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Out-of-time ordered correlation functions for the localized f electrons in the Falicov-Kimball model
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We provide an exact evaluation of the out-of-time correlation (OTOC) functions for the localized f-particle
states in the Falicov-Kimball model within dynamical mean-field theory. Different regimes of quantum chaos
and quantum scrambling are distinguished by the winding numbers of the block Toeplitz matrices used in the
calculation. The similarities of these fermionic OTOCs and their logarithmic derivatives for time evolution with
the OTOCs for quantum spin models with disorder are also discussed.
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I. INTRODUCTION

Long-time coherent quantum many-body dynamics is im-
portant for condensed matter physics, quantum information
science, optical physics, and high-energy physics [1,2]. First,
it is connected with the spreading of quantum information,
its detection, and decoding. These dynamics can be examined
in a system of qubits whose Hamiltonian governs unitary dy-
namics where the initial state of one qubit becomes nonlocal
and is distributed across a system by the unitary dynamics—
the so-called quantum information scrambling phenomenon.
The rate with which information becomes nonlocal is usually
quantified by the out-of-time-ordered correlators [3,4]

F(r, 1) = (Wo(@), V,(O)I' [Wo(0), V- (0)]), (1.1)
where Wy and V, are local operators at positions 0 and .

Out-of-time-ordered correlators (OTOC) were proposed by
Larkin and Ovchinnikov [5] as a measure of importance of
quantum motion with respect to the quasiclassical approxima-
tion in superconductivity. Later, OTOCs were used to describe
the evolution of the overlap of perturbed and unperturbed
states as indicators of the quantum motion stability in chaotic
and regular systems [6].

For chaotic systems, the initially local operator Wy(z) ex-
pands, under Heisenberg dynamics, with a speed called the
butterfly velocity and overlaps later with the operator V, re-
sulting from the growth of the OTOC function inside the
emergent light-cone in space-time. The growth rate of the
OTOC is influenced by the interplay between quantum fluc-
tuations and local scrambling, and depends on the size of the
system and on its temperature. For thermal quantum systems

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOL

2469-9950/2026/113(3)/035114(14)

035114-1

with a large number of degrees of freedom, the initial classical
exponential growth rate is characterized by the Lyapunov
exponent bounded by the temperature A, < 2mwkgT /h—this
bound is a bound on the growth rate of chaos [7,8]. However,
for quantum dissipative systems, e.g., systems in contact with
a thermal environment, we find that instead of the short time
exponential growth, they exhibit a long time decay with a de-
cay rate that mirrors the classical Lyapunov exponent [9,10].

In order to estimate the growth rate of an OTOC, in partic-
ular, for exponential growth, it is convenient to consider the
logarithmic derivative of the OTOC [11-14]

dInF(r,t) _ 1 dF(rt)
de T F(rt) dt

which is equal to the Lyapunov exponent for “fast scramblers”
obeying the chaos bound, and can provide detailed behavior of
the OTOC at its wave front, even when it is not exponentially
growing. Relaxation dynamics in many-body systems can be
characterized by different time scales 7, each with their own
temperature and wave-vector dependencies, which affect the
scrambling, and result in an anomalous behavior for the Lya-
punov exponents [15].

For quantum information scrambling, one is interested in
the OTOCs of the local two-state operators—that is, for the
qubits. As a rule, spin models with a direct interaction be-
tween the spins are used to describe their unitary dynamics,
see, e.g., [1] and references therein. On the other hand, in real
systems, the qubits are strongly localized and their dynam-
ics, in many cases, are governed by the indirect interaction
through other degrees of freedom, which often become re-
tarded and long range.

One of the simplest models with two-level states interact-
ing through (nonlocal) band electrons is the Falicov-Kimball
model (FKM) [16], which considers localized f states which
locally interact with itinerant d electrons. It was shown by
Brandt and Schmidt [17] and Kennedy and Lieb [18] that the
ground state phase diagram of the FKM can be obtained from
the Ising-like (lattice gas) model with an effective interaction

L(r,t) =

; (1.2)
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between classical spins (occupation of f states) after integrat-
ing out the fast d electrons, and the cases of 1D and 2D lattices
have been examined in detail [19-22].

In addition, the FKM possesses exact solutions for infinite
dimensional lattices [23,24] within the dynamical mean-field
theory (DMFT) [25-27]. Despite the f-electron occupation
number being a conserved quantity (an integral of motion),
the f-electron spectral function is a complicated object which
displays nontrivial features [28-30]. The local d-electron
density-density OTOC for the FKM was calculated and its
enhancement near the metal-insulator transition point was
obtained [31]. But, since the f-electron density-density OTOC
for the FKM is exactly equal to zero, one must look at OTOCs
constructed from f-electron creation and annihilation opera-
tors, which describe transitions between local f states, similar
to the spin-flip operators for spin systems.

