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Unquenched orbital angular momentum as the origin of spin inertia
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The recent proposal and observation of spin inertia, and the consequent high-frequency spin nutation mode,
have raised key questions for our understanding of magnetization dynamics, especially considering its high
relevance for magnetic memories and ultrafast switching. Notwithstanding recent progress, a clear identification
of spin inertia’s physical origin thereby offering predictive power remains to be accomplished. Here, discussing
general principles for identifying this physical origin, we examine unquenched orbital angular momentum
(OAM) finding it to be a key candidate, despite its typically small value. Treating OAM and spin within a
two-sublattice model, we derive the equivalent single-sublattice framework for magnetization dynamics making
appropriate approximations. The latter naturally manifests the spin inertia term and parameter, which are
otherwise introduced phenomenologically. The inertia parameter evaluated within our model is found to be
in good agreement with its experimentally observed value in cobalt. We further delineate key experimental
signatures that could verify or rule out the unquenched OAM as the origin of the observed high-frequency mode,
and avoid a spurious optical mode in a two-sublattice ferromagnet from being identified as nutation. Our analysis
offers a potential link between the recently emerged fields of orbitronics and spin inertia, thereby motivating

investigations at their intersection.
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I. INTRODUCTION

The magnetic statics as well as dynamics in ordered
magnets is effectively described by the phenomenological
Landau-Lifshitz-Gilbert (LLG) framework [1-3] developed
as a classical field theory in terms of the position and
time-dependent magnetization. Due to the close relation be-
tween magnetic moment and (spin) angular momentum [4],
the magnetization dynamics and its phenomenology are of-
ten understood or motivated by comparing them to the
angular momentum dynamics of a spinning top [2]. To de-
scribe various phenomena and materials, guided by symmetry
constraints, phenomenological terms and parameters are in-
troduced, which are then determined by comparing with
experiments [5—-7]. At the same time, the Landau-Lifshitz
framework can be essentially derived as the classical and
mean-field limit of the quantum description of magnets
[8-10]. Such theories also enable microscopic evaluation of
the parameters that enter the LLG framework, thereby offering
valuable guidance in material selection and hybrid design.

A key sector where LLG phenomenology proves particu-
larly valuable is in describing nanomagnets, used as memory
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cells, for example [11-15]. One then makes the so-called
macrospin approximation by assuming the magnetization to
be spatially homogeneous in the small nanomagnet, on ac-
count of the large exchange energy. The simplified description
adequately captures the magnetization dynamics including
ferromagnetic resonance (FMR) modes [13], the effect of spin
transfer torque [14], as well as magnetic memory switch-
ing [15]. The time scale for the latter is of special interest
and it generally decreases with an increased damping as
well as magnetic resonance frequency. Thus, the existence
of high-frequency magnetization dynamics modes and their
understanding is expected to play a crucial role in the perfor-
mance and design of magnetic memories.

In a quest to better understand magnetization dynamics by
exploiting its analogy with angular momentum dynamics of a
spinning top, it has been motivated that the LLG framework
should harbor additional “spin inertia” terms [16,17]. This
inclusion is sometimes motivated via an expansion of the
damping term in terms of an increasing order of the time
derivatives such that the LLG equation takes the form

th = —|y|(h x poHer) + 1 x (@i +«cfa+---), (1)

where m is the magnetization unit vector, y is the gyro-
magnetic ratio, He is the effective field experienced by
the magnetization, and « is the Gilbert damping constant.
Here, « becomes the spin inertia parameter, with dimension
of time, as it quantifies the term involving the second time
derivative, which is typically associated with mass or iner-
tia. The second derivative in Eq. (1) gives rise to a second
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high-frequency resonance mode, besides the standard FMR,
which is termed spin nutation making an analogy with
the spinning top [16,18]. Besides these phenomenolog-
ical analogies, recent attempts to identify the physical
origin of spin inertia include consideration of spin-orbit
coupling of an electron in vacuum within a Dirac equa-
tion framework [19], the classical mechanical description of
a current-carrying loop [20], quantum transport frameworks
including time-dependent nonequilibrium Green’s function
techniques [21-23], generalized fluctuation—dissipation theo-
rem in the non-Ohmic regime, dynamical Ruderman-Kittel-
Kasuya-Yosida (RKKY) exchange mediated by conduction
electrons [24,25], and coupling to dissipative baths in the
magnet [26]. Experimental evidence for spin inertia was
subsequently provided by ultrafast pump-probe and THz ex-
citation studies, which confirmed the presence of nutation in
materials such as CoFeB and permalloy [6,7,27,28]. How-
ever, a clear inconsistency remains between experimentally
measured and theoretically predicted values of the inertial
parameter k. Experiments on permalloy report « ~ 300 fs [6],
with other studies finding values up to 1.6 ps [27]. By contrast,
ab initio calculations predict much smaller values, typically
within a few femtoseconds for transition metals such as Fe,
Co, and Ni [29-31]. Besides the recent invigoration of in-
terest in investigating the consequences of inertial dynamics,
including auto-oscillations [32—-34], thermal agitation [17],
inertial spin waves [35-38], and topology of inertial magnons
[39], a physical understanding of spin inertia’s origin is highly
sought to answer several questions including the frequency at
which one should expect the spin nutation mode, materials
that are better suited to find it, and conclusively identifying
a nutation mode by distinguishing it from a spurious optical
magnetization dynamics mode.

In typical magnetic solids, the magnetic moment is con-
tributed predominantly by the spin of the participating
electrons. The OAM contribution arising from the localized
electronic wave functions is quenched by the crystal field in
most materials [40]. As aresult, the observed Landé€ g factor in
most magnetic materials is close to 2, indicating a dominance
of the spin (g =2) as opposed to orbital (g = 1) angular
momentum in determining the magnetization [41,42]. Never-
theless, a clear deviation from 2 of the Landé g factor value in
nearly every magnetic material testifies to the nonzero, though
small, contribution of the OAM to magnetization. In the recent
years, it has been shown that while OAM is quenched in
equilibrium, it can form an effective channel for angular mo-
mentum transport in some metals [43—48]. This can be seen as
analogous to how the spin polarization in normal metals under
equilibrium is zero but they act as efficient generators and
transmitters of spin currents under appropriate drives. A wide
range of effects capitalizing on OAM transport have been
proposed and discovered in the recent years, with a healthy
scientific debate around the underlying physics.

In this article, building on these two seemingly unrelated
developments, we examine the potential role of unquenched
OAM in underlying spin inertia and nutation. While we take
inspiration from the aforementioned OAM transport effects,
our analysis is based on the well-established understanding
that a small, but finite, OAM remains in all magnets after
quenching. Identifying that the Russel-Saunders (RS) cou-

pling [42,49-52] acts as an effective exchange interaction
between the spin and OAM, we treat the unquenched OAM
as an effective second sublattice thereby treating the emerging
magnetization dynamics via the two-sublattice model. Under
appropriate approximations, applicable in typical materials,
we show that this directly leads to the spin inertia term when
deriving the spin magnetization dynamics. The consequently
evaluated spin inertia parameter is found to be in reasonable
agreement with the experimental observation. We further out-
line some general physical principles that could guide the
identification of potential physical origin(s) of spin inertia and
nutation.

