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Hybrid quantum-classical matrix product state and Lanczos methods for electron-phonon systems
with strong electronic correlations: Application to disordered systems coupled to Einstein phonons
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We present two quantum-classical hybrid methods for simulating the time-dependence of electron-phonon
systems that treat electronic correlations numerically exactly and optical-phonon degrees of freedom classically.
These are a time-dependent Lanczos and a matrix-product state method, each combined with the multitrajectory
Ehrenfest approach. Due to the approximations, reliable results are expected for the adiabatic regime of small
phonon frequencies. We discuss the convergence properties of both methods for a system of interacting spinless
fermions in one dimension and provide a benchmark for the Holstein chain. As a first application, we study the
decay of charge-density wave order in a system of interacting spinless fermions coupled to Einstein oscillators
and in the presence of quenched disorder. We investigate the dependence of the relaxation dynamics on the
electron-phonon coupling strength and provide numerical evidence that the coupling of strongly disordered
systems to classical oscillators leads to delocalization, thus destabilizing the (finite-size) many-body localization
in this system.
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I. INTRODUCTION

Electron-phonon coupling is ubiquitous in many phe-
nomena in solid-state physics and quantum chemistry. In
solid-state physics, the importance of phonons for electronic
properties is evident in transport measurements, optical exci-
tations, for the formation of Cooper pairs in conventional BCS
superconductors [1], and in the physics of polarons [2]. More
recently, the role of phonons as a relaxation channel for elec-
tronic excitations became experimentally accessible due to the
development of ultrafast dynamics techniques [3] and is also
discussed in the context of energy-conversion processes [4].
Subsequently, with similar tools, the possibility of modifying
electronic properties via optically targeting specific phonon
modes has been explored (see [5] for a review and [6,7] for
examples). In quantum chemistry, the role of vibrations is
obvious for the excitation spectra of molecules and for certain
reaction processes, to name a few examples [8].

The theoretical treatment of electron-phonon problems be-
comes particularly challenging when additional interactions
or degrees of freedom need to be accounted for. For instance,
one can think of materials with orbital, spin, and phonon
degrees of freedom with a substantial mutual coupling [9,10].
In addition, whenever bare or induced electronic interactions
push the system out of the validity range of perturbation
theory, mean-field or density-functional theory approaches,
then, there is a limited set of unbiased many-body techniques.
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Consequently, there has been recent activity in com-
bining computational many-body methods that can capture
strong electronic correlations with an efficient treatment of
the phonon sector. These include (quantum)-Monte Carlo
methods [11,12], dynamical mean-field theory [13], hierar-
chical equations of motions [14], Lanczos techniques [15,16],
Green’s function methods [17], and matrix-product state ap-
proaches [18–25].

In our work, we are concerned with wave function methods
in finite-dimensional Hilbert spaces such as Lanczos [26] or
matrix-product state (MPS) methods [27]. In previous MPS
and density-matrix renormalization group developments, sev-
eral ways of dealing with quantum phonons were introduced,
including the pseudosite technique [18], local basis optimiza-
tion [28], and projected purification [21]. However, the regime
of slow phonons with phonon energies much smaller than the
bandwidth remains hard to access for these approaches [23].
In typical solid-state settings, however, this adiabatic regime
is often the physically relevant one [29].

As a compromise, one can resort to well-established semi-
classical methods that are widely used in connection with ab
initio approaches [30] or in quantum chemistry. The simplest
such technique is the multitrajectory Ehrenfest method (MTE)
[31–33], which treats the phonon dynamics classically. The
quantum mechanical uncertainty is accounted for by a sam-
pling of the initial coordinates and momenta from the initial
quantum state probability distributions (often assumed to be
the ground states), resulting in independent trajectories. We
present the successful implementation of the MTE approach
with a full quantum mechanical treatment of strongly cor-
related electrons in both time-dependent Lanczos and MPS
simulations, see Fig. 1. This complements the usage of MTE
with electrons that are only weakly electronically correlated
and where such correlations are accounted for with approx-
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FIG. 1. (a) The Lanczos-MTE and (b) TEBD-MTE methods are
graphically represented for a single time step �t . (a) The lowest layer
(elongated black circle) represents the state of quantum and clas-
sical subsystem combined at time t . The evolution of the quantum
subsystem using the Lanczos method is represented by the second
layer (blue square), and the third layer (red diamond) represents the
consecutive evolution for the classical subsystem. Similarly, in (b),
the bottom layer stands for the MPS representation of the quantum
subsystem. The second layer represents the TEBD step for the quan-
tum subsystem and the last layer evolves the classical subsystem.
(c) Element of the bottom layer of (b) on site �. This contains
the information about the MPS in Aσ�

a�−1,�
and the coordinates and

momenta for the phonons ({x�, p�}) as external parameters.

imations such as Hartree-Fock (see, e.g., [34]) or density
functional theory [30].

MTE is formally equivalent to the truncated Wigner ap-
proximation [35] of the phonon sector combined with a
mean-field treatment of the electron-phonon coupling. In an
earlier work, it was shown that MTE for the one-dimensional
Holstein model yields numerically accurate results for elec-
tronic observables in the adiabatic regime for certain initial
conditions [36]. In that case, the actual problem solved with
MTE consists of noninteracting electrons whose wave func-
tion depends on the time-dependent momenta and coordinates
of the oscillators. Thus, essentially, single-electron orbitals
are propagated. Here, we extend this to a many-body prob-
lem of electrons that interact already in the absence of an
electron-phonon coupling and hence a propagation of the fully
many-body wave function is required. This can be accom-
plished in one spatial dimension.

A related algorithm has recently been presented by
Manawadu et al. [37,38], where a time-dependent DMRG
algorithm is combined with Ehrenfest dynamics for phonons,
in a single-trajectory formulation, based on the original block
version of the density matrix renormalization group method
[39,40]. Our implementation is based on MPS and therefore
can easily be adapted to new algorithmic developments that
are largely formulated in the MPS language. In particular, one
can incorporate modern time-evolution schemes such as the
time-dependent variational principle [41].

We note that similar ideas were recently pursued in Monte
Carlo simulations [11] and in dynamical mean-field theory
[13], yet both lack an exact incorporation of electronic corre-
lations. There are also many extensions to MTE that account

for its known shortcomings such as surface hopping methods
[42] or coupled-trajectory methods such as the multiconfig-
urational Ehrenfest approach [43,44]. While we consider it
worth to pursue such extensions in the future, we here aim
at establishing the simplest and computationally inexpensive
approach first.

As an application, we consider the temporal decay of
charge-density wave (CDW) order. Such CDW order can ei-
ther be present in the equilibrium phase diagram of interacting
electrons and may decay due to external perturbations or we
may envisage the initial CDW as being a result of some prior
perturbations, e.g., in a pump-and-probe experiment (see, e.g.,
[45]). For the case of interest here, i.e., one-dimensional
systems, the decay of CDW order of spinless fermions due
to electronic interactions and/or electron-phonon interactions
has been studied previously [46,47].

Moreover, we are specifically interested in the decay
of CDW order in systems with quenched and uncorrelated
disorder as this relates to the stability of a putative many-
body localization (MBL) in a system of interacting electrons
[48,49]. We will show clear evidence that the coupling to
classical phonons in the adiabatic regime leads to a decay
of CDW order, indicating the instability of MBL in such
a system. Furthermore, we will study the spreading of a
single polaron in a disorder potential (see [50–56]) which
suggests subdiffusive dynamics, consistent with [57]. Our
analysis of the CDW order decay hints at the presence of
subdiffusive dynamics even at a finite filling, at least at
intermediate times.

