PHYSICAL REVIEW B 112, L.201107 (2025)

Boundary Witten effect in multiaxion insulators
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We explore novel topological responses and axionlike phenomena in three-dimensional insulating systems
with spacetime-dependent mass terms encoding domain walls. Via a dimensional-reduction approach, we derive
an axion-electromagnetic coupling term involving three axion fields. This term yields a topological current in the
bulk and, under specific conditions of the axions, real-space topological defects such as magneticlike monopoles
and hopfions. Moreover, once one of the axions acquires a constant value, a nontrivial boundary theory realizes
a (2 + 1)-dimensional analog of the Witten effect, which shows that pointlike vortices on the gapped boundary
of the system acquire half-integer electric charge. Our findings reveal rich topological structures emerging from
multiaxion theories, suggesting new avenues in the study of topological phases and defects.
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Introduction. Topological phases of matter exhibit re-
markable electromagnetic and gravitational responses, often
encoded in effective field theories with topological terms
[1-14]. A notable example is the axion electrodynamics in
341 dimensions [(3 + 1)-D] [15,16], arising in the low-
energy description of topological insulators [17-20] and axion
insulators [21-26]. This theory can exhibit exotic phenomena
such as the Witten effect [27,28], where magnetic monopoles
[29] acquire half-integer electric charge in the presence of
an axion term. Importantly, besides the higher-energy-physics
framework [30-32], dynamical axions in solid-state physics
have been theoretically studied in several works [33—-36] and
their experimental existence has been recently confirmed in
quantum materials [37]. Thus, there is currently a strong
motivation to figure out whether other realistic quantum sys-
tems can support more exotic axion physics such as multiple
axions, which have been already introduced and studied in
high-energy physics [38—43], but largely overlooked in con-
densed matter physics with a few exceptions [17,44-46].

In this work, we will investigate a general framework
where there appear novel axion-electromagnetic (AX-EM)
coupling terms induced by the presence of multiple ax-
ion fields. At microscopic level, we will show that these
pseudoscalar fields arise in insulating systems that we dub
multiaxion insulators, which are characterized by the pres-
ence of multiple space-dependent mass terms in the effective
Dirac Hamiltonian encoding domain walls. Specifically, we
will derive the novel AX-EM coupling performing a triple di-
mensional reduction of a (6 + 1)-dimensional Chern-Simons
theory (see Fig. 1) and show that suitable configurations of
the axion fields in the bulk states can give rise to real-space
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topological defects such as magneticlike monopoles [29] and
hopfions [47-51]. Moreover, once one of the axion fields ac-
quires a constant value, a nontrivial boundary theory emerges
supporting a (2 + 1)-dimensional version of the Witten effect.
Through this novel quantum effect, we will show that vortices
living on the gapped boundary of the system acquire half-
integer electric charge, which represents a unique feature of
our system. Our results reveal how multiaxion theories go
beyond the standard axion insulators by supporting intrigu-
ing topological bulk defects and novel boundary effects that
would be impossible to obtain in quantum systems with a
single axion field.

Dimensional reduction and multiaxion terms. In this sec-
tion, we will derive an effective field theory that naturally
generalizes the standard axion electrodynamics associated
with three-dimensional (3D) axion insulators [21-26]. As a
warm-up, we first discuss the case of convention AX-EM
coupling in both one dimension and three dimensions that
involve a single pseudoscalar field 6(x), which couples to the
electromagnetic field A,,. The (1 4 1)-D AX-EM coupling is
given by the following Goldstone-Wilczek action [52]:

1 2 v
Saw = o | dx e 0F,, (1)

where {u, v} = {0, 1} and € is the Levi-Civita tensor. Here,
the axion field acquires a constant value only by im-
posing time-reversal symmetry. In this case, the above
action represents the effective topological theory of the Su-
Schrieffer-Heeger model [17]. This topological term can be
derived starting from the (2 + 1)-D Chern-Simons action

c
ST = ﬁ / d*x " A,0,A,, )

via a dimensional reduction, with C; the first Chern number.
In fact, we can compactify this theory on the circular direction
Xy — X + 27 R, where R is the radius such that an axion field
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FIG. 1. Dimensional reduction of Chern-Simons theories (CS)
that give rise to axion-electromagnetic coupling terms [AX-EM (n)].
Here, n indicates the number of axion fields while the continuum
red arrows represent the dimensional reduction via compactification.
Dashed blue arrows refer to the relation between two theories once a
single axion field acquires a constant value in the higher-dimensional
theory such that the corresponding lower-dimensional action lives on
the boundary of the parent theory via the Stokes’ theorem. Here, we
mainly focus on the AX-EM theories in boldface.

is defined as [53]

