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A sensible application of the hybrid Monte Carlo (HMC) method is often hindered by the presence of
large—or even infinite—potential barriers. These potential barriers separate the configuration space into distinct
sectors and can lead to ergodicity violations that bias measurements. In this work, we address this problem by
augmenting HMC with a multiplicative Metropolis-Hastings update in a “radial direction” of the fields which
enables crossing the potential barriers and ensures ergodicity of the sampling algorithm at comparably low
computational cost. We demonstrate the algorithm on a simple toy model and show how it can be applied to the
fermionic Hubbard model describing physics ranging from an exactly solvable two-site system to the C20H12

perylene molecule. Our numerical results show that the radial updates successfully remove ergodicity violations,
while simultaneously reducing autocorrelation times.

DOI: 10.1103/9zst-bvmk

I. INTRODUCTION

The hybrid Monte Carlo (HMC) method is one of the most
successful tools in the simulation of lattice field theories.
However, despite its many advantages, its application often
faces challenges due to manifolds of vanishing fermion de-
terminant which result in infinite potential barriers that lead
to diverging force terms in the molecular dynamics evolution.
This separates regions in configuration space and results in er-
godicity violations of the algorithm. One important example is
the freezing of global topological fluctuations in lattice quan-
tum chromodynamics discretizations with chiral fermions [1]
or near the continuum limit, where the integer-valued topo-
logical charge cannot be smoothly changed by molecular
dynamics. Another prime example that exhibits configura-
tion space partitioning is the fermionic Hubbard model in
the particle/hole basis using the exponential discretization
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and formulated in terms of a noncompact auxiliary field by
means of a continuous Hubbard-Stratonovich transformation.
In this scenario, the action diverges due to vanishing fermion
determinants, giving rise to insurmountable potential barriers
that trigger an ergodicity problem in HMC simulations [2].
Reliable application of HMC necessitates the development
of strategies to circumvent the potential barriers; Ref. [2]
explores coarser molecular dynamics integration and discrete
jumps while other approaches introduce a complexified aux-
iliary field over which to integrate [3–6]. Normalizing flows
represent a more radical departure from HMC for sampling
these models [7] and do not use molecular dynamics evolution
to generate the proposed updates. In this work, we propose
another method, which interleaves the HMC simulation with
so-called radial updates to overcome the ergodicity problem
posed by the infinite potential barriers. Radial updates refer
to multiplicative Metropolis-Hastings updates in a radial di-
rection of noncompact fields that enable jumps over potential
barriers and thus ensure ergodicity at comparably low compu-
tational cost.

In the following sections, we commence by reviewing the
HMC algorithm and discussing ergodicity violations arising
from potential barriers in Sec. II. Then, in Sec. III, we define
the radial updates and apply them to a simple toy model to
demonstrate key salient features. We then apply radial updates
to the Hubbard model in Sec. IV and examine their ability
to overcome the ergodicity violations, their scaling proper-
ties to larger system sizes, and their efficacy in a realistic
simulation of the C20H12 perylene molecule. We conclude in
Sec. V.
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II. HYBRID MONTE CARLO

The fundamental objective of lattice field theory simula-
tions is the computation of expectation values of observables
O, defined by high-dimensional integrals,

〈O〉 = Z−1
∫

Dφ O[φ]e−S[φ] with Z =
∫

Dφ e−S[φ].

(1)
This is achieved by generating a characteristic ensemble of
field configurations {φ(i)}Nconf

i=1 and estimating expectation val-
ues of observables (1) using Monte Carlo integration

〈O〉 ≈ 1

Nconf

Nconf∑
i=1

O[φ(i)], where φ(i) ∼ e−S[φ]/Z. (2)

So, the central task amounts to sampling field configura-
tions φ(i) according to the Boltzmann distribution p[φ] =
e−S[φ]/Z; a task that is amenable to Markov-chain Monte
Carlo (MCMC) methods.

MCMC methods are a class of algorithms that successively
construct a Markov chain {φ(i)}Nconf

i=1 , where each state φ(i) only
depends on its most recent predecessor φ(i−1). In the Markov
chain, the transition from a configuration φ to φ′ is governed
by a transition probability �(φ → φ′) and its distribution
converges to a target distribution p[φ] if it is ergodic 1 and
satisfies the detailed balance condition

p[φ]�(φ → φ′) = p[φ′]�(φ′ → φ). (3)

The method of obtaining a new state in φ′ in the Markov chain
depends on the specific algorithm.

A commonly used algorithm is the HMC method [9] that
numerically evolves field configurations through Hamiltonian
dynamics. Specifically, a set of conjugate momenta {πi}d

i=1
are introduced for the field {φi}d

i=1, and one samples the joint
(φ, π ) space according to the probability distribution with
partition function

Z=1 ×Z = 1

N

∫
Dπe−π2/2 Z = 1

N

∫
Dπ Dφ e−π2/2−S[φ]

(4)

for an irrelevant normalization N which cancels from all ob-
servables. HMC interprets the combined exponential in terms
of the artificial Hamiltonian

H[φ, π ] = 1

2

d∑
i=1

π2
i + S[φ], (5)

where the action S plays the role of the potential. A new
configuration is obtained by evolving a starting (φ, π ) con-
figuration over a fictitious time τ according to Hamilton’s
equations,

dπ

dτ
= −∂H

∂φ
= − ∂S

∂φ
and

dφ

dτ
= ∂H

∂π
= π. (6)

1Strictly speaking, the algorithm should exhibit geometric con-
vergence, which—on a noncompact manifold—can be achieved by
fulfilling sufficient conditions for Harris’ ergodic theorem, namely
Doeblin’s condition and the strong geometric drift condition. By
slight abuse of nomenclature, we will refer to this as ergodicity
throughout this work. For further details we refer the reader to [8].

Since the artificial energy and the measure are conserved
along the molecular dynamics (MD) trajectory produced by
integrating Hamilton’s equations (6), the resulting configura-
tion has the same weight in Z as the starting configuration.
The momentum π is refreshed at the beginning of each new
HMC step according to the Gaussian weight in Z (4).

Critical to the correctness of HMC is that the combination
of refreshing the momentum and MD integration must be able
to reach every configuration of φ of nonzero weight. If infinite
potential barriers partition the configuration space, then the
MD trajectory will never reach some valid configurations,
leading to an unwanted bias in observable estimates. Notice
that when S diverges so, too, does the force F [φ] = − ∂S

∂φ

(6) and the MD trajectory is rightly repelled. But if S di-
verges everywhere on a (d − 1)-dimensional manifold in the
d-dimensional configuration space, i.e., on a codimension-1
manifold, then the MD evolution becomes trapped and cannot
reach every configuration. This bias is called an ergodicity
problem.

