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The existence of higher-order effects in magnetization in magneto-transport and magneto-optic phenomena is
well known. These effects are of importance not only in research but also directly in applications. Anisotropic
magneto-resistance, anisotropic magneto-thermopower, quadratic magneto-optic Kerr effect (QMOKE), Voigt
effect, or x-ray linear magnetic dichroism (and birefringence)—all of these are effects of second order in mag-
netization. Recently, we have reported on systematic observations of the cubic-in-magnetization magneto-optic
Kerr effect (CMOKE) in Ni(111) thin films. In this paper, we introduce the detailed theory of CMOKE by
deriving the magneto-optic tensor of third order in magnetization, denoted as H , and comparing the strength
of CMOKE for different crystal orientations theoretically and experimentally. In crystals with cubic symmetry,
the tensor H is described by two independent parameters H123 and H125. Together with the linear magneto-optic
tensor K and quadratic magneto-optic tensor G, the permittivity tensor is described up to third order in magneti-
zation. We analytically describe equations of the magneto-optic Kerr effect (MOKE), including the contribution
of QMOKE and CMOKE themselves for (001)- and (111)-oriented cubic crystal structures. Those are compared
with experimental measurements of two samples with an (001)- and (111)-oriented fcc Ni layer, respectively.
The experimental data are measured using the so-called eight-directional method, which was developed to
separate linear and quadratic MOKE contributions and to observe their individual anisotropic dependence on
the crystal lattice direction but is applicable to CMOKE contributions as well. Furthermore, we use Yeh’s 4 × 4
transfer matrix calculus to simulate and describe the experimental measurements phenomenologically from the
permittivity tensor developed up to third order in magnetization. This allows us to obtain the values of the
magneto-optic parameters of the Ni layer for both crystal orientations. We find that the MOKE anisotropy
that stems from the magneto-optic tensor H described as �H = H123 − 3H125, is much more pronounced for
the (111)-oriented cubic crystal structure, for which it manifests as threefold in-plane angular dependencies
of MOKE with longitudinal and also with transversal magnetization direction, respectively. For (001)-oriented
cubic crystal structures, �H should manifest as a fourfold angular dependence of the MOKE with longitudinal
and transversal magnetization directions, but its amplitude is predicted to be smaller than in the case of the
(111)-oriented cubic crystal structure, which may explain why the CMOKE has not yet been experimentally
identified in (001)-oriented cubic crystal structures.

DOI: 10.1103/c82k-w836

I. INTRODUCTION

The magneto-optic Kerr effect (MOKE) is one of the
most established tools in magnetic material research [1–4].
It can be used to probe the magnetization of ferro-, ferri-,
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and antiferromagnetic materials [5–12] in applications such
as measurements of the magnetic anisotropy [13,14], vectorial
MOKE measurements [8,15,16], MOKE spectroscopy [5,17–
24], or Kerr microscopy [25–28]. With the development of
ultrashort pulsed lasers, MOKE has been employed in time-
resolved pump-probe techniques as well [27,29–31]. Here,
magnetization dynamics can be observed with time resolution
down to fs. One of the recent cutting-edge applications of
MOKE is the measurement of spin-orbit torque (SOT) ef-
fective fields [32–35] and the observation of magnetization
dynamics and magnetization switching in spintronic terahertz
emitters by SOTs generated by ps electric pulses [36]. The
latter application connects spintronics and terahertz research,
both being in the tight focus of the last decade of research.
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In a lot of cases mentioned above, only the linear de-
pendence of MOKE on the magnetization M is assumed.
Although the broad community is usually well aware of the
existence of higher-order effects of MOKE, they are rarely
considered in the model. In the past, systematic investigations
of quadratic MOKE (QMOKE), being proportional to M2,
have been published [37–40], mostly involving methods for
the separation of linear MOKE (LinMOKE) and QMOKE
[14,41–44], methods for investigating Heusler compounds us-
ing QMOKE [22,45–53], enhanced vectorial magnetometry
[8,9,30,54], QMOKE spectroscopy techniques [20,21,55,56],
and others [57,58]. Magnetic linear birefringence and dichro-
ism (MLB and MLD, respectively) during reflection [59] are
a case of QMOKE appearing for a normal angle of incidence
(AoI), where the set of polarization eigenmodes consists of
linear polarizations that are parallel and perpendicular to M.
Note that if the MLB and MLD stems from the gradient of
magnetization ∇M, the underlying effect is known as Schäfer-
Hubert effect [60–62].

QMOKE is often an unwanted contribution to MOKE
measurements and is therefore filtered out, since the linear
dependence of MOKE on M simplifies the experimental anal-
ysis. Nevertheless, there are actual applications for which the
properties of QMOKE itself and other magneto-optic effects
of second order in magnetization are leveraged. One exam-
ple is QMOKE-based magneto-optic microscopy [26,27], or
the above-mentioned measurements of SOT effective fields
and time-resolved magnetization dynamics [34], as well as
the observation of optical SOT [63], for which information
about the in-plane component of the magnetization is carried
by the QMOKE signal. Furthermore, QMOKE measurements
have been demonstrated in antiferromagnetic (AFM) mate-
rials [11,12,64], including in the pump-probe regime [65],
where LinMOKE measurements are generally not applicable
because most AFMs lack a net magnetization. As the control
of AFM spin orientation by SOTs has been demonstrated
[66,67], there will be increasing demand for fast and easily ac-
cessible methods for the characterization of the Néel vector in
AFMs. Hence, the motivation for systematic investigation of
higher-order MOKE effects is clearly in place, and may bring
enhanced capabilities of MOKE, either by acknowledging a
higher-order model instead of the simple linear dependence
of the MOKE on M, or by the new utilities that the MOKE
of higher order can provide, and that cannot be yielded by
LinMOKE itself.

In addition to QMOKE, cubic MOKE (CMOKE), being
the contribution to MOKE of third order in M, has promising
potential applications, but its contribution has not been con-
sidered during MOKE data processing so far. In our previous
work [68], we showed the angular dependence of CMOKE
for (111)-oriented cubic crystal structure and discussed how
structural domain twinning in (111)-oriented Ni thin films
affects the amplitude of the CMOKE contribution. From our
point of view, the CMOKE contribution to the overall MOKE
signal is important because (i) it has a finite angular depen-
dence in contrast with LinMOKE and it is superimposed on
the longitudinal MOKE (LMOKE) contribution. Thus, it can
affect the evaluation of LMOKE data if not taken into account
and not treated carefully. Note that LMOKE (odd in M) and
CMOKE (odd in M) cannot be separated as easily as LMOKE

(odd in M) and QMOKE (even in M). (ii) It could be used
to tailor applications such as CMOKE microscopy for cor-
relating magnetic domains with structural domain twinning,
or time evolution of twinning by time-resolved MOKE, both
based on CMOKE angular dependence amplitude detection.
(iii) For (111)-oriented cubic samples, CMOKE has a finite
value at normal AoI, whereas LMOKE does not [68,69]. This
can be leveraged for vectorial MOKE measurements at normal
AoI to obtain information about the in-plane component of M,
while the polar MOKE (PMOKE) would provide information
about the out-of-plane component of M. Although for the lat-
ter application, QMOKE is being used already [30,34,54,63],
the advantage of CMOKE over QMOKE is that CMOKE
is odd in magnetization, thus providing information about
the direction of magnetization in the plane as well. Also, it
may happen that, for a particular material and wavelength,
CMOKE provides the dominant contribution over QMOKE.
(iv) CMOKE is not restricted to Ni thin films. It has recently
been observed in Co(111) thin films, where it again de-
pends on structural domain twinning [70]. Furthermore, it has
been identified in the ferrimagnetic garnet Tb2.22Bi0.78Fe5O12

(Tb:BIG) and the van der Waals ferromagnet Fe5GeTe2 [69].
The effect can become comparatively large: in Co(111), the
third-order-in-M Kerr ellipticity measured at a wavelength of
406 nm reached 30% of the corresponding LinMOKE signal
at an AoI of 45◦[70]. Therefore, we believe that implementing
CMOKE terms has promising potential to enhance magneto-
optic investigations of (111)-oriented cubic crystal structures
and merits systematic investigation.

In this paper, we provide (i) expressions of the permittivity
tensor described up to third order in M for both (001)-oriented
cubic crystal structures and (111)-oriented cubic crystal struc-
tures at a general sample in-plane orientation angle α, (ii)
relations describing the eight-directional method for both
(001)-and (111)-oriented cubic crystal structures extended
up to third order in M, and (iii) experimental measure-
ments via the eight-directional method for a MgO(001)//Ni/Pt
sample, denoted as sample Ni(001) in the text, and, exper-
imental measurements of the eight-directional method for a
MgO(111)//Ni/Si/SiOx sample, denoted as sample Ni(111)
in the text. (iv) The experimental data are described by two
models, an analytical model developed in Sec. II and by Yeh’s
4 × 4 transfer-matrix formalism [71], describing the propaga-
tion of light in a multilayer structure consisting of generally
optically anisotropic layers. The latter model allows us to
obtain values of the magneto-optic parameters that describe
the change of the permittivity tensor up to third order in M.
The results from both samples are compared and thoroughly
discussed in Sec. III.

II. THEORY OF LINEAR, QUADRATIC,
AND CUBIC MOKE

A. Introduction to the permittivity of a magnetized crystal

The complex Kerr angle �s and �p for s and p polarized
incident light is described as [72,73]

�s = θs + iεs ≈ tan θs + i tan εs

1 − i tan θs tan εs
= − rps

rss
, (1a)
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�p = θp + iεp ≈ tan θp + i tan εp

1 − i tan θp tan εp
= rsp

rpp
. (1b)

Here, θs, θp and εs, εp are the Kerr rotation and Kerr ellip-
ticity, respectively. As these Kerr angles are generally very
small (<1◦), the small-angle approximation [4] is used in
Eq. (1).

