
PHYSICAL REVIEW B 113, 134204 (2026)

Finite-temperature properties of antiferromagnetic quantum spin chains
with random long-range couplings
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We study excited states and finite temperature properties of chains of randomly placed spins with long range
interactions. To this end we extend the recently introduced strong disorder renormalization group method in real
space, well suited to study bond disordered antiferromagnetic power law coupled quantum spin chains. For bond
disordered, short range coupled spin chains, defined by keeping only interactions between adjacent spins, we
show that the distribution of the absolute value of the couplings is the infinite randomness fixed point distribution
also for the excited states. Moreover, we derive the distribution function of the sign of the couplings and find that
the number of negative couplings increases with temperature T. For power law long range interaction with power
exponent α we derive and solve the Master equation for the distribution function of couplings for α > 2. The
coupling amplitude is found to have the strong disorder distribution with finite width 2α, with small corrections.
We derive resulting finite temperature properties of both short and power law long ranged spin systems for α > 2.
The magnetic susceptibility is dominated by paramagnetic S = 1/2-spin, resulting in a Curie law susceptibility.
The distribution function of pair lengths, and the spin correlation function are found be the same as in the
ground state. We find that the entanglement entropy increases logarithmically with the partition length n and
has the same functional form as for the ground state of critical quantum spin chains with temperature dependent
effective central charge c̄(T ), which converges at high temperature to 1

2 ln 2, half the value it has in the ground
state. We confirm that the entanglement entropy grows with time t after a quantum quench logarithmically as
S(t ) ∼ ln(t )/(2α).

DOI: 10.1103/9d9b-mpfm

I. INTRODUCTION

Magnetic properties of a wide range of materials are gov-
erned by randomly placed quantum spins, coupled by long
range interactions [1–6]. Tunable interactions have been re-
alized between atoms trapped near photonic crystals [7],
of trapped ions [8,9] and by coupling Rydberg states with
opposite parity [10,11]. Single nitrogen-vacancy centers in
diamond allow to probe the dynamics of disordered spin en-
sembles at a diamond surface [12,13].

It remains a challenge to derive thermodynamic and
dynamic properties of such systems. The strong disorder
renormalization group (SDRG) method was introduced to
study disordered quantum spin chain models [14–19]. The
ground state of short range antiferromagnetically coupled dis-
ordered spin chain models wasthereby shown to be composed
of a product state of randomly placed spin pairs in singlet
states, the random singlet phase with couplings distributed
according to the infinite randomness fixed point (IRFP) distri-
bution of infinite width. The SDRG method has been applied
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to other short range random quantum spin chains, like the
transverse field Ising model [18]. Recently, the SDRG method
was extended to study disordered spin S = 1/2− chains with
antiferromagnetic power law XX interactions. The ground
state was shown for sufficiently large power exponent α to
be still composed by a product state of random singlets, with
a fixed point distribution of finite width [20–23]. This was
confirmed by numerical exact diagonalization and extensions
of the DMRG method [22]. A similar fixed point distribution
was found for long range coupled transverse field Ising chains
[24,25].

It remains to derive excited states and finite temperature
properties of long range bond disordered antiferromagnetic
quantum spin chains. Here, we introduce a real space
representation of the SDRG-X method. That method was
introduced to study properties of excited states [26–28] and
recently applied to study excitations [29] and entanglement
dynamics after global quantum quenches of long range cou-
pled spin chains [30].

Model. We study long range antiferromagnetic XX-
coupled quantum spin chains of NS = 1/2 spins, randomly
placed at positions ri on a line of length L, as shown in Fig. 1
and defined by

H =
∑
i< j

Ji j
(
Sx

i Sx
j + Sy

i Sy
j

)
. (1)

We take N to be even and take open boundary conditions. The
couplings between spins at sites i, j are antiferromagnetic and
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FIG. 1. SDRG step for bond disordered short range coupled spin
chains: decimation of the strongest coupled spin pair (i, j) (shaded),
whose coupling defines the RG scale �. It induces a renormaliza-
tion of the spin positions rl → r̃l while the RG scale is reduced to
� − d�.

long ranged, decaying with a power law with distance ri j =
|ri − r j | with exponent α,

Ji j = J0|(ri − r j )/a|−α, (2)

with J0 > 0, and |ri − r j | > a for all i, j, where a � L/N is
the smallest possible distance between spins.

II. SDRG-X METHOD

The SDRG-X method was introduced in Ref. [26], As-
suming that all many body Eigen states of the Hamiltonian
Eq. (1) can be written as tensor products of pair states, one
starts by identifying the strongest coupled pair of spins (i, j)
for a given initial distribution of couplings P(J,�0), where
�0 is the largest energy scale. One rewrites the Hamiltonian
as Ĥ = Ĥ0 + V̂ , where the Hamiltonian of the most strongly
coupled pair of spins (i, j) is given by Ĥ0 = Jx

i j (S
x
i Sx

j + Sy
i Sy

j )

and V̂ models the interaction of spins (i, j) with all other
N − 2 spins and between themselves. Diagonalizing Ĥ0, one
finds its four eigenstates |s〉, s ∈ {0, 1, 2, 3}, with eigen ener-
gies Es. Projecting that pair (i, j) on one of the pair states
s, we construct the effective Hamiltonian of the remaining
N − 2 spins Ĥeff , such that it commutes with Ĥ0 and is thereby
diagonal in its eigenstates |s〉. Thereby, the effective Hamilto-
nian can be written as

Ĥeff = exp(iŜ)Ĥ exp(−iŜ). (3)

Next one expands Ĥeff to second order in Ŝ and enforces
commutation with Ĥ0. Denoting subspaces Du such that all
states s ∈ Du have the same eigen energy Es, Ĥeff is to second
order in V̂ given by

Ĥeff ≈
∑

u

∑
s,s′∈Du

|s〉〈s′|
[

Esδs,s′ + 〈s|V̂ |s′〉 + 1

2

∑
s′′ /∈Du

×〈s|V̂ |s′′〉〈s′′|V̂ |s′〉
(

1

Es − Es′′
+ 1

Es′ − Es′′

)]
. (4)

The last terms define the renormalized couplings and local
fields for all remaining N − 2 spins. Even if the form of the
Hamiltonian remains unchanged, the renormalized couplings
differ from the initial ones, and the distribution function of
couplings is changed to PE (J,�0 − d�), with �0 − d� the
largest energy scale in the reduced system of N − 2 spins. E is
the total energy of the system. Repeating this procedure until

FIG. 2. Schematic SDRG-X procedure: at each RG step, four
possible pair states are indicated by blue, black, and red lines with
pair energies E = −J/2, 0, 0, +J/2, respectively. After N/2 RG
steps the many body eigenstates with total energy E is obtained,
following a specific SDRG path.

all N spins formed pairs, we find the distribution of effective
couplings PE (J,�) in the limit of � → 0. This allows one
to derive thermodynamic and dynamic properties of the spin
chain. The total energy E is equal to the sum over all pair
energies Esn , as obtained in the nth RG step, E = ∑N/2

n=1 Esn .

