by

ωm
k = ωM

√
νx(k)νy(k), (10)

and are shown in Fig. 2(a) for φk = 0.
The eigenmode functions Eq. (7) form an orthonormal

basis,

〈mk|mk′ 〉 = i δ(k − k′), (11)

with the inner product defined as

〈g|f〉 ≡
∫

dr (ez × g∗(r)) · f (r). (12)

Using this orthonormal basis, the mode amplitudes sk(t ) are
determined by taking the left overlap of Eq. (5) with a specific
eigenmode,

sk(t ) = −i〈mk|m(r, t )〉. (13)

Introducing the decomposition Eq. (5) into the linearized LLG
equation Eq. (3) and using the above identities, we obtain the
following differential equation for the magnon amplitudes,

ṡk = (− iωm
k − γ m

k /2
)
sk. (14)

This equation is easily derived by noting that 〈mk|m∗
q〉 = 0

and (ez × mk ) ⊥ ez and contains the decay rate γ m
k , which

originates from the Gilbert damping term,

γ m
k

2
sk ≡ −i

∫
d2q〈mk| − λez × (−iωq)sqmq〉

≈ λ

2
ωM (νx(k) + νy(k))sk, (15)

where in the last line we have introduced the damping rate ex-
pression obtained from phenomenological loss theory [9,62].
The mode amplitude differential equation Eq. (14) can be
solved as

sk(t ) = sk(0)e(−iωm
k −γ m

k /2)t , (16)

which fully determines the magnetization field at all times
with given initial conditions. This concludes the formulation
of linear spin wave theory.

B. Phonon dynamics

Let us now focus on the dynamics of the acoustic
waves, which we describe using linear elastodynamics the-
ory. Specifically, we define elastic deformations through the
displacement field u(r, t ) [67]. Contrary to the magnons,
which exist only within the thin film, acoustic vibrations ex-
tend across both the film and the substrate. We thus need to
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compute the acoustic eigenmodes of the combined system of
film and substrate. The displacement field in a homogeneous
system is governed by Navier’s equation,

ρüi = ∂ jCi jkl∂
kul , (17)

where the indices i, j, k, l label Cartesian components (∂k ≡
∂/∂rk), ρ is the mass density, and Ci jkl is the elasticity tensor,
which for simplicity, we assume can be locally approximated
by that of an isotropic and homogeneous material,

Ci jkl = ρc2
t (δikδ jl + δilδ jk ) + ρ

(
c2

l − 2c2
t

)
δi jδkl , (18)

where cl and ct are the longitudinal and transversal sound ve-
locities, respectively. Since we are working with a piecewise
homogeneous body, we need to introduce separate material
parameters for the substrate (ρs, cl,s, ct,s) and the thin film (ρ f ,
cl, f , ct, f ), as well as appropriate boundary conditions at their
interface (i.e., continuity of displacement and traction [68]).
Similar to the magnon case, we define acoustic eigenmodes
uσ,k(r) as the solutions to the equation [62]

−ρ(r)
(
ω

p
σ,k

)2
uσ,k,i(r) = Ci jkl∂

j∂kul
σ,k(r) (19)

in all space, with ρ(r) = ρs for r in the substrate and ρ(r) =
ρ f for r in the film. We then perform a mode decomposition
of the displacement field of the form

u(r, t ) =
2∑

σ=1

∫
d2k

uσ,k(r)√
ρ(r)

aσ,k(t ) + c.c., (20)

where aσ,k(t ) are the corresponding expansion coefficients.
Let us briefly summarize the properties of the acoustic

eigenmodes for this geometry, the detailed calculation of
which will be available in Ref. [62]. Similarly to the spin wave
eigenmodes, the eigenmode functions uσ,k(r) in Eq. (20) are
labeled by an in-plane wave vector k = (0, ky, kz ). Also as
for spin waves, we include in our model only the lowest-
order acoustic band, since higher-order bands will be largely
detuned from the frequency range of interest for sufficiently
thin films. The acoustic modes are additionally labeled by a
polarization index σ = 1, 2 which labels different families of
orthogonal modes with the same in-plane wave vector [see
Fig. 2(c)]. The mode functions are formulated in a piece-wise
expression and behave like plane waves in the y, z plane.

uσ,k(r) =
{

u(i)
σ,k(x)eikr‖ , x < 0,

u(ii)
σ,k(x)eikr‖ , 0 < x < d.

(21)

These eigenmodes have a well-defined eigenfrequency ω
p
σ,k,

whose derivation can be found in Appendix A, and form an
orthonormal basis,∫

d3r u∗
σ,k(r) · uσ ′,k′ (r) = δσ,σ ′ δ(k − k′). (22)

An important property of acoustic eigenmodes is that their
associated displacement field, uσ,k(r), qualitatively changes
depending on the value of their wave-vector modulus k and

their frequency ω
p
σ,k, as we illustrate in Fig. 2. For each ma-

terial j = f , s, if {k, ω
p
σ,k} lies above both longitudinal and

transverse sound cones, defined as the lines ω = cl, jk and
ω = ct, jk respectively, the mode function extends across the
whole x < d region and is called a bulk mode. Contrary to
this, if {k, ω

p
σ,k} lies below both sound cones, the mode func-

tion decays exponentially away from both the surface (x = d)
and the interface (x = 0), this is called a surface acoustic wave
mode. A schematic comparison between bulk and substrate-
SAW modes can be found in Fig. 2(b). Lastly, if {k, ω

p
σ,k}

lies in between the transverse and longitudinal sound cones,
the mode becomes hybrid, i.e., it contains both extended and
exponentially decaying components. Throughout this work,
we include in our mode decomposition Eq. (20) only modes
lying below both sound cones of the substrate, i.e., only modes
that are SAWs in the substrate [red curves in Fig. 2(a)]. Any
other modes extend across the whole film and substrate and
thus have negligible overlap with the magnon mode functions,
which are localized only within a small region 0 � x � d .
As a consequence, their coupling to magnons is negligible.
The full expressions for the mode functions, Eq. (21), of the
SAW-like modes are given in Appendix A. Note that the first
branch uσ=1,k(r) is characterized by being purely transverse
modes (k · uσ=1,k(r) = 0) which are hybrid within the film,
while the second branch uσ=2,k(r) is mixed longitudinal and
transversal waves.

As we will show in the next section, the eigenmode
functions derived in this section are necessary for deriving
analytical expressions for any magnetoelastic coupling rates
in the system.

III. NONLINEAR EQUATION OF MOTION

The Landau-Lifshitz-Gilbert equation (1) is inherently
nonlinear, leading to interactions between different magnon
modes. Also magnetoelastic interaction is a source of nonlin-
ear effects. In this section, we derive the classical magnon and
phonon equations of motion and discuss the different types of
interactions. First, in Sec. III A, we discuss nonlinear magnon
scattering processes. Second, in Sec. III B, we cover linear and
nonlinear magnetoelastic interactions.

A. Nonlinear magnon scattering

For the derivation of the free magnon eigenmodes dis-
cussed above, the linearized LLG equation was used. Non-
linear magnon scattering processes are included in the model
by keeping higher orders in the perturbative expansion in the
small parameter m/MS . Specifically, the nonlinear magnon
equations of motion are obtained in three steps, as follows.

First, we introduce the second-order magnetization vector,
Eq. (2) with δm = −(m · m)/(2MS ), into the Landau-Lifshitz
Gilbert equation Eq. (1). This includes introducing such a
second-order expression into the effective field Heff (M, r, t ).
For computational convenience, in this derivation, we write
the demagnetizing field as

Hdm(M, r, t ) =
∫

dr′ ¯̄G(r − r′)M(r′, t ), (23)
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with the Green’s function [9]

2G(r − r′) ≡ δ(r‖ − r′
‖)exeT

x −
∫

d2q
eiq(r‖−r′

‖ )

(2π )2q
e−q|x−x′ |vvT , (24)

with in-plane wave vector q and the vectors ex = (1, 0, 0) and v ≡ (−iq sign(x − x′), qy, qz ). Second, we truncate the nonlinear
LLG equation by keeping only terms up to third order in m/MS in order to capture both three- and four-magnon processes.

Once we derive this nonlinear equation for the spin-wave field m(r, t ), the third step is to write the magnetization field within
this equation as a linear combination of eigenmodes of the linearized LLG eqution mk(r), i.e., to write it in the form Eq. (5). Then,
we take the inner product of the resulting equation with an arbitrary eigenmode mk(r) in order to derive dynamical equations for
the expansion coefficients sk(t ) ≡ 〈mk|m(r, t )〉. As a result of nonlinearity, the resulting equations for the expansion coefficients
sk(t ) contain interactions between different eigenmodes. Specifically, the expression we obtain reads

ṡk =
(

−iωk − γ m
k

2

)
sk − i

∫∫
d2q1d2q2

∑
α,β=±

[〈
mk|D(3)[mα

q1
, mβ

q2

]〉
sα

q1
sβ

q2
+
∫

d2q3

∑
γ=±

〈
mk|D(4)[mα

q1
, mβ

q2
, mγ

q3

]〉× sα
q1

sβ
q2

sγ
q3

]
,

(25)

where for compactness, we define variables and their complex conjugates with a ± index, i.e., m+
k (r) ≡ mk (r), m−

k (r) ≡ m∗
k (r),

s+
k ≡ sk, and s−

k ≡ s∗
k. The terms containing D(3) and D(4) correspond to three-magnon and four-magnon scattering processes,

respectively, and are given by1

D(3)
[
mq1 , mq2

] ≡ ωM

2MS

[
ez ×

(∫
dr′ ¯̄G(r−r′)ez

(
mq1 (r′) · mq2 (r′)

))− 2mq1 ×
(∫

dr′ ¯̄G(r − r′)mq2 (r′)
)]

, (26)

D(4)
[
mq1 , mq2 , mq3

] ≡ ωM

2M2
S

[
αex
(
mq1 × ez

) · (∇2
(
mq2 · mq3

))+ αex
(
mq1 · mq2

)
ez × (∇2mq3

)

+
∫

dr′(mq1 × ¯̄G(r − r′)ez
)(

mq2 (r′) · mq3 (r′)
)+ (mq1 · mq2

) ∫
dr′ez × ( ¯̄G(r − r′)mq3 (r′)

)]
. (27)

Note that in the above expressions, we have omitted the position argument r for the magnetization mode functions except when
it appears as the integration variable. Using these expressions, the classical equation of motion Eq. (25) can be cast as

ṡk =
(

−iωm
k − γ m

k

2

)
sk +

∫
d2q
(
T (1)

q,k+q s∗
qsk+q + T (2)

q,k−q sqsk−q
)

+
∫

d2q1

∫
d2q2
(
F (1)

q1,q2,q̃(1) sq1 sq2 sq̃(1) + F (2)
q1,q2,q̃(2) sq1 sq2 s∗

q̃(2) + F (3)
q1,q2,q̃(3) sq1 s∗

q2
s∗

q̃(3)

)
, (28)

with wave vectors q̃(1) ≡ k − (q1 + q2), q̃(2) ≡ (q1 + q2) −
k, and q̃(3) ≡ q1 − (q2 + k). Note that total momentum is
conserved in each interaction, a condition that arises naturally
from the calculation of the coupling rate densities and that
is due to the system’s translational invariance. In the above
equations, we have applied a rotating wave approximation,
thus neglecting the rapidly oscillating terms proportional to
s∗s∗ and s∗s∗s∗.2 Note also that the three- and four-magnon
coupling strength coefficients Tk1,k2 and Fk1,k2,k3 (whose ex-
pressions are given in Appendix B) are coupling rate densities,
i.e., they do not have frequency dimensions due to the con-
tinuum nature of our system. Figure 3 shows the type of
interactions each term in the above equation corresponds
to, and, as an example, the behavior of nonlinear coupling
rate density T (1)

q,k+q for a fixed wave vector of the incoming
magnon. Note the nontrivial dependence of the coupling rate

1Note also that in general structures, D(3) has an extra term
+(ωMαex/MS )mq1 × mq2 , which here we omit as it is zero for thin
film geometries.