II. GENERAL PRINCIPLES AND SUMMARY OF RESULTS

In this section, we outline the general principles that we
have employed in identifying OAM as the likely origin of spin
inertia. Then, we summarize the key results of our work while
also presenting the structure of the paper.

We first employ time-reversal symmetry in establishing
that the spin inertia term cannot be rooted in dissipation. In the
context of Eq. (1), time reversal leads to the following trans-
formations: ™ — —m, d/dt — —d/dt, and Hey — —Her
[53]. Thus, we see that only the Gilbert damping term (o o)
changes sign under the time-reversal operation due to the
natural reason that it captures dissipation or energy loss from
the system, which is not recovered under time reversal. The
fact that the spin inertia term (o< «) does not change sign
indicates that it is not related to dissipation.

The second principle is that the introduction of a second
time derivative, via the spin inertia term, in the LLG equa-
tion necessarily increases the order of the secular equation,
thereby adding a resonance mode. Such an addition cannot
be done without increasing the degrees of freedom. Thus, to
justify spin inertia, we need a new degree of freedom to couple
with the magnetization.

In a solid, there are, in principle, infinitely many degrees
of freedom that could couple to the magnetization. However,
focusing on couplings that do not cause dissipation and re-
visiting the microscopic derivation of magnetization models,
we immediately realize that the OAM, although quenched and
small, is an omnipresent degree of freedom [42,44]. Then, the
question becomes why we have been able to ignore it in con-
sidering the magnetization dynamics. This partly motivates
our study, and we find that accounting for the small OAM
indeed gives rise to a term and mode that have the same form
as spin inertia and nutation, producing results in agreement
with expectations. A related question about OAM, without
any reference to spin inertia, has been discussed considering
an antiferromagnet [54].

With this motivation and focusing on ferromagnets, in
Sec. III, we consider a two-sublattice model (Fig. 1) treating
spin and OAM as two different sublattices and contributing
magnetizations with the different Landé g factors of 2 and 1,
respectively. The spin and OAM are assumed to be coupled
via a specific form of the atomic spin-orbit interaction—the
RS coupling, which mimics exchange interaction and can be
ferromagnetic or antiferromagnetic depending on the mate-
rial [42]. In considering realistic materials, we assume that
the OAM magnitude is much smaller than the spin [41,42].
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FIG. 1. Schematic depiction of the model. (a) Visualization of Russel-Saunders (RS) couplmg Top panel: An electron in black carrying
its spin S in blue orbiting around the atom core in gray with the orbital angular momentum L. These angular momenta couple on the atomic
level via RS coupling with the coupling parameter A. This repeats at each atomic site. Bottom panel: The RS coupling is distinct from the
exchange coupling J between the spins of electrons at different sites S; and S;. (b) Visualization of nutation from coupled precessions. The
spin magnetization M in blue and the orbital magnetization M in red each precess around their effective magnetic field H; for Mg and H,

for M, in green.

Evaluating the magnetization dynamics, we find that the OAM
degree of freedom indeed gives rise to a high-frequency mag-
netization dynamics mode, besides the expected FMR, which
could be identified as spin nutation. Furthermore, the magne-
tization precession sense of this nutation mode depends on the
sign of the RS coupling. We also find that the magnetization
associated with the nutation mode excitation becomes small
in the limit of small OAM. This is consistent with the nutation
mode being hard to measure due to its reduced coupling to
the external drives or environment. The same inference is
further corroborated by evaluating the dynamical magnetic
susceptibility in Appendix A and finding it to be small for the
nutation mode. This also answers the question posed above
from a purely theoretical standpoint: we have been able to
ignore the small OAM in studying magnetization dynamics
because the additional mode contributed by the presence of
OAM hardly couples to external drives.

In Sec. IV, we derive an effective dynamical equation for
the spin magnetization by eliminating the OAM from the
coupled two-sublattice dynamics [55]. Making the approxi-
mation relevant for actual materials, that RS coupling is much
stronger than applied fields and that OAM is much smaller
than the spin, we obtain an effective equation that contains
the spin inertia term in addition to a comparable nonuniversal
contribution that depends on the magnetic anisotropy. Em-
ploying the resulting expression for the inertia parameter « in
Sec. V, we obtain estimates in reasonable agreement with the
experiments conducted on cobalt providing further confidence
in our assumed origin of the spin inertia.

Our analysis brings a key point to attention: How should
one distinguish an “optical” mode in a two- or more-sublattice
ferromagnet from a spin nutation mode. This is especially
pertinent since many of the magnetic materials, such as the
garnets, have two or more sublattices. To address this issue,
our theoretical analysis in Sec. VI suggests measurement of
the alleged nutation resonance for different applied magnetic

fields. We find that the effective g-factor, obtained via the
slope of the mode dispersion with the applied field, is ex-
pected to be around 1 for the OAM-based nutation mode. On
the other hand, a spurious optical mode stemming predomi-
nantly from spin magnetization in a two- or more-sublattice
ferromagnet will manifest a g-factor close to 2. This same
measurement can be used to test whether or not OAM is
the origin of the observed high-frequency nutation mode. We
conclude with discussion and outlook in Sec. VI. If OAM
is indeed confirmed as the origin of spin inertia, we antici-
pate effective approaches for controlling it using the recently
established knobs of the steady-state OAM content via orbi-
tronic techniques, such as orbital pumping via magnetization
dynamics [56].

III. COUPLED SPIN AND ORBITAL MOMENTS
AS A TWO-SUBLATTICE MAGNET

We know that for every atom, each of its electrons con-
tributes to the magnetic moment with its spin (s) and orbital
angular momentum (OAM) (/) [42,57,58]. For lighter atoms,
the Coulombic-origin s — s and / — [ couplings among the
electrons dominate over the spin-orbit coupling (I — s) [59].
So, all individual electron spin angular momenta of an atom
combine to form the total spin vector (5), and all individual
orbital angular momenta combine to form the total OAM
vector (L). Then an effective coupling between L and S is
considered, which is also known as Russell-Saunders cou-
pling (RS coupling) [49-52]. In the conventional description
of magnetism, the OAM is disregarded as it is quenched by the
crystal field and expected to be much smaller than the spin. In
this section, we take the resulting small OAM explicitly into
account treating it as a second magnetic sublattice.

In our model ferromagnetic system, we consider magne-
tizations due to the total spin and OAM to be 1\715 and 1\7IL,
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respectively, as

N 1 . e 1.
M = — —S = — D,
s |J/S|VA 8s 2 Vi
1\—»/[ _ | | 1 I—; _ e II—;
L= —IVL A =8L 2m, V,

where the y, (L = L, S) are the respective gyromagnetic ra-
tios that depend on the Landé g-factors gg =2 and g, =1,
as well as the negative electron charge e~ and the electron
mass m, [42,57,58]. V4 is the volume of the primitive unit cell,
so that 1/V, Sand 1 JAZ L are the material’s spin and OAM
densities, respectively.

When the outer shell of an atom is less than half-filled,
L becomes antiparallel to S, giving rise to antiferromagnetic
RS coupling. Similarly, for atoms whose outer shell is greater
than half-filled, the interaction between L and S becomes
ferromagnetic in nature [49]. To cover both of these situations,
we write the free-energy density due to their interaction as
—5,AMj - M. Here A is the positive RS coupling parameter.
5, 1s used to represent the nature of the coupling with sp = +1
for ferromagnetic and s4, = —1 for antiferromagnetic cou-
pling.

