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Quantum many-body scars as remnants of stable many-body periodic orbits
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Quantum many-body scars (QMBSs) represent a weak ergodicity-breaking phenomenon that defies the
common scenario of thermalization in closed quantum systems. They are often regarded as a many-body analog
of quantum scars (QSs)—a single-particle phenomenon in quantum chaos—due to their superficial similarities.
However, unlike QSs, a clear connection between QMBSs and classical chaos has remained elusive. It has
nevertheless been speculated that in an appropriate semiclassical limit, QMBSs should have a correspondence to
weakly unstable periodic orbits. In this paper, I present a counterexample to this conjecture by studying a bosonic
model with a large number of flavors. The dynamics of out-of-time-ordered correlators (OTOCs) suggest that
QMBS do not display chaotic behavior in the semiclassical limit. In contrast, chaotic dynamics are expected for
initial states not associated with QMBS. Interestingly, the anomalous OTOC dynamics persist even under weak
perturbations that eliminate the scarred eigenstates, suggesting a certain robustness in the phenomenon.
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I. INTRODUCTION AND SUMMARY

The question of thermalization in closed quantum many-
body systems is one of the central problems in statistical
physics. Although it remains an open problem requiring ex-
tensive study, the eigenstate thermalization hypothesis (ETH)
[1,2] is a widely accepted concept. The ETH posits that the
expectation values evaluated in each eigenstate of a generic
many-body system should coincide with that evaluated in the
corresponding Gibbs ensemble in the thermodynamic limit.
This hypothesis has been tested and confirmed primarily
through numerical simulations across various systems, e.g.,
in Ref. [3].

However, Ref. [4] points out that thermalization does not
necessarily imply the ETH. In fact, Ref. [4] outlines a sys-
tematic method of constructing nonintegrable models which
violate the ETH while still allowing for thermalization for
almost all initial states, with the exception of a vanishing frac-
tion of initial states that do not thermalize. This construction
is known as the Shiraishi-Mori (SM) construction. The core
idea is that an ETH-violating subspace, characterized as the
common kernel of local projectors, is embedded within the
many-body Hilbert space, and the interaction is fine-tuned
such that this subspace remains invariant under the Hamilto-
nian. The Hamiltonian from this construction typically takes
the form H = ∑

α PαhαPα + HZ with Pα a local projector
characterizing the subspace and HZ a trivially integrable term
(such as a Zeeman term) that preserves the special subspace.
A straightforward consequence of the SM construction is that,
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if the initial state is a superposition of eigenstates within the
ETH-violating subspace, it will either (i) avoid thermalization
or (ii) reach a stationary state that is not described by the
standard Gibbs ensemble [5].

A remarkable experiment involving an array of Rydberg
atoms [6] is believed to approximately realize the scenario
(i). In this experiment, anomalous oscillations persisted much
longer than the typical timescale of the system, but only
when the initial state was the Z2-ordered state. A common
interpretation of these oscillations is that the initial Z2 state is
approximately a superposition of ETH-violating eigenstates,
also known as scar states [7], which possess an almost equidis-
tant energy spectrum, yielding quasiperiodic motions that
assure slow thermalization.

This phenomenon was termed quantum many-body scars
(QMBSs) in Ref. [7] due to its resemblance to the single-
particle phenomenon known as quantum scars (QSs) in
quantum billiards [8]. A QS is a significant quantum correc-
tion to the Wigner function, leading to the concentration of
certain atypical “scarred” eigenfunctions on classical unstable
periodic orbits. This phenomenon provides a counterexample
to Berry’s conjecture asserting that the Wigner function of
eigenstates in classically chaotic systems should be delocal-
ized across the whole phase space allowed by symmetries. As
a result, an initial Gaussian wave packet also exhibits long-
lasting oscillations, even in a chaotic billiard when placed on
weakly unstable periodic orbits.

Despite this loose analogy, the theory of QMBS has largely
developed independently of the background known from QS.
Numerous toy models, including the spin-1 XY model, have
been proposed and analyzed, exhibiting similar phenomenol-
ogy to the Rydberg experiment [9–11]. Many of these toy
models share common features, which led to several stud-
ies attempting a unified construction of those Hamiltonians
[12,13]. One such feature is that the toy models can typically
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be decomposed into a Zeeman term and a sum of local terms,
each of which annihilates the scar states. This structure was
found to be a special case of the SM construction. Further-
more, even for the models previously thought to evade such
an algebraic characterization, it has been shown that they can
be cast into the form of the SM construction once the Hilbert
space is properly chosen [14,15].

While the algebraic aspects of QMBS have been inten-
sively studied, their connection to QS and classical chaos
is little understood, partly due to the lack of a parameter
interpolating between the available quantum toy models and
an appropriate classical limit. Such quantum models consist
of quantum spins or fermions, which do not have well-defined
classical limits. One possible approach to studying chaos in
such systems is to use the time-dependent variational principle
(TDVP), where the stability of a specific variational solution
can be examined. Another approach is to move beyond such
models and consider semiclassical systems, where chaos can
be directly studied by solving the classical equation of motion.
The former approach has been employed in the analysis of the
PXP model [16], the effective model describing the Rydberg
experiment, where the scar states are relatively well under-
stood. However, this approach can only access the stability
of the variational manifold, which may differ from that of
the quantum state itself. The latter approach is more suited
to studying chaos of the system [17–19], but underlying scar
states, if any, are usually difficult to obtain, and one typically
relies on numerics that might suffer from finite-size effects.
Nevertheless, a prevailing conjecture posits that the proper
classical limit of QMBS corresponds to classically unstable
periodic orbits.

In this paper, I will show a clear distinction between QMBS
and classical chaos using the out-of-time ordered correlator
(OTOC) [20,21],

C(t ) = 〈[V (t ),W (0)][V (t ),W (0)]†〉, (1.1)

where V (t ) = eiHtVe−iHt and W (0) are generic operators (the
precise definition used in this paper is given in Eq. (2.6)
in Sec. II). More precisely, I compute OTOCs for a generic
chaotic single-particle system and a simple many-body system
hosting QMBS originating from an SM-like structure. The
early time behavior of the OTOC of an unstable periodic orbit
in the single-particle system exhibits conventional Lyapunov
growth,

C(t ) ∼ h̄2#e2λLt , (1.2)

where λL is the Lyapunov exponent (LE) calculated clas-
sically. Here, the small parameter of the theory is h̄. It is
particularly important that the exponent λL is a quantity of
order O(1) = O(h̄0). In contrast, the OTOC of the periodic
orbit originating from the scar states does not exhibit such
rapid growth. The early time behavior is instead given by

C(t ) ∼ #

N
eλt/N , (1.3)

where 1/N , the inverse of the number of flavor degrees of
freedom, is the small parameter of the theory. The semiclas-
sical limit corresponds to N → ∞, and thus the LE vanishes
in this limit. Note that, similar to the QS scenario, the peri-
odic orbit corresponds to a periodic solution of the classical

equation of motion in the large-N limit. Therefore, Eq. (1.3)
implies that the periodic orbit is destabilized solely by quan-
tum fluctuation. The (classically) vanishing LE turns out to
be a distinctive feature of QMBS in this model. The model
further hosts another classically unstable periodic orbit that
is, however, not associated with a QMBS. The OTOC of this
orbit satisfies the conventional form like Eq. (1.2),

C(t ) ∼ #

N
e2λLt , (1.4)

where λL is an O(1) quantity calculated from the quadratic
action. Equations (1.2)–(1.4) indicate clearly the different be-
havior of the two periodic orbits.

Another important question in the study of QMBS is
the stability of scarring under perturbations to the Hamilto-
nian. Many existing toy models feature finely tuned algebraic
structures that facilitate scarring, yet the effects of pertur-
bations that disrupt these structures remain less understood.
Given that these models are inherently nonintegrable and of-
ten strongly interacting, studies on the fate of QMBS under
perturbations have primarily relied on numerical simulations
of small system sizes or perturbative analysis [22–25]. The
model in this paper provides a novel insight beyond these
common approaches: when a perturbation disrupts the SM
structure of the Hamiltonian, the scar states cease to be exact
eigenstates. The behavoir of the OTOC is modified differently
depending on perturbation strength: when the coupling con-
stant is smaller than a certain threshold, indicating a weak
perturbation, it is modified as

C(t ) ∼ #

N
f (t ), (1.5)

where f (t ) is a subexponential function with an O(1) value.
Equation (1.5) implies that although the weak scar-breaking
perturbation destabilizes the periodic orbit, the conventional
Lyapunov growth is still absent. On the other hand, when the
perturbation is larger than the threshold, the OTOC shows
conventional exponential growth like Eq. (1.2) or (1.4).

The difference in behavior of the OTOCs originates from
the SM structure. The monodromy matrix of an unstable
periodic orbit typically has at least one eigenvalue with a
positive real part, leading to the destabilization of the periodic
orbit. In cases where the monodromy matrix has only pure
imaginary eigenvalues (note that for Hamiltonian systems,
the sum of the eigenvalues must be zero), linear stability
analysis is inconclusive, necessitating consideration of higher-
order terms. However, stability analysis beyond linearization
is challenging and often requires a case-by-case approach.
Remarkably, the SM structure guarantees that higher-order
terms do not destabilize the periodic orbit in the semiclassical
limit. Therefore only quantum fluctuations can destabilize the
orbit, implying the LE of order 1/N . Once the weak scar-
breaking perturbation is added, the monodromy matrix still
does not show unstable modes while higher-order terms affect
the periodic orbit, eventually destabilizing it. This implies that
OTOCs do grow, but their growth is subexponential.

The model studied in this paper provides a solvable exam-
ple of QMBS that remain stable against weak scar-breaking
perturbations, at least on a short timescale. This suggests
that the suppression of chaos may be a generic feature of
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scarred dynamics in the semiclassical limit, as has recently
been observed in the PXP model for certain initial states
[19,26]. In particular, Müller and Mushkaev demonstrated a
stable periodic orbit ensuing from the Z2 Néel state in the
classical PXP model [19]. The results of this paper confirms
their picture for a solvable bosonic model, where the scar
states can be defined exactly even in the semiclassical limit,
unlike the PXP model, where the precise nature of the scar
states remains an open question even for the S = 1/2 case.
Moreover, the OTOCs are computed in a controlled 1/N
expansion, avoiding difficulties inherent in the conventional
approximation schemes. For example, Refs. [16,26] map the
quantum dynamics onto a two-parameter matrix product state
(MPS) manifold and identify the unstable periodic orbit corre-
sponding to the Néel state. However, the Poincaré-Bendixson
theorem implies the absence of truly chaotic dynamics in this
setting.1 In contrast, the model in this paper can be exactly
mapped onto a high-dimensional phase space, allowing for
exploration of the genuinely chaotic dynamics.

The rest of the paper is organized as follows: Section II pro-
vides a concise overview of the basic concepts and technical
tools utilized in this study. In Sec. III, I calculate the OTOC for
a generic single-particle system, under the assumption of clas-
sical chaos, and demonstrate conventional Lyapunov growth
of the OTOC, with the LE calculated obtained from classical
calculations [Eq. (1.2)]. Section IV introduces the many-body
model, where I examine its thermodynamic properties and
highlight an observable that indicates a violation of the ETH.
The analysis of the scar states within this model is presented
in Sec. V, where the LE is derived via the Bethe-Salpeter
(BS) equation, revealing its disappearance in the semiclassical
limit. Section VI identifies another periodic orbit within the
model, showing that the corresponding OTOC exhibits con-
ventional Lyapunov growth. The impact of perturbation that
breaks the scar structure is addressed in Sec. VII. There I show
that while the system exhibits chaotic dynamics even in the
large-N limit, conventional Lyapunov growth remains absent.
The paper concludes with a summary and final remarks in
Sec. VIII.

II. PRELIMINARIES

A. Shiraishi-Mori construction of many-body scars

This paper focuses on the SM construction, one of the sim-
plest methods for generating models that host QMBS. Other
approaches, such as spectrum generating algebra (SGA) [27],
are reviewed in Ref. [28]. Consider a Hamiltonian of the form

H =
∑

i

PihiPi + H ′, (2.1)

where Pi is a projector and hi is an arbitrary Hermitian op-
erator. If there exists at least one state |ψ〉 that is annihilated
by all projectors Pi, i.e., Pi|ψ〉 = 0 ∀ i, then the “scar sub-
space” Vscar can be defined as the common kernel of Pi.
If Vscar is invariant under H ′, the Hamiltonian H will have
Nscar = dim Vscar eigenstate(s) |Sn〉 within the scar subspace,

1I thank the referee for pointing out this fact.

i.e., |Sn〉 ∈ Vscar (n = 1–Nscar ). The eigenstate(s) should sat-
isfy the condition 〈Sn|Pi|Sn〉 = 0 by construction, violating the
ETH since the thermal expectation value of Pi at any nonzero
temperature is strictly positive.

