
PHYSICAL REVIEW B 113, 115147 (2026)

Charge carrier relaxation dynamics in the one-dimensional Kondo lattice model
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A generic question in the field of ultrafast dynamics is concerned with the relaxation dynamics and the
subsequent thermalization of optically excited charge carriers. Among several possible relaxation channels
available in a solid-state system, we focus on the coupling to magnetic excitations. In this paper, we study
the real-time dynamics of a paradigmatic model, the Kondo lattice model in one dimension. We conduct a
comprehensive study of the relaxation processes by evaluating the spin polarization of the conduction electron,
the local spin-spin correlation between localized and conduction electrons, and the electronic momentum
distribution. While in the well-studied cases of one or two charge carriers in a ferromagnetic background, no
thermalization occurs, we demonstrate that the stationary state is compatible with thermalization if either the
electronic filling is finite or the magnetic background is in the singlet sector. Our real-time simulations using the
time-dependent Lanczos method are corroborated by a direct comparison with finite-temperature expectation
values and an analysis of the spectrum in terms of the gap ratio.
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I. INTRODUCTION

Theoretical research into the nonequilibrium dynamics of
strongly-correlated quantum many-body systems continues
to be fueled from several directions. First, the experimental
advances with ultrafast dynamics provide access to ever more
time windows and observables, unveiling physics that has
been out of reach so far [1–9]. This includes the short-time
dynamics in the electronic relaxation dynamics [5,9], stabi-
lization of metastable states [2,8], and controlled driving of
materials into states with a desired type of order [4,7]. Second,
modeling the relevant materials often requires accounting for
several degrees of freedom, such as itinerant electrons, orbital
degrees of freedom, phonons, or magnetic excitations, giving
rise to a high degree of complexity [10,11]. Third, theoret-
ical descriptions face formidable challenges, since several
decades in time need to be covered with different physics
dominating different time windows [12–14]. This is usually
not possible without approximations, and therefore, simple
but generic model Hamiltonians such as the Hubbard model
[15] or Kondo-lattice models [16–18] continue to play an
important role.

In this work, we will take the route of working with a model
system, and we are specifically interested in the relaxation
dynamics of electrons coupled to a magnetic subsystem. This
falls into a broader class of problems, where one seeks to
unravel the electronic time evolution after an optical excitation
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due to a coupling to bosonic degrees of freedom [19–22].
The latter are usually either phonons or magnons. Several
generic initial conditions have been studied: (i) the relaxation
of a single charge carrier with a well-defined quasimomentum
in an empty band [21–23], (ii) the dynamics of a charge
carrier in real-space [21,22,24], (iii) the relaxation of one or
many electrons after an optical excitation modeled as a pulse
[8,15,20], (iv) the specific analysis of the time evolution of
an order parameter O(t ) after such initial conditions, either
concerning their decay as a function of time [19,25–28] or
the emergence of a nonzero O(t ) due to the optical excitation
[29–31].

In our work, we start from the first setup, which we will
modify as outlined below. We pursue the strategy of obtaining
numerically exact results, and therefore, we restrict the dis-
cussion to the one-dimensional case. As a model Hamiltonian,
we consider a generalized Kondo-lattice Hamiltonian [32–39]
as sketched in Fig. 1(a), incorporating the Kondo coupling
between localized spins and the itinerant electrons, a direct
coupling between the spin degrees of freedom, and disorder.
On the one hand, we aim at establishing a comprehensive
understanding of the relaxation dynamics depending on the
model parameters and for idealized initial conditions in the
spin sector. On the other hand, we want to address the issue of
thermalization.

Both the cases of a coupling of an optically excited elec-
tron to phonons and magnons have been investigated. For
the former, we mention [22,40–42], while for the latter,
Refs. [24,43,44] are examples. As an ultimate goal beyond
the scope of the present study, we wish to understand the
competition between several bosonic relaxation channels, e.g.,
in the presence of phonons and magnons (see Refs. [45,46] for
work in that direction).

To set the stage, we paraphrase results from Ref. [21],
where a charge carrier was initialized in a quasimomentum
eigenstate in an empty band and then coupled to optical
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FIG. 1. (a) Sketch of the initial condition, Eq. (2), where the lo-
calized spins are initially fully polarized and the conduction electron
is prepared in a quasimomentum eigenstate with quasimomentum
k0 and a spin orientation opposite to the one of the localized spins.
(b) Illustration of scattering processes due to interactions with spin
excitations of the localized electrons. �k = J/(2t0) is the momentum
transferred to the spin excitations [see Eq. (8)] for the initial state
|�0,F 〉 in the limit of J � t0.

phonons via a Holstein coupling. In the adiabatic regime
where phonon frequencies ω0 are smaller than the electronic
bandwidth, Ref. [21] reports a fast relaxation to a quasista-
tionary state. That quasistationary state is characterized by
a complete energy transfer from the electron to the optical
phonons accompanied by a relaxation of the average elec-
tronic momentum to zero. Interestingly, the final momentum
distribution appears to be thermal already in a simple model
such as the Holstein chain studied in Ref. [21] (substantiated
by follow-up studies [47,48]). Moreover, the typical time scale
for a complete momentum and energy transfer was extracted
in dependence of relevant parameters such as the electron-
phonon coupling and the oscillator frequency. In the present
study, we aim at establishing similarities and differences be-
tween the relaxation dynamics in the Holstein model and the
Kondo-lattice chain.

In this work, we consider initial states that are product
states between the two subsystems, the itinerant electron band
(subscript c) and the localized electrons (subscript f ):

|�0〉 = |φ0〉c ⊗ |ψ0〉 f . (1)

The initial state |φ0〉c for the electrons will consist of Nc

electrons prepared in well-defined quasimomentum states. In
the subsystem of localized electrons, spin excitations remain
as the low-energy modes. For these spin excitations, we will
consider product states such as a fully polarized state or
states with an antiferromagnetic pattern. Our focus will be
on analyzing the average spin polarization of the itinerant
electrons, their momentum distribution and kinetic energy, as

well as local correlations between the itinerant electrons and
the localized spins.

As a starting point, let us consider the well-studied case
(see, e.g., Refs. [49–54]) of a single charge carrier moving in
the ferromagnetic (FM) background of the localized spins [see
Fig. 1(a)], thus an initial state of the form:

|�0,F 〉 = |k0 = π/2,↑〉c ⊗ |FM〉 f . (2)

In this exactly solvable case [50–52] of effectively two
particles—electron and one emitted magnon—the system re-
laxes, yet evidently not to a thermal state, as evidenced by
the persistence of finite-momentum peaks in the quasimo-
mentum distribution. Likewise, for the case of two charge
carriers in a ferromagnetic background, no thermalization is
observed as these are still few-body problems in a subspace
with subexponential scaling with system size [55–57]. We
will start by illustrating these behaviors using numerical sim-
ulations to provide a comprehensive basis for our study. We
further consider the addition of diagonal disorder seen by
the conduction electron. As expected, Anderson localization
leads to an additional suppression of thermalization. However,
at weak disorder, we still observe a complete magnetization
transfer. For large disorder and a large J , the dynamics is
purely oscillatory, dominated by local dimers.