In this article, we investigate OTOC functions constructed
from f-electron creation and annihilation operators (state-flip
operators for the two-level system) for the FKM on an infinite
dimension hypercubic lattice. First, we introduce the model
and recall the derivation of the f-electron DOS. Next, we
consider the lattice gas model and obtain analytic results for
the single-particle DOS and OTOC:s for any lattice, and then
examine the infinite-dimensional limit. Finally, we calculate
OTOC:s for f electrons for the FKM and provide numerical
results.

II. MODEL HAMILTONIAN
AND SINGLE-PARTICLE PROPAGATORS

The Falicov-Kimball model (FKM) [16] is the simplest
model for strongly correlated electron systems and describes
a system of the itinerant d electrons which interact with local-
ized particles. Its Hamiltonian

H=-— Ztijdjdj + ZHi
ij i

contains a hopping contribution from the itinerant electrons
(kinetic energy) and a local part

Q2.1

H; = Unjqwi1 — g + (Ef — pwg, (2.2)

which includes the interaction of strength U between the
itinerant and localized particles. Here, n;y = d; d; is the local
density of d electrons and wy;; is the occupation of site i by
the localized particles, which can take two values, O or 1, and
describes a two-level state subsystem without specifying its
internal dynamics. As a rule, it is associated with the localized
f-electron state, i.e., it is the expectation value of the localized
electron density operator

wi = nip = f; f; (23)

and its internal dynamics is determined by the f-electron cre-
ation ff and annihilation f; operators. These local f-electron
densities are conserved in the model, as they commute with
the Hamiltonian.

The FKM possesses an exact solution in the limit of infinite
dimensions D — oo, after scaling the nearest-neighbor hop-
ping by t;; =t* /2+/D, and can be solved exactly with DMFT
[24,27]. Below, we shall put t* = 1 as the energy scale.

In DMFT, the self-energy is local [25,26], and the lattice
model is mapped onto an effective impurity problem with the
same self-energy and some auxiliary self-consistent A-field
[23]. Both the self-energy ¥ (w) and A-field A(w) are found
from solutions of the self-consistent set of equations

1

o+ u— Z(w) — A(w)

_ [+°° . p(e)
= £ s
oo o+u—X(w)—¢

where G, (w) is the d-electron Green’s function for the impu-
rity problem and for the FKM it becomes

Ga(w) =

2.4)

Wo I wi
o+pu—rMw) o+p—U-—:iow)
= woGo(w) + w1 G (w).

Gy(w) =

(2.5)

Here, w; =ny = (f7f) and wo =1—ny = (ff7) are av-
erage occupations of the localized f states on the lattice
and p(w) is the unperturbed density of states, which for the
infinite-dimensional hypercubic lattice is a Gaussian

— —(w/1*)?
= e . 2.6
plo)=——= (2.6)
Finally, for the d-electron propagator we find
1
Gyix(w) = , 2.7
a.x(®) ot S@) — e (2.7)
where g = — % > . cos kqa is the unperturbed band energy.

Finding the solution for the f-electron propagator is more
challenging [24,28,32]. We follow the derivation in [30]. The
time evolution of the f operators is given by

fi(t) = U(t, 0)£(0),
@) = fFOWU ¢, 0) = Ui, 0) £, (0),

where the evolution operators are

2.8)

(2.9)

Us(t, 0) = Texp {—i/ de'[Unig(t') + Ef — u]}, (2.10)
0

Ui(t,0) = Texp {1/ dr'[Unia(t') + E; —u]}. @2.11)
0

Based on this, the contour-ordered single-particle propagator
is defined to be

Gip(t,1) = —i(Tfi) () = 8;;G5(t. 1),

where the time ordering is performed on the Keldysh contour
and the Coulomb interaction U acts only on the upper (for-
ward) branch of contour. It is a local quantity because there is
no hopping for the f electrons. In particular, the greater G 7 (1)
and lesser G (1) Green’s functions can be expressed in terms
of functional determinants of Toeplitz matrices calculated on
the time interval [0, ¢] with # > O (for details, see [30])

G7 (1) = —iU(t,0)f(0)f7(0))

—i(Ep—p)t

(2.12)

= —iwgpe

x detjo, 16(t1 — 1) — Go(t1 — )V || (2.13)
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and [G7 (1) = —{GF (=D)}*]
G5 (—t) = iw e

x deto 16t — ) +Gi(ti —)UIl.  (2.14)

Here

7 +o00
go(l/ _ t//) — _i / dw e—iw(t’—t”)[f(w) _ @(I/ _ t//)]

o]

1
xIm——m— (2.15)
o+ u— AMw)

and

1 +00
g] (t/ _ l”) — _i / dw efiw(t'ft”)[f(w) _ @(l‘, _ l”)]

o0

1
o+ u—U—Aw)

x Im

(2.16)

are the time ordered (causal) impurity Green’s functions for
the empty and filled f states, respectively, using the boundary
condition for the step function, given by ®(0) = 0 [33]. The
retarded Green’s functions are defined in the usual way via