The reflection coefficients rss, rps, rsp, rpp in Eq. (1)
do fundamentally depend on the permittivity tensor ε.
We can relate the complex Kerr angles to the permittiv-
ity of a thin ferromagnetic layer with good approximation
as [74]

�s = − rps

rss
= As

(
εyx − εyzεzx

εd

)
+ Bsεzx, (2a)

�p = rsp

rpp
= −Ap

(
εxy − εzyεxz

εd

)
+ Bpεxz, (2b)

with As, Ap and Bs, Bp as the optical weighting factors,
which include the effect of the thickness of the magnetic
layer, the influence of the other layers in the stack, and the
dependence on the AoI. As and Ap are even functions of
the AoI, and persist with normal AoI, while Bs and Bp are
odd functions of the AoI and vanish with normal AoI. The
change of the permittivity tensor with magnetization is then
the phenomenological origin of MOKE [72,73]. We can de-
scribe the permittivity tensor of a magnetized ferromagnetic
medium as the Taylor series ε = ε(0) + ε(1) + ε(2) + ε(3) +
· · · , where the superscript denotes the order in M. To suc-
cessfully explain all the experimental observations in this
work, we developed the permittivity tensor up to third order in
magnetization as

εi j = ε
(0)
i j + Ki jkMk︸ ︷︷ ︸

ε
(1)
i j

+ Gi jkl MkMl︸ ︷︷ ︸
ε

(2)
i j

+ Hi jklmMkMlMm︸ ︷︷ ︸
ε

(3)
i j

, (3)

with Mk , Ml , and Mm being the components of the normalized
magnetization

M =

⎡
⎢⎣

M1

M2

M3

⎤
⎥⎦ =

⎡
⎢⎣

Mx

My

Mz

⎤
⎥⎦ =

⎡
⎢⎣

MT

ML

MP

⎤
⎥⎦. (4)

Here, the subscripts x, y, z coincide with the directions in
our x̂, ŷ, ẑ coordinate system and the subscripts T, L, P
refer to three basic magneto-optic (MO) configurations, be-
ing transversal, longitudinal, and polar, respectively [72] (see
Fig. 1 and Appendix A for clarity). Elements ε

(0)
i j present the

nonperturbed permittivity tensor of a nonmagnetized medium,
whereas Ki jk and Gi jkl are the elements of the so-called lin-
ear and quadratic MO tensors K and G of third and fourth
ranks, which create contributions ε(1) and ε(2) to the overall
permittivity, respectively [37]. For a cubic crystal structure
with inversion symmetry, the elements of those tensors are
simplified as [37]

ε
(0)
i j = δi jεd , (5a)

Ki jk = εi jkK, (5b)

FIG. 1. (a) The plane of incidence and the surface of the sample
define the Cartesian coordinate system x̂, ŷ, ẑ, where x̂ is perpen-
dicular to the plane of incidence and parallel to the surface of
the sample. (b) Definition of the ŝ, p̂, k̂ Cartesian system for the
incident and reflected beam and definition of the directions of the
normalized magnetization components MT ‖ x̂, ML ‖ ŷ, and MP ‖ ẑ.
(c) Visualization of the positive in-plane rotation of the sample and
the magnetization within the x̂, ŷ, ẑ coordinate system, described by
the angles α and μ, respectively. The figure is taken from Ref. [21]
and slightly modified.

Giiii = G11, (5c)

Gii j j = G12, i �= j, (5d)

G1212 = G1313 = G2323 = G44, (5e)

with δi j and εi jk being the Kronecker delta and the Levi-
Civita symbol, respectively. Thus, for cubic crystal structures,
ε

(0)
i j is described by a scalar εd . The linear MO tensor K is

isotropic (i.e., is rotationally invariant) and is described by
one independent parameter K . For the quadratic MO tensor
G there are two independent parameters in the case of cu-
bic crystal structures, being Gs = (G11 − G12) and 2G44. As
G11 and G12 emerge only with the M2

i element of M, the
experiment can solely determine the difference G11 − G12.
To separate those phenomenological parameters, one would
need to change the length of the magnetization vector. The
parameter �G = Gs − 2G44 denotes the anisotropic strength
of this G tensor [8,46]. The abbreviated subscripts 11, 12, and
44 have been chosen from the individual position of elements
in the Voigt notation of the G tensor.

Finally, Hi jklm are the components of the MO tensor H of
the fifth rank, being cubic in the magnetization. Derivation
steps of the H tensor are discussed in Appendix B. The third-
order MO tensor H possesses two independent parameters,
which are H123 and H125. The abbreviated subscripts 123 and
125 will be explained later on. Tensor H is then constructed
as

Hi jkkk = εi jkH123, (6a)

Hi jkll = εi jkH125, (6b)

Hi jklm = 0, k �= l �= m. (6c)

We further define an anisotropy parameter �H = H123 −
3H125, which describes the anisotropy of the MO tensor H .
Our findings are in correspondence with those of Pethukov
et al. [75]. The permittivity of the third order in magnetization
ε

(3)
i j is then constructed as the contraction of Hi jklmMkMlMm,
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which is written in Voigt notation [68] as

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ε
(3)
23

ε
(3)
31

ε
(3)
12

ε
(3)
32

ε
(3)
13

ε
(3)
21

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

H123 0 0 0 0 3H125 0 3H125 0 0

0 H123 0 3H125 0 0 0 0 3H125 0

0 0 H123 0 3H125 0 3H125 0 0 0

−H123 0 0 0 0 −3H125 0 −3H125 0 0

0 −H123 0 −3H125 0 0 0 0 −3H125 0

0 0 −H123 0 −3H125 0 −3H125 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M3
1

M3
2

M3
3

M2M2
3

M3M2
1

M1M2
2

M3M2
2

M1M2
3

M2M2
1

M1M2M3

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (7)

Here, the indices 12 of H123 and H125 are indicating the first off-diagonal position in the permittivity tensor ε12. Furthermore,
the indices 3 and 5 are linked to the respective position in the M vector of the Voigt notation in Eq. (7). Thus, the third-order
contribution of the first off-diagonal element of the permittivity tensor is ε

(3)
12 = H123M3

3 + 3H125M3M2
1 + · · · . Since there are

only two independent parameters, all other nonzero entries of the H tensor are equal to either H123 or 3H125.
Note that all MO tensors discussed above are defined for the reference orientation of an (001)-oriented cubic crystal structure

(see Appendix A for the definition of this reference orientation). The rotation transformation of the MO tensors is then defined
as

G′
i jkl = aina joakpalqGnopq, (8a)

H ′
i jklm = aina joakpalqamrHnopqr, (8b)

with axy being the elements of the orthogonal rotation matrix a. The Gnopq and Hnopqr are elements of the tensors G and H before
transformation, while G′

i jkl and H ′
i jklm are elements of the tensors G′ and H ′ after the transformation. Note that ε(0) and K are

isotropic for cubic crystal structures, thus they are invariant to such rotational transformations.
Finally, note that, in this study, we treat the magnetization M as a normalized saturated magnetization. Its magnitude is fixed,

|M| = 1, and only its orientation changes, while the absolute magnitude of the magnetization is embedded in the MO parameters.

B. Analytical equations of MOKE for (001)-oriented cubic crystal structures

In this section, we derive the analytical expressions for the Kerr angles for (001)-oriented cubic crystal structures. First,
we fully describe the off-diagonal elements of the permittivity tensor up to third order in M, as shown in Eq. (3). To include
the dependence on the in-plane orientation of the sample, the rotation about the ẑ axis by a general angle α [see Eq. (A2)
of Appendix A and Fig. 1] is applied to tensors G and H according to Eqs. (8a) and (8b). The off-diagonal elements of the
permittivity tensor for (001)-oriented cubic crystal structures can then be evaluated as

ε
(001)
xy/yx = ±KMP +

[
2G44 + �G

2
[1 − cos(4α)]

]
MLMT + �G

4
sin(4α)

(
M2

T − M2
L

) ± H123M3
P ± 3H125MPM2

T ± 3H125MPM2
L,

(9)

ε
(001)
zx/xz = ±KML + 2G44MPMT ± �H sin(4α)

4
M3

T ± �H cos(4α) + 3H123 + 3H125

4
M3

L ± 3H125MLM2
P

∓ 3�H sin(4α)

4
MT M2

L ∓ 3�H cos(4α) − 3H123 − 3H125

4
MLM2

T , (10)

and

ε
(001)
yz/zy = ±KMT + 2G44MLMP ± �H cos(4α) + 3H123 + 3H125

4
M3

T ∓ �H sin(4α)

4
M3

L

∓ 3�H cos(4α) − 3H123 − 3H125

4
MT M2

L ± 3H125MT M2
P ± 3�H sin(4α)

4
MLM2

T . (11)

The different signs ± are related to the individual off-diagonal element of the permittivity tensor indicated in the subscript
of ε. Using those permittivity elements in Eq. (2) provides the dependencies of the Kerr angles on (i) MO parameters, (ii)
in-plane magnetization components, and (iii) sample orientation α, for (001)-oriented thin films with a cubic crystal structure.
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We derive

�
(001)
s/p [MP=0] = ±As/p

[(
2G44 − K2

εd
+ �G

2
[1 − cos(4α)]

)
MLMT +

(
�G

4
sin(4α)

)(
M2

T − M2
L

)]

± Bs/p

[
KML + �H cos(4α) + 3H123 + 3H125

4
M3

L − 3�H cos(4α) − 3H123 − 3H125

4
MLM2

T

+ �H sin(4α)

4

(
M3

T − 3M2
LMT

)]
. (12)

The different signs ± are related to the incident s- and p-polarized (s/p) light beam. As in this study, only in-plane magnetization
is investigated, we set MP = 0 to derive the final equation for (001)-oriented cubic crystal structures. Nevertheless, note that if
an MP contribution was present, only the offset of the MOKE signal would be affected since Eqs. (9)–(11) do not include any
MP contributions that are connected to an angular dependence on α. Therefore, no additional anisotropy upon sample rotation
would be induced.

