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Understanding the formation and dynamics of two-exciton bound states (BSs) is crucial for harnessing multi-
exciton phenomena and designing next-generation organic semiconductor materials. While various mechanisms
such as intermolecular exciton-exciton interactions or multilevel intramolecular configurations can generate
these BSs, a fundamental understanding of their underlying lattice dynamics remains a key challenge. Within
this context, the Merrifield exciton model stands out as a premier framework for capturing the intricate quantum
mixing between single-site doubly excited states and two-particle scattering continuum. In this work, by
constructing a set of exact two-exciton Bloch states and applying a plane-wave ansatz to treat the resulting
inhomogeneous tridiagonal matrices, we provide a complete, rigorous solution to the two-exciton problem in a
finite-size Merrifield chain. We analytically map the parameter regions that support two-exciton BSs, proving
that at most two distinct types of BSs can emerge, located either above or below the scattering continuum.
Furthermore, we provide a quantitative interpretation of how these two types of BSs evolve as a function of the
total wave number within the whole Brillouin zone. The obtained closed-form expressions for the eigenenergies
and wave functions offer valuable benchmarks for exploring exciton dynamics and optical responses in related

molecular aggregates.
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I. INTRODUCTION

Organic semiconductor materials and molecular aggre-
gates have attracted intense research interest over the past
few decades due to their widespread applications in next-
generation optoelectronic devices [1,2]. Unlike their inorganic
counterparts where delocalized Wannier excitons are rele-
vant, organic materials are characterized by highly localized
Frenkel excitons [3]. At high excitation densities or within
specific molecular packing geometries, the Frenkel excitons
can interact with each other giving rise to multiexciton phe-
nomena. Among these, the formation of two-exciton bound
states (BSs) (also referred to as biexcitons) is of paramount
importance [4-9]. These BSs serve as critical intermediate
pathways in advanced, nonlinear optoelectronic mechanisms
such as singlet exciton fission [10,11] and triplet-triplet an-
nihilation/fusion [12—14], both of which offer a theoretical
pathway to surpass the classic Shockley-Queisser efficiency
limit [15] in solar energy conversion.

The well-known Frenkel exciton model serves as a
paradigm for energy transport in molecular assemblies by
treating the system as a collection of interacting two-level
molecules, each consisting of a ground state |g) and a sin-
gle excited state |e) [3]. However, excitons are forced to
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be hard-core bosons (or spins-1/2) that cannot occupy the
same site [16,17], which forbids the formation of two-exciton
BSs. The microscopic mechanisms responsible for trapping
two independent excitons into a copropagating quasiparticle
generally fall into two distinct physical categories. The first
relies on spatial intersite interactions, where attractive nearest-
neighbor Coulomb forces overcome the kinetic energy of
exciton hopping and pulls the two particles together [5-7,9].
The second category originates from local intramolecular
electronic structures [4,8,18-20]. In this scenario, individual
molecules possess multiple excited energy levels, allowing a
single site to host a doubly excited state. When the energy of
this single-site double excitation resonance closely matches
the combined energy of two individual and separate excitons,
a localized quantum mixing occurs. This intramolecular cou-
pling acts as an effective local potential well that is capable
of binding two wandering excitons even in the absence of
explicit attractive exciton-exciton interactions.

To fundamentally describe this latter category of multi-
level intramolecular mixing, Merrifield proposed a seminal
tight-binding lattice model in 1959 to study the interactions
of excitation waves in a one-dimensional molecular crys-
tal [4]. Besides the excited state |e), Merrifield introduces
a second higher-lying excited state |f). He finds that two-
exciton BSs can emerge even in the absence of intersite
attractive forces, provided the exciton fusion (fission) process
lee) — |fg), |gf) (Ifg),|gf) — lee)) occurs with sufficient
intensity. Despite the model’s age, it remains a foundational
theoretical benchmark in modern organic electronics, directly
mapping onto the intermediate states observed in singlet fis-
sion materials [19,20]. In addition, a two-exciton BS in the
usual description corresponds to an eigenstate in which two
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nearest-neighbor excitons bound to each other and propagate
together through the molecular crystal, which resembles much
a two-magnon exchange BS with two spin deviations mainly
located on two nearest-neighboring sites that long observed in
quantum spin systems [22-25].

Using the “center-of-mass” coordinates, Merrifield suc-
cessfully converts the two-exciton problem into a single-
particle one and identifies the parameter regions supporting
different numbers of two-exciton BSs. However, Merrifield
solved the two-exciton problem mainly in the thermodynamic
limit, and hence only identified a single type of BS with a
monotonically decreasing wave function. More importantly,
the evolution of the nature of the BSs with varying wave
number in the Brillouin zone is not clear yet. Recently, a
new theoretical method that combines a set of exact two-
magnon Bloch states and a plane-wave ansatz was proposed
to solve the two-magnon problem in higher-spin XXZ and
J1—J, chains [26-28]. We find that the two-exciton problem
in the Merrifield model shares similar mathematical structures
as the two-magnon problem in higher-spin spin chains with
single-ion anisotropy.