Gy (1) = ©{G; (1) — GF (1)}
= —iO)e = {wy detyo ) 1T — GoU ||
+ w(detjo [T+ GUN*}
=Gl (1) + Gl () (2.17)

with a Fourier transform

+00
Gl(w) = —i / dt @ THED g detpo. IT — GoU ||
0

+ wi(dety [T+ GUIN', (2.18)
which defines the single-particle DOS as
1
Ap(w) = == Im G (o). (2.19)
i

The long time asymptotic of the Toeplitz determinants in
(2.17) can be obtained by using Szeg6’s theorem and the
Wiener-Hopf approach, see [30] and references therein. It is
determined by the winding number (index) of the characteris-
tic functions Cg (w) and C{ (w), which are given by

Cy1(@) =1 F UG (@)

=1FUReG; (w) FiU tanh ﬂTw Im Gj | (w),
(2.20)

respectively. Here, Gp () is the Fourier transform of the
time-ordered impurity Green’s function in (2.15) and (2.16).
We choose both time indices ¢’ and #” to be on the top branch
of the Keldysh contour, and G/ () is the retarded Green’s
function. According to Szeg&’s theorem, the long time asymp-
totic is determined by the logarithm of this function, which
is not an analytic function. The imaginary part of C({ (w)
crosses the zero line only at @ = 0 and the winding number
is determined by the sign of the real part at this point. Note
that we cannot calculate the winding number via its strict

mathematical definition; instead we use Nyquist (Cole-Cole)
type plots that illustrate their topology along with the changes
of the sign of the imaginary part for negative values of the real
one.

At half filling and for U < 0.866, when both 1 —
UReGj(w=0) > 0and 1 + U Re G (w = 0) > 0, the wind-
ing number is equal to zero (see Appendix A). Its logarithm
is well defined and the corresponding determinants decay
exponentially at large times for high temperatures, while they
behave as a power-law for low temperatures (with a singular
power law at 7 = 0 only). This behavior can be seen in the
change of the asymptotics of the logarithmic derivative from
a constant to a ¢/t dependence (Fig. 1). The correspond-
ing DOS displays a Lorentzian peak for high temperatures,
which is replaced by a power law singularity in the limit as
T — 0 in agreement with the seminal results of Brandt and
Urbanek [28].

On the other hand, for U > 0.866, when both 1 F
U Re g{)’l(w =0) < 0, the logarithm of the characteristic
function is multivalued with a branch cut, and the winding
number is equal to —1 (see Appendix A). In this case, the
characteristic function (2.20) is replaced by

Cl(w) = —“"C (w), (2.21)
where W = At — 0 is the time discretization, and the long
time asymptotic becomes a more complicated nonexponential
one with oscillations of the logarithmic derivatives (Fig. 2).
Such oscillations are strongest at high temperatures and
decrease their amplitude and increase their period as the tem-
perature is lowered. Now, the corresponding DOS possesses a
gap at low temperatures due to freezing of thermal fluctuations
[28] and the presence of strong correlations creating a Mott
gap; the gap region is filled in by thermal excitations for
increasing temperatures.

Szegd’s theorem and the Wiener-Hopf approach work bet-
ter for smooth functions. In our case, the functions (2.15)
and (2.16) are smooth at high temperatures, whereas at low
temperatures, the Fermi distribution f(w) becomes steplike
and one must employ results for singular integral equa-
tions [34,35]. Thus, at T =0, the long time asymptotic
becomes a power law in the metallic phase for U < U, = /2
and rapidly goes to zero for the Mott insulator (U > U,).

III. LATTICE GAS

As mentioned above, the FKM can be projected onto a
classical lattice gas (Ising) model with effective interactions.
So, we first consider the simple lattice gas model

H = %izjvijninj - ,U«Zni,

3.1

where n; = cj'ci is the occupation of site i by a spinless Fermi-

type particle, with values n; = 1 or 0. This model corresponds
to a classical Ising model with S = n; — = £1.