In a practical implementation of HMC, the integration
of Hamilton’s equations is inevitably done numerically. To
this end, a trajectory of length T is discretized into NMD

equal steps of size ε = T/NMD. An initial sample (φ, π ) ≡
(φ(0), π (0)) is then evolved to a new sample (φ̃, π̃ ) ≡
(φ(T ), π (T )) using a numerical integration scheme. While
an area-preserving and reversible integrator ensures the phase
space is conserved through the integration, discretization er-
rors can introduce violations of the energy conservation.
Therefore, to retain detailed balance, the new configuration
φ̃ is proposed to the Markov chain and accepted according to
the Metropolis test with probability,

αHMC = min(1, e−	H ),

where 	H = H[φ̃, π̃ ] − H[φ, π ], (7)

or rejected. If the proposal is accepted, then the new state in
the Markov chain becomes φ′ = φ̃; otherwise, the proposal is
rejected and the previous state recurs φ′ = φ. With perfect in-
tegration, the energy conservation is exact and every trajectory
is accepted.

Coarsening the integration of the MD trajectory can fa-
cilitate crossing potential barriers by increasing the energy
violations 	H (7), at the cost of a lower acceptance rate.
While this strategy may suffice to resolve ergodicity viola-
tions, the acceptance rate can plummet and result in exploding
computational costs as the system size grows. More specifi-
cally, the algorithm may suffer from exponentially increasing
autocorrelation times, which constitutes an ergodicity prob-
lem in practice, as a sensible simulation quickly becomes
prohibitively expensive. It is therefore crucial to monitor
simulations for signs of ergodicity violations and to develop
algorithms to mitigate them, motivating the present work.

III. RADIAL UPDATES

In this section, we introduce radial updates as a com-
plementary Metropolis-Hastings update to HMC simulations
and showcase their ability to overcome ergodicity violations
caused by potential barriers, using a toy model as an illustra-
tive example.
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A. Formulation

Radial updates refer to a multiplicative Metropolis-
Hastings (MH) update of a noncompact field φ =
(φ1, . . . , φd ), which generates a new proposal by scaling
the radius in field space

R =
√√√√ d∑

i=1

φ2
i . (8)

The radial updates constitute a special case of updates found
in more general multiplicative MH algorithms, examples of
which include the random dive MH algorithm [10] and the
transformation-based MCMC method [11]. Rather than devis-
ing a new multiplicative MH algorithm, we propose to amend
a standard HMC simulation with intermediate multiplicative
radial updates. This approach was originally introduced in
Ref. [8] and optimized in Ref. [12], with the primary goal of
proving and enhancing the general convergence properties of
HMC on noncompact manifolds.

An additional benefit of incorporating radial updates is
that it facilitates crossing potential barriers because they are
agnostic to the diverging force. This removes ergodicity vi-
olations that would otherwise challenge a stand-alone HMC
algorithm.

Starting from an initial configuration φ = (φ1, . . . , φd ), the
radial update is defined as follows:

1. Draw an update variable γ from a normal distribution
N (γ |μ = 0, σ 2

R ) with a mean of zero and proposal standard
deviation σR.

2. Generate a new configuration φ′ by multiplying the
initial configuration φ with eγ , i.e.,

φ′ = (eγ φ1, . . . , eγ φd ). (9)

This corresponds to rescaling the radius of φ to R′ = eγ R,
motivating the term radial update. Since γ is drawn from
a zero-centered normal distribution, eγ follows a log-normal
distribution with a median of one, meaning that increases and
decreases in the radius are equally probable.

3. Use the new configuration φ′ in a Metropolis accep-
tance test with acceptance probability

αR = min(1, e−	S+dγ ), (10)

where 	S = S[φ′] − S[φ] is the change in action and edγ

represents the Jacobian of the multiplicative update. Notably,
the acceptance probability only depends indirectly on the pro-
posal standard deviation used to sample γ .

The radial update, and therefore also the combined algo-
rithm of HMC and radial update, satisfy the detailed balance
condition (3).

In practice, employing radial updates requires additional
design choices compared to a stand-alone HMC simulation.
These include selecting and tuning the standard deviation σR

of the radial updates, as well as the number of HMC steps
and radial updates per iteration of the combined algorithm.
Building on the insights from Ref. [12], the tuning and scaling
of σR for maximal efficiency will be examined in Sec. IV.

FIG. 1. HMC configurations (red dots) for the toy model (11)
with d = 2 at β = 0.125. The configurations are compared to the ex-
act distribution, shown as a contour plot. The HMC simulations were
conducted using T = 1 and NMD = 12, achieving an acceptance rate
�99%. The left panel shows the simulation without radial updates,
while the right panel includes radial updates. In the latter, a single
radial update was performed before each HMC step with a proposal
standard deviation of σR = 1.75. Each subplot shows a total of 104

configurations, obtained by recording every configuration. The plots
on the margins compare the marginal distribution to the histograms
obtained from the visualized trajectories.

B. Toy model: A first application

In order to demonstrate how radial updates can resolve the
ergodicity violations caused by infinite potential barriers, we
consider the toy model defined by the probability distribution

p[x] ∝
d∏

i=1

cos2(xi )e
−βx2

i , where x ∈ Rd . (11)

Even though this model exhibits infinite potential barriers
at xi = 2k+1

2 π for k ∈ Z, the high-dimensional path integral
(1) for this model factorizes and is therefore easily solv-
able. These barriers pose a potential challenge for solutions
obtained through HMC, however, and this can be demon-
strated by performing a stand-alone HMC simulation with fine
MD integration and comparing to the exact distribution (11).
Specifically, we simulate the toy model with dimensionality
d = 2 at β = 0.125, setting NMD = 12 and T = 1, which
results in an acceptance rate of �99%. In total, we record
104 configurations, saving after each HMC step. The resulting
configurations are displayed in the left panel of Fig. 1 and
compared to the exact distribution given as a contour plot.
Furthermore, histograms of the single components are com-
pared to the marginalized distribution at the margins of the
plot. It is apparent that HMC is trapped in the center region of
configuration space, which is separated from adjacent regions
by the infinite potential barriers at xi ∈ {−π/2, π/2}. There-
fore, the algorithm fails to explore regions of high probability,
resulting in a severe ergodicity problem. In this example, the
middle peak in the marginal distribution of the respective sin-
gle components is heavily oversampled, which trivially leads
to a bias in measurements of observables.

Next we perform the same simulation but precede each
HMC step with a radial update with proposal standard devi-
ation σR = 1.75. The resulting configurations are displayed
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in the right panel of Fig. 1 and we observe that the com-
bined algorithm is now able to transition through the potential
barriers. This leads to an extensive exploration of the entire
configuration space and, as depicted at the margins of the plot,
the simulation correctly reproduces the marginal distributions.