In this work, we use the abovementioned method to
completely solve the two-exciton problem in a finite-size
Merrifield chain. Two types of two-exciton BSs to which
we refer as the f BS and ee BS are revealed, which respec-
tively correspond to the case that the two excitons mainly
occupy the |f) state on a single molecule or the |e) state on
two nearest-neighboring molecules. We rigorously prove that
these two types of BSs are the only possible ones and they lie
either above or below the two-exciton scattering continuum.
In the thermodynamic limit, our eigenenergies and eigenstates
recover those of Merrifield [4]. In addition, we analytically
determine parameter regions that support different numbers
and types of two-exciton BSs. Although the nature of the BSs
show complex features within the Brillouin zone, we are able
to quantitatively explain the evolution of the BSs with varying
wave number that are observed in numerical simulations. The
obtained explicit expressions for the eigenenergies and wave
functions of all the scattering and bound states in the finite-
size case will play an essential role in the study of exciton
dynamics and nonlinear optical responses of molecular sys-
tems [18,29].

The rest of the paper is organized as follows. In Sec. II, we
introduce the Merrifield exciton model and block diagonalize
it using a set of two-exciton Bloch states. In Sec. III, we
use the plane-wave ansatz to solve the Bloch Hamiltonian
and discuss the resulting scattering and bound states in de-
tail. Section IV is devoted to a quantitative interpretation of
the evolution of the bound states with varying wave number.
Conclusions are drawn in Sec. V.

II. THE MERRFIELD EXCITON MODEL
AND TWO-EXCITON BOUND STATES

A. Hamiltonian

Consider a finite-size one-dimensional molecular crystal
consisting of an array of molecules, in which the ground state
|g); with energy O, the first excited state |e); with energy
€1, and the second excited state |f); with energy &, of each
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FIG. 1. (a) Level structure of an individual molecule in the
Merrifield exciton model. (b) The three exciton hopping channels
measured by Jj, J,, and J;. The black, blue, and red solid circles
indicate a molecule in the ground state |g), the first excited state |e),
and the second excited state | f), respectively.

molecule are considered (see Fig. 1(a) for the level structure
of the molecule). The three states form a complete set on
molecule j and are connected by the three raising operators:

al = le); j(gl.
b =11 jlel,
=11 itel. (1)

Note that b’ = cfa;. We say that a molecule in the first (sec-
ond) excited state |e) (| f)) carries one exciton (two excitons).
The Hamiltonian for the Merrifield exciton model reads [4]

H = Hy + H,,
N N

Hy = & Za;aj + & ZC;CJ’
j=1 j=1
N

H, =J Z(a;ajH + a;Haj)
j=1
N
+h Y (Blap +al, by + bl a;+albi)
J=1
N
+J3 Y (chejp + e, 2)

J=1

where Hj is the on-site energy term and H; describes the
exciton hopping between nearest-neighbor molecules. There
are three types of exciton hoppings [Fig. 1(b)] [4]: (1) An ex-
citon can transfer to a nearest-neighbor ground-state molecule
with strength J;, corresponding to the usual exciton hopping
in the conventional Frenkel exciton model [3]; (2) For two
nearest-neighbor molecules both in their first excited state |e),
the exciton on one of the two molecules can transfer to the
other with strength J,, leaving the former in its ground state
|g) and the latter in the second excited state | f). This process
is also named exciton fusion since the two e-excitons are fused
into a single f-exciton. However, we avoid using this term
because we have defined |f) as a two-exciton state; (3) The
two excitons on a molecule in |f) can jointly transfer to a
nearest-neighbor ground-state molecule with strength J3. For
simplicity, throughout this work we assume that N is even and
impose periodic boundary conditions.
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It is easy to check that the total number of excitons

N N
M =Y dala;+2) cle; 3)
j=1 j=1
is a conserved quantity, so that Hy can be rewritten as
Hy = Mg, + (&5 —251)chcj. )

J

The real-space one-exciton basis states are simply
li) = af|0), ©)

where |0) = |g, ..., g) is the state with all the molecules in
the ground state. For each wave number £ in the set

K, L2 0 el )
=q—n, -7+ —,...,0,...,m — —1%,
0 N N

we can define a one-exciton Bloch state
| !
E(k)) = —= ) _€*'T"|1), (7
75

where T is the lattice translation operator satisfying 7T'|i) =
|i + 1). It is easy to check that |£(k)) is an eigenstate of H
with eigenenergy

E (k) =& 4+ 2J; cosk. (8)

It is obvious that only the Frenkel hopping with strength J;
takes place in the one-exciton subspace.

B. Physical relevance of the model

It is worth noting that Merrifield’s model was proposed
in 1959, a time when neither the laser nor the conceptual
framework of nonlinear optics had yet emerged. Under weak
excitation conditions such as solar irradiation, the probability
of having multiple monomers excited or a single monomer
in a higher-lying excited state is very small, which made
the two-exciton problem appear experimentally inaccessible.
Merrifield himself acknowledged that the model was “too
simple to represent any real system accurately” [4], and as a
result the work did not receive much attention for decades and
its significance is obscured by the absence of the very optical
tools that would later make it directly relevant.

