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We present an approach for first principles investigations on the spin-driven electric polarization in type
II multiferroics. We propose a parametrization of the polarization with the parameters calculated using the
Korringa-Kohn-Rostoker Green’s function (KKR-GF) formalism. Within this approach the induced electric
polarization of a unit cell is represented in terms of three-site parameters. Those antisymmetric with respect
to spin permutation are seen as an ab initio based counterpart to the phenomenological parameters used within
the inverse-Dzyaloshinskii-Moriya-interaction (DMI) model. Due to their relativistic origin, these parameters are
responsible for the electric polarization induced in the presence of a noncollinear spin alignment in materials with
a centrosymmetric crystal structure. Beyond this, our approach gives direct access to the element- or site-resolved
electric polarization. To demonstrate the capability of the approach, we consider several examples of the so-called
type II multiferroics, for which the magnetoelectric effect is observed either as a consequence of an applied
magnetic field (we use Cr2O3 as a prototype), or as a result of a phase transition to a spin-spiral magnetic state,
as for instance in MnI2, CuCrO2, and AgCrO2.

DOI: 10.1103/9fs1-5gxq

I. INTRODUCTION

The growing interest in multiferroic materials is motivated
by the possibility to control their magnetic or electric po-
larization by applying external electric or magnetic fields,
respectively [1–4]. This allows various technical applications
in electronics, spintronics, etc. [5]. In particular, applying a
static magnetic or electric field to control the properties of
multiferroic materials, one can minimize the energy losses
caused by induced electric currents. This feature is a conse-
quence of coexisting ferroelectricity (FE) and ferromagnetism
(FM) in multiferroic systems, which obey individually dif-
ferent symmetry requirements, either broken space inversion
symmetry I or broken time reversal symmetry T , respec-
tively, however, with the combined IT symmetry being
conserved.

While there are different types of multiferroics discussed
in the literature (see, e.g., [2,3,6–8]), we will focus here on
the materials which belong to the so-called type-II multifer-
roics, in which electric polarization appears only in the mag-
netically ordered phase due to a strong coupling between
magnetism and ferroelectricity. Any perturbation in these
materials, breaking time reversal symmetry T , gives rise to
an electric polarization being allowed as a result of broken
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inversion symmetry I [2,9–11]. This occurs in collinear anti-
ferromagnetic (AFM) systems, where an electric polarization
can be induced by an applied magnetic field, as it is observed,
for instance, in β Cr2O3 [12–14]. In this case, the linear
magnetoelectric (ME) effect is described by the ME tensor
α giving the induced electric polarization �P via the relation-
ship �P = α �H . As an example for materials exhibiting the
spontaneous ME effect, one can mention the triangular-lattice
AFM compounds (TLA) such as MnI2, CuFeO2, CuCrO2,
AgCrO2, etc. These materials undergo a phase transition at
low temperature to a noncollinear magnetic state [15–19], as
a consequence of the competition of the frustrated AFM ex-
change interactions. In this work, however, we do not discuss
the mechanisms responsible for the stabilization of the AFM
state, focusing instead on the electric polarization for different
noncollinear magnetic structures.

Despite common symmetry requirements, the microscopic
mechanism for the ME effect in the type II multiferroics may
differ for different materials [10,20]. The spin-orbit-driven
mechanism suggested by Katsura, Nagaosa, and Balatsky
(KNB) was interpreted in terms of the spin current [21] ap-
pearing between the two spin moments, ŝ1 and ŝ2, due to
their noncollinear alignment. This theory suggests the rule
that the induced electric polarization is characterized by the
expression �P12 ∼ �e12 × (ŝ1 × ŝ2) with �e12 = �R12/| �R12| ( �R12

is the vector connecting the two sites). This rule indeed
explains the trend of the ferroelectric behavior for a large
number of multiferroics with a cycloidal-type spiral spin order
[22–24]. A similar rule was suggested by Mostovoy [9], that
was obtained by applying the phenomenological theory of
inhomogeneous ferroelectric magnets to systems with cubic
symmetry. However, this rule fails to explain the spin-driven
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ferroelectricity for instance in triangular-lattice multiferroic
helimagnets [25–27], as a consequence of the special sym-
metry used in these works, implying a cubic environment
for the magnetic dimers (see, e.g., Refs. [7,11,28]). For that
reason, other mechanisms were suggested to explain the ob-
served magnetoelectric effect in these materials. For instance,
the electric polarization in CuFeO2 having a helimagnetic
structure was attributed to the single-ion effect due to the
spin-dependent p − d hybridization [7,26].