Despite the occupation operator n; being a conserved quan-
tity, [n;, H] = 0, one can still examine nontrivial behavior for
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the dynamics and for the density of states for such fermions.
From the equations of motion, we have that

90 - [Zv,,n,a) }m,
dc (l‘) |:Z‘/ljnj([) :|Cj(l)

This then yields the time evolution of the annihilation and
creation operators, respectively,

(3.2)

(3.3)

ci(t) = Ui(t, 0)ci(0) = ci(0)T/ (2, 0), (34

cl () = Ui(t, 0)cl (0) = ¢} (O)U/ (2, 0), (3.5)

where the evolution operators are given by

U,-(t,O):Texp: —i/ dt/|:ZV,-jnj(t’)—,u:|}, (3.6)
0 X
J
Ui(t,O)zTexp{i/ dt’[ZVijnj(t’)—M]}. (3.7)
0 -
J

Now, for the single-particle Green’s function we find
[Gij(t, 1) = 6;;Gi(t, 1")]

G7 (t,0) = —i(Ui(t, 0)c;(0)cf (0))
= —i(e IV (1 — ), (3.8)
G (1,0) = i(e 1% Vim—rliy,), (3.9)
Gi(t,0) = —iO(r)(e &) Vumi—nlry, (3.10)

where we have used the fact that n;(t) = n; is a conserved
quantity, which allows us to replace the time-ordered expo-
nents by ordinary ones.

In the case of a nearest-neighbor interaction, one has

v*
@3.11)

where Z is the coordination number (number of nearest neigh-
bors for site 7). Calculating the local density of states, we

obtain
Alw) = <5 (a) +u— Zvijnj>>
J

z s
= Zw,(s)S(w—i—u—V Z)

s=0

(3.12)

Here w;(s) are statistical weights of the configurations with s
occupied neighbors of site i, and

z
Z w;(s) = 1.
s=0

(3.13)

Then, for the homogeneous phase, we have

Z w; (s) = (n).

Now, we examine the OTOC:s for the lattice gas model. For
the square modulus of the anticommutator, we have

(I[ci(0). ¢} (0)14 %)
= (¢;(0)c] (1)ci(0)e§(0)) + {c] (1)e;(0)c(0)e (1))
+ (¢;(0)c] ()] (0)ci(1) + (c] ()e;(0)ci(t)ct(0)).

(3.14)

(3.15)
Using ¢/ (t)ci(t) = ni, ¢;(0)c}(0) = 1 — nj, and
ei[Z, Vf/n/—,u]tc;{e—i[zl Vim—ult _ eiViij';’ (3.16)
we find both local and nonlocal terms
(lci(@), b1, )
.2 Vijt
= 8;j + (1 — &;;) (n;(1 — nj)) 4sin - (3.17)
Similarly, another OTOC gives us
([e] (1), €} O] [ci(t). ¢;(0)]4)
5 Vijt
= (1 — &) (mn;) 4sin* -, (3.18)

2
([ei(t), ¢ (O] c] (1), 5 O0)])

) Vit
=1 =61 —n)(1— nj))4sm 5 (3.19)
which are also nonlocal. One can see, that these OTOCs ex-
pand only with the distance of the interaction range V;; and
represent a direct instantaneous interaction. In the limit Z —
oo for the nearest-neighbor interactions (3.11), the nonlocal
contributions vanish as 1/Z.

On the other hand, for the square of the anticommutator,
we have only local contributions given by

([ei(t), ¢S (0)%) = &;; (el Vim=ulry

while for nearest-neighbor interactions (3.11), we find

(3.20)

V4
(les(e), CHOP) = 8 Y we V771 321)

s=0

One can see, that the expression (3.20) for the OTOC con-
structed by the square of the anticommutators is similar to the
one for the retarded Green’s function (3.10), both having the
square of the exponent (evolution operator). It can potentially
be considered as a higher moment of a (quasi)probability.

IV. OTOCS FOR THE FALICOV-KIMBALL MODEL

Similar to the lattice gas model, we can examine different
OTOC:s for the f electrons of the FKM.
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FIG. 3. Doubly folded Keldysh contour. The interaction U in
(2.10) and (5.5) acts on the forward (upper) branches of the contour.

A. Anticommutator squared magnitude

The first one is the squared magnitude of the anticommuta-
tor of the creation and annihilation operators at different times
[f:t). £ (0)]4, which satisfy

FP) = (1), f] (O)141%)
= (L), [T O£, ] O})
= (HOf] O)F0)f @) + (O i) £ (0).£;0))
+ (HOL O OF00) + (£ O £ £ f 1)
= (if] HDY + A E 1)
+ 2Re(fi)f] (0)f (1) £(0)).

For the FKM, the product of the creation and annihilation
operators at the same times in the first two terms give ei-
ther PiJr = ff(t)fi(t) orP~ = ﬁ(t)ﬁ(t), which are conserved
quantities, and do not depend on time. These terms yield
static correlation functions. But, the last two terms of the time
evolution of the operators are determined by (2.8) and (2.9)
and, as a result, we find

EToUey = (fif ] £ + (AL F)
+ 2Re(Ui(t, O) i f1 £1U] (2, 0) 7).

where in the last term we have an evolution on the doubly
folded Keldysh contour (Fig. 3).
For the local function, i = j, we have

Frod@) = 1.

