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Topological edge states of massless fermions with nonquantized and zero Berry phases
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We investigate the bulk-boundary correspondence for massless Dirac fermions in «-7; lattice where the Berry

phase can be continuously tuned from 7 (graphene) to O (73 or dice lattice) without modifying the energy
dispersion. The topological origin of edge states is revealed by the unitary transformation of the Hamiltonian,
which maps an «-T; zigzag ribbon (ZR) onto a stub Su-Schrieffer-Heeger (SSH) chain. In the Majorana
representation of the eigenstates, the topological invariant is manifested by the azimuthal winding number on the

Bloch sphere. Particularly, 75 ZR exemplifies a topologically nontrivial system with zero Berry phase. Contrary
to conventional topological insulators, the gap closing in the corresponding stub SSH chain is not accompanied

by a topological phase transition.

DOI: 10.1103/PhysRevB.110.L161409

Topological matters host robust edge states [1] that are
promising for applications in quantum computing and effi-
cient electronic devices [2]. In the Chern insulators [3,4],
time-reversal symmetry (TRS) is broken and the number of
edge states is given by Z invariants. In two-dimensional (2D)
systems with preserved TRS, Z, invariants [5-7] differentiate
between topological insulators (TIs) and trivial insulators.
The simplest model for TI is the Su-Schrieffer-Heeger (SSH)
chain of polyacetylene [8], in which the ratio between the
intracell and intercell hopping integrals determines the Berry
phase I' in a 1D Brillouin zone (BZ), also known as the Zak
phase [9]. Here, the presence and absence of edge states are
indicated by I' = 7w and 0, respectively [10]. The existence
of edge states in a graphene zigzag ribbon (ZR) can also
be inferred from the Zak phase [10]. By fixing a proper
gauge for the Hamiltonian, graphene is mapped onto the SSH
model [10-14]. The mapping establishes a relation between
the conserved momentum of graphene ZR and the hopping pa-
rameter of the SSH chain, and therefore, the system is reduced
from 2D to 1D.

Consider a honeycomb lattice comprising A and B sites
with a hopping parameter t4 > 0. The «-T5 lattice [15] is
constructed by connecting the B sites to the additional C
sites at the center of each hexagon with a hopping parameter
tc = aty fora € [0, 1], as depicted in Fig. 1(a). Here, I" varies
continuously between 7 (graphene, pseudospin S = 1/2) and
0 (75 lattice, S = 1) for « = 0 and 1, respectively, without
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altering the energy bands when the energy is scaled by ¢ =
V142 + 1c2. A question that naturally arises from this situation
is whether the topological edge states remain without the
quantized I'. However, the bulk-boundary correspondence is
yet to be formulated, even though the «-T73 lattice has been
extensively studied due to its unconventional properties, e.g.,
tunable orbital susceptibilities from dia- to paramagnetism
[15], enhanced Klein tunneling [16-18], and large Chern
numbers equal to &2 when the TRS is broken [19-22]. The
a-T; Hamiltonian can be employed to describe the optical
properties of 2D Hg, .Cd,Te [23,24] at x =~ 0.17. Further-
more, the T3 lattice is predicted to occur in perovskite-based
heterostructures [19,25] and strained blue-phosphorene oxide
[26].

In this Letter, an example of «-73 ZR [Fig. 1(a)] is mapped
onto a stub SSH chain [27,28] [Fig. 1(b)] by a unitary trans-
formation of the Hamiltonian. In the Majorana representation
of the eigenstates [29-31], the topological invariant is defined
from the azimuthal winding number on the Bloch sphere [27].
Thus, we find that the origin of edge states in the a-73 ZR
can be understood from the topological phase of the stub SSH
chain. In particular, our result shows that 75 ZR is topologi-
cally nontrivial despite I' = 0. In contrast to the conventional
TIs, the corresponding stub SSH chain is not subject to a
topological phase transition by band gap closing.