To go beyond the phenomenological model treatment of
the ME effect, a more general approach based on density func-
tional theory (DFT) calculations has been used [23,29,30].
However, a direct DFT-based treatment of the extended spin
structures (e.g., long-period spin spirals) requires supercell
calculations, which are in general rather time consuming. A
simplification can be achieved by the parametrization scheme
given for instance by Xiang et al. [29] within the general-
ized KNB model representing the spin-induced polarization
in terms of spin-dimer contributions. This approach could
be applied successfully to describe the induced electric po-
larization of various systems with complex spin textures
[31–33]. Another generalized KNB formalism has been re-
ported by Solovyev [30], which is based on a parametrization
using the Berry-phase theory for the effective half-filled
Hubbard model. It was successfully applied to describe the
spin-induced electric polarization in different multiferroic ma-
terials [11,30,34,35]. Note that these approaches represent
the ‘pure electronic’ contribution to the induced polarization.
An alternative mechanism was considered by Sergienko and
Dagotto [36] to explain the electric polarization in perovskite
RMnO3 (R= Gd, Tb, Dy) having modulated magnetic struc-
ture. It postulates an electric polarization appearing due to the
spin-orbit-coupling (SOC)-driven atomic displacements in-
duced by the noncollinear spin alignment. This is the so-called
‘lattice-mediated polarization’ mechanism which is discussed
in terms of the Dzyaloshinskii-Moriya interaction and may
be responsible for the stabilization of helical magnetic order
in the presence of atomic displacements that break the in-
version symmetry in the system. Accordingly, it is referred
to in the literature as the inverse-DMI mechanism. Xiang
et al. [37] extended their generalized KNB theory by taking
into account the ion-displacement contribution to the spin-
order induced electric polarization. Its importance for the
multiferroics LiCuVO4, TbMnO3, and HoMnO3 (exhibiting
spin spirals) was then discussed in relation to the electronic
contribution. Also in the case of the collinear AFM Cr2O3

the ‘lattice mediated polarization’ represents a dominating
contribution to the magnetoelectric polarization, as it was
demonstrated by different groups [14,38,39].

We will focus in the following on the ‘pure electronic’
effect, using the approach described in Sec. II, represent-
ing the parametrization of the electric polarization in full
analogy to the parametrization of the spin-lattice Hamilto-
nian [40,41]. The corresponding parameters are calculated
from first principles via the Green’s function (GF) tech-
nique implemented using the Korringa-Kohn-Rostoker (KKR)
band structure method. In the following sections we ap-
ply this approach to different materials, demonstrating the
properties which can be discussed on the basis of such calcu-
lations. It is worth noting that this approach can be extended

accounting for the lattice-mediated polarization mechanism.
This can be achieved by making use of our previous de-
velopment of a scheme to calculate the spin-lattice coupling
constants [40,41]. This issue is briefly considered in Sec. II
and in Sec. V, but is beyond the aims of the present work.

II. THEORETICAL DETAILS

In a recent study [40,41] we discussed the spin-lattice
interaction represented by the coupling tensors Ji j,k which

allows to get the force on an atom at �Rk generated due to the
perturbation caused by the rotation of the spin moments ŝi and
ŝ j on sites i and j, respectively. Using the same idea for the
magnetically induced electric polarization � �P, we start with
the definition

� �P = 1

�

∫
d3r e�r �ρ(�r). (1)

In the case of a solid with Nu.c. atoms per unit cell which are
specified by the basis vectors tq (q = 1, Nu.c.) and have an
associated volume �q, the integral in Eq. (1) can be written
as follows,

� �P = e

�

∑
n

∑
q

∫
�q

d3r[�rq + �Rn + �tq]�ρ(�rq)

= e

�

[ ∑
n

∑
q

∫
�q

d3rq�rq�ρ(�rq)

+
∑

n

�Rn

∑
q

∫
�q

d3rq�ρ(�rq)

+
∑

n

∑
q

�tq
∫

�q

d3rq�ρ(�rq)

]
. (2)

Here �Rn is a Bravais vector that describes the position of the
unit cell, and �rq = �r − �Rn − �tq are atom cell centered coor-
dinates. The second term on the right-hand side of Eq. (2)
vanishes due to charge neutrality of the unit cell. The third
term describes the change of the electric polarization of the
unit cell due to a charge redistribution within the cell [42].
This term is not discussed here, as we focus on the polar-
ization due to a charge distortion under the assumption of
charge conservation for each atom. Furthermore, the atomic
positions described by the Bravais vectors �Rn are assumed to
be fixed, i.e., any atomic displacements are neglected. This
implies that the lattice mediated contributions to the induced
electric polarization (see, e.g., [36,38,39]) are not taken into
account. Accordingly, a direct comparison between the the-
oretical results presented below to experimental data is not
always meaningful. Due to the restriction made, the expres-
sion given above can be simplified to the form

� �P ≈
∑

q

1

�u.c.