C. Analytical equations of MOKE for (111)-oriented cubic crystal structures

To provide the analogous analytical equations for (111)-oriented cubic crystal structures, the anisotropic MO tensors G and
H must be transformed into their (111)-oriented forms. We define the transformation

a(001)→(111) =

⎡
⎢⎢⎢⎣

−
√

6
3

√
6

6

√
6

6

0 −
√

2
2

√
2

2√
3

3

√
3

3

√
3

3

⎤
⎥⎥⎥⎦, (13)

which, through Eqs. (8a) and (8b), yields the G and H tensors for (111)-oriented cubic crystal structures in the reference
orientation. Finally, we apply a rotation about the ẑ axis by a general angle α to describe the rotation of the sample around
its surface normal. See Appendix A for more details, and Eq. (A2) for the definition of the rotation matrix about the ẑ axis.

The off-diagonal elements of the permittivity tensor of (111)-oriented cubic crystal structures described up to third order in
M and for a general sample orientation α are

ε
(111)
xy/yx = ± K MP +

√
2

3
�G cos(3α)MLMP −

√
2

3
�G sin(3α)MPMT +

(
2G44 + 1

3
�G

)
MLMT ∓ 1

3
√

2
�H cos(3α)M3

T

± 1

3
√

2
�H sin(3α)M3

L ± 1

3
(H123 + 6H125)M3

P ± H123MPM2
T ± 1√

2
�H cos(3α)MT M2

L

± H123MPM2
L ∓ 1√

2
�H sin(3α)MLM2

T , (14)

ε
(111)
zx/xz = ± K ML + 1

3
(2Gs + 2G44)MPMT − 2

3
√

2
�G sin (3α)MLMT − 1

3
√

2
�G cos (3α)

(
M2

T − M2
L

)

± 1

2
(H123 + 3H125)M3

L ± H123MLM2
P ∓

√
2

2
�H sin(3α)MPM2

T ±
√

2

2
�H sin(3α)MPM2

L

± 1

2
(H123 + 3H125)MLM2

T ±
√

2�H cos(3α)MT MLMP, (15)

and

ε
(111)
yz/zy = ± K MT + 1

3
(2Gs + 2G44)MLMP + 2

3
√

2
�G cos (3α)MLMT − 1

3
√

2
�G sin (3α)

(
M2

T − M2
L

)

± 1

2
(H123 + 3H125)M3

T ∓
√

2

2
�H cos(3α)MPM2

T ± 1

2
(H123 + 3H125)MT M2

L

±
√

2

2
�H cos(3α)MPM2

L ± H123MT M2
P ∓

√
2�H sin(3α)MT MLMP. (16)

As the cross-term of type εyz/zy εzx/xz/εd that is present in Eq. (2) is of a more complicated nature for (111)-oriented cubic crystal
structures than in the case of (001)-oriented cubic crystal structures, we evaluate its shape here as well.

ε
(111)
yz/zyε

(111)
zx/xz = K2MLMT ∓ 1

3
√

2
K�G cos (3α)M3

T ± 1

3
√

2
K�G sin (3α)M3

L ± 1

3
(2KGs + K2G44)MPM2

T

± 1√
2

K�G cos (3α)MT M2
L ± 1

3
(2KGs + K2G44)MPM2

L ∓ 1√
2

K�G sin (3α)MLM2
T . (17)
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TABLE I. Dependencies of contributions separated by eight-directional method [i.e., according to Eqs. (12) and (19)–(22)] on MO
parameters and sample orientation angle α for (001)-oriented cubic crystal structures.

Contribution Offset Angular dependence

LMOKE + LCMOKE �ML ,M3
L

±Bs/p[K + 3
4 (H123 + H125)] ±Bs/p

1
4 �H cos(4α)

TCMOKE �M3
T

±Bs/p
1
4 �H sin(4α)

QMOKE �MLMT ±As/p(2G44 + 1
2 �G − K2/εd ) ∓As/p

1
2 �G cos (4α)

QMOKE �M2
T −M2

L
±As/p

1
2 �G sin (4α)

Note that the contributions of fourth and higher orders are neglected in this cross term. Using these elements in Eq. (2)
will provide us with an analytical expression of the Kerr effect dependence on the MO parameters, in-plane magnetization
components, and sample orientation α for (111)-oriented thin films with a cubic crystal structure. We derive

�
(111)
s/p,[MP=0] = As/p

[
±

(
2G44 + �G

3
− K2

εd

)
MLMT − 1

3
√

2

(
�H + K�G

εd

)
sin(3α)

(
M3

L − 3MLM2
T

)

+ 1

3
√

2

(
�H + K�G

εd

)
cos(3α)

(
M3

T − 3MT M2
L

)]

+ Bs/p

[
±KML − 2�G

3
√

2
sin (3α)MLMT − �G

3
√

2
cos (3α)

(
M2

T − M2
L

) ± H123 + 3H125

2

(
M3

L + MLM2
T

)]
. (18)

Again, we restrict the equation to in-plane magnetization
only and set MP = 0. Yet, Eq. (18) can be easily
extended to all magnetization components using all the
equations presented above. If the MP component were
included, it would generate, in addition to offset, also new
anisotropies starting already from second order in mag-
netization, namely, ±As/p[−(

√
2/3)�G cos (3α)MLMP +

(
√

2/3)�G sin (3α)MT MP]. Note that this is in contrast with
the case of (001) orientation in Eq. (12), for which no such
angular dependencies would be created.

D. Eight-directional method measurements

The so-called eight-directional method [41] is a measure-
ment algorithm that was designed to separate LinMOKE
and QMOKE contributions and to identify their angular
dependencies, but, as shown here, it can also be used to
investigate CMOKE effects. At each sample orientation α,
the MOKE signal �(μ) is detected for eight in-plane magne-
tization directions μ = {0◦, 45◦, 90◦, . . . , 270◦, 315◦}. Proper
linear combinations of those signals remove the experimental
MOKE background. We use four different linear combina-
tions of those signals to separate four experimental MOKE
contributions. The first contribution that is separated is

�ML,M3
L

= �
μ=90◦
s/p − �

μ=270◦
s/p

2
, (19)

being the MOKE signal that combines the LMOKE ∼ ML and
longitudinal CMOKE (LCMOKE) ∼ M3

L contributions. The
second contribution is

�MLMT = �μ=45◦ + �μ=225◦ − �μ=135◦ − �μ=315◦

2
, (20)

being the QMOKE ∼ MLMT contribution. The third contribu-
tion is

�M2
T −M2

L
= �μ=0◦ + �μ=180◦ − �μ=90◦ − �μ=270◦

2
, (21)

being the QMOKE ∼ (M2
T − M2

L ) contribution. Finally, the
fourth contribution is

�M3
T

= �μ=0◦ − �μ=180◦

2
, (22)

being the transversal CMOKE (TCMOKE) ∼ M3
T contribu-

tion.
Substituting the expressions for �(μ) from Eq. (12) and

Eqs. (19)–(22), we can describe analytical expressions of indi-
vidual contributions separated by the eight-directional method
for (001)-oriented cubic crystal structures. In Table I, we
show each contribution separated by its offset and angular
dependence. Here, we can see that, with normal AoI only
QMOKE contributions, which are proportional to the optical
weighting factors As and Ap, will persist. Namely, these are the
�MLMT contribution which will possess a finite offset as well
as a fourfold angular dependence of cos(4α) and the �M2

T −M2
L

contribution which only consists of an angular dependence
of sin(4α). The amplitudes of the angular dependencies of
�MLMT and �M2

T −M2
L

are identical. With oblique AoI, also
contributions weighted by optical factor Bs/p will emerge;
namely, the LMOKE + LCMOKE contribution �ML,M3

L
with

finite offset and an angular dependence of cos(4α), and the
TCMOKE contribution �M3

T
with an angular dependence of

sin(4α) only. The amplitudes of the angular dependencies
of �ML,M3

L
and �M3

T
are again the same. Finally, note that

for (001)-oriented cubic crystal structures, all contributions
separated by the eight-directional method change their sign
when the polarization of the incident light is changed.

In the case of (111)-oriented cubic crystal structures, we
can describe individual contributions to the eight-directional
method measurement by using Eq. (18) with Eqs. (19)–(22).
The main differences with respect to (001)-oriented cubic
crystal structures are now the threefold angular dependencies
of contributions separated by the eight-directional method and
their different dependence on the optical weighting factors
As, Ap and Bs, Bp, as can be seen in Table II. The threefold
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TABLE II. Dependencies of contributions separated by the eight-directional method [i.e., according to Eqs. (18) and (19)–(22)] on
MO parameters and sample orientation angle α for (111)-oriented cubic crystal structures. Note that the sign of the angular-dependence
contributions depends on the choice of the reference in-plane orientation, α = 0◦, for the (111)-oriented cubic crystal structure. A phase shift
of 60◦ or 180◦ relative to our reference orientation (described in Appendix A) will reverse the sign.

Contribution Offset Angular dependence

LMOKE + LCMOKE �ML ,M3
L

±Bs/p[K + 1
2 (H123 + 3H125)] −As/p

√
2

6 (�H + K�G/εd ) sin(3α)

TCMOKE �M3
T

– As/p

√
2

6 (�H + K�G/εd ) cos(3α)

QMOKE �MLMT ±As/p(2G44 + 1
3 �G − K2/εd ) −Bs/p

√
2

3 �G sin (3α)

QMOKE �M2
T −M2

L
– −Bs/p

√
2

3 �G cos (3α)

angular dependence of sin(3α) with the QMOKE contribu-
tions �MLMT and of cos(3α) with the QMOKE contribution
�M2

T −M2
L

will only appear with oblique AoI due to its pro-
portionality to Bs and Bp. The amplitude of these two
angular dependencies is again the same. For the LMOKE +
LCMOKE and TCMOKE contributions, we observe the an-
gular dependencies sin(3α) for LMOKE + LCMOKE �ML,M3

L

and cos(3α) for TCMOKE �M3
T

already at normal AoI, since
they are proportional to As and Ap. Again the amplitude of
these two angular dependencies is the same. Interestingly, the
signs of the amplitudes of the angular dependencies are now
invariant to the change of the polarization of the incident light.
The offset of LMOKE + LCMOKE �ML,M3

L
and offset of

QMOKE �MLMT have the same dependence on optical weight-
ing factors as in the case of (001)-oriented cubic structures.
The change of the sign with the change of the polarization
of incident light is also preserved. It is only the value of the
offset that is changed from the case of (001)-oriented cubic
crystal structures, where MO parameters H123, H125, and �G
contribute by different amounts.