27 R
0= f dxzA,,, 3)
0

which behaves as a periodic pseudoscalar 6 — 6 + 2m. In
a more compact notation that we use from now on, we can
say that a dimensional reduction of S35' with Ay — 6 yields
the Goldstone-Wilczek action Sgw. We can generalize this
approach to the (3 4 1)-D case, where we have the following

axion term:

So / d'x Q(X)EWAPFALUFM’ )

- 32n?
with {u, v, A, p} = {0, 1, 2, 3}. Similarly to the previous case,
6 is quantized to O or 7 by time-reversal symmetry 7, but
is in general space dependent in dynamical axion insula-
tors that break 7 and inversion symmetry. The above action
can be derived by integrating out the relativistic fermions
in Dirac models with space-dependent mass. In a comple-
mentary way, it can also be derived from the dimensional
reduction of a (4 4 1)-D Chern-Simons theory describing a
four-dimensional (4D) Chern insulator [17], namely,

4+1 _ G

s = m/dsXGMMGAuFMESm (5)

with A4 — 6, while C, is the second Chern number that we
can set equal to 1 for simplicity.

We now employ this dimensional reduction approach to
derive a novel multi-AX-EM coupling term. We start con-
sidering a (6 + 1)-D Dirac theory with 8 x 8 Dirac matrices
y* and perform a triple dimensional reduction that gives rise
to an effective topological action in (3 + 1) dimensions. The

(6 + 1)-D massive Dirac theory is defined by the Lagrangian
L0 =V (iy"d, + y"A, —m)y, (6)

where ¥ is the fermion field, ¥ = ¥Ty°, . =1{0,1,...,6},
and A, is the background electromagnetic potential. This
theory can be seen as the continuum low-energy limit of a
six-dimensional (6D) Chern insulator coupled to an electro-
magnetic field. Integrating out the massive fermions yields the
following Chern-Simons action [17,54]:

6+1 _ G
cs 115273

with C3 = sgn(m) the third Chern number that we set equal to
1. Notice that besides Chern insulators, this topological num-
ber also characterizes the 6D fractional quantum Hall effect
for extended objects [55]. Performing now a triple dimen-
sional reduction, we reinterpret the components Ay, As, Ag as
three scalar fields

/ d'x e A F, FosFry,  (T)

Ay — 04, As — 65, Ag—> b, (8)

which can be replaced in the above action generating the
following multi-AX-EM term

Sws = 323
where {a, b, c} = {4, 5, 6} and the greek indices run from 0
to 3. This procedure, where gauge field components in com-
pactified extra dimensions are reinterpreted as scalar fields, is
a standard technique in the dimensional-reduction approach
and has been widely applied in condensed matter systems.
Our approach is a direct generalization of the method used
by Ref. [17] to derive the standard axion electrodynamics
from a (4 4 1)-D Chern-Simons theory previously mentioned.
However, differently from the standard AX-EM term that
involves a single scalar field, here we have obtained an ef-
fective topological action with three independent pseudoscalar
fields. Microscopically, these fields are related to three distinct
spacetime-dependent mass terms that can be considered in
a (3 + 1)-D Dirac theory with 8 x 8 Dirac matrices. In fact,
with this specific reducible representation of the Clifford alge-
bra, there exist seven independent y . Four of them can be used
to write the kinematic term for the Dirac Lagrangian while the
last four contribute to the mass terms

LY = Yliy d, + v Ay — v ma(x) — mly, (10)

where there is summation on the latin index a, although we
will consider, for practical reasons, a uniform configuration
with m, = |m|e®®. Importantly, Sy can be directly derived
from the above Dirac theory by integrating out the fermionic
degrees of freedom at one loop by generalizing the Callan-
Harvey anomaly inflow argument [56]. Moreover, this Dirac
model can be seen as the continuum limit of a multiaxion in-
sulator. The corresponding tight-binding Hamiltonian in real
space is given by

13D (Y =
Mo = Z I//r T e 1//7”-‘1-5 +HC

rs

/ d*x €0 e%0,0,0,0,0.F,,, (9

+ Y Uiy sinb, + yOm + cos )y, (11)

ra
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where r is the position index that defines cubic lattice sites
and s = {1, 2, 3}. By assuming translational symmetry and
after applying the Fourier transformation, the corresponding
momentum-space kernel Hamiltonian describes an insulating
eight-band model and reads