From these limiting cases, we move the system towards
generic many-body behavior in two ways, touching either the
electronic |φ0〉c or the spin portion |ψ0〉 f of the initial state:
(i) either we increase the particle number in a ferromagnetic
background, thus mimicking a finite density of charge carri-
ers, or (ii) we keep one charge carrier but now injected into a
system with antiferromagnetic correlations. As a main result,
in both these cases, we observe a dynamics at long times that
is consistent with thermalization. To support this conclusion
we study the gap ratio, the decay of the spin polarization of
the charge carriers, and in particular, the time dependence of
the quasimomentum distribution function. The latter forms a
broad distribution centered around k = 0.

The plan of the paper is the following. In Sec. II, we
introduce the model, define the observables under study, and
describe the numerical methods employed. We also describe
the application of perturbative techniques in limiting cases.
Section III discusses the relaxation from an initial state with
fully polarized local spins for a single charge carrier, with
Sec. III B considering the situation with additional diagonal
disorder. For the case of one charge carrier in the ferro-
magnetic background, we discuss the expected absence of
thermalization in Sec. III C. In Sec. IV, we increase the num-
ber of electrons but keep the fully polarized spin background.
Section V covers a different initial state in a large many-body
subspace, for a single charge carrier. Finally, we present our
conclusions in Sec. VI. Appendix A discusses the decompo-
sition of initial states and ground states into singlet and triplet
sector for a single charge carrier. Appendix B summarizes
the effective description of the small-J/t0 regime for a single-
charge carrier decay in a fully polarized background.

II. MODELS AND METHODS

In this section, we introduce the Hamiltonian and the
set of observables that we will compute for different initial
states and model parameters. Next, we describe the computa-
tional method used for the numerical diagonalization of the
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Hamiltonian and for time propagation. We further describe
how we compute thermal expectation values of the same ob-
servables. Finally, we derive a standard expression for short
time scales.

A. Kondo-lattice model

The model is defined by the Hamiltonian:

Ĥ = −t0

L∑
i=1,σ

(ĉ†
i+1,σ ĉi,σ + H.c.) + J

L∑
i=1

Ŝc,i · Ŝ f ,i

+ JAFM

L∑
i=1

Ŝ f ,i · Ŝ f ,i+1 +
L∑

i=1

εin̂i. (3)

The first term describes the kinetic energy of the itinerant
electron. In the following, we use a sub/super index c( f )
to refer to the itinerant(localized) electron(spins). t0 denotes
the hopping matrix element. Here, ĉ†

i+1,σ (ĉi,σ ) represents the
creation (annihilation) operator of the itinerant electron with
spin σ =↑,↓ on site i. The second term is the Heisenberg
interaction between the spin degree of freedom of the itin-
erant electrons and the localized electrons, governed by the
exchange coupling strength J . Ŝc,i and Ŝ f ,i are spin-1/2 op-
erators describing the spin degree of freedom of the itinerant
and localized electrons on site i, respectively. We express the
Hamiltonian in terms of the z-component (Ŝz

c/ f ,i), the raising

(Ŝ+
c/ f ,i), and lowering (Ŝ−

c/ f ,i) operators associated with Ŝc/ f ,i.
The third term represents a nearest-neighbor Heisenberg inter-
action between the localized spin degrees of freedom, with an
antiferromagnetic (AFM) exchange coupling JAFM. The final
term denotes a diagonal disorder experienced by the conduc-
tion electrons, where εi is a local random potential drawn from
the interval εi ∈ [−W,W ]. n̂i is the electron number operator
on the site i defined as n̂i = ∑

σ ĉ†
i,σ ĉi,σ .

We will start with the case of a single itinerant electron,
i.e., the filling is n = 1/L, where L is the number of sites
in a one-dimensional lattice. Then we will move on to two
electrons with n = 2/L, and finally to a finite density n = 1/4.
We use periodic boundary conditions, allowing the use of
a quasimomentum representation in the absence of diagonal
disorder.

In the absence of disorder and at J = 0, the electronic part
is diagonal in the quasimomentum basis

Ĥc =
∑
k,σ

εk ĉ†
k,σ

ĉk,σ , (4)

where k is the single-particle quasimomentum chosen to lie
in the first Brillouin zone, and the dispersion is (the lattice
spacing is set to unity)

εk = −2t0 cos(k). (5)

It is illustrative to rewrite the term in the Hamiltonian that
couples the spin of the conduction electrons to the spin of
the localized electrons in the quasimomentum basis. We use
standard definitions for the discrete Fourier transformation

ĉ†
k,σ

= 1√
L

L∑
j=1

ei jk ĉ†
j,σ , (6)

Ŝα
k = 1√

L

L∑
j=1

e−i jk Ŝα
j , (7)

where α = z,+,−. The Hamiltonian term proportional to J
then takes the form:

ĤJ = J

2
√

L

∑
k,q

Ŝz
f ,q

[(
ĉ†

k,↑ĉk+q,↑ − ĉ†
k,↓ĉk+q,↓

)

+ Ŝ+
f ,qc†

k,↓ĉk+q,↑ + Ŝ−
f ,qĉ†

k,↑ĉk+q,↓
]
, (8)

where the matrix element between the quasimomentum com-
ponents of the localized spins and of the conduction electron
becomes evident and is equal to J/[2

√
L].

B. Observables

We study the following operators. First, we define the spin
polarization of the itinerant electron as

Sz
c(t ) = 〈

Ŝz
c(t )

〉 = 1

2

L∑
i=1

〈�(t )|(n̂i,↑ − n̂i,↓)|�(t )〉. (9)

In our case, the initial value is always Sz
c(0) = 1/2. The

second key quantity is the quasimomentum distribution func-
tion of the itinerant electron with spin orientation σ , which is
given by

nk,σ (t ) = 〈�(t )|ĉ†
k,σ

ĉk,σ |�(t )〉. (10)

We further define the total quasimomentum distribution as

nk (t ) =
∑

σ=↑,↓
nk,σ (t ). (11)

From the quasimomentum distribution, we obtain the kinetic
energy of the conduction electron:

Ekin(t ) =
∑

k

εknk (t ). (12)

The final observable of interest is the correlator between the
electronic spin density on site i and the localized spin on site i:

Sc f ,i = 〈Ŝc,i · Ŝ f ,i〉. (13)

Often, we will calculate the total correlation by summing over
all sites:

Sc f =
L∑

i=1

Sc f ,i. (14)

This accounts for the decreasing filling as L increases in the
case of a single charge carrier.

C. Numerical Method

We use the time-dependent Lanczos method [58] to
simulate the time evolution of our many-body system and
full exact diagonalization to compute thermal expectation
values [59,60]. We use periodic boundary conditions in all
simulations.

We exploit symmetries, including total magnetization Sz
total,

conservation of the number of conduction electrons Nc, and
translational invariance [60]. The latter symmetry arises from
the invariance of the Hamiltonian under lattice translations,
i.e., eigenstates of Ĥ can also be chosen as eigenstates of the
lattice translation operator T̂ , with eigenvalues eiK , where the
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crystal momentum K = 2πn/L (n = 0, 1, . . . , L − 1) labels
the different momentum sectors.