Thus a specific total energy E corresponds to a specific RG
path, sketched in Fig. 2.

Instead of using a micro canonical ensemble at energy E ,

it is often more convenient to consider a canonical ensemble
at bath temperature T . Then, any of the four pair states s ∈
{0, . . . , 3} of the strongest coupled pair can be occupied at
RG scale � with probability

ps(Es(�), T ) = exp[−βEs(�σ )]/Z (�), (5)

where β = 1/(kBT ) and the partition sum is given by Z (�) =∑
s exp[−βEs(�)].

III. NEAREST NEIGHBOUR COUPLING

We first apply the SDRG-X procedure to study excited
states of randomly placed spins on a chain, with power law
XX coupling, Eq. (1), keeping only the coupling between
adjacent spins. We identify the strongest coupling Ji j = �, as
highlighted in the example of randomly placed spins in Fig. 1.
While the ground state of the spin pair (i, j) is the singlet
state |0i j〉, the excited states are one of three triplet states,
the two unentangled states |1i j〉 = |↑i ↑i〉 and |2i j〉 = |↓i ↓ j〉,
and the entangled triplet state |3i j〉 = |(|↑ ↓〉 + |↓↑〉)/

√
2.

The corresponding eigenergies of spin pair i, j are given by
E0 = −Ji j/2, E1 = E2 = 0, and E3 = Ji j/2.

A. SDRG-X rules

Insertion in Eq. (4) yields no local fields, 〈s|V̂ |s〉 = 0, for
all s ∈ {0, 1, 2, 3}. But a new coupling is generated between
spins adjacent to i, j, denoted l, m in Fig. 1. Thereby, we find
the following renormalization rules.

Singlet state. If (i, j) forms a singlet state, s = 0, (|↑ ↓〉 −
|↓↑〉)/

√
2, the generated coupling is given by

J̃lm = Jil Jjm

Ji j
. (6)
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Unentangled triplet states. If the pair (i, j) is projected onto
one of the unentangled triplet states, s = 1, |↑ ↑〉 or s = 2,

|↓ ↓〉, a coupling between spins at sites l, m is generated with

J̃lm = −Jil Jjm

Ji j
. (7)

Thus the coupling acquires a minus sign, generating ferro-
magnetic couplings, even though all original couplings are
antiferromagnetic.

Entangled triplet state. If (i, j) is in the entangled tripled
state, s = 3, (|↑ ↓〉 + |↓↑〉)/

√
2 or in the singlet state, then

the generated coupling is

J̃lm = Jil Jjm

Ji j
. (8)

Thus, while the amplitude of the generated couplings is in-
dependent on the state which the paired spins form, the
nonentangled states generate a different sign of the coupling.
Thus we can summarize all SDRG rules as

J̃lm = σs
Jil Jjm

Ji j
, (9)

where σs = 1 for s = 0, 3 and σs = −1 for s = 1, 2.

Since the magnitude of the adjacent couplings depends on
their distances, it is convenient to represent the renormalized
couplings J̃ in terms of renormalized distances r̃ as J̃lm =
J0/r̃α

lm. Now, the RG rules can be recast for the renormalized
distance r̃lm = r̃, as sketched in Fig. 1. At the RG length scale
ρ = (�/J0)−1/α , the renormalized distance is thus

r̃ = rlir jm

ρ
. (10)

In order to trace the sign of the coupling σ, we intro-
duce the distribution function of distances Pσ (r̃,�) with sign
of coupling σ. This is related to the distribution of cou-
plings with amplitudes J̃ � � having sign σ, Pσ (J̃,�) by
Pσ (r̃,�) = (αJ̃/r̃)Pσ (J̃,�)|J̃=�0 r̃−α . The normalization con-

dition is given by
∑

σ=±
∫ �

0 dJ̃Pσ (J̃,�) = 1. Accordingly,
the normalization for the distribution of distances is given by∑

σ=±
∫ ∞
ρ

r̃dPσ (r̃,�) = 1.

B. Finite temperature distribution function

The distribution functions for excited states can be derived
from a generalized Master equation, employing the real space
formulation introduced in Ref. [23]. To obtain that Master
equation, we note that when the spin pair (i, j) forms a state
|s〉 at RG scale � = Ji j, the couplings between the spin pairs
(l, i) and ( j, m) are taken away while a coupling between
spin pair (l, m) is newly created with renormalized coupling
J̃lm. In the representation of distances this corresponds to take
the edges between spin pairs (l, i) and ( j, m) with distances
rl,i = RL and r j,m = RR away and to create an edge between
spin pair (l, m) with renormalized distance r̃lm = r̃, as shown
in Fig. 1, thereby replacing the bare distance rlm = r.

We derive the Master equation for the distribution function
of distances at temperature T , Pσ,T (r̃,�) for the short ranged

model in Appendix A, where we find

− d

d�
Pσ,T (r̃,�)

=
∑
σ ′

Pσ ′,T (�,�)
∑
σL=±

∫ ∞

ρ

dRL

×
∑
σR=±

∫ ∞

ρ

dRRPσL,T (RL,�)PσR,T (RR,�)

×
3∑

s=0

ps(Es(σ
′�), T )δ

(
r̃ − RLRR

ρ

)
δσ,σLσRσ ′σs . (11)

Here, the state with energy Es(σ�) at RG scale � with
coupling sign σ is occupied with probability Eq. (5), where
the partition sum is given by Z (�) = 2 + 2 cosh(β�/2). We
make the product Ansatz

Pσ,T (r̃,�) = Pσ,T (�)PT (r̃,�), (12)

where Pσ,T (�) is the probability at temperature T that the sign
of any coupling J̃ � � is σ.