Before proceeding further, we pause to note the validity,
limitations, and potential generalizations of our assumed two-
sublattice model for the total spin and OAM at each magnetic
ion. Conveniently, direct analogies exist between our assumed
two-sublattice model and similar effective treatments of multi-
sublattice ferrimagnets, such as YIG [60] and GdIG [61]. Our
model is valid when the Coulombic-origin s —s and [/ — [
exchange couplings are much stronger than all the other en-
ergy scales including the relativistic-origin RS coupling [42],
frequency of the magnetization mode, and temperature. This
assumption is expected to hold in a broad range of materi-
als and conditions. Furthermore, since the magnetic ordering
critical temperatures are roughly equal to the weakest inte-
rion spin-spin exchange energy, the typically stronger intraion
spin-spin exchange renders our assumed model a good ap-
proximation even close to the ordering temperature. Making a
direct analogy with the modeling of multisublattice ferrimag-
nets via a two-sublattice model [60,61], our considerations
here can be further generalized to capture even higher fre-
quencies comparable to the intraion s — s and [ — [ coupling
scales by allowing for more than two sublattices that account
for s — s and [ — [ couplings explicitly.

Now, we describe the dynamics of the magnetization
unit vectors (Mg = M /Mgy and m;, = M, /My, with Mgy =
|1\7[S| and My = |1\7IL|) employing the LLG framework
[2,35,62-67]. There we take the macrospin approximation,
assuming uniformity of the individual magnetization in space,
to focus on the zero wave-number modes. The LLG equa-
tions for the magnetization vectors of the two sublattices with
intra- and cross-sublattice damping terms are [62,64]

mg = —|ys|ig x woHs + agsthg x Mg + ag g x g, (2)
m;, = —|y. iy x poHyp + opsiy, x g + oz iy, x My, (3)

where o is the vacuum permeability, ogg, op; are in-
trasublattice Gilbert damping parameters, and og;, ors
are cross-sublattice Gilbert damping parameters [62] with

asr/|vsIMro = ars/|yeLIMso. Solving these equations, we will
be able to calculate the eigenfrequencies and eigenmodes of
the system. The effective magnetic fields H, (L=L,S) are
calculated from the magnetic free energy F as its variations
with respect to the components of the magnetic moments
[3,35,63-71]:

6F
SM i

I’LOHﬁk = - (k =X, Z)' (4)

While the framework is general, we consider the following
free energy for concreteness [62]:

F= / (—noHp - (Ms + M) — KsMZ,

— KM}, — s,AM - M )dr?, 5)

where the first term describes the effect of external magnetic
field H , the second and third terms describe the energy due to
easy axis anisotropy with the positive anisotropy parameters
K., and the last term describes the energy due to the RS
coupling between M, and M.

A. Resonance frequencies

To analyze the high-frequency mode [16,27,72,73], as a
first test of our model, we calculate the eigenfrequencies of
this two-sublattice magnet by solving the LLG equations in
Egs. (2) and (3) [35,63-66]. The external magnetic field is
assumed to be along the anisotropy axis as H, = é.Hy. We
look at the limit of small excitations from the equilibrium
configuration, where both magnetic moments are positioned
parallel or antiparallel, depending on the sign of RS coupling,
along the z-axis. So, the magnetic moment can be approxi-
mated as [35,65,66]

N MSx N MLx
Mg=|Ms, |, My=| My |, (6)
My S,Mpo

where M., Mz, < Mro. We assume Mg < Mgo because the
OAM in crystal structures is quenched as a result of the broken
rotational symmetry [40,42]. As a result, M, is largely gov-
erned by the RS coupling while M remains close to parallel
to ﬁo.

We can decouple the set of four equations for Ms,, Ms,,
My, and My, into two sets of two equations by transforming
the components of the magnetic moments into the circular
basis as My = M, + 5.iM,, where the index ¢ distin-
guishes between the right-rotating mode with s, = —1 and
the left-rotating mode with s; = +1. We then take a Fourier
ansatz with My, = M. with the mode amplitude M ..
and the mode frequency v to find the solutions. Relegating
the detailed mathematics to Appendix B, the LLG equations
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FIG. 2. Dependence of the precession and nutation frequencies for ferromagnetic and antiferromagnetic RS coupling on the relative
strength of A (a) and M;, (b). For a typical material, A/Kj is estimated at 10* such that the two frequencies are far apart from each other. The
parameters are chosen to represent typical material values [42,74] at Mgy = 1.5 JT~' em™3, M;o/Mso = 0.1, Ks = K, = 2.5x 102 cm®* T2 T,
woHo/KsMso = 2, |yil = 1.76x10'" s™'T™" and |ysl/|y.] =2 for (a) and Mg = 1.5 JT'em ™, Ky = Ky = 2.5%1072 em3T2J ',
woHo/KsMsy = 2, A/Ks = 40, |y,| = 1.76x 10" s~'T", and |ys|/|y.|=2 for (b). For w4, the absolute value is depicted to maintain
comparability; as a result, there appears to be a crossing of w,; and wa,, but this is only a consequence of the visualization and has no

physical meaning.

[Egs. (2) and (3)] are simplified to

. . M
5.V — Qg — ivags Solys|AMso — ivasL it \ (M) 0 7
. M . =
|VL|)\ML0 - 5olvaLSM_§8 ScV — 5OQL — Solvarr MLC ’

where we have defined

Qg = |ys|(AMpo + 2KsMso + poHop),
Qp = |yLl(AMso + 2K Mo + So100Ho). (8)

To obtain analytically useful results, we assume the Gilbert
damping parameters to be small compared to the other param-
eters. Now, for a nontrivial solution we set the determinant of
the matrix in Eq. (7) to zero and solve for v. We expand the
solutions up to the linear order in the Gilbert damping or mode
damping. As we find more than one solution, they are labeled
by von, Where the index o distinguishes between ferromag-
netic and antiferromagnetic RS coupling and n distinguishes

J

(

between different solutions of Eq. (7). These solutions differ
by the sign of s. and an additional sign s, (@ = +, —), which
arises for algebraic reasons. With this we can define the four
different values of n:

(1) n=1,whens, =+1ands, = +1.

2) n=2,whens. = +1ands, = —1.

(3) n=3,whens, = —1ands, = +1.

4) n=4,whens, = —1lands, = —1.

The solutions are complex and we write them as
Von = Won + iW,n. Identifying the real part with the frequency
and the imaginary part with the damping of the modes [62],
we evaluate the frequencies for ferromagnetic and antiferro-
magnetic RS coupling as

5e(Qs + Q1) — 50v/ (25 — Q) + 432 sl [y IMsoM 1o

Wy = > ; )]
50(Qs — Q1) + 5av/(Qs + Q1) — 402 ysllye IMsoMio
WAn = . (10)
2
[
We find w,; = —wy and w,, = —w,3. Because of our ansatz, as the two unique solutions. The variations of these mode

the sign of w signifies the sense of complex rotation. Fur-
thermore, a left-rotating mode (M,;) and a right-rotating
mode (M ,) with opposite sign of complex rotation but the
same total frequency add up to one real mode. This mode
has clockwise rotation around the z-axis if the frequency of
M, is negative and anticlockwise rotation if it is positive
(see Appendix C). Therefore, we only consider w,; and w,

frequencies with the RS coupling strength A and M for fer-
romagnetic and antiferromagnetic cases are plotted in Fig. 2.
For convenience of discussion, we refer to the two modes as
precession and nutation.

