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Josephson junction (JJ) chains combine the coherence of superconductivity with the controllability of
microwave-frequency circuits, making them a powerful platform for circuit quantum electrodynamics. In this
work, we consider a long JJ chain that effectively realizes a multimode cavity with nonlinear dispersion
and additional multimode interactions. Individual modes appearing due to the finite size of the chain can be
experimentally probed via microwave spectroscopy, both in equilibrium and in driven far-from-equilibrium
settings. We study the role of multimode interactions in degrading internal coherence—observable as excess
linewidth—in both equilibrium and driven regimes. Focusing on two-into-two mode scattering as the leading
relaxation process, we classify the relevant scattering processes and derive their expected temperature- and
frequency-scaling under equilibrium conditions. For experimentally relevant parameters, we show that the
equilibrium decay rate is dominated by nonresonant processes, however, weakly driving a particular set of modes
out of equilibrium enhances resonant scattering, leading to observable signatures in the distribution function
and linewidth. Finally, in the strong nonequilibrium regime, we report a crossover to a qualitatively different
nonequilibrium steady state.
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I. INTRODUCTION

Building on early theoretical work on macroscopic quan-
tum phenomena [1,2] and a series of pioneering experiments
in superconducting devices [3], sustained research inter-
est in superconducting circuits emerged in the mid-1980s,
when their simplest realization—based on a single Josephson
junction (JJ)—enabled clear and controllable demonstrations
of macroscopic quantum tunneling and energy quantiza-
tion [4,5]. Over the years, JJs have been extensively explored
as building blocks for qubits, memory, and processors in quan-
tum science [6–9]. It soon became evident that assembling
many junctions into arrays not only provides further potential
for applications in quantum technologies [10–12], but also
gives access to a rich set of low-energy, near-equilibrium
properties, arising from the competition between ground-state
configurations and their lowest excitations. Among these,
the superconductor-insulator transition [13–15], frustration
effects [16,17], vortex dynamics [18], quantum phase slips
(QPS) [19–22], and the synthesis of interesting models such
as two-dimensional XY spin models [23], spin glasses [24],
and spin liquids [25].

Advances in fabrication techniques allow realization of JJ
chains in different regimes and to probe their behavior with
modern spectroscopic methods under both equilibrium and
nonequilibrium conditions. In particular, pioneering works

*Contact author: lucia.vigliotti@ist.ac.at

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

considered JJ chains with very weak bulk nonlinearity and
a strong nonlinear impurity placed at the boundary [26–28].
This setup was used to study phase-slip scattering [26,27] and
also probe multimode interactions induced by the boundary
impurity [28]. In contrast, the effect of bulk nonlinearity,
where multimode scattering is allowed throughout the JJ
chain, received less attention, especially in out-of-equilibrium
settings.

The situation where a JJ chain is homogeneous and features
considerable bulk nonlinearity was recently experimentally
studied by the present authors [29]. The experiment em-
ploys microwave spectroscopy to resolve individual collective
modes in the JJ chain, characterize their linewidth, and study
their out-of-equilibrium behavior. This raises natural ques-
tions: How do intrinsic many-body processes compete with
the extrinsic decoherence due to environment coupling, po-
tentially impacting device performance? How can we change
the balance between intrinsic and extrinsic decoherence by
subjecting the system to nonequilibrium conditions? What
universal behavior can emerge far from equilibrium in this
system?

In order to provide theoretical insights into the above ques-
tions, in this work we lay down the translation of JJ chain
physics in the superconducting regime to the well-established
cavity language [30]. We set up a kinetic equation to calculate
the steady state of the system, and study its fate without
driving and in the presence of a strong driving, which was
demonstrated experimentally to stimulate the nonlinear multi-
mode scattering [29]. Without driving, we go beyond previous
works [31,32], which assumed a continuum of modes, by
including the discrete nature of modes and their extrinsic
broadening. Importantly, the latter enables processes that
would otherwise be off-resonant, which we include in our
analysis. Indeed, mode decay is governed by the competition
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between the energy mismatch introduced by the nonlinear
dispersion and the finite linewidth associated with a limited
quality factor. Whereas previous works considered the regime
where the dispersion-induced energy mismatch exceeds the
linewidth, experimentally relevant systems lie in the comple-
mentary regime, where off-resonant processes dominate the
kinetics for realistic system parameters. We group the relevant
scattering processes into two classes, and in the equilibrium
regime, we obtain the characteristic scaling of the intrinsic
decay rate with temperature and mode number, resulting in
predictions that can be verified in experiments [29].

In the second part of our work, we incorporate the effect
of driving some of the JJ chain modes with a microwave
field. This brings the cavity into a nonequilibrium steady
state (NESS) where drive and losses balance each other. We
consider different configurations of modes that are driven: for
weak to moderate driving of low-energy modes along with
a particular higher energy mode, we find an enhancement of
resonance processes that were practically unobservable in the
equilibrium setting. Next, under moderate driving of only the
higher energy mode, we find linewidth narrowing of nearby
modes caused by the incoming flux of excitations. Finally,
in the regime of strong driving applied solely to low-energy
modes, enhanced intrinsic scattering leads to the emergence of
a qualitatively different steady state. In this state, the system
no longer retains memory of the pumping configuration, and
the characteristic dependence of modes’ linewidth, dominated
by intrinsic interactions, features a qualitatively different scal-
ing on the driving power.

Our theoretical results provide insights into scalings
observed in experiments [29], and also encourage a systematic
experimental study of the distribution function and its
response to increasing driving power. Beyond its fundamental
interest, our analysis yields practical guidance for device
engineering: unless the drive is strong, we find that intrinsic
thermalization of collective modes in JJ chains is slow and
is not the limiting factor. As a consequence, we expect that
even longer and lower-loss JJ chains will continue to serve
as a linear, bosonic bath for quantum simulation [26–28]
and Bloch physics [33,34] without being limited by intrinsic
decoherence. Moreover, our work underlines the role of
nonlinear two-into-two scattering processes and opens the
door to their potential use to establish quantum intermode
coherences [35–37].

The remainder of this paper is organized as follows. In
Sec. II, we introduce the system’s Hamiltonian, including
the nonlinear interaction, the kinetic equation describing its
evolution in the presence of extrinsic damping, multimode
scattering and a drive, and we establish a connection between
the JJ chain parameters and the cavity language. In Secs. III
and IV, we present our results, starting with analytic calcula-
tions of the equilibrium decay rate in Sec. III, and extending
them to the nonequilibrium regime in Sec. IV. Finally, in
Sec. V, we summarize our results and discuss open questions
and potential avenues for future work.

II. SYSTEM AND METHODS

In this section, we introduce the theoretical description of
the JJ chain (Sec. II A) and its evolution through a kinetic

equation (Sec. II B). Finally, in Sec. II C, we discuss the map-
ping between the JJ chain and the multimode cavity language
and accessible values of experimental parameters.

A. From the noninteracting Hamiltonian to four-wave mixing

We study a one-dimensional chain of N JJs for N + 1
superconducting islands, labeled by n, m = 0, . . . , N , cou-
pled on either side to a microwave transmission line, see
Fig. 1(a). Neighboring superconducting islands are coupled
via Coulomb interaction between their charges Qn and via the
Josephson effect between their phases θn [38–40]:

H = 1

2

N−1∑
n,m=1

QnC
−1
nm Qm − EJ

N−2∑
n=1

cos(θn+1 − θn)

− EJ cos θ1 − EJ cos θN−1. (1)

The first term is the charging energy, and the second one is
the nonlinear Josephson potential, with EJ = (h̄/2e)2/LJ , LJ

being the inductance of a single junction. The two variables
Qn and θn are canonically conjugated [θn, Qm] = i2eδn,m. Due
to the low impedance of the external circuit, the phase is effec-
tively pinned at the boundaries, and we impose θ0 = θN = 0.
Notice that such a constraint is responsible for the limits 1 and
N − 2 of the second sum in Eq. (1). Regarding the charging
part, Qn are the canonical variables conjugate to the phases,
but it is sufficient to define them only for the phases that are
actual dynamical degrees of freedom, namely θ1, . . . , θN−1,
given that others are set to zero. For this reason, the charging
sum runs from 1 to N − 1. In the simplest case, each junction
is only coupled to ground with on-site capacitance Cg and
to its nearest neighbors with capacitance CJ , such that the
capacitance matrix Cnm is tridiagonal,

Cnm = Cgδn,m + CJ (2δn,m − δn,m+1 − δn,m−1). (2)

In Fig. 1(b), we show details of the circuit.
If the Josephson energy is much larger than the charging

energy, the phase is only weakly fluctuating around the super-
conducting ground state (where all θn would be a constant,
equal to 0 for our boundary conditions), and the nonlinear
Josephson potential can be expanded around θn+1 − θn = 0.
This expansion amounts to ignoring phase slips [41,42]; we
return to this approximation at the end of this Section and
also in Sec. V. Moreover, since the charging energy is much
smaller than the Josephson energy, the system is largely insen-
sitive to background charges, which justifies neglecting offset
charges in Eq. (1). At the lowest (second) order, we get

H (2) = 1

2

N−1∑
n,m=1

QnC
−1
nm Qm + EJ

2

N−2∑
n=1

(θn+1 − θn)2

+ EJ

2
θ2

1 + EJ

2
θ2

N−1. (3)

From the circuit point of view, this corresponds to considering
each junction as a linear component, made by a capacitance CJ

in parallel with an inductance LJ .
We first diagonalize H (2) in mode space, and then second

quantize it. We introduce the discrete quasimomenta πk/N ,
where k ∈ N is the mode number labeling the excitations.
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FIG. 1. (a) Sketch of the system, consisting of a chain of JJs coupled to a transmission line. Small squares denote adjacent superconducting
islands. Pink and cyan are used to distinguish adjacent islands, as in (b). Lines in different shades of magenta color illustrate the wave function
of the first plasmon modes with number k = 1, 2, 3. The coupling to terminals κex and to the internal environment κi are also shown. (b) Detail
of the circuit, with EJ the Josephson energy, Cg the capacitance to ground, and θi the superconducting phase of each island. (c) Comparing
exact, Eq. (6), and expanded, Eq. (11), dispersion relation of the chain shows agreement for low-lying modes.

We express distances in units of the junctions’ spacing L/N ,
where L is the chain’s size, whence quasimomenta are dimen-
sionless. We start by expanding both θn and Qn in normal
modes,

θn =
N−1∑
k=1

ψk (n)θk, Qn =
N−1∑
k=1

ψk (n)Qk, (4)

where

ψk (n) =
√

2

N
sin

(
πkn

N

)
, k = 1, . . . , N − 1

encode the distribution of charge and phase along the chain
for a given mode k (wave functions in a continuum model).
Generally, the k = 0 mode corresponds to a uniform shift of
all island phases, i.e., the global superconducting phase. Since
the Josephson energy depends only on phase differences, this
is a zero-eigenvalue mode of the Josephson energy. Its dy-
namics is governed solely by the charging energy and does
not represent a propagating collective excitation. However,
the boundary conditions θ0 = θN = 0 fix the global phase and
therefore eliminate this mode from the spectrum. All ψk (n)
satisfy open boundary conditions, ψk (0) = ψk (N ) = 0, and
are orthogonal to each other,

∑N−1
n=1 ψk (n)ψk′ (n) = δk,k′ . After

substitution in Eq. (3), and introducing φk = h̄θk/(2e), which
are the momentum-space equivalent of the node flux for each
island, we get

H (2) =
N−1∑
k=1

[
1

2Ck
Q2

k + L−1
k

2
φ2

k

]
, (5)

with mode-dependent effective parameters Ck = Cg + 2CJ

[1 − cos (πk/N )] and L−1
k = 2EJ (2e)2/h̄2[1 − cos (πk/N )],

which have units of capacitance and inductance.

Given the commutation relation [φk, Qk′ ] = ih̄δk,k′ , we rec-
ognize Eq. (5) as a set of decoupled harmonic oscillators
where φk plays the role of position and Qk the role of mo-
mentum. The corresponding frequencies are given by [12]

ωk =
√

1

LkCk
= ωP

√√√√ 1 − cos
(

πk
N

)
Cg

2CJ
+ 1 − cos

(
πk
N

) , (6)

where ωP = 1/
√

LJCJ = √
2EJEc/h̄ has units of rad s−1 and

is the plasma frequency, with Ec = (2e)2/(2CJ ). Intuitively,
each mode k describes a long-wavelength fluctuation of the
phase degree of freedom along the JJ chain.

We can express Eq. (5) in a second-quantized form. Fol-
lowing the analogy with the harmonic oscillator, we introduce
raising and lowering operators

θk = 2e

√
1

2h̄Ckωk
(âk + â†

k ). (7)

The second-quantized Hamiltonian reads

H (2) =
N−1∑
k=1

h̄ωk

(
â†

k âk + 1

2

)
, (8)

where â†
k (âk ) are bosonic operators that create (annihilate) a

plasmon excitation in the kth mode.
In the following, we will use a simplified expression for

the phase field θn [43], obtained in the limit k � N . At the
lowest order in k/N , the frequency spectrum is linear and the
capacitance parameter is simplified,

ωk ≈ vk, Ck ≈ Cg, (9)
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TABLE I. Chain parameters.