Let us first find the distribution PT (r̃,�) =∑
σ=± Pσ,T (r̃,�), summing over the sign of couplings

σ . Performing the integral over one of the distances RL,
and with the normalization condition

∑
σ=± Pσ,T (�) = 1 it

follows that it is governed for d� → 0 by the Master equation

− d

d�
PT (r̃,�) = PT (�,�)

∫ ∞

ρ

dRR
ρ

RR

× PT (RR,�)PT (ρ r̃/RR,�). (13)

This is the same Master equation, as was previously derived
for the distribution of distances in the ground state of the short
ranged AFM coupled spin chain [23]. It is independent of
temperature T, and we recover the infinite disorder fixed point
distribution

PT (r̃,�) = c(�)

r̃

(ρ

r̃

)c(�)
θ (r̃/ρ − 1), (14)

with θ (x) the unit step function, θ (x > 0) = 1, and θ (x <

0) = 0, and c(�) = α/	�, with 	� = ln(�0/�). Transform-
ing back to the distribution function of couplings P(J̃,�) =
r̃/(αJ̃ )P(r̃,�)|, we find

PT (J̃,�) = 1

�	�

(
�

J̃

)1−1/	�

θ (�/J̃ − 1). (15)

which is the infinite randomness fixed point distribution func-
tion with width 	� = ln(�0/�), diverging to infinity for
� → 0. Here, we find that it applies to the excited states of
the XX chains, as well, and is independent of temperature
T . Thus, with the Ansatz for Pσ,T (r̃,�), given by Eq. (12)
it remains only to find the Bernoulli distribution for the sign
of couplings Pσ,T (�). Insertion of Eq. (12) with the solution
for PT (r̃,�), given by Eq. (14), yields the Master equation for
P+,T (�) as

d

d�
P+,T (�) = gα (�)(1− p+,T (�)

× P+,T (�)2)(2P+,T (�) − 1). (16)
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Here, we defined the function

gα (�) = 1

�

(
1

2α
− 1

ln �0/�

)
. (17)

The distribution p+,T is the probability, that the sign is not
switched during an RG step, which is equal to the sum of
occupation probabilities Eq. (5) of the two states, which do
not yield a sign change under renormalization,

p+,T (�) = cosh

(
�

2T

)/[
1 + cosh

(
�

2T

)]
. (18)

For large RG scale �, we thus find p+,T (� � T ) = 1. In
the high temperature limit, on the other hand, all states are
occupied with equal probability p+,T (� � T ) = 1/2. We
know that initially all couplings are antiferromagnetic, so that
P+,T (� � T ) = 1. As the RG scale is lowered to � < T, the
sign changes can occur more frequently, when triplet states
become occupied. When � → 0, both signs of the couplings
become equally likely, P+,T (� → 0) = 1/2. Indeed, we find
that Eq. (16) has for � � 2T the solution for σ ∈ {+,−}

Pσ,T (�) = 1

2
+ σ

1

2

[
�

2T

] 7
8α

[
ln

(
�0
�

)
ln

(
�0
2T

)
] 7

4

, (19)

while P+,T (�) = 1 for � � 2T, P−,T (�) = 0 for � � 2T .
Thus the distribution of couplings smaller than RG scale �

is given by

Pσ,T (J̃,�) = Pσ,T (�)

�	�

(
�

J̃

)1−1/	�

θ (�/J̃ − 1), (20)

where Pσ,T (�) as given by Eq. (19) is the probability that the
coupling J̃ < � has the sign σ. For � → 0 that probability
approaches Pσ,T (� → 0) → 1/2.

Having the full distribution function of couplings Eq. (20),
allows us to derive finite temperature properties of this model.
Since the spectrum of the pair states of XX coupled spins is
symmetric in a sign change of exchange coupling, see Fig. 2,
the sign of the coupling does not enter physical properties
in that case, so that it is sufficient to have the distribution
function of coupling amplitudes

PT (J̃,�) =
∑
σ=±

Pσ,T (J̃,�)

= 1

�	�

(
�

J̃

)1−1/	�

θ (�/J̃ − 1), (21)

with 	(�) = ln �0/�, which is the infinite randomness fixed
point distribution. We have shown that it is valid for this short
ranged model for any temperature T .

IV. LONG RANGE COUPLING

Next, we apply the SDRG-X procedure to spin chains with
power law XX couplings, Eq. (1).

A. SDRG-X rules

The strongest coupled spin pair (i, j), highlighted in Fig. 3,
forms one of four pair states |si j〉. The couplings between
all remaining spin pairs (l, m) are renormalized according to

FIG. 3. Strong disorder RG step for bond disordered long range
coupled spin chains: Decimation of the strongest coupled spin pair
(i, j) (shaded), whose coupling defines the RG scale �. It is followed
by renormalization of spin positions rl → r̃l , while the RG scale
is reduced to � − d�. The initial couplings are indicated by blue
dashed lines.

Eq. (4), depending on that state |si j〉. When it is in the singlet
state |0i j〉 the renormalized coupling is given by [29]

J̃lm[0i j] = Jlm − (Jli − Jl j )(Jim − Jjm)

Ji j
. (22)

The Hilbert space of unentangled triplet states |1i j〉 = |↑i ↑i〉
and |2i j〉 = |↓i ↓ j〉, denoted in Eq. (4) by D1, is degenerate
with eigenenergy E1 = E2 = 0. Deriving all terms to second
order in V given in Eq. (4), we find

Ĥeff [D1] ≈
2∑

s=1

|s〉〈s|
∑
l<m

J̃lm[s]
(
Sx

l Sx
m + Sy

l Sy
m

) + Ĥnew[D1],

(23)

where the first term contains all terms which do not change
the form of the interaction, resulting in the renormalized in-
teraction [29]

J̃lm[s] = Jlm − JliJjm + Jl jJim

Ji j
, (24)

for s = 1, 2. The remaining terms have a different form. These
were not taken into account in the implementation of SDRG-X
for the long range coupled AFM XX-spin model presented in
Ref. [29], but were included recently in Ref. [31]. These terms
are given by

Ĥnew[D1] =
∑
l<m

[(
hl S

z
l + hmSz

m

)

z

+ J̃lm[12]
(
Sx

l Sx
m − Sy

l Sy
m

)

x

+ (
Sy

l Sx
m + Sx

l Sy
m

)

y

)]
, (25)

where we introduced a pseudospin 
 acting on the Hilbert
space of degenerate two levels, D1 with components


x =
(

0 1
1 0

)
, 
y =

(
0 −i
i 0

)
, 
z =

(
1 0
0 −1

)
.

(26)
The z components of the spins and the pseudospins of the
degenerate two-level system are coupled by

hl = −JliJl j

Ji j
, hm = −JimJjm

Ji j
, (27)
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FIG. 4. Renormalized couplings J̃[s] for different projection
states s = 0 (top), s = 1, 2 (middle), and s = 3 (bottom) in units of
RG scale � as a function of distances RL = rli and RR = r jm in units
of RG distance ρ = (�/�0 )−1/α for α = 2.