The broader topic of thermalization in electron-phonon
systems, studied from a model Hamiltonian perspective, has,
of course, a long history, beyond what can reasonably be
reviewed in this article. Recently, for instance, the dynamics
after quenches in the electron-phonon coupling were stud-
ied using DMFT [58]. The combination of disorder and
electron-phonon coupled system, already in the absence of
direct electronic interactions, leads to partial delocalization
as evidenced in, e.g., [59], related to bad metal physics and
variable-range hopping [60]. Note that the stability of many-
body localization in the presence of a variety of different baths
has been studied previously [61–66].

The plan of the paper is the following. In Sec. II, we will
introduce a model of interacting spinless fermions in the pres-
ence of disorder and electron-phonon coupling of the Holstein
type thus combining the t−V model (equivalent to spin-1/2
Heisenberg chains) with the Holstein model. In Sec. III, we
briefly review the MTE technique and then describe its in-
corporation into time-dependent Lanczos and time-evolving
block decimation (TEBD) approaches. We will discuss con-
vergence properties of both these many-body techniques, the
Lanczos-MTE and the TEBD-MTE. In Sec. IV, we investigate
the stability of an Anderson insulator against a coupling to
classical and adiabatic phonons, both for a single electron
and for finite electronic densities, while in Sec. V, we turn
to the interacting case that is connected to MBL. We present a
summary and an outlook in Sec. VI.

II. MODEL

We consider spinless fermions in a one-dimensional lattice
of L sites with open boundary conditions, where ĉ� is the
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annihilation operator of a fermion on site �. The Hamiltonian
contains five parts:

Ĥ = Ĥkin + Ĥin + Ĥe-ph + Ĥph + Ĥdis, (1)

the electronic kinetic energy (i.e., hopping term on a lattice),
the electronic interaction, the electron-phonon coupling term,
quantum mechanical Einstein phonons, and the disorder term,
respectively. These terms are individually given by

Ĥkin = −t0
∑

�

(ĉ†
�+1ĉ� + H.c.), (2)

Ĥin = V
∑

�

n̂�n̂�+1, (3)

Ĥe-ph = γ
∑

�

n̂�(b̂†
� + b̂�), (4)

Ĥph = ω0

∑
�

b̂†
�b̂�, (5)

Ĥdis =
∑

�

ε�n̂�. (6)

When only the electronic hopping-matrix element t0 and the
electronic nearest-neighbor interaction V are nonzero, we ob-
tain the t−V model that is equivalent to the spin-1/2 XXZ
chain, with V = 2t0 corresponding to the SU(2) symmetric
Heisenberg chain. Here, n̂� = ĉ†

� ĉ� is the electronic occupation
operator at site �, ω0 is the frequency of Einstein oscillators, b̂�

creates a phonon on site � and γ denotes the electron-phonon
coupling strength. Therefore, when only t0 �= 0, ω0 �= 0 and
γ �= 0, then we obtain the Holstein chain. Note that X̂� =

1√
2
(b̂†

� + b̂�) is the displacement operator of a local oscilla-
tor. We draw the onsite potentials ε� ∈ [−W,W ] from a box
distribution of width W .

As the initial state, throughout this work, we consider an
ideal charge-density wave state with one particle on every
other site (assuming L even):

|ψ (t = 0)〉 =
L/2∏
�=1

ĉ†
2�−1|0〉, (7)

where |0〉 is the vacuum state. The associated order parameter
is OCDW with

OCDW = 1

N

L∑
�=1

(−1)�+1〈n̂�〉, (8)

with the total number of particles in the system N . We will also
consider the spreading of a single particle initially localized at
site �0 coupled to classical phonons using the initial state:

|ψ (t = 0)〉 = ĉ†
�0

|0〉. (9)

In the context of MBL, one often studies the so-called
imbalance I [67], defined as

ICDW = Nodd − Neven

Nodd + Neven
, (10)

Nodd=
L/2∑
�=1

〈n̂2�−1〉, (11)

Neven=
L/2∑
�=1

〈n̂2�〉. (12)

ICDW is identical to the charge-density wave order parameter
OCDW for our specific initial state.

III. METHODS

In this section, we provide a brief summary of the MTE
method in Sec. III A. For a detailed discussion, see [36] for
a review. We then describe the incorporation of MTE into
time-dependent Lanczos [26] and TEBD [68] in Secs. III B
and III D, respectively. We discuss the convergence of both
hybrid methods.

A. Multitrajectory Ehrenfest dynamics

1. Basic idea and algorithm

The multitrajectory Ehrenfest method (MTE) can be de-
rived as a special case of the quantum-classical Liouville
(QCL) equation [31,33], with two essential approximations:
The coupling between the electronic subsystem and the
phonon environment is treated in a mean-field approximation
and the phonon dynamics is treated classically [69]. Intu-
itively, the latter is a reasonable assumption when the phonon
dynamics is much slower then the electronic dynamics. The
QCL equation is based on treating the phonon environment in
the phase space formalism of quantum mechanics and can be
used to approximate the dynamics of the partially transformed
Wigner function [70,71]. The full derivation of MTE within
this formalism is illuminating, yet for the purpose of our work,
we will only need the key algorithmic steps and a discussion
of control parameters and convergence. We refer the reader to
[36] and references therein for a more detailed account and a
comparison of MTE to other trajectory-based methods.

We first discuss the single-trajectory version [32] and pro-
vide the equations of motion for the Hamiltonian from Eq. (1)
for the quantum evolution of the electronic state |ψ (t )〉 and
the classical evolution of the set of coordinates and momenta
{x�, p�} of the oscillators. The electronic state depends on
the {x�, p�}, that is, |ψ (t )〉 = |ψ{x�,p�}(t )〉. The classical and
quantum Hamiltonians are

HMTE = ω0

2

∑
�

x2
� + p2

� −
√

2γ
∑

�

〈ψ |n̂�|ψ〉x�, (13)

ĤMTE = Ĥkin + Ĥin + Ĥdis −
√

2γ
∑

�

n̂�x�. (14)

From this, we can directly write down the equations of motion
for the classical trajectory {x�, p�} and the electronic state:

dx�

dt
= ω0 p�, (15)

d p�

dt
= −ω0x� +

√
2γ 〈ψ |n̂�|ψ〉, (16)

∂|ψ (t )〉
∂t

= −iĤMTE|ψ (t )〉. (17)

The MTE scheme consist of simulating many single tra-
jectories for a set of given initial conditions {x�(t = 0),
p�(t = 0)}. The initial conditions for each trajectory are
drawn from the quantum mechanical Wigner function of the
initial state in the phonon sector. Subsequently, observables
are computed for individual trajectories and then averaged
over sufficiently many trajectories, with Ntraj the number of
trajectories. Since the equations of motion, by construction,
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aim to conserve the properties of the Wigner function, we
expect that the trajectory of the observable will converge—
within the aforementioned approximations—to the quantum
operator expectation value with ∼1/

√
Ntraj (see the statistical

convergence analysis in [36]). Concretely, for our initial state,
we sample {x�, p�} from a multivariate Gaussian distribution

P({x�, p�}) ∝
L∏

�=1

exp

(
−1

2

x2
� + p2

�

2

)
, (18)

corresponding to the Wigner function of the lowest-energy
phonon mode.

