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Validity of DFT+U band gaps in all its known functional forms

Andrew C. Burgess 1,2 and David D. O’Regan 2,*

1School of Physics, University College Dublin, Dublin 4, Ireland
2School of Physics, CRANN Institute and AMBER Research Centre, Trinity College Dublin, The University of Dublin, Ireland

(Received 29 April 2026; revised 18 August 2026; accepted 9 September 2026; published 26 October 2026)

The density functional theory plus Hubbard U (DFT+U ) technique is one of the most widely used tools
by condensed matter physicists and solid-state chemists for the simulation of transition-metal and lanthanide-
bearing crystals, and increasingly of much more diverse chemistries. Although often synonymous with the
corrective functionals of Dudarev et al. [Phys. Rev. B 57, 1505 (1998)] and Liechtenstein et al. [Phys. Rev.
B 52, R5467 (1995)], there exists a wide variety of DFT+U -type functionals ready to be utilized, and no doubt
yet to be developed. Since the earliest days, the gap in the DFT+U single-particle eigenspectrum has been
associated with the fundamental band gap, and the method has typically found more success for spectra than
for total-energy derived properties. There has been some doubt, however, as to the conceptual validity of this
association. Here, extending findings from recent years regarding local, semilocal, and hybrid functionals within
the generalized Kohn-Sham framework, we prove and numerically demonstrate that the DFT+U eigenspectrum
gap is conceptually valid, in the specific sense that it matches its own fundamental gap calculated using total-
energy differences. We emphasize that this does not imply its agreement with experimental values, and indeed
our argument is independent of the Hubbard U parameter. The result holds for pristine periodic systems with
converged k-point sampling but not, however, for defective ones, isolated systems, or systems in which added
charges exhibit spontaneous localization. We show that band-gap validity for pristine solids holds in the presence
of pseudopotentials and PAW potentials, when using hybrid functionals, and in DFT+U (+J ) irrespective of the
level of subspace projection onto the band-edge states. We survey every collinear-spin DFT+U -type functional
known to have been published to date, within a unified notation. We verify analytically under which conditions
the eigenvalue gap equals its fundamental gap, for each functional. Returning to the related but different question
of band-gap correction efficiency, we offer fresh analysis of DFT+U band-gap projection dependence, and each
functional’s effect on energies and gaps for the hydrogen lattice in the Mott-Hubbard limit.
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I. BACKGROUND

Kohn-Sham density functional theory (DFT) [1–4] is and
has been, for several decades, the most popular tool for
predicting the electronic structure of molecules, materials,
nano-structures, surfaces and interfaces. It enjoys widespread
use across the fields of physics, chemistry, and materials
science [5,6]. Central to every Kohn-Sham DFT calculation
is the selection of an appropriate exchange-correlation ap-
proximation. Following many years of sustained research on
developing explicit approximate functionals for the total en-
ergies of condensed matter systems, no consensus has yet
emerged within the electronic structure theory community
as to the level of theoretical complexity that is most effi-
cient for use in calculating such energies, their differences,
and derivatives. Even at a given level of theory, there are
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significant differences between different implementations [7].
The situation is particularly challenging for materials that
exhibit significant correlation effects [8]. While qualitative
agreement with experimental trends can often be sufficient
for progress in solid-state physics [9], very high precision is
needed, e.g., to calculate chemical reaction rates [10].

At present, there remains insufficient theoretical un-
derstanding available for this otherwise mature, impactful
[11–13] field to assess whether it is best to focus on develop-
ing improved functionals of the electronic density alone, since
DFT is exact in principle, or to focus attention on another spe-
cific quantity such as the kinetic energy density, the potential,
the occupied, or even unoccupied Kohn-Sham orbitals [14],
in pursuit of accuracy. Beyond DFT, there now exist sophis-
ticated but typically very costly functionals of the one-body
density matrix [15], the pair-density [16], the density response
function [17], the Green’s function [18,19], and the many-
body wave-function (either in its entirety with appropriate
restrictions [20], or for predefined subspaces within a mean-
field embedding [21]). The diversity of this interdisciplinary
field is a strength, and it reflects the differing requirements in
its key areas of application. In the present work, we will focus
on functionals of the occupied Kohn-Sham orbitals, giving
rise to nonlocal (implicit) [22] orbital-dependent potentials
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[23,24]. These fall on functional “Rung 4,” i.e., the hybrid-
functionals, although some that we will review have features
not usually found in hybrids, such as explicit electron count
dependence.

The situation, overall, is more optimistic if one looks at
theoretical spectroscopy. It is now possible to predict the
spectral functions of many materials, in excellent agreement
with photoemission measurements, using first-principles the-
oretical methodologies which require no significant external
parameters [25]. Often, progress has been made by means
of the successful combination of electronic band-structure
theory, e.g., periodic Kohn-Sham DFT and more recently
many-body perturbation theory within the GW approximation
[26,27], with algorithms for solving explicitly correlated dis-
crete many-body Hamiltonians [21]. The latter are restricted
to the selected subspaces deemed to be correlation-prone.
The combination is usually made by means of self-consistent
Green’s function embedding techniques such as dynami-
cal mean-field theory, yielding DFT+DMFT [21,28–33] and
GW +DMFT [34–36], and more recently increasingly on
the basis of density-matrix rather than Green’s function
embedding [37].

II. DFT+U IN CONTEXT

An alternative approach to employing such relatively
costly methods is to supplement a standard, low-cost local
or semilocal exchange-correlation (XC) functional [38–44]
with a corrective functional such as Koopmans’ Compliant
Functionals [45–48], self-interaction error (SIE) correction
functionals [49,50] and van der Waals functionals [51–54].
In particular, the DFT plus Hubbard U (DFT+U ) method
[55–57] has been devised to treat systems with localized
electronic states such as 3d-transition-metal oxides [58–73],
4 f -lanthanide oxides [74–81], and transition-metal com-
plexes [82–88]. Although originally developed for application
with the Local Spin Density Approximation (LSDA) [89], it is
now common practice to also apply this corrective functional
with generalized Gradient Approximations (GGAs) [90–99],
and more recent studies have investigated its application in
conjunction with meta-GGAs [58,66,100,101]. One of the
strengths of the DFT+U method is its ease of implemen-
tation as part of a broader DFT code package. Indeed, the
method has been implemented in a wide variety of DFT codes,
many of which have garnered a large, active community of
users. The total number of Google Scholar [102] “hits” asso-
ciated with the DFT+U method for a range of DFT packages
[103–129] is presented in Fig. 1. The immense utility of the
method is self-evident.

The DFT+U approach has also inspired the development
of other advanced electronic structure methodologies such as
the Koopmans’ Compliant (KC) Functionals [45–48]. The
Koopmans’ Integer functional, for example, was explicitly
developed to extend a DFT+U -type correction to each Kohn-
Sham (KS) orbital separately, thus ensuring the retention of
the base (i.e., underlying approximate) DFT total energy in
the case of insulators. Within the frozen orbital approxima-
tion, the unscreened Koopmans’ correction {�u

iσ } replaces the
nonlinearity of the base DFT functional with a term that is
linear with respect to orbital occupancy fiσ . This term takes

FIG. 1. The number of Google Scholar hits [102], on a logarith-
mic scale, for a range of DFT packages that implement DFT+U
[103–129]. The search was conducted by searching the name of the
DFT package in conjunction with DFT+U .

the form

�u
iσ ( fiσ ) = fiσ ηiσ −

∫ fiσ

0
ds〈�iσ |ĤKS(s)|�iσ 〉. (1)

Here, ĤKS(s) is the approximate KS Hamiltonian where or-
bital �iσ has occupation s. A number of methods have been
devised for determining the slope of the linear term ηiσ , in-
cluding the Koopmans’ Integer functional and the Koopmans’
Integer Perdew-Zunger self-interaction corrected functional.
In practice, the orbitals relax with respect to occupancy so that
the unscreened Koopmans’ correction {�u

iσ } will not suffice to
enforce linearity. Such orbital relaxation effects are accounted
for through orbital-dependent screening parameters, which
also need to be evaluated. Through rigorous benchmarking,
KC functionals have been shown to significantly improve both
the predicted band gaps and ionization potentials compared to
the underlying (semi)local XC approximations [130–132].

In contrast, through the use of a set of fixed projec-
tion operators P̂, conventional DFT+U corrective functionals
act only on selected subspaces within the electronic system
of interest. The suitability of various choices of projection
operator have been investigated, including atomic orbitals,
ortho-atomic orbitals [133–136], maximally localized Wan-
nier functions [137,138] and molecular orbitals [139,140].
The strength of the DFT+U correction is also dependent on
the value of the effective Hubbard parameter Ueff . Its value
is often tuned to ensure agreement with some experimental
property of interest [141,142], but numerous schemes have
also been devised for the calculation of the necessary Hub-
bard U and Hund’s J interaction parameters [143,144]. More
generally, low-energy model embedding or “down-folding”
[145] has a long and successful record in the electronic
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structure theory of strongly correlated materials [143,146–
149]. A significant fundamental and practical breakthrough
came with the invention of the Green-function-based con-
strained random phase approximation (cRPA) [147,150–
157]. More recently, the resulting dynamical interaction pa-
rameters U (ω) and J (ω) have been physically interpreted
[35,155,158] and applied within suitably adapted impurity
solvers [159,160]. Within the SIE-correction interpretation
of DFT+U [86,143], the validity of which is numerically
confirmed in [161], the targeted subspaces are effectively ap-
proximated as quantum systems in contact with a bath that
provides screening and particle exchange. The Hubbard U is
then calculated as a measure of the net self-interaction of the
subspace, which is assumed to be spurious, together with the
remainder of the system providing a screening environment
[144,162].

While DFT+U is routinely applied to calculate di-
verse electronic structure properties, of both total-energy
derived and spectroscopic types, its success has been ar-
guably weighted more towards the latter; for examples see
Refs. [57,163]. This is due to the extraordinary cost-benefit
ratio that it provides when the principal drawback of the un-
derlying approximate functional is a greatly underestimated,
or absent, fundamental gap, when calculated on the basis of
the single-particle eigenvalues. Notwithstanding, for just a
moment, the validity of such calculation, DFT+U can often
improve such a band-gap prediction on an almost cost-free
basis, due to the implicit derivative discontinuity that it in-
troduces, which manifests in a potential that depends on the
occupancy of the bands. This is done on an empirical ba-
sis or, when the necessary parameters are calculated in situ,
an effectively semi-empirical basis. Semi-empiricism arises
because, even when self-consistent projector functions are
used [138,164–167], there remains some empiricism related
to their means of construction, albeit arguably at a level no
worse than that of the typical underlying functional.

This brings us to the main topic of the present work.
Throughout the history of DFT+U , it may be said that there
has remained some doubt concerning the validity in principle
of using the eigenvalue gap as the basis for calculating the
fundamental band gap [55,58]. DFT+U has, in this regard,
been sometimes viewed as a further layer of pragmatism on
top of an already pragmatic practice, or something that might
be analyzed as an approximation to a hybrid functional [168]
or as an approximation to a many-body perturbation theory
applied on top of the Kohn-Sham system [56].

The aim of the present work is to rigorously establish the
validity in principle of calculating fundamental gaps from
the DFT+U (family of corrections) eigenvalue gap, for the
case of pristine crystals, only where the added electron or
hole delocalizes over the bulk system, and then only when
treated with very well-converged k-point grids (i.e., in the
so-called thermodynamic limit). This result does not apply
to crystals simulated with insufficiently dense k-point sam-
pling, however. Neither does it apply to molecules, defective
solids, or pristine systems with spontaneous charge carrier
localization, and so the fundamental gaps of such systems may
be more reliably calculated using explicit (spin-polarized,
for the avoidance of doubt) electron addition and removal
energies.

One needs to proceed with caution in this context, as
the question of whether such a gap should recover the
fundamental gap is one that depends not only on the
functional type, but equally on the domain over which it
is minimized (e.g., whether the total energy is a functional
of the density), and not just the nature of the system under
scrutiny [23,169,170]. The result of band-gap validity, as we
will discuss, holds for the standard widespread practice of
DFT+U for crystals, but not pure Kohn-Sham DFT settings
as in optimized effective potential (OEP) DFT+U [171,172].

It is a well-known and long-standing result that only the
frontier occupied KS eigenvalue generally corresponds to a
total energy difference, i.e., minus the ionization potential,
in exact Kohn-Sham DFT [173]. Why this does not gen-
erally hold also for the unoccupied KS eigenvalue, i.e., it
is not minus the electron affinity, is due to the absence of
the exchange-correlation derivative discontinuity in the exact
Kohn-Sham eigenspectrum [174]. In approximate KS DFT
with an absent exchange-correlation derivative discontinuity
(such as conventional local and semilocal functionals), both
levels are valid for bulk systems under the aforementioned
preconditions [170], and in all other cases, both KS eigen-
values are invalid.

Our work does not revisit KS DFT and has no bearing
upon it, as it takes place instead within the different context
of generalized Kohn-Sham theory (GKS) [23], and moreover
an approximated form with an implicit rather than explicit
derivative discontinuity. GKS is, in a nutshell, where the
orbitals but not the resulting density provide the functional
dependence of the total energy, and it is the practical, com-
monplace formalism of DFT+U . In GKS theory, unlike KS,
any implicit derivative discontinuities (i.e., where the energy
remains differentiable with respect to the density matrix) are
automatically included in the eigenspectrum [169], and it is
this type that arises almost universally in DFT+U (we will
later discuss some recently introduced exceptions).

The excluded case of spontaneous charge carrier localiza-
tion [175], i.e., where the added electron or hole localizes in
space despite the absence of defects or lattice distortions has,
to the best of the authors’ knowledge, never been reported
to date in DFT+U studies but could conceivably occur for
sufficiently large values of the applied Hubbard U parameter.
Such symmetry breaking is, however, suppressed in conven-
tional DFT+U calculations where a pristine periodic system
is modeled using a primitive unit cell with converged k-point
sampling.

Importantly and reassuringly, in connection with the choice
of projection operators P̂ that define a DFT+U calculation,
we find that the validity in principle of the resulting eigen-
value gap holds independently of such choice. The numerical
value of the calculated band gap does, of course, generally
depend on P̂. Its validity in principle holds even for very
poor or unphysical choices of P̂ and/or the Hubbard U and
related parameters, reinforcing the point that we are primarily
addressing in the present work a different aspect from that of
comparing DFT+U band gaps with experimental ones.

Notwithstanding, we will return in Secs. X and XI to
shed new light on the functional and projection dependence,
respectively, of the DFT+U band gap. We prove, in pass-
ing, that hybrid functional eigenvalue-based band gaps
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are perfectly valid for crystals (under the aforementioned
restrictions). We further show, in Appendixes C and D, that
this GKS eigenvalue-based band-gap validity is generally
preserved by the use of pseudopotentials or the projector-
augmented wave (PAW) construction. Validity in the case
of local and semilocal functionals, which was addressed in
Ref. [170] using a somewhat different derivation, is automati-
cally included in our proof by setting the Hubbard parameters
or exact exchange hybrid mixing parameter to zero.

III. NUMERICAL TEST FOR BAND-GAP VALIDITY

In order to provide a minimal and motivating test for
the numerical equivalence of the Dudarev et al. [176] func-
tional DFT+U fundamental gap and its own single-particle
eigenvalue-based gap, we performed such calculations on an
antiferromagnetic two-dimensional hydrogen square lattice
with a large lattice constant. The Hubbard U parameter and
projectors were kept fixed. Computational details are provided
in Appendix A, and the main findings are shown in Fig. 2.
Using QUANTUM ESPRESSO [105], we reached a k-point sam-
pling density equivalent to a supercell of �1.7×104 atoms,
i.e., not at the thermodynamic limit required for exact equal-
ity of the gaps, but sufficiently close to make a reasonable
extrapolation.

In this system, neither the valence nor conduction band
edge is degenerate, and no spontaneous localization of surplus
charges is permitted by the two-atom unit cell used. We found
that, with a sufficiently small cold smearing parameter, an
acceptable balance between convergence and smearing errors
could be found in the more numerically challenging regime
of charged systems sampled with high k-point density. Some
evidence of remaining ∼meV numerical errors is seen in the
top-left corner of Fig. 2(a), which shows the isolated explicit
DFT+U energy contribution to the fundamental gap (i.e.,
based on DFT+U energy differences). Some of this noise can-
cels, however, when the other terms in the total gap are added.
Figure 2(a) shows that the finite-size error of the DFT+U gap
contribution scales almost perfectly inversely with respect to
the effective volume of this system, i.e., like N−1

k .
Moving to Fig. 2(b), we see that, in this system, the band

gap as judged from the (commonplace) GKS eigenvalue spec-
trum of the neutral lattice is almost perfectly constant with
respect to k-point density. This is because the band edges
are included in the sampling in all cases, and because the
density contribution is near-constant across the Brillouin zone
in this Mott-Hubbard system with very flat bands. A constant
line, with a value E eigen

g , shows the numerically best available
estimate of the eigenvalue-based band gap.

The fundamental gap directly calculated using charged
systems (one electron added or removed per effective super-
cell), as we can see shown with squares in Fig. 2(b), instead
converges relatively slowly with respect to k-point sam-
pling. The power-law behavior of the finite-size error in the
energy-based fundamental gap is known to be rather involved
[177] when kinetic and XC contributions are included. The
antiferromagnetic order may further complicate the finite-size
exponents, and their detailed study is beyond the scope of the
present work. We include the points shown in a fit to this data,

FIG. 2. Panel (a), above, shows the dependence of the explicit
DFT+U contribution to the fundamental band gap of an antiferro-
magnetic two-dimensional square hydrogen lattice, with respect to
the inverse of the effective number of two-atom unit cells that is
implemented using Brillouin zone sampling. DFT+U projectors and
the Hubbard U parameter are kept fixed. The largest calculation,
with data points furthest to the left, corresponds to an effective
supercell size �1.7 × 104 atoms. In panel (b), below (enlarging by
15× towards the converged limit), total band gaps based on frontier
eigenvalue differences and total-energy differences are compared.
Fitted curves, described in the main text, suggest that near-identical
values will be reached in the thermodynamic limit.

while excluding those from coarser samplings. Supposing a
N−1

k behavior of the aforementioned term, and permitting a
variable exponent for a second one yields an (electrostatics
dominated) exponent very close to −2/3, echoing the early
analysis of Ref. [178], noting that the precise value and that
of the intercept depend somewhat on the points included. As a
guide to the eye, therefore, we show the best fit of the form
a + bN−2/3

k + cN−1
k . This, for example, yields an intercept

error of a − E eigen
g = 3 meV.