@.1)

4.2)

(4.3)
The nonlocal function (i # j) satisfies
Fi*(t) = 2(P P})
+ 2Re(Ui(t, 0)fif ] £UT (2. 0)f;)
= 2P Pf)
— 2Re(P U, 0)f{U (1, 0)f;). (4.4)

In the infinite-dimensional case, it contains two evolution
operators (2.10) which act on the site i and do not touch the
site j. As a result, we can carry one of the evolution operators
through the f jT and they mutually cancel. Finally, we obtain

FPY() = 5y 4.5)

On the other hand, in the finite D — oo case, one has to
replace the evolution operators (2.10) and (2.11) for the local
impurity problem by the evolution operators for the lattice,
which makes it much more difficult to find a solution and
we do not consider it further here. This does give nonlocal
1/Z-corrections, but, in contrast to (3.17), they are governed
by the effective long-range retarded interactions.

B. Other trivial anticommutator functions

‘We can also consider an anticommutator of two creations
Lf; @), f;(O)]Jr or two annihilation [f;(¢), f;(0)];+ operators
and construct another OTOC. The square of such anticom-
mutators yield OTOC functions which are equal to zero. We
have

FY@) = (U @), fTOL L o, f10]4) =0,

F0) = (i), fi O Lfi(@), f;(0)]4) = 0. (4.6)

For the squared magnitude, similar to (4.4), we find that

F1% () = ([£i0), O Lfi0), £;(O)]L)
= (L), £iONL LA @), f] (O0)]4)
= (1—8;)2(P P;)

+ (1= 8i)2ReU(r, 0) fif; /U] (1, 0)f]) = 0.
“.7

V. SQUARE OF THE ANTICOMMUTATOR

For the square of anticommutator, we have

FA@) = (/@) 1O
= (LA®), £] O L£:0), £1(O0)]4)
= (HOf] QAL O) + (£ i) 10 f:0))
+ (ST O] O F@) + (f] O/ fi0)f;] (0)).

5.1
The last two terms are equal to zero and we obtain
F@) = U, 0) fif Uit 0) fif])
+ Ui, OV fiUhi(e, 0)f f3)*. (5.2)

The evolution operators do not change the occupation of the
f states and the nonlocal contributions with i # j contain
products of two creation and two annihilation operators at the
same sites, which vanish. Hence, in the D = oo limit, we have
only local OTOC:s that are nonzero. They are given by

F3() = 8,F; (o), (5.3)

F(t) = (U(t, OU(t, 0YP7) + ({Us(r, OXi(t, 0)PT)*. (5.4)
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This expression can be rewritten in a form similar to the one for the f-electron propagator [30]

1 . s
Fit@) = e 2By {ef‘/mm exp [—i / dr’ / dr'd] (et 1)di(") — i f dt’UL.[O’”’[O”](t/)nid(t’):| }

ePn—Ey)

+ —efiZ(Efiu)t (Tr {eﬁ(ﬂU)ﬂidﬂeXp [_i/dt//dt,d;(l‘/))\.c(l‘/, l‘”)di(t”) + i‘/dt/UC[O,t],[O,t](t/)nid(t/)] }) i

zZ

(5.5)

where the integration and time ordering are performed over the doubly folded Keldysh contour (Fig. 3). Now the time-dependent
field U!%"11071(¢") is nonzero and equal to U on the two forward branches for ' € [0, ¢] and is zero otherwise. In the same way

as in [30], we can derive the final expression for the OTOC:

F (1) = e 25 (@),

F(t) = Fo(t) + (1), (5.6)
Fo(t) = wo detjo ,j0,0[8:(t", ") — Go(t', t")U],
Fi(t) = wy dety10.0[8:.(t", 1) + G (', t")U]. (N
In a discretized form, t,, = mW with o = 0 and ty = ¢, the first determinant looks like
I1-WGU | —WG;U
det[(),z],[O,r] |: _WgO>U | 1— Wg(t)U
= dety, [I — WGLU | detyo [I - WGHU — WG U (I — ngu)’lwggU]
[ 1-wgiou —WG5(—U | —WG5(0)U —WGs(—)U ]|
_ det -WGs )U 1-WG,OU | —WG5 U -WGs(O)U (5.8)
=de -WGg; (0O)U -WGs (—)U | 1 —-WG{O0)U —WGs(—)U |’ )
i -WGs t)U -Wg; (O)U -WGg )U 1 -WGLOU ]

where

3 +00 o,
Gy —1") = _%/ doe ") f(w)

o0

x Im ; 5.9
o+ pu— Mw)

is the lesser Green’s function,

3 +00
Gt~ = 2 [ o g - 1)

[e¢]

1
xIm —7mM— (5.10)
o+ u— Mw)

is the greater one, and for the equal times " = " we choose
®(0) = 0 [33], which gives

3 +00
G4(0) = G5 (0) = —% / do f (o)
x Im ; (5.11)
o+ pu— Mo)

Similar expressions can be written for the second determinant
in (5.6).