The computational effort for systems with disorder, treated
later in this manuscript, is considerable because one has to
generate multiple trajectories for each disorder realizations.
Indeed, in such cases, we need to trade off between the desired
accuracy and expended computational effort. We notice that
for realizations with strong disorder, the fluctuations in the
observables between trajectories of different initial states are
small compared to the fluctuations between different disorder
realizations. Therefore, we choose to sample each disorder
realization only with Ntraj = 200 trajectories with initial con-
ditions drawn from Eq. (18) for each of Ndis = 200 to 2000
different disorder realizations. This allows us to reduce the
absolute error in OCDW, due to the insufficient sampling of tra-
jectories, to ∼10−2, which we estimate by resampling through
bootstrapping.

For the data points shown in this manuscript it was nec-
essary to simulate a total of over ten million individual
trajectories. This is only possible due to the “embarrassingly
parallel” nature of the MTE setup: Every trajectory can be
simulated independently which allows for efficient parallel
implementations on large computing clusters. On the other
hand, achieving sufficient sampling for systems without dis-
order is generally multiple orders of magnitude easier than for
disordered cases.

2. Time propagation

The standard way to solve the quantum and classical equa-
tions of motion numerically is an alternating time propagation
of each subsystem from time t → t + �t (�t is the time step),
with the other subsystem, i.e., |ψ (t )〉 or {x�, p�} kept constant,
i.e., a version of a splitting method [72]. This scheme can
be viewed as a Trotter-Suzuki breakup of the original full
quantum propagator, which, after replacing the Hamiltonian
of the phonon sector by its classical counterpart takes the
form:

e−�t{HMTE,·}−i�t ĤMTE = e−�t{HMTE,·}e−i�t ĤMTE + O((�t )2),

(19)

where {·, ·} denotes the Poisson brackets from classical
mechanics. Higher-order versions are possible, which we de-
termine is not necessary for our purpose. Therefore, we expect
that the error introduced by the splitting method scales as
(�t )2 per time step.

In our actual implementation, we solve the classical equa-
tions of motion analytically given the current value of the
external force as this is simply a displaced harmonic oscillator
for each site �. That information is fed back into the quantum

propagation. The formal solution for the time propagation of
the classical coordinates and momenta from t to t + �t reads

x�(t + �t ) = x�(t ) cos(ω0�t ) + p�(t ) sin(ω0�t )

+
√

2γ

ω0
(1 − cos(ω0�t ))〈ψ (t )|n̂�|ψ (t )〉, (20)

p�(t + �t ) = −x�(t ) sin(ω0�t ) + p�(t ) cos(ω0�t )

+
√

2γ

ω0
sin(ω0�t )〈ψ (t )|n̂�|ψ (t )〉. (21)

In practical simulations, monitoring the conservation of en-
ergy yields a criterion for choosing a sufficiently small �t .

Obviously, there is a choice in how the quantum subsytem
is propagated. Most applications of MTE treat the electrons
as noninteracting or weakly interacting, using Hartree-Fock
[34] or ab initio methods [30]. In our work we implement two
time-propagation schemes that treat electronic correlations
accurately on finite systems, Lanczos and TEBD.

3. Discussion of strength and weaknesses of MTE

MTE is one of the simplest trajectory-based methods
[32,73,74], stable, and straightforward to implement. Some
limitations can be understood in the Born-Oppenheimer pic-
ture. For instance, in MTE, electrons experience the average
force from several Born-Oppenheimer surfaces and do not see
the effects of the individual Born-Oppenheimer surfaces and
thus cannot account for splitting of wave packets, etc.

Another known issue in independent trajectory methods
is overcoherence, namely the approximations ignore physical
processes that cause decoherence [75]. Due to the classical
nature of the time-evolution in the environment a dephasing
or interference of quantum modes can not happen, resulting
in overcoherent dynamics [75]. Some of the more sophis-
ticated trajectory-based methods are designed to overcome
these shortcomings of MTE, see [36] and references therein.
However, in many cases, these modifications are based on
further assumptions about the system and/or can make the
implementation of the algorithm significantly more complex
and less scalable.

In the secondary approximation of the MTE method, the
mean-field treatment of the electron-phonon coupling, the cor-
relations between subsystem and environment are neglected.
To the best of our knowledge, no systematic improvement ex-
ists to account for the electron-phonon coupling term beyond
the mean-field approximations. Summarizing, in general,
MTE is by no means guaranteed to produce quantitatively
correct results and may even lead to unphysical predictions
for arbitrary choices of model parameters.

Despite the inherent limitations, nevertheless, for the case
of adiabatic phonons ω0 
 t0, there are examples where MTE
agrees with exact results. For instance for initial product states
in the computational basis, electronic observables exhibit very
small errors when compared to full quantum methods, while
phonon observables qualitatively follow the correct dynamics
[36]. These observations refer to expectation values only. The
influence of the initial state on the quality of the agreement be-
tween MTE and exact methods has recently been discussed by
Paprotzki et al. [76]. Certain terms in the short-time expansion
cancel out for initial states that are diagonal in the computa-
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tional basis, yet play a role for, e.g., Slater determinants in the
electronic quasimomentum eigenbasis. For other initial states
with a finite density of electrons, e.g., a Fermi sea, phononic
occupations may even become negative at large values of
ω0 ∼ 2t0 [76]. This relates to the well-known fact that in the
long-time, stationary state, occupations obtained from Ehren-
fest dynamics may deviate from the correct result [77,78].

Concerning the mere convergence with respect to its actual
numerical control parameters, the statistical and numerical
errors controlled by Ntraj and �t , convergence with respect
to these parameters can easily be achieved in MTE. This
makes MTE a technically simple-to-implement and to control
technique, rendering it a reasonable starting point for hybrid
methods for quantum many-body problems. While beyond the
scope of paper, we envision that in the future, Lanczos or
TEBD may also be combined with coupled trajectory meth-
ods like multiconfigurational Ehrenfest [43,44] which at least
has internal control parameters that allow convergence to the
physically correct results in principle, as was demonstrated
in [36].

B. Lanczos-MTE method

In Sec. III A we have seen how the time-evolution op-
erator of the system can be broken down into independent
time-evolution operators of the subsystem and the environ-
ment. Clearly, we have not constrained how either of the
time-evolution operators must be implemented. Therefore, we
are free to choose how we want to evolve the quantum system
from time t to t + �t .

1. Algorithm

Our goal is to deal with quantum systems having direct
electron-electron interactions which warrants using a many-
body quantum state to represent the electronic subsystem.
For this, we can draw from well-known many-body tech-
niques such as the time-dependent Lanczos method [79].
In the time-dependent Lanczos method, a Krylov subspace
is constructed iteratively from repeated application of the
Hamiltonian ĤMTE(t ) to the current quantum state |ψ (t )〉. In
the Krylov space, an effective Hamiltonian ĤK is found that
can be used to evolve |ψ (t )〉 from time t to t + �t :

|ψ (t + �t )〉 = V †
K exp(−i�t ĤK)VK|ψ (t )〉, (22)

with the transformation into the Lanczos basis VK. ĤK is tridi-
agonal and has a much smaller dimension than the original
Hamiltonian, allowing for easy diagonalization.