The bulk Hamiltonian of the «-Tx lattice in the momentum
space k = (k,, ky) is given by

0 cos ¥ fx 0
hy = —t| cos ¥ fff 0 sinv fy |, N
0 sin 9 ff 0

where ® =tan' &, and fi = Y0_, e *b = | file 7. b,’s
are the nearest-neighbor vectors. The eigenvalues of A in-
clude the energy bands of graphene &;; = st|fx|, where
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FIG. 1. (a) The «-T5 ZR, with periodic (open) boundary condi-
tions along the x (y) axis. The open symbols represent the missing
sites [similarly for (b)]. The hopping parameter between the B and
A (C) sites is t4 (tc), where t¢/ty = a € [0, 1]. The dashed hexagon
is the unit cell. b, = —a(1/2,1/2+/3), b, = a(1/2, —1/2+/3), and
b3 = a(0, 1/\/3) are the nearest-neighbor vectors. a; = a(1,0) and
a, =a(l/2, \[3/2) are the primitive vectors. m = 1,2,...,3J in-
dicates the position of site in the y axis, where J is the number of
trimers. L = (L,, L,) connects the missing B and C sites at m = 0
and m = 3J + 1, respectively, where L, = V3 + Daj2 — a//3.
(b) The stub SSH chain. #,yv4 (fv)) is the intracell (intercell) hop-
ping parameter between the B and A sites. The hopping parameter
between the B and C sites is #,;vc. The position of the unit cell
(dashed rectangle) is ¥; = jv/3a/2.

s = —1 (+1) corresponds to the valence (conduction) band,
and a flat band at zero energy &y x = 0.

By using the eigenstates [y, x) of A for the band ¢ €
{s, 0}, the Berry phase I'c =i § dk - (Y x| Vi|¥ex) is analyt-
ically calculated by a contour integral along a path enclosing
each Dirac point [32]. The results are I'y ; = wt cos(2¢') and
o = =27t cos(20), where T = +1 (—1) for the K (K')
valley [15]. Thus, I'.’s are not quantized to 7 or 0 and differ
for each valley for « € (0, 1), because except for @ € {0, 1}
the «-T; lattice does not possess inversion symmetry that
guarantees the quantization of I'.’s [9].

The «-T3 ZR in Fig. 1(a) is constructed by translating the
unit cell of the bulk lattice (dashed hexagon) along the x direc-
tion with periodicity a;. The width of the ZR is specified by J,
which is the number of trimers along the y axis. The vector L
connects the missing B and C sites at m = 0 and m = 3J + 1,
respectively. The ZR is characterized by the boundary condi-
tions imposed on the wave function ¥, = (Y4 y5  w&)"
in the real space r = (x, y). ¥(r) is given by a linear combi-
nation of the Bloch state v/, x(r) = etkr |¥s.k). In Fig. 1(a), the
periodic and open boundary conditions along the x and y axes
implies

V20 + lay) =0, 2)

a[yE L+ lay) + YL+ (- Day)]
+ Y L —by+la)) =0, ?3)

where O = (0, 0) is the origin and [ € Z. Equation (2) de-
scribes the missing B sites at m = 0. Equation (3) describes
the terminations of bonds connecting the B sites at m = 3J to
the nearest A and C sites outside the ZR. For the bulk states,
we adopt ¥ (r) = Ay x(r) + AV 1 (r) [10]. Equation (2)
yields A" = —A, and k - a; = k" - a; due to the conservation
of k.. The conservation of energy &, = &y gives k-a; =
K-a = (k+E) a,thusk’ = (ke, —ky).
Now let us define a unitary matrix

ek :=a1/) co5yy 0 e kbiginy
—ek b/ gin gy (0 emkbicogy

By setting y = tan~!(aB) with B = 2cos(k,a/2) >0 for
k. € [—m/a, w/al, h is transformed to the bulk Hamiltonian
of the stub SSH chain in Fig. 1(b) as follows,

0 F& O
H, = MkhkMT = —1Iy ./_'.,:,{k 0 vc | 5
0 Uc 0

where tyy =ty cosy and Fy = vA+v;,e_i“/§k>'“/2 = | Fr|e .
In each unit cell (dashed rectangle), the positions of all
sites in the y axis are identically given by Y; = jv/3a)2.
v = Bl +a?) =1+ «?B?) is the intracell (intercell)
coupling between the B and A sites. vec = a(1 — B2) is the
coupling between the B and C sites. Thus, the unitary trans-
formation reduces the a-73 ZR to the stub SSH chain by
mapping k, onto the hopping parameters. The eigenvalues
of Hy are Eg = sty/|Fk|? + vc? and Egy = 0. By defining
O = tan~!(ve/| F|), the eigenstates are given by