A natural extension of Eq. (2.1) is to replace the projector
with an operator that has a nonempty kernel. In this work, I
set Pi = bi, where bi is a bosonic annihilation operator. Conse-
quently, the scar states satisfy the condition 〈Sn|b†

i bi|Sn〉 = 0.
This extension, however, does not necessarily guarantee vi-
olation of the ETH. The infinite dimensionality of the local
Hilbert space in bosonic systems and the unbounded nature (in
terms of an operator norm) of local terms in the Hamiltonian
invalidate the key technical ingredient of the proof of the ETH
violation. To address this, I consider the large-N limit, where
the model becomes classical and exactly solvable. In this
regime, the expectation value of b†

i bi can be directly calcu-
lated, demonstrating ETH violation. Although this approach
does not rigorously prove ETH violation for finite N , the
thermal expectation value 〈b†

i bi〉 should be close to its large-N
limit, with deviations of order 1/N .

B. Lyapunov exponent in out-of-time order correlator

The OTOC was first introduced in the context of dirty
superconductors in Ref. [20], and later gained prominence for
its role in studying quantum chaos, particularly in studying
black-hole scrambling [29], and the conjectured chaos bound
[30]. In classical mechanics, the LE λL describes the exponen-
tial divergence of trajectories, captured by the Poisson bracket
of observables at different times,

{x(t ), p(0)}P.B. = ∂x(t )

∂x(0)
∼ eλLt , (2.2)

where {A, B}P.B. is the Poisson bracket. In quantum me-
chanics, the Poisson bracket is replaced by the commutator
({, }P.B. 
→ (ih̄)−1[, ]), and the square of this operator defines
the OTOC:

C(t ) = 〈[x(t ), p(0)][x(t ), p(0)]†〉, (2.3)

where x(t ) and p(0) are now operators. The bracket represents
the quantum mechanical average (see below for the precise
definition used in this paper). From Eq. (2.2) one expects
OTOC(t ) ∼ h̄2e2λLt . More generally, the OTOC can be de-
fined for any pair of operators V and W :

C(t ) = 〈[V (t ),W (0)][V (t ),W (0)]†〉. (2.4)

In the case of mixed states, there is some ambiguity in
defining the expectation value. For instance, “unregularized”
and “regularized” OTOCs are often distinguished as follows:

Tr(ρ[V (t ),W (0)][V (t ),W (0)]†),

Tr(
√

ρ[V (t ),W (0)]
√

ρ[V (t ),W (0)]†). (2.5)

These different definitions can lead to different prefactors in
the OTOC [31]. Throughout this paper, however, all OTOCs
are computed with respect to pure states. Specifically, I use
the following definition of the OTOC relative to a reference
state |ψ〉:

C(t ) = 〈ψ |[V (t ),W (0)][V (t ),W (0)]†|ψ〉. (2.6)
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III. LYAPUNOV GROWTH IN A SINGLE-PARTICLE
SEMICLASSICAL SYSTEM

In this Section, I study an OTOC of a single-particle
semiclassical chaotic system and demonstrate that it exhibits
conventional Lyapunov growth. Quantum scarring refers to
the concentration of eigenfunctions on classically unstable
periodic orbits in semiclassical billiards [32]. A single-particle
wave packet initialized on a weakly unstable periodic orbit ex-
hibits anomalously long-lasting oscillations before eventually
spreading out across the entire system [8]. These oscilla-
tions suggest the existence of scarred eigenstates. Following
this approach, I consider a chaotic single-particle system de-
scribed by the Hamiltonian H = p2/2m + U (x) where, in the
classical limit, the equation of motion admits an unstable
periodic orbit with period T . Here the operators x and p
satisfy the canonical commutation relation [x, p] = ih̄ with
h̄ treated as a small parameter. Unlike the original setting of
quantum scarring, where U (x) represents the sharp boundary
of a billiard, I assume that the confining potential U (x) is a
smooth function of x. To compute the OTOC, I introduce the
ladder operator,

a =
√

m�

2
x + i

p√
2m�

, (3.1)

where � = 2π/T . This operator satisfies the commutation
relation [a, a†] = h̄, and I denote the normal-ordered Hamil-
tonian as

H =
∞∑

n=0

h̄nHn(a†, a). (3.2)

Hn(n � 1) is obtained by normal ordering the original Hamil-
tonian, and thus in the semiclassical limit (h̄ → 0) it should
vanish. The classical equation of motion is recovered by
neglecting correlations (e.g., 〈an〉 ≈ 〈a〉n) of H0. The equa-
tion for 〈a〉 within this approximation is written as

i
d〈a〉
dt

≈ ∂H0(〈a†〉, 〈a〉)

∂〈a†〉 , (3.3)

which is equivalent to the classical equation of motion, or the
Ehrenfest theorem. By assumption, Eq. (5.4) has a periodic so-
lution, which I denote α0(t ). The stability of this solution can
be inspected by checking the eigenvalues of the monodromy
matrix M(t ), which is the Hessian of H0 with respect to the
periodic solution. Namely, M(t ) is defined as

M(t ) =
⎛
⎝ ∂2H0

∂〈a†〉∂〈a〉
∂2H0

∂〈a†〉∂〈a†〉
∂2H0

∂〈a〉∂〈a〉
∂2H0

∂〈a〉∂〈a†〉

⎞
⎠
∣∣∣∣∣∣
(〈a〉,〈a†〉)=(α0(t ),α∗

0 (t ))

. (3.4)

I compute the following OTOC C(t ):

C(t ) = θ (t )〈g|[a(t ), a†(0)][a(t ), a†(0)]†|g〉, (3.5)

where |g〉 is a Gaussian wave packet centered on the peri-
odic orbit. In the following I sketch the important steps of
the derivation and leave details in Appendix A. C(t ) can be
computed perturbatively with the small parameter h̄. Tech-
nically this perturbative expansion should be carried out in
the two-folded Keldysh contour (Fig. 1), as Eq. (3.5) is not
time-ordered. However this is not necessary in order to obtain

t

u+

u-

d+

d-

FIG. 1. Two-folded Keldysh contour. The arrows indicate the
path-ordering of operators in the Keldysh formalism.

the LE only to the leading order in h̄, as shown below. To
compute Eq. (3.5) I define the retarded Green’s function GR,

iGR(t, 0) = θ (t )〈g|[a(t ), a†(0)]|g〉. (3.6)

GR can be computed perturbatively with respect to h̄: in this
approach the unperturbed part of the Hamiltonian corresponds
to the monodromy matrix M(t ) and all the other terms are
regarded as perturbations. Note that GR directly enters the
OTOC: for example, at the zeroth order of Eq. (3.5) is a
product of GR,

C(0)(t ) = GR
0 (t, 0)

[
GR

0 (t, 0)
]∗

, (3.7)

where GR
0 (t, 0) is the bare Green’s function. Since this

form will appear frequently in subsequent OTOC compu-
tations, here I provide a detailed derivation: the OTOC is
decomposed as

C(t ) = θ (t )[〈g|a(t )a†(0)a(0)a†(t )|g〉
− 〈g|a(t )a†(0)a†(t )a(0)|g〉]
− θ (t )[〈g|a†(0)a(t )a(0)a†(t )|g〉
− 〈g|a†(0)a(t )a†(t )a(0)|g〉]. (3.8)

These four-point functions can be written as products of two-
point functions by using Wick’s theorem. For instance, within
the zeroth order in the perturbation theory, the first two terms
in Eq. (3.8) in the path-integral formalism are written as

〈g|a(t )a†(0)a(0)a†(t )|g〉 = 〈ad−(t )a∗
d+(0)au−(0)a∗

u+(t )〉
= 〈ad−(t )a∗

d+(0)〉〈au−(0)a∗
u+(t )〉

+ 〈ad−(t )a∗
u+(t )〉〈a∗

d+(0)au−(0)〉
+ 〈ad−(t )au−(0)〉〈a∗

d+(0)a∗
u+(t )〉

〈g|a(t )a†(0)a†(t )a(0)|g〉 = 〈ad−(t )a∗
d+(0)a∗

u−(t )au+(0)〉
= 〈ad−(t )a∗

d+(0)〉〈a∗
u−(t )au+(0)〉

+ 〈ad−(t )au+(0)〉〈a∗
d+(0)a∗

u−(t )〉
+ 〈ad−(t )a∗

u+(t )〉〈a∗
d+(0)au+(0)〉,

(3.9)

where the right-hand side (RHS) represents the path-integral
formulation with the bosonic fields aγ , a∗

γ [γ = (u±), (d±)]
residing in the γ branch of the Keldysh contour. The unitarity
of the time-evolution permits deformations of the Keldysh
contour, leading to the following identities (see Fig. 2 for the
graphical representation):

〈a∗
d+(0)au−(0)〉 = 〈a∗

d+(0)au+(0)〉
〈ad−(t )au−(0)〉 = 〈ad−(t )au+(0)〉
〈a∗

d+(0)a∗
u+(t )〉 = 〈a∗

d+(0)a∗
u−(t )〉. (3.10)
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t = t t=

FIG. 2. A graphical proof of the equality 〈a∗
d+(0)au−(0)〉 = 〈a∗

d+(0)au+(0)〉 [the first line of Eq. (3.10)]. Due to the unitarity, part of the
(u+) and (u−) branches can be canceled out, allowing the Keldysh contour to be folded immediately after time 0.

Substituting these equalities into Eq. (3.9), the first line of the
RHS in Eq. (3.8) takes the following simple form:

θ (t )[〈g|a(t )a†(0)a(0)a†(t )|g〉 − 〈g|a(t )a†(0)a†(t )a(0)|g〉]
= θ (t )〈ad−(t )a∗

u+(0)〉〈[au−(0)a∗
u+(t ) − a∗

u−(t )au+(0)]〉
= θ (t )〈ad−(t )a∗

u+(0)〉{〈g|[a(t ), a†(0)]|g〉}∗

= −iθ (t )〈ad−(t )a∗
d+(t )〉[GR

0 (t, 0)
]∗

. (3.11)

The same procedure can be applied to the second line of
Eq. (3.8), yielding Eq. (3.7).

As shown in Appendix A, calculation of the bare Green’s
function is equivalent to finding the eigenmodes of the mon-
odromy matrix,

iσ 3 dψα (t )

dt
= M(t )ψα (t ), (3.12)

where σ 3 = diag(1,−1) is the Pauli matrix. Since M(t ) is
periodic in time, the Floquet theorem applies and ψα (t )
is written as ψα (t ) = eλαt uα (t ), where uα (t ) is a periodic
function. The exponential factor with the largest real part
(maxα Reλα) corresponds to the (classical) LE of the peri-
odic orbit. Note that Eq. (3.7) already shows the exponential
growth: using the normal modes ψα (t ), the OTOC is written
as

C(0)(t ) = h̄2θ (t )

∣∣∣∣∣
∑

α

eλαt [uα (t )u†
α (0)]11

∣∣∣∣∣
2

, (3.13)

where [A]11 indicates the (1, 1) component of the matrix A.
Equations (3.13) and (3.12) show that, to the leading order

(in h̄), the OTOC is equivalent to the classical problem, i.e.,
finding the eigenmodes of the monodromy matrix. I empha-
size that in this case the Lyapunov exponent Reλα is O(1),
which is not affected by the semiclassical limit (h̄ → 0). For
QMBS the situation is rather different. In Sec. V, I show
that the OTOC for QMBS at leading order does not show
any exponential divergence, and only quantum corrections are
responsible for the Lyapunov growth of the OTOC, which
implies that in the semiclassical limit they vanish.

IV. MANY-BODY MODEL AND THERMODYNAMICS

I consider a one-dimensional N-flavor bosonic system with
periodic boundary conditions,

H = H0 + V

H0 = −
L∑

i, j=1

N∑
μ=1

ti j (a
†
iμa jμ + b†

iμb jμ) + H.c.