The prescience of Merrifield’s work is now becoming ap-
parent through a series of developments that span nearly six
decades. From a theoretical point of view, at least it provides
the simplest lattice setting in which two-exciton BSs can
emerge from the interplay between on-site multilevel structure
and nearest-neighbor hopping, without invoking an explicit
attractive potential. In 1995, Knoester and Spano studied the
two-photon absorption spectrum of a one-dimensional chain
of three-level molecules, which turns out to be equivalent to
the Merrifield chain in the case of J3 = 0 [18] [their state |b)
(]c)) corresponds to our state |e) (|f))]. They derive an ana-
Iytical expression for the two-photon absorption spectrum and
find that the presence of the third level |c) can give rise to zero,
one, or two additional peaks in the spectrum depending on
the system parameters. However, these results are presented
within the framework of nonlinear optical response functions

and Fermi resonance analogies, without explicit reference to
the bound-state picture that Merrifield had employed decades
earlier. Nevertheless, the physics Knoester and Spano uncov-
ered is deeply connected to Merrifield’s original analysis.

This reemergence of the two-exciton problem in the 1990s
was followed, more recently, by its adoption in studies of
exciton-exciton annihilation and singlet fission, where two-
exciton states and their interactions occupy a central position.
In 2014, May introduced a kinetic theory of exciton-exciton
annihilation to revisit the same physical scenario within a
modern dynamical framework [19]. Notably, May’s model
also explicitly incorporates two distinct excited states per
molecule and most recently it has been used to study coherent
biexciton transport in molecular aggregates [21].

Actually, the Merrifield model has been explicitly adopted
in singlet fission research. Teichen and Eaves proposed a
many-body model to describe collective aspects of singlet
fission in molecular crystals [20]. In the limit where the
nearest-neighbor triplet-triplet interaction x is neglected, the
two-triplet sector of their Hamiltonian reduces to Merrifield’s
two-exciton problem, with the |e) (| f)) state playing the role
of a triplet (singlet) excited state. It should be emphasized that
this correspondence is purely mathematical. In addition, they
only discuss (by means of the Bethe ansatz) the formation
of two-triplet bound states with increasing x in the limit of
J» — 0, which corresponds to BSs induced by the attractive
interaction rather than the multilevel structure.

The mapping between |e) (|f)) and a triplet (singlet) sug-
gests that the Merrifield model can be adapted to describe spin
states of multiple excitons. Furthermore, as a physically useful
and nontrivial model, the Merrifield exciton Hamiltonian is
simple enough to admit an analytical treatment. In particu-
lar, as we will see in Sec. III, the formation mechanism of
two-exciton BSs can be analyzed explicitly across the entire
Brillouin zone.

Finally, we emphasize that the analysis in this work is
restricted to the dissipationless Merrifield model. In real
molecular crystals, two-exciton bound states are expected to
have a finite lifetime due to exciton-phonon coupling, spin-
lattice relaxation, static disorder, and radiative or nonradiative
decay. None of these mechanisms are included in the Hamil-
tonian (2), and consequently all eigenstates obtained here are
exact stationary eigenstates with infinite lifetime. This ideal-
ization is intentional: The goal of this work is to provide a
complete and rigorous solution of the idealized lattice model,
which can then serve as a basis for incorporating dissipation
perturbatively or through a self-energy.

C. Two-exciton subspace: The Bloch states

Following Ref. [20], in the following we assume
&1, &, J2 > Oand]l, ]3 < 0.

We choose J; = —1 and set |J;| as an energy unit. We mainly
focus on the two-exciton subspace with M = 2 [4]. There are
() + N = N(N + 1)/2 real-space two-exciton basis states,

i, j) = alal0), i<

li, i) = c]10). )
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Following Ref. [30], we introduce for each k € Ky and 0 <
r< %V the following two-exciton Bloch states:

jrk N—1

el i
T, 1 + 1),
>

n=0

1&-(k)) =

(10)

where T is the translation operator defined by T|i, j) = |i +
1,j+ 1) and the index r measures the distance between
the two local excitons. However, for » = N/2 one has to

define [30]
N
1,1
T 2>

|.‘;:N(k) — z\/>zelknTn
L=} (ke

where k € K| = {—m, —n—i— ey 0,
K ={—71—|—2W”,...,0 71’——}) if N/2 is even (odd)
and the complement of K; W111 be denoted as Kj.
Straightforward calculations show that for each k e
K, the matrix representation of H in the ordered basis

(11)

{180 (k)), 181(K)), - .., [ (k))} is
Ha(k) = 2e1 + Crha(k), (12)
where C, = cos Z > 0and
A 2J,
25, 0 =2
-2 0 =2
-2 0
ha(k) =
0 -2
-2 0 =22
22 0
(13)
isa(N/2+ 1) x (N/2 + 1) tridiagonal matrix with
A = (& + 2J5c058k)/Cy, (14)
g 282—281. (15)
For the boundary mode k = —m with Cp = 0 the matrix
Cih, (k) should be understood as diagonal,
C_,hy(—m) = diag(¢ — 2J5,0,...,0). (16)

The above equation shows that the model always has an
eigenstate |§y(—m)) with energy &, — 2J;3 and N/2 degen-
erate eigenstates |&§;(—m)), |&2(—=m)), ..., |Enp(—m)) with
energy 2¢;.