The accuracy of the Lanczos step is controlled both by
increasing the dimension of the constructed Krylov subspace
and by reducing the Lanczos time step �tLanczos [26]. As there
exist readily available measurements for the error acquired in
the time-dependent Lanczos step we can use an adaptive algo-
rithm to fix the rate of error ε in the time-dependent Lanczos
method, to an arbitrary value. Choosing the Krylov dimension
and �tLanczos adaptively means that we can combine the algo-
rithmic parameters for the time-dependent Lanczos method
into the single parameter ε.

Note that whenever the Lanczos step has to be decreased to
ensure accuracy, resulting in �tLanczos < �t , we still want to
fix �t separately which is given by the alternating evolution

FIG. 2. Comparison of TEBD-MTE (δ = 10−8), Lanczos-MTE
(ε = 10−9/tf), and regular MTE as implemented in Ref. [36] for a
noninteracting system (L = 13, V = 0, ω0 = 0.1t0, γ = 0.4t0, W =
0). Lanczos-MTE and TEBD use �t = 0.01t0

−1 and all methods
are averaged over Ntraj = 4000 trajectories. The inset shows the dif-
ference δOCDW between the many-body hybrid techniques and the
reference data from regular MTE from Ref. [36].

of environment and subsystem in Eq. (19). In our concrete
simulations, however, it is sufficient to allow for a maximum
Krylov dimension ≈30 to ensure that the time-evolution is ac-
curate without a need to reduce �tLanczos; thus, �tLanczos = �t
throughout this work. Our implementation of time-dependent
Lanczos is based on [80].

C. Benchmark

To demonstrate the performance of the Lanczos-MTE
method we begin by comparing our results to those from
Ref. [36] for a noninteracting system, which is shown in
Fig. 2. While in this case the less expensive single-particle
formalism can be employed to evolve the quantum system,
we show data that has been generated using the many-body
Lanczos-MTE method. For the example of OCDW we show
that Lanczos-MTE and MTE produce equivalent results. The
inset in Fig. 2 shows how the difference δOCDW between the
different methods saturates around δOCDW � 10−2. This is
indeed expected as we consider an ensemble of Ntraj = 4000
trajectories: Based on the statistical convergence analysis
from [36] carried out for the same system size, the accuracy
of observables in the ensemble, such as OCDW, is ∝ 1/

√
Ntraj.

The range of the imbalance OCDW(t ) is [−1, 1] and therefore,
we can upper bound the statistical accuracy of OCDW(t ) [and
by extension also δOCDW(t )] to be 2/

√
Ntraj = 10−2.

In order to asses the accuracy of the Lanczos-MTE method
we first analyze its dependence on ε. While the convergence
behavior of the Lanczos step is generally well understood
[26], we want to show how the accuracy of the Lanczos step
influences the ensemble convergence in the MTE method.
In Fig. 3(a) we show the deviation δOCDW = |OCDW,ε∗ −
OCDW,ε | where ε∗ = 10−10/t f . We observe that, again, the de-
viation δOCDW is never larger than 10−2. We conclude that for
all considered values of ε the deviation between the compared
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FIG. 3. Dependence of the Lanczos-MTE method on the control
parameters time step �t and error rate ε for an interacting system
(L = 14, V = 2t0, ω0 = 0.1 t0, γ = 0.4 t0, W = 0). We plot the devi-
ation δOCDW when (a) varying ε at fixed �t = 0.01 t0

−1, comparing
to a reference set with ε = 10−10/t f and (b) varying �t at fixed
ε = 10−10/t f , comparing to a reference set with �t = 0.01 t0

−1. The
results are averaged over Ntraj = 4000 trajectories and the final time
t f = 500/t0.

ensemble is dominated by the statistical error, indicating that
Lanczos-MTE is well behaved with respect to the error rate ε.

However, as we have already discussed in Sec. III A, the
MTE approximation itself introduces a dependence on �t . To
show that this dependence remains well controlled within the
additional approximations of Lanczos-MTE we plot the de-
viation δOCDW = |OCDW,�t∗ − OCDW,�t | for �t∗ = 0.01t0−1

as a function of time and for different values of �t in
Fig. 3(b). We observe that for large �t and at early times,
δOCDW < 10−2 does not hold. On the other hand, for long
times, δOCDW < 10−2 appears to hold for all values of �t and
for sufficiently small values of �t , it holds everywhere. We
observe that at long times δOCDW is essentially independent
of �t . The fact that the accuracy of the ensemble average im-
proves over time and does not deteriorate can be attributed to
classically chaotic dynamics present in the single trajectories
(see Appendix A for further details).

In summary, we have demonstrated that Lanczos-MTE re-
produces electronic observables accurately by comparison to
a standard MTE implementation for the noninteracting case
using propagation of single-particle states. For the interacting
case, the Lanczos errors can easily be made so small that the
dominating error is due to the sampling of trajectories.

For local Hilbert spaces of dimension 2, pure-state tech-
niques such as Lanczos can reach system sizes as large as

L 
 30 sites (see, e.g., [81,82]). In combination with MTE,
the sampling over trajectories requires performing such calcu-
lations Ntraj times, which adds computational costs that scale
linearly in Ntraj.

D. TEBD-MTE method

Similar to the Lanczos-MTE discussed in the previous sec-
tion (Sec. III B), we can use tensor network-based methods,
such as the time-evolving block decimation (TEBD) method,
for the quantum time evolution in Eq. (17). The evolution of
the classical coordinates and momenta in Eq. (17) is done in
the same way as before. This combined TEBD-MTE method
brings all the advantages of the TEBD method, such as simu-
lating larger systems compared to the Lanczos-MTE and may
allow applications to equilibrium and dynamical quantities.
In Fig. 2, we have compared both the Lanczos-MTE and
the TEBD-MTE method, which agree with each other within
the error limits mentioned before. Our TEBD implemtation
utilizes the ITensor library [83].

1. Algorithm

In TEBD-MTE, the quantum many-body state |ψ (t )〉 of
the electronic subsystem is described by a matrix prod-
uct state (MPS). The combined state of the whole system
(|ψ{x�,p�}(t )〉, {x�, p�}) is graphically represented in the bot-
tom layer of Fig. 1(b). Figure 1(c) describes one graph
element associated with a site �, which contains informa-
tion about both the subsystems, classical and quantum. Here,
Aσ�

a�−1,a�
are the matrices of the MPS where a�−1, a� are the

bond indices, and σ� is the physical index [27] and x� and
p� represent the position and momentum coordinates of the
classical phonon on site �.

According to Eq. (19), (|ψ{x�,p�}(t )〉, {x�, p�}) is time
evolved by alternatively applying TEBD and classical updates
as shown in Fig. 1(b). We use a second-order Trotter-Suzuki
decomposition of e−i�t ĤMTE for the TEBD method as

exp(−i�t ĤMTE) = exp

(
−i

�t

2
Ĥodd

MTE

)

exp
( − i�t Ĥ even

MTE

)
exp

(
−i

�t

2
Ĥodd

MTE

)
+ O(�t3). (23)

Here, ĤMTE = Ĥodd
MTE + Ĥ even

MTE and

Ĥodd/even
MTE =

L−1∑
j∈odd/evenbonds

ĥ j (24)

are the parts of Hamiltonian ĤMTE which only operate on odd
or even bonds of the lattice, respectively. Since the terms ĥ j in
Ĥodd/even

MTE commute with each other, we can expand the terms
in Eq. (23) as

exp
(−i�t Ĥodd/even

MTE

) =
L−1∏

j∈odd/evenbonds

exp(−i�t ĥ j ). (25)