We anticipate that the extrapolated finite-size error would
vanish with yet more k-point data towards the thermodynamic
limit, increasing out-of-plane cell dimension, and a more
sophisticated, multi-exponent extrapolation formula. Over-
all, this test strongly suggests that the DFT+U eigenvalue
gap agrees with the corresponding fundamental gap in the
thermodynamic limit. It further suggests that the eigenvalue

235127-4



VALIDITY OF DFT+U BAND GAPS IN ALL ITS KNOWN … PHYSICAL REVIEW B 114, 235127 (2026)

gap converges much faster to this limit, at least when the
band-edge k-points are kept included in the sampling. In a
system with more band dispersion, we would expect this con-
vergence to be slower, of course, but for the eigenvalue gap to
still be by far the more efficient estimator for the fundamental
gap of periodic systems within the GKS formalism.

IV. THE FUNDAMENTAL BAND GAP FROM DFT+U
AND HYBRID FUNCTIONALS

In this section, we provide the main result of this work.
We prove that the fundamental band gap as calculated from
the generalized Kohn-Sham (GKS) eigenvalues [23] (that is to
say, within commonplace practical DFT), in DFT+U and hy-
brid functionals, is entirely valid for pristine periodic systems.
This has previously been shown for local and semilocal func-
tionals and numerically for conventional hybrid functionals
[170], and our proof includes such cases, and indeed almost
all functionals in current use, while modifying the logical
argument somewhat. By “valid,” we mean that this gap ex-
actly matches what would be calculated from explicit electron
removal and addition energies, for pristine periodic systems
that remain periodic under charging. This is not to say that the
result must agree well with experiment, not by any means, but
only that it is a proper and well-founded procedure to predict
a fundamental band gap based on the gap in the conventional
single-particle eigenvalues.

As previously mentioned, but still very worth acknowl-
edging, this may at first seem contrary to the received,
often repeated statement that only the highest occupied
eigenvalue has physical meaning in DFT. That statement is
indeed true in the case of exact DFT applied generally (and
also for approximate, yet exchange-correlation derivative dis-
continuity exhibiting, functionals when they are applied to
well-converged pristine bulk systems) within a strict Kohn-
Sham DFT setting. There, the density provides the functional
dependence of the total energy.

In the in-practice conventional formalism of GKS, it is
the orbitals but not the resulting density that provide the
functional dependence for the total energy, and this is the
key difference. The KS or GKS distinction only becomes
very relevant in the presence of a nonmultiplicative poten-
tial, e.g., due to its orbital dependence [179], as when the
potential is purely local and orbital-independent there is no
practical distinction and crystalline GKS eigenvalue-based
band gaps have already been shown to be valid in that regime
[170].

Our result implies that the lowest unoccupied eigenvalue is
as valid as the highest occupied one, in the standard practice
of DFT+U . While this is only the case for defect-free periodic
systems (and only with infinitely dense k-point sampling,
strictly speaking), we will also provide expressions for the
leading-order corrections to the GKS (i.e., usual, familiar
eigenspectrum) gap needed to recover the fundamental gap,
e.g., for defective solids or molecules. However, such correc-
tions will typically be more demanding to compute than direct
explicit electron (along with their spin) removal and addition
calculations for the fundamental gap. In the following, we
mirror the proof provided in Ref. [170]; however, we instead

invoke as our starting point the underpinning total-energy
construction and logical procedure regarding its variation fol-
lowing the Ph.D. thesis of Poilvert [180].

A. Establishing the variationally optimized constrained energy

We begin by considering the total energy constructed us-
ing the Generalized Kohn-Sham system of N electrons, with
orbitals {ψi} and their complex conjugates as variables. We
allow for possibly noninteger N values, representing a statis-
tical ensemble of integer-electron-count states. We suppress
the spin-index for simplicity, as the extension to spin-DFT
is at least procedurally trivial (as discussed in Appendix E),
and we focus on zero temperature. The real-valued orbital
occupancies f i will also be seen as variational variables.
These are defined, for possibly nonorthogonal {ψi}, as the
matrix elements that construct the generalized Kohn-Sham
density matrix according to ρ̂ = ∑

i |ψi〉 fi〈ψ j |, noting that
this only represents a valid ensemble state when the orbitals
are orthonormal.

The total energy, including orthonormality and orbital
filling constraints, in atomic units and with fixed external
potential v, reads

Ev = −
∑

i

fi
〈ψi|∇2|ψi〉

2
+ EvHxc+U [{ψi}, { fi}]

+
∑

i j

λi j (δ ji − 〈ψ j |ψi〉) + εF

(
N −

∑
i

fi〈ψi|ψi〉
)

.

(2)

Here EvHxc+U is the approximated energy due to the Coulomb
interaction, the beyond-independent-particle kinetic energy,
and the external potential. The potential contribution repre-
sented as U here could also be an exact exchange term, for the
purposes of the present construction. The Lagrange multipli-
ers λi j , as well as their complex conjugates and the real-valued
Fermi energy εF, a final Lagrange multiplier, are promoted as
independent variables.

The energy Ev is simultaneously extremized with respect
to each degree of freedom, which includes the Lagrange
multipliers. First applying |0〉 = ∂Ev/∂〈ψ j |, noting that the
derivatives are partial, we find the generalized eigenequation(

−∇2

2
+ v̂vHxc+U − εF

)
|ψ j〉 f j =

∑
i

|ψi〉λi j . (3)

Here, v̂vHxc+U is the functional derivative of EvHxc+U with
respect to the density matrix ρ̂. Before going further, we
can apply 0 = ∂Ev/λi j , from which we deduce that the δ ji −
〈ψ j |ψi〉 = 0, i.e., that the orbitals are orthonormalized at the
minimum of Ev . Applying next 〈0| = ∂Ev/∂|ψ j〉, we find a
very similar equation,

f j〈ψ j |
(

−∇2

2
+ v̂vHxc+U − εF

)
=

∑
i

λ ji〈ψi|. (4)

Comparing this with the complex conjugate of Eq. (3),
we deduce that λ∗

ji = λi j . Here, we have invoked the Her-
mitian property of v̂vHxc+U for the now assuredly valid
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(due to orthonormality) GKS density matrix, noting that
while both DFT+U and hybrid functionals introduce an
implicitly orbital-dependent Hamiltonian, they do not intro-
duce an explicit orbital dependence, which might jeopardize
the self-adjoint property of the potential. As an aside, it is pre-
served for KC functionals by their satisfaction of the Pederson
condition [48,181].

Taking 0 = ∂Ev/εF, together with orbital orthonormality,
provides simply that the fi sum to the correct electron count
N . To gain further insight into εF, we must apply the final
condition available, ∂Ev/∂ f j = 0. Technically, the fi may be
parametrized in terms of sin2 θ to ensure continuous variabil-
ity and hence differentiability. This yields, for all states j with
0 < f j < 1, the condition

HGKS
j j = 〈ψ j |

(
−∇2

2
+ v̂vHxc+U

)
|ψ j〉 = εF. (5)

Thus, εF is indeed the Fermi level as expected, i.e., the degen-
erate GKS eigenvalue of g partially filled states.

Let us explore the generalized eigensystem further. We
premultiply Eq. (3) with 〈ψk| and trace, to find(

hGKS
k j − εF

)
f j =

∑
i

δkiλi j = λk j . (6)

Consider the unitary matrix A that diagonalizes the matrix λ,
such that �i = A†

ikλklAli. The eigenvectors of ĥGKS are the
canonical GKS orbitals,

|�i〉 =
∑

j

|ψ j〉Aji. (7)

Let us verify that unitary orbital transformations leave Ev

unchanged. For the kinetic energy, for example,∑
i

fi
〈�i|∇2|�i〉

2
=

∑
i

fi
〈ψk|∇2|ψl〉AliA

†
ik

2
, (8)

which is as in the original Ev by the property of unitary matri-
ces. Similarly, it is straightforward to show that all other terms
are unitary invariant, including the energy EvHxc+U, as this
is comprised of density (and possibly its spatial derivatives)
dependent terms, where the density is unitary invariant, or
density-matrix dependent terms, as in the DFT+U and/or ex-
act exchange energies, which can also be readily shown to be
invariant under unitary transformations of the GKS orbitals.

The matrix A may be expected to change as the total elec-
tron count N (an external parameter) is varied, as it shortly
will be, and if A couples states of different occupancy, this
would considerably complicate the analysis. It is necessary
therefore to verify whether the fi may validly be considered to
be independent of A, e.g., for constructing the density matrix
ρ̂. Let us again consider, for this, the expression λ∗

ji = λi j . At
the minimum of Ev , we have from Eq. (6), therefore(

hGKS∗
ji − εF

)
fi = (

hGKS
i j − εF

)
f j, (9)

but noting that ĥGKS itself is hermitian, this implies that ei-
ther fi = f j or hGKS

i j = 0 for any pair of differing states i
and j. Thus, somewhat remarkably, the GKS Hamiltonian is
block-diagonal, with no coupling between fully filled, par-
tially filled, or empty states. Without loss of generality, then,
the unitary matrix A and hence the canonical eigensystem

retains the same block-diagonal structure. Even if there were
multiple different noninteger fi considered, it would not be
necessary to consider the variation of the degeneracy pattern
of the fi with external parameters unless the parameters vary
sufficiently to cause crossing of states and a rearrangement
of the block-diagonal Hamiltonian structure. For sufficiently
small variations of the external parameters (as we will see,
adding or subtracting is a sufficiently small change in crys-
tals), we conclude that the degeneracy grouping of the fi

remains constant as the εi and �i change.
Referring back, as a final preliminary observation with

the latter result in hand, to Eq. (6), and considering the case
fi = 1, we find that the unitary transformation also diagonal-
izes hGKS

k j . This, in terms of the eigenvalues εi of the GKS
Hamiltonian for fully occupied eigenvalues, gives εi − εF =
�i. For the case fi = 0, i.e., unoccupied orbitals, we deduce
that �i = 0. For the case of frontier orbitals, with 0 < fi < 1,
let us suppose that there are g such degenerate GKS eigen-
states with the same fi, so that gfi = N − �N�. This gives
(εi − εF)(N − �N�)/g = �i. However, we already know that
for such orbitals HGKS

ii = εF, and so also following diagonal-
ization of this isolated Hamiltonian block (noting that rotation
preserves the trace), we must have εi = εF and hence also in
this case �i = 0.

B. Energy variations with respect to total electron count

We are now ready to consider the rate of change of the
minimized total energy Ev with respect to the total electron
count N , having set the problem up somewhat differently to
Ref. [170] and instead as per Ref. [180]. This derivative is
necessarily a total one; however, for all N we note that Ev is
minimized with respect to its degrees of freedom {ψi}, {ψ∗

i },
fi, λi j , λ∗

i j , and εF, and so the partial derivatives of Ev with
respect to these vanish. We therefore have, when evaluated at
all but points of eigenvalue cross-over or degeneracy change
of the frontier orbitals, the great simplification

dEv

dN
= ∂Ev

∂N
= εF. (10)

This holds, in principle, even for infinite degeneracy g as in a
solid. This result is the generalization of Janak’s theorem to
GKS in the presence of Hermitian, possibly density-matrix-
dependent nonlocal potentials as in DFT+U and hybrid
functionals, with possibly degenerate frontier orbitals. From
Eq. (10) and under the same conditions, it follows that the
second derivative of the total energy with respect to total
electron count may be expressed as

d2Ev

dN2
= dεF

dN
=

∑
i

dfi

dN

dεF

dfi
= g

1

g

dεF

dfi
= dεF

dfi
, (11)

where the sum runs over all frontier (i.e., partially filled)
orbitals. The kth derivative is similarly

dkEv

dNk
= dk−1εF

df k−1
i

. (12)

Conventional DFT+U and Hybrid functionals are ex-
plicit, infinitely differentiable functionals of the first-order
reference-system reduced density matrix and as such will
vary continuously with respect to the g frontier GKS orbital
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occupancies, and hence with respect to N . Therefore, one
may employ a Taylor expansion of the total energy functional,
for example, around an integer electron count N0 to yield
the following expression for the total energy of the N0 + 1
electron system,

Ev (N0 + 1) = Ev (N0) +
∞∑

k=1

1

k!

dkEv

dNk

∣∣∣∣
N=N0

(1 − 0)k . (13)

Combining Eqs. (12) and (13) with some rearranging yields
the following expression for the electron affinity,

EA ≡ Ev (N0) − Ev (N0 + 1) = −εF −
∞∑

k=2

1

k!

dk−1εF

df k−1
F

∣∣∣∣∣
fF=0

= −εL −
∞∑

k=1

1

k + 1!

dkεL

df k
L

∣∣∣∣∣
fL=0

, (14)

where εL is the possibly degenerate lowest unoccupied GKS
eigenvalue of the N0 electron system, and fL is its occupancy.
Similarly, for the ionization potential, we can deploy a Taylor
expansion considering electron removal, of the form

Ev (N0 − 1) = Ev (N0) +
∞∑

k=1

1

k!

dkEv

dNk

∣∣∣∣
N=N0

(0 − 1)k . (15)

Combining Eqs. (12) and (15) with some rearranging yields
the following expression for the ionization potential,

IP ≡ Ev (N0 − 1) − Ev (N0) = −εF −
∞∑

k=2

(−1)k−1

k!

dk−1εF

df k−1
F

∣∣∣∣∣
fF=1

= −εH −
∞∑

k=1

(−1)k

k + 1!

dkεH

df k
H

∣∣∣∣
fH=1

, (16)

where εH is the possibly degenerate (with not necessarily
the same degeneracy factor as εL) highest occupied GKS
eigenvalue of the N0 electron system, and fL is its occupancy.
Finally, the fundamental band gap is given as the difference
between the electron affinity and ionization potential, and so
may be expressed as

Eg ≡ IP − EA = εL − εH

+
∞∑

k=1

1

k + 1!

⎛⎝dkεL

df k
L

∣∣∣∣∣
fL=0

− (−1)k dkεH

df k
H

∣∣∣∣∣
fH=1

⎞⎠. (17)

This result accounts for the possibly different degeneracy of
the lowest unoccupied and highest occupied GKS levels of an
N0-electron insulator, the degeneracy factors having already
canceled out in the expression. The result only holds straight-
forwardly if there is no degeneracy breaking or discrete orbital
re-ordering of the lowest unoccupied GKS level as an electron
is continuously added (or, separately, of the highest occupied
GKS level as an electron is removed); however, this is assured
in an infinite pristine solid with no spontaneous charge local-
ization, as we go on to show in Sec. V.

First, however, we note that for many commonplace func-
tionals in many systems, the quadratic term in the total energy

overwhelmingly dominates [182]. In the case we can write

Equadratic
g = εL − εH + 1

2

(
dεL

dfL
+ dεH

dfH

)
, (18)

albeit this is no easier to calculate than the energies of explicit
electron addition and removal. For the case instead where a
functional exhibits precise piecewise linearity with respect to
electron count, which the exact functional should [183–185],
then both εL and εH remain constant over the electron count
intervals for which they serve, respectively, as the Fermi level.
Then, all the derivative terms vanish in Eq. (17). In such
a GKS approximation, therefore, an analog of Koopmans’
theorem holds both for electron removal and attachment, and
we simply have for the fundamental gap the result E linear

g =
εlinear

L − εlinear
H , for any system that it is applied to, not just pris-

tine solids. We caution, however, that piecewise linearity does
not imply that the exact functional is at hand, and in the exact
functional there will be an explicit derivative discontinuity
[186], as, unlike conventional DFT+U or hybrid functionals,
the exact functional is not an explicit, differentiable functional
of the first-order reference-system reduced density matrix.

The many-body generalization of the Burgess-Linscott-
O’Regan (mBLOR) DFT+U functional [187] introduces
such an explicit derivative discontinuity, while conventional
DFT+U or hybrid functionals exhibit only an implicit deriva-
tive discontinuity. Unlike implicit derivative discontinuities,
such explicit contributions are not incorporated within the
GKS eigenspectrum gap [169], i.e., do not appear in Eq. (17),
and require explicit addition to Eg. The need for the exact
functional to exhibit such an explicit derivative discontinuity
is discussed in Appendix B.

If DFT+U brings an approximate functional closer to
agreement with global piecewise linearity, we can suppose
that DFT+U makes it a better approximation to use Eg ≈
εL − εH in defective solids and molecules, but it will still
be approximate. Even with the most sophisticated DFT+U
correction or hybrid functional, the energy and its deriva-
tives are not exact and beyond-quadratic, and hence we can
expect nonvanishing noncancelling derivative contributions
in Eq. (17). As a result, we might expect the GKS frontier
eigenvalue difference εL − εH, i.e., the commonplace ‘gap’
extracted from the DFT+U density of states, to be an invalid
value for the fundamental band gap. As we will see in the
next section, however, its validity is perfectly recovered in
extended systems under the preconditions often repeated here.

This does not mean to imply, of course, that the fundamen-
tal band gap calculated from εL − εH, or further corrections
to this per Eq. (17) as may be necessary, will bear a good re-
semblance to the experimental fundamental gap (even leaving
aside zero-point phonon renormalization effects, etc.). It only
implies that such a quantity is valid, i.e., gives the same result
as explicit gap calculation by electron addition and removal.
In particular, if Ev[N] lacks or severely underestimates the
derivative discontinuity at N0, as it does so typically with
LDA and GGA functionals, then the predicted fundamental
gap will be zero or severely underestimated at best. It is part
of the success of DFT+U and hybrids that they introduce
such a derivative discontinuity, but we find here that their
introduction (because it is an implicit and not an explicit

235127-7



ANDREW C. BURGESS AND DAVID D. O’REGAN PHYSICAL REVIEW B 114, 235127 (2026)

derivative discontinuity) does not affect the validity of the
GKS eigenvalue-based band gap in principle.