≡
∑
k∈BZ

N∑
μ=1

ξk (a†
kμ

akμ + b†
kμ

bkμ),

V =
L∑

i=1

vi, (4.1)

where aiμ (akμ) and biμ (bkμ) are bosonic annihilation oper-
ators at the site i (in momentum space). ti j is assumed to be
translational invariant and ξk is a dispersion at the momentum
k. I choose the following particular form for the subsequent
discussion:

ti j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−μ if i = j

t if |i − j| = 1

t ′ if |i − j| = 2

t ′′ if |i − j| = 3.

ξk = −2t cos k − 2t ′ cos 2k − 2t ′′ cos 3k + μ. (4.2)

It should be emphasized that the specific choice of ti j and
ξk are not essential for the main conclusions of this paper.
Nevertheless, the form given in Eq. (4.2) is convenient be-
cause it makes the perturbation theory self-consistent. I have
found, for example, that restricting to only nearest-neighbor
hopping (ti j �= 0 only if |i − j| � 1) results in a logarithmic
divergence in the self-energy correction (Sec. V A), thereby
rendering the perturbation theory invalid. Note, however, that
this divergence does not imply an instability of the periodic
orbit.

The local potential vi is defined as

vi = J

N2

N∑
μ,ν,ρ=1

: b†
iμbiμ(aiν + a†

iν )2(biρ + b†
iρ )2 :, (4.3)

where : • : is the normal order and J is set positive. The
prefactor J/N2 is chosen so that the potential energy is propor-
tional to N [〈vi〉 = O(N )]. This model has a parameter N , the
number of flavors, and in the large-N limit the saddle-point (or
the mean-field) approximation becomes exact. Therefore, 1/N
plays the role of h̄ in QS, and for this reason I set kB = h̄ = 1.

This model hosts exponentially many scar states, as shown
in Sec. V. They consist solely of a-bosons and thus annihilated
by each local potential vi since vi must contain at least one
annihilation operator of b bosons. The absence of b bosons
implies that the scar states are not thermal, as discussed below.

Before proceeding with the analysis of this model, a few
preliminary remarks are necessary. The specific form of the
interaction vi does not appear to be crucial; different potentials
should yield similar OTOC behavior to those summarized
in Table I, as long as each term vi annihilates the scar
states defined in Eq. (5.1) in Sec. V, i.e., the SM structure
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TABLE I. Summary of the different behaviors of the OTOCs and their origin.

System Parameter OT OC(t ) Mechanism Diagram

QS (Sec. III) h̄ ∼eO(t ) Quadratic ∼ eλt

QMBS (Sec. V) 1/N ∼eO(t/N ) Second order ∼ eλt/N

Generic orbit (Sec. VI) 1/N ∼eO(t ) Quadratic ∼ eλt

Perturbed QMBS (Sec. VII) 1/N Subexponential First order � eλt

described in Sec. V is preserved. However, it is preferable to
choose a potential that is lower-bounded and explicitly breaks
the U(1) symmetry of a and b bosons. For bosonic models,
lower-bounded potentials are generally required so that the
free energy is lower-bounded. Since the OTOCs defined in
Eqs. (5.7) and (6.6) below correspond to perturbations of
periodic orbits by adding a single boson, maintaining U(1)
symmetry could significantly constrain the phase space the
system can explore, potentially suppressing chaos [see also
the discussion following Eq. (5.7) in Sec. V]. As discussed
below, the model can be considered a simple deformation in
that the potential vi only breaks the system’s U (1)2N symme-
try of the noninteracting part.

A. Spontaneous symmetry breaking

While this model does not possess the full U(1) symmetry
of a and b bosons, it has an O(N )2 symmetry, which is repre-
sented by the following action:

aiμ + a†
iμ

2
→

N∑
ν=1

Uμν

aiν + a†
iν

2
,

aiμ − a†
iμ

2i
→

N∑
ν=1

Uμν

aiν − a†
iν

2i
,

biμ + b†
iμ

2
→

N∑
ν=1

Vμν

biν + b†
iν

2
,

biμ − b†
iμ

2i
→

N∑
ν=1

Vμν

biν − b†
iν

2i
, (4.4)

where U and V are distinct elements of O(N ). The symmetry
of the zero-temperature state is studied by the Euler-Lagrange
(EL) equation for aμ = 〈aiμ〉, bμ = 〈biμ〉, which reads

Eaμ + 2J

(
1

N

N∑
ν=1

|bν |2
)⎛
⎝ 1

N

N∑
ρ=1

(bρ + b∗
ρ )2

⎞
⎠(aμ+a∗

μ)=0,

Ebμ + J

(
1

N

N∑
ν=1

(aν + a∗
ν )2

)[⎛
⎝ 1

N

N∑
ρ=1

(bρ + b∗
ρ )2

⎞
⎠bμ

+
⎛
⎝ 2

N

N∑
ρ=1

|bρ |2
⎞
⎠(bμ + b∗

μ)

]
= 0, (4.5)

where E = −2(t + t ′ + t ′′) + μ is the dispersion at k = 0.
The first line implies aμ ∈ R, as the second term is real so
that the equation is written as Aaμ = B with A, B ∈ R. This in
turn implies bμ ∈ R by a similar reasoning. The reality of aμ

and bμ simplifies Eq. (4.5) further as⎡
⎣E + 16J

(
1

N

N∑
ν=1

b2
ν

)2
⎤
⎦aμ = 0,

⎡
⎣E + 32J

(
1

N

N∑
ν=1

a2
ν

)⎛
⎝ 1

N

N∑
ρ=1

b2
ρ

⎞
⎠
⎤
⎦bμ = 0. (4.6)

When E > 0, Eq. (4.6) has the unique solution aμ = bμ =
0. When E < 0, which will however not be relevant for the
subsequent discussion, the solution of Eq. (4.6) is

1

N

N∑
μ=1

a2
μ = 1

8

√−E

J
,

1

N

N∑
μ=1

b2
μ = 1

4

√−E

J
, (4.7)

which breaks the O(N )2 symmetry.

B. Mean-field analysis: equilibrium

Since the Euclidean action of the model SE is proportional
to N , the saddle-point (or mean field) approximation becomes
exact in the large-N limit. In this limit, the thermal expectation
value of an observable O is simply given by the saddle-point
value,

lim
N→∞

〈O〉 ≡ lim
N→∞

∫
D[a∗, a]D[b∗, b]D�aDvaD�bDvbOe−SE

= lim
N→∞

∫
D[a∗, a]D[b∗, b]Oe−S∗

E , (4.8)

where �a, �b and va, vb are auxiliary fields that make the
action quadratic in a and b (see Appendix B for the detailed
discussion), and S∗

E is obtained by substituting the saddle-
point value of the auxiliary fields into SE .

Within the mean-field approximation, one can show that
the density of the b bosons (see Appendix B),

ρb = 1

NL

L∑
i=1

N∑
μ=1

b†
iμbiμ, (4.9)

has to be strictly positive for any T , i.e., 〈ρb〉T > 0. In Sec. V
below I define the scar states [Eq. (5.1)] and show that they
are characterized by the property ρb|ψ〉 = 0, meaning that the
scar states cannot be thermal eigenstates at any T .

Strictly speaking, the treatment in this section is insuffi-
cient to prove violation of the ETH in a rigorous manner:
the positivity of ρb at any temperature can be shown only for
the large-N limit, while OTOCs are computed for large but
finite N . However, it is reasonable to assume that the differ-
ence between the finite N and the large-N results is subleading
in N and thus 〈ρb〉T should still be strictly positive.
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V. SCAR STATES AND LYAPUNOV EXPONENT

Any state containing solely a bosons is annihilated by each
local potential vi as bi ∈ vi. This type of construction of the
scarred Hamiltonian can be viewed as a variant of the SM
construction since the scar subspace is a common kernel of
each local operator vi. In the present case, the following Fock
space Fa is the scar subspace,

Fa = span

⎧⎨
⎩

∏
k∈BZ

N∏
μ=1

(a†
kμ

)nkμ |0〉| nkμ ∈ Z�0

⎫⎬
⎭, (5.1)

where |0〉 is the vacuum state. Within Fa, only the noninter-
acting part of the Hamiltonian acts nontrivially. As a result,
the Fock states of a bosons in the momentum basis are exact
eigenstates. This structure is common in many toy models
of QMBS, where the Hamiltonian is typically a sum of a
Zeeman term and locally annihilating terms. Any state |ψ〉
in Fa violates ETH since 〈ψ |ρb|ψ〉 = 0 while the thermal
expectation value is strictly positive at any temperature. A
simple consequence of the existence of the scar states is the
failure of thermalization when the system is initialized within
the scar subspace, i.e., a state containing only the a boson.
Specifically, let us consider the following coherent state |α〉
as the initial state:

aiμ|α〉 = αμ|α〉, biμ|α〉 = 0 ∀ i, μ. (5.2)

This state will never thermalize. The time-evolution is given
by a simple precession of the coherent state,

|α(t )〉 = |αe−iEt 〉, E = −2(t + t ′ + t ′′) + μ (∀ N ). (5.3)

Indeed, the Heisenberg equations projected onto Fa read

i
d〈α|aiμ(t )|α〉

dt
= E〈α|aiμ(t )|α〉, i

dbiμ(t )

dt
= 0, (5.4)

without any approximation. In the Keldysh path-integral
formalism, the solution [aiμ(t ) = e−iEtαμ and biμ(t ) = 0] sat-
isfies the EL equation of the Keldysh action [see Eq. (C4) in
Appendix C]. Note that the energy of this state is conserved
and expressed as

〈α(t )|H |α(t )〉
NL

= E

N

N∑
μ=1

|αμ|2 ≡ Eα2. (5.5)

Recall that E = −2(t + t ′ + t ′′) + μ > 0. The energy of the
state |α(t )〉 corresponds to that of a high-temperature state if
α2 is sufficiently large, as I assume in what follows.

Before proceeding further, I analyze the linearized equa-
tion of motion to inspect the stability of the periodic
orbit classically. Assuming that the fluctuations δaiμ(t )
[≡〈aiμ(t )〉 − α(t )] and δbiμ(t ) [≡〈biμ(t )〉] about the periodic
orbit given Eq. (5.3) remain small, the Heisenberg equation of
motion can be approximated by the following set of linear
equations:

i
dδakμ(t )

dt
= ξkδakμ(t ), i

dδbkμ(t )

dt
= ξkδbkμ(t ), (5.6)

where δakμ and δbkμ denote the Fourier transforms of δaiμ(t )
and δbiμ(t ), respectively. Equation (5.6) demonstrates that
the periodic orbit is marginally stable at the classical level

because the eigenvalues of the monodromy matrix are purely
imaginary, thereby necessitating quantum corrections to fully
determine the stability. Remarkably, quantum corrections sta-
bilize the periodic orbit at the single-particle level (i.e., the
two point functions), as discussed in Sec. V A. Consequently,
the signature of quantum chaos in this model manifest only
through the OTOCs.

To study quantum chaos around the scar state |α(t )〉, I
compute the following OTOC Cα (t ):

Cα (t ) = θ (t )

N2

L∑
i=1

N∑
μ,ν=1

〈α|[biμ(t ), b†
jν (0)][biμ(t ), b†

jν (0)]†|α〉.

(5.7)

The choice of the operators for OTOC is motivated by the
following observation: let CVW (t ) be the OTOC with respect
to the operators V and W ,

CVW (t ) = θ (t )

N2

L∑
i=1

N∑
μ,ν=1

〈α|[V (t ),W (0)][V (t ),W (0)]†|α〉,

(5.8)

where the above choice [Eq. (5.7)] corresponds to V = b,
W = b†. One can immediately find that the choice V =
a,W = a† (or V = a†, W = a) does not show any chaos
because the dynamics is closed within the scar subspace. An-
other choice V = a, W = b† does not reveal any information
of the system either, since

Ca,b† (t ) = θ (t )

N2

L∑
i=1

L∑
μ,ν=1

〈α|a(t )b†ba†(t )|α〉 = 0, (5.9)

due to the property of the scar states b|ψ〉 = 0. While the
choice V = b, W = a† does lead to exponential growth of the
OTOC, the exponent is smaller than the one in Cα (t ) when α

is large enough. Therefore, I compute the particular choice of
the OTOC, i.e., Cα (t ) as it is expected to exhibit the largest
LE.