For the frequencies calculated for ferromagnetic RS cou-
pling in Eq. (9), we find that both wr; and wp, are positive
[Fig. 2(a)], which means that for these modes the vectors
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Ms and M, rotate counterclockwise around the z-axis
(see Appendix C for the calculation of sense of rotation). We
further find wr; < wpy (as seen in Fig. 2) which causes us
to identify wp; as the typical FMR precession frequency and
wr7 as the nutation frequency [27,72,73]. For realistic values
of A, the precession mode frequency is independent of the RS
coupling. This is consistent with the expectation that the FMR
does not depend sensitively on OAM.

For frequencies calculated for antiferromagnetic RS cou-
pling in Eq. (10), we find that w,; is positive and therefore
the mode’s net magnetization vectors rotate counterclock-
wise around the z-axis (Fig. 2). However, w4, is negative
and the mode’s net magnetization vectors rotate clockwise
(see Appendix C). We again find that if we increase A, wy
remains independent but w,, increases [Fig. 2(a)]. Thus, the
precession sense of our identified nutation mode depends on
the sign of RS coupling.

If, however, we vary the ratio Myo/Mso, the magnitude
of the frequency increases for the precessional mode and
decreases for the nutation mode. Basically, with increasing
|My|, the external field will try to align My, along it which
will significantly perturb the antiparallel state. So, the pre-
cessional frequency (w,)) is also affected here, which was
not the case for the ferromagnetic coupling wg;. Thus, here
the nutation mode behaves differently from the case of ferro-
magnetic coupling wp;. For realistic materials, we anticipate
Myo/Mso < 1.

B. Nature of the eigenmodes

We now investigate the magnetization dynamics corre-
sponding to these resonance modes. As the orbital magnetiza-
tion is much smaller than the spin magnetization, we introduce
the small parameter £ = My/Msy < 1 and linearize the fre-
quencies in Eqgs. (9) and (10) by expanding them in £ and only
keep terms of the first order. For ferromagnetic and antiferro-
magnetic couplings, the cases are discussed separately in the
following.

1. Ferromagnetic RS coupling

For ferromagnetic RS coupling, the linearized frequencies
become

wr1 = 2|ys|KsMso + |ys|ioHo

2|ys|KsM. — H

‘yLllj/sl s soK-i-(I)/sl ‘ |‘J/L‘|M0 0) Mo, (1)
Mgy — 25 Mg, Ys VLIM H,

Tysl A Alysl

wrpy = Alyr|Mso + |yiloHy + <2|)’L|KL

n A2 lysllyLlMso
AMyrIMso— 2|ys|KsMso— (lys| —

M.

(12)

IVLI)/LoHo)

They allow us to see that in the limit of small My, the
precession frequency wp; is nearly independent of the RS
coupling parameter A, whereas the nutation frequency wg;
grows linearly with it [see Fig. 2(a)]. Generally, wp; appears
to be the slightly corrected FMR precession frequency of M
with the first two terms being the expected FMR frequency

[75,76]. On the other hand, wp, strongly depends on the RS
coupling and is dominated by the term A|y|Mgg. Therefore,
wp, remains larger than wp, even at very small values of M.

To calculate the mode’s magnetization, we insert Eqs. (11)
and (12) into Eq. (7). Thus, we obtain the following relations
between the total amplitudes of the spin and OAM (Mg, and
M) of the modes as

= —MLFl, Mspor = —mCFMLFz (13)

Cré lyel
This result for the left-rotating circular mode also comes out
as the same for the right-rotating circular mode. We have
defined

Mk

AlyLIMso
MyeMso — 2|ys|KsMso — (lys| — lveDioHo
~ 1. (14)

Cr =

For strong RS coupling, where X > Ky + woHy /My, as is
suggested by the values of A for single atoms [77] (see
Sec. V for a detailed discussion), we find Cr ~ 1. As seen
in Fig. 2(a), this approximation is consistent with a large sep-
aration between precession and nutation frequency. We also
introduce an additional small parameter 7 that quantifies the
relation between the excitation of the magnetization modes
and the total magnetic moments as Mg, = nMp,. With this,
we can write the single-mode excitations in the ferromagnetic
system as

& cos(|ar |1)

Msr1 = "7‘ L sin(lwr [) My,
1
. §lnlcos(lwr:t)
Mir1 = | &lnlsin(Jop|t) | Mso, (15)
3
Cr {L1€ 1] cos(|wp2 1)
Msra = | Cp 848 n| sin(lwpalt) |Mso-
1
. —&lnl cos(|wrat)
M.r2 = | =§Inlsin(jopa|t) | Mso. (16)

3

A detailed derivation of the above expressions can be found
in Appendix C. We also calculate the excitation angles

0 = arctan(,/M? + MyZ/MO) as

Inl
fgr1 = arctan ,
sF1 = ( Cr

Osr2 = arctan (CF :V—S:EIUI) OLr2 = arctan(|n[). (17)
We can further simplify the mode profiles using Cr ~ 1 and
|vsl/lye| = 2 and have depicted this in Figs. 3(a) and 3(b).

It becomes clear that for the FMR precession mode, the
spin and orbital magnetic moments have similar excitation an-
gles and their projections on the x-y plane are always along the
same direction [Eq. (15)]. This means that for the precession
mode, the magnetization of spin and orbital angular momenta

Orr1 = arctan(|n]),
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2
Mg
V] L A 1\_/)IL
1>
(c) (d)

FIG. 3. Depiction of the simplified magnetization mode profiles
using ‘lyS “ =2and Cr = 1,C4 ~ 1 with (a) the ferromagnetic preces-
sion mode with wg, (b) the ferromagnetic nutation mode with wg-,
(c) the antiferromagnetic precession mode with w,;, and (d) the fer-
romagnetic nutation mode with w,,. m in (b) and (d) is the magnetic

amplitude in 1\7[L.

is locked practically parallel. Because of their similar angles
but very different amplitudes, we will call their relationship

“angle-like.”
For the nutation mode, the excitation amplitudes
follow the relation |Mgpy| & 2| Myppa| and  their

projections on the x-y plane are in opposite directions
[Eq. (16)]. So, this mode acquires a net amplitude of
Mz = |Msra| = |Mipa| & 5| Mspal & | My This also
means that the total magnetization amplitude is much smaller
for the nutation mode than it is for the precession mode,
as it is directly limited by My, < Mo < Msy. Because
the nutation mode has closely related amplitudes for the
sublattices while they are at very different angles, we call
this relationship between the sublattices “amplitude-like.”
Furthermore, since |ys|/|yr| &~ 2, the angular momentum of
spin and orbital magnetic moments always cancel each other
on the x-y plane. This means that the mode has vanishingly
small angular momentum. The vanishing angular momentum
and unquenched OAM-limited small magnetic amplitude
helps to understand why the nutation mode is harder to detect
and does not couple well with external drives [75,78,79].

For the RS coupling considered to be ferromagnetic here,
the FMR and nutation modes bear magnetization precession
in the same sense. This contrasts with the previous assessment

[80], assuming a positive spin inertia parameter, that nutation
and FMR modes precess in opposite senses. This difference
is attributed to the sign of the spin inertia parameter being
positive for antiferromagnetic RS coupling as we now discuss,
and as derived in Sec. IV below.