For each k € K| the matrix representation of H in the
ordered basis {|&(k)), |&1(k)), ..., |§%,1(k))} is Hyk) =

2g1 + Cyhy(k), where R, (k) is a % X % matrix that can be
obtained by removing the last column and the last row from
hy(k). The above procedure is equivalent to performing a
center-of-mass analysis and converts the two-particle problem
into a single-particle one with inhomogeneous effective on-
site energies and hoppings. Merrifield also obtained a Bloch
matrix that is similar to A (k) in the thermodynamic limit
N — oo [4].

The (N/2 4+ 1) x (N/2 + 1) tridiagonal matrix H, (k) can
be diagonalized to give the eigenenergies Ez(“)(k) and

eigenstates | @ (k)) (@ =1,2,...,
convention

N/2+1). We use the

E{V(k) < ESP (k) < - < EPV(k), (17)
and write
NJ2
W) =Y VO kIE ). (18)
r=0
where the wave functions form a column V©@ =
V& k), ..., VI\(,j’z)(k))T that is an eigenvector of the matrix
hy (k).

D. Two-exciton bound states

We now introduce the definition of two-exciton BSs. As
we will rigorously prove in the next section, there are possibly
two types of two-exciton BSs, to which we refer to as the f BS
and the ee BS. In analogy to the two types of two-magnon BSs
appearing in the higher-spin XXZ chain [27], an eigenstate
[ @ (k)) is called an f BS if the absolute values of the wave
functions satisfy

VoK) > [V k)| > -+ > [V k). (19)
and is called an ee BS if
Vi) < V)| > - > |V, /z(k)] (20)

The above definitions indicate that in an f (ee) two-exciton
BS the two excitons are mainly located on the same site (two
nearest-neighbor sites).

Let us first consider two special cases. (1) For k = —m, it
can be seen from Eq. (16) that the eigenstate |£y(—)) is an
f BS with the two excitons exactly located on a single site
and has the lowest (highest) energy if & < 2J3 (€ > 2J3); (2)
When J, =0 the (1 1) element of h,(k) is decoupled from
the remaining 5 X 5 block and the Bloch state |£y(k)) itself
is an f BS for any k which means that the f BS can exist
even in the absence of the |ee) <> |gf), | fg) hopping process.
This is not surprising since the second excited state | f) carries
two excitons by definition. The % X 5 block describes the
conventional Frenkel exciton model that does not support any
two-exciton BS unless, for example, exciton-exciton attrac-
tion is introduced [5-7,9], which again highlights the role of
J» in the formation of the ee BS.

Actually, we will show that an ee BS occurs only if J, >
1, and the necessary condition for the coexistence of the two
types of BSsis J, > +/2. We will also prove that if a BS exists
it must be either the lowest eigenstate |1/ (k)) or the highest
eigenstate | /2D (k)).

III. SOLUTION OF THE TWO-EXCITON PROBLEM:
A PLANE-WAVE ANSATZ

In this section, we provide a complete solution to the
two-exciton problem by using a plane-wave ansatz. To verify
the correctness of the method, we first present the energy
spectrum obtained by numerical diagonalization of /4, (k) for
various sets of parameters. The observed features of the en-
ergy spectrum, especially the evolution of two-exciton BSs
with varying wave number k, are then interpreted in a trans-
parent way through a plane-wave ansatz solution of 4, (k). We
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FIG. 2. Full energy spectra E, (k) in the two-exciton subspace of the Merrifield exciton model calculated through numerical diagonalization
of the Bloch Hamiltonian H, (k) (12) for N = 200, ¢, = 1, and k € K. The remaining three parameters (J,, J3, &) are shown in the left bottom
corner of each panel. The lowest and highest two levels Ez(l)(k) and Ez(N/ (k) are indicated by blue and red circles, respectively. The middle
gray region shows the two-exciton continuum. The insets show the evolution of the weights of the two Bloch states |&y(k)) and |&, (k)) in the

pb

> Tee

two states: P (k) = |V, " (k)|* (blue box)
dot).

focus on wave numbers in the set K as the case of k € K| can
be similarly analyzed. We also assume that N/2 is even for
simplicity.