V. FRONTIER GKS EIGENVALUE DERIVATIVES

To understand why the GKS eigenvalue derivatives in
Eq. (17) do not contribute to the fundamental band gap in
the case of defect-free infinitely extended systems, we now
derive an explicit expression for the first-order derivative of
the frontier GKS eigenvalue εF with respect to its orbital
occupancy fF. Here, F can refer either to the highest occupied
(H) or lowest unoccupied (L) GKS orbital, and it may be
degenerate. Due to the orthogonality of wavefunctions with
their derivatives, the derivative of the frontier GKS eigenvalue
with respect to the frontier orbital occupancy simplifies to

dεF

dfF
= 〈�F|dĤGKS

dfF
|�F〉. (19)

Here, total derivatives imply that all variational parameters are
permitted to vary as needed to extremize the total energy. The
GKS Hamiltonian operator in real space is given by

HGKS(r, r′) = − 1
2∇2 + vext (r) + vHxc(r) + vU (r, r′), (20)

where vext (r) is the external potential, which is kept fixed
throughout this work. Additionally, vHxc(r) is the Hartree plus
base exchange-correlation potential of local or semilocal char-
acter, and vU (r, r′) is the DFT+U (+J) potential. Aside from
the latter nonlocal potential, the other two terms in the GKS
potential include Dirac delta functions δ(r − r′), which have
been suppressed in Eq. (20) for brevity. The reference system
kinetic energy operator and external potential exhibit no de-
pendence on the GKS orbital occupancies. The Hartree plus
exchange-correlation potential will contribute to the deriva-
tive via its explicit dependence on the ground-state electron
density ρ0 via

dvHxc(r)

dfF
=

∫
dr′ δvHxc(r)

δρ(r′)

∣∣∣∣
ρ0

(
dρ0(r′)

dfF

)
. (21)

The first term on the right-hand side is the Hartree plus base
exchange-correlation kernel. In the case of the highest occu-
pied or lowest unoccupied GKS orbital, i.e., fF = fH or fL,
the final term in Eq. (21) is the right- or left-hand Fukui func-
tion F±(r′) [188–193], which is a quantity that incorporates
screening effects. Therefore, Eq. (21) simplifies to

dvHxc(r)

dfF
=

∫
dr′ fHxc(r, r′)F±(r′), (22)

where fHxc(r, r′) is the Hxc kernel. In the frozen orbital
approximation, the Fukui function is given by the frontier
GKS orbital density; however, we do not make such an ap-
proximation. The Hxc kernel can be decomposed into a sum
of Hartree and exchange-correlation components, where the
Hartree kernel is given by the usual expression

fH(r, r′) = 1

|r − r′| , (23)

while the base exchange-correlation kernel depends, of
course, on the choice of exchange-correlation functional. For
the Hubbard potential, we invoke here as a representative case
the DFT+U functional of Dudarev et al. [176], although we

emphasize that the same proof holds with caveats (that are al-
ways satisfied or overcome in practice) for all known DFT+U
functionals, a point which will be elaborated upon further
in Sec. X. For concision, we denote the effective Hubbard
parameter simply as U in this section. In real space within the
spin-restricted formalism, the Hubbard potential of Dudarev
et al. may be expressed as

vσ
U (r, r′) =

∑
I

U I

2

{
〈r|P̂I |r′〉 −

∫
dr′′dr′′′〈r|P̂I |r′′〉

× ρ(r′′, r′′′)〈r′′′|P̂I |r′〉
}
. (24)

The derivative of the Hubbard potential with respect to fron-
tier GKS orbital occupancy is given by

dvU (r, r′)
dfF

=
∫

dr′′dr′′′ δvU (r, r′)
δρ(r′′, r′′′)

∣∣∣∣
ρ0

(
dρ0(r′′, r′′′)

dfF

)
.

(25)

The latter derivative in Eq. (25) is the right- or left-hand Fukui
matrix F±(r′′, r′′′) [194–197], i.e., the screened rate of change
of the ground-state (KS or, here, GKS) density matrix. This
quantity is sometimes termed a “noninteracting” Fukui matrix
since it applies to the Kohn-Sham reference density matrix.
This term allows it to be distinguished from its counterpart in
first-order reduced density matrix functional theory [198,199],
but given both the GKS and DFT+U context, and the risk that
this might misleadingly imply “unscreened,” we do not use
this term. The functional derivative of the Hubbard potential
can be explicitly calculated from Eq. (24), to yield

dvU (r, r′)
dfF

= −
∑

I

U I

2

∫
dr′′dr′′′

× (〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉)F±(r′′, r′′′). (26)

Combining Eqs. (22) and (26) with Eq. (19) and given that
the diagonal element of the Fukui matrix is equal to the Fukui
function [200], we have

dεF

dfF
= 〈�F|

∫
drdr′|r〉

{∫
dr′′ fHxc(r, r′′)F±(r′′, r′′)δ(r−r′)

−
∑

I

U I

2

∫
dr′′dr′′′(〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉)

× F±(r′′, r′′′)

}
〈r′|�F〉. (27)

The Hxc contribution to the eigenvalue derivative consists
of three integrals over real space, one of which is countered
by the Dirac delta function δ(r − r′), which is zero for all
|r − r′| > 0. Assuming the added electron or hole delocalizes
over the bulk system, the frontier orbital density ρF(r) =
〈r|�F〉〈�F|r〉 will tend to zero at any given point in space.
Likewise, the Fukui function F±(r′′, r′′), which is defined as
the derivative of the total electron density at the point r′′ with
respect to the total electron count, will tend to zero, as the
addition of a single electron or hole to the system will offer
only an infinitesimal change in the total electron density at
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any point in space. The vanishing frontier orbital density and
Fukui function counter the remaining two spatial integrals.
This, combined with the Hxc kernel fHxc(r, r′′) vanishing in
the limit of large |r − r′′|, ensures that the Hxc contribution to
the eigenvalue derivative vanishes in the bulk limit (excluding
cases of spontaneous localization of added electrons or holes,
a caveat that we hereafter assume is satisfied).

In the case of the Hubbard contribution, there are four
spatial integrals and a summation over the Hubbard sites. The
〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉 term offers a negligible contribution for
large values of |RI − r|, where RI is the position of the atomic
site to which the localized projection operator P̂I is assigned;
the same goes for large values of |RI − r′|, |RI − r′′| and
|RI − r′′′|. This counters the four spatial integrals. Analogous
to the frontier orbital density and Fukui function, the frontier
orbital density matrix ρF(r′, r) = 〈r′|�F〉〈�F|r〉 and Fukui
matrix F±(r′′, r′′′) will also tend to zero in the bulk limit.
This ensures that, like the Hxc contribution, the Hubbard
contribution to the eigenvalue derivative vanishes in the bulk
limit.

The same argument can also be applied to all higher-order
derivatives of the frontier GKS eigenvalue with respect to
GKS occupancy, as these may also be expressed as integrals
over real space of the Hxc kernel and 〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉
Hubbard term, the frontier orbital density and frontier or-
bital density matrix, the Fukui function and Fukui matrix and
derivatives thereof. Take, for example, the second derivative of
the frontier GKS eigenvalue with respect to GKS occupancy,

d2εF

df 2
F

=
∫

drdr′[ρ ′±
F (r)F±(r′) + ρF(r)F ′

±(r′)] fHxc(r, r′)

+
∫

drdr′dr′′ρF(r)F±(r′) f ′
xc(r, r′, r′′)F±(r′′)

−
∑

I

U I

2

∫
drdr′dr′′dr′′′[ρ ′±

F (r′, r)F±(r′′, r′′′)

+ ρF(r′, r)F ′
±(r′′, r′′′)]〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉, (28)

where derivatives are denoted by a prime mark. Using the
same arguments as before, each term will again vanish in
the bulk limit. It is worth emphasizing that the exact same
argument of the frontier GKS eigenvalue derivatives presented
here for DFT+U -type functionals also applies to hybrid func-
tionals, and of course (if U = 0) the underlying base local
or semilocal functionals. By way of example, in the case of
global hybrid functionals the first derivative of the GKS eigen-
value with respect to frontier occupancy in the spin-restricted
formalism will instead be given by

dεF

dfF
= 〈�F|

∫
drdr′|r〉

{∫
( fHc(r, r′′) + (1 − aHF) fx(r, r′′))

× F±(r′′, r′′)δ(r − r′)dr′′ − aHF

2

F±(r, r′)
|r − r′|

}
〈r′|�F〉,

(29)

where aHF is the fraction of exact exchange, fHc(r, r′′) is the
Hartree plus (semi)local correlation kernel, and fx(r, r′′) is
the (semi)local exchange kernel, which is diagonal in spatial
coordinates. The exact exchange contribution consists of two
spatial integrals. However, again there will be a negligible

contribution for large values of |r − r′|, and the frontier orbital
density matrix and Fukui matrix both tend to zero. Thus, like
all other terms, the exact exchange contribution to the GKS
eigenvalue derivative vanishes in the bulk limit.

Therefore, in the specific case of an infinite pristine solid
where the added electron or hole delocalizes over the bulk
system, the first and all higher-order derivatives of the frontier
GKS eigenvalues with respect to orbital occupancy can be
neglected and Eqs. (14), (16), and (17) reduce to the simple
expressions,

IP = −εH, (30)

EA = −εL, (31)

Eg = εL − εH. (32)

In the case of a conventional DFT+U or hybrid functional,
Eq. (32) demonstrates that the frontier GKS eigenvalue differ-
ence is a rigorous and formally exact approach to evaluating
the fundamental band gap of a pristine solid. Furthermore,
from Eqs. (30) and (31), the negative of the highest occupied
and lowest unoccupied GKS eigenvalues are exactly equal
to the ionization potential and electron affinity of the bulk
system. Equation (30) is equivalent in form to the ioniza-
tion potential theorem, also known as the DFT Koopmans’
theorem, an exact condition in DFT which the above deriva-
tion demonstrates must always be satisfied by conventional
DFT+U and hybrid functionals for pristine solids. Perhaps
more surprisingly, no derivative discontinuity term appears in
Eq. (31). This is a direct result of conventional DFT+U and
hybrid functionals being explicit, differentiable functionals
of the first-order reference-system reduced density matrix.
Despite Eqs. (30), (31), and (32) being formally exact at
this level of theory, it does not imply that such functionals
will yield quantitatively accurate predictions. Rather, for a
given functional, equating the negative of the frontier GKS
eigenvalues to the functional’s predicted ionization potential
and electron affinity for the system is a correct and formally
exact procedure at this level of theory.

However, we emphasize that this proof only holds in the
case of pristine periodic systems where the added electron or
hole delocalizes over the bulk system. For finite electronic
systems, nonpristine solids, or systems with spontaneous
charge carrier localization, one can no longer assume that the
added electron or hole delocalizes over the bulk system. By
extension, one cannot assume that the frontier orbital den-
sity ρF(r) = 〈r|�F〉〈�F|r〉 will tend to zero at every point in
space. Same too goes for the frontier orbital density matrix,
the Fukui function and the Fukui matrix. Thus, the frontier
eigenvalue derivatives of Eqs. (14), (16), and (17) must be
accounted for, and the frontier GKS eigenvalue difference
is not a valid measure of the fundamental band gap of such
systems.

That said, for defective crystals with low lowest-energy
singly ionized defect binding energies, i.e., “shallow” defect
levels, the localization of the corresponding electron and hole
may be relatively weak, i.e., long-ranged, compared to the
case of “deep” defect levels. In such cases, it may be found
that such DFT+U GKS eigenvalues match well, in practice,
with the corresponding total-energy based transition Fermi
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levels. As a consequence, the resulting GKS band-edges
eigenvalue gap may be an acceptable estimate, in that case,
of the true fundamental gap of the approximate DFT method
being used. The magnitude of the corrective term describing
localization, e.g., Eqs. (27) and (28) in such systems is worthy
of future study.

Equations (30), (31), and (32) remain valid in the case of
a pristine bulk system with frontier GKS eigenvalues eval-
uated using a conventional DFT+U or hybrid functional.
This is also the case with application of norm-conserving
pseudopotentials, ultrasoft pseudopotentials, or the projector-
augmented wave method, as detailed in Appendixes C and D.
The results can also be readily generalized to spin-unrestricted
GKS theory, as we briefly outline in Appendix E. In or-
der to elaborate further on how the above proof of the
validity of the GKS gap in the bulk limit applies not only
to Dudarev’s functional but to all other known DFT+U
functionals (subject only to caveats that are satisfied or ac-
counted for in practice), we next provide a brief overview
of the mathematical form and original derivation of every
collinear-spin DFT+U -type functional known by the present
authors to have been published. We also discuss a repre-
sentative noncollinear DFT+U -type functional that is more
than a generalization of one of the latter. We hope that the
following section will provide a comprehensive, up-to-date
compendium of collinear-spin DFT+U functionals within a
unified notation.

VI. THE ORIGINAL DFT+U FUNCTIONALS

The DFT+U method was originally developed by
Anisimov et al. [89] to alleviate the shortcomings of the local
spin density approximation (LSDA) in describing Mott insu-
lators. In particular, Anisimov et al. noted the LSDA’s severe
underestimation of the band gap and local magnetic moments
in 3d-transition-metal oxides, with the LSDA even predicting
CoO and FeO as being metallic [201].

However, these systems are well described by the simple
multiband Hubbard model. Anisimov et al. proposed sup-
plementing the local density approximation (LDA) with an
additional interaction energy term to treat the localized 3d
states,

Eint = U

2

∑
σmm′

nσ
mmnσ̄

m′m′ + U − J

2

∑
σmm′
m 
=m′

nσ
mmnσ

m′m′ , (33)

where U and J are the Hubbard U and Hund’s rule exchange
parameters and nσ

mm is the spin-σ occupancy of orbital m,
which can be defined as

nIσ
mm′ = 〈

φI
m

∣∣ρ̂σ
∣∣φI

m′
〉
, (34)

where ρ̂σ is the spin-σ Kohn-Sham density operator and {φI
m}

are the set of atomically localized orbitals at atom I (the
atomic site index is often suppressed for clarity). This inter-
action term is simply the expectation value of the Hubbard
model Hamiltonian,

Ĥmod = U

2

∑
mm′σ

n̂mσ n̂m′σ̄ + U − J

2

∑
σmm′
m 
=m′

n̂mσ n̂m′σ , (35)

where only the on-site interaction term has been considered,
i.e., the hopping term has been excluded. However, the inter-
electron interactions described by Eq. (34) have already been
accounted for to a less favorable extent by the LDA func-
tional itself. This necessitates the use of a double-counting
correction scheme. Anisimov et al. postulated that the on-
site inter-electron interactions would be well described by
the LDA in the homogeneous limit, i.e., when each of the
2(2l + 1) orbitals is equally occupied, where l is the orbital
angular momentum quantum number. The orbital occupancies
in Eq. (33) are thus replaced by the deviation from the average
occupancy n0. This is referred to as the around-mean-field
double-counting correction scheme, where for completeness
the average occupancy is given by

n0 =
∑

σm nσ
mm

2(2l + 1)
. (36)

Anisimov et al.’s DFT+U -type functional can be written as

EAnisimov−AMF
u = U − J

2

∑
σmm′
m 
=m′

(
nσ

mm − n0
)(

nσ
m′m′ − n0

)

+ U

2

∑
σmm′

(
nσ

mm − n0
)(

nσ̄
m′m′ − n0

)
. (37)

To further develop the DFT+U method, Anisimov et al. [202]
devised an alternative double-counting correction scheme
commonly referred to as the fully localized limit double-
counting scheme. Anisimov et al. proposed treating the 3d
subspace of the transition-metal site as an isolated system that
exchanges electrons with the bath (the rest of the electronic
system). In this case, the total subspace energy, which they
assume is solely composed of the 3d inter-electron interaction
energy, should obey the piecewise linearity condition with re-
spect to electron count, originally developed by Perdew et al.
[183].

Anisimov et al. argue that the LDA yields relatively ac-
curate total energies, but by virtue of it being an explicit
and differentiable functional of the electron density, it is a
continuous function of the electron count N . They there-
fore approximate that the 3d inter-electron interaction energy
within the LDA is given as

Edc ≈ U

2
N (N − 1), (38)

where N is the total subspace occupancy and for now we have
ignored the exchange interaction parameter J . Using Eq. (38)
as our double-counting correction term, in combination with
a simple Hubbard-like interaction term yields

Eu = U

2

∑
σσ ′mm′

σm 
=σ ′m′

nσ
mmnσ ′

m′m′ − U

2
N (N − 1). (39)

For systems with integer orbital occupancies (nσ
mm=0 or 1),

whose valence and conduction bands project perfectly onto
the 3d subspace, this corrective functional will, to first order
in perturbation theory, open a gap of magnitude U between
the occupied and unoccupied Generalized Kohn-Sham states,
thus alleviating the LDA’s significant underestimation of
the quasi-particle band gap. This corrective functional intro-
duces a discontinuity in the XC(+U ) potential within the
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Kohn-Sham scheme but does not do so in the generalized
Kohn-Sham scheme, as it is an explicit functional of the first-
order reference (i.e., noninteracting or partially interacting,
depending on perspective) reduced spin density matrix.

Anisimov et al. accounted for the nonsphericity of the
Coulomb interactions by using orbitally resolved Coulomb
interaction parameters Umm′ within the Hubbard-like interac-
tion term. Accounting also for the exchange interactions, they
arrived at the following final expression for the DFT+U -type
functional,

EAnisimov−FLL
u = 1

2

∑
σmm′

Umm′nσ
mmnσ̄

m′m′

+ 1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )nσ
mmnσ

m′m′

− U

2
N (N − 1) + J

4
N (N − 2). (40)

Motivated by Anisimov et al.’s seminal papers, several groups
later developed DFT+U -type functionals using either around-
mean-field or fully localized limit double-counting schemes.
We will explicate some of these functionals in the following
three sections.