2Such terms correspond, in a quantum picture, to spontaneous
creation (annihilation) of excitations from (to) vacuum.

density on the direction of the outgoing magnons, which is
caused by the suppressed three-mode overlap for magnons
propagating along the two symmetry axis of the plane, y and
z. Note also that the coupling rate density tends to zero for
k0d, kd � 1 as the modes become approximately homoge-
neous and their associated dipolar field vanishes inside the
magnet.

B. Magnetoelastic interaction

Deformations of the ferromagnetic body change the dis-
tances and orientations between spins leading to interactions
between magnons and phonons. The lowest-order contribu-
tion to the magnetoelastic energy density is described by the
phenomenological expression [25,27,69,70]

Ume(r, t ) =
3∑

i, j=1

B2 + (B1 − B2)δi j

M2
S

× Mi(r, t )Mj (r, t )εi j (r, t ), (29)

which we use to derive the linear and nonlinear coupling
rate densities. Here, B1 and B2 are cubic magnetoelastic co-
efficients of the material and εi j ≡ (∂iu j + ∂ jui )/2 the strain
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FIG. 3. Schematic depiction of the different (a) three-magnon
(T (1,2)) and (b) four-magnon (F (1,2,3)) interactions appearing in the
equations of motion Eq. (28). (c) Coupling rate density T (1) cor-
responding to a magnon of wave vector k0 = (0, 0, 2π/625) nm−1

scattering into two magnons (k = k(0, sin φk, cos φk ) and k0 − k), as
a function of modulus and propagation angle of magnon k. System
parameters are listed in Table I.

tensor. By introducing in Eq. (29) the decomposition of the
magnetization field M(r, t ) as in Eq. (2) with δm ≈ (m ·
m)/(2MS ) and neglecting terms of order (m/MS )3 or higher,
we obtain an expression for the energy density up to second
order in m/MS ,

Ume(r, t ) ≈ B2

∑
i=x,y

mi

MS
εiz

+
∑

i j=x,y

(B2 + (B1 −B2)δi j )
mi

MS

mj

MS
(εi j − εzzδi j ).

(30)

By introducing now the decomposition of the magnetization
and acoustic fields into their respective eigenmodes, Eqs. (5)
and (20), and integrating over the whole volume we obtain the

magnon-phonon interaction Hamiltonian

Hmp =
∑

σ

∫
d2q
∫

d2q′
[(

I (1)
σ,q,q′ aσ,qs∗

q′ + c.c.
)

+
∫

d2q′′ [(I (2)
σ,q,q′,q′′ aσ,qs∗

q′sq′′ + c.c.
)

+ (I (2)
σ,q,q′′,q′ aσ,qsq′′s∗

q′ + c.c.
)

+ (I (3)
σ,q,q′,q′′ aσ,qs∗

q′s∗
q′′ + c.c.

)]]
. (31)

Expressions for the mode overlap integrals I (i) (i ∈ {1, 2, 3})
are calculated in Ref. [62] and are given in Appendix C.
Total momentum is also conserved in all magnetoelastic
interactions. Here we have undertaken a rotating wave ap-
proximation neglecting rapidly oscillating terms proportional
to a∗s∗, a∗s∗s∗, and their complex conjugates.

Once the magnetoelastic Hamiltonian Eq. (31) has been
derived, we can use it to compute its contribution to the dy-
namical equations for magnon and phonon amplitudes, sk(t )
and aσ,q(t ), using the principles of Hamiltonian mechanics.
Let us illustrate the procedure in the simple example where
no damping, nonlinearity, or magnon-phonon interactions are
present. In this case, the total Hamiltonian of the magnon and
phonon systems is H0 = Hp + H0

m with bare magnon and
phonon Hamiltonians given by

H0
m =
∫

d2k |M|−2ωm
k s∗

ksk, (32)

Hp =
∑

σ

∫
d2k |Uσ,k|−2ω

p
σ,ka∗

σ,kaσ,k, (33)

with M ≡ √|γg|MS and Uσ,k ≡ 1/
√

2ω
p
σ,k. From this Hamil-

tonian, we obtain the equations of motion by applying the
following Hamilton equations,

ṡk = −i|M|2 ∂H0

∂s∗
k

= −iωm
k sk, (34)

ȧσ,k = −i|Uσ,k|2 ∂H0

∂a∗
σ,k

= −iωp
σ,kaσ,k. (35)

The full equations of motion are obtained by applying the
same principle to the full Hamiltonian for the magnon-phonon
system,

H = Hm + Hp + Hmp, (36)

with Hm including all nonlinear interactions and with Hmp

given in Eq. (31). Note that an expression for Hm does not
need to be explicitly derived as the dynamics it induces are
already known from Eq. (28). The full magnetoelastic coupled
dynamics obtained from Hamilton’s equations is given by the
following system of coupled nonlinear equations,

ṡk =
(

−iωm
k − γ m

k

2

)
sk +

∑
σ

gσ,k aσ,k +
∫

d2q
(
T (1)

q,k+q s∗
qsk+q + T (2)

q,k−q sqsk−q
)

+
∑

σ

∫
d2q
(
G(1)

σ,q,k aσ,qsk−q + G(2)
σ,q,k a∗

σ,qsk+q + G(3)
σ,q,k aσ,qs∗

q−k

)
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+
∫

d2q1

∫
d2q2
(
F (1)

q1,q2,k−(q1+q2 ) sq1 sq2 sk−(q1+q2 ) + F (2)
q1,q2,(q1+q2 )−k sq1 sq2 s∗

(q1+q2 )−k

+ F (3)
q1,q2,q1−(q2+k) sq1 s∗

q2
s∗

q1−(q2+k)

)
, (37)

ȧσ,k =
(

−iωp
σ,k − γ

p
σ,k

2

)
aσ,k + g̃σ,k sk +

∫
d2q
(
G̃(1)

σ,k,q s∗
qsk+q + G̃(3)

σ,k,q sqsk−q
)+ iαdδ(k − k0)e−iωdt . (38)

In the above expressions gσ,k, g̃σ,k and G( j)
σ,k,k′ , G̃( j)

σ,k,k′ rep-
resent the linear and the nonlinear coupling rate densities,
respectively, and their analytical expressions are given in Ap-
pendix C. In the above equations of motion, we have added a
phonon damping rate γ

p
σ,k as well as a coherent driving term of

the acoustic modes σ ∈ {1, 2}, k = k0 at a frequency ωd with
strength αd , where |αd |2 ∝ P with P the drive power. This
term models the SAW drive utilized in experiments [54,61]
to excite nonlinear responses. A potential magnon drive can
be added to the magnon equation of motion in a similar way.

As a final remark, note that the Rabi frequency splitting
between magnon and phonon dispersion relations is, when
magnon and phonon have resonant frequencies, given by

�r,σ (k) = Im

√(
γ m

k − γ
p
σ,k

)2
4

+ 4gσ,kg̃σ,k

≈ 2
√|gσ,kg̃σ,k|, (39)

and has units of frequency. When this Rabi splitting is
larger than the damping rates of both components, �r,σ (k) >

γ
p
σ,k, γ

m
k , the system is in the strong (linear) coupling regime

[54]. In this work we will focus on this regime, where the ex-
citation of nonlinear dynamics is most efficient [61]. Figure 4
shows the Rabi coupling rate Eq. (39) for both phonon bands.
We see that at high-symmetry angles the coupling vanishes,
a feature caused by the low magnon-strain overlap (see Ap-
pendix C) Specifically, for modes propagating parallel to the
external magnetic field (φk = 0) magnons couple mainly to
phonons of branch σ = 1. The diagrams in Fig. 5(a) depict
the different types of nonlinear magnetoelastic interactions
contained in the equations of motion Eqs. (37) and (38), and
Fig. 5(b) shows as an example the coupling rate density corre-
sponding to the process of a phonon of the resonantly driven
mode {σ = 1, k0 = (0, 0, 2π/625) nm−1} scattering into two
magnons [k = k(0, sin φk, cos φk ) and k0 − k].

This section concludes the derivation of the classical
coupled nonlinear dynamical equations for magnons and
phonons. In the next section, we will use this equation to
characterize all the nonlinear processes arising from these
equations.

IV. HIGH-HARMONIC GENERATION AND PARAMETRIC
INSTABILITY PROCESS

In this section, we detail our approach to extracting from
the equations of motion derived in the previous section the
information about the nonlinear response of the magnetization
field, namely, high-harmonic generation and, most impor-
tantly, sub-harmonic generation due to parametric instability,

akin to the process of parametric down conversion in optics.
All these processes result in well-defined peaks in the mag-
netization spectrum [61]. First, in Sec. IV A, we show how to
predict the instability thresholds, namely the driving strengths
αd at which each such peak appears, as well as the energy and
wave vector of the modes excited by parametric instability.
Then, in Sec. IV B, we outline how to solve the full nonlinear
problem to obtain the mode amplitudes at driving strengths
above the threshold, focusing on three-magnon scattering as
it allows for deeper analytical insight. Obtaining the mode
amplitudes, in particular above threshold, is essential to derive
a mean-field quantum theory, as we will see in Sec. V.

FIG. 4. Resonant magnetoelastic linear coupling rates �r,σ

[Eq. (39)] vs mode wave vector and direction, for the σ = 1 (a) and
σ = 2 (b) phonon families, respectively. System parameters are
listed in Table I.
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FIG. 5. (a) Schematic depiction of the types of nonlinear magne-
toelastic interactions appearing in the equations of motion (red/green
lines indicate magnons and phonons, respectively). (b) Nonlinear
coupling strength density G(3) corresponding to a phonon of mode
{σ = 1, k0 = (0, 0, 2π/625) nm−1} scattering into two magnons
[k = k(0, sin φk, cos φk ) and k0 − k], as a function of modulus and
propagation angle of magnon k. System parameters are listed in
Table I.

A. High-harmonic amplitudes and subharmonic
driving thresholds

The simplest nonlinear feature of our equations of motion
is high-harmonic generation. Here, the drive of a phonon
mode with wave vector k0 at frequency ωd (which for the
parameters of Table I is resonant for the σ = 2 phonon, i.e.,
ωd = ω

p
2,k0

) leads, through a combination of linear and nonlin-
ear interactions, to the population of higher harmonic magnon
and phonon modes ξk0 (ξ ∈ {2, 3, . . . }) driven respectively
at frequencies ξωd . We can derive the amplitudes of these
harmonics by introducing displaced mode amplitudes as

sk → sk +
N∑

ξ=1

αm
ξ δ(k − ξk0)e−i(ξωd )t , (40)

aσ,k → aσ,k +
N∑

ξ=1

α
p
ξ,σ δ(k − ξk0)e−i(ξωd )t . (41)

Here, N sets the number of harmonics one aims at determining
and α

p
ξ,σ and αm

ξ are the amplitudes of each harmonic, which
need to be determined.

