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Lattice thermal transport from phonon spectra beyond perturbation theory
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We develop a molecular dynamics framework to compute the mode-resolved phonon spectral density from
classical correlations of an annihilation-like phonon variable. For harmonic oscillators, classical molecular
dynamics exactly reproduces the corresponding quantum Kubo-transformed correlator, providing the basis for
extension to anharmonic systems. Using PbTe as a benchmark and Cs;Bi,I¢Cls as a strongly anharmonic test
case, we show that the method captures both quasiparticle and non-Lorentzian spectra beyond perturbative
quasiparticle theory, while yielding thermal conductivity in good agreement with experiment. This framework
provides a classical molecular dynamics route to mode-resolved phonon spectral densities for spectral Wigner
heat transport in strongly anharmonic solids above their Debye temperatures.
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I. INTRODUCTION

The theory of lattice thermal transport in crystals origi-
nates from the phonon kinetic picture of Peierls [1] and the
microscopic heat-current formalism of Hardy [2], and is now
largely formulated, at the first-principles level, in a harmonic
phonon basis dressed by anharmonic interactions within per-
turbation theory (PT) [3-9]. In weakly anharmonic crystals,
this framework is successful: Harmonic interatomic force con-
stants (IFCs) define the phonon eigenstates, anharmonic IFCs
determine phonon linewidths, and the lattice thermal con-
ductivity (x) follows from the phonon Boltzmann equation.
Recently, this framework has been generalized, relying on
the Wigner [10,11] or quasiharmonic Green-Kubo formalisms
[12,13], into a unified formulation that encompasses both the
Peierls limit for crystals and the Allen-Feldman [14] limit for
glasses, covering also the intermediate cases.

This description becomes increasingly fragile, however,
in strongly anharmonic materials, where large frequency
renormalization, severe phonon scattering, and eventually
overdamped vibrational dynamics render the very notions
of a single phonon frequency and lifetime progressively
ill defined [15-17]. In this regime, the relevant object is
no longer a scalar lifetime tq, but rather the full mode-
resolved spectral density bq(w) associated with the retarded
phonon self-energy X (w) = Ags(w) — ilgs(w). Crucially,
Caldarelli et al. [18] have shown that this spectral density
can be integrated directly into a Wigner transport framework,
so that x remains well defined even beyond the Lorentzian
quasiparticle limit.
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Existing spectral constructions, however, remain largely
tied to perturbative self-energies, whether at the bubble level
[8,9] or in more elaborate self-consistent extensions [19-23].
The central challenge is therefore how to obtain bgs(w)
reliably once finite-order perturbation theory becomes insuf-
ficient. In this work we formulate a direct route to bqs(w)
from molecular dynamics (MD). Rather than reconstructing
the spectrum from a chosen self-energy approximation, we
project finite-temperature trajectories onto normal-mode coor-
dinates [24,25], compute the time correlation of the complex
phonon amplitude, and Fourier transform it to obtain the one-
phonon by (w). This can then be inserted directly into the
spectral Wigner conductivity expression [18] without assum-
ing either a Lorentzian line shape or an explicit truncation
of the self-energy, enabling a direct MD-based spectral in-
terpretation of heat transport in terms of both particlelike
intraband propagation and wavelike interband tunneling of
phonons [11].

II. FORMALISM

We begin with the spectral Wigner expression for the ther-
mal conductivity tensor in the dressed-bubble approximation,
neglecting vertex corrections [18],

o i (ws+ws’)2 o
W= ) V@V @
q q,SS/

kg 4

X /‘00 dw bgs(w)bys (w)n(w, T)[n(w, T) + 1], (1)

where N, is the number of sampled wave vectors, V is the
unit-cell volume, VZ, (q) is a Wigner velocity matrix element,
bys(w) is the spectral density of a phonon mode with wave
vector ¢ and branch index s, and n(w, T) = (/BT — 1)~!
is a Bose-Einstein occupation number. In the weak-damping
limit, Eq. (1) reduces to the standard Wigner transport equa-
tion [10] for phonons with Lorentzian line shapes, but it

remains valid for more general spectral densities.
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The central quantity is therefore bg,(w). This can be related
to the Fourier transform of the (greater) real-time quantum
correlator c‘% (t) = (Ggs(t )&;S (0)) [18] using a detailed balance
relation (see the Appendix for the detailed derivation),

cQ(w)