∫
�q

d3rq�rq�ρ(�rq) =
∑

q

� �Pq, (3)

giving the induced electric polarization of a unit cell after
summation over the induced electric polarization of all atoms
in the cell. This is seen as an on-site approximation assuming
a pronounced localization of the electronic states contributing
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to the electric polarization of the atoms. As a consequence, for
each site q we will discuss the electric polarization evaluated
with respect to the site origin and normalized by the unit cell
volume, which is induced by all contributions associated with
spin rotations on the surrounding atoms i and j.

Although the modern theory of electric polarization is
more adequate for periodic systems [43–45], Eq. (1) seems
appropriate to describe the polarization in an atomistic real-
space formulation, similar to that used in other works based
on the generalized KNB model [29,30,33,46]. The present
approach is based on the multiple scattering Green’s function
formalism to represent the electronic structure, which allows
to avoid the use of the Bloch theorem for the wave functions.
As a natural consequence, the induced charge density �ρ(�rq)
in Eq. (3), as well as the corresponding induced polarization,
will be formulated below as a real space summation over non-
periodic contributions induced around distorted spin dimers
(i.e., the tilted spin moments). This implies the real-space
formulation given by Eq. (1) may be justified by using the
correspondence to finite systems, e.g., clusters or molecules.
Obviously, the applicability of this approach is determined
first of all by the approximations used to go from the expres-
sion given by Eq. (1) to that given by Eq. (3).

In general, Eq. (3) obviously may represent the change
of the local polarization on lattice site q as a response to
a perturbation induced by a rotation of magnetic moments.
Here we restrict ourselves to systems with a centrosymmetric
crystal lattice and invariant with respect to time reversal in its
reference state. This implies that a finite electric polarization
may occur only as a consequence of spin rotations creating a
noncollinear magnetic structure.

In terms of the electronic Green’s function the electric
polarization can be written as follows,

� �P = − 1

π
ImTr

∫
dE

1

�u.c.

∑
q

∫
�q

d3rq(e�rq)�G(�rq, �rq, E ).

(4)

In the presence of a perturbation �V (�r), the corresponding
change of the Green’s function occurring in Eq. (4) is given
up to second order by

�G(E ) = G0(E )�V G0(E )

+ G0(E )�V G0(E )�V G0(E ) + · · · , (5)

with G0(E ) the Green’s function of the system in its unper-
turbed reference state. For the sake of simplicity, we omit the
arguments �r for the potential and Green’s functions, keeping
in mind an integration over the region of the applied pertur-
bation. In the case of perturbations due to spin tiltings on two
lattice sites i and j only the second term in Eq. (5) gives a
nonvanishing contribution to the electric polarization, leading
to the expression

� �P = − 1

π

e

�u.c.
Im Tr

∫
dE

∑
q

×
∫

�q

d3rq

∫
d3r′

∫
d3r′′�rq G(�rq, �r ′, E )�Vi(�r ′)

× G(�r ′, �r ′′, E )�Vj (�r ′′)G(�r ′′, �rq, E ). (6)

With this, one can introduce the parameters pαβ,μ

i j,k defined as

derivatives with respect to the spin direction on sites i ( �Ri =
�Rni + �tqi ) and j ( �Rj = �Rnj + �tq j ), �sα

i and �sβ
j , respectively,

giving the polarization �P = (Px, Py, Pz ) on site k with �Rk =
�tqk in the unit cell �Rnk = 0, as follows,

�Pμ =
∑
i, j,k

∂2(�Pμ

k )({ŝn})

∂sα
i ∂sβ

j

�sα
i �sα

j

=
∑
i, j,k

pαβ,μ

i j,k �sα
i �sα

j , (7)

with μ indicating the Cartesian coordinates x, y, and z. Later
on we will distinguish symmetric and antisymmetric terms
with respect to a permutation of the Cartesian indices α and
β.

Similar to the treatment of the spin-lattice coupling param-
eters [40,41] the KKR-GF formalism allows to express the
parameters �p αβ

i j,k = (pαβ,x
i j,k , pαβ,y

i j,k , pαβ,z
i j,k ) in terms of the KKR

scattering path operator matrix τ i j (E ) as follows,

�p αβ

i j,k = − 1

2π

1

�u.c.
Im Tr

∫
dE

× [〈Zk|e�r|Zk〉τ kiT
α
i τ i jT

β
j τ jk

+ 〈Zk|e�r|Zk〉τ k jT
β
j τ jiT

α
i τ ik

]
, (8)

with τ̂i j (E ) standing for the scattering path operator that trans-
fers an electronic wave coming in at site j into a wave going
out from site i with all possible intermediate scattering events
accounted for.