A. Numerical results

Figure 2 shows the two-exciton energy spectrum of H
calculated by numerically diagonalizing the matrix /,(k) for
N =200 and ¢; = 1. The results for six sets of parameters,
(2, J3,8) = (0.9, —1,3), (0.9, —1, —1.8), (+/2, —0.45, —1),
(W2, -2, -2), (2.2, -0.06, —0.5), and (2, —1,0), are pre-
sented. As mentioned above, if the BSs exist they must occupy
either the lowest (blue circles) or the highest (red circles)
level. To see the nature of these two states, we plot in the insets
of Fig. 2 the weights of the two Bloch states |£y(k)) and |&; (k))
in the two states |V (k)) and [y N2TD(k)), ie., P (k) =
Vs P, PLK) = IV RP, PG = VP ()P, and
PO (k) = VM Do 2.

It can be seen that the evolution of the BSs with varying
wave number k exhibits complicated features depending on
the parameters. When J, =0.9 <1 and J3 = —1, a high-
lying (low-lying) f BS appears near the zone boundary k =
—m (zone center k = 0) for & =3 (8 = —1.8), see Fig. 2(a)
[Fig. 2(b)]. In addition, a high-lying f BS also shows up
near k = —m for & = —1.8. When J, = ﬁ, the BSs survive
throughout the whole zone [Figs. 2(c) and 2(d)]. For (J3, &) =
(—0.45, —1), the lowest level corresponds to an f BS near

(k) = [V (k) |? (blue dot), PO (k) = [VV*V (k)2 (red box), and PO (k) = VN>V (k)2 (red

k = —m, but soon changes to an ee BS as k slightly increases.
Interestingly, the f BS is restored at a larger k [Fig. 2(c)]. For
(J3, &) = (=2, —2), the high-lying (lowest-lying) BS merges
into the continuum from the left (right) at the same wave
number k = —2 /3, around which both the two BSs are of
ee-type [Fig. 2(d)]. When J, becomes larger, the two types
of BSs can coexist within a wide range of the zone, accom-
panied by transitions between different types BSs [Figs. 2(e)
and 2(f)].

The above numerical results about the energy spectra and
the evolution of two-exciton BSs are so complicated that it
seems difficult to capture their features in a quantitative way.
Compared to the two-magnon problem in a higher-spin XXZ
chain where only two parameters (the exchange anisotropy A
and the single-ion anisotropy D) are relevant [27], here we
have three parameters J;, J3, and & (given ¢; fixed), making
the situation more complex. However, as we will show below,
although the energy spectrum depends on all of the three pa-
rameters, the two groups of parameters J, and (J3, &) actually
independently control the evolution of the BSs with varying k.
We take this advantage to provide a quantitative interpretation
of the features of the BSs observed in Fig. 2.

B. Plane-wave ansatz

We now use a plane-wave ansatz to solve the two-exciton
problem in the Merrifield model for k € K;. The plane-
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wave ansatz is a standard method to semianalytically solve
the eigenvalue problem of a certain class of inhomoge-
neous tridiagonal matrices and has been used to treat various
physical problems [31-33]. Recently, a combination of the
two-magnon Bloch states and the plane-wave ansatz is em-
ployed to completely solve the two-magnon problem in a
higher-spin ferrromagnetic chain [27], where the evolution of
the two-magnon BSs with varying wave numbers is analyti-
cally interpreted. The details of the plane-wave ansatz method
is presented in Appendix for the sake of readability.

Write the eigenvalue problem of the matrix hy(k) as
hy(k)V = AV, the plane-wave ansatz gives

A = —4cos p, 21
and
Vi=cos[(j—N/2—-1Dpl, j=1,2,...,N/2 -1,
Vo = _élcc)szp%Ale’ (22)
1
YT ey

where the pseudomomentum p is determined by the following
transcendental equation,

Np
tan 7 = f(JZ’Aky p)’

2(2 — J})cos p + Ay

J2, Ay, p) = -
(2, Ax, p) 2 sinp

(23)

We see that J, enters the equation through J7 > 0, while
the on-site energies and J; enter the equation through A;.
The above equation should be solved on the interval [0, 7]
and it may have either real or complex solutions. Although
Eq. (23) does not admit analytical solutions and can only be
solved graphically, we can still get useful information through
analyzing its behaviors in some limits such as p — 0 or 7.
Below we discuss the real and complex solutions of Eq. (23)
in detail.

C. Real solutions: Scattering states

The real solutions of Eq. (23) give two-exciton scattering
eigenstates with oscillating wave functions (22) in the Bloch
space. From Eq. (12), the eigenenergy for each real solution p
is

E> (k) =2&; — 4C cos p. 24)

It is obvious that f(J,, A, p) diverges as p — 0T or p —
T

lim f(J, A, p) = sgn(—J; + A/2 + 2)o0,
) Zand

lim_f(J, Ay, p) = sgn(; +Ar/2 = 2)00.  (25)
p—>m-

As a result, the two straight lines
Ci: J}=A/2+2,
Co: J}=—A/2+2,

divide the Ay —J22 plane into four regions (Fig. 3) and
they intersect at (0,2). In each of the four regions we plot the
graphs of both tan %’ and f(J2,Ag, p) on [0, ] (insets in
Fig. 3). These graphs clearly show that in the lower region
below both C; and C; all the N/2 + 1 solutions of Eq. (23) are
real. In the right (left) region there are N/2 real solutions since
the two functions do not intersect on the rightmost (leftmost)
interval [W, ] ([0, 11\,]). Interestingly, in the upper region
above C; and C, there are N/2 — 1 real solutions since the
two functions do not intersect on both of the two intervals.
Consequently, there are 0, 1, 1, and 2 complex solutions in
the above four regions, respectively.