EJ/h Ec/h Eg/h N κ0/2π

50 GHz 30 GHz 0.5 THz 10000 5 MHz

with v = √
2EJEgπ/(h̄N ) and Eg = (2e)2/(2Cg). Then θn be-

comes1

θn ≈ 1√
πKg

N−1∑
k=1

1√
k

sin

(
πkn

N

)
(âk + â†

k ), (10)

with Kg = √
EJ/(2Eg) the global superfluid phase stiffness.

We are interested in multimode scattering and relaxation
arising from the fourth-order expansion terms of the full
Hamiltonian, denoted as H (4). A perturbative treatment of
these terms within the linear approximation is not possible, as
the decay rate of plasmons would diverge [45] and references
therein. It is therefore essential to include the finite curvature
of the spectrum, which regularizes the divergence. We will do
it at the level of transition probabilities (see Sec. II B). The
dispersion relation with the nonlinear correction reads

ωk = k(v − vξk2), (11)

where ξ = π2Eg/(2EcN2). With a choice of parameters com-
patible with current realizations of JJ chains (see Table I),
the exact dispersion Eq. (6) and its cubic expansion Eq. (11)
are shown in Fig. 1(c). Up to kmax = 500, they differ by less
than 6%. Although this discrepancy may exceed the linewidth
for high mode numbers, therefore, altering their resonant
conditions (see Sec. II B), it conveniently allows analytical
tractability of the system in the first part of this work. We
have checked that using Eq. (11) does not substantially affect
our results obtained in equilibrium. For the out-of-equilibrium
simulations, we use the full Eq. (6).

To switch on mode-to-mode interactions, we reintroduce
the quartic order of the nonlinear term, which we will treat
perturbatively,

H (4) = −EJ

4!

N−2∑
n=1

(θn+1 − θn)4. (12)

Using Eq. (10), this becomes (see Appendix A for details)

H (4) = − Egπ
2

96N3

∑
k,p,q1,q2>0

√
kpq1q2(â†

k + âk )(â†
p + âp)

(
â†

q1
+ âq1

)(
â†

q2
+ âq2

) ∑
s1,s2,s3=±

δk+s1 p+s2q1+s3q2,0. (13)

The Kronecker delta, which implements the constraint of
quasimomentum conserving interaction, naturally arises from
the wave-function overlap. Although mode numbers are
strictly speaking positive integers, every sign combination is

1In this limit, the continuum version of the Hamiltonian can be
mapped onto a Luttinger liquid, with Kg defined below being the
corresponding Luttinger constant, see Refs. [32,44].

allowed because each plasma wave supports two components
propagating in opposite directions, e±ikπn/N .

Retaining only particle number-conserving terms, the
second-quantized Hamiltonian can be written in the form (see
Appendix B for details on the calculation)

H (2) + H (4) =
∑

k

h̄ω′
kâ†

k âk − h̄

2

∑
k

Kk,k â†
k âk â†

k âk

− h̄

2

∑
k,p�=k

Kk,pâ†
k âk â†

pâp

+
∑
k,p

q1,q2 �={k,p}

Kk,p,q1,q2 â†
k â†

pâq1 âq2 , (14)

with ω′
k = ωk −∑

p Kk,p/2. Here the second line represents
self- and cross-Kerr shifts, and the third line a four-wave mix-
ing process, and we excluded self-decay processes that do not
represent a two-into-two scattering. Kerr shifts describe the
frequency shift of mode k that scales linearly either with the
occupation number in the same mode (∝â†

k âk), or in the other
modes (∝â†

pâp). Primed frequencies ω′
k take into account the

renormalization of frequencies due to nonlinearities in the
zero occupation number limit (vacuum fluctuations). The Kerr
coefficients read (see Appendix B and Refs. [46,47])

Kk,p =
(

1

2
− δk,p

8

)
h̄ωkωp

2NEJ
. (15)

In the remainder of the paper, we will neglect Kerr cor-
rections and rather focus on four-wave mixing. We restrict
our analysis to number-conserving terms, as previous works
have shown them to play a dominant role in the relaxation
of bosons in similar contexts [48,49]. Moreover, two-into-
two processes admit on-shell configurations, i.e., channels
where momentum and energy resonant conditions are satisfied
even in the absence of modes’ broadening. Slight deviations
from these configurations lead to only weak energy mismatch,
compatible with the finite linewidth of the modes. In con-
trast, one-into-three scattering processes do not have on-shell
channels, resulting in unfavorable, strongly off-resonant con-
ditions. More details can be found in Appendix C.

The matrix element of two-into-two scattering reads

Kk,p,q1,q2 = 〈0|âk âpH (4)â†
q1

â†
q2

|0〉

= −Egπ
2

4N3

√
kpq1q2

∑
s1,s2,s3=±

δk+s1 p+s2q1+s3q2,0.

(16)

We checked explicitly that the contribution of higher orders
is strongly suppressed (see Appendix D). Since plasmons are
probed via excitation with microwave radiation, in the follow-
ing we will also talk about photon scattering. An example of
quasimomentum conserving scattering is shown in Fig. 2(a).
The energy conservation constraint will be extensively dis-
cussed below.

To conclude this part, we emphasize that phase slips,
mentioned in the introduction, cannot be ruled out a priori.
These are nonperturbative processes where the phase differ-
ence across a junction changes by 2π , and they also contribute
to the intrinsic relaxation of modes, which is the focus of our
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FIG. 2. Introducing momentum unfolding: (a) plasmon modes
labeled by a set of positive integers, with two-into-two collisions ful-
filling the generalized momentum conservation k ± p ± q1 ± q2 =
0; (b) each mode is split into its positive and negative-momentum
components, by introducing negative mode numbers with the same
frequency and occupation numbers as the positive ones. In this case,
the constraint becomes k + p − q1 − q2 = 0. In what follows, we
adopt the unfolded notation as in (b).

work. However, a recent experiment [29], performed at energy
scales comparable to those listed in Table II, showed that the
scaling of intrinsic decay rates was compatible with gradient
nonlinearities described by Eq. (12). Previously, Ref. [32]
predicted that damping due to scattering off QPS becomes
relevant only at frequencies exponentially small in the ratio
EJ/Ec. In light of these results, we therefore consider gradient
nonlinearities as the sole source of intrinsic plasmon decay in
the following.

We move now to plasmon relaxation and decay rates. For
notational convenience, we set h̄ = kB = 1 from now on.

B. Kinetic equation and decay rates

To describe the scattering processes from quartic nonlin-
earity, we use the framework of a kinetic equation [50–52].
The kinetic equation provides a simplified description of the
interacting modes that neglects coherences between differ-
ent modes (justified, in particular, since we are interested
in steady-state properties and coupling to the environment

TABLE II. Parameters that determine the properties of a JJ chain
viewed as a multimode cavity and their dependence on characteristics
of individual JJs, such as their charging (Eg, Ec) and Josephson (EJ )
energies, as well as number of junctions N , total coupling to the
environment κ0 and mode number, k. When appearing in the above
estimates, we use temperature T = 0.1 K and mode numbers in the
range k = 2–200.

Parameter Scaling Typical value

F
√

EgEJ

Nκ0 ≈14

ζ
kEg

N2Ec
∼10−5–10−3

ζF k
√

E3
g EJ

N3Ecκ0 ∼10−4–10−2

p̄ (w/o drive) T N√
EgEJ

≈30

g 1
N2

√
Eg

EJ
≈1.8 × 10−8

τmin (w/o drive)
E2

g

N6(κ0 )2 ≈6 × 10−14

destroys phase coherence) and assumes that the state of the
system is specified by the occupation numbers of individual
modes,

nk = 〈â†
k âk〉. (17)

The distribution number evolves in time according to the
Boltzmann kinetic equation

∂nk

∂t
= Ik[n] − κ0

(
nk − nth

k

)+ κexnflux
k , (18)

where the first term, Ik[n], is the collision integral [48] describ-
ing intrinsic scattering processes. The second term describes
the coupling to terminals and environment with the effective
rate

κ0 = 2κex + κi, (19)

see Fig. 1(a) and Table I, which aims to bring modes to ther-
mal equilibrium with the Bose-Einstein distribution function
nth

k = (eωk/T − 1)−1. Finally, the last term phenomenologi-
cally describes the presence of an external driving, with nflux

k
a power spectral density in units of photons/s/Hz.

The collision integral depends on the occupation of all
modes present in the system, and can be split into an in-
scattering part that adds excitations to a certain mode k, and
an out-scattering part removing excitations,

Ik[n] = I in
k [n] + Iout

k [n], (20)

I in
k [n] = 1

2

∑
p,q1,q2

Wq1,q2→p,k (1 + np)(1 + nk )nq1 nq2 , (21)

Iout
k [n] = −1

2

∑
p,q1,q2

Wp,k→q1,q2

(
1 + nq1

)(
1 + nq2

)
nknp, (22)

where the additional factor 1/2 takes into account the permu-
tation symmetry of modes q1, q2, and we implicitly exclude
unphysical self-decays from the sum (q1 = k or q2 = k).

The transition probabilities Wq1,q2↔p,k entering into the col-
lision integral are given by the Fermi golden rule that includes
a delta function to ensure energy conservation. In order to take
into account the broadening of modes due to their coupling to
the environment and terminals, we use the golden rule with a
Lorentzian

Wq1,q2↔p,k = 2π
∣∣Kk,p,q1,q2

∣∣2δγ

(
ωq1 + ωq2 − ωk − ωp

)
. (23)

The effective linewidth of a two-into-two scattering process is
given by the sum of the original linewidths γ = 2κ0,

δγ (�ω) = 1

π

γ

γ 2 + (�ω)2
. (24)

Note that for simplicity we assume that the couplings to
the terminals and to the external environment are mode-
independent. This is a reasonable assumption, as it is expected
for experimental boundary conditions such as in [29]. It is
straightforward to extend our results to the case where all
parameters in Eq. (19) depend on mode number k.

As we said, the matrix element Kk,p,q1,q2 in the Fermi
golden rule rate, Eq. (16), also imposes the conservation of
momenta. However, due to the chosen open boundary con-
ditions, such momentum conservation is only valid modulo
absolute sign, see the sketch in Fig. 2(a), as each mode
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contains two counter-propagating waves with positive and
negative momentum. This more complex momentum conser-
vation may be simplified if we unravel back the dispersion
relation, introducing unphysical modes with k < 0 and impos-
ing a symmetric occupation function, n−k = nk , see Fig. 2(b).
This is a purely theoretical trick; however, it simplifies book-
keeping, and in what follows we will consider sums over
positive and negative momenta, thereby removing the sum
over s1,2,3 in Eq. (16).

Within the kinetic equation framework, the effective
linewidth of a given mode is defined by linearizing the ki-
netic equation. In particular, the intrinsic contribution to the
linewidth stemming from two-into-two scattering is contained
in the linearization of the collision integral. The linearization
expands the occupation numbers as nk = n0

k + δnk , where n0
k

is the NESS of the kinetic equation, satisfying ∂n0
k/∂t = 0.

In the absence of any external drive, n0
k are simply given

by the Bose-Einstein distribution: the system is at thermal
equilibrium with terminals and environment, and Eq. (18)
describes in practice the microscopic relaxation of mode k in
response to a small perturbation δnk . Within the relaxation-
time approximation, we keep only the diagonal part ∝δnk of
the collision integral, ∂nk/∂t ≈ −(δκk + κ0)δnk , and obtain
an explicit expression for the additional decay rate of mode k
due to intrinsic scattering:

δκk = 1

2

∑
p,q1,q2

Wp,k→q1q2

[
n0

p

(
1 + n0

q1
+ n0

q2

)− n0
q1

n0
q2

]
, (25)

where the sum is subject to the same restrictions as discussed
after Eq. (22). The expression (25) for the intrinsic contribu-
tion to linewidth ignores the off-diagonal components of the
linearized collision integral. We checked that their contribu-
tions are negligible both in equilibrium and in the presence of
drive, even at high intensity.

Equation (25) was used in the previous literature [29,31,32]
to obtain the contribution to the equilibrium linewidth from
intrinsic scattering. In the next section, we reproduce earlier
results and extend them to the regime of broadened modes. In
addition, we will use the same expression to get the linewidth
in the presence of an external driving, nflux

k �= 0. In this case,
we cannot use the Bose-Einstein distribution function for n0

k .
Instead, we numerically determine the NESS of the kinetic
equation, ∂n0

k/∂t = 0, and then use Eq. (25) to obtain the
excess linewidth due to multimode interaction.