We introduce the redefinition Eqs. (40) and (41) into the
equations of motion (37) and (38), obtaining a new, lengthy
system of equations. These equations retain the same structure

TABLE I. Set of typical system parameters consistent with a
LiNbO3 substrate and a Co20Fe60B20 thin film (indices s and f ) used
for figures and numerical calculations throughout this work, unless
stated otherwise.

Parameter Value

Thickness d 20 nm
Mass density {ρs, ρ f } {4650, 8382} kg m−3

Longitudinal sound velocity {cl,s, cl, f } {6247, 5860} m s−1

Transverse sound velocity {ct,s, ct, f } {5000, 2885} m s−1

Gyromagnetic ratio γg −1.76 × 1011 T−1 s−1

External field μ0H0 30 mT
Saturation magnetization μ0MS 1.4 T
Gilbert damping coefficient λ 7.319 × 10−3

Phonon quality factor Q0 490
Exchange stiffness Ax 7.132 × 10−11 J m−3

Magnetoelastic constant B1 −4 × 107 J m−3

Magnetoelastic constant B2 −2 × 107 J m−3

but contain two families of additional terms: First, new linear
coupling terms, which represent nonlinear processes that in-
volve the higher harmonics. For instance, one of the terms
contains a linear coupling between magnon modes sk and
s2k0−k, representing a three-magnon process where magnons
of these two eigenmodes are generated by the splitting of the
second-harmonic magnon 2k0. Second, new driving terms of
the form Cξ δ(k − ξk0)e−i(ξωd )t . We determine the parameters
αm

ξ and α
p
ξ,σ by imposing that such terms Cξ vanish. This

choice gives physical meaning to the redefinition Eqs. (40)
and (41) as a transformation into a frame where the new sk
represent additional oscillations on top of a magnetization
field that is already populated by the drive and by the high har-
monics. We remark that this procedure is exact and analogous
to a displacement transformation in quantum optics [71]. Note
that because the magnon dispersion relation is curved and
(in thin films) monotonically increasing [see Fig. 2(a)], the
detuning between the natural frequency of the ξ th harmonic
mode, ωm

ξk0
, and the frequency at which it is driven, ξωd ,

increases as a function of ξ , making the excitation of higher
harmonics less and less efficient. For this reason, in our cal-
culations below, we truncate the sum in Eqs. (40) and (41) at
the third harmonic, i.e., we set N = 3. Explicit expressions for
the computed α

p
ξ,σ and αm

ξ , as well as for the new equations of
motion, are given in Appendix D. Note that the high-harmonic
generation is thresholdless, i.e., it already arises at any finite
driving strength. The high-harmonic peaks will thus appear
in the spectrum as soon as their amplitude can rise above the
noise floor.

Once the high harmonics have been taken into account,
we analyze in the resulting equations the second family of
nonlinear processes. These are parametric instability pro-
cesses, where one mode spontaneously splits into two or
more modes. The dynamics of these processes is more
complex, e.g., they appear only after a defined driving thresh-
old. Our first goal is to determine such a threshold. We
can do so by employing the following linear equations of
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motion,

ṡk =
(

−iωm
k − γ m

k

2

)
sk +

3∑
ξ,ζ=1

(
F (2)

ζk0,ξk0,(ξ+ζ )k0−k

)
αm

ξ αm
ζ e−i(ξ+ζ )ωdt s∗

(ξ+ζ )k0−k

+
3∑

ξ,ζ=1

(
F (3)

ξk0,ζk0,(ξ−ζ )k0−k + F (3)
ξk0,(ξ−ζ )k0−k,ζk0

)
αm

ξ αm∗
ζ e−i(ξ−ζ )ωdt s∗

(ξ−ζ )k0−k

−
3∑

ξ=1

e−iξωdt

⎛
⎝
⎛
⎝∑

σ=1,2

(G(3)
σ,ξk0,k

α
p
ξ,σ ) + T (1)

ξk0−k,ξk0
αm

ξ

⎞
⎠s∗

ξk0−k +
∑

σ=1,2

G(2)
σ,ξk0−k,k αm

ξ a∗
σ,ξk0−k

⎞
⎠, (42)

ȧσ,k =
(

−iωp
k − γ p

2

)
ak −

3∑
ξ=1

G̃(1)
σ,k,ξk0−k αm

ξ e−iξωdt s∗
ξk0−k. (43)

To derive these linearized expressions, we start with the equa-
tions of motion derived above [namely, the set of equations of
motion (37) and (38) under the redefinition Eqs. (40) and (41)]
and neglect (i) linear terms that are known to be stable and
thus lead to no parametric instability [e.g., terms proportional
to sq in the equation of motion for sk], and (ii) any nonlinear
terms. Note that (ii) does not remove the nonlinearity alto-
gether since, as discussed above, the main nonlinear effects
are encoded as linear terms in these equations. More details
about this derivation are given in Appendix D.

Equation (42) captures three kinds of parametric instabili-
ties, namely the ones induced by all the possible four-magnon
processes (first and second lines), three-magnon processes
(terms proportional to T (1)

ξk0−k,ξk0
), and magnon-phonon non-

linear interaction (remaining terms in the last line). In
addition, for each of these mechanisms many different pro-
cesses can reach parametric instability, namely processes
where the amplified modes stem from the first, second, or third
harmonic, or a combination of them. Our first goal is thus to
identify the most relevant of these processes, namely, the one
which reaches threshold at the lowest driving power. To this
end it is sufficient to consider each process in Eqs. (42) and
(43) separately, which allows to split the problem into inde-
pendent systems of two ordinary differential equations. Since
the equations have an identical form for all the processes,
let us illustrate their structure and solution with the specific
example of the three-magnon process where magnons from
the third harmonic mode 3k0 split into two new modes. As we
will show below, this is the process with the lowest threshold
for the parameters of Table II. This case is described by the
closed system of equations

ṡk =
(

−iωm
k − γ m

k

2

)
sk

− e−i3ωdt T (1)
3k0−k,3k0

αm
3 s∗

3k0−k, (44)

ṡ∗
3k0−k =

(
iωm

3k0−k − γ m
3k0−k

2

)
s∗

3k0−k

− ei3ωdt T (1)∗
k,3k0

αm∗
3 sk. (45)

This equation is solved by an exponential function,

sk(t ) = sk(0)e(−i�̄k−�k/2)t , (46)

with the real coefficients �̄k and �k being defined through the
identity

− i�̄k − �k/2

= −i
3ωd − (ωm

3k0−k − ωm
k

)
2

− γ m
k + γ m

3k0−k

4

± i

√(
δ + i

γ m
k −γ m

3k0−k

2

)2 − 4
∣∣αm

3

∣∣2T (1)
3k0−k,3k0

T (1)∗
k,3k0

2
, (47)

where δ ≡ 3ωd − (ωm
k + ωm

3k0−k ) is the frequency difference
between the original mode and the two modes populated by
instability. Considering that αm

3 is an increasing function of
the drive αd, it is clear that there exists a threshold driving
power at which �k becomes negative and the solution be-
comes amplified instead of damped. This defines the threshold
for parametric instability [72,73]. In addition, since in Eq. (47)
the drive |αm

3 |2 is accompanied by the k−dependent factor
T (1)

3k0−k,3k0
T (1)∗

k,3k0
, the instability threshold is different for ev-

ery pair of modes {k, 3k0 − k}. The pair {k, 3k0 − k} with
the lowest threshold is obtained by performing a numerical
maximization of the function Re[�k] in the two-dimensional

TABLE II. Set of alternative system parameters employed for
Figs. 6(b) and 7. They lie within the range of typical parameters
for a LiNbO3 substrate and a CoFeB thin film (indices s and f ,
respectively).

Parameter Value

Thickness d 40 nm
Mass density {ρs, ρ f } {4650, 7800} kg m−3

Longitudinal sound velocity {cl,s, cl, f } {6247, 6419} m s−1

Transverse sound velocity {ct,s, ct, f } {5000, 2621} m s−1

Gyromagnetic ratio γg −1.76 × 1011 T−1 s−1

External field μ0H0 20 mT
Saturation magnetization μ0MS 1.4 T
Gilbert damping coefficient λ 1.73 × 10−2

Phonon quality factor Q0 490
Exchange stiffness Ax 2.3 × 10−11 J m−3

Magnetoelastic constant B1 −2.03 × 107 J m−3

Magnetoelastic constant B2 −1.35 × 107 J m−3
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variable k for increasing values of the driving strength αd ,
until a positive value is obtained. This method also provides a
value for the threshold drive αd .

We undertake the same procedure for all the possible
instability processes in Eqs. (42) and (43), displaying our
results in Fig. 6(a). This figure displays the peaks in the
magnetization spectrum (i.e., the Fourier transform of m(r, t ))
as a function of acoustic driving power, for the parameters
of Table I. The circles indicate the threshold drive for each
parametric instability process. Several processes feed back
into the driven mode k0 as evidenced by the points lying at
the drive frequency ωd. This makes any of these potential
processes difficult to observe above the high-intensity first
harmonic peak and thus experimentally not relevant. The first
observable subharmonic excitation is therefore predicted to
originate from the scattering of a third harmonic phonon into
two magnons, indicating that the nonlinear response is dom-
inated by magnetoelastic interaction. This is, however, not
always the case, as the position and nature of the peaks in
the magnetization spectrum is strongly dependent on several
system parameters. To illustrate this, we consider the slightly
different parameters of Table II. As opposed to the case dis-
played in Fig. 6(a), where we considered resonant driving
of the acoustic mode σ = 2 along the direction of B0, here
we consider drive of the acoustic mode σ = 1 at an angle
φk0 = 40◦ and resonant frequency ωd/2π = 12.86 GHz (see
Fig. 7). As shown in Fig. 6(b), the magnetization spectrum
is sharply different, with three-magnon nonlinearities becom-
ing dominant. Specifically, the first observable subharmonic
peaks correspond to splitting of the first harmonic k0 into two
magnon modes.

Note that the current method based on Eqs. (42) and (43)
allows to predict the parametric instability threshold but not
the mode dynamics at higher powers, where it predicts an
exponential increase of the mode amplitudes. This is because
this simplified model does not take into account the depletion
of the driven mode that occurs when it starts pumping energy
into the new modes. In the next section, we detail how to refine
the model and compute the mode amplitudes above threshold,
a necessary requisite to build a mean-field quantum theory.

B. Beyond-threshold dynamics for a three-mode system

As discussed above, in deriving the linearized equa-
tions Eqs. (42) and (43), we neglected small nonlinear terms.
In this section, we describe the dynamics beyond the thresh-
old by explicitly including these terms. As in the previous
section, we consider each parametric instability process in-
dependently. For the sake of illustration, for this section, we
focus on three-magnon processes for which most of the results
are analytical. We comment on other processes at the end of
the section.