2. Antiferromagnetic RS coupling
For antiferromagnetic RS coupling, the linearized frequen-
cies are

wa1 = 2|ys|KsMso + |ys|ioHo

B ( 2|ys|KsMso 4 (Ivs| — |yelmoHo)

lyel K lysl—=lyel
st Mso + 25 Mso + 51 toHo

)MLo, (18)

wa2 = —A|yL|Mso + |yelmoHo + <—2|VL|KL

A2 lysl v Mso
|)/L|)»Ms0 + 2|ys|KsMso + (Jys| —

M.
19)

|J/L|)M0H0>

These relations differ in some details from that of the ferro-
magnetic case in Egs. (11) and (12), most notably the sign
and therefore sense of rotation of the nutation frequency wy;.
On the other hand, their dependence on the magnitude of the
RS coupling parameter A (as leading contribution) remains the
same as for ferromagnetic case.

Here we calculate the following relations between the mag-
netizations of a mode:

|ysl
MSA] = _ﬁMLAlv MSAZ = |yi|

Similar to the ferromagnetic case, the results are same for the
left- and right-rotating mode. We have defined

AlyrlMso
MyeIMso + 2ys|KsMso + (lys| — lycDioHo
~ 1, 2D

CaMps2, (20)

Cy =

where the last approximation is again due to the RS coupling
being stronger than anisotropy and typical applied fields. We
then introduce an additional small parameter n, which is de-
fined via My a, = nM to calculate the mode profiles as

Ci cos(|wailt)
l

Mgsa) = sin(|wai|t) |Mso,
1
3 —&|n| cos(|warlt)
Mpar = | —&|n| sin(lwa;|t) | Mso, (22)

—§

lyel

—&[n| cos(lwazlt)
&Inl sin(Jwaz|t)
—&

:;“lgmlcos(lwf\zh‘)
Msaz = | —Cy L2l | sin(|waalt) | Mso-
1
( Mo, (23)
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and excitation angles

nl
Oga1 = arctan [ — |,
Al ( Ch

542 = arctan (CA :)J:—S||§ Ir/I), Oraz = arctan(|n[). (24)
L
The magnetization profiles using C4 = 1 and |ys|/|yL] = 2
are shown in Figs. 3(c) and 3(d).

Similarly to the ferromagnetic case, in the FMR precession
mode, we find that the spin and orbital magnetizations are
locked antiparallel with the same excitation angles, making
their relationship angle-like. The amplitudes of the dynamical
components for the nutation mode follow the relation Mgsr ~
—2M 42, making the relationship amplitude-like. Accord-
ingly, we again find that the nutation mode caries vanishing
angular momentum and its magnetization amplitude is small
and limited by the smallness of M} y. However, for the consid-
ered case of antiferromagnetic RS coupling, the nutation and
FMR modes precess in the opposite senses, consistent with
previous findings [80].

With this, we conclude our discussion of the magnetization
modes for both ferromagnetic and antiferromagnetic RS cou-
pling including frequencies and mode profiles. Despite few
obvious differences and notably the opposite precession sense
of the nutation mode between the ferromagnetic and antifer-
romagnetic RS coupling cases, the two cases behave quite
similarly. The smaller FMR frequency is largely independent
of the strength of the RS coupling, and the magnetizations of
the precession mode have an angle-like relationship. This can
be seen as the recovery of typical magnetization dynamics that
disregards OAM altogether. The larger nutation frequency,
on the other hand, is dominated by the RS coupling. The
mode’s magnetizations have an amplitude-like relationship

J

Ora1 = arctan(|n]),

(M - noHyL + 5,AM; - My )uoHy

2Ks(Ms - poHy )M @,

that limits their maximum amplitude due to the smallness of
the unquenched OAM and suppresses their coupling to the
external world.

IV. DERIVING A SPIN INERTIA TERM

Our two coupled first-order differential equations for M
and M, should reduce to a single second-order differen-
tial equation upon elimination of M, [81]. Such a reduced
equation is expected to be identical to the usual LLG equa-
tion, which has been amended with the phenomenological
spin inertia term bearing a second-order time derivative
[6,7,19,63,67,80,82,83]. Since our two-sublattice model em-
ploys transparent microscopic physical variables, it should
enable a microscopic evaluation of the nutation parame-
ter k. With this motivation, we now derive the dynamical
equation for M by eliminating M, [2,55] and making the
approximations—RS coupling is large and OAM is small—
relevant for typical materials.

Neglecting Gilbert damping, we obtain from Eqgs. (2) and

3)
Mg = —|ys|Ms x poHp
— |ysI2KsMs x Ms,é, — s,|ys|AMs x Mz, (25)

My, = —|yIM; x poH,
— [VLI2K Mg x M€, — S,y |AMp x Mg.  (26)

First, we calculate Mg x Mg from Eqg. (25) and insert Eq. (26)
into the result. We can then solve for MSXML, insert this

result into Eq. (25), and solve for 1\7[5 to obtain the exact
solution (see Appendix D for details)

Ms = —|yLllys|Ms x . i - -
lveIMs - woHz + |ys|Ms - oHs

M5XMS

|y M - oHy + |ys|Ms - poHs

520Ky, (Ms - My )M} .8,
|y.IMs - woHL + |ys|Ms - joHs

2Ks|ys|Ms x (Ms x Ms.&,)

oM - oy + |ysIMs - oHs |y IMs - poHy + |ys[Ms - oy

Here we employed

oHs = 5,AM; 4 uoHy + 2KsMs.@., (28)

ol = s,AMs + woHo + 2K, My &., (29)

as the effective magnetic fields experienced by spin and orbital
magnetic moments, respectively.

We can then use that A is much larger than any other
factors to assume that the RS coupling locks M; and M near
parallel or antiparallel (see Appendix E) and expand all terms
in orders of A, only keeping the highest. We will further use
Mgy > My to only consider terms up to the first order in
Myo/Mso. Making these approximations and retaining terms
up to the linear order in the dynamical components of the

27)
[
magnetization, we obtain the dynamical equation
o _ _ K - -
Ms ~ —|yg|Ms x ptoHesr + ——Ms x Mg
Mso
K - _ -
+ 2[ys|Ks ——Mg x (Mg x Mj.€;), (30)
Mo
where
5,M.
K= — A . (3D
AMso(yLIMso + solysIMro)
lye|(Mso + 5oMpo)
lysl = . lysl, (32)
lyLIMso + S0l vs|MLo
M
K} = 0 K, (33)
Mso + s,Mpo
poHer = pwoHy + 2K5Ms @, (34)
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In the equations above, « becomes the nutation parame-
ter and y¢ and K are the new total gyromagnetic moment
and anisotropy constant, respectively. (For more detailed
expressions, see Appendix F.) The new gyromagnetic mo-
ment y{ obtained above agrees with its expected value
from Einstein—de Haas experiments [42,55]. The dynamical
equation (30) derived above essentially matches the phe-
nomenologically proposed equation including spin inertia
[6,7,19,63,67,80,82,83],

MM ol + N SV 3

T lyIM X 1o eff+M_SO X (35)

It only differs in the term 2|ys|Ksk /Msg 1\7[5 X (1\715 X Mszéz),
which depends on our assumed anisotropy and is, thus,
nonuniversal.