Now, each term exp(−i�t ĥ j ) in this equation can be applied
to the MPS independently as a two-site gate [see Fig. 1(b)].
Following the application of a gate, a singular value decompo-
sition (SVD) is performed to bring back the structure to MPS
form. During the SVD process, we can truncate the smaller
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FIG. 4. Dependence of the TEBD-MTE method on the discarded
weight δ and the time step �t in an interacting system (L = 14, V =
2 t0, ω0 = 0.1 t0, γ = 0.4 t0, W = 0). We plot the deviation δOCDW

when (a) varying δ at a fixed time step �t = 0.01 t0
−1, comparing

with a reference set using δ = 10−8 and (b) varying �t at fixed cutoff
δ = 10−8, comparing with a reference set using �t = 0.01 t0

−1. The
results are averaged over Ntraj = 4000 trajectories.

singular values sα with a desired cutoff δ. The number of sin-
gular values kept in this process defines the bond dimension
χ of the MPS. The discarded weight is given by

δ =
αmax∑

α=χ+1

s2
α. (26)

As we know [27,41], in the TEBD method, the error
builds up with time, which depends on the time step in the
Trotter-Suzuki decomposition and the truncation of the sin-
gular values during the singular value decomposition (SVD).
The latter is related to the entanglement increase in a nonequi-
librium problem and leads to an increase in the required
resources. We can control the error of the TEBD step by
decreasing the time step and the discarded weight.

E. Benchmark

First, we analyze the performance of the TEBD-MTE
method by decreasing the discarded weight δ. The time evo-
lution of the CDW state averaged over 4000 trajectories for
L = 14, V = 2t0, ω0 = 0.1t0, γ = 0.4t0, W = 0 and �t =
0.01t0−1 is shown in Fig. 4(a). Here, we plot the difference
in OCDW(t ) obtained from simulations with different values
of the discarded weight, that is,

δOCDW = |OCDW,δ∗ − OCDW,δ|, (27)

FIG. 5. Comparison of the TEBD-MTE method (δ = 10−8) and
Lanczos-MTE method (ε = 10−8/t f ) in an interacting system (L =
14, V = 2 t0, ω0 = 0.1 t0, γ = 0.4 t0) for the case without disorder
(W = 0). The inset shows the difference of the observable OCDW

between the two methods as a function of time. Both methods em-
ploy a time step �t = 0.01 t0

−1 and are sampled over Ntraj = 4000
trajectories.

where δ∗ = 10−8 is the smallest δ considered.
As we can see from Fig. 4(a), δOCDW(t ) decreases with

smaller δ and δOCDW(t ) � 10−2 for small values of δ. While
evolving the system with different δ, the χmax(t ) at the central
bond saturates to different values. Here, χmax is the maximum
of χ (t ) in the ensemble of trajectories. With decreasing δ,
χmax saturates at a higher number such as χmax = 84, 119,

and 128 for δ = 10−6, 10−7, and 10−8, respectively. Note
that the maximum χ at the center of the system of L = 14 is
2L/2 = 128 if we were to carry out the numerical calculation
without truncation.

Similarly, we study the dependence on �t in Fig. 4(b).
Note that here we use the same time step �t in both Eq. (23)
for the Trotter-Suzuki decomposition and Eq. (19) for the
splitting method. We consider the same Hamiltonian parame-
ters with the smallest δ considered here (δ = 10−8) and Ntraj =
4000 and plot δOCDW = |OCDW(�t∗) − OCDW(�t )| for dif-
ferent �t with respect to the smallest �t = �t∗ = 0.01t0.
The figures show that again, δOCDW � 10−2 and hence, the
statistical errors dominate.

Using the smallest �t and δ considered above for the
TEBD-MTE method, we compare the time evolution of the
system with the Lanczos-MTE method with the smallest �t
and ε discussed in the previous section, Sec. III B, now for
an interacting system. We consider the model parameters
L = 14, V = 2t0, ω0 = 0.1t0, γ = 0.4t0. The time evolution
of a CDW state in terms of OCDW(t ) is shown in Figs. 5
and 6 for W = 0 and W = 8t0, respectively. The evolution
of OCDW(t ) agrees well between the methods for both cases.
The difference δOCDW(t ) between the methods, shown in the
inset of both panels, stays below O(10−2) for the case W = 0.
For the case W = 8t0 we show in Figs. 6(a) and 6(b) how
in the cases with disorder sampling the MTE accuracy can
be improved by increasing the amount of disorder samples.
Since we aim at qualitative results in this work, we choose
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FIG. 6. Similar setup to Fig. 5 for the disordered case (W = 8 t0)
for (a) Ndis = 200 and (b) Ndis = 400 with Ntraj = 200 for every
disorder realization. The inset again shows the difference of the ob-
servable OCDW between the two methods as a function of time (green
for Ndis = 200 and dark green for Ndis = 400). The parameters from
(a) are used in the rest of this work while (b) shows that the accuracy
can be improved by increasing the number of disorder realizations.

Ndis = 200 for the rest of this work for W > 0 and more than
one electron.

In the simulations presented so far, we use TEBD-MTE on
small systems where a direct comparison to MTE-Lanczos is
possible yet the bond dimension truncation is still irrelevant.
For the main application presented in this work, the decay of
CDW order in disordered interacting systems, MTE-Lanczos
is the better suited method since reaching long times is crucial
and therefore, Lanczos-MTE will be solely used in Sec. V.
TEBD, as all time-dependent MPS methods do, is ultimately
limited to short times in situations with a significant entangle-
ment growth.

We envision several interesting applications of TEBD-
MTE beyond the cases covered here. Generally, one of the
most important applications of time-dependent MPS methods
is the calculation of equilibrium spectral functions and other
dynamical properties. These are usually cases with a mild
entanglement increase, even at finite temperature. While the
regime of intermediate to large values of ω0 have been cov-
ered with full-quantum MPS methods [22,25], the adiabatic
regime of optical phonons with interacting electrons is mostly
unexplored with MPS methods, which also applies to acoustic
phonons. In the long run, using hybrid MPS-trajectory-based
methods in DMFT might be an interesting direction as
well. In order to illustrate that TEBD-MTE is well behaved
concerning its convergence properties on larger systems, we
present further results in Appendix B.

To summarize, the two methods, Lanczos-MTE and
TEBD-MTE, produce consistent results with very good quan-
titative agreement. For the chosen model and simulation
parameters, the accuracy is limited by the statistical errors due
to sampling Ehrenfest trajectories.

FIG. 7. Time-evolved density profile 〈n̂�(t )〉 of a particle initially
(t = 0) localized on a single lattice site �0 = 50 on a lattice with L =
100 sites and with disorder (W = 8 t0). We show the (a) uncoupled
case γ = 0, exhibiting Anderson localization, and (b) a system with a
large electron-phonon coupling γ = t0. Further parameters are ω0 =
0.1 t0 and the data was generated using the Lanczos-MTE routine
with �t = 0.01 t0

−1, ε = 10−9/t f , and Ndis = 5000 realizations for
Ntraj = 200 trajectories each.

IV. STABILITY OF AN ANDERSON INSULATOR

In this section, we discuss the case of noninteracting
electrons (V = 0) with finite disorder. When the electronic
subsystem is isolated from the phonons, the system exhibits
Anderson localization for any finite disorder strength in one
dimension [84]. In this section we study the stability of the
Anderson localization in the presence of classical optical
phonons.