The U(1)-breaking interaction [Eq. (4.3)] is expected to
favor chaoticity by lifting symmetry-related restrictions. The
dynamics of the system would be otherwise restricted, as the
reference state |α〉 does not contain any b bosons. Specifi-
cally, the dimension of the Fock space of one-particle b-boson
states F1

b , which would constitute the accessible part of the
Hilbert space to the system if U(1) were preserved, is NL
(dim F1

b = NL). This is significantly smaller than the typical
dimension of the many-body Hilbert space within the energy
shell corresponding to a given finite temperature, which scales
as eO(NL). In the following I demonstrate that, even without
such entropic protection, QMBS exhibit considerable stability
due to the underlying SM structure.

Following equilibrium cases [33,34], Cα (t ) is calculated by
the perturbation theory in the interaction J in the two-folded
Keldysh contour (Fig. 1). Since the calculation is lengthy
but not worth inspecting except for Eqs. (5.18) and (5.23), I
present only the important steps and results and leave details
in Appendix C.
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FIG. 3. The Feynman diagram of the first-order perturbation (left) and the Hartree diagram (right). Only these contributions survive in the
large-N limit, However, the both diagrams vanish for the scar state. Once the scar-breaking perturbation is added, these diagrams affect the
dynamics (see Sec. VII).

A. Retarded Green’s function

I first calculate the retarded Green’s function GR up to the
second order in J . GR is defined as

iGR(k; t, t ′) = θ (t − t ′)〈α|[bkμ(t ), b†
kμ

(t ′)]|α〉. (5.10)

Note that due to the permutation symmetry of the Hamilto-
nian, one can omit the flavor index μ. As in Sec. III, GR

directly enters the expression of the OTOC: for example, at
the zeroth order of J , it is written as

C(0)
S (t ) = 1

NL

∑
k∈BZ

GR
0 (k; t, 0)

[
GR

0 (k; t, 0)
]∗

, (5.11)

where GR
0 is the bare Green’s function. One can derive

Eq. (5.11) in a similar manner to Eq. (3.7).

1. The first-order correction

The first-order perturbation corresponds to the diagram
shown in the left panel of Fig. 3. Furthermore, when all the
corresponding higher corrections are taken into account, one
arrives at the Hartree diagram, the right panel of Fig. 3. This
correction usually yields the mean-field equation. However, it
is important that these corrections vanish for the scar states.
As one can read from the diagram, the corrections contain
normal-ordered quadratic terms 〈b†

k (t )bk (t )〉, 〈b−k (t )bk (t )〉,
and 〈b†

k (t )b†
−k (t )〉, which are always zero since bk annihilates

the scar states.
The vanishing Hartree term turns out to be the most im-

portant characteristics of the (exact) scar states: as in the
single-particle case in Sec. III, bare Green’s functions ex-
hibit exponential divergence for generic unstable periodic
orbits. This is also true for the present model, as discussed
in Sec. VI. In rare cases where bare Green’s functions do not
diverge exponentially, full Green’s functions are still expected
to diverge, although such divergence may be subexponen-
tial. The absence of exponential divergence in bare Green’s
functions and subexponential growth in full Green’s functions
are indeed observed when a weak perturbation is added, as

discussed in Sec. VII. On the other hand, the amplitude of
even the full Green’s function of the exact QMBS remains
constant in the semiclassical limit (N → ∞). Moreover, as
shown below, the absence of growth in the Green’s function
persists even when quantum corrections (up to order 1/N) are
taken into account.

2. The second-order correction

The second-order corrections correspond to the self-energy
that is order 1/N . The Dyson equation is

GR(t, t ′) = GR
0 (t, t ′) −

∫ ∞

−∞
dt1dt2GR

0 (t, t1)�(t1, t2)GR(t2, t ′),

(5.12)

which is graphically represented in Fig. 4, where the thick and
thin arrows represent the full Green’s function GR and the bare
Green’s function GR

0 , respectively, and the loop on the RHS
indicates the self-energy correction �. Under the assumption
that α2 is sufficiently large, the dominant contribution to � is
written as

�(t1, t2) ≈ 8J2α4

N
cos2 (Et1) cos2 (Et2)�̃[G0], (5.13)

where �̃[G0] is a functional of the bare Green’s function de-
fined in Eq. (C8) in Appendix C. Note that, for the early time
Lyapunov growth of the OTOC, it is sufficient to consider the
self-energy consisting of the bare Green’s functions �̃[G0],
instead of the full Green’s function (�̃[G]). In the momentum
space the Dyson equation becomes

GR(k, ω)=GR
0 (k, ω)−GR

0 (k, ω)
∑
n∈Z

�n(k, ω)GR(k, ω+2nE ),

(5.14)

which resembles the Schrödinger equation of periodically
driven systems. Indeed, the 2nE shift of the frequency comes
from the cosines, the effect of the periodic orbit. While the
exact solution of Eq. (5.14) seems formidable, a perturbative
calculation is still possible, and it is sufficient to determine the
LE up to the order of 1/N .

+=

FIG. 4. A graphical representation of the Dyson equation. Since the Hartree diagram should always vanish due the property of the scar
state biμ(t )|α〉 = 0, it consists only of second-order perturbations (up to 1/N).
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FIG. 5. Three scattering processes relevant for the second-order corrections to the Green’s function: the number-conserving two-body
scattering (left), the number-increasing scattering (middle), and the number-decreasing scattering (right).

Equation (5.14) can be written in vector form,⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

GR(k, ω − 2E )

GR(k, ω)

GR(k, ω + 2E )
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

...

GR
0 (k, ω − 2E )

GR(k, ω)

GR(k, ω + 2E )
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

− GR
0 (k)Σ(k)

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

...

GR(k, ω − 2E )

GR(k, ω)

GR(k, ω + 2E )
...

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (5.15)

where

GR
0 (k) = diag

[· · · , GR
0 (k, ω − 2E ), GR

0 (k, ω), GR
0 (k, ω + 2E ), · · · ]

Σ(k) =

⎛
⎜⎜⎜⎝

. . .

· · · �−1(k, ω) �0(k, ω) �+1(k, ω) · · ·
· · · �−1(k, ω + 2E ) �0(k, ω + 2E ) �+1(k, ω + 2E ) · · ·

. . .

⎞
⎟⎟⎟⎠.

(5.16)

I decompose the “matrix” Σ as the diagonal part D� and the nondiagonal part N� , i.e., Σ = D� + N� . Equation (5.14) is
formally solved by inverting the matrix 1 + GR

0 Σ, and the effect of the nondiagonal part can be incorporated perturbatively,

[
1 + GR

0 (k)Σ(k)
]−1 = [

1 + GR
0 (k)D� (k)

]−1 +
∞∑

n=1

([
1 + GR

0 (k)D� (k)
]−1

N� (k)
)n[

1 + GR
0 (k)D� (k)

]−1
. (5.17)

Since each component of N� is of order 1/N [recall that
�(t1, t2) in Eq. (5.13) is proportional to 1/N], it is sufficient to
consider the first line on the RHS of Eq. (5.17) for determining
the Lyapunov exponent up to the order of 1/N ,

GR(k, ω) ≈ 1

ω − ξk + �0(k, ω)
≈ 1

ω − ξk + �k
, (5.18)

where the self-energy correction �k is defined in Eq. (C10)
or (C12) in Appendix C.

Note that the imaginary part of �k is more relevant than
the real part for the LE since the real part merely yields a
frequency shift. The expression of Im�k in Eq. (C12) shows
that three scattering processes are relevant to the self-energy
correction, and they represent either decay or amplification of
the quasiparticles (Fig. 5): the two-body scattering (the left
diagram in Fig. 5) and the number increasing scattering (the
middle diagram in Fig. 5) induce decay of the quasiparticles,
while the number decreasing scattering (the right diagram
in Fig. 5) might cause a dynamical instability. However, the
numerical integration of Im�k shown in Fig. 6 indicates that
the first two processes are always dominant. In Fig. 6, I plot
the rescaled self-energy �̃k defined as

�k = 8J2α4

N
�̃k. (5.19)

The positivity of Im�k indicates that the quasiparticles always
decay, meaning that at the single-particle level no chaos can
be observed. This should be contrasted to standard QSs, where
the bare Green’s function already shows exponential growth.

FIG. 6. The imaginary part of the rescaled self-energy �̃k for
each wave vector k ∈ [−π, π ]. For the parameters I set t = 1,
t ′ = 1/π , t ′′ = 1/π 2, μ = 2(t + t ′ + t ′′) + 0.5, and L = 3000. The
infinitesimal number 0+ in the definition of the retarded Green’s
function is set to 0+ = 1.5 µ/L.
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= +

FIG. 7. The Feynman diagram of the BS equation for the OTOC.
The full correlator is obtained by resumming the “rung” diagram.

B. Bethe-Salpeter equation

The absence of leading-order exponential growth in the
Green’s function implies that, in order to capture the
Lyapunov growth of the OTOC, the perturbative calcula-
tion requires the two-folded Keldysh contour, which was not
necessary for the QS in Sec. III. One can work out this pertur-
bative expansion to find the following structure: the OTOC is
written as

Cα (t ) = 1

NL

∑
k∈BZ

f (k; (t, t ), (0, 0)),

(5.20)

Cα (ω) = 1

NL

∑
k∈BZ

∫
dk0

2π
f (k, k0, ω),

where the second line is the Laplace transform of Cα (t ).
Indeed, at the zeroth order in J [see Eq. (5.11), also
see Eq. (C18)], the OTOC satisfies this form by set-
ting f (0)(k; (t, t ), (0, 0)) = GR

0 (t, 0)[GR
0 (t, 0)]∗ and f (k, ω) =

GR
0 (k, k0)[GR

0 (k, k0 − ω)]∗.
The equation for f (k; (t, t ), (0, 0)) [Eq. (C19) in Ap-

pendix C] is equivalent to the Bethe-Salpeter (BS) equation,

f (k, (t, t ), (0, 0))

= f (0)(k; (t, t ), (0, 0)) +
∫ t

0
dt1dt2 f (0)(k; (t, t ), (t1, t2))

×
∑
q∈BZ

R(k, (t1, t2); q, (0, 0)) f (q; (t1, t2), (0, 0)),

(5.21)

where R is the “rung diagram” as shown in Fig. 7. More
specifically, R is written as

R(k, (t1, t2); q, (0, 0)) = 8J2α4

NL2
cos2 (Et1) cos2 (Et2)K

[
GW

0

]
,

(5.22)

where K[GW
0 ] is a functional of the (bare) Wightman function

GW
0 (see Appendix C). One can further assume the on-shell

condition f (k, k0, ω) = δ(k0 − ξk ) f (k, ω), which is an analog
of the quasiparticle approximation in the Boltzmann equation,
and obtain the following linear equation:

−iω f (k, ω) ≈ − Im�k f (k, ω)

+
∑
n∈Z

∑
q∈BZ

K−n(k, q) f (q, ω + 2nE ), (5.23)

where the “kernel” K−n is defined in Appendix C. The LE cor-
responds to the eigenvalue of the RHS of Eq. (5.23). Although
solving this eigenvalue problem seems a formidable task, one
can perform a similar perturbative calculation for the Green’s
function, exact up to order 1/N . I give the detailed discussion
in Appendix C. The upshot is that one needs to only consider

K0, i.e.,

−iω f (k, ω) ≈ −Im�k f (k, ω) +
∑
q∈BZ

K0(k, q) f (q, ω).

(5.24)

One can numerically compute the maximum eigenvalue of the
RHS of Eq. (5.24). For L = 210, ξk = −2 cos k + 2.5 I obtain

λ ≈ 0.01452
J2α4

N
, (5.25)

which is seen to vanish in the semiclassical limit N → ∞.