It should be mentioned that Knoester and Spano studied
the two-photon absorption spectrum of a molecular chain that
is equivalent to the Merrifield model with J3 = 0 by using
Green’s function method [18]. They derive an analytical ex-
pression for the spectrum, based on which a “phase diagram”
similar to Fig. 3 is mapped out through counting the number
of additional peaks, without relating them to two-exciton BSs.

D. Complex solutions: Bound states

We now look for complex solutions of Eq. (23) in the
upper, right, and left regions of Fig. 3. To ensure the reality
of the eigenenergies, a complex solution must have the form
p=mm +ip, where m € Z and p > 0 is real [27]. Using
the relations cos p = (—1)" cosh p and sin p = i(—1)" sinh p,
we get

Np

tanh = U, Ar, P),

_ 2(J22 —2)cosh p — Ay

FO L, Ax, P 26
9, A, P) 27 sinh ) (26)
for even m, and
N5 .
tanh TP = O, A, P),
. 2?2 —=2)coshp+A
FOU, Ay, p) = =2 1))

2J} sinh
for odd m.

From the limiting behaviors of £(¢/*),

lim fC/ (s, A, p) = (U3 —2)/J3 < 1,

p—>00

lim f(J2, Ay, p) = sgn(J5 — Ag/2 = 2)00,  (28)
p%

lim f(/2, Ar, p) = sgn(J; +Ax/2 = 2)00,

p—

we see that Eq. (26) [Eq. (27)] has one solution in the left
and upper (right and upper) regions of Fig. 3 (see the insets),
which is consistent with the above analysis based on the real
solutions of Eq. (23).

The eigenenergy of a BS is

E (k) = 2e; — 4C(—1)" cosh p. (29)

It is now clear that a BS with odd (even) m must lie above
(below) the continuum since cosh p > 1 > cos p.
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N/Q—1 — tanh Y2
SN IS e
3.5 —f 2 Ae) | TTTTTTTITTTTTT O (o, Ar, )
3.14 G
3
2.5
=2
1.5
1
0.5
0 ‘ T | '
-3 2 -1 0 1 2 3
Ay,

FIG. 3. The two straight lines defined by J22 = A/2+ 2 (C, black) and .122 = —A;/2 4 2 (C,, blue) divide the A; —122 plane into four
regions. Equation (23) has N/2+ 1, N/2, N/2, and N/2 — 1 real solutions in the four regions (see the upper insets in each region).
Correspondingly, Eq. (26) has one (no) solution above (below) Cy; while Eq. (27) has one (no) solution above (below) C, (see the lower
insets in each region).

Let us first discuss the case of even m. The corresponding A combination of Egs. (31) and (32) leads to
wave functions read 5
. o R=-, (34)
Vi =cosh[(j —N/2-1pl, j=1,2,...,N/2—1, J
Vo = RV}, which is always negative for J, > 0.
1 In the left and upper regions of Fig. 3 we have g (1) =
Vv = —=—Vv_, (B0) 20} —2—A4;/2) <0, 50 g (x) = 0 must have a real so-

2 = 2
V2cosh p lution that is greater than 1, which is also the physical solution

(the other solution less than 1 is obviously unphysical),

o = %[—Ak + \/m} (35)

The eigenenergy can then be expressed in terms of ¥ as

where

2J -
R=-—— "2 @31 X
4 cosh p + A

It is evident that V; > V5 > - .- > Vy,, so that the eigenstate
is an fBS. (ee BS) if |R|~ > 1 © < |R| < 1).1Itis thus desirable Ey (k) = 261 — 2Ci(—1)" (& + h. (36)
to analytically determine in Fig. 3 the two curves defined

by R = +1. To this end, we consider the large N limit [27].  From Eqs. (34) and (35), the curve defined by R = —1 (recall
When N — oo, we can use the approximation tanh Nj/2 ~  that R < 0 for J, > 0) satisfies

é,yE;%.. (26) then becomes a simple quadratic equation satisfied DA, = -2, 37)
see the red curve B, in Fig. 4, which intersects C; and C,
at (—2,1) and (1 — V5, 3%@), respectively. A caution is in

where order here: It can be checked that the point (—\/3 -1, 3%6)
is also an intersection of C; and J,A; = —2. However, a
gV () = 2x° + Awx — 2(J22 —1). (33) close look at Eq. (35) shows that R = —1 holds only for

g’ =0, (32)
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JoAp = —2
(R=-1)

1

FIG. 4. The two curves B, : JA; = £2 with R = *1 divide
the three regions in Fig. 3 into seven subregions i—vii, in which the
occurrence of the two types of two-exciton bound states are indicated
(also summarized in Table I). The intersections of the curves are also
shown.