In general, the dimension of the Hilbert space for a Kondo-
lattice model with L sites, Nc conduction electrons, and total
magnetization Sz

total can be written as a sum over all possible
spin-up electron configurations as

dim(H) =
Nc∑

N↑=0

[(
L

N↑

)(
L

Nc − N↑

)(
L

L↑

)]
. (15)

Here N↑ denotes the number of spin-up conduction electrons,
and

L↑ = 1

2

[
L + 2Sz

total − 2N↑ + Nc
]

(16)

is the number of localized spins with Sz
� = 1/2. When the

translation invariance is imposed, the size of the Hilbert space
is reduced by roughly a factor of L. This reduction is exact
when all the representative states have a periodicity equal
to the full system size. This condition holds for the initial
state |�0,F 〉, two electrons with opposite spin (|� (↑↑)

0 〉), and
the chosen state for the Kondo-Heisenberg model (|�0,KHM〉),
discussed in Sec. V. As a special case, the dimension of the
relevant Hilbert space is dim(H) = L + 1 for the initial state
|�0,F 〉 since in that case, total Sz

total = L/2 − 1, and we exploit
translational invariance.

In the time-dependent Lanczos method, we approximate
the time-evolution operator e−iĤt in a Krylov subspace of
typically a small dimension (we set h̄ = 1). When applied to
an initial state |�(t + �t )〉, we obtain the expression

|�(t + �t )〉 ≈ V †
De−i�tTDVD|�(t )〉, (17)

where VD maps from the original basis onto the Krylov basis
and vice versa, �t is the time step, and TD is a tridiagonal
representation of the Hamiltonian Ĥ in the Krylov subspace.

For the propagation by one time step, we start by finding
the Krylov subspace by iteratively applying the Hamiltonian
to the current state |�(t )〉 DK − 1 times, and construct the op-
erator TD in the resulting Krylov basis. We find that DK = 20
is usually sufficient, as we verified by varying DK . To di-
agonalize the matrix, we use the lapack package [61] and
a self-written code for the matrix multiplication to get the
time-evolved state |�(t + �t )〉 = V †

De−i�tTDVD|�(t )〉. Next,
we use the quantum state |�(t + �t )〉 to compute expectation
values of operators at time t + �t . Additional parameters
used in this method are the time step, which has a range
between �t/t0 = 0.005 and �t/t0 = 0.05 (depending on the
regime and initial conditions), and a maximum system size of
L = 226 for the initial state |�0,F 〉.

D. Thermal expectation values

We will compare the time averages of expectation values
〈Ô(t )〉 in the steady state to thermal expectation values in
the canonical ensemble. The thermal expectation value of the
energy is

E = tr[ρĤ ], (18)

where ρ is the statistical operator

ρ = 1

Z
tr[e−βĤ ]. (19)

Here, β = 1/T is the inverse temperature (we set kB = 1) and
Z is the partition function.

Assuming thermalization [62,63], the expected tempera-
ture is obtained by equating the energy in the initial state to
the thermal expectation value:

E0 = 〈�0|Ĥ |�0〉 = tr[ρĤ ]. (20)

The thermal expectation value of a given observable compati-
ble with the initial energy E0 is then given by

〈Ô〉T = tr[ρÔ]. (21)

E. Short-time evolution

It is instructive to determine the short-time evolution
analytically. To that end, we expand the time-evolution op-
erator Û (t ) = exp(−iĤt ). However, our Hamiltonian is com-
posed of noncommuting terms. Using the Baker-Campbell-
Hausdorff (BCH) formula [64], we get the relation

eX̂ Ôe−X̂ = Ô + [X̂ , Ô] + 1

2!
[X̂ , [X̂ , Ô]] + · · · , (22)

where X̂ = iĤt , and Ô is an observable. The error in this
expansion is of the order of t n, where n is the number of terms
kept in the BCH expansion. We go up to second-order, leading
to a good approximation for t � 1/t0.

For the observables of interest in our study, we quote the
leading terms up to quadratic order in time. For the spin
polarization of the conduction electron, this reads

Sz
c(t ) ≈ 1

2
− J2

4
t2. (23)

For the local spin correlation Sc f , we find

Sc f (t ) ≈ Sc f (t = 0) − Jt0
2

t2 cos(k0), (24)

where k0 denotes the initial electronic quasimomentum. For
k0 = π/2, the leading term vanishes. For other choices of k0,
we verified that our numerical data agrees with this expression
for short times Jt < 0.2 (not shown).

III. RELAXATION DYNAMICS OF A SINGLE CHARGE
CARRIER IN A FERROMAGNETIC BACKGROUND

We first focus on the case of an initial state of the type
|�0,F 〉 as defined in Eq. (2), i.e., the itinerant electron is
prepared in a single-particle quasimomentum state with k0 =
π/2 and spin up, while the localized spins are in a fully
polarized state with a global Sz

total = (L − 1)/2. We will con-
sider the case of JAFM = 0. The discussion will first cover the
case without disorder and then we also present the relaxation
dynamics in the presence of disorder.

The case without disorder has been solved exactly and was
investigated from many perspectives in the literature [50–52].
We provide a discussion of this case to set up the study of the
many-body case, putting the focus on a qualitative picture and
the behavior of the quasimomentum distribution function.
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t×t0 t×t0

FIG. 2. Time evolution of several expectation values for various values of J obtained numerically (solid lines) for the initial state |�0,F 〉.
(a)–(c) On the left side, we plot the results obtained for small J/t0 = 0.2, 0.5, 0.9, 1.5, along with the results from the two-levels-plus-spin-bath
(TLS) approximation (dashed-dotted line, see Sec. III A 2). (d)–(f) On the right side, we present the results for large J/t0 = 2.5, 5.0, 10.0, 20.0.
In (a) and (d), we show the spin polarization of the conduction electron, Sz

c(t ). In (b) and (e), we display the total local spin correlation Sc f (t )
between the conduction electron and the localized spins. (c), (f) Kinetic energy of the conduction electron. The dashed lines in (d)–(f) represent
the (asymptotic) long-time average for J � 2t0 for the corresponding expectation value. These values are found to be: Sz

c(t → ∞) = −0.25,
Sc f (t → ∞) = −0.25, and Ec

kin(t → ∞)/t0 = 0.0.

In Ref. [52] (extending earlier work, see Ref. [50]), all
eigenstates on finite systems were constructed. The following
results were obtained for the time dependence of Sz

c: (i) the
short-time dynamics of the spin polarization is quadratic in
time (which is generic), (ii) in an intermediate time-window,
the decay is exponential, (iii) the long-time behavior deviates
from an exponential decay due to the van Hove singularity
at the bottom of the band, and (iv) oscillations occur at large
J/t0, The oscillations can be interpreted as an indication of
spin-polaron formation (see, e.g., Ref. [53]).

Several aspects of the relaxation dynamics in the regime
of J � t0 can be understood by considering the relaxation
of a two-level system coupled to a generic bosonic bath, for
which there is a substantial amount of literature [65–68]. Es-
sentially, the conduction electron’s polarization is transferred
in a single spin-flip process by creating an excitation in the
spin bath, thus preventing the electronic kinetic energy from
further relaxation. After a short coherent dynamics, there is a
Markovian regime with an exponential decay with a time scale
J2/t0. For J/t0 � 1.5, we find an excellent agreement between
numerical data and these approximate analytical results.