S Ope Pk sin @ e 1P
W) = — s s [Wor) = 0
V2 sin Oy — cos O
(6)

The stub SSH chain belongs to the BDI class [33]
according to the “tenfold way” classification of TIs and
superconductors [34], same as the SSH chain. For v¢ #
0, on the other hand, there is no gap closing at |k,| =

27 /+/3a to indicate a topological phase transition when
va/vy = 1. By denoting &, at k_\,=:|:271/\/§a as Py,
note that

va/vy < 1,
va/vy > 1,

O, = {:l:n for 7

0 for

regardless of ve. Equation (7) will be employed to evaluate
the topological invariant for the stub SSH chain.
The wave function of the chain is denoted by W, =

WA wB W) For the open boundary conditions in
Fig. 1(b), the missing B (A) site at ¥ (¥;+1) necessitates

W) =0, ®)

W (Y1) = 0. )
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The equivalence between the «-73 ZR in Fig. 1(a) and the
stub SSH chain in Fig. 1(b) is established from the bound-
ary conditions. It can be shown that Egs. (8) and (9) are
identical to Egs. (2) and (3), respectively, because |V ) =
M|V k). Using W (y) = W x (v) — Wy (v), where Wy i (y) =
e"kvy|llls,k), the quantization condition of k, is derived from
Eq. (9) as follows:

V3 + Dkya/2 — &, =nmw, for n=1,2,....J. (10)

Equation (10) is solved graphically along k, € (0, 27/ V3a)
because W (y) = 0 for k, € {0, 277 /+/3a}. The missing solu-
tions correspond to the emergence of edge states [10] when

va/vy < 1—1/J + D). (11)

The ratio (v4/v}y); =1—1/(J +1) is the critical value at
which the transition of bulk to edge states occurs in a finite
system [10]. It is noted that Eq. (10) also holds for the SSH
chain because ®; does not depend on vc. Nevertheless, the
inversion symmetry is broken for vc # 0 [27]. Subsequently,
the presence or absence of edge states cannot be predicted
from the Zak phase, which is no longer quantized to 7 or 0
[27,35].

The existence of edge states in the k, space of the o-T3
ZR can be straightforwardly determined from Eq. (11). By
inserting the B dependences of v4 and v);, we obtain

1+o?
—(J+1)!
For o # 0, the solutions of Eq. (12) are ,BJ < ﬂ 2 and
0< B < B;, where /3] = 2cos(X] a/2). Here, Xj are the
critical values of |k,| € [0, 7 /a] at which the bulk states un-
dergo transitions to edge states appearing in the range

0 < k| < X]L and x; < k| < 7/a. (13)

o’p? — B+1>0. (12)

In the thermodynamic limit J — oo, in converge to
_ 2 —_
I ~@/a)cosT'(1/2a%), x5 ~27/3a. (14)

For @ € (0, 1/ ﬁ), the range of existence for the edge states
is identical to that of the graphene ZR [10,36,37], because x;g
is undefined. The edge states in the 73 ZR («¢ = 1) exist at all
|k, | excluding xt = x5, = 27 /3a.

The energy of the edge states &; is deduced as follows. In
the SSH chain, E; ~ 0 due to the chiral and inversion symme-
tries [10,36]. Accordingly, for the stub SSH chain (v¢ # 0),
we get E; ~ sty|vc|, where the state s = —1 (+1) is anal-
ogous to the bonding (antibonding) molecular orbital. Thus,
the edge state for each s is localized only on the edge that
terminates at the B site [top edge in Fig. 1(b)]. Since the eigen-
values are invariant under the unitary transformation, & =
E, = stc cos y|1 — B?|. Thus, the edge states in the ¢-T3 ZR
are dispersive due to the dependence on 8. At |k,| ~ 27 /3a
and |k,| = 7 /a, we get & ~ 0 and &, = st¢, respectively.