This concludes our initial demonstration of the radial up-
dates’ ability to overcome ergodicity violations due to infinite
potential barriers. In the following, we extend our investi-
gations to a nontrivial model, namely the Hubbard model
formulated on a noncompact space by means of a continuous
Hubbard-Stratonovich transformation. Specifically, we study
the tuning of σR and the overall efficacy of radial updates
when increasing the number of lattice sites and spacetime
dimensions. We performed a similar scaling analysis for the
toy model introduced in the present section, and the main
results are summarized in Appendix A.

IV. HUBBARD MODEL

In this section, we apply the combined algorithm of HMC
and radial updates, as introduced in Sec. III, to simulate
the Hubbard model and explore its efficiency and scaling
properties. We begin by formulating the Hubbard model in
Sec. IV A, followed by a discussion of the emergence of
infinite potential barriers and the related ergodicity violations.
Next, we analyze the exactly solvable two-site model, high-
lighting the ergodicity problem and demonstrating the radial
updates’ ability to resolve it. We then increase the system’s
dimensionality by increasing the number of time slices and
examine the scaling properties of the proposal standard devi-
ation and autocorrelation times. Finally, we apply the radial
updates to simulate the C20H12 perylene molecule, assessing
their effectiveness in simulating a realistic system size with
reasonably tuned MD integration.

The simulations and data analyses were performed using
the Nanosystem Simulation Library [13], the comp-avg tool
[14], and the analysis code provided in Ref. [15].

A. Formulation

The Hubbard model is commonly used in condensed-
matter physics to describe the behavior of strongly correlated
electrons on a lattice. We use the formulation of the Hubbard
model in the so-called particle/hole basis, where the Hubbard
Hamiltonian on a spatial lattice with Nx sites is defined as

H = HK + HU = −κ
∑
〈x,y〉

(a†
xay − b†

xby )

+ U

2

∑
x

(a†
xax − b†

xbx )2. (12)

The Hamiltonian includes a nearest-neighbor hopping term
with the hopping parameter κ , along with an on-site in-
teraction characterized by the interaction strength U . The
fermionic operator a†

x, (ax) creates (annihilates) a spin-↑
electron-particle at the lattice site x. In contrast, the operator
b†

x, (bx) creates (annihilates) a spin-↓ electron-hole at the
lattice site x. The partition function and expectation value of

an observable O are given by the thermal traces

Z = tr(e−β(HK +HU ) ) and 〈O〉 = tr(Oe−β(HK +HU ) )Z−1,

(13)

respectively. In order to facilitate the application of the HMC
algorithm introduced in Sec. II, this framework has to be cast
into a lattice field theory by converting the partition function
and thermal expectation values (13) into path integrals (1).
In the following we will only sketch the derivation of this
formalism. See, for example, Refs. [16–20] for more details
of this formalism.

As a first step towards a path integral formulation, the
inverse temperature β is interpreted as an extent in Euclidean
time and is discretized into Nt time slices with temporal lattice
spacing 	t = β

Nt
. Next, a second-order Suzuki-Trotter decom-

position is performed, which introduces an overall error of
O(	2

t ) and necessitates taking the continuum limit Nt → ∞
to recover the exact expression.

This manipulation allows us to remove the many body
interactions in HU by applying the continuous Hubbard-
Stratonovich transformation

exp

{
−	tU

2

∑
x

(a†
xax − b†

xbx )2

}

∝
∫ ∞

−∞

(
Ns∏

x=1

dφtx

)
exp

{
− 1

2	tU

∑
x

φ2
tx

− i
∑

x

φtx(a†
xax − b†

xbx )

}
, (14)

on every time slice t . This transformation is exact up to an
irrelevant overall constant and eliminates the four-fermion
terms but comes at the cost of an integral over the noncompact
auxiliary field φ.

At this point, one can evaluate the Hilbert-space trace using
fermionic coherent states, allowing the terms quadratic in
fermionic creation and annihilation operators to be replaced
by bilinear expressions in Grassmann variables. Performing
the resulting Gaussian Grassmann integral yields the effective
Hubbard action

S[φ] = 1

2U	t

∑
t,x

φ2
tx − ln (det M[φ|κ] det M[−φ| − κ])

(15)

with the fermion matrix

M[φ|κ]tx,t ′y = δt,t ′δx,y − (eκh)xyeiφtxBt ′δt ′,t+1. (16)

Here h = 	tδ〈z,z′〉 is the hopping matrix and Bt encodes the
antiperiodic boundary conditions with Bt = +1 for 0 < t <

Nt and B0 = −1. This exponential discretization of the Hub-
bard model will serve as the basis for the analysis carried
out in the remainder of this work. Other discretizations exist,
but the exponential discretization is attractive because it pre-
serves an exact chiral symmetry of the Hubbard Hamiltonian
(12). However, that same symmetry implies that the fermion
determinant det(M[φ|κ]M[−φ| − κ]) has manifolds of zero
weight that divide the configuration space into distinct sectors
[2]. As discussed in Sec. II, this makes HMC susceptible to
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FIG. 2. HMC configurations (red dots) for the two-site model
on a single time slice (Nt = 1) for U = 18, β = 1, and κ = 1. The
configurations are compared to the exact distribution, shown as a
contour plot. The HMC simulations were conducted using (17) and
NMD = 60, achieving an acceptance rate >99%. The left panel shows
the simulation without radial updates, while the right panel includes
radial updates. In the latter, a single radial update was performed be-
fore each HMC step with a proposal standard deviation of σR = 1.8.
Each panel shows 104 recorded configurations, with measurements
taken after each HMC step. The plots at the margins compare the
exact marginal distribution to the histograms obtained from the visu-
alized trajectories.

ergodicity problems caused by infinite potential barriers that
need to be addressed to ensure correct sampling.

B. Two-site model: Restoring ergodicity

We begin by considering a two-site model on a single time
slice, so that a configuration of φ is given by the pair (φ1, φ2).
The extremely low dimension allows for a direct visualization
of the ergodicity problems posed by the infinite potential
barriers discussed in Sec. IV A. We perform simulations of
the model with U = 18, κ = 1, and β = 1, using both the
stand-alone HMC and HMC augmented with radial updates.
In all subsequent simulations of the Hubbard model, the MD
integration is carried out using the Leapfrog integrator with
the trajectory length set to

T = π

2

√
Uβ/Nt , (17)

which eliminates autocorrelations arising from the harmonic
part of the action [21]. The number of MD steps is tuned to
obtain a fine integrator with acceptance rate >99%, leading
to NMD = 60 for Nx = 2, Nt = 1. We begin by generating 104

configurations, saving the configuration after each HMC step.
In the simulation with radial updates, we additionally em-
ploy one radial update per HMC step with standard deviation
σR = 1.8.