Specifically, we consider the three magnon processes
where a magnon of mode k0 excites two modes of wave
vectors k and k0 − k. Since only these three modes are
significantly populated, we write sq =∑3

j=1 s̄q j δ(q − q j ) in
the full magnetoelastic equations of motion Eqs. (37) and
(38), where q j ∈ {k0, k, k0 − k}. We obtain a system of three

FIG. 6. Peaks in the magnetization spectrum as a function of
driving amplitude squared, |αd|2 (proportional to driving power).
Dots mark the parametric instability threshold for each process and
the frequency of the newly populated modes. Green lines mark the
frequency of the drive and its higher harmonics. For these calcula-
tions, we have set the phonon decay rate proportional to its frequency,
γ

p
σ,k = ω

p
σ,k/Q0, with Q0 the quality factor. The schematics below

each panel depict the wave vector modulus and direction of the
three modes involved in the lowest threshold parametric instability
processes. (a) Subharmonic parametric instability with the lowest
threshold originates from splitting of phonon into two magnons
(yellow dot in zoomed view). System parameters: Table I, driven
at φk0 = 0. (b) Subharmonic parametric instability with the lowest
threshold originates from three-magnon scattering (red dots). System
parameters: Table II, driven at φk0 = 40◦.
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FIG. 7. Dispersion relation of lowest band (n = 0) phonon and
magnon modes propagating at an angle of 40 deg to the external
magnetic field, for the parameters in Table II. Background colors
designate the different regimes of phonon mode types, i.e., bulk, hy-
brid, or surface acoustic. The black dotted line marks the beginning
of SAW behavior of phonon modes in the substrate. The pink dotted
lines show the driving frequency ωd/2π = 12.86 GHz (on resonance
with the σ = 1 phonon mode) and wave vector k0 = 2π/300 nm−1

of the driven mode.

coupled nonlinear equations for the renormalized amplitudes
s̄q j [72,73],

ṡk0 =
(

−iωm
k0

− γ m
k0

2

)
sk0

+ (T (2)
k,k0−k + T (2)

k0−k,k

)
sksk0−k, (48)

ṡk =
(

−iωm
k − γ m

k

2

)
sk

+ (sk0 − αm
0 e−iωdt

)
T (1)

k0−k,k0
s∗

k0−k, (49)

ṡk0−k =
(

−iωm
k0−k − γ m

k0−k

2

)
sk0−k

+ (sk0 − αm
0 e−iωdt

)
T (1)

k,k0
s∗

k, (50)

where we have omitted the bar for simplicity. The three
coupling coefficients in this case are real-valued and fulfill
T (2)

k,k′ = T (2)
k′,k > 0 > T (1)

k,k′ . To simplify the above equations we
first introduce another shift in the magnon mode amplitude
sk0 → sk0 − αm

0 e−iωdt . Then, we define oscillating amplitudes
s j = s̃ je−i� j t with j = k0, k, k0 − k, where the oscillation
frequencies satisfy �k0 = ωd and �k + �k0−k = �k0 . The
equations for these new variables become time-independent,

ṡk0 =
(
−i�k0 − γ m

k0

2

)
sk0 + 2T (2)

k,k0−ksksk0−k + α, (51)

ṡk =
(
−i�k − γ m

k

2

)
sk + T (1)

k0−k,k0
s∗

k0−ksk0 , (52)

ṡk0−k =
(
−i�k0−k − γ m

k0−k

2

)
sk0−k + T (1)

k,k0
s∗

ksk0 , (53)

where we have dropped the tilde for notational simplic-
ity, and where we have introduced � j ≡ ωm

j − � j and the
complex driving parameter α ≡ (−i�k0 − γ m

k0
/2)αm

0 . Because
the above system of equations is time-independent, the fre-

quencies � j correspond to the frequency at which mode j
oscillates in the steady state. In analogy to a forced harmonic
oscillator, these oscillation frequencies can be different than
the natural frequencies ωm

j .
We are interested in solutions to the above equations for

which the amplitudes reach a stationary finite value. We thus
set the left-hand side to zero to obtain equations for the
steady-state amplitudes. One of the steady-state solutions can
be readily identified from the equations, and we refer to it as
the “trivial” solution,

sk0 = α

i�k0 + γ m
k0

/2
; sk = sk0−k = 0. (54)

This solution, which exists for all values of the driving α,
corresponds to the driven mode being populated by the drive
while the remaining two modes remain unpopulated. It can be
shown by a linear stability analysis [73] that the trivial solu-
tion is only stable for driving strengths α below the parametric
instability threshold.

A more involved calculation shows that there is a sec-
ond solution for which sk, sk0−k �= 0 (see Appendix E for
details). This solution exists only if the additional condition
Im[(−i�k − γ m

k /2)(i�k0−k − γ m
k0−k/2)] = 0 is satisfied. This

condition, together with �k + �k0−k = �k0 , fully determines
the values of the two frequencies �k and �k0−k. The mode
amplitudes for this solution read∣∣sk0

∣∣2 = �k�k0−k + γ m
k γ m

k0−k/4

T (1)
k0−k,k0

T (1)
k,k0

, (55)

|sk|2 =
(− i�k0−k − γ m

k0−k/2
)
A(α)

2T (2)
k,k0−kT (1)

k,k0

, (56)

∣∣sk0−k
∣∣2 =

(− i�k − γ m
k /2
)
A(α)

2T (2)
k,k0−kT (1)

k0−k,k0

. (57)

with A(α) ≡ (α/sk0 − i�k0 − γ m
k0

/2). The complex phase of
the driven mode is given by

ei arg(sk0 ) = ei(arg(α)+θk0−k )(iB −
√

−B2 + 1), (58)

with a factor B ≡ |sk0 (i�k0 + γ m
k0

/2)| sin(θk0+ θk0−k )/|α| and
arguments θq ≡ arg(−i�q − γ m

q /2) for wave vectors q. In the
case of the resonant drive considered throughout this work
�k0 = 0. The complex phases of the remaining two modes
are not fully determined, but their sum needs to fulfill

arg
(
sk0

) = arg(sk ) + arg
(
sk0−k

)+ θk0−k + π. (59)

This solution exists only for driving strengths α above the
parametric instability threshold, which is given by

αthreshold =
(
�k�k0−k + γ m

k γ m
k0−k/4

)(
�2

k0
+ γ 2

k0
/4
)

T (1)
k,k0

T (1)
k0−k,k0

. (60)

The mode amplitudes for both solutions are shown in Fig. 8
for the parameters of Table II with the dotted line marking the
threshold power. As power increases, the occupation of mode
k0 increases, until the power reaches the threshold. At this
point the modes k and k0 − k become parametrically ampli-
fied while the occupation of mode k0 remains constant, as also
evidenced by Eq. (55). This saturation of the driven mode is
the reason why, in the general case where many processes can
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FIG. 8. Modulus of mode amplitudes in the three-mode system
of coupled magnons. Below the threshold driving power (pink dashed
line) only the trivial solution Eq. (54) exists. Above the threshold this
solution becomes unstable, and the parametric instability appears.

give rise to parametric instability (see Fig. 6), only the process
with the lowest threshold appears in the spectrum [61], at least
for a range of powers above threshold.

We conclude this section by remarking that the same ap-
proach can be employed to determine the mode amplitudes
above threshold for every nonlinear process considered in this
work. While in the case of three-magnon interaction the solu-
tions are analytical, this is likely not the case for four-magnon
or magnon-phonon nonlinear processes, as in such cases the
analog of Eqs. (48)–(50) would be a system of more than three
equations. The steady-state solutions in these cases can be
computed numerically.

V. QUANTIZATION OF THE THEORY

In this section, we quantize the magnetoelastic equations of
motion Eqs. (37) and (38) via canonical quantization. This
method consists on promoting magnon and phonon ampli-
tudes to ladder operators (see, e.g., Refs. [26,27,66] and
references therein) as

sk → M0ŝk, (61)

aσ,k → U0,σ,kâσ,k, (62)

and imposing canonical bosonic commutation relations,

[ŝk, ŝq] = [âk, ŝq] = [âk, âq] = [ŝ†
k, âq] = 0, (63)

and

[ŝk, ŝ†
q] = [âk, â†

q] = δ(k − q). (64)

The factors M0 and U0,σ,k are the zero-point magnetization
and displacement respectively, and are given by

M0 ≡
√

h̄M = √h̄|γg|MS, (65)

U0,σ,k ≡
√

h̄Uσ,k =
√

h̄

2ω
p
σ,k

. (66)

Note that according to this convention the zero-point magne-
tization is mode-independent.

The canonical quantization method is complete for linear
and conservative Hamiltonians. In this work, however, we aim
at directly quantizing the equations of motion Eqs. (37) and
(38), which are nonlinear and dissipative. To do so we need
to undertake two additional steps. First, we symmetrize any
product of noncommuting operators—that only appear due
to the nonlinearity—to ensure that the conservative dynamics
of the Heisenberg operators ŝk(t ) and âσ,k(t ) is consistent
with the dynamics generated by a Hermitian Hamiltonian
[74]. Second, we introduce Langevin force operators for each
magnon and phonon mode, f̂ m

k (t ) and f̂ p
σ,k(t ), to ensure that

the commutation relations Eqs. (63) and (64) are preserved
during time evolution [75]. The properties of these opera-
tors are described below. The resulting Heisenberg-Langevin
equations are given by

d

dt
ŝk =

(
−iωm

k − γ m
k

2

)
ŝk + D̂m

int (k) + f̂ m
k , (67)

d

dt
âσ,k =

(
−iωp

σ,k − γ
p
σ,k

2

)
âσ,k + D̂p

int (k)

+ f̂ p
σ,k + i

αd

U0,σ,k
δ(k − k0)e−iωdt , (68)

where all operators are in the Heisenberg picture. The oper-
ators D̂m

int (k) and D̂p
int (k) capture all the linear and nonlinear

interactions and take the following form:

D̂m
int (k) =

∑
σ

U0,σ,k

M0
gσ,k âσ,k +

∑
σ

∫
d2q U0,σ,k

(
G(1)

σ,q,k âσ,qŝk−q + G(2)
σ,q,k â†

σ,qŝk+q + G(3)
σ,q,k âσ,qŝ†

q−k

)

+
∫

d2qM0
(
T (1)

q,k+q ŝ†
qŝk+q + T (2)

q,k−q ŝqŝk−q
)+ ∫ d2q1

∫
d2q2 M2

0

(
F (1)

q1,q2,k−(q1+q2 ) ŝq1 ŝq2 ŝk−(q1+q2 )

+ F (2)
q1,q2,(q1+q2 )−k

1

3

(
ŝq1 ŝq2 ŝ†

(q1+q2 )−k + ŝq1 ŝ†
(q1+q2 )−k ŝq2 + ŝ†

(q1+q2 )−k ŝq1 ŝq2

)
+ F (3)

q1,q2,q1−(q2+k)

1

3

(
ŝq1 ŝ†

q2
ŝ†

q1−(q2+k) + ŝ†
q2

ŝq1 ŝ†
q1−(q2+k) + ŝ†

q2
ŝ†

q1−(q2+k)ŝq1

))
, (69)

D̂p
int (k) = M0

U0,σ,k
g̃σ,k ŝk +

∫
d2q

M2
0

U0,σ,k

(
G̃(1)

σ,k,q ŝ†
qŝk+q + G̃(3)

σ,k,q ŝqŝk−q
)
. (70)
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Note that the symmetrization of three-magnon interactions is
omitted because it only affects the mode k = 0, which does
not exist in realistic finite samples (since in such samples the
lowest wave vector, |k| ≈ π/L with L the lateral dimension
of the film, is always finite). The Langevin noise operators in
Eqs. (67) and (68) model fluctuations induced by an external
bath, namely the same bath that is responsible for the damping
in the equations of motion. We assume each mode is coupled
to an independent, Gaussian, and thermal bath with white-
noise correlations, i.e.,〈

f̂ m
k (t )
〉 = 〈 f̂ p

σ,k(t )
〉 = 0, (71)〈

f̂ m
k (t ) f̂ m

k′ (t ′)
〉 = 〈 f̂ p

σ,k(t ) f̂ p
σ,k′ (t ′)

〉 = 0, (72)〈
f̂ m
k (t ) f̂ m†

k′ (t ′)
〉 = δ(t − t ′)δ(k − k′)γ m

k

(
n̄
(
ωm

k , T
)+ 1

)
,

(73)〈
f̂ m†
k (t ) f̂ m

k′ (t ′)
〉 = δ(t − t ′)δ(k − k′)γ m

k n̄
(
ωm

k , T
)
, (74)〈

f̂ p
σ,k(t ) f̂ p†

σ ′,k′ (t ′)
〉 = δσσ ′δ(t − t ′)δ(k − k′)

× γ
p
σ,k

(
n̄
(
ω

p
σ,k, T

)+ 1
)
, (75)〈

f̂ p†
σ,k(t ) f̂ p

σ ′,k′ (t ′)
〉 = δσσ ′δ(t − t ′)δ(k − k′)γ p

σ,kn̄
(
ω

p
σ,k, T

)
,

(76)

where n̄(ω, T ) = (exp(h̄ω/kBT ) − 1)−1 is the Bose-Einstein
distribution. The above equalities are equivalent to the
fluctuation-dissipation theorem and fully determine the prop-
erties of the Langevin noise operators. Note that the factors
n̄(ω, T ) and n̄(ω, T ) + 1 account for both quantum statistics
and vacuum fluctuations, which are key to correctly describe
quantum effects arising at low temperatures.