A. Around-mean-field double-counting schemes

Czyżyk et al. [203] proposed using the same orbitally
resolved Hubbard-like interaction term

Eint = 1

2

∑
σmm′

Umm′nσ
mmnσ̄

m′m′ + 1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )nσ
mmnσ

m′m′

(41)

used by Anisimov et al. [202] in their DFT+U functional
with a Fully localized Limit Double Counting Scheme, as
given by Eq. (40). Instead of using the average occupancy n0

in their around-mean-field double-counting scheme, Czyżyk
et al. propose using the average spin-resolved occupancy nσ

0 ,

ECzyżyk−AMF
u = 1

2

∑
σmm′

Umm′
(
nσ

mm − nσ
0

)(
nσ̄

m′m′ − nσ̄
0

)
+1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )
(
nσ

mm − nσ
0

)(
nσ

m′m′ − nσ
0

)
. (42)

Pickett et al. [148] proposed using the spin- and orbital-
resolved LDA occupancies nσmm

0 as the reference occupancies
as opposed to the average spin-resolved occupancies nσ

0 . This
ensures that the LDA solution is a stationary solution of the
LDA + U functional,

EPickett
u = 1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )
(
nσ

mm−nσmm
0

)(
nσ

m′m′−nσm′m′
0

)

+ 1

2

∑
σmm′

Umm′
(
nσ

mm − nσmm
0

)(
nσ̄

m′m′ − nσ̄m′m′
0

)
. (43)

Motivated by the failure of Czyżyk et al.’s [203] around-
mean-field-type functional of Eq. (42) to provide a correction
to fully spin-polarized systems at half occupancy, Seo
developed a new DFT+U -type functional with an around-
mean-field double-counting scheme. Seo [204] rearranged the

orbitally resolved Hubbard-like interaction term of Eq. (41) to
give

Eint = 1

2

∑
σmm′

Umm′
(
nσ

mmnσ̄
m′m′+nσ

mmnσ
m′m′

)−1

2

∑
σmm′

Umm′nσ
mmnσ

m′m′

+ 1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )nσ
mmnσ

m′m′ . (44)

Seo identified the first term as the Hartree energy component
EH and proposed using average Hubbard U and Hund’s J
parameters for the second two terms so that

Eint = EH − U − J

2

∑
σm

nσ
mmnσ

mm − J

2

∑
σ

Nσ Nσ , (45)

where Nσ is the total spin-σ subspace occupancy. For the
double-counting correction, Seo proposed replacing the spin-
resolved orbital occupancies with the average spin-resolved
occupancy nσ

0 and argued that (U + 2lJ )/(2l + 1) should be
replaced simply by the Hund’s J parameter. The resulting
double-counting correction is

Edc = EH − J

2

∑
σ

Nσ Nσ . (46)

Seo’s DFT+U -type functional is given by the combination of
the interaction term of Eq. (45) and the double-counting term
of Eq. (46), yielding

ESeo
u = −U − J

2

∑
σm

nσ
mmnσ

mm. (47)

B. Fully localized limit double-counting schemes

Czyżyk et al. [203] propose using the same orbitally re-
solved Hubbard interaction term of Eq. (41) that Anisimov
et al. [202] used for the original DFT+U functional with a
Fully localized Limit Double-Counting Scheme. Czyżyk et al.
correctly pointed out that the interaction term as given by
Eq. (41) in the fully localized limit (with nσ

mm = 0 or 1) and
Umm′ and Jmm′ replaced by the average Coulomb repulsion and
exchange parameters U and J , is given by

Edc = U

2
N (N − 1) −

∑
σ

J

2
Nσ (Nσ − 1), (48)

which slightly differs from the double-counting scheme used
by Anisimov et al. [202]. Combining the interaction energy
term given by Eq. (41) with the double-counting term given
by Eq. (48) yields the DFT+U energy functional

ECzyżyk−FLL
u

= 1

2

∑
σmm′

Umm′nσ
mmnσ̄

m′m′ + 1

2

∑
σmm′
m 
=m′

(Umm′ − Jmm′ )nσ
mmnσ

m′m′

− U

2
N (N − 1) +

∑
σ

J

2
Nσ (Nσ − 1). (49)

In Ref. [205], Solovyev et al. propose a DFT+U functional
with a fully localized limit double-counting scheme, but the
proposed functional is equivalent to Anisimov et al.’s DFT+U
functional [202] as given by Eq. (40). It is worth emphasizing
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that Anisimov and Solovyev are named authors on both pa-
pers, and the later paper should be regarded as a follow-up
study rather than the introduction of a novel DFT+U func-
tional.

Due to the neglect of off-diagonal terms in the occupancy
matrix nσ

mm′ , the interaction energy of Eq. (41) is not rota-
tionally invariant and, by extension, neither are the DFT+U
functionals derived from it, i.e., Eqs. (40), (42), (43), (47),
and (49). Liechtenstein et al. [206] proposed using the full
Hartree-Fock expression for the interaction energy, without
neglecting the off-diagonal terms,

Eint = 1

2

∑
{m}σ

Umm′′m′m′′′nσ
mm′nσ̄

m′′m′′′

+
∑
{m}σ

(Umm′′m′m′′′ − Umm′′m′′′m′ )nσ
mm′nσ

m′′m′′′ , (50)

where the real-valued Umm′′m′′′m′ is defined as

Umm′′m′m′′′ = 〈m m′′|Vee|m′ m′′′〉 (51)

and Vee is the screened Coulomb kernel. Liechtenstein et al.
[206] combined this term with the fully localized limit double-
counting term given by Eq. (48) to create a rotationally
invariant DFT+U functional,

ELiechtenstein
u = 1

2

∑
{m}σ

Umm′′m′m′′′nσ
mm′nσ̄

m′′m′′′

+ 1

2

∑
{m}σ

(Umm′′m′m′′′ − Umm′′m′′′m′ )nσ
mm′nσ

m′′m′′′

− U

2
N (N − 1) +

∑
σ

J

2
Nσ (Nσ − 1). (52)

Dudarev et al. [176] later developed a rotationally invariant
DFT+U functional using only the orbital-independent U and
J parameters. Combining Anisimov et al.’s interaction term
of Eq. (33) with Czyżyk et al.’s fully localized limit double-
counting correction of Eq. (48), Dudarev et al. arrived at the
DFT+U functional

Eu = U − J

2

∑
mσ

nσ
mm − nσ

mmnσ
mm. (53)

However, this functional is not rotationally invariant. Dudarev
et al. [176] proposed that this functional should be replaced
by the following expression,

EDudarev
u = U − J

2

∑
mm′σ

nσ
mm′δmm′ − nσ

mm′nσ
m′m. (54)

In the case of diagonal occupancy matrices, Eqs. (53) and (54)
are equal. Crucially, Eq. (54) can also be written in terms of
the trace over the product of spin-resolved occupancy matrices

EDudarev
u = U − J

2

∑
σ

Tr[nσ ] − Tr[nσ nσ ] (55)

and so, unlike Eq. (53), Eq. (54) is invariant under unitary
transformations of the projector orbitals. Several modifica-
tions to the DFT+U functional of Dudarev et al. [176] have
also been explored in the literature. For example, Dabo [207]
and Moynihan et al. [161] have explored the use of separate

corrective parameters for the linear and quadratic terms of
Eq. (55). The latter method [161], dubbed DFT+U1 + U2,
was shown to be sufficient to simultaneously correct the total
energy and frontier eigenvalue for self-interaction error in the
prototypical system stretched H+

2 . More recently, Macke et al.
[208] have explored the use of an orbital-resolved corrective
parameter, with encouraging results.

C. A hybrid double-counting scheme

Petukhov et al. [209] proposed using a linear interpo-
lation between the around-mean-field and fully localized
limit double-counting schemes. The authors use a parameter
α, with 0 � α � 1, to interpolate between the two double-
counting schemes. In the fully localized limit, where α = 1,
Dudarev et al.’s functional is used. This functional, as given
in Eqs. (54) and (55), can also be written in the form

EDudarev
u = −U − J

2

( ∑
σmm′

nσ
mm′nσ

m′m −
∑

σ

nσ (2l + 1)

)
.

(56)

For the α = 0 limit, Petukhov et al. develop a novel
DFT+U functional with an around-mean-field double-
counting scheme. The authors propose treating the first term
of Eq. (56) as the interaction term,

Eint = −U − J

2

∑
σmm′

nσ
mm′nσ

m′m. (57)

The underlying L(S)DA should yield the correct solution
in the limit of uniform spin-resolved orbital occupancies,
so, as before, Petukhov et al.’s around-mean-field (P-AMF)
DFT+U functional can be found by replacing the nσ

mm′ ele-
ments with nσ

mm′ − nσ δmm′ so that

EP−AMF
u = −U − J

2

∑
σmm′

(
nσ

mm′ − nσ δmm′
)(

nσ
m′m − nσ δm′m

)
= −U − J

2

( ∑
σmm′

nσ
mm′nσ

m′m −
∑

σ

(nσ )2(2l + 1)

)
.

(58)

To interpolate between these two limits Petukhov et al. [209]
proposed the double-counting correction term,

Edc = − U − J

2

∑
σ

(1 − α)(2l + 1)(nσ )2

− U − J

2

∑
σ

α(2l + 1)nσ . (59)

Combining the interaction and double-counting terms of
Eqs. (57) and (59), Petukhov et al. [209] proposed the
following functional with a hybrid double-counting scheme:

EP−Hybrid
u = − U − J

2

∑
σmm′

nσ
mm′nσ

m′m

+ U − J

2

∑
σ

(1 − α)(2l + 1)(nσ )2

+ U − J

2

∑
σ

α(2l + 1)nσ . (60)
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They proposed setting the value of the parameter α such that
the DFT+U functional of Eq. (60) corrects only the potential,
i.e., offers no correction to the total energy. To satisfy this
constraint, α is defined as

α =
∑

σmm′ nσ
mm′nσ

m′m − ∑
σ (nσ )2(2l + 1)

(2l + 1)
∑

σ nσ (1 − nσ )
. (61)

VII. EXTENDED DFT+U FUNCTIONALS

A. DFT+U +J

Himmetoglu et al. [149] developed an extended DFT+U
functional, nowadays often referred to as the DFT+U+J
functional, or sometimes DFT+U+J0. They proposed that
the full Hartree-Fock interaction term of Eq. (50) is domi-
nated by the two-orbital Coulomb and exchange terms with
interaction parameters of the form Umm′mm′ and Umm′m′m, re-
spectively. Replacing these interaction parameters with their
atomic averages,

U = 1

(2l + 1)2

∑
mm′

〈m m′|Vee|m m′〉, (62)

and

J = 1

(2l + 1)2

∑
mm′

〈m m′|Vee|m′ m〉, (63)

Himmetoglu et al. [149] arrived at the interaction term

Eint = U

2

∑
mm′σ

nσ
mmnσ

m′m′ + nσ
mmnσ̄

m′m′ − nσ
mm′nσ

m′m

+ J

2

∑
mm′σ

nσ
mm′nσ

m′m + nσ
mm′nσ̄

m′m − nσ
mmnσ

m′m′ . (64)

This interaction term can also be written in the form

Eint = U

2

∑
σ

Tr[nσ ]2 + Tr[nσ ]Tr[nσ̄ ] − Tr[nσ nσ ]

+ J

2

∑
σ

Tr[nσ nσ ] + Tr[nσ nσ̄ ] − Tr[nσ ]2. (65)

Analogous to Dudarev’s functional of Eq. (55), this interac-
tion term is invariant under unitary transformations of the
projector orbitals. Himmetoglu et al. choose to apply a fully
localized limit double-counting scheme. Using the orbital
representation that diagonalizes the occupation matrix and re-
calling that in the fully localized limit the orbital occupations
(i.e., the diagonal elements of the occupation matrix) are equal
to zero or one, one can readily show that in the fully localized
limit the interaction term of Eq. (64) becomes

Edc = U

2
N (N − 1) − J

2

∑
σ

Nσ (Nσ − 1) + JNσmin . (66)

Combining the interaction and double-counting terms of
Eqs. (64) and (66), Himmetoglu et al. proposed the following

DFT+U+J functional,

EHimmetoglu
u = U − J

2

∑
σmm′

nσ
mm′δmm′ − nσ

mm′nσ
m′m

+ J

2

∑
σmm′

nσ
mm′nσ̄

m′m − JNσmin . (67)

The final term on the right-hand side of Eq. (67) is referred
to as the minority spin term and is almost always omitted in
practical calculations to aid numerical convergence. Despite
being derived by very distinct techniques, Eq. (67) bears a
remarkable resemblance to Dudarev’s functional of Eq. (54)
but also contains an unlike spin interaction term.

B. DFT+U+U↑↓

Instead of using the Hartree-Fock interaction term of
Eq. (64), Shishkin et al. used the Hubbard-like interaction
term of Eq. (33) and applied the same arguments as Himme-
toglu et al. in deriving their double-counting correction term
to arrive at the following expression,

Eu = U − J

2

∑
σmm′

nσ
mm′δmm′ − nσ

mm′nσ
m′m

+ U

2

∑
σmm′

nσ
mm′nσ̄

m′m − UNσmin . (68)

Finally, Shishkin et al. [210] chose to denote the like-spin in-
teraction (U − J ) simply by U and the unlike-spin interaction
U by U↑↓,

EShishkin
u = U

2

∑
σmm′

nσ
mm′δmm′ − nσ

mm′nσ
m′m

+ U↑↓
2

∑
σmm′

nσ
mm′nσ̄

m′m − U↑↓Nσmin . (69)

Shishkin et al.’s functional is equivalent to Himmetoglu
et al.’s DFT+U+J except that the unlike-spin interaction is of
Coulomb type rather than exchange. Shishkin et al. proposed
evaluating [211] the unlike-spin Hubbard U parameter per a
formula

U↑↓ = −U

∑
σ Tr[nσ nσ̄ ]∑
σ Tr[nσ nσ ]

, (70)

yielding zero and −U at the fully spin-polarized and non-spin-
polarized limits, respectively.

C. DFT+U+V

Campo et al. [212] proposed using an extended DFT+U
functional typically referred to as the DFT+U+V method to
treat both on-site and intersite interactions. Accounting for
both on-site and intersite interactions, Campo et al. [212]
started with the Hartree-Fock interaction energy,

Eint = 1

2

∑
{I}{m}σ

U I I ′′ I ′ I ′′′
mm′′m′m′′′nσ

mm′nσ̄
m′′m′′′

+ 1

2

∑
{I}{m}σ

(
U I I ′′ I ′ I ′′′

mm′′m′m′′′ − U I I ′′ I ′′′ I ′
mm′′m′′′m′

)
nσ

mm′nσ
m′′m′′′ , (71)
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where the real-valued interaction matrix elements

U I I ′′ I ′ I ′′′
mm′′m′m′′′ = 〈

φI
m φI ′′

m′′
∣∣Vee

∣∣φI ′
m′ φI ′′′

m′′′
〉

(72)

have both site and orbital indices, and the occupancy matrix
elements are given by

nσ II ′
mm′ = 〈

φI
m

∣∣ρ̂σ
∣∣φI ′

m′
〉
. (73)

Campo et al. neglected all but the two-orbital Coulomb terms
with interaction parameters of the form U I I ′ I I ′

mm′mm′ and replaced
these parameters with orbital averages

V II ′ =
∑

i j

〈
φI

i φI ′
i′
∣∣Vee

∣∣φI
i φI ′

i′
〉

(2lI + 1)(2lI ′ + 1)
. (74)

They arrived at the interaction energy expression

Eint =
∑
II ′

V II ′

2
nI nI ′ −

∑
II ′σmm′

V II ′

2
nσ II ′

mm′ nσ I ′I
m′m. (75)

The interaction energy expression of Eq. (75) can also be
written in terms of the trace over the product of occupancy
matrices

Eint =
∑

II ′σσ ′

V II ′

2
Tr[nIσ ]Tr[nI ′σ ′

]

−
∑
II ′σ

V II ′

2
Tr[nσ II ′

nσ I ′I ], (76)

and so is invariant under unitary transformations of the projec-
tor orbitals. Campo et al. proposed that in the fully localized
limit, the off-diagonal terms Tr[nσ II ′

nσ I ′I ], where I 
= I ′, are
equal to zero. The on-diagonal terms Tr[nσ II nσ II ] are ap-
proximated by Tr[nσ II ], as discussed in the derivation of
Himmetoglu et al.’s DFT+U +J functional. The fully local-
ized limit double-counting correction is

Edc =
∑
II ′

V II ′

2
nI nI ′ −

∑
I

V II

2
nI . (77)

Subtracting the double-counting term of Eq. (77) from the in-
teraction term of Eq. (75), Campo et al. arrived at the DFT+U
functional

ECampo
u =

∑
II ′σmm′

U II ′

2
nσ II ′

mm′δmm′δII ′ −
∑

II ′σmm′

U II ′

2
nσ II ′

mm′ nσ I ′I
m′m,

(78)

where all but the same site U I = U II is usually denoted by
V II ′

.

D. DFT+U +F

Soler-Polo et al. [213] proposed using a Kanamori-like
Hamiltonian for the on-site interaction,

Ĥint =
∑
mσ

εσ
mn̂σ

mm + U
∑

m

n̂�
mmn̂�

mm

+ U − J

2

∑
m 
=m′,σ

n̂σ
mmn̂σ̄

m′m′ + U − 2J

2

∑
m 
=m′,σ

n̂σ
mmn̂σ

m′m′

− J

2

∑
m 
=m′,σ

ĉ†
m′σ ĉm′σ̄ ĉ†

mσ̄ ĉmσ , (79)

where the last term in Eq. (79) is the spin-flip term, which is
expressed in terms of creation and annihilation operators. At
integer occupancy, the expectation value of Eq. (79) can be
expressed as

Eint =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

U − 2J

2
N (N − 1), N � Tr[P̂],

U − 2J

2
N (N − 1)

+J (Tr[P̂] + 1)(N − Tr[P̂]), N > Tr[P̂],

(80)

where the one-electron contribution has been omitted and it is
assumed that Hund’s First rule is satisfied. At noninteger oc-
cupancy, Soler-Polo et al. argued that the total energy should
be expressed as a linear combination of the N0 and N0 +
1 energies, where N0 = �N�, which yields the interaction
energy

Eint =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

U − 2J

2
N0(2N − N0 − 1), N � Tr[P̂],

U − 2J

2
N0(2N − N0 − 1)

+J (Tr[P̂] + 1)(N − Tr[P̂]), N > Tr[P̂].