The three-point interaction between the transverse compo-
nents of two spins and the pseudospin is

J̃lm[1, 2] = −JliJim + Jl jJjm

Ji j
. (28)

Note that when keeping only the couplings between adjacent
spins, all these renormalized interaction terms vanish. Thus
these terms only emerge when taking into account longer
range interactions.

When the pair is in the entangled triplet state |3i j〉, the
renormalized coupling is given by [29]

J̃lm[3i j] = Jlm + (Jli + Jl j )(Jim + Jjm)

Ji j
. (29)

Let us next explore these SDRG rules in more detail. The
renormalized couplings between spin pair (l, m) depend
on the initial coupling between spins (l, m), the couplings
between the removed spins (i, j), and the four couplings
between spins (l, m), and the removed spins (i, j), shown
schematically by the blue dashed lines in Fig. 3. These cou-
plings are very different for different projection states s ∈
{0, 1, 2, 3} and depend highly nonlinearly on their distances.
We plot them (in units of RG scale �) in Fig. 4 for α = 2,
in Fig. 5 for α = 1/2 as a function of distances RL = rli and

FIG. 5. Same as Fig. 4 but for α = 1/2.

RR = r jm (in units of distance ρ = (�/�0)−1/α between the
removed spin pair).

Singlet state. We see that, when the removed pair is in
a singlet state, the renormalized pairing J̃ [0i j], Eq. (22) is
smaller than the RG scale � for all possible distances, see
Figs. 4 (upper), 5 (upper), so that this SDRG step is well
defined, for any α > 0 [23].

Unentangled triplet states. When the removed pair is in
one of the unentangled triplet states, the renormalized pairing
J̃ [1i j] = J̃ [2i j] switches sign for a range of small distances,
but its amplitude remains smaller than the RG scale � for
all possible distances, see Figs. 4(bottom) and 5(middle). For
decreasing power α, the range of distances for which the sign
of the coupling changes becomes larger, so that the probability
of ferromagnetic renormalized couplings increases. In Fig. 6,
we plot the probability that the sign changes in an RG step in
which an unentangled triplet state is formed as a function of α.

We see that it is finite for any α and approaches one for α � 1.

Therefore ferromagnetic couplings can be encountered in sub-
sequent renormalization steps.

However, as we reviewed above, when the pair is in the
degenerate space of the unentangled triplet space, also inter-
actions between spins and pseudo spins hl , hm and three-point
couplings J̃lm[1, 2] are generated [31]. We plot the ratio of
the renormalized couplings which preserve the form of the
couplings J̃lm[1] with the sum of the local fields hl + hm and
with the new couplings J̃lm[1, 2] in Fig. 7 top and bottom,
respectively. We see that for RL, RR → ρ, where the couplings
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FIG. 6. The probability of sign change, when an unentangled
triplet state forms, as a function of α.

are strongest, that ratio is maximal. It turns out that at RL =
RR = ρ both ratios are identical and exceed 1 for α � 1, so
that the conventional coupling dominates both the generated
couplings hl , hm and J̃lm[1, 2], as seen in Fig. 8.

Entangled triplet state. When the removed pair is in the
entangled triplet state, the renormalized pairing J̃ [3i j] remains
positive for all possible distances. However, it can exceed the
RG scale � for a finite range of distances RL, RR as seen in
Figs. 4 and 5 (bottom), thus violating the consistency con-
dition for the SDRG. In Fig. 9, we plot the probability that
the renormalized distance r̃ is smaller than the distance of the
removed pair ρ, as a function of α, when the removed pair
is in the entangled triplet state, |3i j〉. We find that a violation
of the SDRG condition can occur for any α, and its proba-
bility increases sharply for α < 2 as seen in Fig. 9 Indeed, in
Ref. [29], we found by numerical solution of the SDRG equa-
tion and numerical exact diagonalization that at small power
exponent, α � 2 the excited states are no longer random pair
states but rather become (imperfect) rainbow states, where
a finite number of subsequent pairs overarch previous ones.
This is in accordance with our finding above, that, when the
removed pair is in the entangled tripled state, the renormal-
ized coupling can be larger than the RG scale � for α < 2,

FIG. 7. The ratio of the renormalized coupling |J̃lm[1] with the
sum of the RG generated fields (hl + hm ) (top) and the new coupling
strength |J̃lm[1, 2] (bottom), respectively, as a function of RL and RR

in units of ρ.

FIG. 8. Ratio of renormalized couplings |J̃lm[1]| with the sum
of the RG generated couplings |hl + hm|, and the 3-point coupling
strength |J̃lm[1, 2]|, respectively, for RL = RR = ρ.

and accordingly, the renormalized distance smaller than the
previous one r̃ < ρ, for a finite range of distances of removed
pairs RL, RR. Then, in the next RG step, the following pair is
forced to overarch the previous one, as in a rainbow state.

Since the sign of the couplings can switch with finite proba-
bility during an RG step, Fig. 6, it has to be traced as a function
of the RG scale �. Therefore we need to define the distribu-
tion function Pσ,T (r̃,�), the pdf of the renormalized distances
between adjacent spins r̃ at RG scale � with coupling sign σ

at temperature T . As the renormalization proceeds to lower
RG scales, the sign of the coupling may switch frequently, as
all renormalized couplings in Eqs. (22), (24), and (29) may
switch their sign. When the couplings have either sign, all
pair states can result according to Eqs. (22), (24), and (29) for
sufficiently small α in effective couplings equal or exceeding
the RG scale � for a finite range of distances RL, RR, so
that the SDRG condition is violated and the formulation of
the SDRG in terms of pairs of spins is only valid for suffi-
ciently large α � 1. For smaller α the SDRG rules need to be
adopted, for example by considering larger clusters of spins
at each RG step. In the following, we therefore focus on the
regime α � 1, where we have established above that the pair
SDRG-X scheme is valid for all excited states.