The first 104 configurations in the Markov chain are vi-
sualized in Fig. 2 and compared to the exact probability
distribution (see Sec. III C of [2]). Without radial updates,
shown in the left panel, HMC is confined to the middle di-
agonal band in configuration space, which is separated from
adjacent bands by infinite potential barriers. Consequently, the
simulation is unable to sample the regions of high probability

FIG. 3. HMC configurations (red dots) for the two-site model
with Nt = 8 for U = 18, β = 1, and κ = 1. The configurations
� = (�1, �2) with �x = ∑

t φtx are compared to the exact one-site
distribution, recovered in the strong-coupling limit U/κ � 1 and
shown as a contour plot. The HMC simulations were conducted
using an optimal trajectory length (17) and NMD = 60, achieving an
acceptance rate >99%. The left panel shows the simulation without
radial updates, while the right panel includes radial updates. In the
latter, a single radial update was performed before each HMC step
with a proposal standard deviation of σR = 0.6. Each panel shows
104 recorded configurations, with measurements taken after every
10th HMC step. The plots on the margins compare the marginal
one-site distribution to the histograms obtained from the visualized
trajectories.

in the adjacent bands, resulting in a severe ergodicity problem.
In contrast, when radial updates are activated, as shown in
the right panel of Fig. 2, they facilitate transitions through the
potential barriers, thereby completely resolving the ergodicity
violations. This qualitative observation is further underscored
by comparing histograms of the recorded configurations to the
exact marginal distributions, as presented at the margins of the
two plots in Fig. 2. Without radial updates, the simulation is
biased and the middle peak at φi = 0 is heavily oversampled.
However, when radial updates are applied, the simulation
closely matches the exact distribution.

Next, we increase the dimensionality d of the system by
increasing the number of time slices Nt , while keeping the
parameters U , β, and κ unchanged. The trajectory length
T is adjusted to reduce autocorrelations (17) and NMD is
tuned to maintain a fine integrator with an acceptance rate
>99%. The specific parameter choices and further details
on the simulations are given in Appendix B 2. In this case,
the potential barriers can still be visualized by considering
�x = ∑

t φtx, because in the strong-coupling limit U/κ �
1, the probability weights of a configuration � = (�1,�2)
are well approximated by the exact one-site distribution de-
rived in [2]. We begin by examining the example case of
Nt = 8, visualizing 104 recorded configurations, both with
and without radial updates. In both simulations, we recorded
a configuration only after every 10th step, such that the shown
trajectory corresponds to a total of 105 iterations of the re-
spective algorithm. In the simulation with radial updates we
employ one radial update with standard deviation σR = 0.6
per HMC step. The results are shown in Fig. 3. Similarly to
the Nt = 1 case, we observe that without radial updates, the
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FIG. 4. The C−(τ ) correlator of the two-site model with temporal
extent β = 1 and U = 18 (see Ref. [2] for a description of this cor-
relator). Calculations were done without radial updates (red squares)
and with radial updates (blue circles), with σR given in the legend.
The exact result is given by the green solid line. Only simulations
with radial updates agree with the exact result.

trajectory remains confined to the middle diagonal band in the
two-dimensional � plane. However, with radial updates, the
algorithm efficiently explores the entire configuration space,
effectively restoring ergodicity.

These ergodicity violations lead to biased measurements
that, while being difficult to detect directly from simple ob-
servables, significantly impact the correctness of results. To
demonstrate this in a controlled scenario, we consider spatial
correlators,

Cxy(τ ) = 〈ax(τ )a†
y (0)〉 =

〈 ∑
t

(M−1)tx,(t+τ )y

〉
, (18)

that are projected to particular irreducible representations (ir-
reps) λ intrinsic to the symmetry group � of the system under
study,

Cλ(τ ) =
∑
x,y

Aλ
xCxy(τ )Aλ∗

y . (19)

With translational invariance the irreps are labeled by a
definite momentum k and the coefficients are the Fourier
components, Ak

x ∝ eik·x up to normalization. For the two-site
model there are two possible correlators (19) which we can
separate based on the parity of the system,

A+ = 1√
2

(
1
1

)
A− = 1√

2

(
1

−1

)
; (20)

we concentrate on the C−(τ ) correlator with Nt = 40 time
slices and perform HMC simulations without radial updates
(σR = 0) and with radial updates (σR = 0.2). The result is
depicted in Fig. 4 and it is observed that the stand-alone HMC
simulation significantly deviates from the exact solution, ob-
tained from direct diagonalization using [22]. Meanwhile, in
the simulation with radial updates, ergodicity was restored
successfully and the measured correlator matches the exact
result.

C. Two-site model: Reducing autocorrelation times

We proceed with our analysis of the two-site model by
investigating the effect of radial updates on autocorrelations
and their scaling properties when going to larger system sizes.
Specifically, we utilize the integrated autocorrelation time to
optimize the proposal standard deviation σR and quantify its
leading-order scaling.

The integrated autocorrelation time is an observable depen-
dent quantity that measures the extent of correlations within a
given time series. It is defined by

τint,O = 1

2

∞∑
t=−∞

�O(t )

�O(0)
, (21)

in terms of the autocorrelation function

�O(t ) = 〈[O(i) − 〈O〉][O(i+t ) − 〈O〉]〉, (22)

where, in the context of lattice field theory, the O(i) refer to
subsequent measurements of the observable O in a Markov
chain. In practice, computing the autocorrelation time is nat-
urally limited by a finite sample size and thus presupposes
truncating the infinite sum (21). Several strategies for reliably
choosing the summation window have been developed and
throughout this work, unless stated otherwise, we employ the
method proposed in Ref. [23]. For a comprehensive and more
detailed introduction to the estimation of errors and autocor-
relations we refer the reader to Refs. [23,24]. For simplicity,
we will omit the subscript O in τint,O, unless its inclusion is
necessary for clarity.