VI. UNSTABLE PERIODIC ORBIT
FROM NONSCAR STATES

The classical limit of the model [Eq. (4.1)] hosts further
periodic orbits: if one neglects the correlations (〈a2〉 ≈ 〈a〉2

etc.), the following function satisfies the Heisenberg equation,

〈aiμ(t )〉 = 0, 〈biμ(t )〉 = βμe−iEt . (6.1)

Unlike the scar state |α〉 in Sec. V where the corresponding so-
lution satisfies the Heisenberg equation exactly, this solution
describes approximate oscillations of the phase of b bosons.
Therefore, one expects that Eq. (6.1) should deviate from the
exact dynamics after some time, which could be captured
by studying an appropriate OTOC. In the following, I will
show that this periodic solution is indeed unstable so that the
Lyapunov exponent is of order unity. For this periodic orbit I
study the following OTOC Cβ (t ):

Cβ (t ) = θ (t )

N2

L∑
i=1

N∑
μ,ν=1

〈β|[aiμ(t ), a†
jν (0)][aiμ(t ), a†

jν (0)]†|β〉,

(6.2)

where the state |β〉 corresponds to the classical solution
Eq. (6.1),

biμ|β〉 = βμ|β〉, aiμ|β〉 = 0. (6.3)

To compute the OTOC I define the retarded Green’s
function GR,

iGR(k; t, t ′) = θ (t − t ′)〈β|[akμ(t ), a†
kμ

(t ′)]|β〉, (6.4)

which appears in the expression of the OTOC to leading order
in the perturbation expansion,

Cβ (t ) = θ (t )

NL

∑
k∈BZ

GR(k; t, 0)[GR(k; t, 0)]∗. (6.5)

One can follow the same steps as in Sec. III and find that the
OTOC to the leading order can be written as

Cβ (t ) = θ (t )

NL

∑
k∈BZ

∣∣∣∣∣
∑

α

eλkαt
[
ukα (t )u†

kα
(0)

]
11

∣∣∣∣∣
2

, (6.6)

where Reλkα (> 0) is the LE of the unstable orbit (see
Appendix D for the derivation).

Figure 8 shows the largest LE λk ≡ maxα=1,2 Reλkα

for k ∈ [−π, π ] (note the “band index” α introduced in
Appendix D). One can recognize several peaks of the LE
centered around certain k in the Brillouin zone. Those depend
on the initial condition |β〉. This structure may be due to
resonances between the periodic orbit and the dispersion ξk .

245158-10



QUANTUM MANY-BODY SCARS AS REMNANTS OF STABLE … PHYSICAL REVIEW B 111, 245158 (2025)

FIG. 8. The largest real part of the Lyapunov exponent for each
k in the Brillouin zone for different β. maxk Reλk > 0 indicates an
instability of the periodic orbit. I set J = 0.1, L = 1000, and the
same values for the dispersion as in Sec. V, i.e., t = 1, t ′ = 1/π ,
t ′′ = 1/π 2, and μ = 2(t + t ′ + t ′′) + 0.5.

Since maxk Reλk > 0 in all cases, Fig. 8 indicates that the
periodic orbits are unstable.

It is important to note that the instability of this periodic or-
bit comes from the fact that the interaction

∑
i vi modifies the

quadratic part of the Keldysh action such that the renormal-
ized bare Green’s function shows a dynamical instability. This
should be contrasted with the previously discussed QMBS:
due to the property biμ(t )|ψ〉 = 0, the interaction does not
modify the quadratic action, which makes the LE of the scar
state vanish in the semiclassical limit.

VII. EFFECT OF A SCAR-BREAKING PERTURBATION

Let us introduce the following perturbation to the Hamilto-
nian:

V = −ε

2

L∑
i=1

N∑
μ=1

[
b2

iμ + (b†
iμ)2

]
, (7.1)

which disrupts the SM structure. Consequently, the subspace
Fa [Eq. (5.1)] is no longer invariant under the perturbed
Hamiltonian, leading to the eventual thermalization of the
initial coherent state |α〉 [Eq. (5.2)]. However, in the mean-
field approximation, where the correlations are ignored, the
periodic orbit [Eqs. (5.2) and (5.3)] continues to satisfy the
equation of motion. In the following, I study the stability of
this orbit by computing the same OTOC Cα (t ) [Eq. (5.7)].

When the perturbation is sufficiently large, |ε| > E , the
quadratic component of the Hamiltonian has purely imaginary
eigenvalues, indicating a dynamical instability. In this regime,
the OTOC can be approximated as

Cα (t ) ∼ 1

NL

∑
k∈BZ

ξ 2
k −ε2<0

Cke
√

ε2−ξ 2
k t , (7.2)

where Ck is a constant (see Appendix E 1 for the derivation).
This mechanism mirrors that of the quasiperiodic motion in
QS, where a perturbation alters the quadratic action, rendering
certain modes unstable.

FIG. 9. The rescaled OTOC C̃(t ) = NCα (t ) (0 � t � 10π ) for
L = 100. I set t = 1, t ′ = 1/π , t ′′ = 1/π 2, 8Jα2 = 3.0, and ε = 0.3.

For |ε| < E , the quadratic action remains nonchaotic.
Here, the first-order perturbative effects (Fig. 3) become
relevant, unlike for the exact QMBS. Solving the Dyson equa-
tion numerically (see Appendix E 2 for the derivation), I find,
however, that Cα (t ) exhibits nonexponential growth for an
early time period (Fig. 9). The absence of conventional Lya-
punov growth stems from the fact that the interaction does not
modify the quadratic part of the action, emphasizing the role
of the nonlinearity induced by the higher-order terms. Chaotic
dynamics only emerge when higher-order correlations are
included.

A couple of brief remarks are in order. First, nonexponen-
tial growth of the OTOC under weak perturbations appears
to be universal, regardless of the specific form chosen for
V . I explored several other simple perturbations that preserve
Eq. (5.3) as an approximate solution of the equation of motion
and confirm that none of them leads to exponential OTOC
growth. Second, similar subexponential growth has recently
been observed in a classical PXP model, where deviations
grow only polynomially over time when the initial state is
two-site periodic [19]. Since such weakly chaotic dynamics
in the classical PXP model may be linked to the anomalous
oscillations seen in the Rydberg experiment [6], the mecha-
nism discussed here could offer valuable insight into scarring
phenomena beyond solvable toy models.

VIII. CONCLUSION

In this paper I discuss a connection between QMBS and
classical chaos. The presented model serves as a counterex-
ample to a widely held conjecture that a proper semiclassical
limit of QMBS should involve unstable periodic orbits.
Through the lens of OTOCs, I instead demonstrate paramet-
rically long coherent time when the number N of flavors
is sufficiently large. While the OTOC for the periodic orbit
of the single-particle billiard system shows the conventional
Lyapunov growth, the LE associated with the periodic orbit
emanating from the scar states vanishes. Interestingly, this
absence of exponential growth persists even under certain
weak perturbations. In contrast, periodic orbits that are not
connected to the scar states conform with the expected

245158-11



KEITA OMIYA PHYSICAL REVIEW B 111, 245158 (2025)

Lyapunov behavior, demonstrating the conventional chaotic
dynamics in the classical limit.

The uncovered clear distinction between QMBS and classi-
cal chaos aligns with recent studies on a scarring phenomenon
in many-body systems [17,18,35,36] and an analysis on the
PXP model in the semiclassical regime [19]. The former
demonstrated that certain eigenstates have enhanced overlap
with unstable periodic orbits while still satisfying the ETH.
Therefore, unlike scar states in QMBSs, the accurate analogs
of the QS in many-body systems are in general thermal.
Notably, Srednicki had already pointed out that the ETH is
compatible with the QS in his seminal paper [2], and these
studies further confirm his insight in many-body contexts.
The latter study discovered that a family of classical periodic
orbits, which includes the experimentally relevant Néel orbit,
is stable, exhibiting pure phase Lyapunov exponents (i.e.,
|λ| = 1). This implies that nonchaotic long-lived oscillations
in Rydberg atom chains originate from linearly stable periodic
orbits, which contrasts sharply with the common speculation
[16] that such behaviors should be associated with instability
of the periodic orbits.

The suppression of chaotic dynamics of OTOCs in QMBS
stems from the SM construction. The interaction annihilates
the scar states locally, implying the absence of the Hartree
term in perturbation theory. As the Hartree is the only pos-
sible O(1) contribution in the semiclassical limit N → ∞,
its absence precludes the emergence of chaos in these states.
This is a distinctive feature of QMBS, not shared by general
periodic orbits in the classical limit, as discussed in Secs. III
and VI where conventional Lyapunov growth is observed.
Remarkably, even when a weak scar-breaking perturbation is
introduced, the anomalous OTOC dynamics persist, owning
to the fact that the quadratic part of the action is not modified
by the interaction. However, unlike the exact scar states, the
higher-order terms eventually induce chaos, driving the sys-
tem toward thermalization.

These findings have practical implications for simulating
or manipulating QMBS, either in laboratories or in quan-
tum computers [37,38]. The present model offers a solvable
example of a QMBS that remains robust against weak scar-
breaking perturbations, at least over a short timescale. Given
that QMBSs avoid the conventional chaotic dynamics even
under a slight perturbation, it is plausible that signatures
of QMBSs can be detected in realistic systems, which may
not perfectly preserve the fine-tuned structures of QMBSs
due to noise or environmental decoherence. The findings of
this paper suggest that the suppression of chaos may be a
generic feature of QMBSs in the semiclassical limit, including
the PXP model. Reference [19] conducts the stability anal-
ysis of a classical PXP model and finds that conventional
Lyapunov growth is absent as well. Confirming the univer-
sality of this property in other models is an important step
toward understanding the many-body scarring phenomenon.
Recent advances in quantum simulation platforms have made
it possible to probe OTOCs experimentally [39,40]. Within
the context of QMBSs, a numerical investigation of OTOCs
in the PXP model in Ref. [41] have revealed anomalous dy-
namical signatures, indicative of suppressed chaotic behavior.
It is important to emphasize that the PXP model, being an
S = 1/2 system, resides far from the semiclassical regime

considered in this work. Nonetheless, the observation of
anomalous OTOC dynamics lends further credence to the
notion that the suppression of chaos may be a robust and
universal feature of QMBS, transcending the specifics of the
underlying microscopic models and their proximity to the
classical limit.

This study focuses on a weak-coupling theory where the
quasiparticles are well-defined. It is therefore interesting and
worthwhile to explore similar analysis on strongly correlated
large-N theories that lack well-defined quasiparticles. For
example, studying OTOCs of the spin-S PXP model in the
semiclassical regime (1 � S < ∞) may reveal important in-
sight into its stability. Additionally, investigating the stability
and chaos of more conventional and realistic models, such
as the PXP model, is essential. While it might be challeng-
ing to study OTOCs and identify distinctive features in such
models—due to the low dimensionality of their local Hilbert
space, which often inhibits exponential growth of OTOCs
even in chaotic systems [42]—considering scar states as vacua
of the SM projector Pi [as defined in Eq. (2.1)] offers a promis-
ing approach.

More information is available in the Supplemental Material
[43].
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APPENDIX A: DERIVATION OF THE OTOC OF THE
PERIODIC ORBIT IN THE SINGLE-PARTICLE SYSTEM

Here I provide a detailed derivation of the OTOC of QSs
[Eq. (3.13)] in the main text based on the Keldysh path integral
approach. To construct the partition function I consider the
following time evolution operator Ũ :

Ũ = U (∞, 0)U0(0,−∞), (A1)

where U and U0 satisfy the following differential equation:

ih̄
∂t

∂U
(t, 0) = HU (t, 0), ih̄

∂t

∂U 0
(t, 0) = 0, (A2)

with the initial condition U (0, 0) = U0(0, 0) = 1. Physically,
Ũ describes a sudden quench: until t = 0 the system does not
evolve at all, and then from t = 0 the Hamiltonian H acts on
the system. While adding U0 seems a redundant procedure due
to U0(t, 0) = U0(0, t ) = 1, U0 removes the boundary term in
the path integral and for this reason one should keep it. The
partition function is defined as

Z = 〈g|Ũ †Ũ |g〉 =
∫

D[a∗, a]e
i
h̄ SK ,

SK =
∫ ∞

−∞
dt

∑
γ=±

γ Lγ ,

Lγ = a∗
γ (t )i

d

dt
aγ (t ) − θ (t )H[a∗

γ (t ), aγ (t )]. (A3)
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To consider the initial Gaussian wave packet, the expectation
value of the operator should be shifted, i.e., 〈aγ 〉 = α0(t =
0). This requires that the complex field in the action should
also be shifted as aγ 
→ α0 + aγ . Therefore, the Lagrangian
is rewritten as

Lγ = a∗
γ (t )i

d

dt
aγ (t ) − θ (t )H[α∗

0 (t ) + a∗
γ (t ), α0(t ) + aγ (t )].

(A4)

The (semiclassical) linear stability analysis can be performed
by expanding Lγ to the second order in aγ and a∗

γ , and sub-
sequently solving the resulting linearized equation of motion.
This procedure is equivalent to calculating the OTOC to the
leading order in h̄. For the case of QS, the OTOC reduces to
a product of the retarded Green’s functions (again to leading
order in h̄) which I will define below. Lγ is decomposed into
the quadratic part Lquad,γ and the higher-order “perturbations”
Lγ ,pert. For the purpose of computing the OTOC at leading
order in h̄, it suffices to consider only the quadratic part,

Lquad,γ = a∗
γ (t )i

d

dt
aγ (t ) − θ (t )(a∗

γ (t ) aγ (t ))M(t )

(
aγ (t )

a∗
γ (t )

)
,

(A5)

where M(t ) is the monodromy matrix defined in Eq. (3.4) in
the main text.