For J/t0 � 2, eventually, on average, no net energy transfer
occurs and the dynamics are mostly dominated by oscilla-
tions. The steady-state values of expectation values can be
understood from considering the decomposition of the initial
state into eigenstates in small systems, due to the local nature
of the physics in the large J/t0 > 2 limit.

A. Numerical illustration of relaxation dynamics

The initial state with a complete parallel alignment
of all localized spins and antiparallel spin orientation of the
conduction electron belongs to the subspace Sz

total = 1
2 (L − 1).

In principle, this coincides with the total spin quantum
number of the ground state of the Kondo-lattice model with
one itinerant electron. However, in the ground state, the lowest
energy is obtained in the momentum sector K = 0 when the
conduction electron has the momentum k0 = 0, implying that
our initial state is well-separated from the ground state [50].
For small J/t0 (in the range 0.1 < J/t0 < 2.0), the initial state
becomes essentially orthogonal to the ground state, with its
full spectral weight residing in the excited states, as illustrated
in Appendix A.

Figure 2 shows the relaxation dynamics of the different
expectation values for the initial state |�0,F 〉 calculated by
using the iterative Lanczos algorithm for L = 216. We use
a Krylov space of DK = 20 and a time step of �t/t0 =
0.005 throughout this section. By comparing with exact
diagonalization, we conclude that these values of the con-
trol parameters are sufficient to suppress the numerical
errors below 10−9. In order to elucidate finite-size ef-
fects, we study the relaxation dynamics for different system
sizes and for different values of J/t0. We observe that
system-size dependences in the time evolution depend sig-
nificantly on the value of J/t0. For L = 216, the finite-size
effects typically appear around t × t0 ∼ 100 for small J/t0
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and around t × t0 ∼ 80 for large J/t0 (results not shown
here).

1. Regime of J � 2t0

As shown in Fig. 2, two separate regimes emerge based on
the ratio J/t0. We first discuss the regime when the electronic
bandwidth exceeds the exchange coupling, i.e., J < 2t0. In
this parameter regime, the expectation values of the opera-
tors exhibit a smooth time evolution, accompanied by small
oscillations. For the smallest Kondo coupling shown in Fig. 2,
all expectation values undergo a slow relaxation dynamics. By
increasing J , the spin polarization of the conduction electron
decays more rapidly and the oscillation amplitude becomes
larger, while the oscillation frequency remains practically
unchanged.

In addition, the z-component of the conduction electron
Sz

c and the total local spin correlations Sc f approach a steady
state without any apparent J-dependence. On the one hand,
Sz

c [see Fig. 2(a)] approaches Sz
c → −0.5, i.e., the electronic

spin flips entirely from 1/2 to −1/2, becoming parallel to
the initial spin orientation of the localized spins. On the other
hand, Sc f → 0.25 [see Fig. 2(b)]. Contrary to the expectation
values of these two operators, the long-time behavior of the
electronic kinetic energy, shown in Fig. 2(c), retains a clear
dependence on the Kondo coupling J . To be specific, the
total energy transfer to the local spin chain scales linearly as
�Ec

kin = −J/2.
To complement the description of the small J/t0 regime,

we plot the time-evolution of the electronic quasimomen-
tum distribution function nk for J/t0 = 0.9 in Fig. 3(a). The
conduction electron starts with k0 = π/2 due to our initial
condition from Eq. (2). At short times, nk retains a peak at
π/2 which then quickly decays. The momentum occupations
redistribute into two distinct peaks: one just below π/2 and
another one above −π/2, located specifically at k = π/2 −
J/(4t0) and k = −π/2 + J/(4t0). Since these peaks are sharp
and far away from k = 0, the steady state does not correspond
to a thermal state. This conclusion is further supported by a
direct comparison between the thermal expectation values and
the stationary state values of the kinetic energy, discussed in
Sec. III C 1.

Based on these observations, we conclude that, in the
limit of J � 2t0, the conduction electron undergoes a scat-
tering process with four components: the electron acquires a
backward-propagating (bp) and a forward-propagating ( f p)
component, and the same for the emitted magnon [69,70].
After this scattering process, the z-component of the electron
spin is spin-down and kbp = −k f p. Due to momentum con-
servation, the magnon is excited with weight at the opposite
momenta qm

bp = −qm
f p (up to umklapp scattering).

2. Two-level picture for J/t0 � 1

In Fig. 4, we show a sketch of the relevant processes
for small J/t0. There, we consider a simple two-level sys-
tem (TLS) interacting with a bosonic bath. In this analogy,
the bosonic bath represents the localized spins, while the
spontaneously emitted excitation corresponds to the magnon
propagating through the spin chain. The two relevant elec-
tronic levels are the excited state |e〉 and the ground state |g〉.

t×t0

FIG. 3. (a), (b) Logarithm of the electronic quasimomentum
distribution nk (t ) as a function of time for a small (J/t0 = 0.9)
and a large (J/t0 = 3.0) Kondo coupling, respectively. After a
fast initial dynamics, nk (t ) exhibits two well-defined peaks at k =
−π/2 + J/(4t0 ), and k = π/2 − J/(4t0 ) for the case of (a). These
finite-momentum peaks are inconsistent with a thermal state in the
steady-state regime. In (c), we illustrate the time evolution of nk,↑(t )
at momentum k = π/2 for both values of J . We set L = 216, k0 =
π/2, and an initial ferromagnetic configuration for the localized
spins, i.e., |�0,F 〉.

FIG. 4. Sketch of the effective two-level system for the initial
state Eq. (2) and for J < t0. In this regime, there are only two relevant
energies: the conduction electron with spin-up with energy ε2 and
with spin-down and energy ε1. ε1 is doubly degenerate. The proba-
bility amplitude for the electron to be in the spin-up state is given by
b2, and for the spin-down state, it is given by b1,q (see Appendix B).
Between both states, a spin-flip process occurs, emitting a magnon
into the spin bath with a total energy �E .
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For such a situation, standard approximations (see Ap-
pendix B) yield a Markovian behavior and hence an exponen-
tial decay is found [71], in agreement with the exact solution
[52]. We extract the decay constant from a fit to the numerical
data, resulting in these functional dependences for the expec-
tation values:

Sz
c(t ) = −

(
1

2
− e− J2

4t0
t
)

, (25a)

Sc f (t ) = 1

2

(
1

2
− e− J2

4t0
t
)

, (25b)

Ec
kin(t )/t0 = − J

2t0

(
1 − e− J2

4t0
t
)

. (25c)

In Fig. 2, we compare the computational results (solid
lines) with the TLS results (dashed lines), where one can
observe a good agreement for all operators up to J/t0 � 1.5.
Note that as J/t0 increases, oscillations appear. These corre-
spond to magnon reabsorptions and reemissions not captured
in the Markovian approximation. Further, the very short-time
window is not captured either since there, non-Markovian
processes are always present (see, e.g., Refs. [72,73]).