122 > 1/2, indicating that the subbranch of J,A; = —2 starting

with (—/5 — 1, 3’T*fs) is actually unphysical.
Similar analysis can be applied to the case of odd m. In the
large N limit Eq. (27) becomes

g(_)(ei’) =0,
g7 = 20" — Agx — 2(J3 — 1). (38)

In the right and upper regions of Fig. 3 we have g=)(1) =
—2(J3 + Ar/2 — 2) < 0, giving the physical solution

I |
e = Z|:Ak +/AZ +16(J7 — 1)], (39)
and hence

The curve defined by R =1 is given by J,A; = 2, i.e., the
cyan curve B; in Fig. 4, which intersects C, and C; at (2,1)
and (\/3 -1, #), respectively.

TABLE I. Emergence of the two types of two-exciton BSs in
each region of Fig. 4.

even m odd m

i f

ii ee

iii ee
iv f
v f ee
vi ee ee
vii ee f

Now the two curves By and B, divide the original three
regions (left, right, and upper) in Fig. 3 into seven subregions
i—vii as shown in Fig. 4. The occurrence of BSs in each region
is summarized in Table I.

From Fig. 4 we can immediately see that the necessary
condition for the existence of an ee BS is J, > 1, while the two
types of BSs cannot occur simultaneously unless J> > +/2. As
we will see below, the “phase diagram” given by Fig. 4 not
only serves as the basis for the identification of BSs in a fixed
k subspace but also provides us an opportunity to investigate
the evolution of the BSs with varying k observed in Fig. 2.

IV. EVOLUTION OF THE BOUND STATES
WITH VARYING WAVE NUMBER

We now discuss the evolution of the two types of BSs
with varying wave number k under a given set of parameters
(J2, J3, &). Note that J, and (J3, &) govern the evolution inde-
pendently since Ay = Ax(J3, &, k) depends only on the latter.
We can thus fix the value of J, and see how the abscissa Ay
varies in Fig. 4 as k increases from — to 0. It is obvious that

lim Ay = & + 2J3,
k—0~

lim A = sgn(& — 2J3)00. 41

k—(—m)*t
To see how A; changes on the open interval (—m,0), we
calculate the partial derivative

M _ 1 inEe — 2nycosk +2)1 (42)

— = —sin—-[¢ — cos .

ok —2C2 2 ’
On (—m, 0) we have sin ’% <0and& —2J5 < & — 2J3(cosk +
2) < & — 6J3. The above observations suggest to us to divide
the J3—& half plane (with J5 < 0) into four regions I, II, III,
and IV by the three straight lines & = —2J3, & = 2J3, and
& = 6J; (Fig. 5). The quantity Ax(J3, &, k) shows different
behaviors in different regions, see the insets of Fig. 5 for repre-
sentative parameter sets with fixed J3 = —2. Inregion I (II) we
have limy_, )+ Ax = +00 and A; monotonically decreases
until it reaches Ag > 0 (4J;3 < Ay < 0). Conversely, in region

IV A, monotonically increases from limy_, )+ Ay = —00 to
Ap < 8J5. In region III with limy_, )+ Ay = —o0 and 8J3 <
Ay < 4J5 there exists a wave number

k* = —arccos(8/2J; — 2), (43)

at which Ay reaches a maximum

A = 4N203/5/205 — 1. (44)

When J, is given, the evolution of the two-exciton BSs with
increasing k can then be read off by investigating the horizon-
tal motion of a representative point (RP) of A; in Fig. 4. The
trajectory of the representative point may (if it does) inter-
sect i and By, at Ac,, = £2(J7 —2) and Ap,, = £2/J,
respectively. To find out the wave numbers corresponding to
these intersections, we use Eq. (14) to inversely solve k in
terms of Ay, giving

k® = x®(Ay),

+/x2 — 16J3(F — 2J3)

®)(x) = —2 arccos p
X)) 875

(45)
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10

1 ‘ Ay >0 _{20 ‘
A, —+o00 <10

_10 A,; — —0Q, -
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-20

w20
-5 -10 P -25
201 / -30
20 -30 A() < 8J3 )
IV A,ﬁ — —00
25 1
-30 :
-5 -4 -3 -2 -1 0
J3
FIG. 5. The left half of the J5—Z plane (with J3 < 0) is divided by
the three half-lines & = —2J3, & = 2J3, and & = 6J; into four regions.
The insets in each region show the quantity A, (J, &, k) as a function
of k on [—m, 0] for several representative points with fixed J; = —2

and varying &. The limiting behaviors of A; as k — 0% and k —
(—m)* are also listed.

It is possible that only one or both of the two wave numbers
k™) are physically allowed.