FIG. 9. The probability that the renormalized distance r̃ becomes
smaller than the distance of the removed pair ρ as a function of α

when the removed pair is in the entangled triplet state, |3i j〉 for γ =
0, the XX-model.
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B. Finite temperature distribution function

The distribution function Pσ,T (r̃,�) for α � 1 for r̃ � ρ is governed by the Master equation

− d

d�
Pσ,T (r̃,�) = PT (�,�)Pσ,T (r̃,�) +

∑
σ ′

Pσ ′,T (�,�)Cσ,σ ′,T (r̃,�, α), (30)

see Appendix B for its derivation. We use the notation PT (�,�) = ∑
σ ′ Pσ ′,T (�,�) and define the function

Cσ,σ ′,T (r̃,�, α) =
3∑

s=0

ps,T (Es(σ
′�))

∑
σL,σR,σlm

Pσlm,T (�)
∫ ∞

ρ

dRLdRRPσL,T (RL,�)PσR,T (RR,�)
[
δ
(
r̃ − f [s](RL, RR, ρ)σlmσ ′σLσR

)
× (

δσ,σlm

∣∣
RL,RR∈As

+ δσ,σsσLσRσ ′
∣∣
RL,RR∈AC

s

) − δ(r̃ − (RL + ρ + RR))δσ,σlm

]
, (31)

which contains all terms arising due to the renomaalization
of the couplings, when the removed pair is in one of the
states s = 0, 1, 2, 3, with energy Es(σ�) with probability
ps,T (Es(σ�)). In order to trace the sign of the renormalized
coupling, when transforming to RG rules for the renormalized
distance r̃ we introduced the region As of distances RL, RR,
where the bare coupling is larger than the renormalization
correction when the pair is in state s, allowing no sign change.
The complementary region is AC

s . Aiming for an iterative so-
lution, we first solve the equation without the renormalization
terms

− d

d�
P0

σ,T (r̃,�) = P0
T (�,�)P0

σ,T (r̃,�), (32)

which has the solution

P0
σ,T (r̃,�) = P0

σ,T (�)
1

2r̃

(ρ

r̃

)1/2
θ (r̃ − ρ), (33)

where the coupling signs are distributed as P0
σ,T = δσ,+, since

all bare couplings are antiferromagnetic. This distribution is
identical to the strong disorder fixed point distribution of
width 2α [20–23]. In order to derive a correction to distribu-
tion (33), we insert it into the correction term Eq. (31), aiming
for an iterative solution. Thereby, the Master equation Eq. (30)
simplifies to

− d

d�
Pσ,T (r̃,�) = PT (�,�)Pσ,T (r̃,�)

+ P0(�,�)C0
σ+,T (r̃,�, α), (34)

where the function C0
σ+,T (r̃,�, α) is defined by replacing all

distribution functions in Eq. (31) by Eq. (33). The integral
over one of the distances in C0

σ+,T (r̃,�, α) can now be per-
formed, as outlined in Appendix C.

We insert the occupation probability ps,T (Es(σ ′�)) Eq. (5)
into the resulting equation for C0

σ+,T (r̃,�, α), Eq. (C1)
and perform the integrals numerically. The result for
C0

σ,+,T (r̃,� � T, α) is plotted as a function of r̃ for various α

in Fig. 10 for σ = +(upper figure) and σ = −(lower figure).
We see that C0

+,+,T (r̃,�, α) is for α > 2 vanishing at r̃ = ρ.
It is maximal at r̃ ≈ 3ρ. For r̃ > 3ρ, it decays, changing sign
and converging to zero for r̃ � 3ρ. C0

−,+,T (r̃,�, α) is for
α > 2 vanishing at r̃ = ρ, maximal at r̃ ≈ 2ρ and decaying
to zero for r̃ � 2ρ. For the ground state (corresponding to
T = 0 K), we found in Ref. [23] that the correction to the
Master equation is vanishing exactly at r̃ = ρ for all α. We
find here that at finite temperature T for α � 2 the functions

C0
+,+,T (r̃,�, α) and C0

−,+,T (r̃,�, α), defined in Eqs. (C2) and
(C3), are vanishing at r̃ = ρ. Rewriting C0

σ,+,T (r̃,�, α) =
1
ρ
C̄σ,+,T (x = r̃/ρ, α) we solve the Master equation, a 1st

order inhomogeneous, ordinary differential equation, as out-
lined in Appendix C, and find that its solution is given by

Pσ (r̃,�) = 1

2r̃

(ρ

r̃

)1/2
θ (r̃ − ρ)

×
[
δσ,+ −

∫ r̃/ρ

1
dx′√x′C̄σ,+,T (x′, α)

]
. (35)

The normalization condition
∑

σ=±
∫ ∞
ρ

dr̃Pσ,T (r̃,�) = 1 is
fulfilled exactly. This can be seen directly by perform-
ing the integral over r̃ with integration by parts inserting
C̄σ,+,T (x, α), using Eq. (31), performing the integral over
the Dirac-delta functions and then the sum over σ. In
Fig. 11 we plot the ratio of the correction to the distribu-
tion function and the SDRG distribution P0(r̃,�), δP(r̃,�) =
[
∑

σ Pσ (r̃,�) − P0(r̃,�)]/P0(r̃,�) by inserting Eq. (35) for
� = 2T as a function of r̃ for various values of power α.

FIG. 10. Line plot of the correction term in the Master equa-
tion C̄σ,+,T (x = r̃/ρ, α) = ρCσ,+,T (r̃, ρ, α) (a) for σ = +, Eq. (C2)
and (b) σ = −, Eq. (C3) at finite temperature for � = 2T as a
function of r̃, for various values of power α.
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FIG. 11. Line plot of the ratio of the correction to the distribution
function and the SDRG distribution for � = 2T as a function of r̃,
for various values of power α.

Transforming back to the distribution of couplings P0(J̃,�),
using Pσ,T (J̃,�)|J̃=�0 r̃−α = Pσ,T (r̃,�) × r̃/(αJ̃ ), we recover
the SDRG fixed point distribution Eq. (15) with finite width
	 = 2α with small corrections for J̃ < �. Thus we find that
the power law couplings result in the SDRG distribution with
finite width, not only for the ground state s = 0, as derived in
Ref. [22], but also for finite temperature T for α � 2. These
results imply that for α � 2.

PσT (�,�) = 1

2α�
δσ,+, (36)

which is the SDRG fixed point result, previously obtained for
the ground state [21,22]. Here, we derived that result to be
valid for any finite temperature T, as long as α � 1.

V. PHYSICAL PROPERTIES

Having derived the distribution function of couplings at
finite temperature T α � 1, we are all set to derive thermody-
namic and dynamic properties of bond disordered spin chains,
Eq. (1), as summarized in the following.

Magnetic susceptibility. It has at finite temperature two
terms; (1) spin pairs whose coupling J is smaller than tem-
perature T are broken up into two free S = 1/2− spins
contributing a paramagnetic Curie law susceptibility, and (2).
Spin pairs in unentangled triplet states, which are not broken
up when J > T, act as free paramagnetic spins with S = 1.