One has to stress that the parameters �p αβ

i j,k are defined using
the same normalization as the induced electric polarization
of the unit cell, i.e., both quantities are normalized w.r.t.
the volume of the unit cell [see Eqs. (6) and (8)]. With this
definition the electric polarization of the unit cell is obtained
directly by a summation over the atomic contributions (note
that by definition these have to be distinguished from the
atomic dipole moments). Using the relativistic spin-angular
representation [47], the elements of the matrix T α

i are given
by the expression

T α
i,
′
 =

∫
�q

d3r Zi×

′ (�r, E ) [βσαBxc(r)]Zi


(�r, E ), (9)

and for the elements of the matrix 〈Zk|e�r|Zk〉 one has

〈Zk|e�r|Zk〉
′
 =
∫

�q

d3r Zk×

′ (�r, E )(e�r)Zk


(�r, E ), (10)

where the four-component wave functions Zi

(�r, E ) stand for

the regular solutions of the single-site Dirac equation with the
Hamiltonian set up within the framework of relativistic spin-
density functional theory [48–50] with 
 = (κ, μ), and κ and
μ being the spin-orbit and magnetic quantum numbers, β is
one of the standard Dirac matrices [47] and Bxc(r) is the spin
dependent part of the exchange-correlation potential. Note
that the energy dependence of the scattering path operator and
of the matrices T α

i is omitted in Eq. (8).
By making a decomposition of the polarization parame-

ters into symmetric pν,s
i j,k and antisymmetric �p ν,a

i j,k parts, one
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gets access to the following parametrization of the electric
polarization as suggested by Moriya [51] and used later on
in generalized KNB theories [11,29,30], which is induced by
a spatial spin modulation,

�Pν
k =

∑
i j

[
pν,s

i j,k{(ŝi · ŝ j ) − ŝz
i ŝ

z
j )}

+ �p ν,a
i j,k · (ŝi × ŝ j ) + ŝi�

ν
ii,k ŝi

]
, (11)

with �p ν,a
i j,k = (pxν,a

i j,k , pyν,a
i j,k , pzν,a

i j,k ) and pγ ν,a
i j,k = 1

2εαβγ p αβ,ν

i j,k ,
where εαβγ is the Levi-Civita symbol and γ = x, y, z.
This approach allows now a general description of the
ME effect, giving in particular access to the properties
of various compounds avoiding the restrictions caused by
phenomenological Hamiltonians (see also discussions by
Solovyev et al. [11]). This concerns, in particular, the model
used to describe the ME effect depending exclusively on
the leading exchange mechanism (i.e., direct exchange,
superexchange, etc.), while for some materials the exchange
interactions may be determined by several mechanisms
competing with each other. For instance, two competing types
of Cr-Cr exchange interactions are discussed in the case of the
TLA compounds MeCrO2, namely, the FM superexchange
and AFM direct exchange [52–54].

Furthermore, it is pointed out, that the parameters pν,s
i j,k and

�p ν,a
i j,k are, in general, three-site parameters. They supply the

information concerning the individual electric polarization of
different atoms k beyond the special case of k = i and k = j
with i and j being the site indices for the magnetic atoms with
their spin moment rotated.

In the next sections we will focus on the SOC-driven
polarization described by the parameters antisymmetric with
respect to spin permutation, �p ν,a

i j,k . These parameters are
closely connected to the DMI-like spin-lattice coupling (SLC)
parameters discussed in Refs. [40,41], which are responsible
for the forces Fμ

k = −∑
α,i, j D

α,μ

i j,k (êi × ê j )α on an atom k
in the lattice, arising due to spin canting on sites i and j.
These forces appear as a consequence of the electric polar-
ization induced on the sites k [see Eq. (2)]. Their competition
with the elastic interatomic forces may lead (as discussed in
Refs. [36,37]), or may not lead to atomic displacements. In
the former case, the induced local polarization occurs due to
the ion displacements and can be treated as a lattice-mediated
contribution to the generalized inverse-DMI mechanism. This
mechanism is not taken into account in the present work,
and accordingly we discuss only the spin-induced polarization
appearing in the case of undistorted atomic positions.

III. COMPUTATIONAL DETAILS

All calculations are performed using the fully relativistic
KKR Green’s function method [55,56]. The exchange-
correlation potential is determined within the framework
of the general gradient approximation (GGA) to density
functional theory (DFT), using the Perdew-Burke-Ernzerhof
(PBE) parametrization [57]. A cutoff lmax = 3 was used for
the angular momentum expansion of the Green’s function.
Further details can be found, for example, in Refs. [41]
and [58]. Integration over the Brillouin zone (BZ) has
been performed using a 28 × 28 × 15 �k-mesh for MnI2, a

22 × 22 × 22 �k-mesh for CuCrO2, and a 20 × 20 × 20 �k-
mesh for Cr2O3.

The electronic structure and electric polarization param-
eters for the MnI2 and CuCrO2 compounds have been
calculated within the full-potential approach, i.e., without re-
strictions to the shape of the electron potential. This scheme
implies a space separation by planes dividing the bonds
between neighboring atoms, drawn perpendicular to the inter-
atomic vectors. The planes are positioned to divide the bonds
in proportion to the atom-dependent radii evaluated using the
cross points of Hartree potentials of neighboring atoms. This
modified Wigner-Seitz construction gives a space separation
very similar to a Bader construction that, however, is much
more elaborate. For technical reason, the calculations for
Cr2O3 have been performed using the atomic sphere approxi-
mation (ASA) with the Wigner-Seitz radii RCr

W S = 2.7 a.u. and
RO

W S = 2.3 a.u. for Cr and O atoms, respectively.