Equations (67) and (68) are operator-valued and as such
even more complex to solve than their classical counterparts
Eqs. (37) and (38). A powerful tool to tackle these equations is
the mean-field approximation [76,77]. To apply it we first
derive a system of equations of motion for first- and second-
order moments 〈X̂1〉 and 〈X̂1X̂2〉, with X̂ j ∈ {ŝk, âσ,k, ŝ†

k, â†
σ,k}

arbitrary magnon or phonon ladder operators. The mean-field
approximation consists in approximating all higher-order ex-
pectation values in these equations as

〈X̂1X̂2X̂3〉 ≈ 〈X̂1X̂2〉〈X̂3〉 + 〈X̂1X̂3〉〈X̂2〉
+ 〈X̂2X̂3〉〈X̂1〉 − 2〈X̂1〉〈X̂2〉〈X̂3〉, (77)

so that the system of equations, which we refer to as the
mean-field equations of motion, becomes closed. This approx-
imation is equivalent to neglecting the third-order cumulant
and valid when correlations are small. Since magnons and
phonons form a continuum the mean-field equations of mo-
tion still contain an infinite number of equations, making
their solution challenging. We can further simplify them by
noting that, as discussed in previous sections, any parametric
instability process results in only a finite and small number of
magnon and phonon modes becoming significantly occupied

(for instance, in the three-magnon process of Sec. IV B, only
magnon modes k0, k, and k0 − k are significantly occupied,
and no phonon modes are). We can thus write

〈ŝk〉 =
∑

q occupied

δ(k − q)s̄q, (78)

〈âσ,k〉 =
∑

σ ′,q occupied

δσσ ′δ(k − q)āσ ′,q, (79)

for the first-order moments, and a similar expression for the
second-order moments. For example, the expression for the
magnon second-order moments is written as

〈ŝk ŝk′ 〉=
∑

q1,q2 occupied

δ(k − q1)δ(k − q2)
(
s̄q1 s̄q2 + 〈δŝq1δŝq2

〉)
,

(80)

where for convenience, we have split the contribution from the
first-order moments from the fluctuations, represented by the
term 〈δŝq1δŝq2〉. We assume that unoccupied modes remain in
a thermal state, and that the fluctuations for occupied modes
are smaller than the expectation values, i.e., |〈δŝq1δŝq2〉| �
|s̄q1 s̄q2 |. Under these assumptions, introducing Eqs. (78)–(80)
into the mean-field equations of motion leads to (i) a closed,
nonlinear system of equations for the mean values 〈ŝk〉, 〈âσ,k〉
which, as expected for consistency, is equivalent to the clas-
sical equations Eqs. (37) and (38). (ii) An approximate linear
system of equations for the fluctuations, whose coefficients
depend parametrically on the mean values 〈ŝk〉, 〈âσ,k〉. The
mean-field approximation thus provides a simple route to
evaluate quantum expectation values, provided that the full so-
lution of the classical nonlinear equations (i) is known. In the
next section we give a specific example for the three-magnon
case treated in Sec. IV B.

A. Quantum fluctuations of magnetization across the
three-magnon instability threshold

As an example on how to compute quantum expectation
values we consider again the system parameters in Table II,
for which the origin of parametric instability is the three-
magnon scattering process k0 → {k, k0 − k} (see Sec. IV B).
Following the procedure detailed in the previous section we
obtain the following mean-field equations of motion for the
first-order moments:

d

dt
〈v̂〉(t ) = M(t )〈v̂〉(t ), (81)

where we have defined the vector of variables

v̂(t ) ≡ (ˆ̃sk0 , ˆ̃s†
k0

, ˆ̃sk, ˆ̃s†
k,

ˆ̃sk0−k, ˆ̃s†
k0−k

)T
. (82)

Here we omit the time argument for simplicity and, in analogy
to Sec. IV B, we have introduced rotating variables ŝq(t ) ≡
ˆ̃sq(t )e−i�qt and s̄q(t ) ≡ s̃q(t )e−i�qt for q ∈ {k0, k, k0 − k},
with �k0 = ωd and whith the frequencies �k and �k0−k given
in Sec. IV B and Appendix E. The coefficient matrix M(t ) is
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given by

M(t ) ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−i�1 − γ m
1 /2 0 M02T (2)

2,3 s̃3(t ) 0 M02T (2)
2,3 s̃2(t ) 0

0 i�1 − γ m
1 /2 0 M02T (2)∗

2,3 s̃∗
3(t ) 0 M02T (2)∗

2,3 s̃∗
2(t )

M0T (1)
3,1 s̃∗

3(t ) 0 −i�2 − γ m
2 /2 0 0 M0T (1)

3,1 s̃1(t )

0 M0T (1)∗
3,1 s̃3(t ) 0 i�2 − γ m

2 /2 M0T (1)∗
3,1 s̃∗

1(t ) 0

M0T (1)
2,1 s̃∗

2(t ) 0 0 M0T (1)
2,1 s̃1(t ) −i�3 − γ m

3 /2 0

0 M0T (1)∗
2,1 s̃2(t ) M0T (1)∗

2,1 s̃∗
1(t ) 0 0 i�3 − γ m

3 /2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (83)

where the labels 1,2,3 indicate wave vectors k0, k, and k0 − k
respectively. The coefficients s̃q(t ) appearing in the above
matrix can be calculated as s̃q(t ) = sq(t )/M0 with sq the
solutions of the classical equations Eqs. (51)–(53).

The mean-field equations of motion for the second-order
moments read

d

dt
�(t ) = M(t )�(t ) + �(t )MT (t ) + Q(t ), (84)

where

�(t ) ≡ 〈(v̂(t ) − 〈v̂(t )〉)(v̂(t ) − 〈v̂(t )〉)T 〉, (85)

is the covariance matrix, and where we define the matrix

Q(t ) ≡ 〈F̂†(t )v̂T (t ) + v̂†(t )F̂T (t )〉, (86)

with the vector of Langevin forces

F̂(t ) ≡ ( ˆ̃f (m)
k0

, ˆ̃f (m)†
k0

, ˆ̃f (m)
k , ˆ̃f (m)†

k , ˆ̃f (m)
k0−k,

ˆ̃f (m)†
k0−k

)T
, (87)

and f̂ m
q (t ) ≡ ˆ̃f m

q (t )e−i�qt . In Eq. (86) the Hermitian conjuga-
tion applies only to the vector elements, but does not transpose
the vector itself.

Although the above equations allow to compute any quan-
tum expectation value as a function of time, hereafter we focus
on the expectation values on the stable steady state, which
are particularly relevant. That is, we take the long-time limit
γ m

q t � 1 for q ∈ {k0, k, k0 − k}, at which the classical solu-
tions sq(t ) reach the stationary value given either in Eq. (54)
or in Eqs. (55) and (57), depending on whether the drive is
below or above the parametric instability threshold. In this
steady-state limit, the coefficient matrices M and Q [Eqs. (83)
and (86)] become time-independent, and the covariance ma-
trix can be calculated as

�ss =
∫ ∞

0
dτeMτ QeMT τ = PNPT , (88)

where the steady state matrix Q is defined by Qi jδ(t − t ′) =
〈F̂i(t )F̂j (t ′)〉, P is the 6 × 6 matrix that diagonalizes M, i.e.,
M = P�P−1 with � = diag[λ1, . . . , λ6] the diagonal matrix
containing the eigenvalues, and where

Ni j ≡
6∑

c,d=1

(P−1)ci Qi j (P−1)d j

−(λc + λd )
. (89)

The above expressions allow to compute experimentally
accessible observables such as the magnetization operator,

which in the Heisenberg picture reads

m̂(r, t ) =
∫

d2q M0
(
mq(r)ˆ̃sq(t )e

−i�qt + H.c.
)
. (90)

As discussed above, the expectation value of such an operator
is fully described by the classical solution. Quantum fluc-
tuations are, however, captured by the total variance of the
magnetization,

�m̂(r, t ) ≡ 〈|m̂(r, t ) − 〈m̂(r, t )〉|2〉. (91)

This variance can be split into two contributions,

�m̂(r, t ) ≡ �m̂thermal + �m̂d(r, t ), (92)

where the first term describes the variance at zero driving,
given by thermal and vacuum fluctuations, and the second
describes the modifications induced by the drive. The zero-
drive contribution is given by

�m̂thermal ≡
∫

d2q M0|mq(r)|2(2n̄
(
ωm

q , T
)+ 1

)
. (93)

This contribution, which has been studied in detail
before (see Ref. [9]), is time-independent and, within the
single magnon band approximation, also position-
independent. Note that Eq. (93) captures also the quantum
fluctuations of the magnetization vacuum as it does not cancel
at zero temperature. We are interested in modifications above
this thermal background induced by the nonlinearity, so we
consider only the first contribution in Eq. (92). To eliminate
the trivial time dependence, we compute its time average, i.e.,

�m̂d,av ≡ 〈�m̂d(r, t )〉τ , (94)

where the averaging time is chosen as τ � |ωm
k0

−
ωm

k |−1, |ωm
k0

− ωm
k0−k|−1, |ωm

k − ωm
k0−k|−1. After this averag-

ing the position dependence also vanishes in the single-band
approximation.