We begin by mapping out the integrated autocorrelation
time τint in the two-site model as a function of the proposal
standard deviation σR. To this end, we perform simulations
across a range of proposal standard deviations σR and for
increasing Nt . The simulations are detailed in Appendix B 2.
During our analysis we considered several observables and,
for clarity, we will focus on two representative observables in
the following analysis. The observables we consider are the
heuristically motivated �-plane radius, defined by

O� =

√√√√∑
x

(∑
t

φtx

)2

, (23)

and C−(τ ), the single-particle correlator (19) projected to the
negative-parity irrep (20). Technically, this correlator consists
of Nt components, for which we aim to reduce τint to a single
value for the subsequent analysis. To achieve this, we define it
as the ensemble maximum over τ = 0, 1, . . . , Nt − 1 for the
component C(τ ), i.e.,

τint,C = max
τ

τint,C(τ ). (24)

Results for an example simulation at Nt = 8 are depicted in
Fig. 5, where we observe that, for both observables, the inte-
grated autocorrelation time initially decreases as σR increases,
reaches a minimum, and then starts to rise. To describe the
dependence of the integrated autocorrelation time on the
proposal standard deviation σR, we adopt the fitting ansatz

τint (σR) = aσ−2
R + b + cσR. (25)

045134-6



FULLY ERGODIC SIMULATIONS USING RADIAL … PHYSICAL REVIEW B 112, 045134 (2025)

FIG. 5. Integrated autocorrelation time τint as a function of the
proposal standard deviation σR for the (left) observable O� (23) and
the (right) single-particle correlator OC (19). The fits (green line)
are obtained using the ansatz (25), with fit results shown in the
corresponding legends. These results are used to estimate the optimal
proposal standard deviation σ

(min)
R (gray dashed line), whose value

is also provided in the legends. The underlying model is the two-
site model with Nt = 8 for U = 18, β = 1, and κ = 1. The HMC
simulations were conducted using an optimal trajectory length (17)
and NMD = 50, achieving an acceptance rate >99%. Each HMC step
was preceded by a single radial update and a total of Nconf = 3 × 105

configurations were recorded, with measurements taken after each
HMC step.

In this expression, the first term accounts for the expected
behavior at small σR, where the proposed step size is small
and almost all proposals are accepted. This results in a random
walk and a diffusive regime, where τint ∝ σ−2

R . Additionally,
under the assumption of a perfect MD integration, it also
captures the diverging autocorrelation time due to ergodicity
violations when no radial updates are employed (σR = 0).
The third term quantifies the large-σR regime where proposed
steps are large and significantly decorrelate subsequent sam-
ples. However, as σR is increased further, the acceptance rate
decreases and the incremental decorrelation of accepted pro-
posals is negligible. Therefore, τint increases with decreasing
acceptance rate, resulting in the linear regime τint ∝ σR.

The extrapolation is displayed in Fig. 5 and throughout
this work, fit results are obtained by fitting the respective
ansatz to Nboot = 103 bootstrap samples of the measured data.
It is evident that the chosen ansatz effectively captures the
behavior of the data and allows for a sensible estimation of
the optimal proposal standard deviation, given by the posi-
tion of the minimum σ

(min)
R (dashed vertical line in Fig. 5).

Furthermore, by repeating this analysis for all values of Nt ,
it enables us to study the scaling behavior of the optimal
proposal standard deviation with increasing dimensionality
d = NxNt which is crucial for the sensible application in a
realistic simulation. The respective estimates for σ

(min)
R are

shown in the left panel of Fig. 6. Theoretical considerations
suggest that the optimal proposal standard deviation should
scale as σ

(min)
R (d ) ∝ 1√

d
+ O(d−1) at leading order [12], mo-

tivating the fit model

σ
(min)
R (d ) = αdβ. (26)

By performing the fits, we find leading-order exponents
β (O� ) = −0.532(15) and β (OC ) = −0.530(41), which closely

FIG. 6. The left panel shows a double logarithmic plot of the
position of the minimum σ

(min)
R as a function of dimensionality

d = NxNt . The right panel illustrates a double logarithmic plot of the
integrated autocorrelation time at the respective minimum, denoted
by τ

(min)
int , also as a function of the dimensionality d . The data in both

panels is fitted to the respective ansatz, (26) and (27), to determine
the leading-order scaling. The results were obtained using O� (23)
shown as blue circles, and the single-particle correlator OC (19)
projected to the negative-parity irrep (20) shown as red squares.
Data points shown in low opacity have been excluded from the
fitting procedure and fit results are provided in the legends, where
α′ = log10 α. The underlying model is the two-site Hubbard model
with varying Nt for U = 18, β = 1, and κ = 1.

match the predicted d−0.5 scaling. Additionally, we use the fit
model (25) to estimate the integrated autocorrelation time at
the minimum, denoted by τ

(min)
int . The results are shown in the

right panel of Fig. 6 and, like the sampling width (26), we
adopt the fit ansatz

τ
(min)
int (d ) = αdβ (27)

to determine the leading-order scaling as a function of dimen-
sionality. The resulting fits highlight that, when employing
radial updates, the integrated autocorrelation time scales
polynomially and thus does not exhibit signs of ergodicity
violations anymore.

Moreover, it is worth noting that across all chosen values
of Nt , we find a radial acceptance rate of approximately 30%
close to the respective optimal values for the proposal stan-
dard deviation σ

(min)
R . This empirical finding suggests that the

standard deviation could also be fine-tuned by aiming for a
specific range of radial acceptance rate and we will discuss
this approach more in Sec. IV D.

In this section, we demonstrated the radial updates’ ability
to restore ergodicity in the two-site model while substan-
tially reducing autocorrelation times. Naturally, the aim of this
study is to examine the efficacy of radial updates in realistic
simulations, which is explored in the next section using the
C20H12 perylene molecule as an example. In this context,
performing a realistic simulation entails two central aspects.
First, we have to scale up the system’s size in terms of spatial
lattice sites and the number of spatial dimensions, ultimately
approaching the complexity of molecules and materials of
interest. As an intermediate step toward this goal, we have also
investigated the Hubbard model on a 2 × 2 square lattice and
the results, detailed in Appendix C, support the findings of the
present section. Second, the simulations discussed in this sec-
tion utilized a very fine MD integrator to highlight ergodicity
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violations caused by infinite potential barriers. However, a fine
MD integration requires a large number of MD steps, making
it computationally expensive. A more common approach is
tuning NMD to achieve an acceptance rate of approximately
70%, which not only renders the simulation more efficient but
also enables tunneling through potential barriers due to small
energy violations. The interplay of coarse MD integration and
radial updates is further quantified in the scaling analysis of
the toy model (11), which is detailed in Appendix A.