Note that the eight-directional method cannot separate the
LCMOKE contribution ∼ M3

L from the LMOKE ∼ ML contri-
bution and thus these two contributions are superimposed in
our experimental data. However, the LCMOKE contribution
solely determines the amplitude of the angular dependence of
the �ML,M3

L
contribution for (001)-oriented cubic crystal struc-

tures and dominates the amplitude of the angular dependence
of the �ML,M3

L
contribution for (111)-oriented cubic crystal

structures. The latter has been proven by numerical simula-
tions done in the last part of our prior CMOKE publication
[68]. Thus, LCMOKE can be separated by a combination of
the eight-directional method and the analysis of the obtained
angular dependence of the �ML,M3

L
contribution. Furthermore,

in Eqs. (12) and (18) there are contributions proportional to
M2

T ML and MT M2
L . However, these contributions are being

filtered out in all MOKE signals separated by the eight-
directional method according to Eqs. (19)–(22). Finally, from
Eqs. (12) and (18) it seems that the QMOKE angular depen-
dence of �MLMT should have twice the amplitude compared
with the QMOKE angular dependence �M2

T −M2
L
. But note that

the product MLMT of the normalized magnetization compo-
nents ML and MT , when being measured with magnetization
alignment along the 45◦ directions as described in Eq. (20),
will effectively produce a factor sin(π/4) cos(π/4) = 1/2.
Thus, the amplitudes of the angular dependencies of �MLMT

and �M2
T −M2

L
are eventually the same here.

III. EXPERIMENTAL OBSERVATIONS AND NUMERICAL
MODEL FITTING

A. Sample description and experimental background

In this section, we present experimental measurements of
two samples using the eight-directional method, being sample
Ni(111): MgO(111)//Ni(22.5 nm)/Si(2.2 nm)/SiOx(0.9 nm),
and sample Ni(001): MgO(001)//Ni(18.8 nm)/Pt(2.2 nm).
For the structural characterization of sample Ni(111), see
Ref. [68]. For the structural characterization of sample
Ni(001), see Appendix C. In short, from x-ray diffraction
(XRD), including specular 
-2
 scans and off-specular Eu-
ler cradle measurements, it is shown that the Ni layers in
both samples are well epitaxially grown and that the Ni(111)
and Ni(001) layers are (111) and (001) oriented, respectively.
Since Ni prefers face-centered cubic crystal growth, two in-
plane growth orientations of (111)-oriented cubic crystal Ni
on MgO(111) are possible. In fact, a small twinning effect is
present in the Ni(111) sample, but the dominant phase makes
up roughly 95% of the total intensity in off-specular Euler
cradle x-ray scans [68].

The eight-directional method measurements of both sam-
ples were carried out using a setup allowing measurements
of the MOKE response under a 0◦ or 45◦ AoI and for
all eight in-plane directions of the magnetic field as speci-
fied in Eqs. (19)–(22). The setup can reach magnetic field
strengths up to 235 mT, which is enough to achieve satura-
tion for all eight in-plane directions with both samples. To
acquire angular dependencies of the experimentally separated
contributions, the setup allows for an in-plane rotation of
the sample. The proper alignment of the sample is possible
through a rotatable and tiltable sample holder stage. The eight-
directional method measurements were performed using 3◦
sample rotation steps within all measurements in this study.
As a light source, we use a fiber-coupled laser source where
the main laser-diode wavelengths are 635 nm ≈ 1.95 eV and
406 nm ≈3.05 eV. For additional information on the MOKE
experimental setup, see Refs. [76,77].

The experimental results of the eight-directional method
are compared with the analytical expressions in Tables I
and II, from which the amplitude and offset of each sep-
arated contribution are evaluated. To be able to effectively
describe and simulate the experimental data starting from
MO parameters, an in-house developed python code based on
Yeh’s 4 × 4 transfer-matrix formalism [71] has been used. The
model is based on coherent propagation of a monochromatic
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plane wave in the multilayer structures, using polarization
eigenmodes and Maxwell’s boundary conditions. The input
parameters for the model are (i) thickness (gathered by x-ray
reflectivity (XRR)—see Appendix C and Ref. [68]) and (ii)
permittivity (gathered by ellipsometry—see Appendix D and
Ref. [68]) of each layer in the stack. Furthermore, (iii) AoI and
(iv) wavelength of the incident light are directly known from
the experiment. The reflection coefficients (and thus the Kerr
angles) of the sample can be calculated for arbitrary (v) mag-
netization direction and (vi) orientation α of the sample (both
also being known from the experiment), whereas (vii) the MO
parameters K , Gs, 2G44, and �H are set as free parameters
of the model. This allows us to numerically reproduce the
eight-directional method measurements within the boundaries
of classical electromagnetic wave optics. The MO parameters
are then yielded by fitting this model to the experimental data.

Nevertheless, in the fitting process, we are unable to find
the value of all MO parameters independently. First, the offset
of LMOKE + LCMOKE, for both (001)- and (111)-oriented
cubic crystal structures, is given by the MO parameters
K, H123, and 3H125 and we are not able to evaluate their
contribution to this offset independently. Second, although
value of �G is provided by the amplitude of the QMOKE
�MLMT and QMOKE �M2

T −M2
L

angular dependencies, the con-
tribution of K�G/εd to the amplitude of the LCMOKE and
TCMOKE angular dependencies (in case of (111)-oriented
cubic crystal structure) cannot be exactly evaluated, as we
do not possess exact information on the value of K . For
(001)-oriented cubic crystal structures, the value of �H can
be evaluated from the angular dependencies of LCMOKE and
TCMOKE, but as �H = H123 − 3H125, we are not able to
determine the specific values of H123 and 3H125 alone. For
clarity, see Tables I and II. Although the above reasoning is
based on analytical expressions that stem from Eq. (2) and
which the numerical model does not use, we observe this issue
through the complete correlation of K, H123, and 3H125 in the
numerical model. Therefore, to resolve this issue, in our fitting
routine, we adopted the policy to minimize the isotropic con-
tribution of CMOKE, (i.e., of MO tensor H) when describing
the experimental data. This is done by keeping 3H125 = 0,
thus �H = H123.

Finally, note that although it may seem that, from a qual-
itative point of view, the contribution of the MO tensor H
is not needed at all for (111)-oriented cubic crystal struc-
tures (see that the offset of LMOKE + LCMOKE could be
described solely by K , whereas the angular dependencies
of LCMOKE and TCMOKE could be described solely by
K�G/εd ), quantitatively the contribution of MO tensor H
is indispensable to describe the experimental data of sample
Ni(111). Without H the value of K is given by the offset
of LMOKE + LCMOKE, and the value of �G is given by
the QMOKE angular dependencies. Then, the contribution of
K�G/εd to the LCMOKE and TCMOKE angular dependen-
cies is rather negligible and cannot describe the experimental
data alone, as we have proven in our prior CMOKE paper [68].

B. Eight-directional method measurement of the Ni(111) sample

In Fig. 2, we show experimental results of the eight-
directional method measurement for the sample Ni(111).

Individual contributions to the Kerr rotation and Kerr ellip-
ticity separated by the eight-directional method are plotted
for a wavelength of 406 nm in Figs. 2(a) and 2(b), respec-
tively, whereas they are plotted for a wavelength of 635 nm
in Figs. 2(c) and 2(d), respectively. All these measurements
were executed with p-polarized incident light and at an AoI
of 45◦. The contributions in each graph of Figs. 2(a)–2(d)
are measured according to Eqs. (19)–(22). To compare with
analytical expressions of those contributions, see Table II.

It is clearly visible that most of the experimental find-
ings in Fig. 2 follow the predictions of the analytical model
very well, with only two exceptions. (i) The onefold con-
tribution, which is present in all contributions separated by
the eight-directional method, but is mostly pronounced with
LMOKE + LCMOKE and TCMOKE contributions, is not
described by Eq. (18) and thus not shown in Table II. This
onefold contribution stems from the interplay of a vicinal
surface and magneto-optics, thus it is named vicinal interface
sensitive MOKE (VISMOKE) [74]. Note that, although not
shown in the analytical formulas, the numerical model does
account for this VISMOKE contribution as discussed below
and in Appendix E. (ii) The offset of the TCMOKE ∼ M3

T
contribution present in the experimental data is not predicted
by the analytical model, and the numerical model is unable to
describe it as well. So far, we excluded some slight external
magnetic field misalignment in the experimental setup as a
possible source of this offset [68], and further investigations
are needed to conclude on the origin of this contribution.

To evaluate the amplitude and offset of each contribution,
we first describe the data using a simple equation

�x(α) = A3 sin[3(α − α3)] + A1 sin(α − α1) + C. (23)

Here x = {(ML, M3
L ), M3

T , MLMT , (M2
T − M2

L )}, the offset
is described by C, the amplitude of the threefold angular de-
pendence is described by A3 and the phase shift α3 describes a
possible misalignment of the sample in the setup (found to be
negligible) and/or allows us to describe the contributions with
the cos(3α) dependence by providing 90◦ phase shift. The
amplitude A1 of the onefold angular dependence and the phase
shift α1 stem from VISMOKE and are not within the focus of
this paper. The correlation between the phase shift α1 and the
vicinal direction of the surface detected by XRD has already
been discussed in our prior work [68]. In Table III, offset
values and amplitudes are presented. Note that the absolute
amplitude of LCMOKE compared with the absolute ampli-
tude of TCMOKE is almost the same for all four cases (406
nm; 635 nm, Kerr rotation; Kerr ellipticity) presented in Fig. 2
as predicted by the theory. The signs also follow the prediction
shown in Table II. The amplitude and sign of the contributions
QMOKE ∼ MLMT and QMOKE ∼ (M2

T − M2
L ) also follow

the predictions of Table II very well, except for the case of
Figs. 2(a) and 2(d), where the amplitude of these angular
dependencies is near zero; thus, the signal-to-noise ratio is
low, resulting in a poor fit and slight differences in the absolute
values of the amplitude here.