’H?WDe(k, 6,) = Z[)f sinky; + y“sin 6,

+ ¥%(m + cosk, + cos 6,)], (12)

where k represents the momentum-space coordinates and we
have switched off the electromagnetic potential for simplicity.
Such eight-component Dirac Hamiltonians are not merely
hypothetical. For instance, in the case of constant mass terms,
they provide realistic low-energy descriptions for materials
such as antiperovskites hosting topological crystalline in-
sulators with Dirac octets [57] and nonsymmorphic Dirac
insulators in compound Sr,Pb; [58]. Moreover, we remind
one that axion insulators, differently from standard topolog-
ical insulators, support gapped boundary states while their
bulk breaks time-reversal symmetry but preserves inversion
symmetry such that the axion field acquires a quantized value
[21,22]. However, inversion symmetry can be broken by spa-
tially varying axion fields [33,34] that can be induced by
the presence of domain walls separating regions with distinct
topological or magnetic orders, enabling electromagnetic re-
sponses governed by the anomaly inflow. For instance, the
gapless modes trapped by domain walls are stabilized by
the Callan-Harvey mechanism [56], where bulk currents from
the axion electrodynamics flow into the domain walls, ex-
plaining the existence of hinge states in axion insulators.
Refocusing now on symmetries, we can see that, similarly to
the case of a single axion field, the three axion fields, under
time-reversal symmetry, transform as follows:

T 10, — —0, = 0,=0,7, (13)

implying that Sy¢ vanishes unless time reversal is broken.
This is in agreement with the microscopic features of our mul-
tiaxion insulators, in which time-reversal symmetry is broken
due, for instance, to magnetization.

Composite BF theory, monopoles, and hopfions. In this
section, we want to study some bulk properties of the mul-
tiaxion theory introduced in the previous section. We do so
by exploring several illustrative configurations for the axion
fields. The goal is not to derive these configurations from a
specific microscopic model but to demonstrate as a proof-of-
concept that the multiaxion framework can host real-space
topological defects, such as magnetic monopoles [29] and
hopfions [47-51], that are absent in conventional single-axion
systems. We start rewriting the multi-AX-EM coupling term
Sue as follows:

1 4 v
Sue = %/d x e B, Fy . (14)
where we have introduced the following antisymmetric tensor:
By = €%°0,0,049,0,. (15)

which can be seen as a composite Kalb-Ramond field [59]
that transforms as B, — B, + 2. This model resembles a
composite version of the Abelian BF theory [60], and can in

principle support topological defects that behave as extended
objects. After adding a minimal coupling between the electro-
magnetic field and a charge current J*, from Sy, we obtain
the following equations of motion:
1
JP = € P Hypn, 16
9673 Ho (16)
where the gauge-invariant three-form curvature tensor is de-
fined as

Hypy = €°9,0,0,0,0,0,. 7

We now consider 8, = ¢, such that the mixed spacetime com-
ponents simplify

Hij = €8,0,0,0, = Fij, (18)

where {a, b} = {5, 6} and F;; can be seen as a composite elec-
tromagnetic field strength. Because we are interested in 3D
spacelike defects, we can consider the following expressions
for 05 and 6g:

05 = arctan(ﬂ>, Os = . B— ) (19)
H VA
such that
k
ij X
erFij=—-—T s =8 (20)

(2 +x3+x2)"?
coincides with the magnetic field B of a magnetic monopole.
In this way, we can calculate the topological charge of the
monopole
1 k
C == [ dSB, (2D
2 S2

which is the first Chern number in real space while S? is the
two-dimensional sphere that wraps the pointlike monopole.
Thus, we have shown that there exists a suitable configuration
for the three axion fields that generates an effective magnet-
iclike monopole in our system. In this case, it is possible to
define an effective scalar potential ¢ such that

D =1/\/(x2 +x3 +x3), (22)

to obtain a simplified expression for the current

1

9673
We now discuss more general configurations for the axion
fields to induce extended topological solitons known as hop-
fions [47], which appear, for instance, as vortex filaments and
rings in fluidodynamics [48] and as knotted solutions of the
electric and magnetic fields in vacuum [49]. Due to the fact

that 65 and 6¢ formally resemble real Clebsch potentials, we
can consider [49,50]

ag(p) |
27 ST T+ e

B = 8%,

J* . (23)

b5 = (24)

where
2(x1 + ix3)

¢ = ;
203 +i(y/ (6 +x3 +x3) — 1)

(25)
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which gives rise to a quantized Hopf invariant
On = f PrAB =1, (26)

with A; = €%6,0,6), the composite electromagnetic poten-
tial. Moreover, further configurations in our system, formally
equivalent to electromagnetic knots [51], can also be defined.
Thus, we have shown that in our 3D multiaxion insulators
there exist nontrivial topological configurations of the axions,
which uniquely characterized our systems and are absent in
standard axion insulators paving the way to unveil the exis-
tence of magnetic monopoles and hopfions in novel quantum
materials [61]. Finally we envisage possible novel 4D space-
time textures [62] by allowing all three pseudoscalar fields to
be spacetime dependent to generate, for instance, dynamical
tensor monopoles [63—65]. These spacetime-dependent axion
fields will be analyzed in detail in a future work.