Thus the total magnetic susceptibility is

χ (T ) = nS=1/2(T )
1

T
+ nS=1(T )

4

T
. (37)

The density of paramagnetic spins with S = 1/2, nS=1/2(T ) is
governed by the differential equation

dnS=1/2(�)

d�
= 2P(J = �,�)nS=1/2(�). (38)

Integration yields

nS=1/2(T ) ∼ exp

[
2

∫ T

d�P(�,�)

]
. (39)

The density of spins with S = 1, nS=1(T ) is

nS=1(T ) ∼
∫

T
d�P(�,�)[p1,T (�) + p2,T (�)], (40)

where the occupation probability of states |s〉, s = 1, 2 is
p1,T (�) = p2,T (�) = 1/{2 + 2 cosh[�/(2T )]}.

Short range coupling. Inserting the IRFP distribu-
tion Eq. (20), noting that P(�,�) = ∑

σ Pσ,T (�,�) = 1/

[ln(�0/�)�], we find

χ (T ) ∼ 1

ln(�0/T )2

1

T
+ c

ln(�0/T )

1

T
, (41)

where c is a constant. Thus the magnetic susceptibility is
dominated by paramagnetic S = 1 pairs, the second term in
Eq. (41).

Long range coupling. Insertion of P(�,�) = 1/(2α�),
and performing the integration over � yields

nS=1/2(T ) ∼ (T/�0)1/α. (42)

Thereby, we find the magnetic susceptibility

χ (T ) ∼ T
1
α
−1 + c

α
T −1, (43)

where c is a constant. Thus, we conclude that the magnetic
susceptibility is dominated by paramagnetic S = 1− pairs,
yielding the second term in Eq. (43), whose weight is decreas-
ing with increasing α.

Distribution of singlet lengths. The distribution of dis-
tances l between spins which are bound into pairs P(l ) is
determined by

P(l ) ∼ nS=1/2(�)

n0
P(�,�)|�=�0l−α

∣∣∣∣ d

dl
�0l−α

∣∣∣∣. (44)

Inserting Eqs. (39) and (36), we find

P(l ) ∼ l−2, (45)

as previously derived for the ground state of the XX model
[22]. Here we find that that it is valid also at finite temperature
T for α � 1.

Spin correlation function, concurrence. When the spins
in the chain are in a pure state, such as the random pair
state, the concurrence between spins at site i and site j is
given by the correlation function Cn = |〈ψ |σ y

i σ
y
j |ψ〉|n=|i− j|.

The ensemble average yields both for short range [16,33] and
long range [22] disordered antiferromagnetic quantum spin
chains for odd n by 〈Cn〉 ∼ P(n) ∼ 1/n2. The typical corre-
lation function is dominated by deviations from the random
pair state, and is known for the short range model to be given
by Ctyp(n) = 〈exp(ln Cn)〉 ∼ exp(−k

√
n) [16], while for the

long range model, the typical value decays more slowly as
Ctyp(n) ∼ n−2−α [22]. Since the distribution function for the
pair length P(l ) ∼ l−2 remains valid for the random pair state
at finite temperature, these results for the correlation function
remain valid at finite temperature T .

Entanglement entropy. The entanglement entropy of a sub-
system of length n with the rest of the chain is for a specific
random pair state given by Sn = MT ln 2, where MT is the
number of singlets s = 0 or entangled triplet states s = 3 at
temperature T , crossing the partition of the subsystem. The
ensemble average of the entanglement entropy is accordingly
given by 〈Sn〉 = 〈MT 〉 ln 2. The average of MT can be de-
rived from the distribution of singlet lengths Ps(l ). For the
ground state T = 0, the leading term was found to be given
by [22,32,33] Sn ∼ 1

2 ln 2
∫ n

l0
dl lP(l ). At finite temperature
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T , we accordingly get Sn ∼ 1
2 ln 2

∫ n
l0

dl lP(l )pT (�l ), where
pT (�l ) = cosh[�l/(2T )]/{1 + cosh[�l/(2T )]} is the prob-
ability that the pair with length l is in an entangled state.
Here, �l = �0l−α. This yields with Eq. (45) a logarithmic
growth of entanglement entropy with subsystem length n with
a correction term

Sn(T ) ∼ 1

6
ln 2

[
ln n − 2

α

∫ z0

zn

dz
1

(1 + z)2 ln z

]
, (46)

where zn = exp[�n/(2T )] and z0 = exp[�0/(2T )]. The first
term has the functional form of the entanglement entropy of
critical quantum spin chains [34] with effective central charge
c̄ = ln 2 [32], as was found previously in Ref. [22] for the
ground state of the XX model with power law interactions, as
confirmed there by numerical exact diagonalization. Here, we
found a correction term at finite temperature T for α � 1. For
T → ∞, the last term in the brackets becomes −(1/2) ln n,

so that the effective central charge halves to c̄T →∞ =
1
2 ln 2.

Entanglement entropy growth after a quantum quench.
Preparing the system in an unentangled state, such as a Néel
state |ψ0〉 = |↑↓↑↓↑ . . . 〉, the entanglement dynamics can be
monitored by the time dependent entanglement entropy of a
subsystem with the rest of the system S(t ). When entangle-
ment is generated by singlet or entangled triplet state across
the partition, the entanglement entropy at time t after the
global quench is proportional to the number of such pairs
formed at RG-scale � ∼ 1/t [35–37]. Neglecting the history
of previously formed pairs, the number of newly formed pairs
at RG scale �, n� is dn� = P(J = �,�)d� [32]. Substitut-
ing Eq. (36) we find n� = 1

2α
ln(�). Inserting � ∼ 1/t , the

entanglement entropy increases with time as

S(t ) = Sp
1

2α
ln(t ), (47)

with the time-averaged contribution of pairs of spins Sp =
2 ln 2 − 1, when the initial state is a Néel state [35]. Then,
only singlet and entangled triplet states are populated in the
RSRG-t flow, contributing equally. This coincides with the
result found in Ref. [30]. For the nearest neighbor XX spin
chain with random bonds, the growth after a global quench is
slower, S(t ) ∼ ln[ln(t )] [35].

VI. CONCLUSIONS

We extend the recently introduced real space representation
of the strong disorder renormalization group for disordered
short range and long range coupled quantum spin chains [23]
to study excited states and finite temperature properties. For
interactions cutoff at short range, the infinite randomness fixed
point distribution is found to hold also for the excited states
and thus at finite temperature. For long range interactions, we
find for α � 1 small corrections to the strong disorder fixed
point distribution, which depend on power exponent α. The
value of the distribution at J = � is found to be independent
of temperature there. We derive the resulting temperature
dependence of the magnetic susceptibility, which turns out
to be dominated by paramagnetic S = 1 spins resulting in a

Curie law susceptibility. While the distribution function of
pair lengths, and the spin correlation function are found be
the same as in the ground state, we find that the entangle-
ment entropy is diminished as the temperature is increased
saturating at high temperature at half its value in the ground
state.