The solid lines in Fig. 2 represent the fit of Yeh’s 4 × 4
transfer matrix model to the experimental data. The MO pa-
rameters K, Gs, 2G44, and �H together with the parameters
εS and α1 of the vicinal surface (see Appendix E) were set as

014418-8



CUBIC-IN-MAGNETIZATION CONTRIBUTIONS … PHYSICAL REVIEW B 114, 014418 (2026)

FIG. 2. Eight-directional method measurement of sample Ni(111) with p-polarized light and at an AoI of 45◦. Graphs present the
dependence on the in-plane sample orientation α of the (a) Kerr rotation and (b) Kerr ellipticity at a wavelength of 406 nm, as well as
(c) Kerr rotation and (d) Kerr ellipticity at a wavelength of 635 nm. Experimental data points are plotted as × marks, whereas solid lines
represent the fit of the numerical model based on Yeh’s 4 × 4 transfer-matrix formalism to the experimental data.

TABLE III. Offset values and threefold amplitudes of contributions experimentally measured by the eight-directional method on sample
Ni(111) as presented in Fig. 2.

Kerr rotation [mdeg]

406 nm 635 nm

Offset Threefold amplitude Offset Threefold amplitude

ML, M3
L −29.65 ± 0.02 0.47 ± 0.02 −9.45 ± 0.01 1.17 ± 0.01

M3
T 3.13 ± 0.03 −0.43 ± 0.04 0.86 ± 0.02 −1.16 ± 0.02

MLMT −3.73 ± 0.03 0.10 ± 0.05 −1.22 ± 0.02 −0.71 ± 0.03
M2

T − M2
L 0.32 ± 0.03 0.02 ± 0.04 0.14 ± 0.02 −0.77 ± 0.02

Kerr ellipticity [mdeg]

406 nm 635 nm

Offset Threefold amplitude Offset Threefold amplitude

ML, M3
L 4.24 ± 0.01 1.44 ± 0.02 17.71 ± 0.01 0.95 ± 0.01

M3
T 0.48 ± 0.01 −1.44 ± 0.02 −1.49 ± 0.02 −0.94 ± 0.03

MLMT −1.87 ± 0.02 −1.03 ± 0.02 3.73 ± 0.02 0.23 ± 0.03
M2

T − M2
L 0.16 ± 0.02 −1.16 ± 0.03 −0.26 ± 0.02 0.12 ± 0.03
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TABLE IV. Values of MO parameters for Ni layer of sample Ni(111), provided by the fit of Yeh’s 4 × 4 transfer-matrix numerical model
to the experimental data, as shown in Fig. 2. The value of �G = Gs − 2G44 is shown for comparison with �H . The values of εS and α1 are
related to VISMOKE as described in Appendix E.

MO parameter 406 nm 635 nm

K −0.0402 ± 0.0005 −(0.1161 ± 0.0005)i −0.2490 ± 0.0008 +(0.0114 ± 0.0008)i
Gs 0.0041 ± 0.0006 −(0.0017 ± 0.0006)i −0.0092 ± 0.0010 −(0.0054 ± 0.0010)i
2G44 −0.0052 ± 0.0003 −(0.0000(4)±0.0003)i 0.0044 ± 0.0005 +(0.0087 ± 0.0005)i
�G 0.0093 ± 0.0009 −(0.0017 ± 0.0009)i −0.0136 ± 0.0015 −(0.0141 ± 0.0015)i
�H 0.0023 ± 0.0003 +(0.0046 ± 0.0003)i 0.0100 ± 0.0004 +(0.0018 ± 0.0004)i

Vicinal parameters

εS 0.0114 ± 0.0096 −(0.0203 ± 0.0096)i 0.0162 ± 0.0093 −(0.0439 ± 0.0093)i
α1 −46◦ ± 23◦ −46◦ ± 11◦

free parameters. The values provided by the fit are displayed
in Table IV. Here we can see that, in absolute values, the
anisotropy strength of the MO tensor H expressed by �H is
roughly one half of the anisotropy strength of the MO tensor
G expressed by �G. Yet from Table III we can see that the
amplitude of the CMOKE angular dependence is rather a bit
stronger than the amplitude of the QMOKE angular depen-
dence. The reason is that �G is weighted by Bp, whereas
�H is weighted by Ap, while As and Ap tend to be stronger
than Bs and Bp. Consider that for the LinMOKE approxima-
tion LMOKE = ±Bs/pKML and PMOKE = As/pKMp, while
PMOKE is generally stronger than LMOKE [72], due to the
generally stronger As/p parameter compared with Bs and Bp.

In Fig. 3, we show eight-directional method measurements
of the sample Ni(111) for normal AoI. In spite of a larger noise
level in the first 120◦ range of the sample angle dependence,
it can clearly be seen that the threefold angular dependencies
of CMOKE, manifested in LMOKE + LCMOKE �ML,M3

L
and

TCMOKE �M3
T
, are still present as they depend on Ap, which

is even at the AoI and nonzero at normal incidence. On the
other hand, the threefold angular dependencies of QMOKE
�MLMT and QMOKE �M2

T −M2
L

have vanished as they depend
on Bp, which is odd at the AoI and thus zero at normal
incidence.

The solid lines in Fig. 3 represent results calculated using
Yeh’s 4 × 4 transfer matrix formalism, while all the param-
eters were fixed using values from Table IV, i.e., the solid
lines in Fig. 3 are predictions of the eight-directional method
measurement at normal AoI, based on the numerical model fit
to experimental data obtained from measurements at an AoI
of 45◦ (Fig. 2). We can see that this model prediction and
the experiment are in decent agreement. The only exception is
the Kerr rotation offset of QMOKE �MLMT , which is slightly
different for the model and the experimental value. Fur-
thermore, the numerical model prediction of the amplitudes
of the LMOKE + LCMOKE �ML,M3

L
and TCMOKE �M3

T

angular dependencies is slightly underestimated for Kerr ro-
tation [Fig. 3(a)] but slightly overestimated for Kerr ellipticity
[Fig. 3(b)]. The very slight offset of the LMOKE + LCMOKE
�ML,M3

L
contribution in the experimental data can be, to some

extent, explained by the the not exactly normal AoI in the
experiment. The offset of the TCMOKE �M3

T
contribution is

already known from Fig. 2 and is of an unknown origin at the
moment.

C. Eight-directional method measurement of the Ni(001) sample

In Fig. 4, we show the experimental results of the eight-
directional method measurements for the sample Ni(001),
executed with p-polarized incident light and at an AoI of
45◦. For the wavelength of 406 nm, individual contributions
to the Kerr rotation and Kerr ellipticity, separated by the

FIG. 3. Eight-directional method measurement of sample
Ni(111) at normal AoI and at 635 nm. The solid lines represent the
prediction of Yeh’s 4 × 4 transfer-matrix numerical model using the
MO parameters from Table IV.
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FIG. 4. Eight-directional method measurement of sample Ni(001) with p-polarized light and at an AoI of 45◦. Graphs present the
dependence on the in-plane sample orientation α of the (a) Kerr rotation and (b) Kerr ellipticity at a wavelength of 406 nm, as well as
(c) Kerr rotation and (d) Kerr ellipticity at a wavelength of 635 nm. Experimental data points are plotted as × marks, whereas solid lines
represent the fit of the numerical model based on Yeh’s 4 × 4 transfer-matrix formalism to the experimental data.

eight-directional method, are plotted in Figs. 4(a) and 4(b),
respectively. For the wavelength of 635 nm, the contributions
to Kerr rotation and Kerr ellipticity are plotted in Figs. 4(c)
and 4(d), respectively. Analytical expressions for individual
contributions given by Eqs. (12) and (19)–(22) are summa-
rized in Table I.

The QMOKE ∼ MLMT and QMOKE ∼ (M2
T − M2

L )
anisotropies of (001)-oriented cubic crystal structures, mani-
fested by fourfold angular dependencies, are well known and
confirmed by various studies [21,41,43,45,46,50–52]. With
the addition of the third-order-in-M contribution, Eq. (12)
further predicts fourfold angular dependencies of CMOKE,
observable within measurements of LCMOKE ∼ M3

L and
TCMOKE ∼ M3

T . In Fig. 4, such angular dependencies
are experimentally observable only with the TCMOKE
contribution, whereas no fourfold angular dependence is
observable for the LMOKE + LCMOKE contribution. This is
in contradiction with the description of Eq. (12). The onefold
symmetry of LMOKE + LCMOKE and TCMOKE originates
from VISMOKE, as explained above and in Appendix E.

In Table V, we present values of the offsets and amplitudes
A4 of the fourfold angular dependencies of each MOKE con-

tribution from Fig. 4. The values are provided by a fit of the
simple model

�x(α) = A4 sin[4(α − α4)] + A1 sin(α − α1) + C (24)

to each MOKE contribution experimentally sepa-
rated by the eight-directional method, where x =
{(ML, M3

L ), M3
T , MLMT , (M2

T − M2
L )}.