One might expect these results to be similar to those of
the f-particle propagator. Indeed, they are. We find that the
long time asymptotic of the determinants in (5.8) or F,(¢) in

(

(5.7) are determined by the Szeg6-Widom theorem for block
Toeplitz matrices [36], which employ characteristic functions

Co1(w) =[1F UQ(’),](w)]2 - Uzg(i](w)g(f](w)
= [1FUReG} ()] - U[Im G}, ()]

F 2iU tanh '37” Im G | (@)[1 F U Re G 1 (w)].
(5.12)

Now, the imaginary part of each characteristic function can
become zero either at one frequency, w = 0, or at two frequen-
cies, w = 0 and when 1 = U Re G | (w) = 0. We examine this
OTOC in detail in the next section.

VI. RESULTS AND DISCUSSION

At half filling ny = ny = 0.5, the contributions Fy(¢) and
Fi(¢) in (5.7) are equal and the total OTOC F (¢) is real. But,
the partial contributions from the sites with empty f particle
states, Fy(t), and with occupied f particle states, Fi(¢), display
intriguing time dependencies. For U < 0.44, the real part of
both characteristic functions (5.12) is positive at frequencies
where the imaginary part vanishes and the winding number
is zero (see Appendix B). The OTOC function (5.6) dis-
plays exponential decay at large times for high temperatures,
which is replaced by a power law as T — 0 (Fig. 4). The
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FIG. 4. (a) OTOC F(t), (b) and (c) normalized logarithmic
derivative Ly(¢)/(2nT), and (d) the corresponding “density-of-
states” A(w) forU = 0.4,ny = 0.5, n4 = 0.5.

corresponding logarithmic derivative

dinFo(r) 1 dFy(r)

Liv=—3"="50 "

6.1)

approaches a constant value at large times for high tem-
peratures, with a decay rate within the ‘“chaos bound”
[Lo(1)|/(2nT) < 1 [37], whereas it displays 1/t depen-
dence for low temperatures, which confirms the power law
asymptotics of the OTOC. Consequently, the corresponding
“density-of-states” [38]

1 +o00 )
A(®) = —Re / dr e F9(r) (6.2)
T 0

displays a Lorentzian peak at high temperatures which is
replaced by a power law singularity as 7 — 0.

Next, for 0.44 < U < 1.235, the real part of the charac-
teristic function becomes negative at w = 0, the logarithm of
the characteristic function is now a multivalued function with
a branch cut and the winding number is equal to —1 (see
Appendix B). Now, the characteristic function (5.12) must be
replaced by

Cy(w) = —eYCy(w), (6.3)

where W = At — 0 is the time discretization, and the long-
time asymptotic becomes more complicated (Fig. 5) with
oscillations of the logarithmic derivatives Ly(¢) at high tem-
peratures similar to the one for the single-particle propagators
for U > 0.866 (Fig. 2). With decreasing temperature, these
oscillations are replaced by 1/t asymptotics, because we
are still in the metallic phase U < \/5 Now the OTOC’s
“density-of-states” displays a two peak structure separated by
a pseudogap at high temperatures with the development of the
power law singularity in the center of the pseudogap as T —
0. The sharp peak in the “density-of-states” is observed at
low temperatures up to U values where the “density-of-states”
becomes negative, which reflects an increase in the quantum
effects for these cases (such as Kirkwood-Dirac quasiproba-
bilities (KDQ) [39—41], which can also become negative).
For U > 0.866, the imaginary part of the characteristic
function (5.12) crosses the zero line at frequencies where
1 FUReGj (w) =0, but for U < 1.235 the winding does
not change because the real part is still positive at these points,
whereas for U > 1.235 the real part becomes negative and the
winding number is equal to —2 (see Appendix B) resulting
in a more complicated long time behavior of the OTOCs
and their logarithmic derivatives with damped oscillations
(Fig. 6). Now, the OTOC’s DOS is more robust, displays weak
temperature dependence, and possesses negative values in a
wide frequency interval. For large values of interaction U,
the quantum correlations become dominant and the “flip” of
an f state produces a strong disturbance for the itinerant d
electrons, which can subsequently lead to local heat fluctua-
tions. Such quantum heat fluctuations can be associated with
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FIG. 5. Same as in Fig. 4 for U = 0.9. FIG. 6. Same as in Fig. 4 for U = 2.0.
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negativity of quasiprobability distribution, e.g., Kirkwood-
Dirac quasiprobability, which, on the other hand, can be a
signature of suppressing of the decoherence and of quantum
chaos and scrambling [42,43].

However, the sum rule (integral over frequency) for
OTOC’s DOS is conserved and is equal to one:

+00
/ dwA(w) = F;4(0) =1, (6.4)

o0

which means that the appearance of negative DOS at small
frequency values leads to a DOS enhancement elsewhere. For
the first moment we obtain

oo (dF;()
dwwA(w) = ll(ll—t

o0

=2Uny +E; — ),
=0
(6.5)

which equals zero at half filling n; = ny = 0.5, and one can
proceed similarly and systematically to determine higher-
order moments.