For small values α < 2, however, corrections to the SDRG
are found to diverge and new coupling and field terms emerge.
Then, the SDRG method has to be extended to include the
renormalization flow of these new couplings [31]. The three-
spin interactions arising there, Eq. (25), can possibly be
treated with an extension of the SDRG method to multi-spin
interactions, recently introduced in Ref. [38]. We found in
Ref. [29] with numerical methods that for α < 2, excited
states are no longer random pair states, but rather (imperfect)
rainbow states. Here, we found evidence that the probability
that the renormalized distance is smaller than their distance at
the previous RG step increases strongly for α < 2, as seen in
Fig. 9. When that occurs the next pair is enforced to overarch
the previous one, initializing a rainbow state. However this
amounts to a violation of the SDRG condition, according to
which the renormalized couplings should be smaller than the
bare couplings. Therefore, for α < 2, the SDRG-X method
has to be extended to take into account the formation of larger
clusters of spins, forming overarching rainbow states, which
we leave for future research. The real space representation of
the SDRG-X method, introduced here, may thereby be applied
to situations where larger clusters of spins than pairs need to
be considered, like in spin chains at small α < 2 and in higher
dimensional disordered spin systems, where frustrations
may occur.
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APPENDIX A: DERIVATION OF THE FINITE
TEMPERATURE MASTER EQUATION FOR SHORT

RANGE COUPLINGS

Following the argumentation given in Ref. [18] and adopt-
ing it to the distribution function of distances at temperature
T , Pσ,T (r,�), the distribution at RG scale � − d�, lowered
by an infinitesimal amount d�, is related to the distribution
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function at RG scale � by

Pσ,T (r̃,� − d�) =
{

Pσ,T (r̃,�) + d�
∑
σ ′=±

Pσ ′,T (�,�)
4∑

s=0

ps(Es(σ
′�), T )

∫ ∞

ρ

dRLdRR

∑
σL,σR=±

PσL,T (RL,�)PσR,T (RR,�)

×
[
δ

(
r̃ − RLRR

ρ

)
δσ,σLσRσ ′σs − δ(r̃ − RL )δσ,σL − δ(r̃ − RR)δσ,σR

]}/[
1 − 2d�

∑
σ ′

Pσ ′,T (�,�)

]
. (A1)

Here, the second term on the right-hand side of Eq. (A1)
accounts for the addition of a renormalized bond at distance
r̃, determined by the RG rule Eq. (10) with coupling sign σ,

as given by the product of the signs of the three couplings
which enter the RG rule multiplied by σs, accounting for
the sign introduced by the RG rule Eq. (9). The addition of
that bond occurs with probability d�

∑
σ ′ Pσ ′,T (�,�), the

probability to add a bond of either sign σ ′ in the RG step
of width d� at temperature T . The following two terms take
into account the removal of the two bonds with distance RL,

RR, and sign σL, σR, respectively. These terms are integrated
over all distances RL, RR exceeding ρ, which is by definition
the smallest distance at RG step �. In order to normalize
the distribution function, we need to divide the right side
of Eq. (A1) by 1 − 2d�

∑
σ Pσ,T (�,�), the probability that

bonds are not removed during the RG step d�. Next, per-
forming the integrals over the last two delta functions and
using the normalization condition

∫ ∞
ρ

dr
∑

σ Pσ,T (r,�) = 1,

performing in each term the sum over sign σ, we find in the
limit d� → 0 the Master equation for the short ranged model,
Eq. (11).

APPENDIX B: DERIVATION OF THE MASTER EQUATION
WITH LONG RANGE COUPLINGS

In deriving the Master equation for the distribution func-
tion Pσ,T (r̃,�), at RG scale � with coupling sign σ at
temperature T , we focus on the parameter regime α � 1,
where we established that the SDRG condition r̃ � ρ holds.
We derive Pσ,T (r̃,�) for r̃ � ρ, where the remormalized
coupling strength has the conventional form J̃x

lm[1], Eq. (24),
as it always exceeds the generated unconventional couplings
J̃x

lm[1, 2], Eq. (28) and hm, hl , Eq. (27). As noted in Ref. [23],
even though all spin pairs are interacting with each other,
the distribution of the N − 1 nearest neighbor distances
in the chain contains all information on all couplings, since
the distances between all nonadjacent spins in the chain are
functions of those N − 1 adjacent distances. When a spin pair
(i, j) forms a state |s〉, s ∈ {0, 1, 2, 3} at RG scale � = Ji j,

corresponding to a distance ρ = (�0/�)1/α, the two bonds
between the two adjacent spin pairs (l, i) and ( j, m), shown in
Fig. 3, with distances rl,i = RL and ri,m = RR are taken away.
The bare coupling Jlm is then renormalized into the coupling
J̃lm. In the representation of distances, this corresponds to
creating an adjacent bond with renormalized distance r̃lm =
r̃, replacing their previous distance rlm = r, as indicated in
Fig. 3. For other adjacent spin pairs like l ′, m′ in Fig. 3, where
both spins l ′, m′ are located on the same side of the singlet
(i, j), their bare coupling is renormalized into the coupling

J̃l ′m′ . In the representation of distances, this corresponds to
the creation of an adjacent bond with renormalized distance
r̃l ′m′ = r̃, replacing their previous distance r′

l ′m = r̃. However,
for such pairs, the renormalization is small, of the order of
(ρ/R)2α+2, where R is the distance between the pair l ′, m′
and the removed pair i, j. Therefore only the renormalization
of the distance of adjacent spins (l, m) needs to be taken
into account, in good approximation, in the derivation of
the Master equation for the distribution function Pσ,T (r̃,�).
Transforming Eqs. (22), (24), and (29) to RG rules for renor-
malized distance r̃, when the spin pair at sites i, j forms the
state |s〉, we obtain the RG rules listed in the following. Since
signs of nearby couplings are not independently distributed,
we assume that the sign of close-by couplings between spins
at sites l, i and the ones at sites l, j in Fig. 3 are the same,
σL = σli = σl j, and likewise σR = σ jm = σim, while the signs
of all other couplings shown in Fig. 3 are distributed indepen-
dently. When the pair is in the pair state |si j〉 the renormalized
distance r̃ is given by

f [s](RL, RR, ρ)σlmσσLσR

= r|1 + σlmσσLσRg[s](RL, RR, ρ)|−1/α, (B1)

with bare distance r = (RL + ρ + RR). Here, σ, σlm, σL, σR

are signs of the couplings Ji j = σ�, Jlm, JL and JR, respec-
tively. We introduced the function g[s](RL, RR, ρ) defining the
renormalization of distance r, when the spin pair taken away
is in state |s〉. It can be rewritten as

g[s](RL, RR, ρ) =
(

rρ

RLRR

)α

h[s](RL, RR, ρ), (B2)

where the function h[s](RL, RR, ρ) depends on state s, chosen
by pair (i, j): When the pair is in the singlet state |0i j〉, it is
given by

h[0](RL, RR, ρ) =
[
1 −

(
1 + ρ

RL

)−α][
1 −

(
1 + ρ

RR

)−α]
.