P Sttt D+ 1T ?
where
Q) = / dt et cQ (1), 3)

The operator ag(t) in the correlator cf}s(t) is the time-
evolved annihilation operator of phonon mode g¢s. In a
harmonic phonon basis, this can be constructed as dg(f) =

S s /2R i1gs(t) + i/ 2Tiwgs Pgs(t), Where figs(t) and pyy(r)

are the mode-projected atomic displacements and momenta
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Here, R, is a lattice vector, M, and T, are the mass and
equilibrium position of atom b within the unit cell, and £(q) is
the eigenvector matrix of the dynamical matrix at wave vector
q [18].

To make a connection with molecular dynamics, we intro-
duce the Kubo correlator

1/ksT .
cK(t) = kT /0 Mo, — 02l O), (5

and use the identity [26,27]
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to rewrite Eq. (2) as
ho ¢
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This can be obtained directly from molecular dynamics tra-
jectories by making the approximation [28]

cSHw), ®)

w
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where chL (w) is the Fourier transform of the classical corre-
lator ¢J(1) = (ags(1)a,(0)) of the annihilation-like variable
ags(t) = \Jwgs /2R ugs(t) + i/\/ 2hwgs pys(t).

The replacement of a Kubo correlator with a classical cor-
relation function will be familiar to the phonon community
[24,25,28,29]. It should be understood as a classical-limit
approximation to quantum real-time dynamics: It is exact in
the harmonic limit because the annihilation operator is linear
in displacements and momenta, as shown in the Supplemental
Material [30] (see also Refs. [31-35] therein), and it becomes
exact in the high-temperature (classical) limit where kg7 >
liwgs for all gs regardless of the strength of the anharmonicity.
Unlike the (greater) quantum correlator c‘% (1), the Kubo cor-

relator cffs (t) has the same time-reversal and detailed balance

symmetries as the classical correlation function C;:SL (t) [27],
and expressions for linear response observables have the same
form when written quantum mechanically in terms of cfl(s (t)as

they do when written classically in terms of ch:SL(t) [26].

Away from the harmonic limit, the approximation in
Eq. (8) will of course break down for the phonons with
hwgs > kgT in light-atom materials at low temperatures. The
nonperturbative evaluation of real-time quantum correlation
functions in this regime is still an open and highly challenging
problem. Here, we shall therefore focus on heavy-atom mate-
rials well above their Debye temperatures, for which Eq. (8)
is best justified, and show that it provides a practical route
from classical MD to Wigner transport in situations where the
phonon spectra are non-Lorentzian and the phonon lifetimes
are ill defined.

III. PbTe: WEAK-TO-STRONG
ANHARMONIC CROSSOVER

PbTe serves as a benchmark system that spans weak-
to-strong anharmonicity from 200 to 600 K [36-38]. It is
therefore an ideal first test of the present framework: At
room temperature, perturbative phonon self-energy theory is
expected to remain broadly reliable, whereas at higher tem-
perature higher-order anharmonic renormalization is expected
to become increasingly important. The computational details
are provided in the Supplemental Material [30].

We first examine the mode-resolved spectral densities for
the lowest-frequency mode at q = (0, 1/2, 1/2). Figure 1(a)
shows that the MD spectral density of this mode remains
in very good agreement with the bubble result over the full
temperature range. This provides an important validation of
the present method, showing that the projection onto normal
modes, the extraction of the time correlator, and the recon-
struction of bg,(w) recover the expected perturbative limit in
a weakly anharmonic regime. By contrast, for the highest-
frequency mode shown in Fig. 1(b), the MD peak shifts away
from the harmonic frequency in the opposite direction to the
bubble result, although the overall line shape remains broadly
quasiparticle-like. For the high-frequency optical mode, the
MD spectrum is broader and blue-shifted relative to the
lowest-order bubble result, with a peak position consistent
with the measurement of Cochran et al. (2.35 THz) [39]. This
trend is also consistent with the first-principles studies of Xia
[23,40], which have shown that fourth-order anharmonicity
plays an important role in hardening the optical phonons of
PbTe. In this sense, PbTe illustrates the advantage of the
MD route: It recovers the perturbative limit where expected,
while remaining sensitive to spectral features in bq(w) that
are beyond the lowest order of perturbation theory.