(81)

Like many other DFT+U functionals, the above expres-
sion for the total energy was derived by explicitly ignoring the
hopping term of the model Hamiltonian, i.e., the expressions
were derived in the U/T → ∞ limit. By explicitly solving
the Kanamoi-Hamiltonian-like model system, for a range of
values of U/T and analyzing the corresponding potential,
Soler-Polo et al. argue that the interaction term of Eq. (81)
should be modified using a set of four fitting parameters {Fi} to
better model systems beyond the U/T → ∞ limit. Soler-Polo
et al. split the interaction energy of Eq. (81) into a mean-field
Hartree contribution and a correlation contribution. The fitting
parameters {Fi} were then set as prefactors for each of the four
terms in the correlation energy expression so that

Eint = U − 2J

2
(N − N0)(1 + N0 − N )F2

− U − 2J

2

∑
mσ

nσ
mm

(
1 − nσ

mm

)
F1

− JF3

(
N�N� +

∑
m

n�
mmn�

mm

)

+ JF4(Tr[P̂] + 1)(N − Tr[P̂]) + U − 2J

2
N (N − 1)

+ U − 2J

2

∑
mσ

nσ
mm

(
1 − nσ

mm

)+JN�N�+J
∑

m

n�
mmn�

mm.

(82)

Finally, Soler-Polo et al. employed the non-spin-polarized,
fully localized limit double-counting scheme of Anisimov
et al. (with the U parameter replaced by U − J) to arrive at
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the following expression for their DFT+U -type functional,

ESoler−Polo
u = (1 − F1)

U − 2J

2

∑
mσ

nσ
mm

(
1 − nσ

mm

)
+ U − 2J

2
(N − N0)(1 + N0 − N )F2

+ (1 − F3)J

(
N�N� +

∑
m

n�
mmn�

mm

)

+ JF4(Tr[P̂] + 1)(N − Tr[P̂]) − J

4
N2. (83)

VIII. DFT+U FUNCTIONALS FROM
THE FLAT-PLANE CONDITION

It has long been argued in the literature that the success
of the widely used DFT+U functional of Dudarev et al. can
be attributed to its ability to correct for the many-electron
self-interaction error. Ignoring off-diagonal occupancy matrix
elements nσ

mm′ where m 
= m′, Dudarev’s functional,

Ueff

2

∑
σm

nσ
mm − nσ

mmnσ
mm, (84)

will enforce a linearity condition in the total energy with
respect to orbital occupancy, assuming that the total energy
at the bare DFT level is quadratic with respect to orbital
occupancy with a curvature of Ueff . There is, of course, a
serious caveat to this: many-electron self-interaction error is

defined as the energetic deviation from the piecewise linearity
condition of Perdew et al., which pertains to the total electron
count rather than to the subspace orbital occupancy. Hence,
enforcing a linearity condition on the total energy with respect
to orbital occupancy is not rigorously justified.

However, in the case of highly localized subspaces such
as that of the 3d transition-metal atomic sites where DFT+U
functionals are traditionally applied, the neglect of subspace-
bath interactions for the purpose of deriving improved
DFT+U -type functionals may be justified. By neglecting such
interactions, the subspace can be treated as an isolated elec-
tronic system and many of the exact conditions which are
often used to motivate approximate XC functional expressions
can then be leveraged. Once a DFT+U -type functional has
been derived, subspace-bath interaction effects can then be
re-accounted for during corrective parameter evaluation, by
ensuring that they are appropriately screened (we emphasize,
however, that this is very much a topic of active research).

Several modern DFT+U -type functionals have been devel-
oped to enforce exact conditions on localized subspaces, most
notably the flat-plane condition [184,186,214–216] and its
generalization, the tilted plane condition [217]. The flat-plane
condition defines the shape of the total energy surface of a
finite electron system with respect to electron count N and
spin magnetization M. In the case of an electronic system with
N � 2, the Ev[N, M] surface will typically be composed of
two triangular-shaped planes with a derivative discontinuity
along the N = 1 line,

Ev[N, M] =
⎧⎨⎩

1
2 (N + M )Ev[1, 1] + 1

2 (N − M )Ev[1,−1], N � 1,

1
2 (2 − N + M )Ev[1, 1] + 1

2 (2 − N − M )Ev[1,−1] + (N − 1)Ev[2, 0], N > 1,

(85)

where, for simplicity, we have ignored the highly magnetized M = ±2 triplet states. Standard local and semilocal XC approxi-
mations fail to reproduce this planar energy surface and instead exhibit a spurious curvature in the total energy with respect to
electron count, resulting in many-electron self-interaction error, and a spurious curvature with respect to magnetization, resulting
in static correlation error.

A. Judiciously modified DFT

Bajaj et al. [218,219] were the first to develop a DFT+U -type functional from the flat-plane condition. They proposed that
the unlike-spin interaction term of the DFT+U+J functional can help mitigate static correlation error, in the same spirit that
Dudarev’s functional acts as a corrector for many-electron self-interaction error. They asserted that the standard DFT+U +J
functional of Himmetoglu et al. [149] can be used to enforce the flat-plane condition in s-valence species when the s subshell is
less than half filled (N < 1). Bajaj et al. argued that the unlike-spin interaction term should be modified for cases when N > 1
as the term increases with increased filling of the subshell, while the subspace analog of strictly correlated electrons vanishes
at full occupancy. Upon assessing several functional forms, Bajaj et al. [218,219] arrived at the following modified DFT+U +J
functional, which they refer to as judiciously modified DFT (jmDFT),

EBajaj
u =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
U − J

2

∑
σ Tr[nσ (1 − nσ )] + J

2

∑
σ Tr[nσ nσ̄ ], N � 1,

U − J

2

∑
σ Tr[nσ (1 − nσ )] + J

2

∑
σ Tr[(nσ − 1)(nσ̄ − 1)], N > 1.

(86)

Bajaj et al. successfully employed their functional to correct for energetic errors in finite atomic and molecular test systems at
fractional values of electron count and magnetization.

235127-15



ANDREW C. BURGESS AND DAVID D. O’REGAN PHYSICAL REVIEW B 114, 235127 (2026)

B. BLOR

In deriving the Burgess-Linscott-O’Regan (BLOR) DFT+U -type functional from the flat-plane condition [220], the authors
departed from the DFT+U+J functional of Himmetoglu et al. and even dispensed with the Hubbard model. Instead, they
specifically derived their DFT+U -type functional based only on the principle of imposing the flat-plane (or, more generally,
tilted-plane [217]) condition to DFT+U subspaces. Specifically, they asserted that the corrective functional should satisfy four
key conditions for a single orbital subspace, namely that it should (1) be a continuous function of the subspace occupancy N
and spin-magnetization M. (2) Yield no correction at integer values of N and M. (3) Have a constant curvature of −U σ in
order to mitigate the subspace analog of many-electron self-interaction error. (4) Have a constant curvature of J with respect to
M in order to mitigate the subspace analog of static correlation error. BLOR is the unique simplified rotationally invariant (i.e.,
Dudarev-type) DFT+U functional which satisfies these four conditions for a single orbital subspace. In the case of a multi-orbital
subspace, it can be readily extended to enforce a helium-like flat-plane condition on each orbital of the localized subspace, which
gives the following general expression for the BLOR functional,

EBLOR =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
U � + U �

4
Tr[N − N2] + J

2
Tr[M2 − N2] + U � − U �

4
Tr[M − NM], Tr[N] � Tr[P],

U � + U �

4
Tr[(N − P) − (N − P)2] + J

2
Tr[M2 − (N − 2P)2] + U � − U �

4
Tr[M − NM], Tr[N] > Tr[P],

(87)

where N = n� + n� and M = n� − n� are the total subspace occupancy and magnetization matrices, respectively, and P is the
subspace projection matrix (the identity matrix, in practice). In the case of multi-orbital subspaces, Eq. (88) corrects for the
orbital analog of self-interaction error and static correlation error but, by construction, does not correct explicitly for inter-orbital
errors.

As an alternative, multi-orbital generalization that includes inter-orbital many-electron self-interaction error and static
correlation error corrections, Burgess et al. [187] proposed a DFT+U -type functional that instead enforces a flat-plane condition
once on the subspace as a whole, i.e., a neon-like flat-plane condition in the case of p orbitals, or a zinc-like flat-plane condition
in the case of d orbitals. This alternative is known as the many-body generalization of the BLOR functional, or mBLOR for
concision, and is given by

EmBLOR =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
U � + U �

4
[(N − N0) − (N − N0)2] + J

2
[M2 − N2] + U � − U �

4
F early

AMSIE, Tr[N] � Tr[P],

U � + U �

4
[(N − N0) − (N − N0)2] + J

2
[M2 − (N − 2Tr[P̂])

2
] + U � − U �

4
F late

AMSIE, Tr[N] > Tr[P],

(88)

where FAMSIE is known as the asymmetric many-electron self-
interaction error function. The latter is a simple function of
the subspace occupancy N and magnetization M, but it has
eight different forms depending on occupancy conditions, and
is irrelevant when U � = U � or in practice when these are not
separately calculated.

Due to their piecewise definition, the BLOR and mBLOR
functionals exhibit an explicit derivative discontinuity with
respect to subspace occupancy, which is a feature of the exact
functional (see Appendix B). Explicit derivative discontinu-
ities can contribute to the fundamental band gap but, unlike
(and additional to) the usual implicit derivative discontinuity
of DFT+U , do not contribute to the generalized Kohn-Sham
eigenvalue gap. Burgess et al. proposed, however, a compu-
tationally convenient scheme to “potentialize” this derivative
discontinuity by adding a derivative discontinuity correction
term v̂σ

�xc to the potential affecting only the unoccupied bands,
to incorporate this contribution to the fundamental gap within
the generalized Kohn-Sham gap. This correction is given by

v̂σ
�xc = �̃xc[N](1 − ρ̂ )P̂(1 − ρ̂ ), (89)

where, for non-spin-polarized systems �̃xc = U σ = U − J ,
except at half filling. The corresponding energy term E�xc,
will yield a vanishing correction to the total energy in the case
of insulators.

C. DFT+UCI

Janesko [221] recently reported the development of an
extended DFT+U functional referred to as the DFT plus
Hubbard U Configuration Interaction method (DFT+UCI).
Although its derivation is not explicitly motivated by the flat-
plane condition, the functional has nevertheless been shown
to reduce both many-electron self-interaction error and static
correlation error in challenging molecular test systems and,
as such, has been included within this section of the review. In
deriving the DFT+UCI functional, Janesko defines a partially
interacting reference system through the use of the subspace
projected electron interaction operator,

V P̂
ee =

∑
i> j

∑
mσσ ′

|φmσ (i)φmσ ′ ( j)〉Um〈φmσ (i)φmσ ′ ( j)| and

Um = 〈φmφm|V̂ee|φmφm〉. (90)

The exact total energy of the fully interacting system is given
by

E [ρ] = min
�→ρ

〈�|T̂ + V̂ext + V P̂
ee|�〉 + EP̂

H[ρ] + EP̂
xc[ρ], (91)

where here � is a multideterminant wave function. The
projected Hartree EP̂

H[ρ] and Exchange-Correlation EP̂
xc[ρ]

functionals account for the remaining Hartree and Exchange-
Correlation energies not incorporated within the partially
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interacting reference system. Janesko argues that these two
functionals can be approximated as

EP̂
H[ρ] = EH[ρ] − 1

2

∑
mσσ ′

Umnσ
mnσ ′

m and

EP̂
xc[ρ�, ρ�] = Exc[ρ�, ρ�] − Exc[ρ�

m, ρ�
m], (92)

where ρσ is the total spin-σ density and ρσ
m is the projected

spin-σ density,

ρσ
m(r) = nσ

m|φm(r)|2. (93)

Equation (91) can be solved within the generalized Kohn-
Sham scheme, to find the optimum ground-state single-
determinant wave function �0. The total energy can be
expressed as a standard DFT total energy plus a Hubbard-type
corrective term,

Eu =
∑

m

−Um

2
(n�

mn�
m + n�

mn�
m) − Exc[ρ�

m, ρ�
m]. (94)

The occupied and unoccupied GKS spin-resolved orbitals
from the evaluation of �0 can then be used to construct
a multideterminant wavefunction, which Janesko uses as
an approximation for the ground state wavefunction � of
the partially interacting system. Applying separate unitary
transformations to the occupied and unoccupied GKS spin-
resolved orbitals, Janesko showed that the Configuration
Interaction Hamiltonian has an exceedingly simple structure
and can be diagonalized exactly to yield a total energy which
is the sum of a DFT total energy and a Hubbard-type cor-
rective term and a non-self-consistent multiconfigurational
correlation energy term,

EDFT +
∑

m

{
−Um

2
(n�

mn�
m + n�

mn�
m) − Exc[ρ�

m, ρ�
m]

+ �m − (
�2

m − 4U 2
mn�

mn�
mn�

m(v)n
�
m(v)

)1/2
}
, (95)

where nσ
m(v) is the occupancy of the unoccupied GKS orbital

with spin-σ and orbital index m. Here, 2�m is the promotion
energy associated with the doubly excited state configura-
tion, which Janesko approximates using the GKS eigen-
values, Hubbard Um parameters, and spin-resolved orbital
occupancies.

Finally, Janesko used a weighting scheme in the multi-
configurational correlation energy term to account for the
nonorthogonality between the projector states. Full exact ex-
change was introduced into the projector states by projecting
V̂ee onto the entire set of nonorthogonal projector states as
opposed to projecting V̂ee onto one state at a time, as specified
by Eq. (90). The final expression for the DFT+UCI functional
then becomes,

E Janesko
u = − 1

2

∑
σ {I}{m}

U I I ′ I ′′ I ′′′
mm′m′′m′′′ nII ′′′σ

mm′′′ nI ′I ′′σ
m′m′′

−
∑
Im

wIm
(
�2

Im − 4
(
U I

m

)2
nI�

m nI�
m nI�

m(v)n
I�
m(v)

)1/2

+
∑
Im

wIm�Im − Exc[ρ�
P̂
, ρ

�
P̂
], (96)

where ρσ

P̂
is the total spin-σ subspace projected density and

the summation on the first line runs over spins σ , orbitals
{m} and the combined shell and site indices {I}. Furthermore,
we emphasize again that the multiconfigurational correla-
tion energy contribution to Eq. (96), i.e., the terms with
site- and orbital-indexed weights {wIm}, is applied non-self-
consistently.

IX. DFT+U FUNCTIONALS FOR
NONCOLLINEAR SYSTEMS

Dudarev et al. developed a DFT+U functional to treat
noncollinear magnetic systems [222]. They started with the
on-site interaction operator used for cubic harmonic p orbitals,
namely,

Ĥ = 1

2

(
U − J

2

)
(N̂2 − N̂ ) − J

4
(M̂2 − 3N̂ )

+ J

2

∑
mm′σσ ′

ĉ†
mσ ĉ†

mσ ′ ĉm′σ ′ ĉm′σ . (97)

The operators ĉ†
mσ and ĉmσ are the orbital m, spin-σ creation

and annihilation operators, while the total subspace electron
count and magnetic moment vector operators,

N̂ =
∑
mσ

ĉ†
mσ ĉmσ and M̂ =

∑
mσσ ′

ĉ†
mσ σσσ ′ ĉmσ ′ , (98)

and σσσ ′ are the Pauli matrices. Focusing solely on terms in
the Hamiltonian composed of two creation and two annihila-
tion operators acting on the same electronic state, i.e., terms of
the form n̂mσ n̂mσ , Dudarev et al. argued that with approximate
DFT functionals such terms contribute an energy proportional
to n2

mσ , when they should contribute an energy proportional to
nmσ . In this case, the terms with a J prefactor cancel to yield
the DFT+U functional

Eu = U

2

∑
σm

nσ
mm − nσ

mmnσ
mm. (99)

Dudarev et al. [222] propose modifying this functional, using
the same technique applied to Eq. (53), so that the functional
is invariant with respect to the choice of orbitals and spin
quantization axis, specifically,

EDudarev−NC
u = U

2

∑
σσ ′mm′

nσσ ′
mm′δmm′δσσ ′ − nσσ ′

mm′nσ ′σ
m′m, (100)

where the occupancy matrix elements

nσσ ′
mm′ = 〈

φσ
m

∣∣ρ̂∣∣φσ ′
m′

〉
. (101)

Interestingly, in the case of collinear spin systems, this func-
tional reduces to Dudarev’s standard functional of Eq. (54)
except with an effective parameter Ueff = U as opposed to
U − J .

Several other DFT+U functionals have also been gener-
alized to noncollinear spin systems, e.g., those discussed in
Refs. [223–227]. A detailed exposition on these falls beyond
the scope of the present study. However, while these may
differ in their invariance with respect to the projection axes,
no noncollinear DFT+U functional known to the authors
exhibits an explicit derivative discontinuity or other addi-
tional cause for band-gap invalidity within the GKS bulk-limit
context.
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TABLE I. The DFT+U functional checklist specifies which physical quantities must be kept fixed across the evaluation of the bulk total
energies of the N − 1, N , and N + 1 electron systems to ensure agreement with the respective GKS gap.