We notice that the collision integral for many interacting
modes features particle and energy conservation. The thermal
relaxation and external supply determine the global gain and
loss of particles and energy; the collision integral solely re-
distributes them among modes. Therefore, in the driven case,
we obtain the following expressions for the excitation number
and total energy present in the system:

Ntot =
N−1∑
k=1

[
κex

κ0
nflux

k + nth
k

]
,

Etot =
N−1∑
k=1

ωk

[
κex

κ0
nflux

k + nth
k

]
, (26)

which may be used to check for convergence of the kinetic
equations and also to define an effective temperature in the
system. The NESS results from the balance between the
excitation pumping, the losses, and the redistribution of ex-
citations due to the intrinsic collision dynamics.

C. Relevant parameters and cavity language

Finally, we translate the physical parameters of the JJ
chain (Eg, EJ , Ec, N , and κ0, together with T ) into the lan-
guage of multimode cavities with nonlinear dispersion, level
broadening, and two-into-two mode scattering originated by
interactions. For convenience, we choose the level spacing of
the lowest mode as an overall energy scale, �1 = ω1 = v,
where v as defined above in Eq. (10) has energy units, with
all the remaining dimensionless parameters discussed below.

The natural ratio of mode width to mode spacing has the
intuitive meaning of inverse finesse for the cavity,

F−1 = κ0

�1
� 1, (27)

that is much smaller than one since typical experiments have
well-resolved individual modes [29,38,46]. Next, a convenient
dimensionless measure of the cavity dispersion is the ratio

ζ = 2ωk − ωk+1 − ωk−1

�1
. (28)

This parameter specifies how the level spacing of two-boson
decay compares to the single-particle level spacing, and
changes along the dispersion. A weak nonlinearity implies
that ζ � 1, however, what matters more is the product ζF :

ζF = 2ωk − ωk+1 − ωk−1

κ0
. (29)

If ζF � 1, the level broadening is insufficient to over-
come the off-resonant mismatch, and two-into-two decay
processes remain suppressed. In contrast, once ζF � 1, the
finite modes’ linewidth becomes large enough to enable these
otherwise off-resonant decays. In Table II, we will list all
the relevant parameters, provide their scaling in terms of the
initial parameters of the JJ chain, and estimate their order
of magnitude. We see that natural parameters of a JJ array
put it in a regime where modes are well resolved, yet the
linewidth dominates over nonlinearity, enabling incoherent
two-into-two mode scattering processes.

We emphasize that state-of-the-art experiments allow for
smaller κ0 values than those used in this work, resulting in
higher F and ζF . This parameter includes both coupling to
the terminals and to the environment [see Eq. (19)]. As will be
shown, our choice is motivated by the need to discuss all types
of off-resonant processes. Smaller values would still allow the
off-resonant processes we identify as dominant, and therefore
would not alter our conclusions. We also note that finesse F
may be affected by intrinsic decay processes in the cavity if
driven strongly out of equilibrium.

The parameters discussed before can be thought of as
intrinsic properties of JJ chains, as they become strongly
modified only when the system is driven far away from
the equilibrium state. Now, we discuss two parameters that
are strongly influenced by the presence of driving. The first
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parameter is the (effective) temperature in units of �1, which
determines how many modes are occupied by at least one
photon,

p̄ = T

�1
. (30)

In the NESS, one can define an effective temperature that
would result from matching the total occupation of all modes
to the one in a thermal state.

The second parameter is the thermalization degree τ =
δκ/κ0. It may be thought of as an analog of the so-called
cooperativity [30], characterizing how the intrinsic scattering
rate δκ compares to the extrinsic decay rate. The thermaliza-
tion rate is strongly dependent on details of the distribution
function, and the relation between other parameters in the
system. However, we can roughly estimate it using the di-
mensionless matrix element that controls the two-into-two
scattering process,

g =
∣∣Kk,p,q1,q2

∣∣
�1

, (31)

where we used Eq. (16) and assumed mode numbers to be of
order one. Using this notation, the intrinsic scattering rate can
be written as δκ ∝ g2�2

1/κ
0, where we replaced DOS by 1/κ0

(assuming ζF � 1) and ignored the distribution function and
the sum over mode numbers. This leads to the estimate of the
thermalization rate

τ = δκ

κ0
� g2�2

1

(κ0)2
= g2F2, (32)

justifying the analogy between τ and the cooperativity. We
emphasize that τ severely depends on mode numbers involved
in the scattering process, and hence the estimate above may be
thought of as a tentative lower bound.

When τ � 1, the extrinsic decay rate κ0 dominates over
scattering-induced broadening δκ . In this regime, excitations
leave the system before they have the opportunity to scatter
within the chain, and intrinsic scattering due to nonlinearity
is strongly suppressed. In reverse, having τ � 1 implies that
intrinsic scattering starts to play an important role. We note
that, while parameters defined earlier may be thought of as
approximately constant, p̄ and τ introduced here strongly
depend on the distribution function and will be affected by
external pumping. In the regime of strong pumping, the large
occupation numbers will enhance intrinsic scattering, leading
to a drastic increase in τ . From Table II, we see that with-
out driving, the thermalization degree τ is small. However,
the parameter τ effectively serves as a lower bound. After
incorporating all relevant factors, it becomes larger and may
be substantially amplified by the drive up to τ ∼ 102.

Another useful parameter comparison is between the mag-
nitude of Kerr shifts and the detuning between modes due to
curvature ζ�1. Provided that Kerr shifts are larger than ζ�1,
they are capable of enabling or disabling certain intrinsic de-
cay channels. Since, in JJ chains, Kerr shifts and two-into-two
particle scattering come from the same mechanism, the for-
mer are directly related to the parameters already introduced.
Focusing on cross-Kerr (see Appendix B for more details), we
get Kk �=p

k,p = 2g�1kp. Using Table II we see that Kk �=p
k,p � ζ�1

unless very high-frequency modes p are pumped, therefore,
Kerr shifts will be neglected in our analysis.

The parameters introduced above also allow us to place re-
strictions on the applicability of the Fermi golden rule, which
we use extensively below. The requirement of well-resolved
individual modes implies F � 1, while ensuring that modes
do not mix too strongly further requires that τ/F � 1. In ad-
dition, we can identify different regimes of the Fermi golden
rule. When many processes contribute to broadening, the con-
dition ζF � 1 ensures that the linewidth is well averaged over
many channels and varies smoothly with mode index. In the
opposite mesoscopic regime, ζF > 1, some modes have res-
onant (on-shell) processes while others do not. This leads to
a nonsmooth dependence of the decay rate on mode number,
although the Fermi golden rule remains applicable due to the
presence of a bare linewidth. Finally, the condition τ � 1 is
needed to ensure that no intermode coherence is established,
and that the Markovian approximation is valid. This condition
may nominally break down in the strong pumping regime, but
we will nevertheless apply the Fermi golden rule.

III. LINEWIDTH IN THERMAL EQUILIBRIUM

In this section, we consider the contribution to the
linewidth of collective modes from intrinsic interactions in the
absence of external driving. We first introduce the approxi-
mate separation of decay processes into (i) large momentum
transfer and (ii) small momentum transfer. Then, in Sec. III B,
we discuss resonant (on-shell) processes of type (i), recov-
ering previous results in the literature [31,32]. Finally, in
Sec. III C, we analyze off-resonant processes allowed by
broadening, of both types (i) and (ii). For all processes, we
obtain the scaling of the decay rate with mode number and
temperature and support these findings with numerical simu-
lations.

A. Different processes contributing to decays

To start, we qualitatively characterize the possible decay
processes of a given mode k � 1. Energy and momentum
conservation put strong constraints on the decay processes
allowed with a concave dispersion relation as in Eq. (11) in
a JJ chain. In particular, previous works [31,32] obtained the
following condition for the decay of mode k into mode q1

with simultaneous up-scattering of mode p∗ to mode q2 that
conserves energy and momentum:

p∗ = − 3
2ξkq1q2, (33)

where an expansion assuming the dispersion’s nonlinearity
parameter ξ � 1 [see Eq. (11)] was performed. For real-
istic values of parameter ξ , that are typically of the order
of 10−7–10−5, the existence of nontrivial solutions to this
condition implies that momenta q are as large as possible, sug-
gesting that q1 ≈ q2 ≈ k/2. We denote this type of processes
as large momentum transfer and illustrate them in Fig. 3(a).

Due to the finite linewidth of modes, processes that weakly
violate energy conservation due to extrinsic couplings are also
allowed. Since the dispersion features a weak nonlinearity, the
weakest energy violation is happening for small momentum
transfer processes, such as in Fig. 3(b), where initial modes
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FIG. 3. Schematic representation of large (i) and small (ii) mo-
mentum transfer decay of mode k. The only on-shell decay process
involves momentum p∗ defined in the main text.

k � p have comparable momenta, and momentum transfer
δ = k − q1 = q2 − p is small. Although the separation be-
tween large and small momentum transfer processes is not
always sharp, in practice we will see that restricting the mo-
mentum transfer δ to small values of the order of a few modes
is typically enough to account for small momentum transfer
processes.

Finally, for both processes discussed above, we can dis-
tinguish the on-shell and off-shell contributions. The former
contribution survives in the limit where the density of states
becomes a delta function. In contrast, the off-shell contri-
bution relies on the finite broadening of modes. For large
momentum transfer processes, we write

δκ
(i)
k = δκ

(i),on
k + δκ

(i),off
k . (34)

In contrast, for small momentum transfer, only the off-shell
contribution exists (δ = 0 would correspond to the excluded
self-decay), therefore, we omit the extra label in what follows
and use the notation δκ

(ii)
k = δκ

(ii),off
k .

In order to support our classification of processes intro-
duced above, we perform a numerical simulation of the total
decay rate in Eq. (25) assuming the equilibrium distribution
function. In order to visualize the contributions of differ-
ent processes to the decay rate of a fixed mode k, we rely
on momentum conservation (using the unfolded momentum
notations) to solve for momentum p = q1 + q2 − k. The re-
sulting two momenta q1 and q2 are used to label the decay
process of mode k, and we visualize the relative importance
of individual processes by plotting their contribution to the
total intrinsic decay rate, Eq. (25).

Figure 4 shows such a plot for a particular choice of param-
eters. We selected mode k = 150 and used the Bose-Einstein
distribution function with temperature T = 0.1 K. Here, and
unless differently specified, we assume a relatively large mode
broadening of κ0/(2π ) = 5 MHz, still smaller than intermode
spacing.2 The total decay rate of mode k corresponds to the
sum of all entries in Fig. 4, with q1 and q2 spanning all
nonzero values from −kmax to kmax. Modes outside the plotted

2As we will show, a large broadening is required to enable all types
of processes. Apart from that, a different choice would not alter
qualitatively the results of this work.

FIG. 4. Decay channel plot of mode k = 150 assuming k, p →
q1, q2, and setting T = 0.1 K and κ0/(2π ) = 5 MHz. The darker
regions correspond to participating decay channels. The colored
frames highlight two relevant and distinguished types of scattering
processes: with large momentum transfer (i) (light and dark blue) and
small momentum transfer (ii) (brown), respectively. Numerically,
for the resonant processes of type (i) (see the main text), we sum
p over −30 � p � −1, which includes p∗ up to k ≈ 450, and we
restrict to q1, q2 > 0. For the off-resonant counterpart, we consider
p ∈ (0, T/v] and k/4 � q1, q2 � 3k/4, which correspond to a large
momentum transfer window. Processes of type (ii) are instead se-
lected through q1, q2 > 0 and k − δ < q1, q2 < k + δ. The choice of
δ and more details on the selected channels are discussed in the main
text.

window in Fig. 4 make a vanishingly small contribution and
are not shown in the Figure. The notable parts of the plot
that have considerable weights are labeled as (i) and (ii), and
they match our large- and small-momentum transfer processes
defined above.

Indeed, the large momentum transfer process has p∗ small
and negative, and we see a thin gray line near the p = 0
diagonal, which is also highlighted in the inset of Fig. 4.
Here, the momentum transfer between initial and final states,
δ = k − q1 = q2 − p, can be of order k/2. The second set of
notable features denoted as (ii) corresponds to a scattering
process where the momentum transfer δ is small, q1 ≈ k or
q2 ≈ k. Two additional weak features are visible in the top
right corner and in the bottom left corner of Fig. 4, again
stemming from large momentum transfer processes, but now
with mode k being up-scattered. Since they are suppressed at
low temperature compared to (i), and we will show that (ii)
dominates at higher temperature, we will not discuss these
processes.

B. Resonant scattering, large momentum transfer

We start from the case of resonant large momentum trans-
fer, see Fig. 3(a). To select the contribution from these
processes, we consider only terms with p < 0 in the sum
within Eq. (25), and replace the Lorentzian density of states
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by a delta function. Using the simplified expression (16) for
the matrix element in (23), we obtain

δκ
(i),on
k = π5E2

g

16N6

∑
q2>0,p<0

′ |kp(k + p − q2)q2|δ(�ω)

× [
n0

p

(
1 + n0

p+k−q2
+ n0

q2

)− n0
p+k−q2

n0
q2

]
, (35)

where �ω = ωq1 + ωq2 − ωk − ωp, and the primed sum im-
plies the restriction q1 = p + k − q2 > 0.