It is convenient to further rewrite the action in terms of the
Keldysh basis ac and aq, which are defined as

ac(t ) = 1√
2

[a+(t ) + a−(t )], aq(t ) = 1√
2

[a+(t ) − a−(t )].

(A6)

The (quadratic) leading part of the Lagrangian Lquad =∑
γ Lquad,γ becomes

Lquad = a∗
c (t )

(
i

d

dt
− i0+

)
aq(t ) + a∗

q(t )

(
i

d

dt
+ i0+

)
ac(t )

− θ (t )

2

(
a∗

c (t ) ac(t )
)
M(t )

(
aq(t )

a∗
q(t )

)

− θ (t )

2
(a∗

q(t ) aq(t ))M(t )

(
ac(t )

a∗
c (t )

)
. (A7)

Note that perturbations arise both from (the higher-order
derivatives of) H0 and (the whole) Hn (n � 1). However, most
of these terms do not contribute to the OTOC to leading order
in h̄.

The Green’s functions GR, GA, and GK are defined as

iGR(t, t ′) =
〈(

ac(t )

a∗
c (t )

)
(a∗

q(t ′) aq(t ′))

〉
,

iGA(t, t ′) =
〈(

aq(t )

a∗
q(t )

)
(a∗

c (t ′) ac(t ′))

〉
,

iGK (t, t ′) =
〈(

ac(t )

a∗
c (t )

)
(a∗

c (t ′) ac(t ′))

〉
. (A8)

From Eq. (A7) the bare retarded Green’s function GR
0 is

GR
0 (t, t ′) = h̄

[(
i

d

dt
+ i0+

)
σ 3 − θ (t )M(t )

]−1

(t, t ′), (A9)

where σ 3 = diag(1,−1) is the Pauli matrix. The bare retarded
Green’s function GR

0 in the main text [Eq. (3.6)] is the (1, 1)
component of GR,

iGR
0 (t, t ′) = 〈ac(t )a∗

q(t ′)〉 =
[〈(

ac(t )

a∗
c (t )

)
(a∗

q(t ′) aq(t ′))

〉]
1,1

= [iGR(t, t ′)]1,1. (A10)

Equation (A9) implies that the leading order of the OTOC
[Eq. (3.7)] is h̄2. Note that the same propagator can be ob-
tained for t, t ′ > 0 even if one removes the step function, i.e.,

GR
0 (t, t ′) = h̄

[(
i

d

dt
+ i0+

)
σ 3 − M(t )

]−1

(t, t ′), (A11)

for t, t ′ > 0. Indeed, Eqs. (A9) and (A11) satisfy the same
differential equation for t, t ′ > 0. Since M(t ) is periodic with
period T [M(t + T ) = M(t )], calculating Eq. (A11) amounts
to a noninteracting Floquet problem, which one can be solved
formally as

GR
0 (t, t ′) = −ih̄θ (t − t ′)

∑
α

ψα (t )ψ†
α (t ′). (A12)

ψα (t ) is a Floquet normal mode with two components,
satisfying [

σ 3

(
i
∂t

∂+ i0+
)

− M(t )

]
ψα (t ) = 0. (A13)

Just like in Bloch’s theorem, the normal mode is decomposed
as a phase factor and a periodic function,

ψα (t ) = eλat uα (t ), uα (t + T ) = uα (t ), (α = 1, 2).
(A14)

This phase factor is an LE of the periodic orbit.
Finally, substituting Eq. (A12) into Eq. (3.7), the OTOC to

leading order is

C(0)(t ) = h̄2θ (t )

∣∣∣∣∣
∑

α

eλαt [uα (t )u†
α (0)]11

∣∣∣∣∣
2

∼ h̄2e2λt , (A15)

where λ is the maximum among the real parts of the Lyapunov
exponents, i.e., λ = maxα (Reλα ).

Corrections to Eq. (A15) can be systematically computed
by standard perturbation theory. For leading order in the
OTOC, the only important perturbation is the fourth-order
derivatives of H0, i.e., φ4-like interactions. Such interactions
can produce a Hartree diagram, which means that one has to
solve a nonlinear equation of motion for GR. Thus such inter-
actions might affect the LE even to leading order. However,
this correction is not important for the early time exponential
growth of the OTOC. Furthermore, except for the Hartree
term, one finds that perturbations only result in higher-order
corrections in h̄ by simple power-counting: corrections from
Hn (n � 1) are trivially higher order since the corresponding
part of the action Sn = − ∫

dtHn contains at least h̄0 in the
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FIG. 10. Solution of the mean-field equation (B3) as functions of the temperature T .

prefactor while each propagator carries h̄. The higher-order
derivatives of the monodromy matrix in H0 also yield only
higher-order corrections. Indeed, at each perturbative expan-
sion, the overall prefactor gives 1/h̄ while there are at least
two propagators (h̄2) involved.

APPENDIX B: DERIVATION OF THERMAL PROPERTIES

In this Appendix I study the thermodynamic properties of
the many-body model and prove that the density of the b boson
[Eq. (4.9)] should be strictly positive in the large-N limit.

The action of the model is

S =
∫ β

0
dτ

⎡
⎣∑

k∈BZ

N∑
μ=1

a∗
kμ(∂τ + ξk )akμ + b∗

kμ(∂τ + ξk )bkμ + J
L∑

i=1

N∑
μ=1

vaivbib
∗
iμbiμ

⎤
⎦

+
∫ β

0
dτN

L∑
i=1

⎡
⎣�ai

2

⎛
⎝vai − 1

N

N∑
μ=1

(aiμ + a∗
iμ)2

⎞
⎠ + �bi

2

⎛
⎝vbi − 1

N

N∑
μ=1

(biμ + b∗
iμ)2

⎞
⎠
⎤
⎦, (B1)

where �ai, �bi are Lagrange multipliers. Assuming that �a, �b and va, vb are space-time independent, the action becomes

S|�,v:fixed = N

2

∑
k∈BZ

∑
iωn

tr ln

(−iωn + ξk − �a −�a

−�a iωn + ξ−k − �a

)

+ N

2

∑
k∈BZ

∑
iωn

tr ln

(−iωn + ξk + Jvavb − �b −�b

−�b iωn + ξ−k + Jvavb − �b

)
+ NL

2T
(�ava + �bvb), (B2)

where ωn = 2πnT is the Matsubara frequency. Minimizing the action with respect to �a, �b and va, vb yields the mean-field
equations (see Fig. 10),

�a = −Jvb

L

∑
k∈BZ

ξk + Jvavb − �b

Ekb
coth

(
Ekb

2T

)
,

�b = −Jva

L

∑
k∈BZ

ξk + Jvavb − �b

Ekb
coth

(
Ekb

2T

)
,

va = 1

L

∑
k∈BZ

ξk

Eka
coth

(
Eka

2T

)
,

vb = 1

L

∑
k∈BZ

ξk + Jvavb

Ekb
coth

(
Ekb

2T

)
, (B3)

where the quasiparticle energy for the two bosonic modes Eka and Ekb are defined as

Eka =
√

ξk (ξk − 2�a), Ekb =
√

(ξk + Jvavb)(ξk + Jvavb − 2�b). (B4)
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Multiplying the action (B2) by the temperature provides the free-energy density. While the energy density can also be obtained
by differentiating the action with respect to the temperature, one can instead explicitly evaluate the thermal average of the
Hamiltonian with the mean-field action, which results in the following expression:

F

NL
= 1

βL

∑
k∈BZ

[
ln

(
eEka/2T − e−Eka/2T

) + ln
(
eEkb/2T − e−Ekb/2T

)] + 1

2
(�ava + �bvb),

E

NL
= 1

L

∑
k∈BZ

ξk (ξk − �a)

2Eka
coth

(
Eka

2T

)
+ 1

L

∑
k∈BZ

[
(ξk + Jvavb)(ξk + Jvavb − �b)

2Ekb
coth

(
Ekb

2T

)
− ξk

]
− Jvavb

2
, (B5)

where T is the temperature.

Finally, I show by contradiction that Eq. (B3) implies
nonzero b-boson density [Eq. (4.9)] at any temperature. The
mean-field equation implies that the thermal expectation value
of ρb satisfies the following relation:

〈ρb〉 = − �a

2Jvb
= − �b

2Jva
. (B6)

Suppose 〈ρb〉 = 0. By Eq. (B6) it implies �a = �b = 0. The
first two lines of Eq. (B3) implies

0 = −Jva/b

L

∑
k∈BZ

sgn(ξk + Jvavb) coth

(
Ekb

2

)
. (B7)

This in turns implies that vb should also be zero by the last
line of Eq. (B3) because it reads

vb = 1

L

∑
k∈BZ

sgn(ξk + Jvavb) coth

(
βEkb

2

)
, (B8)

which indicates the relation �a = −Jv2
b = 0. However, if

vb = 0, the right-hand side of Eq. (B8) implies

0 = vb = 1

L

∑
k∈BZ

sgn(ξk ) coth

(
β|ξk|

2

)
> 0, (B9)

which is a contradiction.

APPENDIX C: DERIVATION OF THE LYAPUNOV
EXPONENT IN QMBS

In this Appendix I provide a detailed derivation of the BS
equation [Eq. (5.23)] in the main text based on the Keldysh
path integral formalism. Following the main text I first derive
the self-energy correction to the retarded Green’s function in
Sec. C 1, and then derive the BS equation in Sec. C 2.

The calculation below relies on the nonequilibrium Green’s
functions defined as

iGR(k; t, t ′) = θ (t − t ′)〈α,|[bkμ(t ), b†
kμ

(t ′)]|α〉
iGA(k; t, t ′) = −θ (t − t ′)〈α,|[bkμ(t ), b†

kμ
(t ′)]|α〉

iGK (k; t, t ′) = 〈α|{bkμ(t ), b†
kμ

(t ′)}|α〉. (C1)

1. The retarded Green’s function

The partition function of the system is written as

Z = 〈α|U †U |α〉 =
∫

D[a∗, a]D[b∗, b]eiSK ,

SK =
∫ ∞

−∞
dt

∑
γ=±

γ Lγ ,

Lγ =
∑
k∈BZ

N∑
μ=1

a∗
kμγ (t )i

d

dt
akμγ (t ) + b∗

kμγ (t )i
d

dt
bkμγ (t ) − Hγ ,

(C2)

where Hγ is the Hamiltonian with aγ and bγ fields. The
equation of motion for those fields are

i
dakμγ

dt
= δHγ

δa∗
kμγ

(t )
, i

dbkμγ

dt
= δHγ

δb∗
kμγ

(t )
. (C3)

A solution of this equation is

akμγ (t ) = δk,0αμe−iEt , bkμγ (t ) = 0. (C4)

This solution corresponds to the perpetual oscillations of the
initial scar state |α〉. One can study the dynamics of the fluc-
tuation by shifting the aγ field as aγ 
→ aγ + αγ . I define the
interacting term Lint = ∑

γ=± γ Lint,γ as follows:

Lint,γ = − J

N2

L∑
i=1

N∑
μνρ=1

(
4α2

μ cos2(Et ) + 4αμ cos(Et )(aiμγ + a∗
iμγ ) + (aiμγ + a∗

iμγ )2
)
(biνγ + b∗

iνγ )2b∗
iργ biργ ,

≈ −4Jα2

N
cos2 (Et )

L∑
i=1

N∑
μν=1

b∗
iμγ biμγ (biνγ + b∗

iνγ )2, (C5)

where the approximation in the second line is valid under the assumption that α2 = N−1 ∑
μ α2

μ is sufficiently large.
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It is now convenient to rewrite Lint in the Keldysh basis (bc and bq),

Lint ≈ −2Jα2

N
cos2 (Et )

L∑
i=1

N∑
μν=1

(b∗
iμcbiμq + b∗

iμqbiμc)
(
(b∗

iνc)2 + (b∗
iνq )2 + b2

iνc + b2
iνq

)

− 4Jα2

N
cos2 (Et )

L∑
i=1

N∑
μν=1

(b∗
iμcb∗

iμq + biμcbiμq )(b∗
iνcbiνc + b∗

iνqbiνq )

− 8Jα2

N
cos2 (Et )

L∑
i=1

N∑
μν=1

(b∗
iμcbiμq + b∗

iμqbiμc)(b∗
iνcbiνc + b∗

iνqbiνq ). (C6)

The retarded Green’s function is then defined as iGR(t, t ′) = 〈bc(t )b∗
q(t ′)〉. As stated in the main text, the first-order perturbation

(the Hartree term) should vanish because the scar states are annihilated by biμ. Up to the order of 1/N , the second-order
perturbative correction to the retarded Green’s function yields

−
∫ ∞

−∞
dt1dt2GR

0 (k; t, t1)
8J2α4

N
cos2 (Et1) cos2 (Et2)�̃[G0]GR

0 (k; t2, 0), (C7)

where

�̃[G0] = 1

L2

∑
p,q∈BZ

GR
0 (p; t1, t2)GR

0 (q; t1, t2)GR
0 (k − p − q; t1, t2) + 3

L2

∑
p,q∈BZ

GR
0 (p; t1, t2)GK

0 (q; t1, t2)GK
0 (k − p − q; t1, t2)

+ 16

L2

∑
p,q∈BZ

GR
0 (p; t1, t2)GK

0 (q; t1, t2)GK
0 (−k + p + q; t2, t1) + 2

L2

∑
p,q∈BZ

GR
0 (p; t1, t2)GK

0 (q; t2, t1)GK
0 (p − k − q; t2, t1)

+ 8

L2

∑
p,q∈BZ

GA
0 (p; t2, t1)GK

0 (q; t1, t2)GK
0 (k + p − q; t1, t2) + 6

L2

∑
p,q∈BZ

GA
0 (p; t2, t1)GK

0 (q; t2, t1)GK
0 (k + p + q; t1, t2).