(B3)

When it is in one of the states |1i j〉 or |2i j〉 then

h[1](RL, RR, ρ) = 1 −
(

1 + ρ

RL

)−α(
1 + ρ

RR

)−α

, (B4)

When it is in state |3i j〉, then

h[3](RL, RR, ρ) =
[
1 +

(
1 + ρ

RL

)−α][
1 +

(
1 + ρ

RR

)−α]
.

(B5)
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Now, we can derive the Master equation for the distribution function of r̃ with coupling sign σ at temperature T noting that at
the reduced energy scale � − d� we get

Pσ,T (r̃,� − d�) =
{

Pσ,T

(
(r̃,�) + d�

∑
σ ′

Pσ ′,T (�,�)
4∑

s=0

ps,T [Es(σ
′�)]

∑
σL,σR,σlm

∫ ∞

ρ

dRLdRRPσL,T (RL,�)

× PσR,T (RR,�)

[
δ
(
r̃ − f [s](RL, RR, ρ)σlmσσLσR

)(
δσ,σlm |RL,RR∈As + δσ,σsσLσRσ ′ |RL,RR∈AC

s

)

− δ(r̃ − (RL + ρ + RR)

)
δσ,σlm − δ(r̃ − RL )δσ,σL − δ(r̃ − RR)δσ,σR

]}
1

1 − 3d�
∑

σ ′ Pσ ′,T (�,�)
. (B6)

The delta functions in the bracket account for the fact that one adjacent edge is created between sites l and m with distance
r̃, removing the one with distance r, and removing the two adjacent bonds with distances RL and RR. We defined σs with
σ0 = 1, σ1 = σ2 = −1 accounting for the minus sign in h[1](RL, RR, ρ), Eq. (B4) and σ3 = 1. In order to trace the sign of the
renormalized coupling correctly, when transforming the RG rules Eqs. (22), (24), and (29) to RG rules for the renormalized
distance r̃ we introduced the region As of distances RL, RR where the bare coupling is larger than the renormalization correction
allowing no sign change, and its complement AC

s . The last factor on the right side of Eq. (B6) is needed for normalization
of the pdf, since in total three edges are taken away. The proper normalization can be checked, by integrating both sides of
Eq. (B6) over r̃ from ρ to infinity, Taylor expanding in d� and using the normalization condition

∑
σ=±

∫ ∞
ρ

dr̃Pσ (r̃,�) = 1

with ρ = (�0/�)1/α. Taking the limit d� → 0, we substract and add another term d�P(�,�)P(r̃,�), in order to be able to
cancel the normalization factor in Eq. (B6) in the first term. Thereby, we find in the limit d� → 0, the Master equation Eq. (30)
with correction term given by Eq. (31).

APPENDIX C: SOLUTION OF THE MASTER EQUATION WITH LONG RANGE COUPLINGS

In the correction term to the Master equation Eq. (31) we perform the integral over distance RR, and obtain

Cσ,σ ′,T (r̃,�, α) =
3∑

s=0

ps,T [Es(σ
′�)]

∑
σL,σR,σlm

Pσl,m,T (�)
∫ ∞

ρ

dRLPσL,T (RL,�)PσR,T (RR,�)

×
∣∣∣∣df [s]

dRR

∣∣∣∣
f [s]=r̃

|−1|RR=R[s](RL,r̃,ρ)σlmσ ′σLσR

(
δσ,σlm

∣∣
RL,R[s]∈As

+ δσ,σsσLσRσ ′
∣∣
RL,R[s]∈AC

s

)

− Pσ,T (�)θ (r̃ − 3ρ)
∑
σL,σR

∫ r̃−2ρ

ρ

dRLPσL,T (RL,�)PσR,T (r̃ − RL − ρ),�). (C1)

Here we denoted with R[s](RL, r̃, ρ)σlmσ ′σLσR the solution for RR of the equation r̃ = f [s](RL, RR, ρ))σlmσ ′σLσR . Aiming for an
iterative solution we insert the distribution without renormalization corrections, Eq. (33), into Eq. (C1), yielding

C0
+,+,T (r̃,�, α) =

3∑
s=0

ps,T (Es(�))
ρ

4

∫ ∞

ρ

dRL(RLRR)−3/2

∣∣∣∣df [s]

dRR

∣∣∣∣
RR, f [s]=r̃

|−1|RR=R[s](RL,r̃,ρ)+

× (
1|RL,R[s]∈As + δ+,σs |RL,R[s]∈AC

s

)) − θ (r̃ − 3ρ)
∫ r̃−2ρ

ρ

dRL
ρ

4
R−3/2

L (r̃ − RL − ρ)−3/2, (C2)

and when the sign of the coupling is changing

C0
−,+,T (r̃,�, α) =

3∑
s=0

ps,T (Es(�))
ρ

4

∫ ∞

ρ

dRL(RRRL )−3/2

∣∣∣∣df [s]

dRR

∣∣∣∣
RR, f [s]=r̃

|−1|RR=R[s](RL,r̃,ρ)+,�)δ−,σs

∣∣
RL,R[s]∈AC

s
, (C3)

It remains to perform the integral over RL in Eqs. (C2) and (C3). That can analytically be done for the last term in
Eq. (C2), giving −θ (r̃ − 3ρ)(r̃ − 3ρ)/(

√
r̃ − 2ρ(r̃ − ρ)2). We integrate the other terms numerically. Inserting that result for

C0
σ,σ ′,T (r̃,� � T ) into the Master equation, and using the Ansatz Pσ,T (r̃,� � T ) = cσ fσ (x = r̃/ρ )/r̃, we find that the Master

equation reduces to a 1st order inhomogeneous ordinary differential equation for the function f (x = r̃/ρ). Solving it and
transforming back to Pσ,T (r̃,�), we obtain Eq. (35).
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