A nonvanishing on-shell contribution requires the exis-
tence of mode p∗ as in Eq. (33), i.e., |p∗| must be larger
or equal to one, resulting in the condition k � 3

√
8/(3ξ ).3

For the considered chain parameters, this yields k � 150. In
addition, the mode with index p∗ must be occupied by at
least one excitation to considerably contribute to the decay
process, suggesting that temperature should be sufficiently
large. However, provided that we are typically concerned with
modes k in a range ∼1–10 GHz, with our chain parameters the
resulting |p∗| is of order up to ∼30. Typical temperatures of
order 0.1 K lead to the occupation of (several) tens of modes,
so this condition does not represent a considerable restriction.

Assuming that momentum p∗ is not too small (|p∗| �
κ0/v), since the expansion of �ω features nonanalyticity
around p = 0, we linearize the energy difference around p ≈
p∗, obtaining �ω ≈ −2v(p − p∗) up to corrections of order
ξ . Using this linearization and neglecting the occupation num-
bers of all modes except for np, we obtain

δκ
(i),on
k = π5E2

g

16N6

k+p∑
q2=1

∑
p<0

|kp(k + p − q2)q2|

× δ(2v(p − p∗))np. (36)

We note that replacing the broadened density of states by a
delta-function to obtain the on-shell contribution is justified if
at least a few modes lie within the Lorentzian width, which is
2κ0/v after linearization. This requires the intermode spacing
given by v to be smaller than the mode width κ0, κ0 > v/2.
This condition practically does not hold, so the approximation
is not valid. Nevertheless, let us give for completeness a closed
expression for δκ

(i),on
k , which is obtained by approximately

replacing sums by integrals:

δκ
(i),on
k = π5E2

g

192v2N6
T k4 = π3Eg

384N4EJ
T k4. (37)

This expression matches the result of Ref. [32], provided that
periodic boundary conditions are replaced by open boundaries
and notations are matched. A violation of κ0 > v/2 would
affect, in particular, the temperature scaling, which is expected
to be higher than that predicted by Eq. (37).

The obtained scaling of the intrinsic decay rate from this
resonant large-momentum scattering (37) can be reproduced
in an intuitive way by taking into account the existence of
a resonance at small momentum p = p∗ and using the occu-
pation number np ≈ T/(vp). The scattering matrix element
contributes a term ∝k3 p, as all other momenta q1 ≈ q2 are of

3Here we used q1 = q2 = k/2, which gives the largest possible p∗.

order k, and the remaining sum over q2 gives another factor of
k. This in total gives a scaling δκ

(i),on
k ∝ |k4 p∗| · T/(v|p∗|) ∝

(T/v)k4 and reproduces the power laws obtained above and
in Ref. [32]. However, as already discussed, the main obstacle
for implementing this process is the discrete nature of the
chain and the level spacing between modes exceeding the
linewidth of individual modes.

C. Off-resonant scattering

We proceed by considering off-resonant decays. Al-
though it is practically impossible to observe the resonant
large-momentum scattering, the finite linewidth κ0 facili-
tates large-momentum transfer off-shell contributions that we
consider first. These processes are most relevant in the low-
temperature regime. After this, we continue with the estimate
of small momentum transfer processes that have only off-shell
contributions and dominate at larger temperatures.

1. Large momentum transfer

The off-shell contributions to large momentum transfer
decay processes are estimated from Eq. (35), by restricting the
sum over p to positive values p ∈ (1, T/v) and restoring the
Lorentzian form of the density of states. To give an analytical
estimate, we consider a decaying mode k with energy much
larger than temperature. Also, we assume k � 3

√
8κ0/(3vξ ) ≈

61, which comes from κ0/v � |p∗| and is complementary
to our last requirement for resonant processes. This condi-
tion places the Lorentzian δγ (�ω) centered in p∗ close to
p = 0, where δγ (�ω) deviates from a Lorentzian, becoming
roughly constant in p. This implies that channels from the
positive branch p > 0 acquire importance, and comes from
the nonanalytical dependence of the linearized �ω = ωq1 +
ωq2 − ωk − ωp on p when p changes sign. Indeed, for negative
values of p above, we used the expansion �ω(p) ≈ �ω(0) −
2vp to derive δκ

(i),on
k . In contrast, for positive values of p,

the expansion reads �ω(p) ≈ �ω(0) + 3k2vξ p/4, where the
presence of the small parameter ξ that controls the dispersion
nonlinearity leads to a much slower energy change with p. As
a result, we have |�ω(p) − �ω(0)| � γ for all values of p
where at least one excitation is present, np � 1. Calculating
the sums, we get

δκ
(i),off
k = π3Eg

384N4EJ

T 2

κ0
k4. (38)

The scaling of this off-resonant contribution is intuitively
obtained in the same way as before, however, replacing the
density of states by a factor of 1/γ ∝ 1/κ0 and restricting
the sum over p to values p � T/v, thereby obtaining another
factor of temperature.

Figure 5 presents the numerical results for resonant and
off-resonant scattering with large momentum transfer together
with the total decay δκk . The latter is obtained by summing
over all decay channels in Eq. (25). In Fig. 5(a), we plot
decay rates as a function of mode number at a low temperature
T = 0.002 K. The resonant decay rate, δκ

(i),on
k (light blue),

is much smaller compared to the total decay rate δκk (black)
until k ≈ 150. This is in agreement with our criteria for the
physical existence of resonant scattering mode p∗ � 1, see
the discussion below Eq. (35). For lower modes, k � 60, δκk
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FIG. 5. Analysis of decays arising from process (i), involving a large momentum transfer between the two initial and the two final states.
(a) Excess linewidth δκ/2π, δκ (i),off/2π, δκ (i),on/2π as a function of mode number, for T = 0.002 K. The on-shell contributions δκ (i),on/2π

strongly underestimate the total decay rate δκ/2π , although well-obeying the predicted power law ∼k4 scaling with mode number. (b) The same
quantities for fixed mode k = 180, as a function of temperature. Above T = 0.005 K, small momentum transfer processes start to contribute
to δκ , causing the deviation between the full decay rate and its estimate from large momentum transfer processes only. The contribution from
off-resonant large momentum processes, δκ (i),off/2π , follows the expected ∼T 2 scaling, while the contribution from resonant processes shows
a weaker scaling although not exactly ∼T (not all conditions for such scaling are fulfilled).

is instead well approximated by δκ
(i),off
k (dark blue). Numeri-

cally, the latter is selected by summing over p ∈ (0, T/v) and
imposing a constraint k/4 � q1, q2 � 3k/4.

We notice that although δκk ≈ δκ
(i)
k , the excess linewidth is

much smaller than the bare one, κ0. Such small changes in the
linewidth are challenging to detect experimentally, therefore,
the scalings predicted here, δκ ∼ T 2k4 or δκ ∼ T k4, will be
hard if not impossible, to verify experimentally. In Fig. 5(b)
we plot the excess linewidth as a function of temperature
for a fixed mode number k = 180. Above T ≈ 0.001 K, we
observe a change in the temperature scaling of δκk from
∼T 2 to a higher power law. At the same time, the differ-
ence between total excess linewidth and the contribution from
large-momentum transfer processes increases by an order of
magnitude. This indicates that additional decay channels be-
yond large momentum transfer (i) appear. These are small
momentum transfer processes, which we discuss next.

2. Small momentum transfer

To understand the discrepancy between the full contribu-
tion to the intrinsic scattering rate, δκk , and the contribution
from large momentum transfer processes considered above,
δκ

(i)
k , we consider now small momentum transfer processes

(ii) from Fig. 3(b). To estimate their contribution analytically,
as above, we restrict to decays where q1, q2 > 0 and 0 < p �
T/v. However, now, importantly, we consider transferred mo-
menta up to a certain cutoff, |δ| = |k − q1| = |q2 − p| � δmax,
and assume that this cutoff is much smaller than the number of
modes for which we consider decay processes, k � δmax. The
choice of δmax, and thus the number of neighboring modes
that contribute, mainly depends on the bare linewidth and the

curvature of the spectrum, as we discuss below, but turns out
to be of the order of a few modes.

We first linearize the energy difference �ω = ωk+δ +
ωp−δ − ωk − ωp around δ = 0, which is its minimum corre-
sponding to self-decay,

�ω ≈ −3vξ (k2 − p2)δ. (39)

Self-decay processes, corresponding to �ω being exactly
zero, are excluded, explaining the absence of resonant contri-
bution to small momentum transfer decays. Substituting this
into Eq. (25) gives

δκ
(ii)
k = π5E2

g k

16N6

δmax∑
δ=−δmax

′ T/v∑
p=1

(p − δ)(k + δ)p

× δγ (3vξ (k2 − p2)δ)np(1 + np−δ ), (40)

where we retained only the factor np and simplified npnk+δ −
np−δnk+δ ≈ 0. This is justified as long as p − δ ≈ p. The
primed sum over δ denotes that we exclude self-decay, δ �=
0. The remaining Bose occupation part is therefore np(1 +
np−δ ) ≈ T/(vp){1 + T/[v(p − δ)]}.

In order to estimate this expression, we restrict the summa-
tion over the momentum transfer value δ to the region where
the density of states is the largest and approximately con-
stant, therefore replacing the Lorentzian by a box δγ (�ω) ≈
1/(πγ ) with appropriate width. The latter can be determined
from the condition of �ω in Eq. (39) not to exceed �ω ≈ γ =
2κ0. This gives us the estimate for the upper boundary of the
summation

δmax,k ≈ γ

3vξ maxp∈{1,T/v} |k2 − p2| . (41)
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FIG. 6. Contribution of small momentum transfer processes (ii) to decay. In both panels, we use δmax,k calculated from Eq. (41), although
this is not correct for the lowest temperatures and mode numbers. (a) Total decay rate δκ/2π and individual contributions δκ (i)/2π and
δκ (ii)/2π as a function of mode number for T = 0.75 K shows that small momentum transfer processes (ii) dominate over large momentum
transfer (i). The small momentum transfer processes follow the predicted power law scaling ∼k2 with mode number. Compared to δκ (ii),
the total decay maintains the same scaling for a broader range of mode numbers. We emphasize that such scaling is entirely due to small
momentum transfer processes, as can be checked by summing numerical contributions up to a k-independent δmax of the order of few
modes. The discrepancy originates from our simplified approach, which considers the lowest δmax,k over all p-range, resulting in suppressed
contributions. (b) Dependence of decay rate of the mode with fixed number k = 200 as a function of temperature. Around T = 0.05 K, we
observe a crossover in δκ between a lower exponent in T and ∼T 3, and the prevalence of processes of type (ii) over (i).

For any |δ| < δmax,k , the approximation δγ (�ω) ≈ 1/(πγ )
remains valid across the entire momentum range p ∈ [1, T/v].
We observe that if the curvature is too large, δmax,k � 1 and
this scattering contribution is suppressed. Likewise, the de-
crease of δmax,k with the maximum separation between k and
allowed momenta p, also reflects curvature effects. Contrarily,
if either temperature or mode number is too low, where the
lowest and almost linear part of the spectrum is involved, δmax

from Eq. (41) might be comparable to or larger than k and p. In
this case, the approximations we did so far fail, and one might
include further constraints or investigate just the decay into the
nearest modes, δ = 1. However, we are primarily interested
in high temperatures, where δκ

(ii)
k dominates. Here δmax is

typically of the order of a few modes (typically, less than 10),
therefore, these processes involve a small momentum transfer
between initial and final states as anticipated.

Using the approximated δγ (�ω), and assuming k + δ ≈ k
and np−δ ≈ np, we simplify Eq. (40) as

δκ
(ii)
k ≈ π4E2

g k2

16N6γ

T

v

δmax,k∑
δ=−δmax,k

T/v∑
p=1

(
p + T

v

)

≈ π4E2
g k2

16N6γ

3T 3

v3
δmax,k . (42)

Let us unpack the resulting scalings depending on whether
k is larger or smaller compared to k∗ =

√
(1 + T 2/v2)/2 ≈

T/(
√

2v). When k � T/v, we obtain the scaling of excess
linewidth δκ

(ii)
k ∝ k2(T/v)3/[(T/v)2 − k2]. In the opposite

case, we get δκ
(ii)
k ∝ k2(T/v)3/[k2 − 1]. Simplifying this to

the leading order terms, we get

δκ
(ii)
k ≈ π4E2

g

16N6ξ

{
k2T
v

, k � T/v

T 3

v3 , k � T/v
, (43)

where we see that δκ
(ii)
k becomes k-independent for suffi-

ciently large k. Although these are two limiting cases, in
practice, we see scaling of excess linewidth as ∝k2 for fixed
T and ∝T 3 for fixed k for a broad range of mode numbers
and temperatures. The obtained scalings δκ

(ii)
k in Eq. (43)

as a function of mode number and temperature allow for a
simple and intuitive explanation. To this aim, let us assume
for simplicity that δmax is fixed for all k. The matrix element
square is proportional to the product of four mode numbers,
and for process (ii) we can approximate such product as k2 p2.
Then, the remaining sum over p up to temperature reproduces
the same scaling δκ

(ii)
k ∝ k2T 3/v3 in agreement with Eq. (42).