Thus, we obtain the approximate and linearized dy-
namical equation (30) for the spin magnetization with the
effective parameters expressed in terms of microscopic quan-
tities via Egs. (31)—(34). Our analysis recovers the universal
spin-inertia term, introduced phenomenologically in previ-
ous studies, and suggests the existence of an additional
nonuniversal term that depends on the anisotropy landscape.
Furthermore, the sign of our evaluated spin inertia parameter
depends directly on the sign of RS coupling, which further
correlates with the precession sense of the nutation mode
discussed in Sec. III above offering a key experimental test
and observable [80]. Specifically, the spin inertia parameter k
is found to be positive for antiferromagnetic RS coupling.

Finally, the dependence of the spin inertia parameter ¥ on
the net OAM magnetization My as per Eq. (31) uncovers a
way to control spin inertial via M; in a nonequilibrium steady
state. This could be achieved using various means including
orbital pumping via GHz range magnetization dynamics exci-
tation [56], which would then directly control spin inertia.

V. ESTIMATING THE INERTIA CONSTANT

To estimate values for the nutation frequency and constant,
we limit ourselves to the leading contribution, which is the
RS coupling. We can write the results from Eqgs. (12) and (19)
unified as

@ = 5pA(|yLIMs0 + Solvs|Mio), (36)
while « can be found in Eq. (31). Assuming My < My,
we can approximate Mgy as equal to M), the total satura-
tion magnetization. For a more precise calculation, Mo can
be calculated from the the different gyromagnetic ratios and
g-factors, i.e., g from FMR measurements [84,85] and g
from measurements of the Einstein—de Haas effect [42,86,87].
These g-factors are calculated as

Mo + s,Mpo , Mso+5s,Mpg
=— " §8=7T————> 37
7 Mso 7Mso + 5oMyo
which allows us to obtain
M Lo & -1 (38)
=5,~ 2 —1).
10 7 Mso 7

With these, we can calculate the nutation frequencies as

1 8
@2 :50_)‘-MSO|VS|E' (39)

2
Alternatively, M;, can be estimated from just one of
the Landé g-factors as My =~ s,Mso(g/2 — 1) or My~
s,Mgo(1 —g'/2) [42].

If we use RS coupling values of the single cobalt
atoms (7.7454x 1072 J) [77], cobalt’s atomic mass (58.9 u)
[88], values of g=2.21 and ¢ = 1.85 for cobalt metal
[42], the density of cobalt (8.834 g/cm3) [89] to calculate
A =139.3 cm®T?/J and cobalt’s saturation magnetization
(1.45 J/T/cm®) [74], the resulting nutation frequency as per
our OAM-based model becomes wco =~ 38.7x10'2 s~1,
which is only slightly bigger than the experimental values
(8.2x10"2 s~ 8.8x10'2 57!, and 13.1x10'2 s~!) that were
measured as nutation resonances in thin cobalt films [7]. The
minor discrepancy here is not unexpected, as the strength
of the RS coupling differs between free atoms and atoms
in crystals [90,91] and also depends on the exact electron
configuration [77].

If we instead use values of A that were experimentally
obtained for Co?* in CoO (A = 47.1 cm? T?/J) [54] for our
calculation in cobalt metal, we find wc, = 13.1x10'2 71,
which agrees better with the range of the experimental results
from 8.2x10'% to 13.1x10'? s~!. Using the same values, we
obtain k¢, & 76.3 fs, which again shows reasonable agree-
ment with the experimental values of 75, 110, and 120 fs [7].
Thus, our OAM-based analysis of spin inertia and nutation
seems to be effective for cobalt as a case study.

VI. DISTINGUISHING THE NUTATION MODE FROM
THE OPTICAL MODE IN A TWO-SUBLATTICE
FERROMAGNET

High-frequency resonances, identified as spin nutation,
have been measured in composite ferromagnets such as
permalloy [27], which comprises of nickel as well as iron.
Such a ferromagnet will have two or more atoms in its unit cell
making it a two- or more-sublattice ferromagnet. Furthermore,
many of the widely used magnets, such as the garnets and ma-
terials commonly used as permanent magnets, bear more than
one sublattices. Thus, these necessarily harbor high-frequency
optical magnonic modes. This assessment is based on the
general principle of counting the degrees of freedom. Thus,
it is inevitable that magnetic materials harbor high-frequency
modes which could be misidentified as nutation. Employing
the wider applicability of our two-sublattice model, we now
examine this question and delineate a way to identify the spin
nutation mode.

As a simple case study, we compare our model with a
two-sublattice ferromagnet harboring equivalent sublattices.
The latter case is signified by labeling the two sublattices as
A and B while the intersublattice ferromagnetic exchange is
denotes by replacing the A with J. With these replacements,
our considered nutation and a spurious optical modes can
still be evaluated using Eq. (9). On the one hand, we may
distinguish them based on the quantitative difference in their
frequencies. In most materials, one expects the intersublattice
exchange J to be much larger than the RS coupling, which
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translates to a much higher frequency for an optical mode as
compared to a nutation mode. However, this approach requires
knowledge of these exchange and RS coupling strengths to be
sure.

As a better alternative, we propose to examine the depen-
dence of the mode frequencies with the applied magnetic field.
In the limit of My <« Mjy and using Eq. (12), we obtain the
nutation mode frequency as

wry = AMyrlMso + |yiloHo + <2|VL|KL

A2 M
n lysllyLIMso )Mw’
AlyeIMso— 2|ys|KsMso— (lys| — [y DuoHo
(40)
~ AlyLIMso + |yLloHo, (41)

from which we see that the dispersion of the mode frequency
dwr/(odHy) takes the value |y, | signifying the OAM ori-
gin of this nutation mode. On the other hand, the optical
mode in a two-sublattice ferromagnet is obtained in the limit
Q4 —Qp~0andJ > Ky p as

Q4 + Qp
wFy R — + JV vallyslMaoMpo
N 1 (Qu — Qp)°
4/ |vallys|MaoMpo 2 '
J(lyalMpo + lvgIMao)
~ e e + JV/ | vallys|MaoMpo

2

(42)

(Iyal + lysDmoHo
2 9
43)

+ |yalKaMao + |yp|KgMpo +

which shows that the mode dispersion is now dwg;/
(t09Ho) = (Iyal + 1781)/2  lys, considering that spin re-
mains the dominant contributor to the magnetization.

Thus, we see that if the nutation mode is indeed caused
by OAM, we should find the corresponding effective g-factor
from the magnetic field dependence of the mode frequency.
On the other hand, the effective g-factor will correspond to
that of spin if the mode is an optical mode in a symmetric
two-sublattice magnet. The case of optical modes in a mul-
tisublattice magnet or an asymmetric two-sublattice magnet
should be evaluated separately when considering a specific
material of interest. Despite potentially different details, our
suggestion of examining the mode’s magnetic field depen-
dence promises to offer valuable insights into its physical
origin.