D. Perylene

As a final step in our analysis we involve radial updates
in a realistic simulation of the molecule C20H12 perylene at
half filling. The molecule has raised interest due to its ap-
plications in organic electronics, such as solar cells [25–27]
and semiconductors [28,29], and was recently subject to a
Hubbard-model study using HMC in Ref. [30]. In close simi-
larity to this study, we set κ = 1, β = 4, 8, U = 2, and Nt =
96 2. We employ an HMC with trajectory length (17) and
NMD = 6, 10, resulting in a coarse MD integration with accep-
tance rates of about 70%. Before every HMC step, we employ
a single radial update and we record a total of Nconf = 2 × 106

configurations, saving after each HMC step. As in Sec. IV C,
we perform multiple simulations across a range of σR values
to examine the tuning of the radial updates and to assess their
impact on autocorrelation times. Specifically, we compute the
integrated autocorrelation times for two representative observ-
ables. The observables considered are the L0 norm of the field,
defined as

Or =
∑
t,x

|φtx|, (28)

and the single-particle correlator (18) projected to (19) the
B3

1 operator of Ref. [30]. It is important to note that the
autocorrelation function (22) of the correlator exhibits heavy
tails, causing the method presented in Ref. [23] for selecting
the summation window truncating the infinite sum (21) to
significantly underestimate τint,C . To address this, we instead
use the point of first zero-crossing of the autocorrelation func-
tion to determine the summation window, which proves to be
more robust for this particular observable. As before, for the
two-point correlator we select the largest autocorrelation time
(24) to reduce the integrated autocorrelation times of the Nt

components of the correlator to a single value. The results are
depicted in Fig. 7.

For the observable Or , we observe behavior similar to
that seen in previous sections for both β = 4 and β = 8.
Specifically, the integrated autocorrelation is maximal near
σR = 0 and for large σR, with a distinct minimum occurring in
between. This pattern reflects that τint is at its maximum when
no radial updates are applied (σR = 0), proposed radial up-
dates are very small (σR ≈ 0), or the radial acceptance rate is
negligibly small (σR � 0). Notably, we find that τint saturates

2For reliable physical insight it is essential to perform the contin-
uum extrapolation Nt → ∞. For our purposes, it suffices to examine
the algorithm’s performance at sufficiently large Nt .

FIG. 7. Integrated autocorrelation time τint as a function of the
proposal standard deviation σR for the (left) observable Or (28)
and the (right) single-particle correlator (18) projected to the B3

1

operator of Ref. [30]. The underlying simulations target the molecule
perylene, modeled with the Hubbard model using Nx = 20, Nt = 96,
U = 2, κ = 1, and β = 4 (blue circles) or β = 8 (red squares).

in these outer regions, because a coarse MD integration was
used, which allows potential barriers to be crossed regularly.

Given the similarity of the qualitative behavior of Or to
that observed in the preceding section, we fit (25) to esti-
mate the optimal proposal standard deviation σ

(min)
R . Fitting

the data near the minimum produces the estimates σ
(min)
R =

0.03811(25) for β = 4 and σ
(min)
R = 0.03907(61) for β = 8.

Comparing this to the value 1/
√

d ≈ 0.023, obtained from the
leading-order scaling in Ref. [12], we find that it provides a
near-optimal initial guess. Additionally, we observe a radial
acceptance rate of approximately 30–35% in the vicinity of
σ

(min)
R , which closely aligns with the optimal range found

previously. The consistent observation of a radial acceptance
rate within 30–35% throughout Sec. IV suggests it can be
used as an easily accessible metric for tuning radial updates.
Specifically, we recommend starting with σR ≈ 1/

√
d and

adjusting it to achieve a radial acceptance rate of about 30%.
Choosing slightly larger σR is generally preferable, as it only
leads to a linear increase in τint, compared to the quadratic
scaling observed for smaller σR.

In contrast to the first observable, for the correlator C(τ ),
the integrated autocorrelation time exhibits no significant sen-
sitivity to the tuning of radial updates as depicted in the right
panel of Fig. 7. Instead, we observe fluctuating autocorrelation
times, indicating that any potential improvement due to radial
updates could not be detected at the current level of statistical
precision. Moreover, this could suggest that that the coarse
MD integration already renders the simulation ergodic and the
radial updates have a negligible effect on reducing autocor-
relation times for this particular observable. This hypothesis
is further supported for β = 4 by comparing the correlator
obtained from a stand-alone HMC simulation (σR = 0) with
that from an HMC simulation augmented with radial updates
(σ ′

R = 0.035). These correlators are depicted in the left panel
of Fig. 8, with their difference, 	C(τ ) = C(σ ′

R )(τ ) − C(σR )(τ ),
visualized at the bottom margin. The results demonstrate that
both simulations yield consistent correlators, with any differ-
ences falling well within the statistical uncertainties.

At lower temperatures (larger β), ergodicity violations
are expected to become more pronounced, raising the ques-
tion of whether the observed behavior holds for the β = 8
simulations. As shown in Fig. 7, for β = 8, τint exhibits the
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FIG. 8. Comparison of the perylene single-particle correlators
between simulations without radial updates (red squares) and sim-
ulations with radial updates using a near-optimal proposal standard
deviation (empty blue circles). The plots in the bottom margin dis-
play the differences between the two correlators. Results for β = 4
are shown on the left, while results for β = 8 are shown on the right.

same fluctuating behavior as for β = 4. Comparing the cor-
relators obtained from stand-alone HMC to HMC augmented
with radial updates (σ ′

R = 0.04), depicted in the right panel
of Fig. 8, it is observed that they exhibit the same shape but

their difference is only zero within the 3σ confidence interval.
While this is a statistically significant deviation, it appears
small enough to be attributed to statistical fluctuations due to
the overall small magnitude of the difference and the large
fluctuations in τint. However, a comparison of the differences
across all simulations, as visualized in the left column of Fig. 9
for a selection of simulations, reveals that the deviation is
systematic between all simulations with radial updates and
the simulation without radial updates. Therefore, although the
deviation is small, this indicates that the stand-alone HMC
simulation is biased and suffers from an ergodicity problem.
By contrast, when comparing simulations with radial updates
to the close-to-optimal choice σR = 0.04, as visualized in the
right column of Fig. 9, the differences in correlators fluctuate
around zero, as expected for independent and ergodic simula-
tions. This strongly suggests that the radial updates remove
the ergodicity violations, showcasing their effectiveness in
simulations of realistic system size.

Finally, it is worth emphasizing that, in the simulation
without radial updates, the coarse MD integration repeat-
edly transitioned through potential barriers and the observed
deviations would likely vanish with even coarser MD

FIG. 9. Differences in single-particle correlators between simulations with varying proposal standard deviation σ ′
R, defined as 	C =

C (σ ′
R ) − C (σR ). The left column compares simulations at varying σ ′

R to the simulation without radial updates (σR = 0), while the right column
compares them to a simulation with near-optimal radial updates (σR = 0.04). The simulations target the molecule perylene, modeled with the
Hubbard model using Nx = 20, Nt = 96, U = 2, κ = 1, and β = 8.
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integration or larger sample size. However, this ap-
proach becomes increasingly computationally expensive,
thus further underscoring the necessity of radial updates
or alternative techniques to formally address ergodicity
violations.