3. Energy transfer and crossover regime J ∼ 2t0

For small J/t0, a complete magnetization transfer takes
place on time scales proportional to 4t0/J2. At the same
time, the kinetic energy of the electron cannot be further
reduced after this process since the energy transfer is tied
to magnetization transfer. In the small J/t0 regime, the en-
ergy transferred �E to the spin system is proportional to
the exchange coupling. However, as shown in Fig. 5, this
linear dependence breaks down when J/t0 � 1. In this inter-
mediate coupling regime, the momentum transfer approaches
�k ≈ π/2 as J/t0 ≈ 2. Thus, the initial state couples to the
region of the maximum density of states in the dispersion.
Therefore, as mentioned before, additional effects beyond the
simple TLS picture appear, such as repeated absorption and
emission of the magnon, the van Hove singularity at the band
bottom becomes increasingly relevant [52], and the overlap
of the initial state becomes significant with more than two
many-body eigenstates. Consequently, the TLS description
breaks down and fails to capture the relaxation dynamics for
J � t0.

For J > 2t0, the energy needed for a full spin flip of the
conduction electron’s spin exceeds the electronic kinetic en-
ergy, and thus a complete spin reversal process is not possible.
Figure 3(c) shows the quasimomentum occupation nk=π/2,↑.
For J/t0 = 0.9, this quantity fully relaxes to zero, while for
large J/t0 = 3, there are several oscillations and a nonzero
steady-state value.

4. Regime of J � 2t0

The time evolution of expectation values in the strong-
coupling limit is illustrated in the right part of Fig. 2. As the
exchange interaction increases, magnon emission and absorp-
tion events intensify, resulting in coherent oscillations seen in
all expectation values.

Moreover, the steady values of Sz
c and Sc f are far from a

complete spin flip and a local spin-spin correlation of one-

FIG. 5. Steady-state expectation value of the conduction electron
kinetic energy as a function of coupling strength J , shown on a
logarithmic scale. The results are compared with the prediction of the
canonical ensemble. We compute the thermal expectation values on
finite systems and extrapolate to the thermodynamic limit: A linear
regression is used to fit the data in the weak- and strong-coupling
regimes, while a quadratic regression is applied in the intermedi-
ate regime to data from L = [108, 128, 160, 180, 216, 224]. Dashed
lines represent the energy transferred �E from the conduction elec-
tron to the localized spin chain for the two different regimes J/t0 � 1
[green line, �E = −J/(2t0 )] and J/t0 � 1 (red line, �E = −2t0/J),
respectively.

quarter, respectively. This behavior is corroborated by the
spectral decomposition of the initial state and the energy
spectrum discussed in Appendix A, which suggests an equal
contribution from the singlet and the triplet sectors in the
initial state for large J � t0. The expectation of an equal
contribution from the singlet and triplet sectors is consistent
with the long-time averages of local spin-spin correlations
shown in Fig. 2(e), where increasing J/t0 produces long-time
averages around Sc f ≈ −0.25.

Additionally, the presence of two coherent oscillation fre-
quencies, approximately at ω ∼ J ± 2t0 (Fig. 6), indicates that
at least three energy levels participate in the dynamics: the
singlet state and two triplet states at �E = J ± 2t0 relative to
the singlet state’s energy.

Figure 6 shows the spin polarization of the conduction
electron as a function of time for large J/t0. Due to the
presence of two dominant frequencies, the dynamics exhibit a
characteristic beating pattern. The envelopes of the time evo-
lution of the spin polarization are the same for both J/t0 values
and reveal two distinct temporal regimes, which are plotted
with dashed lines. For short times (t < 1/t0), the envelope
follows a Gaussian profile

ae−b|t×t0|2 (26)

with fitting parameters a = 0.75 and b = 0.72. The Gaussian
decay indicates a non-Markovian dynamics [73,74], which is
represented as a black dashed line in Fig. 6. Such a Gaussian
decay is also observed in central spin models, where it arises
due to a contribution of many individual local environments
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t×t0

t×t0

t×t0

FIG. 6. Time dependence of the conduction electron’s spin po-
larization Sz

c(t ) for the initial state from Eq. (2) and large values of
the exchange coupling J/t0 = 80, 220. Here, we observe a Gaussian
decay for short times and a decay at long times characterized by a
power law ∼1/t3/2. The main plot is a semilog plot to highlight the
exponential decay, while the inset is a log-log plot to visualize the
power-law behavior (note that Sz

c is shifted by 0.25 in the inset).
The envelopes are fitted to a Gaussian decay at short times and to
a power-law at long times (see the legend). The values of the fitting
parameters of c1 and c2 are −0.25.

of localized spins seeing a fluctuating mean-field due the
interaction with the central spin [74–77].

In the long-time regime (t � 1/t0), shown in the inset of
Fig. 6 using a log-log scale, the envelope follows a straight
line (red dashed line), suggesting a power-law decay propor-
tional to t−3/2 due to the van Hove singularity at the band
bottom, in agreement with the exact analytical solution [52].

B. Dynamics in the presence of disorder

We next demonstrate that adding diagonal disorder sup-
presses the relaxation dynamics significantly [78,79]. We first
consider J/t0 = 0.5 and then compute the decay of the spin
polarization for increasing values of disorder strength W .
Results obtained from averaging over at least 1216 disorder
realizations are shown in Fig. 7(a) for L = 80.

While at small disorder, the curves still approach Sz
c =

−1/2, already at W/t0 = 4, the system settles into a state
with only a partial magnetization transfer, accompanied by
large oscillations. For a large value of J/t0 = 10, the spin
polarization decays to Sz

c ≈ −1/4, yet with large oscillations.
This behavior is summarized in Fig. 8, where we plot the
average long-time value of Sz

c(t ) as a function of J/t0 and
W/t0. Overall, disorder suppresses the relaxation and prevents
the magnetization transfer. Note that at small disorder W/t0,
finite-size effects are significant, yet as L increases, a com-
plete relaxation is observed for, e.g., W/t0 = 0.5 (results not
shown here).

Generically, we expect Anderson localization for a charge
carrier in one dimension, yet coupling to a many-body bath
may lift this [80–82]. Our data are consistent with localiza-
tion on finite systems for sufficiently large W/t0, as disorder
detunes possible transitions via the coupling to the spin bath.

t×t0

FIG. 7. Time evolution of the spin polarization Sz
c of the

conduction electron for different disorder strengths (W/t0 =
0.5, 1.0, 4.0, 10.0) at fixed J/t0 = 0.5. (a) Behavior for a value of
the Kondo-coupling constant J/t0 = 0.5; the dashed line indicates
full reversal of the spin orientation to Sz

c = −0.5. (b) Results for
a larger coupling constant J/t0 = 10.0; the dashed line indicates
Sz

c = −0.25. The spin polarization is scaled by the system size, and
time is measured in units of 1/t0. We use the Krylov method with
L = 100, k0 = π/2, and an initial ferromagnetic configuration for
the localized electrons. We use a minimum of 1216 iterations for
large J/t0 and a minimum of 2560 iterations for small J/t0.

In Fig. 7(b), we show the spin polarization in the large J/t0
limit, where a simple picture emerges. The electron localizes
in a site i0 and the magnetization is coherently transferred
back between the localized spin and the electronic spin. This
picture is supported by the following argument: The oscilla-
tions at large J/t0 are controlled by a frequency ω = J , while
the beating behavior observed without disorder is increasingly
suppressed.