In Fig. 6(a), we show decay rates as a function of mode
numbers at a high temperature T = 0.75 K, where the de-
cay channel plot shows the dominant contribution coming
from small momentum transfer processes. We find that δκ

(ii)
k

(brown) captures well the total decay rate δκk (black), and
shows a characteristic increase with the square of mode
number k2. If �ω is larger than γ , and δγ (�ω) cannot be
simplified, then for sufficiently large k, we expect a decrease
of a decay rate as ∼k−2 with mode number k, which is in-
deed observed in simulations (see Fig. 15 in Appendix E).
Finally, Fig. 6(b) shows the decay rate of mode k = 200 as a
function of temperature. Around a temperature of 0.08 K we
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see a crossover from large momentum transfer processes (i)
to small momentum transfer processes (ii) that dominate δκk

[the same crossover is responsible for the deviation observed
in Fig. 5(b)]. Consequently, the total decay rate follows the
expected power law ∼T 3 increase with temperature, in agree-
ment with Eq. (42).

IV. EXTERNAL PUMPING AND NESS

In this Section we move into the nonequilibrium setting,
achieved by pumping a photon flux into the JJ chain. First, in
Sec. IV A, we discuss the details of the numerical simulation
we use to extract the NESS of the system and the excess
linewidth of different modes. In Sec. IV B, we consider the
regime where the system is not too far from equilibrium, and
demonstrate how large momentum transfer processes can be
enhanced and observed. In Sec. IV C, we explore linewidth
narrowing due to the presence of weak driving. Finally, in
Sec. IV D, we consider the strongly driven regime. We discuss
the scaling of excess linewidth with the flux intensity, and the
crossover to the regime where the memory of the pumping
configuration is lost.

A. Numerical simulation details

In order to obtain the occupation numbers of individual
modes in the NESS, denoted as n0

k , we use the time evo-
lution of the kinetic equation (18) with a naïve first-order
explicit time propagation scheme. To calculate the collision
integral, we use the same code as in Ref. [29]. We keep a
mode-independent bare linewidth κ0 and neglect Kerr shifts.
Energy conservation is therefore enforced via the Lorentzian
δγ (�ω) in Eq. (24), with γ = 2κ0. The excess linewidth δκk ,
accounting for intrinsic nonlinear scattering, is then computed
from Eq. (25). In the strong-drive regime, δκk can become
comparable to κ0 and thus modify scattering probabilities. In
principle, the linewidth should be updated self-consistently
throughout the evolution; see Ref. [29] for a simplified im-
plementation. Since applying the same approximate scheme
here does not alter the main conclusions drawn in this work,
unless the driving is very strong (see Sec. IV D), we do not
include it.

For the photon flux, we choose parameters that are com-
parable to those reported in the experimental work [29]. The
coupling to terminals is taken to be κex/(2π ) = 2 MHz, and
we define the photon flux as

nflux
k = αnb

k with nb
k = 600

ph

Hz s
(44)

for any pumped mode, where α is the dimensionless flux in-
tensity. From Eq. (18), this choice of parameters corresponds
to an injection of ≈α · 109 ph/s. In the following, we will
consider two pumping configurations, possibly combined: the
pumping of a low-energy set of modes, denoted as K, and the
pumping of a single higher energy mode, denoted as kpump,
kpump /∈ K. For simplicity, both setups are incorporated in
the kinetic equation through nflux

k . Experimentally, the first
scheme is realized with a broadband pumping with constant
power spectral density within the selected frequency range;
the second one, with a single tone at the frequency matching

the desired mode. While, in principle, the experimental setup
allows for great flexibility in the choice of the pumped modes,
we will consider the natural situation when mostly low-energy
modes with the smallest k = 1, 2, . . . are pumped. Indeed, the
system is subject to thermal noise at the lowest frequencies,
and such a pumping configuration mimics enhanced noise.
It will also be shown to facilitate resonant, large momentum
transfer scattering.

B. Enhancing resonant scattering with weak pumping

We start by considering the pumping of the first 5 modes
and mode kpump = 90. In Fig. 7(a), we show the steady state
occupation numbers resulting from solving the kinetic equa-
tion for different pump intensities, α = 1, 5, and 10. While
the analytic solution for the NESS is not possible in this
situation, we can qualitatively understand the results of the
numerical simulation using the intuition for different scatter-
ing processes we developed in Sec. III.

For the smallest intensity α = 1, the resulting n0
k in

Fig. 7 deviates from the Bose-Einstein distribution func-
tion at base temperature, for small k � kpump, only near the
pumped modes. This deviation can be attributed to small
momentum transfer events that are off-resonant. Notably, at
larger k � 2kpump we see an additional weak enhancement
of n0

k compared to the thermal distribution. Two of these
peaks, labeled as ≈2kpump and ≈3kpump peaks, emerge from
up-scattering of several excitations from the only driven high-
energy mode. In particular, the two-excitation up-scattering
process works as kpump, kpump → 2kpump + δ,−δ, where the
value of δ is small. This process is not resonant, but due
to the strong pumping of mode kpump, it causes a significant
increase in occupation. In addition to these peaks at approxi-
mately multiple momenta of kpump, we observe several further
features.

The additional peaks highlighted by blue lines in Fig. 7(a)
become more prominent as intensity is increased to α = 5,
however, for even larger intensity, α = 10, they become less
visible as the distribution function strongly deviates from
the Bose-Einstein distribution function everywhere. The lo-
cation of blue lines is obtained independently of the solution
of the kinetic equation, to show resonant scattering pro-
cesses. To this end, we consider all two-into-two scattering
events k, p → q1, q2, where two modes out of {p, q1, q2} be-
long to the set of driven modes K ∪ {kpump}. Among those
combinations, we highlight mode k, provided the energy
difference is zero within half a mode linewidth κ0/2 to al-
low for a very small displacement from resonance, |ω(k) +
ω(p) − ω(q1) − ω(q2)| � κ0/2. For ω(k), we use the full
expression in Eq. (6). For the specific pumping configu-
ration considered here, we get resonant in-scattering into
modes k = 151, 152, 189, 220, 246, 270 where blue peaks are
shown. We find that these peaks correspond to resonant scat-
tering with large momentum transfer, where kpump scatters
off the negative component of a pumped mode in K, p∗ =
−1,−2,−3,−4,−5 [see the schematic of Fig. 3(a)]. These
agree well with the deviation of n0

k from the thermal equilib-
rium value, except for the first two where no enhancement
is noticeable. The absence of the enhancement of n0

k for
smallest values of k in the set of resonant modes may be
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FIG. 7. (a) NESS resulting from pumping modes K = {1, 2, . . . , 5} and kpump = 90 with different flux intensities, α, as specified in the
legend. The superimposed histogram indicates the in-scattered photons from collisions where two modes out of p, q1, q2 are in the set of
pumped states, and |�ω| < κ0/2. Enhanced population is expected in the vicinity of pumped modes (brown), as a result of small-momentum
transfer scattering (ii), and in isolated modes (blue), which we identify as large-momentum transfer on-shell processes (i) that occur. These
peaks are visible at low pump intensities and get smoothed out at sufficiently high pump power. Additional peaks survive at high intensity are
observed at multiples of the pumped mode, 2kpump and 3kpump. (b) Excess linewidth as a function of mode number for the three NESS in (a).
The horizontal line indicates the bare linewidth κ0. We find several peaks, most of which at the same location of enhanced occupation in (a).
Notably, a broad range of modes around the isolated pumped mode kpump exhibits a negative excess linewidth.

attributed to the matrix element, that increases with mode
numbers.

In addition to the enhancement of mode occupation, we
also observe an increase of linewidth for resonant modes,
visible as peaks in Fig. 7(b) that shows the excess linewidth,
calculated using Eq. (25). Although these peaks are found
only in a certain window of pumping intensities, here the in-
crease of the linewidth is within the experimentally detectable
range. Therefore, such a driving setup may be used to exper-
imentally detect the resonant scattering process specified by
Eq. (33). More interestingly, a range of modes in the vicinity
of the isolated driven mode kpump, and the first few modes
with k � 3, exhibit a linewidth narrowing, manifested as neg-
ative contribution to the linewidth, which will be discussed in
Sec. IV C below.

In summary, the NESS in the regime of weak pumping
contains signatures of resonant up-scattering of excitations,
that can lead to a nonmonotonic dependence of the distribu-
tion function and mode excess linewidth on energy or mode
number. We find that the conclusions obtained above for a
particular pumping configuration are sufficiently general, and
do not change much if one alters the number of low-energy
pumped modes and the isolated pumped mode, as well as
their relative pumping intensity, while maintaining the overall
configuration where several low-energy modes and a particu-
lar high-energy mode is driven. The observed nonmonotonic
behavior of occupation numbers and excess linewidth is some-
what fragile, as upon increasing the intensity of photon flux,
the clearly visible peaks at locations corresponding to res-
onant scattering tend to disappear. Nevertheless, we believe
that this nonequilibrium distribution function can be probed
in future experiments.

C. Linewidth narrowing

In this section, we explain the linewidth narrowing ob-
served in Fig. 7(b) in terms of the nontrivial flux of excitations
in the NESS. In particular, the thermal equilibrium solution
of the kinetic equation obeys the detailed balance condition,
prohibiting nontrivial fluxes of excitations in the steady state.
The NESS induced by pumping violates the detailed balance,
and some modes may experience in-flux of excitations due
to intrinsic scattering processes. Below we show that upon
a certain condition, such in-flux may lead to a net negative
contribution to the intrinsic linewidth.

In order to provide analytic estimates, we consider a sim-
pler setup where only a single high-energy mode kpump is
driven. Figure 8(a) shows the evolution of the steady state
distribution function upon increasing the pumping intensity,
with base temperature set to 0.1 K. The negative value of
δκk is observed for modes adjacent to the pumped mode,
moreover, it disappears upon increasing driving strength, as
is shown in Fig. 8(b). The value of intensity where δκk first
becomes negative can be analytically estimated by comparing
in- and out-scattering of a mode with a mode number k within
the interval kpump ± δmax (see Sec. III C 2 for a discussion of
δmax at thermal equilibrium), k �= kpump. Taking into account
only small momentum off-resonant scattering, we obtain a
rough analytical estimate of the intensity when in-scattering
prevails over out-scattering:

α ≈ 2δmaxκ
0

κexnflux
kpump

. (45)

From here, we expect that the first change in sign of the excess
linewidth δκ occurs at approximately the same intensity for
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FIG. 8. (a) Evolution of distribution function upon increasing pumping intensity into mode kpump = 70 for α = 1–6. (b) The range where
δκk < 0 is first appearing upon increasing intensity, and then shrinks asymmetrically with respect to the pumped mode as discussed in the main
text. Values of α are as in (b). (c) Evolution of δκk < 0 as a function of the driving strength, for the first five modes with k < kpump. The inset
shows the first change in sign of δκk .

all modes closest to the pumped mode. This is consistent with
the behavior observed in Fig. 8(c), where we focus on the first
five modes lower than kpump. For the first five modes above
kpump, the first crossover appears at slightly larger intensity
(0.4 � α � 0.55), and the second at slightly smaller intensity
(3.75 � α � 4).

Upon further increase of α, the range of modes with neg-
ative δκk shrinks again. This value of α is harder to estimate,
as it emerges from the re-balancing of in- and out-scattering
contributions to the given mode k, but now in a regime where
the distribution function cannot be easily expressed analyti-
cally. While the mode receives in-scattering photons from the
pumped mode (2kpump → kpump + δ, kpump − δ), it also out-
scatters excitations in modes further away from that. When
such out-scattering processes again start to dominate over in-
scattering, δκk changes sign again and becomes positive. We
notice that the range of modes experiencing a linewidth nar-
rowing shrinks asymmetrically for modes lower/higher than
kpump.

This can be understood with the help of Eq. (25). In rele-
vant processes, one of the three momenta besides k coincides
with kpump. Thinking about small momentum transfer pro-
cesses, the remaining two will be in the vicinity of k and kpump,
respectively. The smaller is nq1 nq2 , the larger the positive
contribution is, and the earlier the change in sign occurs. This

happens when a higher mode k > kpump rather than a lower
mode k < kpump is involved. This is consistent with Fig. 8: as
the pump intensity increases, more population migrates to the
tail of the distribution, and the range where δκk < 0 gets more
asymmetric. Lastly, we notice that this double change of sign
in δκk is happening only for modes near kpump. In particular,
our data in Fig. 7(b) did not reveal any change of sign of δκk

for high-lying modes, although they receive a flux of incoming
photons resulting from up-scattering out of the driven mode.

Although the line narrowing was reported in several other
driven cavity systems [53–55], the narrowing observed here
results from an incoming flux of excitations that are re-
distributed by intrinsic nonlinearity. Also our results may
be contrasted with the Josephson parametric amplifier set-
ting [56], where one typically considers a single or a pair
of modes, and upon increasing the driving observes a para-
metric gain that can be interpreted as a decreased linewidth.
In contrast, our setting has a large number of modes, with
complex fluxes of excitations between them that are deter-
mined by energy mismatch and matrix elements. We also do
not reach the point of parametric instability where gain would
overturn the losses, leading to negative values of the full (not
excess) linewidth. Observing this mode narrowing is feasible
with current experimental capabilities, although it requires a
certain interval of pumping strength.