We are now in a position to interpret the observed features
of the BSs in Fig. 2. We plot in Fig. 6 the trajectories of the
RP of A for the six sets of parameters used in Fig. 2. In
Fig. 6(a), the RP moves from region iv supporting a high-
lying f BS to the region without BSs at k¢, = x7)(A¢,) ~
—1.0733, which quantitatively explains the evolution of the f
BS in Fig. 2(a). In Fig. 6(b) the RP keeps moving to the left
and enters region i at ke, = x7(A¢,) & —1.6741, where a
low-lying f BS emerges. The pair of parameters (J3, &) used
in Fig. 6(c) lie in region III of Fig. 5. The low-lying f BS
first changes to the ee-type at kgz) = xP(Ap,) ~ —2.9843
and the RP reaches the rightmost position Az = —0.8485
at k* = —2.6657, after which it turns back and the state re-
turns to an f BS at kj;) = x 7 (4p,) ~ —1.5708. In Fig. 6(d)
and intersects By and B, at kg, = x7)(Ag,) &~ —2.2761 and
ks, = x7)(Ag,) & —1.8642, respectively. In particular, the
high-lying ee BS suddenly becomes a low-lying ee BS after
the RP hits Ay = 0 at k = —27 /3. The remaining two cases
[Figs. 6(e) and 6(f)] can be interpreted in a similar way.

Thus, for any given set of parameters we can immediately
read off the properties of the two-exciton BSs in the whole
Brillouin zone by investigating the trajectory of the RP of Ay
in Fig. 4. In this sense, we have achieved a complete solution
of the Merrifield exciton model in the two-exciton subspace.

V. CONCLUSIONS

In this work, we have provided a complete and rigorous so-
lution to the two-exciton problem in the finite-size Merrifield

(0.9,-1,-1.8)
(J3,5) ell

iv— no BSs — 1

0
-2 0 2 4 -4 -2 0 2 4
6 (C) ‘(f 70'457 71) 6 (d) (\/i *2-, *2)
(J5,€) € T (J5,8) € 11

<

0
-2 0 2
6 7(8) iav—vi
4
N |(ho eV

2 (2.2, -0.06, —0.

FIG. 6. Trajectory of the representative point of A in the A;—J?
plane as k increases from — to O (pink). The arrow has abscissa Ag
[or A+ in (c)] and indicates the direction of the motion of the point.
The parameters are chosen in accordance with those in Fig. 2.

exciton model, a fundamental framework for understanding
multiexciton phenomena in organic molecular aggregates.
By constructing a set of exact two-exciton Bloch states and
employing a plane-wave ansatz to solve the resulting inho-
mogeneous tridiagonal matrices, we have analytically derived
the full energy spectrum and the explicit forms of the wave
functions for both scattering and bound states.

Our main results are threefold. First, we rigorously proved
that at most two distinct types of two-exciton bound states can
exist, i.e., the f BS where two excitons predominantly reside
on a single molecular site, and the ee BS where they occupy
two nearest-neighbor sites. These bound states, when present,
are always either the lowest or the highest eigenstates in a
given total wave-number sector. Second, we mapped out the
complete parameter phase diagram in the space of (J2, J3, &)
(Figs. 4 and 5), identifying the precise conditions under which
zero, one, or two bound states emerge, and distinguishing their
types. In particular, we showed that an ee BS requires J, >
1, while the coexistence of both types necessitates J, > +/2.
Third, and most importantly, we provided a quantitative and
analytical interpretation of the evolution of these bound states
with varying wave number k. By analyzing the trajectory of a
representative point for the quantity A, in the phase diagram,
we were able to explain the complex transitions between f-
type and ee-type behavior, including the reentrant transitions
and the merging of bound states into the scattering continuum,
as observed in numerical simulations.

The closed-form expressions of the eigenenergies and
wave functions for finite-size systems can serve as valuable
benchmarks for future theoretical and computational studies
of exciton dynamics, nonlinear optical responses, and singlet
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APPENDIX: PLANE-WAVE ANSATZ

Both £, (k) and #, (k) can be incorporated into an inhomogeneous tridiagonal matrix

a b]
by 0 b
b 0 b
b 0
() )x sy = . . (Al
0 b
b 0 b
by O
For k € K;, we have
N
n=. a=A. bi=2h b=-2, by = /2b, (A2)
and for k € K| we have
N
n = E—l, Cl:Ak, b] =2J2, b=—2, b2=b. (A3)
The eigenvalue problem of d, i.e., dU = AU, is solved by a plane-wave ansatz [27]
vjzXei”j+Ye_i”j, j=2,3,...,n (A4)

where X and Y are j-independent coefficients to be determined and the pseudomomentum p is determined by the following
transcendental equation [27],

tannp  bi(2b* — b3)cos p — b3lab — (2b* — b7) cos p]
sinp (b3 — 2b2) cos p[(2b% — b3) cos p — ab] + bb? sin® p’

(A5)

The above equation has either real or complex solutions and can only be solved graphically. For each allowed p, the eigenvalue
A is given by

A = 2bcos p, (A6)
and the (unnormalized) wave function reads [26]
vi=cos[(j—N/2—-1pl, (=2,3,...,N/2). (A7)
The two end components are given by
by b,
v = T Upt1 = TU"' (A8)
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