V. SUMMARY AND OUTLOOK

In this work, we proposed to augment the HMC simulation
of a lattice field theory defined on a noncompact manifold
with a multiplicative Metropolis-Hastings update in the ra-
dial direction of the fields. These so-called radial updates
effectively address ergodicity violations caused by infinite
potential barriers, and guarantee improved convergence of the
algorithm in general [8,12].

Using the Hubbard model as a primary example, we
demonstrated that radial updates successfully restore ergod-
icity by enabling transitions between regions separated by
infinitely high potential barriers caused by vanishing fermion
determinants. Furthermore, we examined the scaling behavior
of integrated autocorrelation times with the inclusion of radial
updates, consistently observing polynomial scaling, which
also indicates the absence of ergodicity violations in practice.

Additionally, we analyzed the tuning of the proposal stan-
dard deviation σR introduced by radial updates and confirmed
a leading-order scaling or σR ∝ d−0.5, where d is the dimen-
sionality of the system. Empirically, the optimal choice of σR

consistently resulted in a radial acceptance rate within the
range of 30–35%, further offering an accessible and practi-
cal guideline for parameter optimization. We emphasize that,
when in doubt, it is preferable to choose a larger σR, as
this only leads to a linear increase in τint, compared to the
quadratic scaling established for smaller σR.

Finally, we incorporated radial updates into a realistic
simulation of perylene (C20H12), demonstrating that they
effectively resolve ergodicity violations and reduce autocor-
relation times.

In summary, radial updates offer a computationally effi-
cient and easily tunable method for ensuring ergodicity and
convergence of HMC simulations on noncompact manifolds,
thereby improving the overall efficiency of the algorithm.
The most computationally expensive aspect of radial updates
is computing the change in action, which requires evalu-
ating the fermion determinant. In this study, we employed
exact determinant computations in our simulations; how-
ever, incorporating pseudofermions to improve scalability is
straightforward. While this work primarily focused on ad-
dressing ergodicity violations in the Hubbard model, similar
challenges, such as topological freezing, also arise in lattice
gauge theories formulated on compact spaces. Although di-
rectly generalizing radial updates to compact manifolds is
not straightforward, extending this approach or augmenting
HMC with analogous Metropolis-Hastings schemes presents
an intriguing avenue for future research.
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APPENDIX A: TOY MODEL

In this section, we investigate the impact of radial updates
when additionally using coarse MD integration and further
analyze possible limitations by again considering the toy
model (11). As discussed in Sec. III B, this model is easily
solvable, while also exhibiting infinite potential barriers, such
that it constitutes a well-controlled testing ground for further
assessing the effectiveness of radial updates. Moreover, in this
model, increasing the dimensionality d may pose a challenge
for radial updates, as the probability mass in the central region
diminishes with higher d due to fewer possible configurations
near the center. This poses a potential limitation for radial
updates, as effective sample decorrelation may rely on their
ability to efficiently jump close to the origin, where HMC
can rapidly change the angle in field space. Additionally, as d
grows, transitions through potential barriers of individual field
components are expected to become less frequent, resulting in
longer autocorrelation times. In the worst-case scenario, sim-
ulations may exhibit exponentially increasing autocorrelation
times, indicating an in-practice ergodicity problem.

To investigate these dynamics, we focus on two represen-
tative observables, specifically, the L0 norm of the entire field
and of a single component, i.e.,

Or =
d∑

i=1

|xi| and Or0 = |x0|. (A1)

We closely follow the analysis strategy outlined in Sec. IV C,
conducting multiple simulations at varying σR for dimension-
alities ranging from d = 1 to d = 128 at β = 0.125. These
simulations were carried out using both a fine MD integration,
achieving acceptance rates of �99%, and coarse MD integra-
tion, with acceptance rates of approximately 65–75%. Details
on the specific choices of d and simulation parameters are
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FIG. 10. Double logarithmic plots of the optimal proposal standard deviation σ
(min)
R (top row) and the minimal integrated autocorrelation

time τ
(min)
int (bottom row) as functions of dimensionality d . The left panels correspond to the field-averaged observable Or , while the right panels

display results for the single-component observable Or0 . Simulations were performed using both coarse MD integration (blue circles) and fine
MD integration (red squares). The data points are fitted to the ansatz (26) and (27), respectively, to determine the leading-order scaling. Fit
results are provided in the legends, where α′ = log10 α.

provided in Appendix B 1. Our analysis begins by estimat-
ing integrated autocorrelation times (21) for the observables
(A1) and employing the ansatz (25) to estimate the optimal
proposal standard deviation σ

(min)
R as a function of dimen-

sionality d . The results, displayed in the top row of Fig. 10,
indicate that the optimal proposal standard deviation at a given
dimensionality is consistent for both observables and compat-
ible between the coarse and fine MD integration approaches.
To determine the leading-order scaling, we use the fit ansatz
(26), excluding data points that are shown with low opacity in

Fig. 10 from the fitting procedure. This ensures a more accu-
rate characterization of the leading-order scaling behavior at
large d . Our analysis shows that all the obtained leading-order
exponents β align with the theoretical d−0.5 scaling within
the 2σ confidence interval. Furthermore, we again observe
a stable radial acceptance rate of 30–35% near the optimal
proposal standard deviations, closely matching the results dis-
cussed in Sec. IV C.

Next, we determine the integrated autocorrelation time at
σ

(min)
R as a function of dimensionality d and approximate

FIG. 11. Crossing rates between regions separated by infinite potential barriers as a function of proposal standard deviation σR used in the
radial updates. Simulations without radial updates correspond to σR = 0. Each panel compares simulations with coarse MD integration (blue
circles) to simulations using a fine MD integration (empty red squares). The dimensionality increases across panels from left to right, with
d = 1, d = 64, and d = 128, respectively.
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TABLE I. Simulation parameters used to generate data for the
toy model with increasing dimensionality (d), as discussed in Ap-
pendix A. NMD represents the number of MD steps per trajectory,
once for both coarse and fine MD integration, and Nconf denotes the
total number of recorded field configurations.

d 1 2 4 8 16 32 64 96 128

NMD (coarse) 1 2 2 3 4 5 7 8 10
NMD (fine) 8 12 14 20 24 32 44 56 64
Nconf 106 106 106 106 106 107 107 107 2 × 107

the leading-order scaling using ansatz (27). The results are
depicted in the bottom row of Fig. 10 and reveal a polynomial
scaling for both observables, indicating that any ergodicity
violations have been successfully resolved. Additionally, we
observe slightly longer autocorrelation times with fine MD
integration, likely due to the absence of additional tunneling
caused by energy violations. Furthermore, the scaling between
the single component and the field-averaged observable aligns
for both coarse and fine MD integration, demonstrating that
the radial updates consistently facilitate transitions between
different regions, even for the single components. However,
the rate of region-crossings decreases as system size increases,
which is illustrated in Fig. 11. Notably, these findings high-
light that coarse MD integration itself acts as a non-negligible
source of transitions between separated regions in config-
uration space. Incorporating and fine-tuning radial updates
enhances the tunneling rate, thereby improving the overall
efficiency of the algorithm.