DFT+U functional Hubbard parameters Projection axes Auxiliary parameters Functional form

Anismiov et al. (AMF) [89] � � �
Anismiov et al. (FLL) [202] � �
Czyżyk et al. (AMF) [203] � � �
Pickett et al. (AMF) [148] � � �
Seo [204] � �
Czyżyk et al. (FLL) [203] � �
Liechtenstein et al. [206] �
Dudarev et al. [176] �
Petukhov et al. [209] � �
DFT+U+J [149] �
DFT+U+J (with min. spin) [149] �
DFT+U+U↑↓ [210] �
DFT+U+V [212] �
DFT+U+F [213] � � � �
jmDFT [218] � �
BLOR [220] � �
mBLOR [187] � �
DFT+UCI [221] � �
Dudarev et al. (Non-collinear) [222] �

X. CHECKLIST FOR EIGENVALUE-BASED
BAND-GAP VALIDITY

The proof of the validity of the DFT+U bulk band gap
has been established above using the conventional DFT+U
functional of Dudarev et al. [176], however, the same proof
holds for all known DFT+U functionals, discussed in the
preceding section, subject only to caveats that are either sat-
isfied or accounted for in practice. In the case of all DFT+U
functionals it is, for example, necessary but also safely as-
sumed that the bulk total energy calculations of the N − 1,
N and N + 1 electron systems are evaluated using a fixed set
of Hubbard corrective parameters. In the case of the DFT+U
functional of Liechtenstein et al. [206] we refer here to fixing
the orbital averaged U and J parameters as opposed to fixing
the full four orbital indexed corrective parameters {Umm′m′′m′′ },
similarly only the single orbital and site indexed parameter U I

m
is fixed in the DFT+UCI functional.

For some corrective functionals, additional auxiliary pa-
rameters must also be fixed across all three bulk total energy
calculations. Again, in practice, for the bulk limit it is natural
to treat such auxiliary parameters on the same footing as
the Hubbard corrective parameters. In the case of DFT+U
functionals with around-mean-field double-counting schemes,
the auxiliary parameters refers to the reference occupancies
{n0} which, depending on the DFT+U functional, may in-
clude spin and orbital indices. In the case of the DFT+U
functional of Petukhov et al. [209] and the DFT+U+F [213]
functional, the auxiliary parameters refer to the α parameter
and the four fitting parameters F1–F4, respectively, while in
the case of the DFT+UCI functional it refers to the full mul-
ticonfigurational correlation energy term, which is evaluated
non-self-consistently.

The on-site atomic orbital basis set axes through which
the subspace projection operator is defined must also be kept

fixed for all three bulk total energy calculations in the case
of DFT+U functionals that are not invariant with respect to
an on-site unitary transformation of spatial projector orbitals.
This corresponds to ordinary practice, and there is no phys-
ical cause to do otherwise in the bulk limit. It goes without
saying that the spatial form of the orbitals must be kept
fixed, as well as any unitary orbital mixing between different
sites. Finally, several modern DFT+U functionals are defined
piecewise with respect to subspace occupancy, namely the
jmDFT, BLOR, mBLOR and DFT+U +F functionals, due
to their explicit dependence on N0 = �N�. In such cases, the
same functional form must be applied in the three bulk total
energy calculations to ensure agreement with the GKS gap.
However, in the unusual scenario that application of two or
more distinct functional forms was deemed necessary when
simulating the bulk limit, the deviation between the GKS
gap and the fundamental gap amounts to an explicit deriva-
tive discontinuity. This may be easily evaluated using the
derivative discontinuity “potentialization” scheme mentioned
in the BLOR subsection. These various caveats, which are of
theoretical interest more so than practical consequence, are
summarized in Table I.

A. DFT+U energetic correction for the idealized
hydrogen lattice

The DFT+U functionals examined in Secs. VI–IX will
each offer a distinct energetic correction to the total elec-
tronic energy. In Fig. 3, these energetic corrections within the
spin-unrestricted formalism are compared and contrasted. As
arguably the chemical system that most closely resembles the
Hubbard model, the hydrogen lattice at the infinite separation
limit was selected for this comparative study. In the infinite
separation limit, a single electron will localize on each of the
hydrogen atomic sites. In the case of the non-spin-polarized
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FIG. 3. DFT+U correction to the total energy of the spin-
polarized and non-spin-polarized hydrogen lattice at the infi-
nite separation limit upon non-self-consistent application of each
DFT+U -type functional. The Hubbard U , Hund’s J , and intersite
V parameters were set at 5, 1, and 0 eV, respectively. Seo’s DFT+U
functional yields a negative energetic correction for both the spin-
polarized and non-spin-polarized hydrogen lattices of −2 and −1 eV,
respectively.

hydrogen lattice nσ = 0.5, while in the fully spin-polarized
case n� = 1.0 and n� = 0.0.

For this highly idealized system, almost all DFT+U func-
tionals offer no energetic correction in the spin-polarized case.
The notable exceptions to this are the original DFT+U func-
tionals of Anisimov et al. The unusual performance of these
two DFT+U functionals can be attributed to the spin-agnostic
character of their double-counting correction schemes. Seo’s
DFT+U functional also offers an energetic correction in the
spin-polarized case. Unlike the well-known functional of Du-
darev et al., Seo’s functional lacks a linear term in nσ

mm.
Therefore, in the case of single orbital subspaces, its energetic
correction will increase quadratically with respect to spin-
resolved orbital occupancy.

By contrast, in the non-spin-polarized case, almost all
DFT+U functionals offer a nonzero energetic correction.
The spin-polarized and non-spin-polarized hydrogen lattices
should be degenerate in the infinite separation limit. How-
ever, standard local and semilocal XC functionals are known
to energetically favor the spin-polarized hydrogen lattice, an
error which Fig. 3 shows will be exacerbated by application
of a DFT+U functional, despite such corrective functionals
being explicitly designed for Mott-Hubbard insulators. With
the exception of BLOR and Seo ’07, the spin-polarized en-
ergy correction Eu � 0 while the non-spin-polarized energy
correction Eu � 0 and hence the energy difference will only
increase upon application of a DFT+U functional. Seo ’07
offers a negative energetic correction for both systems; how-
ever, the spin-polarized lattice will receive a larger energetic
correction, and this functional too will exacerbate this error.
By contrast, the BLOR DFT+U functional offers a negative
energetic correction to the non-spin-polarized hydrogen lat-
tice and no energetic correction for the spin-polarized system.

FIG. 4. Correction to the band gap of the spin-polarized hydro-
gen lattice at the infinite separation limit upon non-self-consistent
application of each DFT+U -type functional. The Hubbard U ,
Hund’s J , and intersite V parameters were set at 5, 1, and 0 eV,
respectively. Two DFT+U functionals, namely Anisimov ’91 and
BLOR (if neglecting its unusual explicit derivative discontinuity con-
tribution �xc), reduce the generalized Kohn-Sham gap by 5 and 2 eV,
respectively, while most other functionals increase the generalized
Kohn-Sham gap of this system.

It is thus the sole DFT+U functional considered here that
can, in principle, successfully correct this energy error given
reasonable values of the parameters, i.e., whenever U > 0,
J > 0 and U > J . Therefore, almost all DFT+U functionals
will exacerbate the above mentioned hydrogen lattice energy
error for any reasonable choice of values for the corrective pa-
rameters. The only exception to this result is the DFT+U+J
functional with the minority spin term, which, like the BLOR
functional, will offer a negative energetic correction to the
non-spin-polarized hydrogen lattice whenever U < 4J .

B. DFT+U band-gap correction for the idealized
hydrogen lattice

In practice, DFT+U functionals are often employed to
ameliorate the band-gap problem [57,228], i.e., standard
(semi)local XC functionals’ tendency to vastly underestimate
the fundamental band gap, frequently even predicting insula-
tors as being metallic.

In order to elaborate further on the use of DFT+U -type
functionals to alleviate the band-gap problem, in Figs. 4 and
5 the band-gap correction offered by a variety of DFT+U -
type functionals within the spin-unrestricted formalism is
presented. To ascertain the reported corrections to the band
gap, the main result of this work is used, i.e., that the
fundamental band gap of a pristine bulk system is given by the
frontier GKS eigenvalue difference as specified by Eq. (32).
Furthermore, it is assumed that in the infinite separation limit,
the GKS orbitals at the bare DFT level can be approximated
as a linear combination of the hydrogen atomic orbitals, the
same atomic orbitals which are used in the definition of the
projection operator P̂ for non-self-consistent application of
the DFT+U -type corrective functionals.
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FIG. 5. Correction to the band gap of the non-spin-polarized
hydrogen lattice at the infinite separation limit upon non-self-
consistent application of each DFT+U -type functional. The Hubbard
U , Hund’s J , and intersite V parameters were set at 5, 1, and 0 eV,
respectively. Most DFT+U functionals fail to modify the generalized
Kohn-Sham gap of this system.

Specifically, in Fig. 4, the shift to the valence and conduc-
tion band edges of the spin-polarized hydrogen lattice upon
non-self-consistent application of a variety of DFT+U -type
functionals is shown. The Hubbard U , Hund’s J , and intersite
V parameters were set at 5, 1, and 0 eV, respectively. We em-
phasize that setting V = 0 eV is, of course, a sensible choice
in the infinite separation limit. It is worth noting for single
orbital subspaces, multiple DFT+U functionals take the same
functional form, such as Dudarev ’98 and Liechtenstein ’95,
which both simplify to

Eu = U − J

2

∑
Iσ

nIσ − nIσ nIσ . (102)

It is thus unsurprising that, for the spin-polarized hydrogen
lattice, many DFT+U functionals yield similar corrections
to band gap, increasing its value by 4 or 5 eV. Interestingly,
with the exception of Seo ’07, the DFT+U functionals with
around-mean-field double-counting schemes fail to increase
the band gap of the spin-polarized hydrogen lattice, with
Czyżyk (AMF) ’94 and Pickett ’98 yielding no shift to the va-
lence and conduction band edges, while Anisimov ’91 reduces
the magnitude of the generalized Kohn-Sham gap by 5 eV. The
BLOR functional also reduces the generalized Kohn-Sham
gap, in this case by 2 eV. However, the derivative discontinuity
corrected version of the BLOR functional (BLOR + �xc),
which is the recommended version for achieving suitable
band-gap predictions, opens the gap of the spin-polarized
hydrogen lattice by 4 eV, in line with most other DFT+U -type
functionals.

In Fig. 5, the analogous results are presented for the
non-spin-polarized hydrogen lattice. Interestingly, in this case
most DFT+U functionals fail to offer any correction to the va-
lence and conduction band edges, while the functionals which
do offer a correction all shift both band edges by the same

amount, resulting in no first-order correction to the band gap.
The notable exception to this is the BLOR + �xc functional,
which opens the gap by 6 eV.

XI. PROJECTION DEPENDENCE OF DFT+U BAND-GAP
CORRECTION FOR CRYSTALLINE MATERIALS

We have shown that the frontier GKS eigenvalue differ-
ence of a well-converged periodic system, evaluated using a
conventional DFT+U functional, is rigorously equal to the
fundamental band gap at the same level of theory, and that
this equality holds independently of the nature of the subspace
projection. This does not necessarily imply, however, that
application of a DFT+U functional will open a band gap of
magnitude Ueff . To elaborate further on this, we again consider
the widely used Hubbard corrective functional of Dudarev
et al. [176], whose corrective potential in the spin-unrestricted
formalism may be expressed in terms of the effective Hubbard
parameter U I

eff by

v̂σ =
∑

I

U I
eff

2
(P̂I − 2P̂I ρ̂

σ P̂I ), (103)

where P̂I is the subspace projection operator at site I and ρ̂σ is
the spin-σ generalized Kohn-Sham (GKS) density operator.
This expression for the corrective potential can be readily
recast in terms of the subspace occupancy eigenvalues {λIσ

j }
and corresponding eigenstates {ϕIσ

j },

v̂σ =
∑
I, j

U I
eff

2

(∣∣ϕIσ
j

〉〈
ϕIσ

j

∣∣ − 2
∣∣ϕIσ

j

〉
λIσ

j

〈
ϕIσ

j

∣∣). (104)

To first-order in perturbation theory and assuming no GKS
orbital reordering or geometry re-optimization on application
of the Hubbard U correction, Dudarev’s functional will offer a
correction to every spin-resolved GKS state {�σ

i }, the strength
of which may be expressed as〈

�σ
i

∣∣v̂σ
∣∣�σ

i

〉 =
∑
I, j

U I
eff

2

(
1 − 2λIσ

j

)∣∣〈�σ
i

∣∣ϕI
j

〉∣∣2
. (105)

To first order in perturbation theory, the spin-resolved correc-
tion to the GKS band gap is given by

�σ
GKS =

∑
I, j

U I
eff

2

(
1 − 2λIσ

j

)(∣∣〈�σ
L

∣∣ϕIσ
j

〉∣∣2 − ∣∣〈�σ
H

∣∣ϕIσ
j

〉∣∣2)
,

(106)

where �σ
H and �σ

L are the highest occupied and lowest un-
occupied spin-σ GKS states. If we now assume that we are
treating only one equivalent set of sites at the DFT+U level,
the site index dependence of both the Hubbard parameter and
the subspace occupancy eigenvalue, λIσ

j , can be removed to
yield the expression

�σ
GKS = Ueff

2

∑
j

{(
1−2λσ

j

)∑
I

(∣∣〈�σ
L

∣∣ϕIσ
j

〉∣∣2−∣∣〈�σ
H

∣∣ϕIσ
j

〉∣∣2)}
.

(107)
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FIG. 6. Dudarev’s DFT+U correction to the band gap �σ
GKS as a function of the spin-resolved subspace occupancy eigenvalues of a

d-orbital subspace under octahedral or tetrahedral crystal field splitting. Under octahedral or tetrahedral crystal field splitting, in the absence of
further symmetry breaking, there will be two eigenspaces (of dimensions 2 and 3) of the d-orbital spin-resolved subspace occupancy matrix, the
eigenvalues of which we label λ1 = λσ

eg
and λ2 = λσ

t2g
. The existence of only two distinct spin-resolved subspace occupancy eigenvalues enables

the DFT+U band-gap correction of Eq. (107) to be readily plotted as a function of λσ
eg

and λσ
t2g

once a suitable model for the orbital-resolved
subspace projection, i.e., the inner summation of Eq. (107), has been selected. In panel (a), the highest occupied GKS orbital projects onto
whichever eigenspace, be it the eg or t2g orbitals, that has a higher subspace occupancy eigenvalue, and vice versa for the lowest unoccupied
GKS orbital. Hence, the total projection of the eg orbitals onto the highest occupied and lowest unoccupied GKS orbitals is equal to 1 or 0, and
the difference in the total projection onto the eg orbitals,

∑
I, j ∈ eg

(|〈�σ
L |ϕIσ

j 〉|2 − |〈�σ
H |ϕIσ

j 〉|2) = ±1 and similarly the difference in the total

projection onto the t2g orbitals,
∑

I, j ∈ t2g
(|〈�σ

L |ϕIσ
j 〉|2 − |〈�σ

H|ϕIσ
j 〉|2) = ∓1. In panel (b), the projection of the highest occupied and lowest

unoccupied GKS orbitals onto the subspace orbitals is instead weighted by their respective subspace occupancy eigenvalues as detailed in
Eq. (108). In panel (c), the highest occupied and lowest unoccupied GKS orbitals have the same orbital-resolved subspace occupancies so that∑

I (|〈�σ
L |ϕIσ

j 〉|2 − |〈�σ
H |ϕIσ

j 〉|2) = 0, in which case there can be no first-order correction to the band gap.

The inner summation of Eq. (107) evaluates the difference
in the �σ

L and �σ
H occupancy of orbital ϕIσ

j over all sites
with index label I . From Eq. (107), it is immediately apparent
that Dudarev’s functional will offer no first-order correction
to the band gap if �σ

H and �σ
L have the same orbital-resolved

subspace occupancies, i.e., identical projection. In contrast,
Dudarev’s functional will offer the maximum band-gap cor-
rection when �σ

L and �σ
H project onto different orbitals within

the subspace, i.e., maximally distinct projection. This is a
subtle but important point.

In at least some solid-state materials that are gapless at the
(semi)local DFT level, one can expect both �σ

H and �σ
L to

have the same orbital-resolved subspace occupancies as they
come from the same partially filled band at the Fermi level.
In such cases, Dudarev’s functional cannot, to first order in
perturbation theory, offer a correction to the band gap.

In contrast, in the case of materials which exhibit an er-
roneously small but finite gap at the (semi)local DFT level,
�σ

H and �σ
L are in distinct valence and conduction bands and

as such, in most cases one can expect �σ
H and �σ

L to have
different orbital-resolved subspace occupancies. Such cases
are thus amenable to band-gap correction. However, even in
the case of such maximally distinct projection, Dudarev’s
functional offers no first-order correction to the band gap if all
the spin-resolved subspace occupancy eigenvalues are equal;
this is due to the (1 − 2λσ

j ) factor in Eq. (107).
These findings are summarized in Figs. 6(a) and 6(c) in

the case of a d-orbital subspace with octahedral or tetrahedral
crystal field splitting and both �σ

L and �σ
H projecting per-

fectly onto the Hubbard subspace. In Fig. 6(b), assuming no

symmetry breaking, we interpolate between these two limits,
allowing a subspace occupancy-weighted projection taking
the form ∑

I

∣∣〈�σ
H

∣∣ϕIσ
j

〉∣∣2 = λσ
j

Nσ
and

∑
I

∣∣〈�σ
L

∣∣ϕIσ
j

〉∣∣2 = 1 − λσ
j

(2l + 1) − Nσ
, (108)

where, like in Eq. (107), we assume only one equivalent set
of sites and Nσ and l are the spin-σ subspace occupancy and
subspace orbital angular momentum quantum number, respec-
tively. This subspace occupancy-weighted projection ensures
that �σ

H projects more strongly on the more occupied subspace
orbitals and vice versa for �σ

L .
In Fig. 6 we label the two distinct spin-resolved subspace

eigenvalues as λσ
eg

and λσ
t2g

, although strictly speaking this
labeling should be reserved for the atomic d orbitals through
which the subspace projection operator is defined and not
for labeling the subspace occupancy eigenstates. Neverthe-
less, under octahedral or tetrahedral crystal field splitting in
the absence of further symmetry breaking, there will be two
eigenspaces (of dimensions 2 and 3) of the d-orbital spin-
resolved subspace occupancy matrix. The decision of what
labels to ascribe to these two eigenspaces is arbitrary and does
not affect the results. Here, we choose the eg and t2g labels as
in many materials of interest with octahedral and tetrahedral
crystal field splittings; the subspace occupancy eigenvectors
will closely resemble the eg and t2g atomic orbitals, respec-
tively. Furthermore, we also note that, strictly speaking, the
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gerade (g) symmetry subscript should be omitted in the case
of tetrahedral crystal field splitting.