The variance Eq. (94) is displayed in Fig. (9) as a function
of driving power and at T = 1 mK, a temperature where all
the magnon modes can be considered in vacuum. The vari-
ance is peaked around the threshold power, indicating a sharp
increase in the fluctuations. This rise has been previously
explored in three-mode nondegenerate optical parametric am-
plifiers [78–80] as well as in lasers across the lasing transition
[81,82], where multiple similarities with second-order phase
transitions have been drawn. Indeed, the increase in fluctua-
tions is characteristic of such transitions, and can indicate the
breakdown of the mean-field approximation [77]. We thus re-
mark that—like any other mean-field theory—our model must
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FIG. 9. Time-average of the magnetization fluctuations above
induced by the drive, Eq. (94), as a function of driving power, for the
parameters of Table II and T = 1 mK, corresponding to all magnon
modes having negligible thermal occupation. The dashed pink line
indicates the instability threshold, see Fig. 8.

be used cautiously at driving strengths near the parametric
instability threshold. Far from the threshold, the parametric
instability regime is still characterized by magnetization fluc-
tuations that are several times higher than below threshold.
These results indicate a fundamental change in the quantum
dynamics of the three-mode system across the parametric
instability transition, and explicitly provide a method to ex-
perimentally probe such a transition through the fluctuations
of the magnetization (or equivalently, of the stray magnetic
field above the film [9]). As a final remark, note that below the
threshold, the fluctuations of modes k and k0 − k are not zero
even though their expectation value is, 〈ŝk〉 = 〈ŝk0−k〉 = 0.
This is manifested in the increase of �m̂d,av as a function
of power before the threshold is reached, and indicates the
onset of cross-correlations between these modes. Further ex-
ploration of such correlations, as well as of near-threshold
phenomena in this system, are left for our future work.

VI. CONCLUSION

We have presented a full classical and quantum theory
of coupled magnon-phonon dynamics in two-dimensional
geometries. Our theory reproduces our recent experimental
observation of parametric instability in the classical regime
[61]. We have shown how to rigorously quantize the classical
theory and how to explicitly compute quantum expectation
values within the mean-field approximation. As an illustrative
example, we have predicted that the crossing of the parametric
instability threshold in these systems results in an observable
modification of the quantum fluctuations of the involved de-
grees of freedom.

Our theory paves the way to exploring nonlinear magne-
toelasticity in the quantum regime. By providing analytical
expressions for all the involved rates in terms of magnon and
phonon eigenmode functions, our theory reduces the numeri-
cally demanding task of fully solving the classical dynamics
to just computing the relevant eigenmodes (which in many
cases, such as the film considered in this work, can be done
fully analytically). Moreover, by working within the mean-

field approximation, we avoid the highly complex problem
of simulating quantum nonlinear dynamics of a continuum of
bosonic modes, each characterized by an infinite-dimensional
Hilbert space. Our model thus provides an efficient and ac-
cessible toolbox to quantitatively model and tailor the coupled
quantum nonlinear dynamics of magnons and phonons. Along
this line, future extensions of our work will extend our model
to other structures such as waveguides, or to include other
effects such as surface spin pinning or magnetocrystalline
anisotropy. A second future direction will be to exploit the
nonlinearity to prepare purely quantum magnonic states with-
out the need for qubits, significantly reducing the complexity
of current quantum magnonics experiments.
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APPENDIX A: PHONON EIGENMODES

In this section of the appendix, we provide the acoustic
eigenmode functions and dispersion relations, which have
been derived in detail in another work [62]. To begin with,
we introduce the functions

pl (k, ω) ≡ i

√
k2 − ω2

c2
l,s

, pt (k, ω) ≡ i

√
k2 − ω2

c2
t,s

, (A1)

p′
l (k, ω) ≡

√
ω2

c2
l, f

− k2 p′
t (k, ω) ≡

√
ω2

c2
t, f

− k2, (A2)

with k = |k| the modulus of an acoustic eigenmode. We also
define dimensionless factors

Rρ ≡ ρs

ρ f
, Rt ≡ ct,s

ct, f
, Rl ≡ cl,s

cl, f
. (A3)

Solving Navier’s equation [Eq. (17)] in the regime of surface
acoustic modes in the substrate, i.e., k > ω/cl,s, reveals the
existence of two branches of solutions. We focus on the lowest
band of each branch.

1. First branch

The first branch, which we denote by the index σ = 1,
is purely transverse. The dispersion relation of these modes,
ω

p
1,k, is given by the solution of the equation

p′
t (k, ω) tan(p′

t (k, ω)d ) = RρR2
t |pt (k, ω)|. (A4)
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The mode functions can be expressed piece-wise in each region, see Eq. (21), with the exponentially decaying contribution

u(i)
1,k(r) = C̃k

√
Rρ cos(p′

t d )e|pt |x

⎛
⎝ 0

kz/k
−ky/k

⎞
⎠ (A5)

in the substrate, and the bulk-like mode function

u(ii)
1,k(r) = C̃k cos(p′

t (x − d ))

⎛
⎝ 0

cos(φk )
− sin(φk )

⎞
⎠ (A6)

in the thin film. The mode is normalized by the factor

C̃k =
√

2

(2π )2d

(
Rρ cos2(p′

t d )

|pt |d + 1 + sin(p′
t d ) cos(p′

t d )

p′
t d

)− 1
2

(A7)

Note that in the above equations all the functions pl (k, ω), p′
l (k, ω), pt (k, ω), and p′

t (k, ω) are evaluated at the wave vector and
mode eigenfrequency corresponding to the mode k.

2. Second branch

The second branch (σ = 2) is mixed transverse and longitudinal. The dispersion relation ω
(p)
2,k is given by the solution of

det(M̄ ) = 0 (A8)

with the 6 × 6 matrix

M̄ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

|pl | −ik −√Rρ ip′
l

√
Rρ ip′

l

√
Rρ ik

√
Rρ ik

ik |pt | −√Rρ ik −√Rρ ik −√Rρ ip′
t

√
Rρ ip′

t√
RρR2

t

(
2k2 − ω2

c2
t, f

) −√RρR2
t 2ik|pt | ω2

c2
t, f

− 2k2 ω2

c2
t, f

− 2k2 −2kp′
t 2kp′

t√
RρR2

t 2ik|pl |
√

RρR2
t (k2 + |pt |2) 2kp′

l −2kp′
l p′2

t − k2 p′2
t − k2

0 0 eip′
l d
(
2k2 − ω2

c2
t, f

)
e−ip′

l d
(
2k2 − ω2

c2
t, f

)
eip′

t d 2kp′
t −e−ip′

t d 2kp′
t

0 0 eip′
l d 2kp′

l −e−ip′
l d 2kp′

l eip′
t d
(
p′2

t − k2
)

e−ip′
t d
(
p′2

t − k2
)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(A9)

The mode functions take the form

u(i)
2,k(r) =B(i)e|pl |x

k

⎛
⎝|pl |

iky

ikz

⎞
⎠+ D(i)ye|pt |x

k

⎛
⎜⎝

−ik

|pt | ky

k

|pt | kz

k

⎞
⎟⎠, (A10)

and

u(ii)
2,k(r) = A(ii)eip′

l x

k

⎛
⎝ip′

l
iky

ikz

⎞
⎠+ B(ii)e−ip′

l x

k

⎛
⎝−ip′

l
iky

ikz

⎞
⎠+ C(ii)yeip′

t x

k

⎛
⎜⎝

−ik

ip′
t

ky

k

ip′
t

kz

k

⎞
⎟⎠+ D(ii)ye−ip′

t x

k

⎛
⎜⎝

−ik

−ip′
t

ky

k

−ip′
t

kz

k

⎞
⎟⎠. (A11)

The coefficients B(i), D(i)y, A(ii), B(ii), C(ii)y,and D(ii)y obey the system of equations

M̄(B(i) D(i)y A(ii) B(ii) C(ii)y D(ii)y )T = 0, (A12)

which determines all coefficients except for a normalization constant. Normalization is performed numerically. We remark that
in Eqs. (A10)–(A11) all the functions pl (k, ω), p′

l (k, ω), pt (k, ω), and p′
t (k, ω) are evaluated at the wave vector and mode

eigenfrequency corresponding to the mode k.

APPENDIX B: MAGNON COUPLING RATES

In this section, we provide the explicit expressions of the nonlinear magnon coupling rates appearing in Eq. (28). We start
with coupling rates corresponding to three-magnon scattering processes. By comparison of Eqs. (25) and (28), we identify∫

d2q T (1)
q,k+q s∗

qsk+q = −i
∫

d2q1

∫
d2q2
(〈

mk|D(3)
[
mq1 , m∗

q2

]〉
sq1 s∗

q2
+ 〈mk|D(3)

[
m∗

q1
, mq2

]〉
s∗

q1
sq2

)
, (B1)
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and ∫
d2q T (2)

q,k−q sqsk−q = −i
∫

d2q1

∫
d2q2
〈
mk|D(3)[mq1 , mq2

]〉
sq1 sq2 , (B2)

describing respectively the process of a magnon splitting into two (k + q → {k, q}), and two magnons combining into one
({q, k − q} → k). Introducing the expressions for the magnon mode function Eq. (7) and the Green’s function Eq. (24), we
obtain the expressions for the three-magnon coupling rates,

T (1)
q,k+q = d (2π )2ωM

MS
NkNqNk+q[J+

k+q,q,k + J+
k,k+q,q − J−

k,q,k+q], (B3)

T (2)
q,k−q = d (2π )2ωM

MS
NkNqNk−q[J−

q,k−q,k − J+
k,q,k−q − J+

k,k−q,q], (B4)

with the functions

J±
q1,q2,q3

≡ (±√νx(q1)νx(q2) +√νy(q1)νy(q2)
)√

νx(q3)

(
− 1 + 1

q3d
(1 − e−q3d )

)
q3yq3z

q2
3

. (B5)

The four-magnon scattering coupling rates are identified and calculated in an analogous way. The coupling rates correspond
to physical processes as depicted in Fig. 3. We define the short-hand notations q̃1 = k − (q1 + q2), q̃2 = (q1 + q2) − k, and
q̃3 = q1 − (q2 + k) and find the three defining equalities∫

d2q1

∫
d2q2 F (1)

q1,q2,q̃1
sq1 sq2 sq̃1 = −i

∫
d2q1

∫
d2q2

∫
d2q3
〈
mk|D(4)

[
mq1 , mq2 , mq3

]〉
sq1 sq2 sq3 , (B6)∫

d2q1

∫
d2q2 F (2)

q1,q2,q̃2
sq1 sq2 s∗

q̃2
= − i

∫
d2q1

∫
d2q2

∫
d2q3
(〈

mk|D(4)
[
m∗

q1
, mq2 , mq3

]〉
s∗

q1
sq2 sq3

+ 〈mk|D(4)[mq1 , mq∗
2
, mq3

]〉
sq1 s∗

q2
sq3 + 〈mk|D(4)[mq1 , mq2 , m∗

q3

]〉
sq1 sq2 s∗

q3

)
, (B7)

and ∫
d2q1

∫
d2q2 F (3)

q1,q2,q̃3
sq1 s∗

q2
s∗

q̃3
= − i

∫
d2q1

∫
d2q2

∫
d2q3
(〈

mk|D(4)
[
m∗

q1
, m∗

q2
, mq3

]〉
s∗

q1
s∗

q2
sq3

+ 〈mk|D(4)
[
m∗

q1
, mq2 , m∗

q3

]〉
s∗

q1
sq2 s∗

q3
+ 〈mk|D(4)

[
mq1 , m∗

q2
, m∗

q3

]〉
sq1 s∗

q2
s∗

q3

)
. (B8)

From these expressions, we derive the coupling coefficients as

F (1)
q1,q2,q̃1

= i
d (2π )2ωM

2M2
S

NkNq1Nq2Nq̃1 Z−
q1q2

[
Z+

kq̃1

(
αex(|q̃1|2 + |k − q̃1|2) − Qk−q̃1

(kz − q̃1,z )2

|k − q̃1|2
)

+
(√

νy(k)νy(q̃1) + (q̃1,y)2

|q̃1|2
√

νx(k)νx(q̃1)