The solid lines in Fig. 4 present Yeh’s 4 × 4 transfer matrix
numerical model fit to the experimental data. We set K, Gs

and 2G44 (together with vicinal parameters εS and α1) as free
parameters. Because there is a difference in the amplitude of
LCMOKE and TCMOKE angular dependencies, which the
model (analytical as well as numerical) cannot describe, we
decided to fix �H to its value from Table IV. Note that the
values of MO parameters of the same material can differ more
or less when gathered from different samples [21] as it is the
case here (compare values in Tables IV and VI). Thus, fixing
�H to the value obtained from sample Ni(111) gives us only
a rough estimate of the CMOKE angular dependence in the
sample Ni(001), but the order of magnitude should hold. Fur-
thermore, it also allows us to show how the same values of the
cubic MO parameters manifest in (001)-oriented compared
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TABLE V. Values of fourfold amplitudes and offsets from eight-directional measurement of sample Ni(001) presented in Fig. 4. The
numbers in brackets are the values of the fourfold angular dependencies amplitudes A4 predicted by the numerical model with fixed �H (see
description in the main text).

Kerr rotation [mdeg]

406 nm 635 nm

Offset Fourfold amplitude Offset Fourfold amplitude

ML, M3
L −20.00 ± 0.02 0.08 ± 0.03, (0.38) −5.12 ± 0.01 −0.02 ± 0.02, (0.05)

M3
T 1.16 ± 0.02 1.08 ± 0.03, (0.38) 0.13 ± 0.01 0.30 ± 0.01, (0.05)

MLMT −2.08 ± 0.04 −4.26 ± 0.06 −0.85 ± 0.02 1.35 ± 0.03
M2

T − M2
L 0.30 ± 0.04 4.68 ± 0.06 0.15 ± 0.01 −1.28 ± 0.02

Kerr ellipticity [mdeg]

406 nm 635 nm

Offset Fourfold amplitude Offset Fourfold amplitude

ML, M3
L 17.30 ± 0.01 −0.10 ± 0.02, (−0.07) 16.82 ± 0.01 0.07 ± 0.02, (−0.16)

M3
T −1.66 ± 0.02 −0.95 ± 0.03, (−0.07) −0.13 ± 0.02 −0.86 ± 0.02, (−0.16)

MLMT −0.02 ± 0.02 1.53 ± 0.03 1.91 ± 0.03 5.36 ± 0.04
M2

T − M2
L −0.13 ± 0.02 −1.68 ± 0.03 −0.23 ± 0.03 −5.65 ± 0.04

with (111)-oriented cubic crystal structures. It is shown that in
an (001)-oriented cubic crystal structure, the CMOKE effect is
less pronounced, due to the prefactor Bp, as will be discussed
later in the text. For LCMOKE ∼ M3

L and TCMOKE ∼ M3
T ,

the values of the fourfold angular dependence amplitudes A4

predicted by the numerical model with fixed �H are presented
in brackets in Table V. It is evident that, for LCMOKE ∼ M3

L ,
the predicted and experimental amplitudes correspond to each
other much better than in the case of TCMOKE ∼ M3

T , which
can also be seen directly in Fig. 4.

IV. DISCUSSION

A. Exclusion of parasitic angular-dependent effects

As presented above, the theory of CMOKE describes the
observed anisotropies of the sample Ni(111) very well, but
struggles with the sample Ni(001), for which the TCMOKE
angular dependencies possess a different amplitude than the
LCMOKE contribution, which cannot be explained by the
CMOKE contribution. Thus, one can question if there is an-

other effect causing those LCMOKE and TCMOKE angular
dependencies with the sample Ni(111).

First, the effect of in-plane magnetocrystalline anisotropy
could provide similar angular dependencies as observed with
LCMOKE ∼ M3

L and TCMOKE ∼ M3
T if, for some sample

orientations, M was not fully saturated by the external mag-
netic field in the longitudinal or transverse direction, while
for another sample orientation α it was. Such an in-plane
magnetocrystalline anisotropy could have threefold symmetry
for the sample Ni(111), exactly as is the symmetry of the
QMOKE and CMOKE contributions. However, note that if
this were the case, the angular dependencies of LCMOKE and
TCMOKE should vanish for normal AoI, since LMOKE ∼
Bs/p. As shown in Fig. 3, the threefold angular dependencies
of LCMOKE and TCMOKE are well pronounced at normal
AoI, which corresponds to the CMOKE theory in which
this angular dependence is proportional to the optical factor
As or Ap. In addition, as discussed in previous work [68],
the angular dependence of magnetic remanence and coer-
civity shows a twofold symmetry and not a threefold one,
supporting the claim that the magnetocrystalline anisotropy

TABLE VI. Values of MO parameters for Ni layer of sample Ni(001), provided by the fit of Yeh’s 4 × 4 transfer-matrix numerical model
to the experimental data as is shown in Fig. 4. The value of �G = Gs − 2G44 is shown for comparison with �H , where �H is fixed to the
value from Table IV. Value of εS and α1 are related to VISMOKE as described in Appendix E.

MO parameter 406 nm 635 nm

K −0.0753 ± 0.0003 −(0.0505 ± 0.0003)i −0.2756 ± 0.0008 −(0.0370 ± 0.0008)i
Gs 0.0017 ± 0.0001 −(0.0022 ± 0.0001)i −0.0069 ± 0.0001 −(0.0079 ± 0.0001)i
2G44 −0.0037 ± 0.0001 +(0.0020 ± 0.0001)i 0.0035 ± 0.0001 +(0.0095 ± 0.0001)i
�G 0.0054 ± 0.0002 −(0.0042 ± 0.0002)i −0.0104 ± 0.0002 −(0.0174 ± 0.0002)i
�H (fixed) 0.0023 + 0.0046i 0.0100 + 0.0018i

Vicinal parameters

εS −0.0130 ± 0.0068 +(0.0296 ± 0.0068)i −0.0299 ± 0.0080 +(0.0557 ± 0.0080)i
α1 −22◦ ± 12◦ −20◦ ± 7◦
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cannot cause the angular dependence explained as CMOKE
here.

Second, our equations and Yeh’s 4 × 4 transfer-matrix
model assume only in-plane magnetization, while the out-
of-plane component of M is set equal to zero. As discussed
in Sec. II, for (001)-oriented cubic crystal structures, no
new anisotropies are induced when MP is being considered.
For (111)-oriented cubic crystal structures, there are new
QMOKE anisotropic terms MLMP and MT MP (being dis-
cussed at the end of Sec. II C), which possess the same
dependence on the sample orientation α as the CMOKE con-
tribution does. Nevertheless, if the MP component of M were
present alongside with the ML component, while a longitu-
dinal external magnetic field is applied, there would be a
considerable PMOKE ∼ MP contribution in form of an off-
set. This is not observed within our measurement at normal
AoI presented in Fig. 3. Furthermore, the sign of potential
QMOKE anisotropic terms MLMP and MT MP would be sensi-
tive to the change of polarization of the incident light, whereas
the CMOKE contribution is not. In Appendix F we show
a comparison of eight-directional method measurements of
sample Ni(111) measured with s- and p-polarized light at
wavelengths of 488 and 670 nm. Note that the sign of the
amplitude of LCMOKE ∼ M3

L and TCMOKE ∼ M3
T is not

affected by the change of the polarization, just as predicted
by the theory of CMOKE (see Table II). Thus, this excludes
the possibility that the observed angular dependencies are of
QMOKE ∼ MLMP and QMOKE ∼ MT MP origin.

Third, higher-order-in-magnetization contributions of
VISMOKE might mimic the CMOKE angular dependence.
However, this also cannot be the source of the threefold
angular dependencies of LCMOKE ∼ M3

L and TCMOKE
∼ M3

T in the sample Ni(111). As discussed in Appendix E,
the symmetry of such higher-order VISMOKE would be
different. Moreover, the effect of such a contribution is
already covered within the numerical model using Yeh’s
4 × 4 transfer-matrix formalism, and the numerical model
with VISMOKE effect but without the parameter �H is not
able to describe the data of sample Ni(111), as we have tried
unsuccessfully.

We therefore conclude that the presented threefold angular
dependencies of LCMOKE ∼ M3

L and TCMOKE ∼ M3
T with

the sample Ni(111) shown in Fig. 2 stem from CMOKE de-
scribed by an MO parameter �H + K�G/εd , in which �H
plays the major role [68]. The reason why no fourfold angular
dependence is observed in the measurement of LMOKE +
LCMOKE ∼ ML, M3

L with the sample Ni(001) may be due
to the Bs and Bp optical weighting factors that are present
with CMOKE angular dependencies for the (001)-oriented
cubic crystal structure compared with the As and Ap opti-
cal weighting factors that are present with CMOKE angular
dependencies for (111)-oriented cubic crystal structures as
shown in Tables I and II.

B. The role of optical weighting factors As, Ap and Bs, Bp

for different CMOKE contributions

To better demonstrate this effect of optical weighting fac-
tors, we performed the simulations (based on Yeh’s 4 × 4
matrix formalism) of the eight-directional method and its

dependence on AoI for (001)- and (111)-oriented cubic crys-
tal structures. For both crystallographic orientations, we use
the exact same input parameters. The MO parameters were
chosen to be K = 0 + 0i, Gs = 0.01 + 0.01i, 2G44 = 0 + 0i,
H123 = 0.01 + 0.01i, and 3H125 = 0 + 0i, which results in
�G = �H = 0.01 + 0.01i. With such MO parameters, we
simulate only QMOKE angular dependencies that stem from
�G and CMOKE angular dependencies that stem from �H ,
with suppressed contribution K�G/εd in the case of CMOKE
with (111)-oriented cubic crystal structure. Structural and
optical parameters were taken from sample Ni(111), while
VISMOKE was not considered at all in this simulation and
therefore εS = 0. The simulations were performed at a wave-
length of 635 nm and for p-polarized light. This way we can
clearly compare the effect of the optical weighting factors Ap

and Bp, how the amplitude of the CMOKE changes between
(001)- and (111)-oriented cubic crystal structures and how the
value of the CMOKE amplitude compares to the value of the
QMOKE amplitude with each crystallographic orientation.