Boundary Witten effect and vortices. Here, we consider
and study a special case of the multi-AX-EM term, which
becomes a total derivative and induces a (2 + 1)-D Witten
effect on the boundary as we show below. By fixing 6, =
from the outset, the corresponding reduced multiaxion term
reads

/ 1 v ai
Sio = 33 / d*x €™ e),6,8,0,F (27)
with {a, b} = {5, 6}, and induces the following boundary
term:

1
SHl = o / d*x €"€0,0,0,F, ., (28)

which coincides with the effective theory already discussed
in the context of charge teleportation [66] and quantum spin
Hall insulators [17]. Here, we are going to show that this the-
ory, which describes the gapped states of certain multiaxion
insulators, hosts a (2 + 1)-D version of the Witten effect that
we dub boundary Witten effect. Differently from the (3 + 1)-D
Witten effect that involves 3D magnetic monopoles, in our
lower-dimensional case, vortices will acquire a half-integer
electric charge via the axion coupling. Let us first introduce
the kinetic term for the electromagnetic field together with its
coupling with external sources. The full action reads

1
s — / d%[@em(aﬁsav% — 3,053,,06)A;

1
— (B F" J“AM]. (29)

By varying this action with respect to the gauge field, we
obtain the following equations of motion:

1
O F™ + @e““(aﬂ%&\@s — 0,059,66) = J", (30)
that we can also rewrite in a noncovariant form
8,‘Ei =P,

. . 1 oy .
—BOE’+6”8,~B+—8095B’=J’, 31
‘ 472

where we have assumed for simplicity 65 = 6s5(7). Here,
E' = F0 ig the electric field and

B=1le;F, B =1€70,66 (32)

are the magnetic fields for F' and d6g, respectively. By tak-
ing the divergence of the second expression in Eq. (31) and
assuming J' = 0, we have

. 1 o
— 090 E' + —9p050,B' = 0, (33)
472

which, due to the first expression in Eq. (31), can be rewritten
as follows:

l Dl
dop = 5 b50,B". (34)

We now introduce pointlike vortices in the system such that
9B = wipd*(x), (35)

where 8%(x) is the two-dimensional Dirac delta function and
wp is the topological winding number of the vortices. Notice
that this vortex configuration is generated by the following
effective magnetic field:

- wpx'

B = 10~ (36)

x|

Moreover, we remind one that the definition of electric charge
reads

0, = / d*x p. (37)

By integrating Eq. (34) over space and time, we can relate the
electric charge with the axion fields as follows:
1
0. = —Abfswp, (38)
2

where A represents the net change related to 6s. If we assume
that there was no initial electrical charge bound to the vortex,
then Afs = {0, w}, such that the above equation gives us

0. = %wlD- 39)

Thus, we have shown that pointlike vortices acquire a half-
integer electric charge through the axion fields. Importantly,
these results are in agreement with the fermionic picture, in
which the gapped boundary is microscopically described by a
massive 2D Dirac Hamiltonian and vortices have been shown
to acquire a semi-integer electric charge [67-71]. However,
differently from these previous works concerning 2D topo-
logical systems, our results about the 2D gapped boundary
are completely linked to the 3D gapped bulk states and fully
encoded in the corresponding multiaxion theory.

Conclusion and outlook. Summarizing, in this work, we
have introduced a theoretical framework for multiaxion in-
sulators, a new class of quantum systems characterized by
the interplay of multiple axion fields coupled to an exter-
nal electromagnetic potential. These multiaxions, emerging
from spatially varying mass terms in an effective Dirac
Hamiltonian, give rise to a rich structure of topological
phenomena both in the bulk and on the boundary of the
system. In particular, our analysis shows that multiaxion
configurations can support exotic bulk topological defects,
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including monopolelike defects and hopfions, which do not
have analogs in conventional single-axion systems. Further-
more, we have uncovered a novel boundary effect, namely,
a (2 4+ 1)-D Witten effect, where vortices acquire fractional
electric charge due to the presence of the axion fields. These
findings open several promising directions for future research.
The classification of multiaxion phases in terms of their
topological invariants and defect structures also deserves fur-
ther investigation. Future work may explore generalizations
of multiaxion theories involving axial gauge fields induced
by strain [72,73], non-Abelian gauge fields related to spin
[74,75], axion-gravitational coupling generated by a curved
background geometry [76,77], and possible implications for
quantum anomalies [13] and dualities [60] in both condensed

matter and high-energy contexts. On the experimental side,
our results suggest new avenues for realizing and probing
multiaxion physics in synthetic quantum systems, such as cold
atoms [78,79] and topological photonic crystals [80], where
multiple spatially modulated mass terms may be tunable.

Overall, our work highlights how generalizations of ax-
ion electrodynamics to systems with multiple axions can
lead to fundamentally new phenomena in topological phases
of matter, motivating further exploration of their theoretical
foundations and experimental realizations.
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