Our expectation is that, for small γ and ω0, MTE will
accurately reproduce the electronic observables even of the
original quantum model. However, we will go beyond the
regime of γ 
 t0 addressing the question of the stability of
Anderson localization against a classical bath for arbitrary
values of γ , regardless of whether the quantum version is
accurately described or not. The same philosophy will apply
in Sec. V. This section serves to set the stage for the analysis
of systems with electronic interactions; so long as V = 0, no
many-body treatment of the electronic sector is necessary and
instead, we use single-particle orbitals in the MTE imple-
mentation as in [36]. We first study the spreading of a single
electron and then move on to the decay of the CDW initial
state.

A. Spreading of a single electron

Anderson localization implies no transport at all in one
dimension [85], so any persistent spreading of a particle can
be interpreted as a breakdown of Anderson localization. In
Fig. 7 we show how a particle on a lattice of L = 100 sites
and disorder strength W = 8 t0 spreads out in the system
over time. The particle is initially localized at site �0 = 50.
For γ = 0 we clearly see that the particle stays localized as
expected. In contrast, when γ = t0, the particle continuously
spreads out with a characteristic cone whose shape is related
to the specific transport properties of the system.

In order to classify the dynamics, we extract the dynamical
transport exponent z defined from the asymptotic behavior of
the mean-square-displacement (MSD, σ 2) with σ 2(t ) ∝ t z for
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large t . The MSD can be readily calculated from

σ 2(t ) =
L∑

�=1

(� − �0)2〈n̂�(t )〉, (28)

where �0 is the site where the electron is initially localized on
the lattice.

To extract the dynamical exponent z from the MSD we
first find the time-dependent dynamical exponent z(t ) using
the method of the logarithmic derivative where

z(t ) = d log(σ 2(t ))

d log(t )
≈ t

δ log(σ 2(t ))

δt
. (29)

We use a simple finite difference numerical differentiation
approach using δt = 2t0−1. Lastly, we average z(t ) over a
large time window of size t∗ = 800t0−1 to remove coherent
fluctuations present in the data due to oscillations in the clas-
sical phonon sector. The time-averaged dynamical exponent is
therefore

z(t ) = mean
t−t∗<t ′�t

z(t ′). (30)

To extract an estimate for the asymptotic dynamical exponent
z we choose z = z(t f ) with t f being the final time.

We show the MSD and the extracted dynamical exponents
as a function of the electron-phonon coupling γ in Figs. 8(a)
and 8(b), respectively. In Fig. 8(b) we observe a monotonic
increase of z as a function of γ . At around γ � 0.1t0, the
dynamical exponent increases sharply until nearly saturating
for γ ∼ 0.5t0 slightly below z ∼ 0.5. As z = 1 would indicate
diffusive transport, the results indicate that there is a broad
subdiffusive regime induced by the coupling to the classical
phonon bath.

Since the extraction of z is less reliable at small values of
W/t0 due to larger finite-size effects, we focus on the regime
of W � 4t0. Observing that σ 
 L in Fig. 8(a) we infer that
the particle has not yet spread over the whole system and
therefore finite-size effects are expected to be insignificant. In
Fig. 9, the dynamical exponent increases monotoneously as
a function of W in the parameter regime studied here. Since
z < 1, we observe subdiffusive dynamics. As γ → 0, we re-
cover localization. If W were to be sent to zero at finite γ , we
expect diffusion since the model is nonintegrable and fulfills
the eigenstate thermalization hypothesis [22], even though this
is not firmly established for the Holstein model with one elec-
tron [86] (see also [87,88] for an independent trajectory-based
study using fewest-switches surface hopping). Recent work on
the Holstein chain using MTE and quantum typicality [89–91]
seems consistent with diffusion. Generally, for a single charge
carrier coupled to an Anderson insulator [92], slow dynamics
is often observed.

Interestingly, the qualitative and quantitative dependence
of z on W is very similar to that obtained for ω0 = γ = t0
obtained in [57] from a numerically exact approach studying
an electronic system coupled to dispersive hard-core bosons
(see the circles in Fig. 9).

In summary, we observe delocalization and subdiffusive
electronic transport due to the coupling to classical phonons.
Going to more electrons and interacting system is expected
to accelerate that delocalization which we will capture by
studying the decay of OCDW.

FIG. 8. Spreading of a single particle in the disordered system
coupled to classical phonons. For a few values of γ we show in (a) the
MSD for the particle as a function of time and in the inset the time-
dependent dynamical exponent z̄(t ), averaged over a time window
of t∗ = 800 t0

−1 [see Eq. (30)]. In (b) the extracted estimates for the
dynamical exponent z is shown. The model parameters are L = 100,
ω0 = 0.1 t0, and W = 8 t0 and the particle is initially localized at
lattice site �0 = 50. The data are generated using an MTE routine
using exact diagonalization in the single-particle picture to propa-
gate the quantum state with Ndis = 2000 realizations for Ntraj = 200
trajectories each and �t = 0.01 t0

−1.

FIG. 9. Similar setup to Fig. 8 with γ = t0 held fixed while W
is varied. We show the dependency of the dynamical exponent z on
disorder strength obtained from MTE. Our estimate of the dynamical
exponent z is averaged over a large time window t∗ = 800 t0

−1. The
solid symbols are data from a full quantum treatment of electrons
coupled to dispersive hard-core bosons for ω0 = γ = t0 from [57],
with a hard-core boson hopping amplitude tb = 0.4 t0.
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FIG. 10. Decay of the CDW state in a noninteracting, disordered
system as captured by the (a) order parameter OCDW and (b) elec-
tronic energy Eel for different values of γ (L = 100, V = 0, ω0 =
0.1 t0, W = 8 t0). The data was generated using the Lanczos-MTE
algorithm with �t = 0.01 t0

−1, ε = 10−10/t f and Ndis = 200 with
Ntraj = 200.

B. Many electrons, V = 0: Decay of CDW order

We consider a system of L = 100 and a large disorder
strength W = 8t0 at half filling, i.e., N = L/2 electrons. Start-
ing with a CDW state, we time evolve the initial state for
different values of the electron-phonon coupling γ .

The evolution of OCDW averaged over 4000 trajectories is
shown in Fig. 10(a). For γ = 0, OCDW(t ) saturates quickly
and stays finite at all times, implying Anderson localization.
By making the coupling to the phonons finite, though, local-
ization is not stable anymore. The imbalance OCDW decays
following a power law. We will discuss the exponents of the
power-law decay together with the interacting case in Sec. V.

We also calculate the energy of the electronic subsystem

Eel(t ) = 〈ψ (t )|(Ĥkin + Ĥin + Ĥdis)|ψ (t )〉, (31)

shown in Fig. 10(b). When the system is localized (γ = 0), Eel

is time-independent, but for finite values of γ , Eel decreases
implying an energy exchange between the electronic subsys-
tem and the phonons, which leads to the destabilization of the
Anderson localized system.

V. STABILITY OF MBL

When we introduce interactions between electrons, when
uncoupled to phonons, finite systems exhibit many-body lo-
calization (MBL) for large disorder strengths [93–96]. The

FIG. 11. Decay of the CDW order parameter in an interacting,
disordered system for different values of γ (L = 14, ω0 = 0.1 t0,
W = 8 t0). Electron-electron interactions are investigated in the range
of V/t0 = 0, 1, 2, 4 in (a)–(d), respectively. The data are gener-
ated using the Lanczos-MTE algorithm with �t = 0.01 t0

−1, ε =
10−10/t f , and Ndis = 200 with Ntraj = 200.

stability of MBL in the presence of a bath has been studied
in various scenarios both theoretically [48,62,97–100] and
experimentally [101,102]. In some cases, the bath delocalizes
MBL [62,97,99,100] (on accessible time scales and system
sizes), whereas in other cases, MBL can even localize the bath
[48,98] via a proximity effect. In this section we study the
stability of finite-size MBL when coupled to a classical bath
consisting of classical dispersion-less phonons.