194501-14



PLASMON DECAY AND NONEQUILIBRIUM STEADY … PHYSICAL REVIEW B 114, 194501 (2026)

FIG. 9. (a) NESS distribution n0
k resulting from pumping modes

1–19 at different intensities, as specified in the legend. On the x
axis, we show ωk/v, which approximately equals k for small mode
numbers, however, takes into account the spectrum nonlinearity at
larger mode numbers. Due to the high effective temperature, the Bose
distribution on this scale is a straight line, nk ∝ 1/ωk . Colored dots
mark the modes considered in (b). (b) Difference between the NESS
distribution n0

k and the thermal occupation nth
k as a function of the

pump intensity α. Line colors correspond to the modes identified in
(a) and specified in the legend.

D. Memory of drive configuration in NESS

After understanding the qualitative features of the NESS
and mode linewidth at weak driving, we proceed with the situ-
ation when the system is brought far from equilibrium. To this
end, we keep temperature fixed to T = 0.1 K, we enlarge the
number of pumped modes, K = {1, 2, . . . , 19}, do not impose
any photon flux for higher energy modes, and consider larger
values of pump intensity up to α = 80. Converging the kinetic
equation towards the steady state is more computationally
demanding for large α, as it requires progressively smaller
time-steps.

Figure 9(a) shows the evolution of the steady state distri-
bution function upon changing the intensity α. At small α,
similarly to the previous pumping configuration, the distri-
bution function deviates from its equilibrium value only for
the pumped modes and in their vicinity. For larger α � 2.5,
n0

k becomes substantially different already for the first 100
modes. For even larger α � 7, we see that the distribution
function deviates strongly for all modes, and additionally

gets an upward curvature, in contrast to the Bose-Einstein
distribution nth

k —that after an initial power-law part has an
approximately exponential decay with k, provided we ignore
the dispersion’s curvature.

The qualitative change in behavior of the steady state
distribution function n0

k with α may be attributed to an en-
hancement of intrinsic scattering, solicited by the increase in
occupation number of modes due to pumping. Naïvely, the
regime of dominant intrinsic scattering—where the parameter
τ introduced in Sec. II C becomes large—may be expected
to lead to an emergent thermal behavior: excitations entering
the chain experience numerous intrinsic scattering events, and
eventually reach an effective thermal equilibrium with a tem-
perature set by the balance of incoming and radiated energy
fluxes.

The data shown for n0
k in Fig. 9(a) at the largest values of

α show a power-law-like dependence of n0
k on k extending

over a relative broad range of mode numbers k in the interval
[50,300]. The dependence is approximately consistent with
a simple power law n0

k ∝ 1/k, which can be interpreted as
a thermal equilibrium with elevated temperature (expanding
the Bose distribution gives n0

k ∝ 1/ωk ≈ 1/k). However, n0
k

eventually develops a convex segment, which is inconsistent
with such interpretation, as a Bose function is expected to have
opposite curvature. This can be further checked by plotting the
Bose distribution at the effective temperature corresponding
to the same total energy in Eq. (26), which is found to be
Teff ≈ 25 K. Such a value reflects the significant amount of
energy introduced in the system through pumping.

We notice that the results shown in Fig. 9 are obtained by
simple solution of the kinetic equation without self-consistent
determination of linewidths. However, in the present case,
when the excess linewidth exceeds the original broadening
determined by terminal coupling and environment, keeping
the linewidth fixed is not justified anymore. Applying the
same phenomenological linewidth update as in Ref. [29], we
obtain qualitatively different results for the NESS distribution
function n0

k (not shown), with a more rapid power-law decay
with k, where the exponent ranges between 2 and 4.

Such an approximate power-law dependence of n0
k on k

may be suggestive of the realization of a nonthermal fixed
point in the regime of strong driving [57]. The nonthermal
fixed point corresponds to self-similar solutions of kinetic
equations in the driven regime, which were also reported in the
context of weak turbulence governing the behavior of shallow
water waves, described by a similar kinetic equation [58].
We leave a more detailed investigation of the strongly driven
regime and the emergent power-law behavior of n0

k with k to
future work, and meanwhile focus on a better understanding
of the crossover to such a different steady state.

To understand the crossover to the regime where NESS
loses memory of the pumping configuration, we consider the
change in occupation of individual nonpumped modes with
fixed k, n0

k , versus intensity α, shown in Fig. 9(b). For modes
far enough from pumped modes, the change in n0

k − nth
k shows

a collapse as a function of α to the approximate power-law
behavior, n0

k − nth
k ∝ αw, with w ≈ 2. At intermediate values

of α ≈ 5–10 the collapse breaks down and the dependence
on α becomes much steeper. Finally, at even larger pumping
intensities, we see again an emergent collapse, now with an
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FIG. 10. (a) Excess linewidth δκk as a function of mode numbers
calculated at NESS in (a). The dashed black line indicates the value
of bare linewidth κ0. Modes with k < 10 depending on the value of α

may feature δκk < 0 due to a prevalence of in-scattering, as discussed
in the previous section, and are therefore not shown. (b) When δκk

is below or comparable to the bare linewidth, it scales quadratically
with the pump intensity α, as shown by the collapse of the three lower
pump intensity curves. Colors are the same as in (a).

exponent close to 1. However, for modes closer to the pumped
set we observe a stronger dependence on α. Heuristically, the
complex dependence of n0

k − nth
k on α is not surprising, and it

can be understood via the minimal number of pump-involving
scattering events required to connect a considered mode k to
pumped modes. Within a naïve description, each such event
contributes one power of the population of pumped modes,
nk ∝ α for k ∈ K, so modes reached only through longer
scattering cascades exhibit higher-order power laws. Conse-
quently, the scaling exponent does not correlate simply with
the energy distance from the pumped mode: a distant mode
may be populated by a direct process involving two pumped
modes and scale with w ≈ 2, while a closer mode may require
one or more intermediate modes and therefore scale with a
higher exponent.

After considering the NESS distribution function, we turn
our attention to mode broadening, which is potentially easier
to access within experiments. Figure 10(a) shows the con-
tribution to broadening coming from intrinsic scattering for
different values of α. A criterion for the NESS to keep the

memory about pumping configuration is

δκk � κ0. (46)

This can be obtained by approximating the NESS as n∗
k =

(κex,k/κ
0
k )nflux

k + nth
k and expanding the collision integral to

obtain the excess linewidth. Intuitively, this criterion implies
that the collision timescale δκ−1

k is much longer than the
damping timescale (κ0

k )−1, the system retains memory of the
drive configuration. When this criterion is violated, the in-
trinsic scattering increases, and the system may potentially
enter the (non)thermal fixed point regime. This criterion can
be translated into a power-law dependence of δκk on the drive
strength α. As shown in Sec. IV B, at low drive intensity
the relevant processes involve two or three pumped modes.
According to Eq. (25), both cases lead to a δκk ∝ α2 scaling.
This behavior is clearly visible in Fig. 10(b), where δκk curves
at the four lowest intensities collapse onto a single curve when
rescaled by α2. At higher drive strengths, this scaling breaks
down, and the dependence becomes approximately linear in
α, as consistent with the redistribution of energy among the
entire set of modes.

To summarize, in the strong driving regime we predict a
crossover in the behavior of the linewidth and occupation
numbers as a function of pumping intensity. At the highest
intensities, we expect the onset of a qualitatively different
NESS distribution, in which the memory of the pumping con-
figuration is completely washed out. Determining whether this
distribution takes an approximately thermal form or instead
corresponds to a nonthermal fixed point remains an interesting
avenue for future work.

V. SUMMARY AND DISCUSSION

A. Summary of the results

In this paper, we studied the internal relaxation of plasma
modes in a JJ chain through two-into-two scattering aris-
ing from multimode nonlinearities. These intrinsic relaxation
processes lead to a measurable excess linewidth both in the
presence and in the absence of an external drive. Despite
arising at the same order as Kerr nonlinearities [38,46],
two-into-two scattering, also known as four-wave mixing,
remained relatively unexplored until recently [29]. Yet, the
problem is interesting for several reasons. From a theoretical
point of view, our starting Hamiltonian is referable to a Lut-
tinger liquid as a limiting case, where understanding effects
of inelastic decay appears as a long-standing problem [31,45].
More practically, including two-into-two scattering leads to
the implementation of a Bose-Hubbard model with interac-
tions that are nonlocal in momentum space. This corresponds
to a general description of nonlinear multimode cavities, po-
tentially relevant for quantum optics and suitable to different
types of resonators. In this framework, the coherence of JJ
chains and their response to external driving is a specific
question relevant for the broad range of implementations of
multimode circuits quantum electrodynamics.

In the first part of this work, we discussed the impact of a fi-
nite linewidth and the discreteness of plasmon modes on their
lifetime at thermal equilibrium. We first connected to previ-
ous literature which assumed a continuum of zero-linewidth
modes [31,32], and discussed in which limit their results are
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recovered. These works considered the only possible on-shell
process, which involves a large momentum difference be-
tween initial and final states and leads to an excess linewidth
δκk ∼ T k4. In our work, we showed that such a process is
hard to observe once modes are discrete and broadened, as
a stringent set of conditions is needed. Due to broadening,
deviations from such resonance are allowed, changing the
expected scaling to δκk ∼ T 2k4. However, the resulting de-
cay rate is predicted to be smaller than bare linewidth and
therefore still challenging to observe experimentally. More
importantly, broadening allows for another class of processes
which would otherwise be off-resonant, with a small momen-
tum difference between initial and final states. This features
a power law δκk ∼ T 3k2 and can be comparable to bare
linewidth at high temperature and mode number. In order
to give an intuitive explanation of all scalings, we provided
closed-form analytical expressions which match scalings pre-
dicted by numerical results.

In the second part, we investigated the out-of-equilibrium
regime and NESS by numerically solving the kinetic equa-
tion for modes’ occupation numbers. We considered several
pumping configurations that involve the incoherent pump of
the low-lying modes, along with pumping of an isolated high-
lying mode, as well as configurations where only high- or
low-lying modes are pumped. Connecting to our previous
analysis of different processes, we studied the system’s equi-
libration in presence of pumping of low-frequency modes and
a higher frequency one. Keeping track of all collisions where
two modes out of four are in the set of pumped states, we
found that pumped photons easily scatter to nearby modes,
which correspond to processes with a small momentum trans-
fer discussed above. Interestingly, at low pump intensities, we
found that the on-shell processes which were hardly visible
at thermal equilibrium appear as well-defined peaks of en-
hanced population in the NESS distribution function. These
peaks are eventually washed away at sufficiently high pump
power. Persisting peaks are observed instead at frequencies
multiple of the single pumped mode. This phenomenology
seems reminiscent of cascaded decays observed in Ref. [29].

An additional notable phenomenon occurring in the NESS
is mode narrowing due to the incoming flux of excitations.
We found that pumping a single high-energy mode is suffi-
cient to observe such a phenomenon, and estimated the pump
intensity required for mode narrowing. Finally, going deeper
into the nonequilibrium regime, we analyzed the evolution
of NESS distribution function with increasing pump inten-
sity for incoherent low-frequency pump. We found that the
NESS distribution function loses memory of the pumping
configuration when excess linewidth from intrinsic scattering
exceeds the bare linewidth, δκk > κ0. Upon increasing the
pumping power, the decay rates of individual modes initially
increase quadratically with the pump intensity, δκk ∼ α2. A
deviation from this dependence marks the crossover between
the regimes dominated by extrinsic and intrinsic relaxation,
respectively, and should be observable in experiments.

B. Regime of validity

Our work relies on a set of approximations and specific
choices of parameters, which we summarize and discuss here.

To facilitate comparison with previous analytical results,
particularly those concerning resonant processes, we adopt
a third-order polynomial approximation to the nonlinear dis-
persion, as in, e.g., Refs. [32,44]. For the same reason, we
intentionally choose a bare linewidth κ0 that is significantly
larger than typical experimental values, and a velocity v which
is slightly lower. This is necessary for resonant processes to
occur in our discrete setting (see Sec. III B). We emphasize,
however, that the off-resonant processes, which we argue con-
stitute the dominant scattering channel, do not require such a
large mode broadening and are expected to be observable with
current experimental platforms (see Appendix F).

We restrict our analysis to the lowest-order nonlinear scat-
tering process (four-wave mixing), after explicitly verifying
that higher-order contributions are strongly suppressed (see
Appendix D for a detailed discussion). We further restrict
our analysis to the number-conserving terms, ∼a†a†aa, since
one-into-three scattering processes, ∼a†aaa, a†a†a†a, do not
possess on-shell scattering channels around which the energy
mismatch becomes small. Consequently, unlike the two-into-
two processes considered here, they cannot be efficiently
activated by mode broadening. Additional details are provided
in Appendix C.