In Fig. 5, we show the resulting values of the amplitudes
of the QMOKE and CMOKE angular dependencies and their
dependence on the AoI for (001)- and (111)-oriented cubic
crystal structures. In Figs. 5(a) and 5(b), Kerr rotation and
Kerr ellipticity are shown, respectively, for the fourfold an-
gular dependence amplitude of each contribution separated
by the eight-directional method with (001)-oriented cubic
crystal structure. In Figs. 5(c) and 5(d), Kerr rotation and
Kerr ellipticity are shown, respectively, for threefold angu-
lar dependence amplitudes of each contribution separated by
the eight-directional method with (111)-oriented cubic crystal
structure.

For the (001)-oriented cubic crystal structure, the angular
dependence amplitude A4 of CMOKE is about one order of
magnitude smaller than that of QMOKE. The only excep-
tion is the Kerr ellipticity for an AoI around 80◦, for which
CMOKE and QMOKE angular dependence amplitudes can
be comparable due to a decrease in the value of the QMOKE
amplitude as seen in Fig. 5(b). Considering that in real sam-
ples �H is likely to be smaller than �G (as a rule of thumb
MO parameters tend to become weaker with higher order in
magnetization), and that even the detection of QMOKE angu-
lar dependence is not a trivial MOKE measurement in itself,
it implies that the detection of CMOKE with (001)-oriented
cubic structures will be a challenging task and can easily be
lost or overlooked in the signal noise. This may explain why
a fourfold angular dependence of LMOKE + LCMOKE has
not been observed so far in (001)-oriented cubic crystal struc-
tures. Although a slight fourfold angular dependence of the
LMOKE signal has been reported in measurements on (001)-
oriented cubic crystals [50–52,78,79] the authors did not offer
a clear explanation for the observed behavior and we can rule
out CMOKE as the origin here, since all data were taken at
normal incidence. Measurements at grazing AoI would be a
suitable approach to detect CMOKE in (001)-oriented cubic
crystal structures, which is being in the scope of the future
research.

With (111)-oriented cubic crystal structures the situation
is quite different. It can be seen that the amplitude of the
CMOKE angular dependence is even more pronounced than
the QMOKE amplitude. For the Kerr rotation in Fig. 5(c)
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FIG. 5. (a), (c) Kerr rotation and (b), (d) Kerr ellipticity of the amplitude of (a), (b) the fourfold angular dependence for (001)-oriented
cubic crystal structure and (c), (d) the threefold angular dependence for (111)-oriented cubic crystal structure depending on the AoI. The data
were simulated using the numerical model based on Yeh’s 4 × 4 matrix formalism, for which structural and optical parameters of sample
Ni(111) were used, but MO parameters were chosen to be K = 0 + 0i, �G = 0.01 + 0.01i (with Gs = 0 + 0i and 2G44 = 0.01 + 0.01i) and
�H = 0.01 + 0.01i (with H123 = 0.01 + 0.01i and H125 = 0 + 0i). Vicinal structural parameter εS = 0 here. The simulation is done for a
wavelength of 635 nm and p-polarization.

the CMOKE and QMOKE amplitudes are of comparable size
between 20◦ to 50◦, but elsewhere the CMOKE amplitude
is stronger. For Kerr ellipticity, the CMOKE amplitude is
dominant up to an AoI of about 75◦, and for more grazing
AoIs, the CMOKE amplitude decreases and is comparable to
the QMOKE amplitude. This suggests that in (111)-oriented
cubic crystal structures, the CMOKE amplitude is at least
equal to but mostly stronger than that of QMOKE. For ex-
ample in Fig. 2(d), the QMOKE angular dependencies are
barely observable but the CMOKE angular dependencies are
clearly pronounced. Still, the dependence on the photon wave-
length plays an important role as well and can change the
described behavior. It is therefore absolutely necessary to
explore CMOKE spectroscopy in the future and compare
CMOKE spectra to QMOKE spectra in order to find energies
of dominating CMOKE vs dominating QMOKE for various
crystal orientations. Finally, note that CMOKE has advantages
over QMOKE for (111)-oriented cubic crystal structures as
the CMOKE has a finite angular dependence amplitude at the
normal AoI, which can be leveraged in various applications,
as discussed in the introduction of this paper.

C. TCMOKE angular dependence with sample Ni(001)

Because we are not able to explain the strong amplitude
of the TCMOKE angular dependence with sample Ni(001),
we tend to think that it is not solely due to the CMOKE
effect. The reason is that the amplitudes of LCMOKE ∼ M3

L
and TCMOKE ∼ M3

T angular dependence do not match each
other and to describe the TCMOKE angular dependence for
the sample Ni(001), a significantly larger �H would be re-
quired than found for the sample Ni(111). Finally, it should
be noted that the angular dependence of the TCMOKE with
sample Ni(001) does not appear to be purely sinusoidal [see
Figs. 4(a) and 4(d)]. Furthermore, the offset of the TCMOKE
contribution presented in both samples cannot be explained
by theory. As the measurement of MOKE with transver-
sal directions, i.e., Eq. (22), is not usually presented in the
literature when using the eight-directional method, we are
unable to compare our experimental observations with the
other published results. The possible source of the observed
effect can be different strain within the Ni(001) layer grown on
MgO(001) substrate compared with the Ni(111) layer grown
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on MgO(111) substrate. Therefore, further experimental anal-
ysis of the angular dependence of TCMOKE is needed to
determine its additional origin.

V. CONCLUSION

We provided a detailed description of the cubic-in-
magnetization contributions to the MOKE for (001)- and
(111)-oriented cubic crystal structures. The anisotropy of
CMOKE, predicted by the equations developed, is compared
with experimental measurements of two fcc Ni samples with
(001)- and (111)-oriented cubic crystal structure orientation.
The experimental data are also described phenomenologi-
cally using Yeh’s 4 × 4 transfer-matrix formalism. The MO
parameters H123 and H125 are used to describe CMOKE con-
tributions in addition to the MO parameter K describing
LinMOKE and the MO parameters Gs and 2G44 describing
QMOKE. The parameter �H = H123 − 3H125 is then used
to describe the anisotropy of the CMOKE effect. Only the
offsets of certain contributions as well as the amplitude of the
TCMOKE angular dependence in the sample Ni(001) could
not be described well. Otherwise, all the anisotropies and AoI
dependencies, as well as dependencies on the polarization of
incident light, are well predicted by the model of CMOKE
when compared with the experimental observations of the Ni
samples.

By comparing the equations for the (001)- and (111)-
oriented cubic crystal structures, and using the value of �H
found from the experiment, we conclude that CMOKE is
being well pronounced for the (111)-oriented cubic crys-
tal structures but is suppressed for the (001)-oriented cubic
crystal structures, where the angular dependence of QMOKE
dominates. Furthermore, for the (001)-oriented cubic crys-
tal structures, the CMOKE angular dependence disappears
with normal AoI, but the QMOKE angular dependence per-
sists. However, for (111)-oriented cubic crystal structures,
the situation is reversed. Here, the CMOKE amplitudes of
the angular dependencies are more pronounced than the
QMOKE angular dependencies and are also present at nor-
mal AoI, whereas the QMOKE amplitudes vanish. Thus, it
is conclusive that CMOKE has been recently observed in
(111)-oriented samples [68–70], while a clear experimental
observation of CMOKE in (001)-oriented cubic crystal struc-
tures is still pending.
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APPENDIX A: SIGN CONVENTIONS

We use the negative time convention as E(r, t ) =
E(r)e−iωt , giving the permittivity in the form ε = Re(ε) +
iIm(ε), where the imaginary part of the complex permittivity
Im(ε) > 0. The rotations of the crystallographic structure,
sample, and magnetization take place in the right-handed x̂,
ŷ, ẑ system and the incident and reflected light beams are
described in the ŝ, p̂, k̂ system as is shown in Fig. 1. The
positive rotation of the sample and magnetization is clock-
wise, when looking at the top surface of the sample (i.e.,
the vector pointing in the x̂ direction rotates toward ŷ). The
reflection from the sample is described in Jones formalism by
the reflection matrix

R =
[

rss rsp

rps rpp

]
. (A1)

Cartesian vector rotation about the ẑ axis by an angle α is
expressed as

aẑ =
⎡
⎣cos α − sin α 0

sin α cos α 0
0 0 1

⎤
⎦. (A2)

For a (001)-oriented cubic crystal structure, the reference
orientation (i.e., sample orientation α = 0) corresponds to the
[100] direction being parallel to the x̂ axis of our coordinate
system and the [001] direction being parallel to the ẑ axis
of our coordinate system. For a (111)-oriented cubic crystal
structure, the reference orientation (i.e., sample orientation
α = 0) corresponds to the [211] direction being parallel to the
x̂ axis of our coordinate system and the [111] direction being
parallel to the ẑ axis of our coordinate system. To transform
between those two reference orientations, the transformation
matrix of Eq. (13) is used.

For a more detailed description of the sign conventions, see
Ref. [21].

APPENDIX B: DERIVATION OF THE H TENSOR

The derivation steps of the MO tensor H were inspired by
the derivation of the MO tensors K and G in Refs. [37,72].
Upon consideration of the Onsager relation εi j (ω, M) =
ε ji(ω,−M), where ω is the frequency of the electromagnetic
wave, we can write the following rules for the elements of the
MO tensor H:

Hiiklm = 0 (B1)

and is invariant to permutations k ↔ l ↔ m and antisymmet-
ric with i ↔ j, which results in

Hi jklm = Hi jkml = Hi jlkm = Hi jlmk = Hi jmkl = Hi jmlk

= −Hjiklm = −Hjikml = −Hjilkm = −Hjilmk

= −Hjimkl = −Hjimlk . (B2)
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FIG. 6. XRR measurement and simulations of the sample
Ni(001): MgO(001)// Ni(18.8 nm)/ Pt(2.2 nm).