VII. DISCUSSION AND CONCLUSION

In summary, we have examined a natural possibility that
the unquenched orbital angular momentum (OAM) leads to
an additional mode in the magnetization dynamics, which
could be identified with spin nutation and described via the
spin inertia term introduced phenomenologically in previ-
ous works. This analysis allowed us to obtain an expression
for the spin inertia parameter, which was evaluated to
be in reasonable agreement with the experimental obser-

vations of the spin nutation mode in cobalt. We further
employed generic principles, such as counting degrees of
freedom and resonance modes, in outlining strategies for
avoiding misidentification of optical modes as spin nutation.
Furthermore, we propose experimental signatures to test or-
bital angular momentum as the origin of spin inertia and
nutation.

Specifically, we find that a control over the spin inertia via
the nonequilibrium average OAM induced by orbital pumping
[56] offers a promising avenue for confirming OAM as the
true origin of spin inertia. As per our analysis, such a change
in the average OAM should directly affect the visibility or the
dynamic susceptibility of the spin nutation mode while leav-
ing its frequency largely unchanged. Alternately, measuring
the effective g-factor of the spin nutation mode by recording
its frequency versus applied field should offer a strong indica-
tion of OAM being at its origin.

If validated by experiments, our proposed model will pro-
vide a microscopic understanding of spin inertia and nutation
thereby enabling prediction for a wide range of materials. To
this end, however, a determination of Russel-Saunders spin-
orbit coupling for the materials will be needed. This could
be accomplished either via first-principles calculations or by
other experimental measurements.

Our analysis here establishes a direct link between the
spin inertia parameter and the net OAM content in the
magnet, which is negligibly small in nearly all materials.
However, the recently emerged field of orbitronics suggests
that this OAM content can potentially become large in a
driven system. Thus, if OAM is indeed confirmed to be the
origin of spin inertia, we envisage an effective control of
the spin inertia and nutation by altering the OAM content
in the magnetic material via recently discovered orbitronic
techniques.
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APPENDIX A: DYNAMICAL MAGNETIC
SUSCEPTIBILITY

One reason why spin inertia is a relatively new discovery is
that the nutation resonances could not be seen in FMR exper-
iments [75,78,79]. With our model, this absence of nutation
mode in experiments can also be justified.

To calculate our expected result for a FMR experiment, we
choose the external magnetic field in Eq. (5) as

ﬁO = HOéz =+ h() COS(C()I )éx, (Al)
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and calculate the dynamic magnetic susceptibilities (], ) of the eigenmodes. These are the eigenvalues of the susceptibility
matrix X, from the relation

Mg\ o (ho
For ferromagnetic and antiferromagnetic coupling, these eigenvalues are calculated as
Qs — 5.0 o QL —s.w o
M =2 e L iYL
lysIMso lysiMso — |yelMro lyLIMro
-1
—s \/(QS 80 |, Oss _ SLT s o )2 +4<)\ — i —t )2 (A3)
‘ lys|Mso lysiMso — |yLIMro lyeIMro lvsIMLo ’
, Qs — 5.0 . ogg Qp+s0 . o
XAn = iw iw
lysIMso lysiMso — yLIMro lyeIMro
-1
+s \/<QS P S T )2+4(k+iw oSt )2 (Ad)
‘ lVs|Mso lysiMso — yLIMro lyLIMLo lvs|MLo

As magnetization measurements are not usually able to differentiate between the magnetization of the different sublattices, we

also calculate the eigenvalues of the total susceptibility matrix X; in the following relation:
M = X; cos(wt)tohoy, (A5)

where M = 1\713 + 1\7IL. We have to find how the sublattices combine in the eigenmodes of X;. To do so, we linearize x /En in the
limit Mgo/Mpo > 1 and therefore

Qr—sw . ass Qs — 5.0 orp . oasp
= iw — 5, s A+ iw , (A6)
lyLIMro lys|Mso lys|Mso lyLIMLo lys|Mro
which allows us to calculate the eigenmodes and find the real susceptibilities as
Q5.0 . o Q-5 - ass s asy
XEn = 1 Z [yLIMro +io lyLIMpo |ys|Mso lwIJ/SIMso + 5 ()L lw|V5|ML0) X, (A7)
n — Fn>
2 \/ Q—s5.0 Qs—5.0)2 arr ass )2 2 asp \2
e=nl ( velMw — TysiMso ) + (w velM — w IVslMso) +A%+ (w \VS\MLO)
Qrt+s.0 s an Qs—s5.0 ;o _dss ; asL
_ 1 |yLIMro + lyLIMro + lys|Mso + lys|Mso + 5 ()\ + lwlyslMLo) ’ A8
Xan =3 XAn> (A8)

— Q+s.w Qs—5.0 2 (993 oss 2 2 asy, 2
e=nl \/( Vi T \mMm) + (o5 +o )+ 22+ (o )

lys|Mso lysIMro

where xj, mostly contain the interaction between the res-
onance frequency and damping. The corrections in x,
meanwhile contain the different coupling of the modes to
external fields due to their different projections of the external
field hoéy onto the eigenmodes. The total susceptibility x;
is then the sum of the susceptibilities of the two modes x;;
and y,. It is a complex value where the phase determines the
phase difference between the magnetization and the driving
field, and the norm gives the strength of the magnetization.

The dynamic susceptibilities for ferromagnetic and antifer-
romagnetic coupling are plotted in Fig. 4 for different values
of L. We observe that at a particular value of XA there are two
peaks in the system both for ferromagnetic and antiferromag-
netic coupling. As X increases, the difference between the
peaks also increases. We attribute the peak at higher frequency
to the nutation mode and the one at lower frequency to the
precessional mode.

One can also find that for higher values of A, as is the
case in typical materials, the peak amplitude for the nuta-
tion mode is much smaller than that of the precession mode
[this is shown in the inset of Figs. 4(a) and 4(b)]. So, it

(

becomes quite clear why this peak is not captured in FMR
experiments.

Thus we find that the nutation frequency becomes harder
to detect, as for higher RS coupling its amplitude is much less
than that of the precession mode. Therefore, our model agrees
with experimental results.

APPENDIX B: DETAILED CALCULATION
OF RESONANCE FREQUENCIES

To derive Eq. (7) from Egs. (2), (3), and (5), we start by
evaluating the effective fields Hg and H; with Eq. (4) as

B
(B2)

1oHs = poHo#, + 2KsMsoé, + 5,AMy,
1oy = 11oHo®, + 5,2K; M@, + 5,AMs,

where we use the small excitation approximation for M, ~
M,. This gives us the differential equations

Mg, = —|ys|Ms,(poHo + 2KsMiso + AMpo) + soA|ys|MsoMy,

— agsMsoMs, — as MsoMy,, (B3)
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FIG. 4. Dynamic susceptibility |x.; + x| for (a) ferromagnetic and (b) antiferromagnetic RS coupling for A/Ks = 10 and A/Ks =
100. The other Parameters are Ks =K, =2.5x102em3T?T"', Mgy = 1.5JT"' em™, Myo/Mgo = 0.1, poHo/KsMso = 0.2, |y| =
L76x10" s7' T, |ysl/1ve|=2, ass/|ysIMsoKs = o /1ve|MoKs = 0.004, and asy./|ys|MpoKs = ars/lyr|MsoKs = 0.002.