It should be noted, that the Szeg6-Widom theorem for
block Toeplitz matrices [36] is applicable for smooth func-
tions. For this case in the fermionic FKM, the functions
are continuous at high temperatures. At low temperatures,
both the matrix elements in (5.8) and characteristic functions
(5.12) develop steplike features from the Fermi factors and the
OTOC’s long time behavior is now governed by localization
singularities given by the Anderson orthogonality catastrophe
[33,34,44]. These cases of three different winding numbers
for the characteristic function are also distinguished by the
behavior of the logarithmic derivative at low temperatures (see
Appendix C, Fig. 12).

At high temperatures, the oscillatory behavior of the log-
arithmic derivative is similar to the one seen in [11,12] for
quantum spin models behind the light cone after the wave
front passes. This analogy is plausible, because we consider a
local OTOC function, which is always behind the wave front
and at high temperature the effects of the Fermi statistics be-
come negligible and the electrons behave like Pauli particles.
Nevertheless, the localized f particles act as impurity scatter-
ing centers for the itinerant d electrons and the destruction of
the oscillations of logarithmic derivative for large Coulomb
interaction U 1is similar to the one observed in [12] with an
increase of disorder, when one observes the post-wave-front
ripples damped by disorder. This static disorder can protect
the fast scrambling, which can be thought of as a breaking of
the “bound on chaos”, when at long times we have |Ly(¢)| >
2mkgT /h, which, is also manifested by the negative OTOC
“density-of-states” A(w), see Fig. 6. According to Yunger
Halpern et al.[40], OTOCs can be considered as moments
of the Kirkwood-Dirac quasiprobabilities which implies that
negative values of the “density-of-states” A(w) are signatures
of quantum information scrambling.

In cases where the calculated OTOC function decays
with time, the question arises “where has the corresponding
quantum information gone?” For lattice models with direct
interactions between spins, it spreads to the nearby sites due
to quantum information scrambling. For the FKM, there is
no direct interaction between f particles, only an effective
retarded one mediated through the itinerant d electrons, and

in addition to quantum scrambling, quantum information can
be transferred to the d electrons. Exactly how this occurs is a
project for future investigations.

VII. CONCLUSIONS

We have examined how an indirect retarded interaction
between qubits can affect the scrambling of quantum informa-
tion. We considered the dynamics of the localized two-level
states (f-electrons) interacting with the itinerant d electrons
in the Falicov-Kimball model and found exact results for the
OTOCs constructed via state-flip operators (f-electron cre-
ation and annihilation operators) within dynamical mean-field
theory. Despite the classical (Ising) nature of our two-level
states (the occupation ny is a conserved quantity), their dy-
namics is nontrivial and is governed by the winding of the
characteristic functions for the corresponding Toeplitz ma-
trices. With an increase of the local interaction potential U
between f and d electrons, the logarithmic derivative of the
OTOC:s start to display oscillations at high temperatures sim-
ilar to those seen in quantum spin models. On the other hand,
at low temperatures Fermi statistics and screening effects
related to the orthogonality catastrophe become important,
which strongly affects the OTOC’s behavior. With a further
increase of the interaction U, we find a fast damping of these
oscillations due to the effects of disorder and, on the other
hand, makes the OTOC’s “density-of-states” (moments of the
Kirkwood-Dirac quasiprobabilities) become negative, which
is another manifestation of the quantum information scram-
bling.

Our results were obtained at half filling with ng =ny =
0.5, but our main conclusions remain valid in whenny +n, =
1 holds, with the remark that now asymptotic behavior of each
contribution Fy(t) and Fi(¢) in (5.6) will be different with
different windings of the corresponding Toeplitz matrices.
On the other hand, in the doped case, with ny +ny # 1, our
system will be in a metallic phase and the low temperature
behavior will be dominated by the localization singularities
given by the Anderson orthogonality catastrophe, whereas at
high temperatures the results will be similar to the one for the
undoped case.
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APPENDIX A: WINDING OF CHARACTERISTIC
FUNCTION FOR ONE-PARTICLE PROPAGATOR

P

According to the Szegd’s theorem (see [30] and references
therein), the long time asymptotic of the N x N Toeplitz
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FIG. 7. Winding of the characteristic function C({ (w) for U =
0.8,ny =0.5,n; =0.5.
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FIG. 8. Winding of the characteristic functions (a) C({(w) and (b)
CV‘({(w) forU =2.0,ny =0.5,n;, =0.5,and At =0.1.
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FIG. 9. Winding of the characteristic function Cy(w) for U =
0.4,ny=0.5,n; =0.5.

is equal to
oo
1\}1_1)1;0 Dy = exp |:N g+ 21: ngng_n:| (A2)
with
1 [~ A .
= — / doe ™ InC(e"). (A3)
P A .
5
4

FIG. 10. Winding of the characteristic functions (a) Cyo(w) and
() Co(w) for U = 0.9, ny =0.5,n; =0.5,and At =0.1.
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15

FIG. 11. Same as in Fig. 10 for U = 2.0.