)
Qq̃1 −√νy(k)νy(q̃1)

]
, (B9)

F (2)
q1,q2,q̃2

= i
d (2π )2ωM

2M2
S

NkNq1Nq2Nq̃2

[
Z−

q1q2
Z−

kq̃2

(
αex|k + q̃2|2 − Qk+q̃2

(kz + q̃2,z )2

|k + q̃2|2
)

+ 2Z+
q2q̃2

Z+
q1k

(
αex|q1 − k|2 − Qq1−k

(q1,z − kz )2

|q1 − k|2
)

+ 2Z+
q1q̃2

[
Z+

kq2
αex|q2|2 +

(√
νy(k)νy(q2) + (q2,y)2

|q2|2
√

νx(k)νx(q2)

)
Qq2 −√νy(k)νy(q2)

]

+ Z−
q1q2

[
Z−

kq̃2
αex|q̃2|2 +

(√
νy(k)νy(q̃2) − (q̃2,y)2

|q̃2|2
√

νx(k)νx(q̃2)

)
Qq̃2 −√νy(k)νy(q̃2)

]]
, (B10)

and

F (3)
q1,q2,q̃3

= i
d (2π )2ωM

2M2
S

NkNq1Nq2Nq̃3

[
Z−

q2q̃3
Z+

kq1

(
αex|q2 + q̃3|2 − Qq2+q̃3

(q2,z + q̃3,z )2

|q2 + q̃3|2
)

+ 2Z+
q̃3q1

Z−
kq2

(
αex|q1 − q̃3|2 − Qq1−q̃3

(q1,z − q̃3,z )2

|q1 − q̃3|2
)
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+ 2Z+
q1q2

[
Z−

kq̃3
αex|q̃3|2 +

(√
νy(k)νy(q̃3) − (q̃3,y)2

|q̃3|2
√

νx(k)νx(q̃3)

)
Qq̃3 −

√
νx(k)νx(q̃3)

]

+ Z−
q2q̃3

[
Z+

kq1
αex|q1|2 +

(√
νy(k)νy(q1) + (q1,y)2

|q1|2
√

νx(k)νx(q1)

)
Qq1 −√νy(k)νy(q1)

]]
, (B11)

where for compactness we have defined the functions

Z±
qq′ ≡ √νy(q)νy(q′) ±

√
νx(q)νx(q′), (B12)

and

Qq ≡ −1 + 1

|q|d (1 − e−|q|d ). (B13)

APPENDIX C: MAGNETOELASTIC COUPLING RATES

In this Appendix, we provide the magnetoelastic coupling rates introduced in Sec. III B. In that section, we expressed the
magnon-phonon interaction Hamiltonian Eq. (31) with the help of the integral expressions I ( j) ( j ∈ {1, 2, 3}). These expressions
read

I (1)
σ,q,q′ =

∫
d3r

B2

2MS
√

ρ(r)
(Lx(σ, q, q′, r) + Ly(σ, q, q′, r)), (C1)

I (2)
σ,q,q′,q′′ =

∫
d3r

∑
i, j∈{x,y}

B2 + (B1 − B2)δi, j

2M2
S

√
ρ(r)

L(2)
i, j (σ, q, q′, q′′, r), (C2)

I (3)
σ,q,q′,q′′ =

∫
d3r

∑
i, j∈{x,y}

B2 + (B1 − B2)δi, j

2M2
S

√
ρ(r)

L(3)
i, j (σ, q, q′, q′′, r), (C3)

where for compactness, we defined

L(1)
i (σ, q, q′, r) ≡ m∗

q′,i(r)(∂iuσ,q,z(r) + ∂zuσ,q,i(r)), (C4)

L(2)
i, j (σ, q, q′, q′′, r) ≡ m∗

q′,i(r)mq′′, j (r)(∂iuσ,q, j (r) + ∂ juσ,q,i(r) − 2δi, j∂zuσ,q,z(r)), (C5)

L(3)
i, j (σ, q, q′, q′′, r) ≡ m∗

q′,i(r)m∗
q′′, j (r)(∂iuσ,q, j (r) + ∂ juσ,q,i(r) − 2δi, j∂zuσ,q,z(r)), (C6)

with indices i, j, z denoting Cartesian components. Plugging in the respective mode functions [Eqs. (7), (A6), and (A11)] and
solving the integrals yields

I (1)
1,q,q′ = δ(q − q′)Ĩ (1)

1,q,q′ ≡ δ(q − q′)
B2(2π )2NqC̃q

2MS
√

ρ f

(√
νy(q) sin(φq)(cos(p′

t d ) − 1) +
√

νx(q)
k

p′
t

cos(2φk ) sin(p′
t d )

)
, (C7)

I (1)
2,q,q′ = δ(q − q′)Ĩ (1)

2,q,q′ ≡ δ(q − q′)
B2(2π )2Nq

2MS
√

ρ f

(√
νy(q)i cos(φq)

(
2(Ã(ii) + B̃(ii) )

+
(

p′
t

q
− q

p′
t

)
(C̃(ii)y − D̃(ii)y)

)
+
√

νx(q)2 cos(φq) sin(φq)

(
q

p′
l

(Ã(ii) − B̃(ii) ) + C̃(ii)y + D̃(ii)y

))
, (C8)

I ( j)
1,q,q′,q′′ = δ(q′′ − q j )Ĩ

( j)
1,q,q′,q′′ ≡ δ(q′′ − q j )

(2π )2Nq′Nq′′C̃q

2M2
S
√

ρ f

(
iB2(S j

√
νy(q′)νx(q′′) −√νx(q′)νy(q′′))

× cos(φq)(1 − cos(p′
t d )) − iB1(

√
νy(q′)νy(q′′) + S j2

√
νx(q′)νx(q′′))2 cos(φq) sin(φq)

q

p′
t

sin(p′
t d )

)
, (C9)

I ( j)
2,q,q′,q′′ = δ(q′′ − q j )Ĩ

( j)
2,q,q′,q′′ ≡ δ(q′′ − q j )

(2π )2Nq′Nq′′

2M2
S
√

ρ f
(B2(−√νy(q′)νx(q′′) + S j

√
νx(q′)νy(q′′)) sin(φq)

×
(

2(Ã(ii) + B̃(ii) ) +
(

p′
t

q
− q

p′
t

)
(C̃(ii)y − D̃(ii)y)

)

+ iB12
√

νy(q′)νy(q′′)
((

p′
t

q
− q

p′
t

cos2(φq)

)
(Ã(ii) − B̃(ii) ) − (1 + cos2(φq))(C̃(ii)y + D̃(ii)y )

)

− S jiB12
√

νx(q′)νx(q′′) cos(2φq)

(
q

p′
l

(Ã(ii) − B̃(ii) ) + (C̃(ii)y + D̃(ii)y )

))
, (C10)
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for j ∈ {2, 3}. We have defined wave vectors q2 ≡ (q′ − q) and q3 ≡ (q − q′), sign factors S2 = 1, S3 = −1, and coefficients
Ã(ii) = A(ii)(eip′

l d − 1), B̃(ii) = B(ii)(e−ip′
l d − 1), C̃(ii)y = C(ii)y(eip′

t d − 1), and D̃(ii)y = D(ii)y(e−ip′
t d − 1). We have also used the

factors p′
l , p′

l defined in Appendix A, i.e.,

p′
l ≡

√√√√(ωm
q

)2
c2

l, f

− q2 p′
t ≡

√√√√(ωm
q

)2
c2

t, f

− q2. (C11)

Introducing Eqs. (C7)–(C10) into the magnetoelastic Hamiltonian (31) and using Hamilton’s equations

ṡk = −i|M|2 ∂H
∂s∗

k

, (C12)

ȧσ,k = −i|Uσ,k|2 ∂H
∂a∗

σ,k

, (C13)

with the total Hamiltonian (36), we derive the magnetoelastic contribution to the equations of motion (37) and (38), with
magnetoelastic coupling strengths given by

gσ,k = −i|M|2 Ĩ (1)
σ,k,k, (C14)

G(1)
σ,q,k = −i2|M|2(Ĩ (2)

σ,q,k,(k−q) + Ĩ (2)
σ,q,(k−q),k

)
, (C15)

G(2)
σ,q,k = −i2|M|2(Ĩ (2)

σ,q,k,(k+q) + Ĩ (2)
σ,q,(k+q),k

)
, (C16)

G(3)
σ,q,k = −i2|M|22Ĩ (3)

σ,q,k,(q−k), (C17)

g̃σ,k = −i|Uσ,k|2 Ĩ (1)∗
σ,k,k, (C18)

G̃(1)
σ,k,q = −i2|Uσ,k|2

(
Ĩ (2)∗
σ,k,(q+k),q + Ĩ (2)∗

σ,k,q,(q+k)

)
, (C19)

G̃(3)
σ,k,q = −i2|Uσ,k|2 Ĩ (3)∗

σ,k,q,(k−q). (C20)

In writing Eqs. (C17)–(C20), we have made use of the symmetry I (3)
σ,k,q1,q2

= I (3)
σ,k,q2,q1

.

APPENDIX D: MODE AMPLITUDE OF HARMONICS AND DERIVATION OF PARAMETRIC INSTABILITY EQUATIONS

In this Appendix, we provide expressions for the mode amplitude displacements αm
ξ and α

p
ξ,σ defined in Eqs. (40) and (41),

and outline how we simplify the equations of motion in order to simplify them to the expressions Eqs. (42) and (43) given in the
main text.

Regarding the mode amplitude displacements, by following the steps indicated in Sec. IV A, we find explicit expressions of
αm

ξ and α
p
ξ,σ as polynomials of the original acoustic drive αd. In the coefficients of each of these polynomials, we retain only

leading-order contributions in any nonlinear coupling rate density (magnon-phonon, three-magnon, and four-magnon). Note
that this “weak nonlinear coupling” approximation further justifies the truncation of the sum in Eqs. (40) and (41) to N � 3
discussed in the main text, as {αm

j , α
p
j,σ } are, for j > 3, of order 3 or higher in the nonlinear coupling rates. We obtain the

following expressions for the magnon displacement parameters,

αm
1 =

∑
σ gσ,k0 α

p
σ,1

−i
(
ωd − ωm

k0

)− γ m
k0

/
2
, (D1)

αm
2 =

∑
σ

(− G(1)
σ,k0,2k0

α
p
σ,1

)
αm

1 − T (2)
k0,k0

α2
d

−i
(
2ωd − ωm

2k0

)− γ m
2k0

/
2

+
∑

σ gσ,2k0 α
p
σ,2

−i
(
2ωd − ωm

2k0

)− γ m
2k0

/
2
, (D2)

αm
3 = −∑σ

(
G(1)

σ,k0,3k0
α

p
σ,1α

m
2 + G(1)

σ,2k0,3k0
α

p
σ,2α

m
1

)
−i
(
3ωd − ωm

3k0

)− γ m
3k0

/
2

+ −2T (2)
k0,2k0

αm
1 αm

2 + F (1)
k0,k0,k0

(αm
0 )3 +∑σ gσ,3k0 α

p
σ,3

−i
(
3ωd − ωm

3k0

)− γ m
3k0

/
2

, (D3)

and for the phonon displacement parameters,

α
p
σ,1 = −iαd + g̃σ,k0 αm

1

−i
(
ωd − ω

p
σ,k0

)− γ
p
σ,k0

/2
, (D4)

α
p
σ,2 = −G̃(3)

σ,2k0,k0

(
αm

1

)2 + g̃σ,2k0 αm
2

−i
(
2ωd − ω

p
σ,2k0

)− γ
p
σ,2k0

/2
, (D5)

α
p
σ,3 = −2G̃(3)

σ,3k0,k0
αm

1 αm
2 + g̃σ,3k0 αm

3

−i
(
3ωd − ω

p
σ,3k0

)− γ
p
σ,3k0

/2
. (D6)
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These equations are coupled pairwise and can be solved in a recursive manner. First, we solve the 2 × 2 system of equations (D1)
and (D4) to obtain the coefficients αm

1 and α
p
1. Introducing these expressions into the next-order equations Eqs. (D2) and (D5),

we obtain a new 2 × 2 system for αm
2 and α

p
2. By repeating this procedure, we determine αm

3 and α
p
3.