FIG. 8. Time-average S
z
c of Sz

c(t ) after the fast initial relaxation as
a function of the Kondo coupling (J/t0) and disorder strength (W/t0)
for L = 80. Red color indicates a spin-down orientation, while blue
corresponds to a vanishing spin polarization. The time average is
computed from the time window [25/t0, 35/t0] with a time step of
�t = 0.2/t0.
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C. Absence of thermalization

1. Absence of thermalization in the Sz
total = (L − 1)/2 sector

We return to the case of clean systems with W = 0.
In the subspace with Sz

total = (L − 1)/2, the Hilbert-space
scales only polynomially with system size L. Hence, on gen-
eral grounds, the density of states will not become dense
enough to allow for thermalization. Consistently, we find
that (i) the quasimomentum distribution maintains two sharp
finite-momentum peaks for long times and for small and in-
termediate values of J/t0 [see Figs. 3(a) and 3(b)], and (ii) the
long-time expectation values do not agree with the thermal
expectation values obtained from the canonical ensemble [see
Fig. 5], which is the most evident for intermediate values of
J/t0.

This behavior of nk is notably different from the one ob-
served for the Holstein polaron in one dimension, where a
thermal-like stationary nk with a broad momentum distri-
bution centered around k = 0 is quickly established for a
comparable initial condition [21]. The Holstein-polaron chain,
remarkably, exhibits clear eigenstate thermalization behav-
ior already on small system sizes [47,48]. However, for the
Holstein polaron, the Hilbert-space scales exponentially with
system size for the cases studied in Refs [21,47,48].

For our spin-polaron model and in the subspace with
Sz

total = (L − 1)/2, this is not the case. The simplest measure
for quantum chaos is the gap ratio [83], defined as follows. Let
En be the many-body eigenenergies ordered as En+1 > En >

En−1 > . . . , then the nearest-neighbor level spacing is defined
as

δn = En+1 − En. (27)

The gap ratio is

rn = min(δn, δn−1)

max(δn, δn−1)
. (28)

Note that we include 50% of all eigenstates centered around
the mean energy in the averaging procedure. We find that the
average gap ratio r = 〈rn〉 in the Sz

total = (L − 1)/2 is far away
from GOE behavior expected for a quantum chaotic many-
body system [63] (data not shown in the figures).

IV. DECAY OF SEVERAL CHARGE CARRIERS IN A
FERROMAGNETIC BACKGROUND

A. Two-electron case

The first step consists in going to the two-electron case
moving in a ferromagnetic background, studied extensively
in the literature. We aim at using the quasimomentum
distribution function to illustrate the expected absence of
thermalization in this few-body problem. Two initial states
are considered: (i) two electrons with spin up and (ii) two
electrons with opposite spin. In both cases, one electron is
initialized with quasimomentum |k0 = π/2〉 and the other one
at |k0 = −π/2〉 The corresponding initial states are∣∣� (↑↑)

0

〉 = ĉ†
−π/2,↑ĉ†

π/2,↑|0〉c ⊗ |FM〉 f , (29)

∣∣� (↑↓)
0

〉 = ĉ†
−π/2,↓ĉ†

π/2,↑|0〉c ⊗ |FM〉 f . (30)

t×t0 t×t0

FIG. 9. Relaxation dynamics of the two-electron Kondo model.
In (a) and (c), we present the time evolution of the quasimomen-
tum distribution nk (t ) for the parallel-electron initial state with two
electrons with spin up [see Eq. (29)] with system size L = 32,
and J/t0 = 0.4 and 1.0, respectively. As time evolves, the quasi-
momentum distribution develops two narrow peaks located around
k = ±π/2 ∓ J/(4t0). (b) and (d) show the corresponding time evo-
lution for the initial state with electrons of opposite spin orientation
[see Eq. (30)] with L = 64, and J/t0 = 0.4 and 1.0, respectively.
In this case, a faster decay of the spin-up electron compared to the
spin-down electron is evident.

Our results for the quasimomentum distribution in the
two-electron case are shown in Fig. 9. In the first case,
both electrons independently emit one magnon, exhibiting
a dynamics that is overall similar to the one-electron case.
Essentially, nk (t ) exhibits two well-defined peaks at k =
−π/2 + J/(4t0), and k = π/2 − J/(4t0). As time evolves, the
function decays as an exponential function with a constant that
is slightly renormalized from J2/4. Note that in this four-body
problem of two electrons and two magnons, interactions lead
to a mid-spectrum bound state, studied in Refs. [56,57].

In the second case, the up electron emits a magnon that
can be reabsorbed by the down electron, leading to more
interesting dynamics in the effective three-body problem. The
spin-down electron momentum occupation at k0 = π/2 does
essentially not decay, while the one of the spin-up electron
decays. Notably, a small weight emerges at zero momentum,
reminiscent of a bound state [55–57]. The exponential decay
seen in the one-electron case gets more modified due the more
complicated structure of decay channels in the two-particle
case [56,57]. In both cases, there is clearly no relaxation to a
thermal state, as expected.

B. Towards a finite density of charge carriers

We now go to a finite filling of one quarter. Here, the acces-
sible system sizes are quickly rather restricted. Specifically,
we consider the initial state

|�0〉 = ĉ†
−3π/4,↑ĉ†

3π/4,↑ĉ†
π/2,↑ĉ†

π/4,↑|0〉c ⊗ |FM〉 f . (31)

We display numerical results for Nc = 4 in L = 8 sites in
Fig. 10. Even for this modest case of L = 8 sites, a symmetric
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t×t0
t×t0

FIG. 10. Relaxation dynamics in the Kondo model at quarter
filling. (a) Time evolution of the quasimomentum distribution nk (t )
for the initial state from Eq. (31) with system size L = 8 and
J/t0 = 2.343. During the relaxation process, a maximum in nk (t )
forms at k = 0, indicating the stationary regime. (b) presents several
cuts through (a) at fixed times, specifically showing nk (t ) at t t0 =
0.0, 0.5, 0.8, 1.2 and 20.0. Additionally, the black dashed line corre-
sponds to the expectation value of the quasimomentum distribution in
the canonical ensemble at a T = 9.56 t0. �ε is the minimum energy
of one particle to jump from one state kn to kn+1, where εkn+1 < εkn .
Thus �ε = ε2π/L − εk=0.

quasimomentum distribution centered around k = 0 emerges
relatively quickly. Figure 10(b) shows nk (t ) versus k for a
number of different times, where at t = 20/t0, the distribution
has become practically symmetric. Moreover, the long-time
form of nk (t ) agrees very well with the thermal expectation
values computed for the chosen initial condition [dashed line
in Fig. 10(b)].

The same holds true for the decay of the total spin polar-
ization of the conduction electrons, plotted in Fig. 11. Sz

c(t )
quickly decays and approaches a stationary value after a short
time. The decay shows deviations from the exponential decay
seen for one charge carrier due to the additional bands and
the bound state in the spectrum [56,57]. This stationary value
is surprisingly close to the thermal expectation value (dashed
line). To summarize, in this section, we numerically demon-
strated that a system with just four electrons and four emit-
ted magnetic excitations exhibits dynamics consistent with
thermalization.