In summary, for this section, the band edge states must
project onto DFT+U subspaces in such a way that their
corresponding (GKS-) orbital-resolved subspace occupancies
differ, if DFT+U is to be able to change the band gap
(to first order in perturbation theory). The efficacy of even
the Dudarev DFT+U functional, in this regard, has a sub-
tle dependency on GKS-orbital-resolved DFT+U projector
orbital-resolved occupancies. This is a different matter en-
tirely, however, from the question of band-gap validity from
DFT+U in principle, which holds for well-converged crystals
even with very poor DFT+U subspace choices.

XII. FUTURE OUTLOOK

Strongly correlated materials, for which the DFT+U
method was originally designed, critically underpin numerous
current and nascent technologies, including high-performance
ion-insertion battery cathodes [229], multiferroics [230],
heterogeneous catalysts for renewable energy [231], and high-
temperature superconductivity [232,233]. The challenge of
modeling these materials is a compelling and rewarding one
due to the very rich variety of emergent many-body ef-
fects that these materials exhibit, such as exotic magnetism
[234,235], multiple exciton generation [236], quasiparticle
satellites [237,238], and heavy-fermion behavior [239].

A particularly urgent emphasis is falling upon new ma-
terials that may facilitate a prompt transition to renewable
energy technologies, such as catalysts and electrodes for bat-
teries and photovoltaic cells. Moreover, the state-of-the-art
in the applied simulation of energy differences of relevance
to heterogeneous catalysis is also focused on correlated-
electron metals and metal oxides [229,231], due to their
multiple-valence character (i.e., changeable oxidation state)
and adsorption energies ranging from low (for metals) to
high and even tuneable (for oxides) [240]. In all of the ar-
eas mentioned, the energies central to phase stability and
functionality are now almost ubiquitously calculated using
DFT+U [55,56,241–243] with empirically fitted parameters
[94]. Although hybrid DFT [244–246] is very widely used
in solid-state chemistry, it has become evident that DFT+U
currently provides the only empirically accurate methodolog-
ical framework that remains practicable in high-throughput
contexts [9,247,248] and suitable for the large simulation cell
sizes needed for complex physics [10,249]. However, it has
been shown that DFT+U does not yield reliable total energies
in practice [82,250–255]. It is so potent and highly efficient,
however, being an excellently scalable and almost cost-free
correction to approximate DFT, that it is very worthwhile to
try to understand the reasons why this current failure comes
about [220]. The DFT+U family of functionals, over their
three-decade history, have been applied in thousands of pub-
lished research articles, as detailed in Fig. 1. It is an important
challenge to see if it can be made reliable.

On one hand, there is no reliable numerical comparability
of total energies across stoichiometries and structures when
using a fixed Hubbard U parameter, since the latter is an
inherently system-dependent quantity [72,142,256]. On the
other hand, when one advances to using system-dependent

first-principles U parameters, within state-of-the-art linear-
response theory [143,149], the direct comparability of total
energies can sometimes break down [250]. Various pragmatic
approaches have been devised to deal with the necessary
stoichiometry dependence of the Hubbard U . One pio-
neering empirical technique, developed in the context of
high-throughput battery-material simulation, defined a Hub-
bard U that interpolated between first-principles values based
on the stoichiometric ratio of the compound of interest [257].
Another proposed solution is to mix the DFT and DFT+U
total energies [251], which has been found to be a suc-
cessful workaround for calculating first-row transition-metal
oxide formation energies and phase diagrams, resulting in
good agreement with experiment. Indeed, the accurate calcu-
lation of phase diagrams is of central importance in this area
[256,258,259]. Pragmatic measures such as the fitting of U
values to experimental results such as binary formation ener-
gies [142], or the mixing of energies from different theories,
albeit insightful and successful [259–262], highlight the need
for a fundamental breakthrough in this area of condensed mat-
ter theory. Without it, progress in strongly correlated materials
prediction is hampered.

Recent advances made by incorporating findings from
quantum chemistry [219,263–265] in the development of
DFT+U -type functionals have shown much promise. In par-
ticular, developing corrective functionals to enforce the most
relevant exact conditions [183,186,263,266,267], rather than
following the traditional approach of requiring derivabil-
ity from the Hubbard model [89,268]. Underpinning this
approach is the working hypothesis that significant accu-
racy gains are inexpensively within reach, within generalized
Kohn-Sham DFT [23], by efficiently imposing known exact
conditions [45,183,266] on selected error-prone subspaces.
Indeed, there exists a large body of evidence, found in the
literature over the past decade and more [143,242,243], that
has strongly indicated that DFT+U may be interpreted as an
efficient corrector for electronic self-interaction error (SIE)
or, more generally, delocalization error [182,269–271], in ap-
proximate DFT [272], given a differential definition of that
error based on spurious energy-occupancy curvature.

As well as affecting the total energy, SIE is associated
with a characteristic underestimation of the insulating gap
[273,274]. This definition is technically distinct but com-
plementary to the SIE corrected by Perdew-Zunger type
DFT-SIC [49,275,276]. Further progress in this area will
require suitably constructed subspaces, together with the
necessary form of corrective functional, which requires
parameters appropriately calculated from first principles.
Ideally, these features together might be packaged in a self-
contained and automated way, from the user’s perspective,
so that reliable, minimal-empiricism total energy differences
may be extracted from DFT+U with the same convenience
(we can now be assured, for crystals) that band gaps may be.

XIII. CONCLUSIONS

We have rigorously proven that the GKS eigenspectrum
gap of a pristine periodic system as computed by a DFT+U
or hybrid functional is a valid measure of the fundamental gap
of a material, in the sense that it matches its own fundamental
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gap calculated using total-energy differences. Furthermore,
under the same conditions, the negative of the highest
occupied and lowest unoccupied GKS eigenvalues are rigor-
ously equal to the ionization potential and electron affinity of
the material, respectively. This proof was theoretically verified
to hold for all known DFT+U -type functionals, subject only
to caveats that are met or accounted for in practice. Our proof
recovers the previously demonstrated same result for local and
semilocal functionals, with a somewhat different argument.

The diverse set of DFT+U -type functionals will continue
to grow in the coming decades. To date, the vast majority of
DFT+U functionals have been constructed by starting with
one of a range of interaction terms, typically inspired either by
Hartree-Fock theory or the Hubbard model, and subtracting
off a double-counting correction, the form of which often
strongly depends on the choice of interaction term.

Future DFT+U functionals will almost certainly be con-
structed within the “extended DFT+U” category, via the
retention of additional subspace-averaged parameters from the
Hartree-Fock-inspired interaction term, and within the “flat-
plane condition” category, via the imposition of additional
exact conditions on the selected subspaces or the identifica-
tion of more advanced interaction terms inspired by quantum
chemistry techniques.

The proof of the DFT+U eigenspectrum gap being a valid
measure of the fundamental gap of a material does not, how-
ever, ensure close agreement with experiment. In this sense,
DFT+U is no different from conventional hybrid function-
als. If progress is to be made, novel functional forms must
retain the desirable features of conventional DFT+U func-
tionals, such as improved band gaps and magnetic moments of
transition-metal oxides, while also offering improved total en-
ergies and band gaps in more challenging electronic systems.
Model yet chemical systems, exemplified by the non-spin-
polarized hydrogen lattice, can helpfully simplify and reveal
the differences in behavior between different functionals and
methods, and guide progress.

ACKNOWLEDGMENTS

This research was supported by Taighde-Éireann–Research
Ireland under Grant No. GOIPG/2020/1454 and under Prime
Award No. 12/RC/2278_P2, the latter of which is cofunded
by the European Regional Development Fund. The authors
further acknowledge Enterprise Ireland, Project CS20212086.
The authors wish to thank Tim Gould, Stefano de Gironcoli,
Nathalie Vast, and Nicola Marzari for stimulating discussions.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further information
or data should be sent to the authors.

APPENDIX A: COMPUTATIONAL DETAILS

Electronic structure calculations to investigate the numer-
ical difference between the DFT+U eigenspectrum gap and
the fundamental gap (as calculated via total-energy differ-
ences) were executed using Quantum Espresso code version

7.4 [105]. The conventional DFT+U functional of Dudarev
et al. [176] with an effective Hubbard U parameter of 5 eV
was applied with the Perdew-Burke-Ernzerhof XC functional
[41]. DFT+U projectors were of standard pseudo-atomic
type, without orthonormalization. A 2-dimensional square
hydrogen lattice with an inter-nuclear separation length of
7a0 was selected for this study. A rectangular primitive unit
cell composed of two antiferromagnetically ordered hydrogen
atoms was used, giving ordering in the x-direction. A large
out-of-plane unit cell length of 50a0 was used, in conjunc-
tion with the Coulomb interaction truncation technique for
2-dimensional systems devised by Sohier et al. [277]. A SG15
v1.0 [278] scalar-relativistic optimized norm-conserving Van-
derbilt pseudopotential [279] was applied, and the plane-wave
cutoff energy was set at 400 Ry (2000 Ry for the density). The
default mixing scheme proved adequate.

For the charged calculations, the total charge of the primi-
tive unit cell was set as ±1/Nk , where Nk is the total number
of k-points [170]. This is equivalent to a collection of Nk

primitive unit cells in periodic boundary conditions with a
single electron added or removed. In the bulk limit, i.e., where
Nk → ∞, the total energy per unit cell is equal to that of
the ±1 charged system, assuming the added electron or hole
delocalizes over the lattice. The total magnetization of the
primitive unit cell was set in accordance with the total charge.
The cold-smearing method of Marzari et al. [280] was applied
with a low smearing temperature of 1×10−9 Ry to ensure
that integer GKS orbital occupancies were retained under such
conditions.

APPENDIX B: EXPLICIT DERIVATIVE DISCONTINUITIES

The need for the exact functional to exhibit an explicit
derivative discontinuity in the case of the hydrogen atom has
already been discussed in detail by Mori-Sánchez et al. [186].
Here we review this hitherto underappreciated point in the
case of exact GKS theory. By exact GKS theory here, we
refer to all possible forms of exact GKS theory in which
any functional of the occupied GKS orbitals can be made
exact through the use of a complementary remainder func-
tional [23,24]. The absence of a minority spin population in
the hydrogen atom complicates matters, so we consider here
the neutral lithium atom with two spin-up electrons and one
spin-down electron and a ground state electron configuration
1s22s1. By comparison, the lithium anion has a spin singlet
ground state of the form 1s22s2 composed of two spin-up
and two spin-down electrons, while the lithium cation has
a ground state electron configuration 1s2, with one spin-up
and one spin-down electron. This simple atomic system has
also been analyzed extensively within the context of exact KS
theory [281] and ensemble DFT [282].

In the case of GKS theory, in order to reproduce the cor-
rect fundamental gap in the absence of an explicit derivative
discontinuity, the difference between the highest occupied
spin-up and lowest unoccupied spin-down GKS eigenvalues
of the neutral lithium atom must be equal to 4.77 eV, which is
the difference between lithium’s ionization potential (5.39 eV)
and electron affinity (0.62 eV). However, in order to reproduce
the correct spin-flip energy [169,214,217,281,283–288] in the
absence of an explicit derivative discontinuity, defined in this
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case as the energy difference between the neutral lithium
atom with an unpaired spin-up electron versus an unpaired
spin-down electron, the same frontier GKS eigenvalue differ-
ence must, due to spin degeneracy, be equal to 0 eV. Both
of these conditions cannot be satisfied simultaneously, which
thus warrants the introduction of an explicit derivative discon-
tinuity [169].

APPENDIX C: BAND GAPS IN THE PRESENCE
OF NORM-CONSERVING PSEUDOPOTENTIALS

In most practical calculations, the bare Coulomb potential
of the static nuclei is replaced by a pseudopotential to avoid
explicit and costly treatment of the core electrons. Norm-
Conserving Pseudopotentials (NCPP), as originally devised
by Hamann et al. [289], are local in the radial coordinate but
nonlocal in angular coordinates � and may be expressed in
terms of the set of spherical harmonics {|Ylm〉} and element-
specific local and nonlocal contributions, vL

I and �vNL
Il ,

located at atom site I as given by vNCPP(r, r′) in Eq. (C1). In
practice, in order to improve computational efficiency, most
modern NCPPs are converted into a fully nonlocal form via
the Kleinman-Bylander scheme [290]. The resulting nonlocal
potentials may be expressed as

vNCPP(r, r′) =
∑

I

vL
I (|r − RI |)δ(r − r′)

+
∑

I

∑
lm

Ylm
(
�r−RI

)
�vNL

Il (|r − RI |)

× δ(|r − RI | − |r′ − RI |)Y ∗
lm

(
�r′−RI

)
,

vKB(r, r′) =
∑

I

〈r − RI |vL
I |r′ − RI〉δ(r − r′) +

∑
I

∑
lm

×
〈
r − RI

∣∣�vNL
Il φIlm

〉〈
�vNL

Il φIlm

∣∣r′ − RI
〉

〈φIlm|�vNL
Il |φIlm〉 ,

(C1)

where the radial coordinate dependence of vL
I and �vNL

Il
has been suppressed in vKB(r, r′) for clarity and {φIlm}
are the reference pseudo-atomic wavefunctions. Unlike the
Hubbard, Hartree, and base Exchange-Correlation potentials,
the NCPPs of Eq. (C1) are independent of the first-order
reference-system reduced density matrix and, by extension,
are independent of the frontier orbital occupancy. As such,
the NCPPs do not offer an explicit contribution to the GKS
eigenvalue derivative of Eq. (27) or any higher-order deriva-
tives. Thus, the simple expressions for the ionization potential,
electron affinity, and fundamental band gap of defect-free
infinitely extended systems, given by Eqs. (30), (31), and (32),
remain valid in the case of frontier GKS eigenvalues evaluated
using NCPPs. To be clear, these values will match the ion-
ization potential, electron affinity, and fundamental band gap,
respectively, evaluated via explicit total-energy differences
employing the same set of NCPPs.

APPENDIX D: BAND GAPS WITHIN THE ULTRASOFT
AND PROJECTOR-AUGMENTED WAVE FORMULATIONS

In the case of ultrasoft pseudopotential (USPP) [291,292]
and Projector-Augmented Wave (PAW) [293,294] formula-
tions, the orthonormality condition of the pseudo-GKS states
{ψ̃i} is relaxed to ensure a relatively “soft,” i.e., smooth profile
in the atomic core region. The pseudo-GKS states instead
satisfy a generalized orthonormality condition of the form

〈ψ̃i|Ŝ|ψ̃ j〉 = δi j, (D1)

where Ŝ is an overlap (a.k.a., augmentation) operator. In both
the USPP and PAW formalisms, the overlap operator may be
defined using a set of smooth projector functions { p̃μ} and
takes the following form:

ŜUSPP = 1 +
∑
μν

qμν | p̃μ〉〈p̃ν | and

ŜPAW = 1 +
∑
μν

[〈φμ|φν〉 − 〈φ̃μ|φ̃ν〉]| p̃μ〉〈p̃ν |, (D2)

where {φμ} and {φ̃μ} are the all-electron atomic and pseudo-
atomic states and {qνμ} are the USPP augmentation charges.
Here, μ and ν are combined atomic state and site indices, and
the summations in both Eq. (D2) and below are restricted to
on-site terms only. This necessitates a modification of the total
energy expression of Eq. (2), which may be expressed as

Ev = −
∑

i

f̃i
〈ψ̃i|∇2|ψ̃i〉

2
+ EHxc+U+�Ea [{ψ̃i}, { f̃i}]

+
∑

i j

λi j (δ ji − 〈ψ̃ j |Ŝ|ψ̃i〉) + εF

(
N −

∑
i

f̃i〈ψ̃i|Ŝ|ψ̃i〉
)

,

(D3)

where the external energy due to the bare Coulomb poten-
tial of the static nuclei has been replaced by a USPP or
PAW specific atomic energy correction (including kinetic
contributions) �Ea. This total energy expression is similarly
minimized with respect to its degrees of freedom {ψ̃i}, {ψ̃∗

i },
f̃ i, λi j , and εF, and so again the partial derivatives of Ev with
respect to these vanish. The total derivative of Ev with respect
to electron count is thus, again, given by

dEv

dN
= ∂Ev

∂N
= εF, (D4)

in all but points of eigenvalue cross-over or degeneracy
change of the frontier orbitals. Therefore, the general expres-
sions for the electron affinity, ionization potential, and band
gap as given by Eqs. (14), (16), and (17) are also valid within
the USPP and PAW formalisms once the GKS eigenvalues and
occupancies are replaced by their soft-pseudo analogs.