IV. RESULTS

In the following we present a few representative exam-
ples for calculations on the ME effect to demonstrate the
application of our approach to several prototype multiferroic
systems, comparing the results with the available experimen-
tal and theoretical data. The calculations were performed for
the triangular-lattice antiferromagnets MnI2 and CuCrO2 with
the spontaneous ferroelectric effect induced by a helimag-
netic spin structure and the Cr2O3 collinear antiferromagnet
exhibiting the linear magnetoelectric effect induced by an
external magnetic field. Focusing on the so-called inverse-
DMI polarization mechanism described by the second term in
Eq. (11), we achieve reasonable agreement of our results with
those reported in the literature, obtained using the generalized
KNB theory in spite of our restriction to the electronic contri-
bution to the spin-induced electric polarization [11,29,30].

1. MnI2 First, we consider the triangular-lattice antifer-
romagnet MnI2. It crystallizes in the CdI2 type structure
with centrosymmetric space group P3̄m1 (No. 164). Each
Mn atomic layer forms a 2D triangular lattice with AFM
interatomic interactions leading to a sequence of magnetic
phase transitions upon cooling, first at TN1 = 3.95 K (to the
noncollinear magnetic state with a proper-screw spin modula-
tion), then at 3.8 K (TN2) and 3.45 K (TN3) [59]. The in-plane
electric polarization of about 84 µC/m2 emerges in the proper-
screw magnetic ground state below TN3, and is characterized
by the propagation vector �qm3 = (0.181, 0, 0.439) [27,60].

The parameters pγ ν,a
i j,k for MnI2, were calculated using

Eq. (8) and working in the full-potential mode, i.e., with-
out restrictions for the shape of the electron potential and
charge density [50]. Figure 1 shows the vectors (a) �p x

j =
(pxx,a

0 j, j, pxy,a
0 j, j, pxz,a

0 j, j ) and (b) �p y
j = (pyx,a

0 j, j, pyy,a
0 j, j, pyz,a

0 j, j ), respec-

tively, characterizing the electric polarization �Pj = �p x
j · (ŝ0 ×

ŝ j )x and �Pj = �p y
j · (ŝ0 × ŝ j )y appearing due to the relative

rotation of the nearest-neighbor Mn spins for the atoms Mn j

arranged around the central atom Mn0. The spin moments
are rotated within the planes shown by red circles and are
assumed to be the same for every pair of atoms (Mn0, Mn j).
The spin rotations that break locally the inversion symmetry
induce a site-dependent electric polarization for the Mn atoms,
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FIG. 1. The polarization vectors (shown by arrows) �p x
j =

(pxx,a
0 j, j, pxy,a

0 j, j, pxz,a
0 j, j ) (a) and �p y

j = (pyx,a
0 j, j, pyy,a

0 j, j, pyz,a
0 j, j ) (b) calculated for

MnI2, characterizing the contributions to the electric polarization due
to spin rotation of the nearest-neighbor Mn atoms arranged around
Mn0. Spin rotations occur within the yz (a) and xz (b) planes shown
by red circles.

which depends on the crystal symmetry and the spin rotations,
either within the yz and xz planes shown in Figs. 1(a) and
1(b), respectively (a more detailed discussion of the symmetry
properties can be found, for instance, in Ref. [11]). In the case
of periodic spin modulation, some polarization contributions
cancel each other. The total result depends on the type of spin
spiral as well as on the direction of propagation vector �q.

Figure 2 shows the polarization for the proper-screw
spin modulation with the propagation vectors �q1||[11̄0] (the
x direction) (a) and �q2||[110] (the y directions) (b), plot-
ted as a function of the in-plane propagation vectors �q1 =
(qx, 0, 0) and �q2 = (0, qy, 0), respectively. It is nonvanishing
in line with the predictions by the generalized KNB models
[27,30,60]. The directions of the MnI2 crystal lattice are char-
acterized by different symmetry: The [110] crystallographic
axis is a twofold rotation axis while the plane including the
[11̄0] and the [001] axes (perpendicular to the twofold rotation
axis) is a mirror plane. For both propagation vectors �q1 and
�q2, the nonvanishing electric polarization is aligned along
the 〈110〉 crystallographic direction shown schematically in
Figs. 2(c) and 2(d), respectively. This is a consequence of
symmetry properties of the system in the presence of spatial
spin modulation, which is discussed in detail in the literature
(see, e.g., Refs. [11,27,30,60]).