The results of this section suggest that at any finite
electronic density, the dynamics will be consistent with ther-
malization. While hard to access numerically, we expect
that this holds even in the low-density limit above the fer-
romagnetic ground state of the model. Understanding the
dependence of thermalization time scales on electronic den-
sity is an interesting question that warrants a separate study
with different numerical tools such as matrix-product state
methods [84].

t×t0

FIG. 11. Time evolution of the conduction-electron spin polar-
ization Sz

c (solid line) for the initial state from Eq. (31) for system size
L = 8 and density n = 1/4. The steady regime occurs at t × t0 ≈ 6,
where Sz

c exhibits small oscillations around the expectation value of
spin polarization in the canonical ensemble at a T = 9.56t0.

V. DECAY OF SINGLE CHARGER CARRIER IN A
CORRELATED AND ANTIFERROMAGNETIC

BACKGROUND

We now demonstrate that for the Kondo-Heisenberg model
and for subspaces whose dimension scales exponentially with
system size, a relaxation to the thermal state can be spotted in
finite-size data.

To that end, we turn to JAFM > 0 and we first analyze the
gap ratio as a function of J/t0 and JAFM/t0, shown in Fig. 12.
There, we introduce an anisotropy in all spin exchange terms

FIG. 12. Average gap ratio r of the model defined in Eq. (3)
with JAFM/t0 = 2, evaluated in the K = π/2, Nc = 1, and Sz

total = 1/2
sector, as a function of the Kondo coupling strength for two different
system sizes L = 12, 16. The spin exchanges of all spin-spin inter-
actions contain an anisotropic spin exchange � = 0.5 [see Eq. (32)].
Here, we restrict our attention to the many-body eigenstates that are
located in the middle half of the energy-ordered list of states, thereby
avoiding high- and low-energy states. The dashed line represents the
value of rGOE taken from [63].
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t×t0

FIG. 13. Relaxation dynamics in the Kondo-Heisenberg model.
In (a), we show nk (t ) as a function of quasimomentum k and time for
the initial state from Eq. (33) with L = 16, JAFM/t0 = 2.0, J/t0 = 2.0,
and � = 0.5. As time progresses, the quasimomentum distribution
develops a broad peak centered around k = 0. (b) Time evolution of
the conduction electron’s polarization Sz

c (solid line) for the same
initial state, compared to its thermal expectation value from the
canonical ensemble (dashed lines) for JAFM/t0 = 2.0 and � = 0.5,
and different values of J/t0. Specifically, for J/t0 = 1.0, 2.0, and 4.0,
we evaluated the canonical ensemble expectation values at the tem-
peratures consistent with the initial state, which yields T = 3.096 t0,
3.112 t0, and 3.375 t0, respectively. We observe a reasonably good
agreement at long times, given the small system sizes.

in the Hamiltonian:

Ŝi · Ŝ j → 1
2 (Ŝ+

i Ŝ−
j + H.c.) + �Ŝz

i Ŝz
j, (32)

which breaks SU(2) symmetry. The data shows that the finite-
size data converge quickly to the expected GOE value. This
holds true for arbitrary values of JAFM � 0, and thus a disper-
sion or a direct interaction between the spins is not essential
to obtain GOE behavior.

Based on the analysis of the gap ratio, we choose as model
parameters JAFM/t0 = 2, J/t0 = 2, and � = 0.5. As the initial
state, we select one of the quasimomentum states in the K =
π/2 sector. Specifically, the state reads

|�0,KHM〉 =
L∑

j=1

e−i π
2 j

√
L

T̂ j
(|↑〉c ⊗ |↑↓↑↓ . . . 〉 f

)
, (33)

where the spin pattern continues periodically, T̂ is the
generalized translation operator. The excitation energy
〈�0,KHM|Ĥ |�0,KHM〉 − E0 corresponds to a finite temperature
in a canonical ensemble.

Figure 13(a) shows the quasimomentum distribution for the
relaxation dynamics starting from Eq. (33) for the selected
parameters. In the initial state, the electron has weight at
k0 = π/2 and k0 = −π/2. These peaks fade away, while a
single peak at zero momentum appears and becomes the single
maximum at the longest simulated times.

In Fig. 13(b), we vary J/t0 and plot the time evolution of
Sz

c. While the relaxation dynamics clearly depend on J/t0, for

all selected parameters, the curves approach the thermal ex-
pectation value expected for the initial conditions. Obviously,
due to the small system size, there are remaining oscillations,
yet the overall trend is compatible with the expectations from
the analysis of the gap ratio, that is, thermalization from the
closed quantum system perspective [63].

VI. SUMMARY AND CONCLUSION

In this work, we conducted a comprehensive analysis of
the nonequilibrium dynamics and thermalization of charge
carriers in the Kondo lattice chain. We focus on initial states
that are product states between the conduction electron sec-
tor and the one of the localized spins. The study is carried
out using the time-dependent Lanczos method and exact
diagonalization.

We first provided a discussion of the well-studied case of
one or two charge carriers in a fully polarized spin background
from the thermalization perspective. While exact results exist
(see, e.g., Ref. [52]), a generic picture arises from considering
the relevant electronic levels (in the case of one charge car-
rier, just two) coupled to a bosonic bath. Utilizing standard
approaches, this generically leads to an exponential decay,
in agreement with exact results [52] and with our exact nu-
merical results. Furthermore, we investigated the effect of
disorder on the relaxation dynamics, where the behavior at
large values of disorder strength is consistent with local-
ization. Most notably in the context of the current study,
the expected absence of thermalization is evident in the sta-
tionary form of the quasimomentum distribution for one or
two charge carriers that exhibit resilient finite-momentum
peaks.

As our main results, we considered two modifications of
the initial state: either by going to a finite density of charge
carriers in a ferromagnetic background or by injecting one
electron into an antiferromagnetic background, the time evo-
lution of observables becomes consistent with thermalization.
This is corroborated by a direct comparison with expectation
values computed in a compatible canonical ensemble and an
analysis of the gap ratio.

An interesting open question concerns the dependence of
thermalization and relaxation time scales on electronic density
in the ferromagnetic regime or in the vicinity of half filling
at low energy densities. Generally, we expect dynamics com-
patible with thermalization as long as the model is generic
(i.e., not integrable) and as long as the dynamics occurs in
a macroscopically large subspace. This question could be
addressed with matrix-product state methods (see, e.g., Ref.
[84]).

As an outlook, we envision to add optical phonons to
the problem, which would allow us to study the competition
between two bosonic baths. Technically, this could be simu-
lated with advanced matrix-product state methods for phonons
[85–88] or a classical treatment of the phonons in the spirit
of multitrajectory Ehrenfest dynamics [89] or the truncated
Wigner approximation (see, e.g., Ref. [28]). Moreover, the ini-
tial state can be prepared as the result of an explicit modeling
of an optical pulse.
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FIG. 14. Spectral decomposition |�α|2 of the initial state from
Eq. (2) into ground (α = gs) and excited (α = ex) states for the K =
π/2 and Sz

total = (L − 1)/2 subspace with L = 126. In the inset, we
plot the expectation value of Kc f in the ground state for K = π/2,
see Eq. (A1).
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APPENDIX A: SPECTRAL DECOMPOSITION OF THE
INITIAL STATE WITH ONE CHARGE CARRIER IN THE

FULLY POLARIZED BACKGROUND

Even within the same momentum sector (in our case,
K = π/2), the initial state from Eq. (2) remains significantly
distinct from the ground state. One way to illustrate this sep-
aration between the initial state and the ground state is to
expand the initial state (for the sector K = π/2) into con-
tributions from the ground state and excited states. We start
defining the spectral weight in the ground state |�gs〉 as Pgs =
|〈�0,F |�gs〉|2, and the total spectral weight in the excited
states as Pex = ∑

n>0 |〈�0,F |�n〉|2. These weights satisfy the
normalization condition: Pgs + Pex = 1. To further character-
ize the initial state, we also evaluate the spectral-weighted
average of the local spin-spin operator, which reduces to

Kc f (�α ) =
∑

n

〈�n|�α〉2〈�α|Ŝ f · Ŝc|�n〉

⇒ Kc f (�gs) = 〈
�gs

∣∣Ŝ f · Ŝc

∣∣�gs
〉
.