The same conclusion is reflected in . Figure 1(c) shows
that the conductivities obtained from the MD and perturbative
spectral densities are in close agreement. Both are consis-
tent with experiment [41], and with previous homogeneous
nonequilibrium MD simulations [42]. The MD conductivity
is, however, slightly lower than that of perturbation theory.
As shown in Fig. 1(d), the reduction is in the intraband
propagation contribution kp, while the interband tunneling
contribution k¢ is very similar in the two cases. The reduced
Kkp is consistent with the stronger broadening of optical modes
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FIG. 1. Mode-resolved phonon spectral densities bqs(w) of PbTe at q = (0, 1/2, 1/2) for (a) the lowest-frequency mode and (b) the highest-
frequency mode, from 200 to 600 K. Blue lines show the averaged MD by,(w) over 20 independent trajectories, with gray shading denoting the
standard error. Red lines show the perturbative bubble results, and black dashed lines mark the harmonic reference frequencies. (c) Total lattice
thermal conductivity « as a function of temperature, comparing the present MD-spectral and perturbative-bubble results with experiment [41]
and previous homogeneous nonequilibrium MD calculations [42]. (d) Decomposition of the MD and perturbative-bubble conductivities into
intraband propagation (kp, s = s") and interband tunneling (¢, s 7 s’) contributions.

in the MD spectral density, reflecting full-order anharmonic
renormalization beyond the lowest-order bubble approxima-
tion.

IV. Cs;Bi;I6Cl;: PHONONS BEYOND QUASIPARTICLES

While PbTe provides a benchmark in a regime where PT
remains meaningful, Cs3BiyI¢Cl; offers a more stringent test
in which the quasiparticle picture itself becomes fragile. This
material is especially pertinent because our recent work [43]
has shown that its x is exceptionally low, while perturba-
tive calculations, even after including four-phonon scattering
[44,45], still tend to overestimate the experimental conduc-
tivity. At the same time, Cs3BiIgCl; is not well described
by a simple crystalline reference at T = 0: It exhibits lattice
distortion at low temperature, whereas thermal fluctuations
restore the average P3m1 phase above roughly 200 K [43].
The harmonic phonons of the average crystal structure there-
fore contain imaginary modes and are not an appropriate basis
for the present analysis. For this reason, the mode projection
and transport calculation reported below are formulated in
a temperature-renormalized phonon basis obtained from a
temperature-dependent effective potential (TDEP) calculation
[46,47]. Details are provided in the Supplemental Material
[30].

After establishing the finite-temperature P3m1 phonon ba-
sis at 250 and 300 K, we examine the mode-resolved spectral
densities in Fig. 2(a). In contrast to PbTe, Cs3;Bi,I¢Cl; already
shows pronounced non-Lorentzian behavior at the spectral
level. The TDEP-bubble results feature only modest devi-
ations from a simple Lorentzian profile, whereas the MD
spectra display much richer line shapes. The three represen-
tative examples in Fig. 2(a) highlight distinct manifestations
of this effect: a double-peak structure for a high-frequency
optical mode at the I" point, a strongly lopsided and broadly
distributed optical spectrum at q = (3/7,0,3/7), and an
asymmetric low-frequency acoustic peak at q = (0, 1/7, 4/7).
These features are far more pronounced than in the per-
turbative spectra and indicate that the vibrational dynamics
can no longer be reduced to a single renormalized fre-

quency and linewidth. Instead, the MD spectral density
captures higher-order anharmonic self-energy effects directly,
including substantial spectral redistribution, broadening, and
mode-shape distortion beyond the reach of the TDEP-bubble
description.