Unlike NCPPs, the USPP and PAW formulations offer
non-negligible contributions to the frontier GKS eigenvalue
derivatives. Therefore, we must again examine the bulk limit
of the frontier GKS eigenvalue derivatives to assess if the
electron affinity, ionization potential, and fundamental band
gap expressions of Eqs. (30), (31), and (32) for a pristine
periodic system remain valid. In the case of the USPP formal-
ism, the first derivative of the frontier pseudo-GKS eigenvalue
with respect to its occupancy consists of a Hxc, Hubbard, and
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USPP contribution, and may be expressed as

d ε̃F

d f̃F
=〈�̃F|

{∫
drdr′|r〉 fHxc(r, r′)

(
F̃±(r′, r′) +

∑
μν

∫
dr′′dr′′′〈r′′| p̃μ〉〈p̃ν |r′′′〉F̃±(r′′′, r′′)Qμν (r′)

)
〈r|

−
∑

I

∫
drdr′dr′′dr′′′|r〉(U I〈r|ŜP̂I Ŝ|r′′〉〈r′′′|ŜP̂I Ŝ|r′〉)F̃±(r′′, r′′′)〈r′| +

∑
μν

∫
drdr′dr′′′′dr′′′′′|r〉〈r| p̃μ〉

×
(

F̃±(r′′′′, r′′′′) +
∑
μ′ν ′

∫
dr′′dr′′′〈r′′| p̃μ′ 〉〈p̃ν ′ |r′′′〉F̃±(r′′′, r′′)Qμ′ν ′ (r′′′′)

)
fHxc(r′′′′′, r′′′′)Qμν (r′′′′′)〈p̃ν |r′〉〈r′|

}
|�̃F〉,

(D5)

where {Qμν (r)} are the augmentation charge densities, the integrals of which yield the augmentation charges {qνμ} of Eq. (D2),
F̃±(r, r′) is the soft-pseudo Fukui matrix, and the Hxc kernel is evaluated on the total electron density, i.e., including both soft
and hard contributions. Focusing on the Hxc contribution, the term in parentheses consists of a Fukui matrix and a second
term with two spatial integrals and a summation over the combined atomic state and site indices μ and ν. For a given site I ,
the 〈r′′| p̃μ〉〈p̃ν |r′′′〉Qμν (r′) term will offer a negligible contribution for large values of |RI − r′|, |RI − r′′| and |RI − r′′′|. This
counters the two spatial integrals and the summation over μ and ν, noting that the augmentation charge density Qμν (r′) is
diagonal in site index. Finally, the two Fukui matrices are left to ensure that both terms in parentheses vanish in the bulk limit.
Outside the parentheses, there are two more spatial integrals, but these are countered by the Hxc kernel and the frontier orbital
density 〈�̃F|r〉〈r|�̃F〉. Therefore, the Hxc contribution to the GKS eigenvalue derivative evaluated with USPPs vanishes in the
bulk limit. Same too goes for the Hubbard contribution, whose only modification is the subspace projection operator P̂I , which
has been replaced by ŜP̂I Ŝ [295].

In the case of the explicit USPP contribution to the GKS eigenvalue derivative, the term in parentheses is the same as that
discussed for the Hxc term and thus vanishes in the bulk limit. Outside of the parentheses, the 〈r| p̃μ〉〈p̃ν |r′〉Qμν (r′′′′) term
offers a negligible contribution for large values of |RI − r|, |RI − r′′| and |RI − r′′′′|. This term, along with the Hxc kernel and
frontier orbital density matrix 〈�̃F|r′〉〈r|�̃F〉, counteracts the summation and four spatial integrals. Therefore, the explicit USPP
contribution to the GKS eigenvalue derivative also vanishes in the bulk limit.

For PAW, we follow the formalism proposed by Kresse and Joubert [294] to arrive at an expression for the derivative of the
soft-pseudo GKS eigenvalue with respect to frontier pseudo-GKS orbital occupancy, namely,

d ε̃F

d f̃F
= 〈�̃F|

{
−

∑
I

∫
drdr′dr′′dr′′′|r〉(U I〈r|ŜP̂I Ŝ|r′′〉〈r′′′|ŜP̂I Ŝ|r′〉)F̃±(r′′, r′′′)〈r′|

+
∫

drdr′|r〉 fHxc[ñ + n̂ + ñc](r, r′)

(
F̃±(r′, r′) +

∑
μνlm

∫
dr′′dr′′′〈r′′| p̃μ〉〈p̃ν |r′′′〉F̃±(r′′′, r′′)Qlm

μν (r′)

)
〈r|

+
∑
μν

∫
drdr′|r〉〈r| p̃μ〉dDμν

d f̃F
〈p̃ν |r′〉〈r′|

}
|�̃F〉, (D6)

where Dμν = D̂μν + D1
μν − D̃μν . The latter three quantities are defined in Eqs. (44), (45), and (46) of Kresse and Joubert [294]

and their derivatives with respect to frontier pseudo-GKS occupancy f̃F may be expressed as

dD̂μν

d f̃F
=

∑
lm

∫
dr Qlm

μν (r)
∫

dr′ fHxc[ñ + n̂ + ñc](r, r′)

(
F̃±(r′, r′) +

∑
μ′ν ′l ′m′

∫
dr′′dr′′′〈r′′| p̃μ′ 〉〈p̃ν ′ |r′′′〉F̃±(r′′′, r′′)Ql ′m′

μ′ν ′ (r′)

)
,

dD1
μν

d f̃F
=〈φμ|

{∫
dr|r〉

(∫
dr′ fHxc[n1 + nc](r, r′)

∑
μ′ν ′

∫
dr′′dr′′′〈r′′| p̃μ′ 〉〈p̃ν ′ |r′′′〉F̃±(r′′′, r′′)〈φμ′ |r′〉〈r′|φν ′ 〉

)
〈r|

}
|φν〉, and
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dD̃1
μν

d f̃F
= 〈φ̃μ|

{∫
dr|r〉

[∫
dr′ fHxc[ñ1 + n̂ + ñc](r, r′)

×
∑
μ′ν ′

∫
dr′′dr′′′〈r′′| p̃μ′ 〉〈p̃ν ′ |r′′′〉F̃±(r′′′, r′′)

(
〈φ̃μ′ |r′〉〈r′|φ̃ν ′ 〉 +

∑
l ′m′

Ql ′m′
μ′ν ′ (r′)

)]
〈r|

}
|φ̃ν〉

+
∑
lm

∫
�r

drQlm
μν (r)

[∫
dr′ fHxc[ñ1 + n̂ + ñc](r, r′)

×
∑
μ′ν ′

∫
dr′′dr′′′〈r′′| p̃μ′ 〉〈p̃ν ′ |r′′′〉F̃±(r′′′, r′′)

(
〈φ̃μ′ |r′〉〈r′|φ̃ν ′ 〉 +

∑
l ′m′

Ql ′m′
μ′ν ′ (r′)

)]
. (D7)

The charge densities ñ, ñc, and n̂ are the soft pseudo-charge
density, the frozen-core all-electron charge density, and the
total augmentation charge density, the latter of which can be
written as a one-electron multipole expansion of the form

n̂(r) =
∑
μνlm

Qlm
μν (r)

∑
i

f̃i〈�̃i| p̃μ〉〈p̃ν |�̃i〉. (D8)

The GKS eigenvalue derivative in the PAW formulation as
exposed by Eq. (D6) takes an almost analogous form to that of
the USPP formulation, with the Hxc and Hubbard terms van-
ishing in the bulk limit. As for the explicit PAW contribution
to the GKS eigenvalue derivative, using the same arguments
as before, it can be readily shown that the dDμν/d f̃F term
vanishes in the bulk limit. The two spatial integrals and sum-
mation are countered by the frontier orbital density matrix and
the 〈r| p̃μ〉〈p̃ν |r′〉 term, which offers a negligible contribution
for large values of |RI − r| and |RI − r′|. Thus, the PAW
contribution to the GKS eigenvalue derivative also vanishes
in the bulk limit, and the simple expressions for the ioniza-
tion potential, electron affinity, and fundamental band gap of
pristine periodic systems as given by Eqs. (30), (31), and (32)
remain valid in the case of frontier GKS eigenvalues evaluated
using the USPP or PAW formulation.

APPENDIX E: GENERALIZATION TO
SPIN-UNRESTRICTED GKS THEORY

In the case of the spin-unrestricted GKS formalism, we
must derive an explicit expression for the first-order deriva-
tive of the frontier spin-σ GKS eigenvalue with respect to
its own occupancy, which for collinear spin-systems may be
expressed as

dεσ
F

df σ
F

= 〈
�σ

F

∣∣dĤGKS
σ

df σ
F

∣∣�σ
F

〉
. (E1)

The derivative of the spin-σ GKS Hamiltonian will again
consist of two terms, namely the derivative of the spin-σ
Hxc potential v̂σ

Hxc and the derivative of the Hubbard potential
v̂σ

u . In the case of the spin-σ Hxc potential, its dependence
on both the spin-up and spin-down ground-state densities
must be accounted for and, as such, its derivative with re-
spect to frontier spin-σ GKS orbital occupancy may be

expressed as

dvσ
Hxc(r)

df σ
F

=
∑
σ ′

∫
dr′ f σσ ′

Hxc (r, r′)F σ ′σ
± (r′), (E2)

where F σ ′σ
± (r′) is the spin-resolved analog of the right- or

left-hand Fukui function, or, to be explicit, the derivative
of the ground-state spin-σ ′ density with respect to spin-σ
electron count. In contrast, the spin-σ Hubbard potential of
Dudarev et al. [176] depends only on the ground-state spin-σ
GKS density matrix ρσ

0 (r′′, r′′′). Its derivative with respect to
frontier spin-σ GKS orbital occupancy may be expressed as

dvσ
U (r, r′)
df σ

F

= −
∑

I

U I
∫

dr′′dr′′′(〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉)

× F σσ
± (r′′, r′′′), (E3)

where F σσ
± (r′′, r′′′) is the spin-resolved analog of the right-

or left-hand Fukui matrix. More advanced spin-resolved Hub-
bard potentials such as that of the DFT+U+J or BLOR
functionals [149,220] will warrant a summation over spin-
index σ ′, akin to that of the Hxc term, due to their dependence
on both the spin-up and spin-down subspace occupancies.
From Eqs. (E1), (E2), and (E3), it follows that the derivative
of the spin-resolved GKS eigenvalue may be expressed as

dεσ
F

df σ
F

= 〈
�σ

F

∣∣ ∫ drdr′|r〉
{∑

σ ′

∫
dr′′ f σσ ′

Hxc (r, r′′)

× F σ ′σ
± (r′′, r′′)δ(r − r′)

−
∑

I

∫
dr′′dr′′′(U I〈r|P̂I |r′′〉〈r′′′|P̂I |r′〉)

× F σσ
± (r′′, r′′′)

}〈
r′∣∣�σ

F

〉
. (E4)

Applying the same scaling arguments as before, one can read-
ily show that each term in the spin-resolved GKS eigenvalue
derivative vanishes in the bulk limit. The spin-resolved ana-
logues of Eqs. (30), (31), and (32) thus immediately follow
in the pristine bulk limit. The same argument of course also
holds for hybrid functionals, in which case the derivative of
the frontier spin-resolved GKS eigenvalue may instead be
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expressed as

dεσ
F

df σ
F

= 〈
�σ

F

∣∣ ∫ drdr′|r〉
{

−aHF
F σσ

± (r, r′)
|r − r′| +

∑
σ ′

∫
dr′′( f σσ ′

Hc (r, r′′) + (1 − aHF) f σσ ′
x (r, r′′)

)
F σ ′σ

± (r′′, r′′)δ(r − r′)

}〈
r′∣∣�σ

F

〉
.

(E5)
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[153] E. Şaşıoğlu, C. Friedrich, and S. Blügel, Effective Coulomb in-
teraction in transition metals from constrained random-phase
approximation, Phys. Rev. B 83, 121101(R) (2011).

[154] T. Kotani, Ab initio random-phase-approximation calculation
of the frequency-dependent effective interaction between 3d
electrons: Ni, Fe, and MnO, J. Phys.: Condens. Matter 12,
2413 (2000).

[155] F. Aryasetiawan, M. Imada, A. Georges, G. Kotliar, S.
Biermann, and A. I. Lichtenstein, Frequency-dependent local
interactions and low-energy effective models from electronic
structure calculations, Phys. Rev. B 70, 195104 (2004).

[156] L. Vaugier, H. Jiang, and S. Biermann, Hubbard U and Hund
exchange J in transition metal oxides: Screening versus local-
ization trends from constrained random phase approximation,
Phys. Rev. B 86, 165105 (2012).

[157] B. Amadon, T. Applencourt, and F. Bruneval, Screened
Coulomb interaction calculations: cRPA implementation and
applications to dynamical screening and self-consistency in
uranium dioxide and cerium, Phys. Rev. B 89, 125110
(2014).

[158] M. Casula, A. Rubtsov, and S. Biermann, Dynamical screen-
ing effects in correlated materials: Plasmon satellites and
spectral weight transfers from a Green’s function ansatz to ex-
tended dynamical mean field theory, Phys. Rev. B 85, 035115
(2012).

[159] L. Huang and Y. Wang, Dynamical screening in strongly cor-
related metal SrVO3, Europhys. Lett. 99, 67003 (2012).

[160] L. Boehnke, F. Nilsson, F. Aryasetiawan, and P. Werner, When
strong correlations become weak: Consistent merging of GW
and DMFT, Phys. Rev. B 94, 201106(R) (2016).

235127-31

https://doi.org/10.21105/jcon.00069
https://doi.org/10.1016/j.cpc.2014.11.012
http://www.mpi-stuttgart.mpg.de/andersen/
https://doi.org/10.1103/PhysRevB.67.155108
https://doi.org/10.1021/acs.jctc.8b00976
https://doi.org/10.1021/acs.jctc.1c00063
https://doi.org/10.1103/PhysRevX.8.021051
https://doi.org/10.1103/PhysRevResearch.5.013160
https://doi.org/10.1103/PhysRevB.102.235159
https://doi.org/10.1103/PhysRevResearch.2.023313
https://doi.org/10.1103/PhysRevResearch.2.033265
https://doi.org/10.1103/PhysRevB.86.165124
https://doi.org/10.1103/PhysRevB.71.041102
https://doi.org/10.1021/acs.jpclett.1c00796
https://doi.org/10.1063/5.0089460
https://arxiv.org/abs/2307.16892
https://doi.org/10.1103/PhysRevB.73.195107
https://doi.org/10.1103/PhysRevB.71.035105
https://doi.org/10.1103/PhysRevB.98.235157
https://doi.org/10.1103/PhysRevB.62.R16219
https://doi.org/10.1103/PhysRevB.43.7570
https://doi.org/10.1103/PhysRevB.57.4364
https://doi.org/10.1103/PhysRevB.58.1201
https://doi.org/10.1103/PhysRevB.84.115108
https://doi.org/10.1103/PhysRevB.74.125106
https://doi.org/10.1103/PhysRevB.77.085122
https://doi.org/10.1103/PhysRevB.80.155134
https://doi.org/10.1103/PhysRevB.83.121101
https://doi.org/10.1088/0953-8984/12/11/307
https://doi.org/10.1103/PhysRevB.70.195104
https://doi.org/10.1103/PhysRevB.86.165105
https://doi.org/10.1103/PhysRevB.89.125110
https://doi.org/10.1103/PhysRevB.85.035115
https://doi.org/10.1209/0295-5075/99/67003
https://doi.org/10.1103/PhysRevB.94.201106


ANDREW C. BURGESS AND DAVID D. O’REGAN PHYSICAL REVIEW B 114, 235127 (2026)

[161] G. Moynihan, G. Teobaldi, and D. D. O’Regan, Inapplicability
of exact constraints and a minimal two-parameter generaliza-
tion to the DFT+U based correction of self-interaction error,
Phys. Rev. B 94, 220104(R) (2016).

[162] G. Moynihan, A self-contained ground-state approach for the
correction of self-interaction error in approximate density-
functional theory, Ph.D. thesis, School of Physics, Trinity
College Dublin, 2018.

[163] P. Verma and D. G. Truhlar, Does DFT+U mimic hybrid
density functionals? Theor. Chem. Acc. 135, 182 (2016).

[164] H. Eschrig, K. Koepernik, and I. Chaplygin, Density func-
tional application to strongly correlated electron systems,
J. Solid State Chem. 176, 482 (2003).

[165] D. D. O’Regan, N. D. M. Hine, M. C. Payne, and A. A.
Mostofi, Projector self-consistent DFT+U using nonorthogo-
nal generalized wannier functions, Phys. Rev. B 82, 081102(R)
(2010).

[166] D. Novoselov, D. M. Korotin, and V. I. Anisimov, Hellmann–
feynman forces within the DFT+U in wannier functions basis,
J. Phys.: Condens. Matter 27, 325602 (2015).

[167] A. Carta, I. Timrov, S. Beck, and C. Ederer, Bridging con-
strained random-phase approximation and linear response
theory for computing Hubbard parameters, Phys. Rev. Lett.
137, 046503 (2026).

[168] V. Ivády, R. Armiento, K. Szász, E. Janzén, A. Gali, and
I. A. Abrikosov, Theoretical unification of hybrid-DFT and
DFT+U methods for the treatment of localized orbitals,
Phys. Rev. B 90, 035146 (2014).

[169] W. Yang, A. J. Cohen, and P. Mori-Sánchez, Derivative dis-
continuity, bandgap and lowest unoccupied molecular orbital
in density functional theory, J. Chem. Phys. 136, 204111
(2012).

[170] J. P. Perdew, W. Yang, K. Burke, Z. Yang, E. K. U. Gross,
M. Scheffler, G. E. Scuseria, T. M. Henderson, I. Y. Zhang,
A. Ruzsinszky, H. Peng, J. Sun, E. Trushin, and A. Görling,
Understanding band gaps of solids in generalized Kohn–Sham
theory, Proc. Natl. Acad. Sci. USA 114, 2801 (2017).

[171] S. Kurth and S. Pittalis, The optimized effective potential
method and LDA+U , in Computational Nanoscience: Do It
Yourself!, edited by J. Grotendorst, S. Blüugel, and D. Marx,
NIC Series Vol. 31 (John von Neumann Institute for Comput-
ing, Jülich, 2006), pp. 299–334.

[172] V. Ravindran, N. I. Gidopoulos, and S. J. Clark, Local
exchange-correlation potentials by density inversion in solids,
Phys. Rev. B 112, 085208 (2025).

[173] C.-O. Almbladh and U. von Barth, Exact results for the
charge and spin densities, exchange-correlation potentials,
and density-functional eigenvalues, Phys. Rev. B 31, 3231
(1985).

[174] T. Gould and J. Toulouse, Kohn-Sham potentials in ex-
act density-functional theory at noninteger electron numbers,
Phys. Rev. A 90, 050502(R) (2014).
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