APPENDIX B: SIMULATION DETAILS

In the following we provide details on the parameters used
in simulations in the present work.

1. Toy model

For the toy model, we performed a series of simulations
for increasing dimensionality (d), utilizing radial updates with
varying proposal standard deviations (σR). For each choice
of d , we used a constant HMC trajectory length of T = 1.
The number of MD steps (NMD) was tuned to obtain both
a fine MD integration, achieving acceptance rates of �99%,
and coarse MD integration, with acceptance rates of approxi-
mately 65–75%. One radial update was applied prior to each
HMC step, and measurements were taken after every HMC
step. To obtain reliable estimates of the integrated autocorre-
lation times, especially for the single-component observables,
the number of recorded configurations (Nconf ) was increased
significantly for dimensions d > 16. The specific choices of
d , the corresponding NMD for coarse and fine MD integration,
and Nconf used in these simulations are summarized in Table I.

2. Two-site model

For the two-site model, we performed a series of simula-
tions for an increasing number of time slices (Nt ), utilizing
radial updates with varying proposal standard deviations
(σR). For each choice of Nt , we employed an optimal HMC

TABLE II. Simulation parameters used to generate data for the
two-site model with an increasing number of time slices (Nt ), as
discussed in Secs. IV B and IV C. NMD represents the number of MD
steps per trajectory, and Nconf denotes the total number of recorded
field configurations.

Nt 1 4 8 16 24 32 40

NMD 60 50 50 40 45 40 45
Nconf 2 × 105 2 × 105 3 × 105 3 × 105 3 × 105 4 × 105 5 × 105

trajectory length (17) and tuned the number of MD steps
(NMD) to obtain an acceptance rate of >99%. One radial up-
date was applied prior to each HMC step, and measurements
were taken after every HMC step. To obtain reliable esti-
mates of the integrated autocorrelation times, the number of
recorded configurations (Nconf ) was increased incrementally
for higher dimensionalities. The specific choices of Nt , the
corresponding NMD, and Nconf used in these simulations are
summarized in Table II.

APPENDIX C: FOUR-SITE MODEL

As an intermediate step toward incorporating radial up-
dates in the simulation of a realistic system size, we examine
the four-site Hubbard model on a 2 × 2 square lattice. In
complete analogy to Sec. IV C, we performed a series of
simulations for an increasing number of time slices (Nt ),
employing radial updates with varying proposal standard de-
viation σR. The choices of Nt , the number of MD steps (NMD),
and the recorded number of configurations (Nconf ) are listed in
Table III.

Similarly to the two-site model, we compute the integrated
autocorrelation time for two representative observables.
Specifically, we consider the radial observable (23) and the
observable

O f = sgn f [iφ|κ], where f [iφ|κ] = det (M[φ|κ])e−i
∑

tx φtx ,

(C1)

which first projects the fermion determinant onto a real num-
ber and then determines its sign. Therefore, this observable is
directly related to the infinite potential barriers discussed in
Sec. IV A, which occur when the fermion determinant van-
ishes, i.e., potentially changes sign. For example, the diagonal
bands visualized in Fig. 2 exhibit alternating signs of O f ,
highlighting the observable’s sensitivity to transitions through
the potential barriers. Examplary results for the simulations

TABLE III. Simulation parameters used to generate data for the
four-site model on a 2 × 2 square lattice with an increasing num-
ber of time slices (Nt ). NMD represents the number of MD steps
per trajectory, and Nconf denotes the total number of recorded field
configurations.

Nt 1 4 8 16 32 40

NMD 60 60 50 50 50 55
Nconf 3 × 105 3 × 105 3 × 105 3 × 105 4 × 105 4 × 105
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FIG. 12. Integrated autocorrelation time τint as a function of the
proposal standard deviation σR for the observables O� (left) and O f

(right). The observables are defined in (23) and (C1), respectively.
The fits (green line) are obtained using the ansatz (25), with fit
results shown in the corresponding legends. These results are used to
estimate the optimal proposal standard deviation σ

(min)
R (gray dashed

line), whose value is also provided in the legends. The underlying
model is the four-site Hubbard model on 2 × 2 square lattice with
Nt = 8 for U = 18, β = 1, and κ = 1. The HMC simulations were
conducted using (17) and NMD = 50, achieving an acceptance rate
>99%. Each HMC step was preceded by a single radial update
and a total of Nconf = 3 × 105 configurations were recorded, with
measurements taken after each HMC step.

at Nt = 8 are shown in Fig. 12. These results confirm that
employing and tuning the radial updates significantly reduces
the autocorrelation times, particularly for the observable O f .
Furthermore, we also identify a distinct minimum in τint

and estimate its position by performing fits to the ansatz
(25). Extending this analysis to all values of Nt , we verify
the leading-order scaling of the optimal proposal standard
deviation, σ

(min)
R (d ) ∝ d−0.5, by using the fit ansatz (26). The

FIG. 13. The left panel shows a double logarithmic plot of the
position of the minimum σ

(min)
R as a function of dimensionality

d = NxNt . The right panel illustrates a double logarithmic plot of the
integrated autocorrelation time at the respective minimum, denoted
by τ

(min)
int , also as a function of the dimensionality d . The data in both

panels is fitted to the respective ansatz, (26) and (27), to determine
the leading-order scaling. Fit results are provided in the legends,
where α′ = log10 α. The underlying model is the four-site Hubbard
model on a 2 × 2 square lattice with varying Nt for U = 18, β = 1,
and κ = 1.

results, presented in the left panel of Fig. 13, demonstrate
excellent agreement with the theoretical prediction for the ob-
servable O�. For O f , the deviation from the d−0.5 scaling are
slightly larger but remain reasonable, given that the predicted
scaling is at leading order and fits include data from small d
values.

Finally, we determine the minimal integrated autocorrela-
tion time τ

(min)
int , measured at the respective optimal proposal

standard deviation. The results, along with leading-order fits
to the ansatz (27), are displayed in the right panel of Fig. 13.
We observe a slightly greater than linear scaling for both
observables, indicating that radial updates have resolved any
ergodicity violations.
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