As one can see in Fig. 2, the electric polarization of the
Mn (blue line) and I (red line) sublattices are comparable
in magnitude and changes sign together with the orientation
of the propagation vector. Similar trends occur also for the
total polarization shown in Fig. 2 by a dashed line; it has a
maximum around qx = (2π/3a) (a) and qy = (2π/3a) (b).

Although the propagation vector of the experimentally
observed spin spiral has an out-of-plane component qz =
0.439(2π/c), we studied also the electric polarization for
the proper-screw spin spiral with different qz components of
the propagation vector. The results are shown in Fig. 2(e)
as a function of the in-plane propagation vector q|| =
(ξ, 0)(2π/a), where each curve corresponds to a differ-
ent value of qz = ξ (2π/c). The red vertical line indicates
the wave vector qx = ξ (2π/3a). Figure 2(f) shows the de-
pendence of the electric polarization on the parameter ξ

[characterizing the component qz = ξ (2π/c)] for the in-plane
component qx = (1/3)(2π/a) [indicated by a red line in
Fig. 2(e)]. In the case of qz = 0.44(2π/c) the induced electric

FIG. 2. Element-resolved electric polarization �P (µC/m2) in
MnI2 due to proper-screw magnetic structures characterized by
propagation vectors �q||〈11̄0〉 (a) and �q||〈110〉 (b), represented as
a function of the the propagation vector �q = (qx, 0, 0) and �q =
(0, qy, 0), respectively; (c) and (d) show schematically the spin
modulation and the directions of the electric polarization �P, corre-
sponding to (a) and (b), respectively; (e) Total electric polarization
in MnI2 due to proper-screw magnetic structures with the out-
of-plane propagation vectors �q = (qx, 0, qz ), with different curves
corresponding to different values of qz; (f) The dependence of the
electric polarization on qz for the fixed value of the in-plane compo-
nent of the propagation vector, qx = (2π/3a).

polarization is equal approximately to 90 µC/m2, which is
rather close to the experimental value measured at T = 2 K
as well as to theoretical results [27] accounting only for the
electronic contribution to the polarization. In order to make a
one-to-one comparison of their theoretical results (calculated
for T = 0 K) Wu et al. [27] extrapolated the experimen-
tally observed polarization to T = 0 K, leading to an electric
polarization of about 128 µC/m2. The deviation from the
experimental value was attributed to the contribution due to
the lattice mediated polarization, as was confirmed by corre-
sponding calculations.

2. CuCrO2 As a next example, we discuss the TLA com-
pound CuCrO2 seen as representative of the MeFeO2 and
MeCrO2 oxides. For these materials a first-principles treat-
ment of a spin-induced electric polarization (i.e., beyond the
phenomenological model consideration) may be challenging
because of the competition of two mechanisms of nearest-
neighbor exchange interactions, i.e., the FM superexchange
and AFM direct exchange. One can expect a correspond-
ing competition also for the magnetoelectric polarization. At
room temperature these materials crystallize in the delafossite
crystal structure having R3̄m space group symmetry. Their
magnetic properties are essentially determined by frustrated
antiferromagnetic exchange interactions [17,61]. However,
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-

-

(deg) (deg)

FIG. 3. The �pν,a
i j,k-related electric polarization for the CuCrO2

compound: on Cu sites (green), Cr sites (red), and O sites (blue).
(a) and (b) show the polarization induced by a proper-screw
spin modulation characterized by the wave vectors �q||ŷ||[110] and
�q||x̂||[11̄0], respectively. In both cases a polarization emerges along
the y direction. The results are presented as a function of the an-
gle (given in degrees) � = �q · �R01 where �R01 corresponds to the
position of a nearest-neighbor Cr atom at �R01 = (0.866, 0.5, 0)a.
The proper-screw spin spiral in a 2D triangular Cr sublattice is
shown schematically for �q || ŷ || [110] (c) and for �q || x̂ || [11̄0] (d),
respectively. The red arrows show corresponding orientations of the
induced electric polarization.

we do not discuss the origin of the magnetic ordering in
CuCrO2, but only stress that the noncollinear AFM structure
at low temperature is accompanied by an emerging electric
polarization, similar to the TLA MnI2 compound.