(A1)

Figure 14 shows the spectral weight distribution of the
initial state. For a strong Kondo coupling, the initial state has
an equal contribution from the ground state and excited states.
For arbitrary values of J/t0, since the local spin-spin correla-
tion in the ground state stems from the singlet contribution (as

FIG. 15. Energy spectrum as a function of the Kondo exchange
coupling J for a system size L = 216 in the K = π/2 sector. The
thin blue line is the ground-state energy, the thick orange line rep-
resents the band of excited states (see the inset for a zoom into that
region). For any finite J/t0, the band of excited states is separated
from the ground state by an excitation gap of O(J ). By calculating
the spectral-weighted average of the local spin-spin operator from
Eq. (A1), we observe that the ground state is a singlet [Kc f (�gs )] and
the excited states are in the triplet sector [Kc f (�ex)] for large J/t0, as
expected [32].

shown in the inset of Fig. 14), the contribution from the singlet
decreases away from the limit J/t0 → ∞. By decreasing J/t0,
the spectral weights rearrange such that the spectral weight
increases in the manifold of excited states.Calculating the
spectral-weighted average Kc f from Eq. (A1) for the ground
state and excited states reveals that, for large J/t0, these
approach

Kc f (�gs) = −3

4
+ t2

0

J2
(A2)

and

Kc f (�ex) = 1

4
+ 1

L

t2
0

J2
, (A3)

respectively. Moreover, the following dependence of Sc f on
J/t0 emerges in this limit in the steady state:

Sc f (t → ∞) = PgsKc f (�gs) + PexKc f (�ex)

= −1

4
+

(
2 + 1

2L

)
t2
0

J2
+ O(J−4). (A4)

Analogously, we find for the kinetic energy:

Ec
kin(t → ∞) = −2t2

0

J
+ 1

L

t2
0

J
. (A5)

In Fig. 15, we observe a gap between ground state and excited
states, which is proportional to the exchange coupling [32].

APPENDIX B: TWO-LEVEL PLUS BATH
APPROXIMATION

We briefly sketch the main approximations used in the ana-
lytical approach that leads to the exponential decay discussed
in Sec. III A 3, following Refs. [65] and [67]. The interaction
between the TLS and the bath is characterized by the coupling
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constant γq, with q representing the wave vector of the emitted
excitation in one dimension. In general, γq can be defined as

γq = −iω f (ωq)〈e|ÔTLS|g〉 · eq, (B1)

where ω is the energy difference between the excited and
ground states, f (ωq) is the density of states at the energy of the
emitted excitation, ÔTLS is the operator that couples the TLS
to the bath, and eq is the polarization vector associated with
the emitted excitation, orthogonal to q. To study the relaxation
dynamics, we focus on the time evolution of the population
inversion operator

σe→g = (|g〉〈g| − |e〉〈e|), (B2)

which tracks the transition probability between the two levels.
A standard method to derive its dynamics is to use the Robert-
son projection operator technique [91,92], which projects
the full density matrix evolution onto the relevant subspace
spanned by σe→g. This results in an integrodifferential
equation involving memory kernels and the expectation
value of σe→g at earlier times. However, solving this
equation exactly is often intractable. To proceed, we assume
Markovian dynamics (justified when the bath correlations
decay rapidly), allowing us to neglect memory effects and
replace the history-dependent term by its instantaneous value.
This approximation simplifies the equation to a first-order dif-
ferential equation. Finally, by taking the thermodynamic limit
(replacing sums over q by an integral), and introducing an
exponential cutoff in time (see Ref. [65] for more detail), we
obtain an exponential decay of the excited-state population, a
hallmark of Markovian relaxation in open quantum systems.

In the context of this study, we compute the transition
probability between states |e〉 = |k0,↑〉 and |g〉 = | ± (k0 −
�k),↓〉, representing the excited state |e〉 and the degenerate
ground state |g〉, respectively. The electronic occupation of a
spin-up electron is given by

|n↑(t )〉 = b2(t )e−iω0t |2, 0〉 +
∫ ∞

−∞
dωq b1,q(t )e−iωqt

∣∣1, ωq
〉
.

(B3)
Here, the ket |2, 0〉 denotes the state of the conduction
electron with kinetic energy ε2 = −2t0 cos(π/2) = 0 and
no magnons in the localized spin chain, while |1, ωq〉
represents the state of the conduction electron with kinetic en-
ergy ε1 = −2t0 cos(π/2 − �k) ≈ −J/2 (twofold degenerate)

and a magnons contained in the spin chain, with energy ωq/2.
Here, b2(t ) and b1q(t ) represent the probability amplitudes for
the kets |2, 0〉 and |1, ωq〉, respectively, and ω0 is the energy
transferred to the bath. Due to the initial condition, the system
is prepared completely in the excited state |2, 0〉 at t = 0,
implying that

b2(t = 0) = 1, b1q(t = 0) = 0. (B4)

To characterize the interaction between the TLS and the
bosonic bath, we need to solve a set of coupled differential
equations given by

ḃ2 = −i

√
γ

π

∫ ∞

−∞
dωq f (ωq)e−i(ωq−ω0 )t b1q, (B5a)

ḃ1q = −i

√
γ

π
f (ωq)e−i(ωq−ω0 )t b2, (B5b)

where the parameter 2γ characterizes the decay rate of
the excited state in the Markovian limit. The function f (ωq)
is a real and dimensionless quantity that expresses the fre-
quency dependence of the magnon density of states. To
arrive at Eqs. (B5a) and (B5b), we assumed the rotating-
wave approximation [93], which neglects rapidly oscillating
counter-rotating terms. Now, at short times (|ωq − ω0|t � 1),
if we consider |ωq − ω0| > γ , we can expand the exponential
factor in Eq. (B5a) in a Taylor series in γ . This yields an
approximate expression for the amplitudes in order O(γ ):

b2(t ) ∼ b2(0)

(
1 − γ F

2π
t2

)
+ ḃ2(0)

(
t − iω̄

2
t2

)
, (B6)

where F is the spectral weight, given by

F =
∫ ∞

−∞
[ f (ωq)]2dωq (B7)

and

ω̄ = 1

F

∫ ∞

−∞
dωq(ωq − ω0)[ f (ωq)]2. (B8)

Inserting the initial state from Eq. (B4), we can simplify the
expression Eq. (B6) to

b2(t ) ∼ 1 − γ F

2π
t2. (B9)
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