(C8)

In the frequency space, the Dyson equation is written as

GR(k, ω) = GR
0 (k, ω) − GR

0 (k, ω)
∑
n∈Z

�n(k, ω)GR(k, ω + 2nE ), (C9)

where

�0(k, ω) = −8J2α4

NL2

∑
p,q∈BZ

(
SR(ω, k, p, q) + 1

4
SR(ω + 2E , k, p, q) + 1

4
SR(ω − 2E , k, p, q)

)
,

�±1(k, ω) = −4J2α4

NL2

∑
p,q∈BZ

[SR(ω, k, p, q) + SR(ω ± 2E , k, p, q)],

�±2(k, ω) = −2J2α4

NL2

∑
p,q∈BZ

SR(ω ± 2E , k, p, q),

�±n(k, ω) = 0 (n > 2). (C10)

The factor SR is defined as

SR(ω, k, p, q) = 1

ω − ξp − ξq − ξk−p−q + i0+ + 2

ω + ξp − ξq − ξk+p−q + i0+ − 1

ω + ξp + ξq − ξk+p+q + i0+ . (C11)

The imaginary part of the self-energy Im�n(k, ω) is approximated by substituting

SR(ω, k, p, q) → −π [δ(ξk − ξp − ξq − ξk−p−q ) + 2δ(ξk + ξp − ξq − ξk+p−q ) − δ(ξk + ξp + ξq − ξk+p+q + i0+)] (C12)

into Eq. (C10). The first two terms in SR represent the particle-number-decreasing process and the number-conserving process,
respectively, and the last term is the number-increasing process. Combined with Eq. (5.18) the approximate retarded Green’s
function is

GR(k, ω) ≈ 1

ω − ξk + �k
, (C13)
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where

�k = −8J2α4

NL2

∑
p,q∈BZ

(
SR(ξk, k, p, q) + 1

4
SR(ξk + 2E , k, p, q)

+ 1

4
SR(ξk − 2E , k, p, q)

)

≡ 8J2α4

N
�̃k. (C14)

In the main text, I have presented the plot of Im�̃k in Fig. 6
for L = 3000, using the parameters t = 1, t ′ = 1/π , t ′′ =
1/π2, and μ = 2(t + t ′ + t ′′) + 1/2. The numerical analy-
sis necessitates a relatively large system size, owing to the
presence of the infinitesimal constant in the Green’s function
[GR(ω) = (ω + i0+ − ξ )−1]. In practice, this constant should
be chosen as W/L, where W is on the order of the bandwidth
of the single-particle Hamiltonian. For smaller system sizes,
the artificial broadening of the Green’s function induced by
this (originally infinitesimal) shift W/L leads to a quantita-
tive underestimation of Im�̃k . Nevertheless, the qualitative
behavior remains unchanged, as Im�̃k is still positive for all
k ∈ [−π, π ], ensuring the quasiparticle decay. I have verified
Im�̃k up to L = 3000 and found that the self-energy correc-
tion seems to converge (see Fig. 11).

2. Bethe-Salpeter equation

In this Sec. I derive the BS equation in the main
text [Eq. (5.23)], following equilibrium cases [33,34]. Unlike
the Green’s function, one needs to double the degrees of
freedom to regard the OTOC as a path-ordered correlator. The
partition function with the two-folded Keldysh contour is

Z =
∫

D[a∗, a]D[b∗, b]eiSK ,

SK =
∑

p=u,d

∑
γ=±

γ Spγ ,

FIG. 11. Comparison of the imaginary part of the self-energy
Im�̃k for different system sizes (L = 2800, 2900, and 3000). The
parameters are set as t = 1, t ′ = 1/π , t ′′ = 1/π 2, and μ = 2(t + t ′ +
t ′′) + 0.5. The infinitesimal constant in the Green’s function is set as
1.5 µ/L.

Spγ =
∫ ∞

−∞
dt

∑
k∈BZ

N∑
μ=1

[
a∗

kμpγ (t )i
d

dt
akμpγ (t )

+ b∗
kμpγ (t )i

d

dt
bkμpγ (t )

]
− Hpγ . (C15)

To carry out perturbative calculations I follow the idea of sud-
den quench in the single-particle case: since one only needs to
consider the system for the period 0 � τ � t , it is sufficient
to introduce the interaction term in the action for this period,
i.e., Sint is defined as

Sint =
∫ t

0
dτLint. (C16)

This way of introducing the interaction does not affect the
final result and simplifies calculations since one can take
advantage of the causality [any field φ(τ ) in Sint should satisfy
0 � τ � t].

To derive the BS equation for the OTOC, I consider the
Laplace transform of Cα (t ) as

Cα (ω) =
∫ ∞

0
dteiωtCα (t ),

(C17)

Cα (t ) =
∫

dω

2π
e−iωtCα (ω),

where for the inverse transformation the integral contour
should run above all the singularities. Note that the con-
ventional Fourier transformation is insufficient since the
exponential function cannot be Fourier transformed. In the
following I compute Cα (ω) perturbatively, and derive the BS
equation for the OTOC.

a. The zeroth order

The zeroth order of the OTOC is already presented in the
main text [Eq. (5.11)]. Its Laplace transform is

C(0)
α (ω) = 1

NL

∫
dk0

2π

∑
k∈BZ

GR
0 (k, k0)

[
GR

0 (k, k0 − ω)
]∗

≡ 1

NL

∫
dk0

2π

∑
k∈BZ

f (0)(k, k0, ω), (C18)

where k0 runs above all the singularities, too. When higher-
order corrections are considered in Sec. C 2 d, Eq. (C18)
should be replaced with the full propagators. However, such a
term is irrelevant for the Lyapunov growth of the OTOC, since
�k [Eq. (C14)] is positive, which implies that Eq. (C18) has a
pole in the lower half plane and thus C(0)

α (t ) decays in time.

b. The first order

As stated in the main text in Sec. V A 1 (or Sec. C 1), the
first-order perturbation should vanish, as any normal ordered
operator should annihilate the scar states.

c. The second order

The second-order perturbations are classified as (i) pertur-
bations to the Green’s function (the left panel of Fig. 12) and
(ii) a perturbation peculiar to the OTOC (the right panel of
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FIG. 12. Typical diagrams of the second-order corrections to the OTOC. They include (i) the correction to the propagator (left panel) and
(ii) the one peculiar to the OTOC (right panel).

Fig. 12). The perturbations (i) have been already discussed
in Sec. C 1, so I focus on the perturbation (ii). Unlike the

correction to the Green’s function that contains many terms
[Eq. (C8)], the perturbation (ii) consists of only one term,

∫ t

0
dt1dt2

1

NL

∑
k∈BZ

GR
0 (k; t, t1)

[
GR

0 (k; t, t2)
]∗ 8J2α4

NL2
cos2 (Et1) cos2 (Et2)

×
∑

p,q∈BZ

GW
0 (p; t1, t2)GW

0 (k − p − q; t1, t2)GR
0 (q; t1, 0)

[
GR

0 (q; t2, 0)
]∗

, (C19)

where GW
0 is the zeroth-order approximation of (an analog of) the Wightman function GW (t, t ′) = 〈α|b(t )b†(t ′)|α〉. The

Wightman functions are depicted by the propagator lines oriented in the same direction within the loop in the right panel of
Fig. 12. Note that the interaction vertices in this figure correspond specifically to the first term in Eq. (C6). Figure 12 also
indicates that the second-order correction to the OTOC corresponds to adding a rung diagram to the set of the bare propagators.
The domain of the integral can now be extended from [0, t] to [−∞,∞] due to the causality structure of the retarded Green’s
function [GR(t, t ′) ∝ θ (t − t ′)].

In the frequency space, the above equation is written as∫
dk0dq0

(2π )2

1

NL

∑
k∈BZ

f (0)(k, k0, ω)
∑
n∈Z

∑
q∈BZ

Rn(k, k0; q, q0) f (0)(q, q0, ω + 2nE ), (C20)

where Rn is defined as

R0(k, k0; q, q0) = 2J2α4

NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp) + J2α4

2NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp + 2E )

+ J2α4

2NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp − 2E ),

R±1(k, k0; q, q0) = J2α4

NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp) + J2α4

NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp ± 2E ),

R±2(k, k0; q, q0) = J2α4

2NL2

∑
p∈BZ

GW
0 (k − p − q, k0 − q0 − ξp ± 2E ),

R±n(k, k0; q, q0) = 0 (n > 2). (C21)

d. Higher order

The above exercise [Eqs. (C18) and (C20)] implies that the higher-order perturbations correspond to adding many rung
diagrams and thus they can be incorporated by replacing the bare correlator with the full correlator: let us write the OTOC in
momentum space as

Cα (ω) =
∫

dk0

2π

1

NL

∑
k∈BZ

f (k, k0, ω). (C22)
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At the zeroth order in J , f (k, k0, ω) = f (0)(k, k0, ω) + O(J ). The effect of higher-order corrections is modifying the Green’s
function and adding the rung diagram. Therefore, f (k, k0, ω) satisfies the following BS equation:

f (k, k0, ω) = GR(k, k0)[GR(k, k0 − ω)]∗ + GR(k, k0)[GR(k, k0 − ω)]∗
∫

dq0

2π

∑
n∈Z

∑
q∈BZ

R(k, k0; q, q0) f (q, q0, ω + 2nE ).

(C23)

As mentioned in Sec. C 2 a, one can safely neglect the first
term in the RHS for the asymptotic rate of the Lyapunov
growth since it describes decay of the quasiparticles. I further
approximate Eq. (C23) by imposing the on-shell condition,

GR(k, k0)[GR(k, k0 − ω)]∗ ≈ iπ
δ(k0 − ξk )

ω + iIm�k
, (C24)

which is an analog of the quasiparticle approximation in the
derivation of the Boltzmann equation. Substituting Eq. (C24)
into Eq. (C23), one arrives at the BS equation,

−iω f (k, ω) ≈ −Im�k f (k, ω)

+
∑
n∈Z

∑
q∈BZ

K−n(k, q) f (q, ω + 2nE ), (C25)

where f (k, ω) = f (k, ξk, ω) and the kernel K is defined as
K−n(k, q) = Rn(k, ξk, q, ξq )/2.

To solve this equation, I define the “vector”

fn(k, ω) = f (k, ω + 2nE ), (C26)

and with this notation Eq. (C25) is written as the Schrödinger
equation of periodically driven systems,

−i(ω + 2nE ) fn(k, ω) ≈ −Im�k fn(k, ω)

+
∑
m∈Z

∑
q∈BZ

K−m(k, q) fn+m(q, ω).