Previous neutron diffraction studies on CuCrO2 pro-
pose an out-of-plane 120◦ chiral spin structure below TN ∼
24 K, as the ground state, with a propagation vector �q =
(1/3, 1/3, 0) [62] and incommensurate �q = (0.329, 329, 0)
(either a proper-screw or cycloidal) [63], while an incom-
mensurate proper-screw magnetic structure was suggested
in Ref. [64], that corresponds to a slightly modulated 120◦
spin structure [16]. The observed spontaneous electric po-
larization appearing below TN can be attributed to the
noncollinear magnetic structure indicating the coupling be-
tween the ferroelectricity and spiral magnetic order [25,64–
67]. The proper-screw spin modulation with the (110) spiral
plane leads to the electric polarization | �P| ≈ 35 µC/m2 along
the [110] direction. An applied magnetic field (above 5.3 T)
�H ||[11̄0] induces a transition to a cycloidal spin structure with

a (11̄0) spiral plane. This leads to a change of the orienta-
tion of the electric polarization towards �P||[11̄0] [68]. We
calculated the electric polarization induced in CuCrO2 both
by the proper-screw as well as by cycloidal spin spirals with
the propagation vectors along the 〈110〉 and 〈11̄0〉 directions.
The results for CuCrO2 are shown as a function of the angle
� = �q · �R01 (with �R01 the position of a nearest-neighbor Cr
atom) in Figs. 3 and 4 for the proper-screw and cycloidal spin
modulations, respectively. In the case of a proper-screw spin
spiral with the propagation vector �q||[110] (�q||ŷ), the electric
polarization �P||[110] is nonzero with �P ≈ 30 µC/m2 for � =
120◦, in contrast to the prediction by the phenomenological
KNB model [21]. In the case of a cycloidal spin spiral the
nonvanishing in-plane polarization �P ≈ 30 µC/m2 is found

(deg) (deg)

(deg) (deg)

FIG. 4. The �pν,a
i j,k-related electric polarization for the CuCrO2

compound: on Cu sites (green), Cr sites (red), and O sites (blue).
(a) and (c) show the x and z components of the polarization in-
duced by a cycloidal spin modulation characterized by the wave
vector �q||ŷ||[110] (�q||ŷ). (b) and (d) show the x and z polarization
components for a cycloidal spin modulation with �q||x̂||[11̄0] (�q||x̂),
respectively. The results are presented as a function of the angle
(given in degrees) � = �q · �R01 (similar to Fig. 3). The cycloidal
spin modulation in a 2D triangular Cr sublattice is shown schemat-
ically for �q || ŷ || [110] (e) and for �q || x̂ || [11̄0] (f), respectively. The
red arrows show corresponding orientations of the induced electric
polarization.

parallel to [11̄0], in line with experiment. These results indi-
cate a dominating contribution due to the inverse-DMI (spin
current) mechanism. The remaining difference between the
theoretical results and experiment may be ascribed to a pos-
sible contribution due to other polarization mechanisms [7].
For the proper-screw spin spiral with �q||[11̄0] (�q||x̂) induced
electric polarization is orthogonal to �q, i.e., �P||[110], similar
to the results obtained for MnI2. In all cases, the electric po-
larization vanishes at � = 180◦, when the magnetic moments
are getting collinear, changing sign due to a change of the spin
spiral chirality. As one can see in Figs. 4(e) and 4(f), cycloidal
spin modulation induces also electric polarization along the z
direction. Occasionally, the polarization along the z direction
almost vanishing at � = 120◦ in the case of a cycloidal spin
modulation with the propagation vector �q||[110] (�q||ŷ) (see
more details in Supplemental Material [69]).

The same trend can also be seen for AgCrO2 [69].
3. Cr2O3 Finally, we consider the magnetoelectric prop-

erties of Cr2O3, a prototypical material exhibiting the linear
ME effect [12,70–72]. Cr2O3 crystallizes in the corundum
structure with the space group R3̄c (No. 167) [73]. Below
TN = 310 K it has an AFM structure with an alternating ‘up-
down-up-down’ (′udud ′) alignment of the Cr spin moments
parallel to the hexagonal c axis of the crystal (or alternatively,

144420-6



ELECTRIC POLARIZATION DRIVEN BY NONCOLLINEAR … PHYSICAL REVIEW B 114, 144420 (2026)

the rhomboidal 〈111〉 direction) [12]. Induced electric ( �P) or
magnetic ( �M) polarization in the crystal appears as a linear
response to an applied magnetic �Hext or electric �Eext field,
respectively. The induced polarization is described by the
magnetoelectric tensor α defined as αH

μν = (∂Pμ/∂Hext,ν ) in
the former and αE

μν = μ0(∂Mμ/∂Eext,ν) in the latter case, with
only diagonal elements being nonzero, αxx = αyy = α⊥ and
αzz = α|| (see, e.g., [14,71,74]). On a microscopic level, the
ME tensor can be obtained on the basis of the DFT, calculating
the response either to magnetic or to electric external fields,
respectively.