A. Decay of charge-density-wave states

We consider a large disorder strength W = 8t0 and similar
to the previous case of V = 0 from Sec. IV, we time evolve
the CDW state [see Eq. (7)] for different values of γ [103].
Here, the Lanczos-MTE is used for L = 14 and the evolution
of OCDW(t ) is averaged over 4000 trajectories.

The results are shown in Fig. 11 for L = 14 and V/t0 =
0, 1, 2, 4. We see that the system is localized when γ = 0
as expected for MBL on finite system sizes. For finite γ ,
OCDW(t ) decays following power laws similar to the insta-
bility of the Anderson-localized case [compare Fig. 10(a)]
which is overlayed by a persistent oscillation up to long times.
The observation of long-time oscillatory behavior is typical in
MTE simulations due to overcoherent effects as discussed in
Sec. III A 3.

B. Power-law decay

As a significant feature, we observe that OCDW decays
asymptotically with a power law for all values of γ con-
sidered. We observe, that adding interactions to the electron
system leads to a faster decay of OCDW at small γ as compared
to the V = 0 case. At large γ this effect is strongly reduced:
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In fact, we observe that the decay of OCDW is much reduced
when V > 0 for large γ . We will provide a qualitative expla-
nation of these trends in the next section.

In the single-particle case, we clearly observe subdiffusion
at finite γ and W > 0, with dynamical exponents z � 0.5
for large W = 8t0. While it is not obvious that this behavior
carries over to the many-body case, there are nevertheless
suggestions for a connection between the dynamical exponent
z and the change in the behavior of OCDW (or more generally,
density autocorrelations) [104]. This would suggest subdif-
fusive dynamics even in the many-body case. Whether such
behavior can persist up to asymptotically long times is an open
question left for future research.

C. Discussion and interpretation

In the previous sections we have discussed how the cou-
pling to classical phonons leads to delocalization in disordered
systems, both for V = 0 and V > 0. There is a qualitative
difference in the regime of γ 
 t0, where interacting sys-
tems relax faster and γ ∼ t0 where larger interactions inhibit
relaxation.

In this section we will provide a discussion of these qualita-
tive observations. Generally, without the MTE approximation,
a finite γ introduces interactions between the electrons. One
may therefore attempt to integrate out the phonons, mapping
everything to an effective electronic model. This, however,
will be insufficient to lead to the observed fast decay of OCDW

as an actual energy transfer to the phononic subsystem appears
to be crucial for delocalization. The rate of that transfer is con-
trolled by 1/γ . Nonetheless, at weak γ , it is not surprising that
larger electronic interactions accelerate the decay of OCDW as
this trend is already seen in the absence of a coupling to any
phonons [104,105].

In the regime of large γ > t0, without resorting to the
classical and mean-field approximations of MTE, increasing
γ will make the physics more local and in the extreme case
produce small polarons. These quasiparticles have a smaller
bandwidth than the bare electron and will therefore generally
see a large effective disorder potential (for a more detailed
discussion, see [50,51]). This suggests that at fixed disorder
strength W , there are two competing trends: increasing γ

favors the energy transfer to the phonons and hence relaxation
of density inhomogeneities but at the same time leads to less
mobile particles and thus in itself to localization. Our numeri-
cal observations from Figs. 10 and 11 are consistent with this
picture.

There is another path towards understanding the delo-
calization due to the Holstein coupling to phonons that is
particularly evident in the MTE approximation. The fluc-
tuating phonon degrees of freedom couple directly to the
electronic density 〈n̂�〉 and hence themselves induce disorder
potentials dynamically [59]. On average, over time and trajec-
tories, these average out, yet can cancel out the static disorder
potential instantaneously.

This leads to a classical picture of resonant local relaxation
processes. We consider a single trajectory in the limit of
γ > t0. The total effective disorder at lattice site � at time t
is εtotal,� = ε� − √

2γ x�(t ). We observe that whenever εtotal,�

FIG. 12. Sketches explaining relaxation processes induced by
coupling to classical phonons in a single trajectory/realization.
(a) Examplary setup of the chain for the CDW initial state. On each
site � there is a random disorder field ε�. On top of this static disorder
the electron-phonon coupling imposes a dynamical quasidisorder
field, depending on the classical coordinates x�. (b) Local relaxation
process of an electron induced by the dynamical disorder fluctua-
tions. As the energy difference between neighboring sites becomes
small the electron delocalizes over both sites on a much shorter
timescale than the fluctuations in the disorder, therefore resonant
tunneling to the next site is possible. (c) Sketch created from real
data of a single realization for the parameters of Fig. 8. We choose
a large value of γ = 5 t0 to exaggerate the process that we want
to highlight. On a selected lattice site � = 46 and over a selected
time frame, we show the site occupation 〈n̂�〉 and the on-site energy
differences �E�−1,� (�E�,�+1) induced by the time-dependent disor-
der between the left (right) lattice sites. As a guide to the eye, we
have added circles at some of the points in time where 〈n̂�〉 jumps
due to �E�−1,� = 0 or �E�,�+1 = 0. The values of 〈n̂�〉 and �E�−1,�

(�E�,�+1) are rescaled for better visibility by setting the maximum
value of each curve over the inspected interval to one.

on two neighboring sites is nearly equal, the electron can
resonantly tunnel into a previously empty site. A sketch is
shown in Fig. 12(b). Since the electronic sector undergoes
much faster dynamics than the disorder landscape at small
ω0, changes in the potential landscape due to the classical
phonons may enable local relaxation processes. The presence
of repulsive interactions detunes these direct transition, hence
at large γ , increasing V leads to slower relaxation. This is
illustrated in Fig. 13.

Lastly, we show an illustration based on actual numerical
data in the large coupling limit γ = 5t0 in Fig. 12(c), to
support our previous arguments. For a single realization and
a selected lattice site and time frame, we show the on-site
energy difference to the left (right) lattice site �E�,�+1 =
E� − E�+1 (�E�−1,� = E�−1 − E�) and the particle occupation
of the selected site 〈n̂�(t )〉 (rescaled for easier visualization
since we are representing 〈n̂�〉 and �E in the same panel).
We observe that 〈n̂�(t )〉 nearly resembles a step function in
time where changes in the value coincide with �E�,�+1 = 0
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FIG. 13. Decay of the CDW order parameter in an interacting,
disordered system for different values of V (L = 14, ω0 = 0.1 t0,
W = 8 t0). Electron-phonon couplings are investigated in the range
of γ /t0 = 0.2, 0.4, 0.8, 1 in (a)–(d), respectively. The data are gen-
erated using the Lanczos-MTE algorithm with �t = 0.01 t0

−1, ε =
10−10/t f , and Ndis = 200 with Ntraj = 200.

or �E�−1,� = 0 indicating the presence of local resonant re-
laxation processes.1

In the regime where γ ∼ t0 the processes outlined above
are harder to identify. Nevertheless, we hypothesize that the
qualitative picture obtained from γ � t0 remains valid for the
entire regime of values of γ . As γ decreases, the dynamical
contributions to the local potential will increasingly often not
be able to overcome the static disorder, eventually blocking
this local resonant relaxation. A remaining potential relax-
ation channel is longer-range tunneling akin to variable-range
hopping, which we do not further analyze in our data.