Furthermore, the following symmetry operations apply:
rotation around twofold axes x̂, ŷ, and ẑ, being expressed as

C2x =
⎡
⎣1 0 0

0 −1 0
0 0 −1

⎤
⎦, C2y =

⎡
⎣−1 0 0

0 1 0
0 0 −1

⎤
⎦, and

C2z =
⎡
⎣−1 0 0

0 −1 0
0 0 1

⎤
⎦, (B3)

respectively. Moreover, we can apply a rotation around the
threefold axis C3 (around [111] direction) and a rotation
around a twofold axis C2a (around [011] direction):

C3 =
⎡
⎣0 0 1

1 0 0
0 1 0

⎤
⎦, C2a =

⎡
⎣0 1 0

1 0 0
0 0 −1

⎤
⎦. (B4)

All the symmetry transformations mentioned above, ap-
plied to the tensor H using Eq. (8b), must satisfy H = H ′.

APPENDIX C: STRUCTURAL CHARACTERIZATION
OF SAMPLE NI(001)

To characterize the sample Ni(001), XRR, and XRD mea-
surements were performed using Philips X’pert Pro MPD
PW3040–60 with a Cu Kα source.

We used the open-source program GenX [81] based on the
Parratt algorithm [82] to analyze the XRR curves. The mea-
sured XRR curve and its simulations are displayed in Fig. 6.
The fit for the XRR data in Fig. 6 provides a substrate MgO
roughness of 0.2 nm, a thickness of the Ni layer of 18.8 nm,
a roughness of the Ni layer of 0.6 nm, a thickness of the Pt
capping layer of 2.2 nm, and a roughness of the Pt capping
layer of 0.6 nm. For the XRR measurements and results of the
sample Ni(111), please see Ref. [68].

Furthermore, in Fig. 7(a), a specular 
-2
 scan of the
sample Ni(001) is presented. The profound peak around 2
 =
52.0◦ belongs to the Ni(002) diffraction peak and indicates
good crystallinity of the sample. In Fig. 7(b), an off-specular
XRD Euler cradle texture map is displayed. With 2
 set to
44.479◦ and a tilt of � = 〈50, 60〉, four Ni{111} peaks are
visible, showing the in-plane unified growth direction. For the
XRD analysis of sample Ni(111), see Ref. [68].

FIG. 7. (a) Specular XRD scan 
-2
 of the sample Ni(001).
(b) An off-specular XRD scan (Euler cradle texture map) for
2
 = 44.479 (corresponding to Ni{111} diffraction peak), and � =
〈50, 60〉.

APPENDIX D: ELLIPSOMETRY

Both samples have been measured using a Müller ma-
trix spectral ellipsometer Woolam RC2. When processing the
measured data (using the Woolam RC2 complementary soft-

FIG. 8. Permittivity spectra of (a) real part and (b) imaginary part
of εd for sample Ni(111) and sample Ni(001).
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TABLE VII. The values of permittivity for sample Ni(001) at
406 nm and 635 nm.

Layer 406 nm 635 nm

MgO 3.10 + 0.00i 3.01 + 0.00i
Ni −5.48 + 8.81i −14.21 + 18.10i
Pt −5.29 + 10.00i −11.87 + 19.49i

ware CompleteEASE [83]), the thicknesses of all the layers
in both samples were fixed in the model, using the values pro-
vided by XRR. The permittivity spectra of the MgO substrates
and of the Pt cap were taken from the CompleteEASE library
[84]. Permittivity spectra of the Si/SiOx cap were determined
from a separate MgO/Si/SiOx sample. Then, the imaginary
part of the permittivity spectra of the Ni layer in both samples
was described by a B-spline [85], while complementary spec-
tra of the real part were determined through Kramers-Kronig
relations. The resulting spectra for the real and imaginary
parts of the permittivity εd are shown in Figs. 8(a) and 8(b),
respectively. In Table VII, we summarize the values of per-
mittivity of each layer used in our model to describe sample
Ni(001), and in Table VIII, we summarize the values of
permittivity of each layer used in our model to describe
sample Ni(111).

TABLE VIII. The values of permittivity for sample Ni(111) at
406 nm and 635 nm.

Layer 406 nm 635 nm

MgO 3.10 + 0.00i 3.01 + 0.00i
Ni −8.48 + 10.50i −10.59 + 21.12i
Si 10.91 + 8.55i 10.74 + 1.36i
SiOx 3.04 + 0.00i 3.01 + 0.00i

APPENDIX E: VICINAL INTERFACE SENSITIVE MOKE

VISMOKE originates from interference between op-
tostructural and MO perturbation, when a ferromagnetic film
is deposited on the vicinal surface of the substrate [74]. The
optostructural contribution can be effectively described by

εS =
⎡
⎣ 0 0 εs cos(α1)

0 0 εs sin(α1)
εs cos(α1) εs sin(α1) 0

⎤
⎦, (E1)

with α1 as the angle between Ŝ and x̂, while Ŝ is defined by
the intersection of a mirror plane of a stepped surface (which
is perpendicular to the edges of the steps) and the surface
plane of the sample at a reference orientation as defined in

FIG. 9. Kerr rotation of eight-directional method measurement at an AoI of 45◦ for sample Ni(111) for (a) p-polarization and (b) s-
polarization at a wavelength of 488 nm and for (c) p-polarization and (d) s-polarization at a wavelength of 670 nm.
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Appendix A. Thus, α1 defines the in-plane orientation of
the vicinal steps when the sample is at its reference orien-
tation α = 0. The permittivity of the ferromagnetic layer is
then described as ε = ε(0) + εS + εM , while εM is the MO
change of the permittivity described in detail in Sec. II. The
onefold angular dependence observed in our experimental
data of the eight-directional measurement is then linked to
the product εyz/zyεzx/xz, which will provide terms such as
εs sin(α1)K sin(α)ML and εs cos(α1)K cos(α)MT . Any prod-
uct of εs and higher-order MO parameters is also possible and
is taken care of by Yeh’s 4 × 4 matrix numerical model, while
εS and α1 are set as a free parameters. Note that the symmetry
of such higher-order VISMOKE will not be the same as the
symmetry of QMOKE or CMOKE in a given sample, thus
cannot explain any of the threefold and fourfold angular de-
pendence in samples Ni(111) and Ni(001), respectively.

APPENDIX F: EIGHT-DIRECTIONAL METHOD
MEASUREMENTS OF NI(111) SAMPLE WITH

s- AND p-POLARIZATION

Table II of the main text suggests the sign invariance
upon polarization change of threefold angular dependence
amplitude for (111)-oriented cubic crystal structures. To
experimentally demonstrate this, we perform another eight-
directional method measurement of sample Ni(111) with
p-polarization and s-polarization at a wavelength of 488 nm as
shown in Figs. 9(a) and 9(b), respectively and at a wavelength
of 670 nm as shown in Figs. 9(c) and 9(d), respectively. As
can be seen in the graphs, it is only the sign of the offset that
is affected by the change of the polarization of the incident
light exactly as the theory predicts. The experimental data are
fitted by the model of Eq. (23).
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[20] R. Silber, M. Tomíčková, J. Rodewald, J. Wollschläger,
J. Pištora, M. Veis, T. Kuschel, and J. Hamrle, Quadratic
magnetooptic spectroscopy setup based on photoelastic light
modulation, Photonics Nanostruct. 31, 60 (2018).

[21] R. Silber, O. Stejskal, L. Beran, P. Cejpek, R. Antoš, T. Matalla-
Wagner, J. Thien, O. Kuschel, J. Wollschläger, M. Veis, T.
Kuschel, and J. Hamrle, Quadratic magneto-optic Kerr effect
spectroscopy of Fe epitaxial films on MgO(001) substrates,
Phys. Rev. B 100, 064403 (2019).

[22] R. Silber, D. Král, O. Stejskal, T. Kubota, Y. Ando, J. Pištora,
M. Veis, J. Hamrle, and T. Kuschel, Scaling of quadratic and
linear magneto-optic Kerr effect spectra with L21 ordering of
Co2MnSi Heusler compound, Appl. Phys. Lett. 116, 262401
(2020).

014418-18

https://doi.org/10.1080/14786447708639245
https://doi.org/10.1016/S0749-6036(85)80028-8
https://doi.org/10.1063/1.1150496
https://doi.org/10.1063/1.1656263
https://doi.org/10.1103/PhysRevB.52.1090
https://doi.org/10.1103/PhysRevB.66.224423
https://doi.org/10.1088/0022-3727/44/26/265003
https://doi.org/10.1088/0022-3727/45/49/495002
https://doi.org/10.1103/PhysRevB.73.060407
https://doi.org/10.1038/nphoton.2016.255
https://doi.org/10.1038/s41567-018-0051-x
https://doi.org/10.1016/S0304-8853(98)01106-8
https://doi.org/10.1016/S0304-8853(99)00526-0
https://doi.org/10.1063/1.345813
https://doi.org/10.1063/1.1310169
https://doi.org/10.1063/1.1657607
https://doi.org/10.1103/PhysRevB.58.7648
https://doi.org/10.1016/S0304-8853(98)01150-0
https://doi.org/10.1016/j.photonics.2018.05.007
https://doi.org/10.1103/PhysRevB.100.064403
https://doi.org/10.1063/5.0008427


CUBIC-IN-MAGNETIZATION CONTRIBUTIONS … PHYSICAL REVIEW B 114, 014418 (2026)

[23] K. Kang, D. G. Cahill, and A. Schleife, Temperature-dependent
optical and magneto-optical spectra of ferromagnetic bcc Fe,
Phys. Rev. B 113, 184408 (2026).

[24] H. Pan, R.-Ch. Xiao, J. Han, H. Zhu, J. Li, Q. Niu, Y. Gao, and
D. Hou, Experimental evidence of Néel-order-driven magneto-
optical Kerr effect in an altermagnetic insulator, Phys. Rev. Lett.
136, 036701 (2026).

[25] R. Schäfer, Investigation of Domains and Dynamics of Domain
Walls by the Magneto-Optical Kerr Effect, in Handbook of
Magnetism and Advanced Magnetic Materials (John Wiley &
Sons, Ltd., 2007).

[26] J. McCord, Progress in magnetic domain observation by ad-
vanced magneto-optical microscopy, J. Phys. D: Appl. Phys. 48,
333001 (2015).

[27] T. Janda, L. Nádvorník, J. Kuchařík, D. Butkovičová, E.
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