These spectral differences translate directly into the con-
ductivities shown in Fig. 2(b). Along the x direction, the
TDEP-bubble approach overestimates «** at both 250 and
300 K; in contrast, the MD-based result is in much bet-
ter agreement with experiment [43]. The origin of this
improvement is apparent from the decomposition into intra-
band propagation and interband tunneling contributions: The
stronger spectral broadening in MD leads to a substantial
suppression of kp. Along the z direction, both TDEP and
MD give total conductivities close to experiment, especially at
300 K, but the underlying transport mechanism changes quali-
tatively. In the TDEP-bubble picture, «** remains propagation
dominated, while in the MD-based description the tunneling
contribution is larger than the propagation one. This crossover
is a direct consequence of the broadened and non-Lorentzian
spectral densities obtained from MD, which enhance spectral
overlap between modes and therefore strengthen interband
tunneling transport mechanisms. Cs3;BiyICls thus provides
the paradigmatic example in which the full spectral shape
controls the resulting heat transport.

V. DISCUSSION

Our MD framework is designed to preserve the spec-
tral and mode-resolved language of phonon transport while
replacing a finite-order self-energy construction. This can
be distinguished from conventional normal-mode analysis
(NMA) approaches [24,25] and Green-Kubo modal analysis
(GKMA) [29]. These methods analyze classical MD trajecto-
ries, but for constructing different transport quantities. NMA
extracts renormalized phonon frequencies and lifetimes by
fitting Lorentzian-like mode spectra, whereas GKMA decom-
poses the real-space MD heat current into modal contributions
of phonons. In contrast, we focus on the full phonon spectral
density and insert it into the spectral Wigner transport equa-
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FIG. 2. (a) Representative mode-resolved phonon spectral densities bgs(w) of Cs3BixI¢Cl3 with various wave vectors and branches, at 250
and 300 K. Blue lines and corresponding shaded gray regions show the averaged MD bg,(w) and the standard error over 48 independent
trajectories, respectively; red lines denote the TDEP-bubble bg,(w), while black dashed lines mark the harmonic reference frequencies.
(b) Thermal conductivities along the x and z directions, comparing the total conductivity and its intraband propagation («p) and interband
tunneling (kc) contributions obtained from the MD and TDEP-bubble spectral densities, together with experiment [43].

tion [18], allowing non-Lorentzian spectra and their overlaps
to enter x without reducing each mode to a single lifetime.

Our method becomes particularly valuable in strongly an-
harmonic systems, where perturbative treatments face both
physical and practical limitations. Physically, high-order
phonon scattering processes can make significant contribu-
tions to the spectral shape. Practically, the extraction of
high-order IFCs is costly and uncertain, cutoff choices for
IFCs can considerably affect the results, and the numerical
treatment of energy conservation in phonon-phonon pro-
cesses, for example through Gaussian smearing, introduces
additional ambiguity [48,49]. In contrast, the MD route ab-
sorbs these anharmonic effects completely into the spectral
density, without explicit enumeration of bubble [20], tadpole
[22], loop [50], sunset [21], even fifth- or sixth-order phonon
processes [51].

A further advantage is that, in addition to the MD
trajectory, the present method requires only an effective
second-order phonon basis for mode projection and transport.
This makes it especially attractive for structurally complex
crystals with many atoms per unit cell, such as the metal-
organic framework MOF-5 [52] and the Zintl thermoelectric
Yb4MnSby; [53]. In these cases, high-order IFC approaches
become very expensive, whereas the present approach makes
it practical to compute and microscopically interpret the ther-
mal conductivity. More generally, this approach enables one
to resolve the microscopic heat-conduction mechanisms in
any situation where an MD simulation is feasible and an
average crystal structure (and hence the second-order phonon
basis) can be defined [54-59]. We also stress that the present
spectral Wigner implementation uses the harmonic heat flux
[2]. Anharmonicity enters through the MD time evolution
and the resulting interacting spectral density, while explicit
higher-order anharmonic heat flux is not included.