Figure 2(a) shows the energy spectra of the ZR as a
function of k, for « = 0.8 and J = 40. In addition to the
dispersive bands, the spectra include a J-fold degenerate flat
band at ¢ = 0. The bold red lines depict the edge states, where
Xah & 0.34347 /a and x5 ~ 0.69917 /a. The vertical dashed
and dotted lines mark xf ~ 0.42927 /a and x5, = 27 /3a,
respectively. Figures 2(b)-2(e) show the probability density
|y|? per site m for the in-gap state at k,’s indicated in Fig. 2(a).

&/t
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X
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| () kalm=0.5

(d) ka/m=0.7

EXK {
0 T ‘ ‘ J”j””“
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FIG. 2. (a) Energy spectra of the a-T; ZR as a function of k, for
a = 0.8 and J = 40. The bold red lines indicate the edge states. The
transitions from bulk to edge states occur at |k,| = x;f ~ 0.34347 /a
and x,, ~ 0.69917 /a. The vertical dashed and dotted lines mark

~ 0.42927 /a and x = 2m/3a, respectively. Probability den-
sity per site m for the in-gap state at (b) k, = 0.2 /a, (c) 0.57 /a,
(d) 0.7m /a, and (e) 0.87 /a as indicated by the symbols in (a).

Figures 2(b) and 2(e) clearly show the spatial distribution
of an asymmetric edge state, where |1/|?’s are concentrated
around the top edge of the ZR and exponentially decay to-
wards the bottom edge. In Fig. 2(d), the decay of |/|? is not
pronounced at k, close to x,,. Figure 2(c) exhibits the profile
of a bulk state where ||? is extended throughout the ZR.

The edge states are topologically characterized using the
Majorana representation [27,29,31]. By treating the eigenstate
|[¥) of an N x N Hamiltonian as a pseudospinor for S =
(N — 1)/2, |¥) can be represented by a set of the Pauli spinors
[£,) = [cos(n,/2) sin(nu/2)ei€#]T, where n and & are the
polar and azimuthal angles of the Bloch sphere. The trajectory
of each Majorana “star” ;’M (¢.log,) thus visualizes the
evolution of |¥), where o is the vector of Pauli matrices.

In the Schwinger theory of angular momentum [38], |V) is
constructed by the bosonic creation operators &;y | acting on
the vacuum state |&) as follows,

__G AT gt
W) = mﬂ“‘* + 1,4)112), (15)
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FIG. 3. Trajectories of the Majorana stars on the Bloch sphere (top panels) and the xy plane (bottom panels) fora = 0.8, at (a) k, = 0.27 /a,
(b) xt ~0.42927 /a, (c) 0.57 /a, (d) x5, = 27 /3a, (¢) 0.77 /a. The red and yellow (blue and purple) curves correspond to the valence
(conduction) band. The lime and green curves correspond to the flat band.

where €5 is the amplitude of |W). A, = tan(nM/Z)e"Eﬂ is ob-
tained by solving the Majorana polynomial [29]

28

Cs— _
X?:(_W Mo (10
-

In particular for the stub SSH chain, S =1 and |¥) =

(¢1 % ‘f_l)T is given by Eq. (6). For ¢ = s and ¢ = 0,
Eq. (16) accordingly reduces to

cos Ope 1P p2 — V/2s) + sin O =0, (17a)

sin @ge A% — cos O = 0. (17b)

Let kfk and )»(Tk be the roots of Egs. (17a) and (17b),
respectively. From the coefficients of the quadratic equations,
it is clear that Asg =[], A}, = tan Ore'®, and Aoy =
[To—s Mys = —cotOre ™.

The topological invariant is defined by the azimuthal wind-
ing number W,, which counts for the total number of times
¢ ’s travel around the z axis of the Bloch sphere. W, is
calculated as follows [27]:

1 3
W, =— | dk,— % 18
27 /BZ Y ok, D5 (18)

Ay

Since A‘C’,k = tan(n‘c”k/Z)exp(iEC",k) by definition, therefore
> vz &y = i By inserting Eq. (7) into Eq. (18),
W, = {1 for wva/v) <1,

va/vy > 1 (19)

0 for
As k, traverses across the 1D BZ, the trajectories of ;‘C’!k’s
enclose the z axis at k,’s that carry the edge states. Thus, W,
gives the number of edge states for each s.