Mgy = +|ys|Ms.(poHo + 2KsMso + AM1o) — Soh|ys|MsoMpx

+ assMsoMs, + asp MsoMy., (B4)

My, = —|yp|Myy(poHo + 2K Myo + 5,AMg0) + AlyL|[MpoMs,

— 5,01, MoMyy — 5,005M1oMs,, (B5)

My, = +yLIMp(1oHo + 2K Mo + 5,4Mso) — Ay, | MoMs,
+ s, MioMy, + $,01sMpoMs,. (B6)

Here we can define the circular modes
M[lc = M[,x +sciM£y’ (B7)

where the index ¢ distinguishes between the left-rotating
mode with ¢ =1/ and s; = +1 and the right-rotating mode
with ¢ = r and s, = —1. We can then use the definitions in
Eq. (8) and obtain two sets of two coupled equations:

My = 5.ilys|Mse Qs — sc50ik|ys|MsoMp,

+ sciassMsoMs, + scicts MsoMie, (B8)
MLL‘ = 5650i|yL|MLcQL - 5('i)"|VL|ML0MSc
+ §cSoiot  MioMpe + 505000 sMpoMse. (B9)

We can then make the ansatz M., = M .¢""" with the mode
amplitude M ;. and frequency v to write these equations as

SV Mse = |YsIMse Qs — 5oA|ysIMso M e

+ ivassMgoMse + ivasgMsoMp.,  (B10)
SV Mie = Solyr | MipeQL — Ay Mo M.
+ spivar MpoMie + seivapsMpoMs., (B11)

which can then be written as the matrix equation (7).

APPENDIX C: DERIVING A SENSE OF ROTATION
FROM FREQUENCIES

If we know the eigenfrequency w of the circular modes M,
where M; = M;e'” and M, = M,e™'®", we can recover the x
and y component as

1
2i (M 1 M r ) .
In principle, the amplitudes M; and M, are complex quan-
tities, but their phase just reflects starting conditions. We will
therefore choose them as real.

If we separate these expressions into their real and imagi-
nary parts:

1
M, = E(Ml +M,), My = (C1)

M, = %[Ml cos(wt) + M, cos(wt)]

+ %[M; sin(wt) — M, sin(wt)], (C2)
M, = %[M, sin(wt) + M, sin(wt)]
— é[./\/ll cos(wt) — M, cos(wt)], (C3)

we can use M; = M from the definition of the circular basis
(where * denotes the complex conjugate) and our real choice
of M, and M, to find M; = M, which results in real values
for M, and M,. We can then write the solutions for positive w
as

M, cos(|wlt)
M sin(|wlt) |,
M,

M= (C4)

which rotates anticlockwise, and for negative w as

M, cos(|w|t)
—M; sin(|wlt) |,
M,

M= (C5)

which rotates clockwise.
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Note that this result requires the frequency of M, to be the
negative of M.

APPENDIX D: DETAILED DERIVATION
OF THE SINGLE SUBLATTICE EQUATION

From Egs. (25) and (26), M x 16[5 is calculated as

M x IéIs = —|ys|Ms x (Ms x woH)

— 2lys|KsMs x (Mg x Mig,, + Ms x Ms,2,)

— s,lys|ANLs x (Mg x M, + Mg x My)  (DI)

—yslpo(Ms - ﬁo)l\;’l.s

—2/ys|Ks((Ms:&:Ms + Ms x (Vs x Ms,&,))

— 5, ysIA((M - M,)Ms + Mg x (M x My)),
(D2)

|

1.

where we used M - MS = 0. Next we can insert Eq. (26) into
Eq. (D2) to find

M x K}IS = —|yslpo(Ms - I?Io)l\;’ls
— lys2Ks((Ms:6.Ms + Mg x (Ms x Ms,2,))
— 5, |ysIA((Ms - M M)
+ 50l ys| |y (M- (oHo+KL My 8. +5,AMs)) Mg
x Mz — s,|ysl|yL|A(Ms - Mz )Ms

x (uoHp + KMy @.), (D3)

which we can be solve for MS x M, and insert into Eq. (29),

which we can then solve for 1\715 to find the exact solution:

(IyLIMs - (5,AMs + poHy + 2K M;.8,) + 5,21y Ms - M) ys|ioMs x Hy

VLM - (5,AMs 4 poHy 4+ 2K, M .&.) + |ysIMs - (5,AM, + oHo + 2KsMs.¢&.)
2Ks|ys|yLIMs - (5,4Ms + woHy + 2K My &,)Ms x M@,

|yLIMs - (5,AMs + woHo + 2K M &) + |ysIMs - (5,AM, + poHo + 2KsMs.é,)
2AKL|ys| |y (Mg - M, )Ms x M@,

S0 = S = = = =
lvLIMs - (5,AMs + poHo + 2K; M -€.) + |ysIMs - (§,AMy, + uoHy + 2KsMs.€;)

2Ks|ys|Ms x (Ms x Ms.&,) + Mg x Mg

|yLIMs - (5,AMg + poHp + 2K, My &) + |ysIMs - (s,AM;, + poHy + 2KsMs.8.)

This equation is simplified and has the form of Eq. (27).

(D4)

APPENDIX E: EXPLORATION OF NEAR PARALLEL LOCK OF MAGNETIZATION UNDER STRONG RS COUPLING

As we assume the strong RS coupling to lock M; and M near parallel or antiparallel, we must be careful to retain M; x M, #*
0 to not decouple our sublattices. Accordingly, we can only dismiss terms in products of M, and Mg that are smaller than
|1\7[S X 1\7IL|. To determine which terms those are, we find it convenient to define a new set of time-dependent coordinates with
the first basis vector &g parallel to 1\7Is, the second €; in the direction of the deviation § of 1\7IL from €g, and the third basis vector
€3 = &g X ;5. We can then write the magnetization using the new coordinates and the deviation as

M; = Mgoés, (El)

ML ZEU‘/MZO — (Szés ~|— 8é5 (EZ)

Using these expressions, we can easily calculate their cross and scalar products as

M; x M = 8Mgoés, (E3)
L 5 5 Mso ., 4
MS 'ML ZSOMSQ MLO+8 ZSOMS()MLO —501‘4—5 +0[5 ], (E4)
LO

which makes it clear that by neglecting all terms of second or higher order in §, we can dismiss the dynamical parts of the scalar
product while retaining the full cross product.
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APPENDIX F: DETAILED EXPRESSIONS OF NEW PARAMETERS &, |yg|, AND K¢

In this Appendix, we present the exact expressions for «, |yg|, and Kg as well as their approximations including the two

highest orders of A,
o s5,Mso N 5,Mso Yy OMS - (2KsysIMs:e. + po(lys| + |y Ho)
= — = = = = ~ — olVLS ’
lyLIMs - woHy + |ys|Ms - noHs AMso(|yLIMso + ys|Mro) A2M3,(lyLIMso + solysIM1o)?
(F1)
Iyl = |yl (M - 1oHL + 5,AMs - M) y lye|(Mso + 5,Mro) sl
= = = = - S|~ S
> lyLIMs - woHL + |ys|Ms - noHs lyLIMso + solys|Mrio
2Ky (Mso + sMo)Ms - M€ + lyc|(1ys|Mso + |y )M1oMs - poHo sl 2
- Jo Sl
AMso(|yLIMso + soMpo)?
M- - o H M MgoMs - joH
K s - MoHdr S0 Ks + soVLs - oXLo (F3)

s= = - Ks
Ms - noHr + 5,AMs - Mg

"~ Mo + 5,Mpg

WMo (Mso + 5,Mpo)? >
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