VI. CONCLUSIONS

We have developed an MD framework to compute mode-
resolved phonon spectral densities from classical correlations
of a quantum annihilation-like phonon variable and to in-
sert them directly into the spectral Wigner formulation of

lattice thermal transport. We have shown that the method
recovers the perturbative limit at low temperature while
capturing higher-order anharmonic corrections at elevated
temperature. Recent machine-learning potentials such as NEP
[42], together with GPU-accelerated MD engines such as
GPUMD [60], make statistically converged anharmonic tra-
jectories increasingly feasible for complex materials. The
present framework thus provides a practical methodology that
connects classical MD to spectral Wigner transport, enabling
us to resolve the microscopic heat transport mechanisms un-
derlying the macroscopic thermal conductivity.
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APPENDIX: DERIVATION OF EQ. (2)

In this paper, bys(w) is obtained from the real-time correla-
tor cQ (t) rather than from a time-ordered Green’s function.
Th1s is not a different definition of the spectral density: It
is the same by, (w) as in the Matsubara/retarded formulation
of Caldarelli et al. [18], reexpressed using a detailed balance
relation.

Caldarelli er al. [18] used a standard procedure to define
their phonon spectral density by (w). They started from the

204303-4



LATTICE THERMAL TRANSPORT FROM PHONON ...

PHYSICAL REVIEW B 114, 204303 (2026)

time-ordered imaginary-time correlator

84s(7) = —(Teg(x)a} (0)),

+HA7T A

aqs(":) =e aqseiHT’ 0< T <8, (A1)
which they expanded in the Fourier series
1 o0
sx(®) = 5 D e (i),
|=—00
B :
8qs(i€2) = [ dr et g, (1), (A2)
0

where ; = 2ml/B with 8 = 1/kgT are bosonic Matsubara
energies (energies rather than frequencies because we are fol-
lowing their notation [18]). The Fourier coefficients gg,(i€2;)
in this expansion have the Stieltjes spectral representation

. o0 bys(w)
8qs(182)) = do—"—",
—00 IQI — hw

which can be analytically continued to give the Green’s func-

tion
+00 b (w)
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forz € C \ R. The boundary value of g,s(z) just above the real
axis can be evaluated using the Sokhotski-Plemel;j identity to
give

bys (@) LT

—i=by(w), (A5)

(i +107) = do
8gs (o +107) P/,wwh(w—w/) A

and therefore

h
bys(w) = —;Im gqgs(ho +10™), (A6)

which is Eq. (38) in Caldarelli et al.’s paper [18].

To connect this Matsubara formulation to our real-time
correlator c%(t), we will begin by evaluating g,(t) in
the eigenbasis of the Hamiltonian. (Note that the harmonic
phonon basis enters only through the projected operator
a4s—the dynamics carried by the eigenstates of H is fully
anharmonic—and that since 7 is in the range 0 < 7 < B the
imaginary time-ordering operator 7; has no role to play.)
Rewriting Eq. (Al) as

1 ; . .
gqs(r)=—Ztr[e*ﬂHaqs(r)a;”(O)], Z =tle 1], (A7)

and inserting two complete sets of energy eigenstates 1 =
> Im)(m| gives

1 CsE B R
8as(1) = == > e PEne BB mlag, )P (A8)

Substituting this into Eq. (A2) and evaluating the integral over
T gives

1 e PEn — e=PEn
() == Y ———————|(mlayn) %, A9
80s(i) = - ; o Ey Mlaain (A9)
and therefore, by comparison with Eq. (A3),
1 .
bs(@) == D (e PP — &= PE) mlags )
X 8(w = [Ey = Enl/h), (A10)

which is the Lehmann representation of Caldarelli et al.’s
spectral density.

The real-time correlator cqs(t) = (&qx(t)&;s(O)), by con-
trast, involves just a single Boltzmann weight, because its
operators are in a fixed order (without any time ordering, step
function, or commutator):

1 —BEy ,—i(En—En)t /) (1 A 2
C(%(t)z Zze BEn o= i(En—En)t/ |(m)ags|n)|>.

mn

(Al1)

For a transition with /iw = E, — E,,, detailed balance gives
e PEn = ¢=PBEn =Pl and therefore

e PEr = [n(w, T) + 11(e PEr — = FEn), (A12)

where n(w, T) = (/" — 1)~!. Inserting this relation into
Eq. (Al1) and using Eq. (A10) gives

+00
(1) = / dw e [n(w, T) + 11bgs(w). (A13)

o]

With the Fourier convention c‘%(w) = f_oooo dr etier ct% (), this
yields

Q
qu (Cl)) — - Cqs (Cl))

_— (Al14)
[n(w, T)+ 1]

which is Eq. (2) in the main text.
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