Generally, W, can take arbitrary Z values. Therefore, our
result is consistent with the tenfold way classification [34] that
predicts the Z invariant for the BDI class in 1D. However,
since our model has only nearest-neighbor interactions, W, €
{0, 1}. For this reason [12,39,40], hereafter W, is referred to as
a 7, invariant.

Figures 3(a)-3(e) show the trajectories of E,k’s on the
Bloch sphere (top panels) and the xy plane (bottom panels)
for « =0.8 at k, = 0.2 /a [Fig. 3(a)l, x5 ~ 0.42927 /a
[Fig. 3(b)], 0.57/a [Fig. 3(c)l, xo = 2m/3a [Fig. 3(d)],
and 0.77/a [Fig. 3(e)]. The red/yellow, lime/green, and
blue/purple curves correspond to ¢ = —1, 0, and +1, respec-
tively. In Figs. 3(a) and 3(e), the red, purple, and combined
lime/green loops wind around the z axis once, thus W, = 1.
Conversely, in Fig. 3(c), none of the loops enclose the z axis,
so W, =0. At Xojé, W, becomes ill defined for different rea-
sons. In Fig. 3(b), the red, purple, and combined lime/green
curves intersect the poles. This behavior indicates a topologi-
cal phase transition without gap closing [41]. In Fig. 3(d), the
trajectories of £, ’s are discontinuous due to the gap closing at

lky| =2/ V/3a. Here, the system is reduced to the semimetal-
lic SSH chain because B = 1 and consequently vc = 0, v4 =
v},. Inthe case of 73 ZR, W, = 1 except at |k,| = 27 /3a. Thus,
the gap closing in the corresponding stub SSH chain is not
accompanied by a topological phase transition.

Previously, Liu and Wakabayashi [42] proposed a 2D SSH
model [42,43] exhibiting a topologically nontrivial phase with
zero Berry curvature, due to the preserved TRS and inversion
symmetry. The Z, invariant is given by 2D Zak phase calcu-
lated by the integration of the Berry connection over the BZ.
In this Letter, we identify 73 ZR as a topologically nontriv-
ial system with zero Berry phase, where the Z, invariant is
defined by W..

Figure 4 illustrates the topological phase diagram of the
a-Tz ZR. The dark (light) region indicates the nontrivial
(trivial) phase, where the presence (absence) of edge states
is characterized by W, = 1 (W, = 0). The topological phase
transition without (with) gap closing of the corresponding stub
SSH chain is marked by the brown (orange) line.

Since the Hamiltonians of the «-73 lattice and stub SSH
chain are equivalent, the bulk topological property is pre-
served when the dimension is compacted. Recently, Caceres
et al. [28] realized the stub SSH chain in an experiment using
a photonic lattice. They demonstrated that for vs /v < 1,
the edge states appear at E = sty/|vc|, and persist against
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0 2/3 1
|kx|a/m

FIG. 4. Topological phase diagram of the «a-75 ZR. The dark
(light) region indicates the nontrivial (trivial) phase characterized by
the presence (absence) of edge states. The brown (orange) line marks
the phase transition without (with) gap closing of the corresponding
stub SSH chain.

disorders that perturb v4 and v),. We analytically prove that
the edge states are characterized by W,, which may explain
the topological origin of the robustness.

In summary, we formulate the bulk-boundary correspon-
dence for the massless Dirac fermions in the «-T3 lattice,
whose nonquantized Berry phase cannot be utilized as a
topological invariant. We found that the «-T3 lattice can be
mapped onto the stub SSH chain by the unitary transformation
of the Hamiltonian. In the Majorana representation of the
eigenstates, the Z, invariant is defined from the azimuthal
winding number on the Bloch sphere. This leads to an infer-
ence that the 73 lattice is topologically nontrivial despite a zero
Berry phase. Several methods have been proposed to realize
a-Ts or T; lattices: by using cold atoms in optical potentials
[15,44-47], coupled resonators [48], and a 2D Cu surface
decorated by CO molecules [49]. Hopefully, our predictions
can be experimentally tested in the foreseeable future. The
existence of edge states in distinct «-73 ZR configurations is
discussed in detail in Ref. [50].
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