Once the mode amplitude displacements are calculated, we can write the new equations of motion for the magnon and phonon
amplitudes, namely, Eqs. (37) and (38) under the redefinition Eqs. (40) and (41):

ȧσ,k =
(

−iωp
k − γ p

2

)
aσ,k + g̃σ,ksk +

∫
d2q
(
G̃(1)

σ,k,q s∗
qsk+q + G̃(3)

σ,k,q sqsk−q
)

−
3∑

ξ=1

{
αm

ξ e−iξωdt
((

G̃(3)
σ,k,ξk0

+ G̃(3)
σ,k,k−ξk0

)
sk−ξk0 + G̃(1)

σ,k,ξk0
sk+ξk0

)+ G̃(1)
σ,k,ξk0−k αm

ξ e−iξωdt s∗
ξk0−k

}
, (D7)

and

ṡk =
(

−iωm
k − γ m

k

2

)
sk +

∑
σ=1,2

gσ,kaσ,k +
∫

d2q
(
T (1)

q,k+q s∗
qsk+q + T (2)

q,k−q sqsk−q
)

+
∑

σ=1,2

∫
d2q
(
G(1)

σ,q,k aσ,qsk−q + G(2)
σ,q,k a∗

σ,qsk+q + G(3)
σ,q,k, aσ,qs∗

q−k

)

+
∫

d2q1

∫
d2q2
(
F (1)

q1,q2,q̃1
sq1 sq2 sq̃1 + F (2)

q1,q2,q̃2
sq1 sq2 s∗

q̃2
+ F (3)

q1,q2,q̃3 ) sq1 s∗
q2

s∗
q̃3

)

−
3∑

ξ=1

αm
ξ e−iξωdt

{
X (ξ )

k sk−ξk0 + X̃ (ξ )
k s∗

ξk0−k +
∑

σ=1,2

(
G(1)

σ,k−ξk0,k
aσ,k−ξk0 + G(2)

σ,ξk0−k,ka∗
σ,ξk0−k

)

+
∫

d2q
(
Y (ξ )

kq sqsk−(ξk0+q) + Ỹ (ξ )
kq sqs∗

(ξk0+q)−k + F (3)
ξk0,q,ξk0−(k+q) s∗

qs∗
ξk0−(k+q)

)}

−
3∑

ξ=1

αm∗
ξ eiξωdt

{
W (ξ )

k sk+ξk0 +
∑

σ=1,2

G(3)
σ,k+ξk0,k

aσ,k+ξk0 +
∫

d2q
(
F (2)

q,(ξk0+k)−q,ξk0
sqs(ξk0+k)−q

+ (F (3)
q,ξk0,q−(ξk0+k) + F (3)

q,q−(ξk0+k),ξk0

)
sqs∗

q−(ξk0+k)

)}

+
3∑

ξ,ζ=1

αm
ξ αm

ζ e−i(ξ+ζ )ωdt
(
V (ζ ξ )

k sk−(ξ+ζ )k0 + F (2)
ζk0,ξk0,(ξ+ζ )k0−k s∗

(ξ+ζ )k0−k

)

+
3∑

ξ,ζ=1

αm
ξ αm∗

ζ e−i(ξ−ζ )ωdt
(
Ṽ (ζ ξ )

k sk+(ζ−ξ )k0 + (F (3)
ξk0,ζk0,(ξ−ζ )k0−k + F (3)

ξk0,(ξ−ζ )k0−k,ζk0

)
s∗

(ξ−ζ )k0−k

)

+
3∑

ξ,ζ=1

(
F (3)

(ξ+ζ )k0+k,ξk0,ζk0

)
αm∗

ξ αm∗
ζ ei(ξ+ζ )ωdt s(ξ+ζ )k0+k. (D8)

Here we have used the short-hand notations q̃1,2,3 defined in Appendix B, and defined the following auxiliary functions for
compactness:

Y (ξ )
kq ≡ F (1)

q,k−(ξk0+q),ξk0
+ F (1)

q,ξk0,k−(ξk0+q) + F (1)
ξk0,q,k−(ξk0+q), (D9)

Ỹ (ξ )
kq ≡ F (2)

q,ξk0,(ξk0+q)−k + F (2)
ξk0,q,(ξk0+q)−k, (D10)

V (ζ ξ )
k ≡ F (1)

ζk0,k−(ξ+ζ )k0,ξk0
+ 2F (1)

ζk0,ξk0,k−(ξ+ζ )k0
, (D11)

Ṽ (ζ ξ )
k ≡ F (2)

k+(ζ−ξ )k0,ξk0,ζk0
+ F (2)

ξk0,k+(ζ−ξ )k0,ζk0
, (D12)

X (ξ )
k ≡ 2T (2)

ξk0,k−ξk0
+
∑

σ=1,2

(
G(1)

σ,ξk0,k
α

p
ξ,σ /αm

ξ

)
, (D13)

X̃ (ξ )
k ≡ T (1)

ξk0−k,ξk0
+
∑

σ=1,2

(
G(3)

σ,ξk0,k
α

p
ξ,σ /αm

ξ

)
, (D14)

W (ξ )
k ≡ T (1)

ξk0,k+ξk0
+
∑

σ=1,2

(
G(2)

σ,ξk0,k
α

p∗
ξ,σ /αm∗

ξ

)
. (D15)
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To simplify the above expressions, we first ne-
glect all terms involving products of two amplitudes
{sksk′ , sks∗

k′, skak′ , ska∗
k′ , s∗

kak′ , s∗
ka∗

k′ }, as these terms are
proportional to nonlinear coupling coefficients and thus
much smaller than certain linear terms (namely the
ones proportional to magnon and phonon frequencies, to
magnon-phonon linear coupling rate, or to a nonlinear
coupling rate times a driving amplitude α

(m)
ξ � sq). This

approximation is thus valid for driven systems such as the
ones considered in this work. Second, we note that in the
remaining equations, the terms on the right-hand side can
be classified into three families: (i) diagonal terms (i.e.,
terms proportional to −iωp

k − γ p/2 and −iωm
k − γ m/2)

and potentially strong resonant couplings proportional to
gσk and g̃σk; (ii) coupling terms proportional to other
amplitudes sk′ and ak′ , and (iii) coupling terms proportional
to complex conjugates of other amplitudes s∗

k′ and a∗
k′ . Terms

(ii) represent energy exchange between modes and cannot
result in any parametric instability. In other words, if the
amplitudes are 0 at initial time, they cannot increase by the
dynamical evolution generated by these terms. Conversely,
terms (iii) represent parametric processes which can result
in the build-up of nonzero amplitudes. Processes (i) and (iii)
are thus the most relevant for the dynamics of parametric
instability, while processes (ii) can be neglected as they will
not induce strong modifications. By neglecting these terms
we arrive to to Eqs. (42) and (43).

APPENDIX E: SOLUTIONS OF THREE-MODE
INSTABILITY EQUATIONS

In this Appendix, we summarize the properties of
the steady-state solutions of Eqs. (51)–(53) introduced in
Sec. IV B. For simplicity and generality, we simplify la-
bels as {k0, k, k0 − k} → {1, 2, 3} and rename the coupling
rates {2T (2)

k,k0−k, T (1)
k0−k,k0

, T (1)
k,k0

} → {g1, g2, g3}, thus casting
Eqs. (51)–(53) as

ṡ1 = A1s1 + g1s2s3 + α, (E1)

ṡ2 = A2s2 + g2s1s∗
3, (E2)

ṡ3 = A3s3 + g3s1s∗
2. (E3)

Here we have also renamed

Aj ≡ −i� j − γ j

2
≡ |Aj |eiθ j . (E4)

We assume the couplings g j are real numbers, and g2, g3 >

0 > g1. The driving strength α is an arbitrary complex num-
ber. We recall that � j ≡ ω j − � j with �1 = ωd and �2 +
�3 = ωd .

1. Steady-state solutions

We now focus on determining the steady-state solutions
by setting the left-hand side of Eqs. (E1)–(E3) to zero. The
following trivial solution is straightforward:

s2 = s3 = 0; s1 = − α

A1
. (E5)

Let us look for nontrivial steady-state solutions for which
s2, s3 �= 0. In this case we can combine Eqs. (E2) and (E3)
to find the alternative solution

|s1|2 = A2A∗
3

g2g3
, (E6)

which does not depend on the drive α. Since the denominator
is real and positive, the existence of this solution imposes a
condition on the detunings, Im[A2A∗

3] = 0. Together with the
relation �2 + �3 = ωd , this condition fully determines the
two frequencies[

�2

�3

]
= 1

γ2 + γ3

[
γ3ω2 − γ2ω3 + γ2ωd

γ2ω3 − γ3ω2 + γ3ωd

]
. (E7)

To determine the complex phase of s1 we combine
Eqs. (E1)–(E3) into

A1s1 + α = g2g3s2
1(A∗

1s∗
1 + α∗)

A2A3

= (A∗
1s∗

1 + α∗)ei2(φ1−θ3 ) (E8)

where in the last step we have used Eq. (E6) and written
s1 = |s1|eiφ1 . Rearranging this expression, we find a quadratic
equation for the variable eiφ1 , whose solution is

eiφ1 = ei(arg α+θ3 )

(
i
|s1A1| sin(θ1 + θ3)

|α|

−
√

1 − |s1A1|2 sin2(θ1 + θ3)

|α2|

)
, (E9)

where we define A1 ≡ |A1|eiθ1 . The second solution of the
quadratic equation is discarded as it can be shown to lead
to an unphysical solution where |s2|2 < 0. With the above
considerations, the expressions for the mode amplitudes of
modes 2 and 3 are easily obtained as

|s2|2 = A3

g1g3

(
α

s1
+ A1

)
, (E10)

|s3|2 = A2

g1g2

(
α

s1
+ A1

)
, (E11)

which correspond to Eqs. (56) and (57) in the main text. The
phase condition Eq. (59) also directly follows.

As a final task we determine under which parameter regime
does the above nontrivial solution exist. This regime follows
from imposing that Eq. (E10) is positive. Introducing ex-
plicitly the phase expression Eq. (E9) and manipulating the
expression, this condition results in the inequality

cos(θ1 + θ3) <

√
g2g3|α|2

|A2A3||A1|2 − sin2(θ1 + θ3), (E12)

which must be fulfilled. Note that cos θ j < 0 as Re[Aj] < 0,
and cos(θ1 + θ3) > 0. For resonant drive, θ1 = π , and we
obtain the condition

|α|2 >
|A2A3||A1|2

g2g3
= α2

c , (E13)

where αc is the critical threshold obtained in Sec. IV. In other
words, the nontrivial steady-state solution only exists above
the critical threshold.
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