(C27)

I regard −Im�k and K−m(k, q) as a Fourier series of the
periodic (matrix) function K̂ (t ),

〈k|K̂ (t )|q〉 ≡ −δk,qIm�k + K (k, q, t )

=
∑
n∈Z

e−i2nEt [−Im�kδk,qδn,0 + Kn(k, q)]. (C28)

Equation (C27) is then equivalent to the Schrödinger equa-
tion d

dt | f (t )〉 = K̂ (t )| f (t )〉. The Schrödinger equation is
formally solved by exponentiating the kernel K̂ (t ), which is
expanded as the Magnus series,

| f (t )〉 = T exp

[∫ t

0
dτ K̂ (τ )

]
| f 〉, T exp

[∫ t

0
dτ K̂ (τ )

]

= exp[�̂K (t )], (C29)

where T is the time-ordered product and

�̂K (t ) =
∞∑

n=1

�̂n(t ),

�̂1(t ) =
∫ t

0
dτ K̂ (τ ),

�̂2(t ) =
∫ t

0
dτ1

∫ τ1

0
dτ2[K̂ (τ1), K̂ (τ2)],

... . (C30)

�̂1 is already sufficient for the Lyapunov exponent to be
correctly calculated up to the order of 1/N , as each ma-
trix element of K̂ (t ) is of order 1/N . If one sets t =
nπ/E , �̂1 corresponds to K0. Therefore, Eq. (5.24) is
justified.

APPENDIX D: DERIVATION OF THE OTOC OF ANOTHER
UNSTABLE PERIODIC ORBIT

In this Appendix I aim to derive the OTOC of the periodic
orbit |β〉 [Eq. (6.1)], following closely the derivation of the
OTOCs in the previous cases.

The unstable periodic orbit Eq. (6.1) corresponds to the
following solution of the equation of motion of the Keldysh
action [Eq. (C3)],

akμγ (t ) = 0, bkμγ (t ) = δk,0βμe−iEt . (D1)

Following the idea of the sudden quench in Appendix A,
the interacting term Lint = ∑

γ=± γ Lint,γ is written as

Lint,γ = −Jθ (t )

N2

L∑
i=1

N∑
μνρ=1

(β∗
μeiEt + biμγ )(βμe−iEt + biμγ )

× (aiνγ + a∗
iνγ )2. (D2)

Assuming β2 := N−1 ∑
μ |βμ|2 is sufficiently large, the dom-

inant term in Lint is

Lint ≈ −8Jθ (t )β2 cos2(Et )
L∑

i=1

N∑
μ=1

(aiμc + a∗
iμc)(aiμq + a∗

iμq )

≡ −2J (t )
L∑

i=1

N∑
μ=1

(aiμc + a∗
iμc)(aiμq + a∗

iμq ). (D3)

Note that unlike the initial scar state in Appendix C, the
dominant term is quadratic, which implies that Lint affects the
OTOC even at the leading order. Indeed, the quadratic part
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of the full Lagrangian Lquad is

Lquad = 1

2

∑
k∈BZ

N∑
μ=1

(a∗
kμc a−kμc)

(
i∂t − i0 − ξk − J (t ) J (t )

−J (t ) −i∂t + i0 − ξ−k − J (t )

)(
akμq

a∗
−kμq

)

+ 1

2

∑
k∈BZ

N∑
μ=1

(a∗
kμq a−kμq )

(
i∂t + i0 − ξk − J (t ) J (t )

−J (t ) −i∂t − i0 − ξ−k − J (t )

)(
akμc

a∗
−kμc

)

+ 2i0
∑
k∈BZ

a∗
kμqakμq. (D4)

Following Appendix A, I define the Green’s function as

iGR(k; t, t ′) =
〈(

akμc(t )

a∗
−kμc(t )

)
(akμq(t ′) a∗

−kμq(t ′))

〉
,

iGA(k; t, t ′) =
〈(

akμq(t )

a∗
−kμq(t )

)
(akμc(t ′) a∗

−kμc(t ′))

〉
,

iGK (k; t, t ′) =
〈(

akμc(t )

a∗
−kμc(t )

)
(akμc(t ′) a∗

−kμc(t ′))

〉
. (D5)

The retarded Green’s function defined in the main text
[Eq. (6.4)] is the (1, 1) component of GR.

At the leading order, GR is easily obtained,

GR(k; t, t ′) = −iθ (t )
∑

α

ψkα (t )ψ†
kα

(t ′), t, t ′ > 0, (D6)

where ψkα is the Floquet normal mode satisfying[
σ 3

(
i

d

dt
+ i0+

)
−

(
ξk + J (t ) J (t )

J (t ) ξ−k + J (t )

)]
ψkα (t ) = 0.

(D7)

Again, the Floquet normal mode ψkα satisfies the relation

ψkα (t ) = eλkαt ukα (t ), ukα (t + π/E ) = ukα (t ). (D8)

Therefore, the exponential factor in the normal mode corre-
sponds to the Lyapunov exponent and the OTOC at the leading

order is expressed as

Cβ (t ) = θ (t )

NL

∑
k∈BZ

∣∣∣∣∣
∑

α

eλkαt [ukα (t )u†
kα

(0)]11

∣∣∣∣∣
2

. (D9)

APPENDIX E: DERIVATION OF THE OTOC WITH THE
SCAR-BREAKING PERTURBATION

In this Sec. I will derive the OTOC of the periodic orbit
when the scar-breaking term V is added. To this end, I define
the following Green’s function,

G(k; t, t ′) =
(
GK (k; t, t ′) GR(k; t, t ′)
GA(k; t, t ′) 0

)
, (E1)

where each component is defined as

iGR(k; t, t ′) =
〈(

bkμc(t )

b∗
−kμc(t )

)
(b∗

kμq(t ′) b−kμq(t ′))

〉
,

iGA(k; t, t ′) =
〈(

bkμq(t )

b∗
−kμq(t )

)
(b∗

kμc(t ′) b∗
−kμc(t ′))

〉
,

iGK (k; t, t ′) =
〈(

bkμc(t )

b∗
−kμc(t )

)
(b∗

kμc(t ′) b−kμc(t ′))

〉
. (E2)

In the following I denote τ a and σ a as the Pauli matrices acting
on the Keldysh space and the particle-hole space, respectively.

Note that the quadratic part of the Lagrangian is modified
by the perturbation,

Lquad =
∑
k∈BZ

N∑
μ=1

(a∗
kμc akμq)

(
0 i∂t − i0 − ξk

i∂t + i0 − ξk 2i0

)(
akμc

akμq

)

+ 1

2

∑
k∈BZ

N∑
μ=1

(b∗
kμc b−kμc)

(
i∂t − i0 − ξk θ (t )ε

θ (t )ε −i∂t + i0 − ξk

)(
bkμq

b∗
−kμq

)

+ 1

2

∑
k∈BZ

N∑
μ=1

(b∗
kμq b−kμq )

(
i∂t + i0 − ξk θ (t )ε

θ (t )ε −i∂t − i0 − ξk

)(
bkμq

b∗
−kμq

)
+ 2i0

∑
k∈BZ

N∑
μ=1

b∗
kμqbkμq. (E3)

As one can see the discussion below, Lquad might already indicate the chaos of the periodic orbit when the perturbation is strong
enough, while for the weak perturbation one has to check the higher orders to detect the chaotic dynamics of the OTOC.
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1. The case |ε| > E

When the perturbation satisfies the condition |ε| > E , the OTOC exhibits the exponential growth just as QSs (Appendix A)
and the unstable periodic orbit (Appendix D).

For t, t ′ > 0, the retarded Green’s function shows different behaviors depending on the sign of ξ 2
k − ε2. If ξ 2

k > ε2, it is

iGR(k; t, t ′) = θ (t − t ′)
e−i

√
ξ 2

k −ε2t

2
√

ξ 2
k − ε2

⎛
⎝
√

ξ 2
k − ε2 + ξk ε

ε −
√

ξ 2
k − ε2 + ξk

⎞
⎠

− θ (t − t ′)
ei
√

ξ 2
k −ε2t

2
√

ξ 2
k − ε2

⎛
⎝−

√
ξ 2

k − ε2 + ξk ε

ε

√
ξ 2

k − ε2 + ξk

⎞
⎠. (E4)

If ξ 2
k < ε2, it shows exponential growth,

iGR(k; t, t ′) = e
√

ε2−ξ 2
k t

2i
√

ε2 − ξ 2
k

⎛
⎝i

√
ε2 − ξ 2

k + ξk ε

ε −i
√

ε2 − ξ 2
k + ξk

⎞
⎠

− e−
√

ε2−ξ 2
k t

2i
√

ε2 − ξ 2
k

⎛
⎝−i

√
ε2 − ξ 2

k + ξk ε

ε i
√

ε2 − ξ 2
k + ξk

⎞
⎠. (E5)

Therefore, to leading order, the OTOC shows exponential growth.

2. The case |ε| < E

Equation (E4) indicates that the quadratic term of the
Lagrangian is not enough to obtain the chaos when the pertur-
bation satisfies |ε| < E , which requires that one should treat
the interaction. For the interacting term Lint [Eq. (C5)], only
the first-order correction (Fig. 3) survives in the large-N limit,

G(k; t, t ′) = G0(k; t, t ′) +
∫

dτ�(τ )G0(k; t, τ )τ 1G(k; τ, t ′)

+
∫

dτ�′(τ )G0(k; t, τ )τ 1 ⊗ σ 1G(k; τ, t ′),

(E6)

FIG. 13. The OTOC Cα (t ) (0 � t � 5π ) for L = 200. For the
parameters I set t = 1, t ′ = 1/π , t ′′ = 1/π 2, 8Jα2 = 3 and ε is
varied.

where the self-energies � and �′ are defined as

�(τ ) = 8Jα2

L

∑
q∈BZ

sinh(2θq)[2 sinh(2θq)

+ cosh(2θq)] cos2 (Eτ ) sin2
(√

ξ 2
q − ε2τ

)
,

�′(τ ) = 8Jα2

L

∑
q∈BZ

sinh2(2θq) cos2 (Eτ ) sin2 (√
ξ 2

q − ε2τ
)
,

(E7)

with

θq = arctanh

⎛
⎜⎝ξq −

√
ξ 2

q − ε2

ε

⎞
⎟⎠. (E8)

Note that, in order to find the early time growth of the OTOC,
this treatment is enough, while for later time one needs to
solve the Hartree equation, i.e., the self-energy should be a
functional of the full Green’s function.

The Dyson equation [Eq. (E6)] indicates that the re-
tarded Green’s function should satisfy the following Dyson
equation,

GR(k; t, 0) = GR
0 (k; t, 0) +

∫ t

0
dτGR

0 (k; t, τ )

× [�(τ ) + �′(τ )σ 1]GR(k; τ, 0). (E9)
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This equation is solved numerically and iteratively by updat-
ing the Green’s function by the equation

GR
n+1(k; t, 0) = GR

0 (k; t, 0) +
∫ t

0
dτGR

0 (k; t, τ )

× [�(τ ) + �′(τ )σ 1]GR
n (k; τ, 0), (E10)

until the algorithm converges.

Note that the OTOC is approximately expanded as

Cα (t ) ≈ 1

NL

∑
k∈BZ

∣∣[GR(k; t, 0)
]

1,1

∣∣2
. (E11)

I observe numerically that for the small ε the growth of the
OTOC is extremely slow (see Fig. 13). Oscillatory behavior of
the OTOCs in Fig. 13 may reflect the oscillatory self-energies
�(t ) and �′(t ) in Eq. (E7).

[1] J. M. Deutsch, Quantum statistical mechanics in a closed sys-
tem, Phys. Rev. A 43, 2046 (1991).

[2] M. Srednicki, Chaos and quantum thermalization, Phys. Rev. E
50, 888 (1994).

[3] M. Rigol, V. Dunjko, and M. Olshanii, Thermalization and
its mechanism for generic isolated quantum systems, Nature
(London) 452, 854 (2008).

[4] N. Shiraishi and T. Mori, Systematic construction of counterex-
amples to the eigenstate thermalization hypothesis, Phys. Rev.
Lett. 119, 030601 (2017).

[5] Takashi Mori and N. Shiraishi, Thermalization without eigen-
state thermalization hypothesis after a quantum quench, Phys.
Rev. E 96, 022138 (2017).

[6] H. Bernien, S. Schwartz, A. Keesling, H. Levine, A. Omran,
H. Pichler, S. Choi, A. S. Zibrov, M. Endres, M. Greiner, V.
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