Here, C(&) = :i'ioo c,£" with & = el lying on the unit
circle. The requirement for C(£) to be continuous on the unit
circle, is that its winding number (or index) is equal zero,
namely

IndC(¢) = 21 InC(e*™) — InC(e'")] = 0,

—I (A4)
i

and we also require that the summation is well defined, or

Y02 o lenl < oo for the theorem to hold.

After discretization of the time interval [0, ] by t, = nAt,
with At = ¢ /N, the matrix elements ¢, in Eq. (2.13) satisfy

cn = 80 — AtUGp(nAt). (AS)

By choosing nAr = t' and 0 = wAt¢, in the limit At — 0 we
obtain for the determinant the result

lim D(t) = exp [é /ooda) InC(w) + /Oodt’t/g(t')g(—t/)],
—>00 —00 0
(A6)

where

gt = 1 / dwe " InC(w) (A7)

27 J_wo
and C(w) is defined by Eq. (2.20). Now, the previous condition
(A4) for the winding number is replaced by a requirement
of analyticity of the integrand In CJ (). This means that the
real part of CJ (w) must be positive when the imaginary part
changes sign; in another case its logarithm will become a

0.05 : ,
or 7N
’
_-0.05 | ‘.. .
= -
S 01 ]
20.15 —
E
= 02 s
T=05 —
i T=02--- |
025 T=0.1
0s@ TZ00§
04 03 02 -0 0
Re Lo(t) / (2n1T)
T I T I I
0 — —

-1.5 - —
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2 T=02---
T=0.1
25 (0) | =006 |

2 15 -1 -05 0 0.5

35 :
25-2-15-1-05 0 05 1 15 2

Re Lo(t) / (2rT)

FIG. 12. Winding of the logarithmic derivative Ly(¢) for (a) U =
04,b)U =0.9,(c)U =2.0,n; =0.5,and ny =0.5.

multivalued function, requiring a branch cut. This criterion
can be easily visualized by the Nyquist (Cole-Cole) type plots:
at half filling and for U < 0.866, the Nyquist plot does not
wind around the origin—that is, the winding number is zero,
see Fig. 7, whereas, for U > 0.866, the Nyquist plot does
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wind around the origin and the winding number is —1, see
Fig. 8.

APPENDIX B: WINDING OF CHARACTERISTIC
FUNCTION FOR OTOC

Similar to the f-particle propagator, the long time asymp-
totic of the determinants in (5.8) or F, (¢) in (5.7) is determined
according to the Szeg6-Widom theorem for block Toeplitz
matrices [36] by the same expressions (A2)—-(A7), but with
the characteristic functions Cy ;(w), see Eq. (5.12),

1FUG (@)  FUGH (@) }

C =d
0.1(@) = det |: FUGs (@) 1FUG) (w)

= [1FUReG} ()] - U Im G}, ()]

-+ 2iU tanh %“’ Im G;, ()1 F U Re G5, ()]
(B
Now, the imaginary part of each characteristic function can
become zero either at one frequency, w = 0, or at two frequen-

cies, w = 0 and when 1 3 U Re Gy | (w) = 0. At half filling
and for U < 0.44, the Nyquist plots for Cy 1 (w) do not wind

around the origin, Fig. 9, and the winding number is zero.
For 0.44 < U < 1.235, the characteristic functions Cp ;(w)
wind once around the origin as shown in Fig. 10, and the
winding number is — 1, whereas for U > 1.235 it winds twice,
as shown in Fig. 11, here, the winding number is —2.

APPENDIX C: WINDING OF THE
LOGARITHMIC DERIVATIVE

The existence of three different winding numbers for the
characteristic function is easily seen on the Nyquist plots
for the logarithmic derivative (6.1) too, see Fig. 12 for an
example. For U < 0.44, the logarithmic derivative smoothly
evolves to some steady value. For 0.44 < U < 0.866 and
at high temperatures, Lo(t) first displays evolution similar
to what was seen in the previous case. It then is replaced
by circulations, whereas at low temperatures we still ob-
serve a smooth evolution to a steady value. For 0.866 < U <
1.235, we observe circulations of the logarithmic derivative
at high temperatures, which are destroyed (become more
chaotic) with decreasing temperature and are replaced by
some complicated looped trajectories. For U > 1.235, due
to the presence of pseudogap and Mott gap, the trajectories
become even more chaotic, Fig. 12.
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