Here we discuss the ME effect of Cr2O3 in terms of the
parametrization scheme given in Sec. II. We focus on the con-
tributions described by the parameters pγ ν,a

i j,k , which are
antisymmetric w.r.t. spin permutation. The parameters are
calculated making use of Eq. (8), and then applied to the
calculation of the electric polarization induced by an external
magnetic field via Eq. (7). The latter step implies spin rota-
tions for the Cr atoms on sites i by an angle �i according
to (sin(�i ), 0, cos(�i )), seen as a consequence of an applied
magnetic field �Hext = (Hx, 0, 0). The electric polarization of
the unit cell is obtained as a response to such spin rotations, by
summing over all induced electric polarizations correspond-
ing to ‘magnetic’ (Cr) as well as to ‘nonmagnetic’ (O) atoms,
according to the expression in Eq. (7). When the magnetic
field is assumed to be applied along the x direction, the
nonzero contribution to the polarization stems from the pa-
rameters pyν,a

i j,k (i.e., the component parallel to ŝi × ŝ j) with the
index ν indicating the components of the polarization vector.

The components Px, Py, and Pz of the induced electric
polarization of the sublattices associated to different Cr atoms
are plotted as a function of the tilting angle � in Fig. 8
in the Supplemental Material [69]. The equilibrium angle �

corresponding to an imposed external magnetic field Hext was
found using the Heisenberg model with the calculated Cr spin
moment M = 2.5µB and the Cr-Cr exchange coupling param-
eters [69]. Using these results, Figs. 5(b) and 5(d), represent
the element projected polarization components Px, Py, and Pz

as a function of the external magnetic field Hext . Panels (a) and
(c) show schematically the orientation of the polarization vec-
tors in the unit cell. Note that we consider here two types of an
AFM spin alignment in the unit cell, following the discussions
in Ref. [30]. Figures 5(a) and 5(b), show the results for the sys-
tem with the ground state spin configuration ′udud ′, which is
invariant w.r.t. the combined IT symmetry operation. One can
see an identical polarization of the Cr1 and Cr3 atoms which
differ from the polarization of the Cr2 and Cr4 atoms due to
the opposite sign of their Py components. However, the sum
over all Cr atoms in the unit cell is finite and negative, while
the Pz component is equal to 0 for all atoms. Furthermore, the
solid brown line in Fig. 5(b) represents the total polarization
in the unit cell accounting for the contributions from the O
atoms, indicating its strong enhancement due to the electric
polarization of the O atoms.

The down-up-up-down (′duud ′) spin alignment [see
Figs. 5(c) and 5(d)] corresponds to the system invariant w.r.t.
the inversion operation I, for which the electric polarization
should be forbidden by symmetry. This is seen in Fig. 5(c),
showing that the electric polarization induced on different Cr

FIG. 5. Element-resolved induced electric polarization in Cr2O3

for the spin configurations ′udud ′ (upper panel) and ′duud ′ (lower
panel) (see text). (b) and (d) show the Px and Py components of the
induced electric polarization of Cr atoms represented as a function of
the tilting angle �. (a) and (c) show schematically the orientation of
the polarization vectors in the unit cell (blue arrows).

atoms are finite but cancel each other when summing up over
the unit cell, in line with the discussions by Solovyev [30].
This is expected from symmetry considerations, as this spin
configuration ensures that the field-induced spin rotations do
not break inversion symmetry in the system.

Coming back to the ground state ′udud ′ spin configura-
tion, one can estimate the element αH

⊥ = (∂Px/∂Hext,x ) of the
ME tensor using the total polarization per unit cell shown in
Fig. 5(b). This leads to the value αH

⊥ ≈ −0.12 ps/m, which
strongly underestimates the experimental value that is in
line with other DFT-based calculations demonstrating leading
contribution of the lattice mediated contribution to the total
electric polarization [14,13]. Note that the estimation based
on the polarization of the Cr sublattices only gives α⊥ ≈
−0.024 ps/m, which is substantially smaller and underesti-
mates the available experimental data.

V. SUMMARY AND OUTLOOK

In summary, we present in this work an approach to
describe the ME effect in insulating antiferromagnets on a
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first-principles level. This is of relevance first of all for ma-
terials with an extended noncollinear magnetic structure, for
which the developed real-space parametrization scheme will
in general be rather efficient, as it allows to avoid time-
consuming supercell calculations. The approach presented
may be seen as a generalization of the spin-current KNB
model, giving a more complete description of the electronic
contribution to the induced electric polarization in real materi-
als. The results calculated for several representative materials
are in full agreement with other theoretical results obtained
using different generalization schemes for the KNB model.

A great benefit of using the KKR Green’s function formal-
ism as a basis for our approach is that it allows a number
of extensions in various directions. One is the treatment of
disordered systems using the coherent potential Approxima-
tion (CPA) alloy theory. This can be exploited to study not
only disordered alloys, but also the temperature dependence of
the ME parameters by using the alloy analogy model (AAM)
[75]. Another important issue is the impact of atomic dis-
placements. This aspect was accounted for recently for the
exchange coupling constants leading to a scheme to calcu-

late the spin-lattice coupling constants [40,41]. On that basis,
another extension can be done for the approach presented
here allowing a description of the lattice-mediated polariza-
tion mechanism for the ME omitted so far. Work along these
directions is in progress.
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