Furthermore, we neglect fabrication inhomogeneity and
weak disorder, which we expect to predominantly affect res-
onant rather than off-resonant processes, the latter being the
focus of this work (see Appendix F).

Finally, while QPS cannot be a priori excluded in high-
impedance Josephson arrays—and indeed, for the specific
parameters used in this work, the estimated QPS decay
rate is comparable to the nonlinear damping rates—they are
neglected in our analysis. We emphasize that our param-
eters were selected primarily to enable resonant scattering
in a finite discrete system and to facilitate the compari-
son with analytical models, rather than to maximize QPS
suppression. Crucially, the QPS amplitude is exponentially
suppressed with increasing EJ/Ec, whereas the nonlinear
damping rates discussed here exhibit a much weaker param-
eter dependence. Consequently, modest adjustments to the
circuit parameters can rapidly suppress phase-slip-induced
losses without altering the qualitative behavior or scaling
of the off-resonant nonlinear relaxation mechanisms. This is
consistent with recent experimental observations in nearby
parameter regimes [29], where QPS signatures only emerge
under strong, incoherent driving. The potential interplay be-
tween phase slips and nonlinear scattering, particularly their
activation in NESS, remains an open question for future in-
vestigation.

We employ the kinetic-equation framework that neglects
intermode coherences and treats the mode occupations as the
only variables. This is justified when the bath dephases inter-
mode coherences faster than four-wave mixing can generate
them, a condition quantified by the thermalization parameter
τ = δκ/κ0 � 1 introduced in Sec. II C. Since τ depends on
the system parameters, its value must be monitored across
the different regimes. At thermal equilibrium, τ � 1, so the
analytic scalings of δκ derived in Sec. III lie within the
validity of this approximation. In the weak-drive regime,
τ remains small, and the enhancement of resonant scatter-
ing reported in Sec. IV B is a perturbative effect. For the
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modes exhibiting linewidth narrowing (Sec. IV C), δκ be-
comes locally comparable to κ0, so that τ ∼ 1, and the kinetic
equation is at the boundary of its controlled regime. The
narrowing mechanism is physically transparent, and we ex-
pect it to remain qualitatively robust, although quantitative
corrections from intermode coherences cannot be excluded.
Under strong driving, τ can reach values as large as τ ∼ 102

(see Sec. II C), formally outside the controlled regime. We
interpret the observed departure from the quadratic scaling
δκ ∼ α2 as a physical change in the dominant scattering
processes. At weak drive, only the pumped modes domi-
nate the collision integral, giving δκ ∼ α2. At stronger drive,
cascade redistribution populates the remaining modes and
modifies the scaling law. This crossover occurs around τ ∼
1. The qualitative picture is expected to persist beyond the
kinetic approximation, but the precise scaling exponent af-
ter the crossover may depend on effects beyond the present
treatment.

Strong mode coupling may also require a self-consistent
treatment of the mode linewidths and other spectral properties.
In the regime τ > 1, keeping the Lorentzian linewidths fixed
underestimates the actual spectral broadening of the modes
and, consequently, the density of accessible off-resonant scat-
tering channels. The resulting values of δκ should therefore
be regarded as lower bounds on the intrinsic decay rate in
this regime. A phenomenological self-consistent linewidth
scheme was proposed in Ref. [29]. Within that approach,
we still observe a crossover from the α2 scaling to a dif-
ferent power law, occurring at approximately the same drive
strength for a given mode. This supports our interpretation that
the crossover is driven by the onset of substantial scattering
involving modes populated through cascade redistribution.
Although the quantitative values of the linewidths and scaling
exponents for τ � 1 remain heuristic, the qualitative identi-
fication of the crossover to a strongly hybridized steady state
remains when we change between using fixed linewidths to
iteratively updated ones. Developing a controlled theoretical
framework for this regime remains an interesting direction for
future work.

C. Outlook

Our work also leaves several open questions that warrant
future theoretical studies. One example where the simplified

kinetic equation may be not capturing all physical pro-
cesses are cases of coherent driving of several modes,
that was also demonstrated experimentally [29]. Such co-
herent driving in presence of two-into-two scattering may
lead to the creation of nontrivial quantum coherences and
squeezed states, that could be explored theoretically and
experimentally.

Finally, the microwave energy scale of excitations in JJ
chains potentially allows access not only to the NESS, but
also to transient phenomena. This motivates the theoretical
study of occupation dynamics and other observables in re-
sponse to a sudden or gradual onset of driving. From a broader
perspective, the experimental and theoretical characterization
of JJ chains using the available control space for pumping and
creation of NESS and dynamics, may allow to establish them
as a platform for quantum simulation of driven-dissipative
Bose-Hubbard model [59].
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APPENDIX A: DERIVATION OF THE MATRIX ELEMENT

Here, we derive explicitly the four-wave mixing matrix
element in Eq. (16). We start from the fourth order expansion
term in Eq. (12),

H (4) = −EJ

4!

N−1∑
n=0

(θn+1 − θn)4, (A1)

where we extended the sum to run from 0 to N − 1 since θ0 =
θN = 0. Substituting Eq. (10), we get

H (4) = − EJ

24K2
g π2

N−1∑
n=0

{
N−1∑
k=1

1√
k

[
sin

(
πk(n + 1)

N

)
− sin

(
πkn

N
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(âk + â†

k )

}4

= − 4Eg

3π2
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1√
kpq1q2
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πq2

2N
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q1

)(
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q2

)

×
N−1∑
n=0
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[
πk

N

(
n + 1

2

)]
cos

[
π p

N

(
n + 1

2

)]
cos

[
πq1

N

(
n + 1

2

)]
cos

[
πq2

N

(
n + 1

2

)]

= − Egπ
2

96N3

∑
k,p,q1,q2>0

√
kpq1q2(â†

k + âk )(â†
p + âp)

(
â†

q1
+ âq1

)(
â†

q2
+ âq2

) ∑
s1,s2,s3=±

δk+s1 p+s2q1+s3q2,0, (A2)
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which is Eq. (13). In the last row, we expanded sine functions assuming k � N , and we used

N−1∑
n=0

4∏
i=1

cos

[
πki

N

(
n + 1

2

)]
= N

8

∑
s1,s2,s3=±

δk1+s1k2+s2k3+s3k4,0. (A3)

The four-wave mixing matrix element is given by

Kk,p,q1,q2 = 〈0|âk âpH (4)â†
q1

â†
q2

|0〉

= − Egπ
2

96N3

∑
i, j,l,r>0

√
i jlr〈0|âk âp(â†

i + âi )(â
†
j + â j )(â

†
l + âl )(â

†
r + âr )â†

q1
â†

q2
|0〉

∑
s1,s2,s3=±

δi+s1 j+s2l+s3r,0

= −Egπ
2

4N3

√
kpq1q2

∑
s1,s2,s3=±

δk+s1 p+s2q1+s3q2,0, (A4)

which is exactly Eq. (16).

APPENDIX B: KERR COEFFICIENTS

In this Appendix, we derive Eq. (15). In order to obtain Kerr coefficients, we need to isolate terms in H (4) where mode indices
are all equal or equal in pairs. H (4) with indices equal in pairs, responsible for cross-Kerr effect, is easily found to be

H (4), cross = − h̄

2

∑
k,p>0,p�=k

Kk �=p
k,p n̂kn̂p − h̄

2

∑
k,p>0,p�=k

Kk �=p
k,p n̂k − h̄

8

∑
k,p>0,p�=k

Kk �=p
k,p , (B1)

where n̂k = â†
k âk and

Kk �=p
k,p = π2Eg

2N3h̄
kp = π2Eg

2N3h̄

ωkωp

v2
= h̄

4NEJ
ωkωp. (B2)

If all mode indices are equal, we get

H (4), self = − 3h̄2

32EJN

∑
k>0

ω2
k n̂k n̂k − 3h̄2

32EJN

∑
k>0

ω2
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∑
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ω2
k . (B3)

Collecting all terms,

H (2) + H (4) =
∑
k>0
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In the expression above, terms in the first row give a renor-
malization of the bare mode frequency, ωk → ω′

k , in the
zero occupation number limit. Terms in the second row give
cross-Kerr and self-Kerr corrections for nonzero occupation
number. We can further rewrite the latter as

− h̄

2

∑
k>0

∑
p>0,p�=k

Kk �=p
k,p n̂kn̂p − 3h̄2

32EJN

∑
k>0

ω2
k n̂k n̂k

= − h̄

2

⎡
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∑
k>0
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p>0

(
1

2
− δk,p

8

)
h̄ωkωp

2NEJ︸ ︷︷ ︸
≡Kk,p

n̂k n̂p

⎤
⎥⎥⎥⎦, (B5)

obtaining expression in the Eq. (15) in the main text.

APPENDIX C: ONE-INTO-THREE SCATTERING

Here we verify that 1 → 3 scattering arising from terms
âk âpâq1 â†

q2
is energetically much less favorable than 2 → 2

scattering that conserves the number of bosons. As discussed
in the main text, for 2 → 2 scattering, there are well-known
on-shell configurations satisfying energy-momentum conser-
vation without mode broadening (see [31,32]), as well as
favorable near-resonant cases with small momentum transfer.
In contrast, for 1 → 3 scattering, we did not find comparable
relevant processes, as we show below in further detail. This is
also mentioned in Refs. [31,44]. Thus, although 1 → 3 terms
arise at the same nonlinear order as 2 → 2, their reduced
phase space and weaker resonance justify neglecting them in
our analysis.

To justify the smallness of 1 → 3 scattering, we consider
the expanded dispersion relation in Eq. (11), ωk = vk(1 −
ξk2), we adopt our convention with both positive and negative
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FIG. 11. Comparison between δγ (�ω) assuming 2 → 2 scattering (left) and 1 → 3 scattering (right). We consider mode k = 50 in (a)
and (b), and mode k = 100 in (c) and (d). In 1 → 3 scattering, lower values of δγ (�ω) and a reduced number of relevant decay channels are
observed, consistently with the analytical discussion. In all panels, κ0/2π = 5 MHz.

modes, and assume the probed mode to have positive sign,
k > 0. For the 2 → 2 case, the single scattering configura-
tion where momentum and energy are conserved, even in the
absence of broadening of the modes, is k, p → q1, q2, with
q1, q2 > 0 and p = − 3

2ξkq1q2 < 0—process (i). Besides this,
the other favorable configuration is process (ii), where q1 ≈
k, q2 ≈ p and p > 0 (the process where k = q1, p = q2 has to
be excluded). We want to check now what are the energeti-
cally favorable configurations in the 1 → 3 case—say k, p →
q1, q2. Using momentum and energy conservation, we get

k = p + q1 + q2,

k(1 − k2) − |p|(1 − p2) − |q1|
(
1 − q2

1

)− |q2|
(
1 − q2

2

) = 0,

with p, q1, q2 ≷ 0. Among the possible sign combinations,
p, q1, q2 > 0 or p, q1 < 0, q2 > 0 or p < 0, q1, q2 > 0,

only the last one admits exact solution in principle, but it is
subjected to a condition over ξ and k, which is not fulfilled
within our range of mode numbers and for typical values of ξ .

To further numerically support our claim that 1 → 3 pro-
cess is not important, we plot numerically the broadened
density of states, δγ (�ω) [Eq. (24)] as a 2D plot, as a function
of q1, q2, and for a fixed k, see Fig. 11. For the 1 → 3 scat-
tering, we see features only when both q1 and q2 are positive.
This could be expected since, if all modes have the same sign,
energy conservation is violated at the level of cubic correction
∝ξ . Instead, mixed signs introduce an energy violation even
at the zeroth order in ξ .

Comparing the plots on the left (2 → 2 case) to right (1 →
3 case), we observe lower values of δγ (�ω) and a reduced
number of relevant decay channels, in line with analytical
derivation. To summarize, even though processes such as
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âk âpâq1 â†
q2

arise at the same nonlinear order as âk âpâ†
q1

â†
q2

, the
former is less resonant than the latter, and thus neglected in
our analysis.

APPENDIX D: SIXTH ORDER NONLINEAR TERM

In order to justify that higher orders in the nonlinear
Hamiltonian are negligible in our analysis, below we derive
explicitly the sixth order contribution to decay rates, assuming
a 3 → 3 scattering process, and verifying that it does not
affect our results.

The sixth order reads as

H (6) = EJ

6!