To summarize our discussion of the CDW relaxation dy-
namics we have identified two regimes: (i) γ 
 t0: As the
electrons are able to exchange energy with an environment
the effective interaction made up from the combined electron-
phonon and electron-electron interaction determines how fast
the system relaxes. Larger (effective) interactions lead to
faster relaxation. In the second regime (ii) γ > t0, polaron
formation leads to less mobile particles, thus a larger effective
disorder strength is seen, and the relaxation slows down.

VI. CONCLUSION

In this work we have introduced two time-dependent meth-
ods that combine accurate numerical many-body method
capable of accounting for strong, direct electronic interac-
tions, with multitrajectory Ehrenfest dynamics. These two

1We remark that the Wigner function represented by the ensemble
of trajectories cannot be interpreted as a probability distribution
and therefore there is no way to assign physical significance to a
single trajectory in the ensemble. However, by considering a regime
where MTE does not reproduce quantum mechanical results we also
have effectively given up on insisting that the ensemble represents
a Wigner function corresponding to a quantum mechanical state.
Therefore, there is no problem in the analysis of single realizations.

methods are Lanczos-time propagation and TEBD, the latter
based on matrix-product states. We primarily benchmark our
methods in the case of the one-dimensional Holstein model
by computing electronic observables. Both methods agree
with each other and with standard MTE implementations for
systems without direct electronic interactions.

The advantage of Lanczos are the long time scales that
can be simulated while TEBD can access larger system sizes.
Lanczos could readily be applied to small two-dimensional
clusters as well. While not studied in this work, we envision
the main application of TEBD-MTE (and extensions) in the
calculation of dynamical properties in equilibrium and at finite
temperatures.

As a concrete application, we studied the decay of charge-
density wave order at half filling in the presence of repulsive
electronic interactions and in the presence of quenched on-
site disorder, with a classical phonon environment. For both
noninteracting and interacting systems, the electron-phonon
coupling leads to delocalization, witnessed by a decay of
the charge-density wave order parameter. In the simulated
time window, this decay follows a power law and is faster
in the interacting case for small γ /t0, as expected. The
system shows subdiffusive dynamics, both in the single-
electron case and for finite densities, at least on the simulated
time scales.

There are several interesting extensions and open questions
to our work. On the technical side, the application of TEBD-
MTE to dynamical quantities—e.g., spectral functions, and
conductivities—seems promising. Moreover, TEBD can be
replaced by other time-propagating schemes for matrix-
product states [41]. In the long run, a combination of
matrix-product state methods and coupled-trajectory methods
(such as, for instance multiconfigurational Ehrenfest [43,44])
may be lead to much more reliable results than MTE.

As for the physics of interacting electrons in the presence
of disorder, few numerical studies have been conducted that
include phonons as a generic relaxation channel in a solid-
state environment while treating electronic correlations at a
finite filling adequately [50,51,53]. Many interesting questions
present themselves, such as a full characterization of transport
[89], establishing a connection to variable-range hopping, and
the extension to acoustic phonons, to name a few.

Note added. Recently, we became aware of a study of CDW
dynamics in Holstein chains using a classical approximation
to the phonon sector [106].
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FIG. 14. Dynamics in a single trajectory: Decay of the CDW in
the noninteracting system (L = 100, V = 0, γ = 0.5 t0, W = 8 t0,
ω0 = 0.1 t0). We compare trajectories with slightly different initial
conditions: The trajectories only vary in their initial condition at site
� = 50 by x�(t = 0) = x�(t = 0) + δx. The data sets show the re-
sulting difference in the electronic energy δEel = |Eel(0) − Eel (δx)|.
The large increase of δEel is seen over a wide range of investigated
parameter regimes.

DATA AVAILABILITY

Simulation codes and the data shown in the figures are
publicly available on Zenodo [107].

APPENDIX A: BEHAVIOR OF SINGLE
TRAJECTORIES IN MTE

Single trajectories under MTE dynamics may undergo
chaotic dynamics. It turns out that single trajectories show
a sensitivity to initial conditions as one would expect from
a classically chaotic system constituent of only classical de-
grees of freedom. While the Ehrenfest dynamics make up a
mixed quantum-classical system, the quantum subsystem acts
like a time-dependent driving of the harmonic oscillators in
the classical part of the system. Indeed, driving a classical
system time-dependently is one of the simplest ways to create
sensitivity to initial conditions [108].

This is reflected in the dependence of trajectories on ini-
tial conditions and numerical control parameters. As Figs.
3(b) and 4(b) show, the electronic energy develops a large
deviation between originally nearby trajectories, independent
of the initial deviation in the coordinate at a single site.
Moreover, we see that the initial state dependence of the
classical system also leads to large deviations in the elec-
tronic observables, see Fig. 14 where we have investigated the
difference of the electronic energy δEel = |Eel(0) − Eel(δx)|
between slightly perturbed trajectories. Here, δx is a small
perturbation acting on the harmonic oscillator position x� at
site � = 50 and time t = 0, changing the initial condition to
x�(t = 0) = x�(t = 0) + δx. We observe that already a small
perturbation δx = 10−8 is enough to have large effects on the
dynamics of the system, as would be expected in a classically
chaotic system.

Fortunately, the ensemble average over many trajecto-
ries is not affected by this error proliferation. As ex-
pected, only the ensemble average carries actual physical
meaning.

FIG. 15. Dependence of the TEBD-MTE method on the dis-
carded weight δ and the time step �t in an interacting system
(L = 28, V = 2 t0, ω0 = 0.1 t0, γ = 0.4 t0, W = 0). We plot the devi-
ation δOCDW when (a) varying δ at a fixed time step �t = 0.01 t0

−1,
comparing with a reference set using δ = 10−10 and (b) varying �t
at fixed cutoff δ = 10−10, comparing with reference set using �t =
0.01 t0

−1. The results are averaged over Ntraj = 4000 trajectories.

APPENDIX B: CONVERGENCE OF TEBD-MTE
FOR LARGE SYSTEMS

In the main text, we present the results of the TEBD-MTE
method for small systems. Because of the small system size
of L = 14, the bond dimension of the MPS reaches the max-
imum physical value. Here we consider a larger system of
L = 28. In this case, we can only time evolve the system
for a shorter time before it reaches a given maximum bond
dimension of the MPS considered in the simulation. We study
the convergence with the time step and the truncation in the
singular values as before (Sec. III D) with a cut-off bond
dimension of χcut = 1000.

We plot the same quantities (δOCDW) that we plot in the
Fig. 15 for �t∗ = 0.01t0−1 and δ∗ = 10−10 in Fig. 15(b)
and Fig. 15(a), respectively. We can see that the conver-
gence improves with decreasing �t and δ. The maximum
bond dimension χmax − χmax(δ) needed for a given discarded
weight grows at different rates for different δ. At time t =
4.4t0−1, χmax reaches 122, 283, 461, 664, and 903 for δ =
10−6, 10−7, 10−8, 10−9, and 10−10, respectively. Moreover,
we observe that the convergence is improved (smaller δOCDW)
for this case compared to the smaller system considered in
Sec. III D. This may be because of self-averaging of the disor-
der potential in larger systems.
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