N−2∑
n=1

(θn+1 − θn)6. (D1)

Similarly to what we did for the fourth order, we can expand
the phase field θn and calculate the matrix element

Kk,p1,p2,q1,q2,q3 = 〈0|âk âp1 âp2 H (6)â†
q1

â†
q2

â†
q3

|0〉

= π3E3/2
g

27/2N5E1/2
J

√
kp1 p2q1q2q3

×
∑

s1,...,s5=±
δk+s1 p1+s2 p2+s3q1+s4q2+s5q3,0. (D2)

Although the matrix element squared in the sixth-order scat-
tering is much smaller than in the fourth order, the phase space
is different in the two cases. For a conclusive comparison, we
fully calculate the decay rate δκ . We first need to generalize
the collision integral. This is found to be

Ik[n] = 1

12

∑
q1,q2,q3,p1,p2

Wq1,q2,q3→k,p1,p2

{(
1 + np1

)(
1 + np3

)
nq1 nq2 nq3 + nk

[
nq1 nq2 nq3 − np1 np2 + nq1 nq2 nq3

(
np1 + np2

)
− np1 np2

(
nq1 + nq2 + nq3

)− np1 np2

(
nq1 nq2 + nq1 nq3 + nq2 nq3

)]}
, (D3)

where the prefactor 1/12 accounts for the indistinguishability of the three bosons in one state (q1, q2, q3) and of two in the other
state (p1, p2)—the sixth boson k is not summed—and

Wq1,q2,q3→k,p1,p2 = 2π
∣∣Kq1,q2,q3,k,p1,p2

∣∣2δ(ωq1 + ωq2 + ωq3 − ωk − ωp1 − ωp2

)
. (D4)

As we did before with fourth order nonlinearities, we exclude self-decays. Finally, the decay rate originating from 3 → 3
collisions, which we denote as δκ

(6)
k , is given by

δκ
(6)
k = 1

12
2π

π6E3
g

27N10EJ

∑
p1,p2,q1,q2,q3

kp1 p2q1q2q3
[
np1 np2

(
1 + nq1

)(
1 + nq2

)(
1 + nq3

)
− nq1 nq2 nq3

(
1 + np1

)(
1 + np2

)]
δ
(
ωk + ωp1 + ωp2 − ωq1 − ωq2 − ωq3

) ∑
s1,...,s5=±

δk+s1 p1+s2 p2+s3q1+s4q2+s5q3,0. (D5)

In Fig. 12, we show the excess linewidth assuming nk are
the occupation numbers at thermal equilibrium with temper-
ature 0.1 K in the absence of driving (dashed lines). For the
nonequilibrium steady state, we use the distribution func-
tion obtained assuming α = 1.0 drive of the first 19 modes,
and 2 → 2 scattering as the equilibration mechanism [see
Fig. 9(a)]. However, for a faster convergence, here we consid-
ered only the first 100 modes. Using this distribution function,
we compare the excess linewidth calculated with Eqs. (25)
and (D5) for 2 → 2 and 3 → 3 scattering respectively. We
observe that even in the nonequilibrium steady state in pres-
ence of driving, the excess linewidth from 3 → 3 scattering
is much smaller compared to the one coming from 2 → 2
processes. This justifies our focus on the fourth order non-
linearities in our work.

APPENDIX E: QUANTITATIVE COMPARISON OF DECAY
RATES WITH THE ANALYTICAL PREDICTION

In the main text, we obtained the scaling dependence of
excess linewidth on the mode number and temperature. To
obtain these estimates, we introduced a number of approx-
imations used to analytically simplify general expressions.
Here we show examples of quantitative comparisons between

numerically obtained decay rates and the analytical pre-
dictions in Eqs. (37), (38), and (42). This comparison is
performed in the parameter regime where the assumptions
underlying each expression are valid, even though that regime
is not always experimentally accessible. We emphasize that
with fewer simplifications, closed-form expressions for ex-
cess linewidth would not have been possible. However, the
agreement between the processes isolated in the numerical
simulations and the analytical predictions would improve.
This confirms our classification of scattering processes, with
remaining quantitative discrepancies arising from the approx-
imations made to obtain closed-form expressions.

1. Large momentum transfer, on-shell

In order to satisfy all the assumptions leading to Eq. (37),
we choose the following parameters: temperature is set to T =
0.1 K, which satisfies np∗ ≈ T/(v|p∗|) � 1 up to mode k ≈
330. In addition, we increase a linewidth by a factor of 10,
to κ0/(2π ) = 50 MHz which now satisfies criteria 2κ0/v > 1
and κ0 � v|p∗| in the whole range 150 < k < 500, where the
lower bound comes from |p∗| > 1. The numerical simulation
and the analytical prediction shown in Fig. 13 show similar
scaling with the mode number. Quantitatively they differ by a
factor ≈5.
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FIG. 12. Excess linewidth δκk arising from 2 → 2 scattering
(blue) and 3 → 3 scattering (red). Dashed lines correspond to ther-
mal equilibrium, solid lines to the case where first 19 modes are
driven with α = 1.

2. Large momentum transfer, off-shell

For comparing the excess linewidth from large momentum
transfer off-shell processes, we use even lower temperature
T = 0.01 K, and cut off sums at p = T/v. Our analytical
expression is derived in the range T/v � k � 3

√
8κ0/(3vξ ).

For κ0/(2π ) = 50 MHz, this gives 3 � k � 132. In Fig. 14,
we compare numerical simulation with the analytically pre-
dicted scaling, with vertical lines marking the region of mode
numbers where our analytical estimate is applicable. At the
same time, 2κ0/v > 1 is still satisfied. This avoids the under-
sampling of δγ (�ω) around p = 0, which would result in a
low density of states for p > 0. The numerical simulation and
the analytical prediction differ by a factor ≈4.

FIG. 13. Quantitative comparison with the analytical predic-
tion for processes (i) (on-shell contribution), using T = 0.1 K and
κ0/2π = 50 MHz to satisfy the assumptions listed in the main text.

FIG. 14. Quantitative comparison with the analytical prediction
for processes (i) (off-shell contribution), using T = 0.01 K and
κ0/2π = 50 MHz to satisfy the assumptions listed in the main text.

3. Small momentum transfer, off-shell

Finally, to compare the estimate and numerical simulation
for small momentum transfer off-shell processes, in Fig. 15,
we use T = 0.1 K and even smaller κ0/(2π ) = 1 MHz, and
we consider only decay to the nearest modes, δmax = 1 in
Eq. (42). For sufficiently large k, the approximation for
δγ (�ω) presented in the main text does not hold, and for
sufficiently large k, the excess linewidth is expected to scale
as ∼k−2, that is indeed visible at larger mode numbers. We
note that the agreement between the analytical estimate and
numerical simulation becomes worse if a k-dependent δmax is
used. The reason is that we neglected the p dependence of the

FIG. 15. Quantitative comparison with the analytical prediction
for processes (ii), using T = 0.1 K, κ0/2π = 1 MHz, and δmax = 1.
The numerics follow the analytic k2 estimate at moderate mode
numbers and turn over to a ∼k−2 decrease at large k, where the box
approximation for δγ (�ω) breaks down.
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FIG. 16. (Left) κex/2π = 0.6 MHz, κ0/2π = 1.5 MHz, kmax = 500, T = 0.25 K. (Right) Same κex/2π, κ0/2π, kmax, and k = 170. At
these experimentally realistic parameters, the excess linewidth follows the predicted k2 scaling (left) and T 3 scaling (right). The horizontal line
shows our predicted detectable threshold for the excess linewidth (δκk ≈ 50 kHz, see the main text for more details on this estimate). For both
predicted scalings, the excess linewidth approaches this experimental resolution.

density of states when approximating it by a box of a width
2δmax,k .

APPENDIX F: OBSERVABILITY AND ROBUSTNESS
OF THE RESULTS

In this Appendix, we discuss realistic parameter regimes
that enable the observation of two results of particular ex-
perimental relevance: the T 3k2 scaling and mode narrowing.
Afterwards, we explain why our predictions are robust to
weak disorder and fabrication inhomogeneity.

We note that the various energy scales involved are strongly
interdependent. Since the dispersion relation itself provides
a powerful experimental knob, we focus below on the ob-
servability of the predicted effects for the same values of
Eg, EJ , Ec, N considered in the main text, which uniquely
determine the dispersion relation. In contrast to the main text,
where a large κ0/2π = 5 MHz was chosen to enable all types
of processes, here we adopt smaller, experimentally realistic
values of κ0. Chains of comparable length have already been
fabricated, and individual modes have been spectroscopically
resolved, e.g., in Refs. [14,29].

1. k2 and T 3 scaling

Two bounds determine the observability of the k2 scal-
ing: the lower bound is set by the threshold at which δκk

exceeds the experimental detection floor, while the upper
bound reflects the depletion of available scattering phase
space as the mode frequency increases (this is discussed in
the main text when introducing the parameter δmax): fewer
scattering partners simultaneously satisfy momentum and
energy conservation, which suppresses the k2 growth and
eventually causes the scaling to turn over. The left panel
Fig. 16 shows numerical results for the total excess decay δκk

obtained with κex/2π = 0.6 MHz, κ0/2π = 1.5 MHz, and

T = 0.25 K, which are close to state-of-the-art experi-
ments [29], and using a mode cutoff kmax = 500. A clear k2

power law is observed up to mode k ≈ 100. For parameters
comparable to those used in this manuscript, we estimate
δκk ≈ 50 kHz as the minimum detectable excess linewidth.
This estimate was obtained by taking the experimental S-
parameter data of a resonator with similar parameters and
convolving it with Gaussian distributions of varying widths.
Assuming one can toggle the excess loss mechanism (for
instance, by slightly changing the temperature) to establish the
bare intrinsic linewidth as a reference, fitting the Gaussian-
broadened spectra yields 50 kHz as the practical resolution
limit. The excess linewidth obtained from the numerical sim-
ulation exceeds this value starting from mode k ≈ 100. We
conclude that our prediction is not far from measurement ca-
pabilities, and therefore could be detected in slightly different
devices. The right panel of Fig. 16 uses the same κex/2π ,
κ0/2π , kmax, and we set k = 170. The T 3 scaling is visible in
the temperature range 0.15–0.25 K, and the excess linewidth
is close to, or beyond, the predicted detectable threshold
throughout this interval. At lower temperatures, large momen-
tum transfer processes lead to a weaker power law. At higher
temperatures, the scaling is preserved, but the system becomes
too hot for typical experiments. Overall, this leaves only a
narrow temperature window.

2. Linewidth narrowing

To check the linewidth-narrowing observability, in Fig. 17
we use kmax = 200, κex/2π = 0.6 MHz, κ0/2π = 1.5 MHz,
T = 0.1 K, and a pump with nflux = 104 photons injected
into mode k = 19. We observe linewidth narrowing for all
modes with index below 19, up to δκ/2π ≈ −0.6 MHz,
which is comparable to the bare linewidth itself and allows for
detection.
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FIG. 17. Here kmax = 200, κex/2π = 0.6 MHz, κ0/2π =
1.5 MHz, T = 0.1 K, and nflux = 104 in mode k = 19. Modes
below the pumped mode acquire a negative excess linewidth
(narrowing) reaching δκ/2π ≈ −0.6 MHz, which is comparable to
the bare linewidth and therefore detectable.

3. Role of disorder and fabrication inhomogeneity

Our theoretical framework relies on the existence of
individually resolvable, extended plasma modes. In state-of-
the-art Josephson junction chains, fabrication inhomogeneity
is typically weak; junction-to-junction fluctuations in EJ and
Ec are small compared to their mean values. Consequently,
the Anderson localization length of the normal modes vastly
exceeds the physical length of the chain [61]. In this limit,
modes remain extended and maintain a nearly regular spacing.
This is precisely the regime demonstrated in recent experi-
ments: individually resolved resonances have been measured
in chains near the superconductor-insulator transition [14],

and linewidth of hundreds of individual plasma modes have
been clearly resolved [29]. Our predictions apply to this ex-
perimentally verified regime.

Spatial fluctuations of EJ and EC along the chain have two
distinct effects. First, they reduce the spatial regularity of the
mode functions, which modifies the overlap integrals entering
the scattering matrix element |K|2. Second, and more impor-
tantly for mode resolvability, they cause random frequency
shifts of the resonances [14,61]. Such frequency shifts can
modify the sets of modes that are resonant, thereby affecting
the resonant scattering channel. The off-resonant channels,
which dominate at thermal equilibrium, are less sensitive to
the exact resonance condition and are therefore more robust
to this type of disorder.

Charge disorder is expected to affect predominantly the
quantum phase slip relaxation channel. This channel is ex-
ponentially suppressed for chains in the superconducting
regime [32] compared to the gradient nonlinearity chan-
nel [32,62]. Therefore charge disorder has negligible effect on
the gradient nonlinearity channel that governs δκ ∝ k2T 3.

Lastly, quasiparticle losses act as an extrinsic, essentially
fixed background contribution to κ0. Since they lack the char-
acteristic k2T 3 dependence, they only set the detection floor
and cannot mimic the intrinsic signal.

To conclude, static disorder does not affect the defining
feature of our mechanism, the gradient nonlinearity. Be-
cause the scattering originates from phase gradients, with
(θn+1 − θn) ∝ √

k, the intrinsic matrix elements scale as K ∝√
k1k2k3k4, producing δκ ∝ k2 when off-resonant processes

dominate. As long as the modes remain extended, this scaling
holds. Disorder-induced background decay lacks this gradient
origin and shows a much flatter dependence on mode number.
The δκ ∝ k2T 3 power law therefore remains a distinctive
fingerprint of the intrinsic chain anharmonicity.
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